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THE I''LIMIT OF THE GINZBURG-LANDAU ENERGY
IN AN ELASTIC MEDIUM

HARALD GARCKE

ABSTRACT. The sharp interface limit of a multi-phase Ginzburg-
Landau energy is identified in situations where contributions from
mechanical interactions are present. In the two phase situation we
also pass to the limit in the corresponding Euler-Lagrange equa-
tion and recover an elastically modified Gibbs—Thomson law which
includes terms involving the Eshelby tensor.

1. INTRODUCTION

In this paper we study solutions of the variational problems

(P?) Find a minimizer (c,u) € X; x X, of

E¢(c,u) := /Q <5|Vc\2 + %\Il(c) + W(c,E(u))) , €>0,

subject to the constraint , ¢ = m, with m € .

Solutions of the variational problems are stable stationary solutions to
the Cahn-Hilliard system with elasticity studied in [11, 12]. Under
some natural assumptions it will turn out that minimizers of the above
variational problem are, roughly speaking, of the following form. In
most of €2 the quantity c is close to values that minimize ¥ and the
regions where c is close to minimizers of U are separated by transi-
tion layers which are of a thickness proportional to €. It is the goal
of this paper to study the limiting behavior of E* and its minimizers
as € tends to zero. The scaling in ¢ is motivated by former studies
for the case when no elastic contributions are present and by formally
matched asymptotic expansions by Leo, Lowengrub and Jou [19]. As
in the case without elasticity (see [25, 24, 9, 3|) we will use arguments
of I'-convergence theory to identify the asymptotic limit for the func-

tionals E¢. The variational problem in the I'-limit turns out to be a
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partitioning problem with an energy which includes terms stemming
from surface energy and bulk contributions taking elastic interactions
into account. In this paper we also show for a two-phase situation that
we can pass to the limit in the Euler-Lagrange equations for E° and
we obtain an elastically modified Gibbs-Thomson law in the asymp-
totic limit in which an energy-momentum tensor appears through the
so called Eshelby traction.

The energy E® appears in models for phase transitions in multicom-
ponent alloys and we now want to specify its correct form in detail.
Assuming that the alloy consists of N components, we denote by c
(k=1,...,N) the concentration of component k. Therefore, the vec-
tor ¢ = (c1, - .., N )k=1,.,n has to fulfill the constraint ch\il cr, =1, 1e.
c lies in the affine hyperplane

N
5= {c' = (imr,..v ERY [ ) o =1}
k=1

The space X appearing in the definition of (P¢) is defined as
X;:={ce H'(Q,R") | c € ¥ almost everywhere}

i.e. all H!-functions fulfilling the constraint for the concentrations. In
order to describe mechanical effects we introduce the displacement field
u(x) and the linearized strain tensor

£(u) = %(Vu +(Vu)h).

The value of E° depends on u only through £(u) and hence translations
and infinitesimal rotations do not change the value of E°. Therefore,
in order to obtain coercivity we introduce the space

Xo:={ue H'(Q,R") | (u,v)g =0 for all v € Xird}
where

X;;q ={ue H'(Q,IR") | there exist b € R" and
a skew symmetric A € R™" such that u(z) = b + Az}

is the space of all infinitesimal rigid displacements. Since translations
and rotations do not change the appearing patterns and since we are
mainly interested in ¢, searching for a minimum in X; x X5 leads to a
physical meaningful solution.

The term W (c, &) in (P?) is the elastic free energy density for which

we will make specific assumptions later. We refer to [10, 11, 12] for
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physically relevant examples of W. We assume that the homogeneous
free energy W is such that

>0 and ¥()=0 < c€{p1,.,pPu} (1)

where pi,...,py € X are mutually different and M > 2. We note that
the variational problem (P¢) for functions ¥ which do not fulfill the
assumption (1) can often be shown to be equivalent to a variational
problem for a ¥ that fulfills (1). Let us show how this is possible.
Assume that ¥ is a homogeneous free energy that does not necessarily
fulfill (1). Let A be any affine function which graph defines a supporting
hyperplane for ¥ in exactly M > 2 points. This means

U(c) > A(c')  forall c'eX
and y
U(c') = A(c')  inexactly M points

(see Figure 4 for N = M = 2). Then we can subtract A from ¥ to
obtain a function that fulfills (1). Due to the fact that we impose an
integral constraint, the minimization problem (P¢) remains unchanged
by this procedure. In particular, all homogeneous free energies that
appear in the theory of phase separation can be reduced to fulfill (1)
in this way.

€1

FIGURE 1

Under the assumption (1) it turns out that it is energetically favoura-
ble for c to attain the values pi, ..., py- And in fact minimizers of E*

in most of the domain €2 have values close to py, ..., pas- Our goal is to
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show that under some natural growth assumptions on ¥ minimizers of
E* converge to solutions of a partitioning problem. To formulate this
partitioning problem we need to introduce some notation. We consider

partitions of €2 into measurable sets €21,...,€23,. These sets are assumed
to fulfill

M
Z KXo, =1 almost everywhere in = ().
k=1

This means that up to a set of measure zero the sets €2y,...,Q2y, are a
partition of 2. We want to measure the area of the interface between
two sets 0, and €, i.e. we want to measure the area of 092, N0 N2
in an appropriate generalized sense. Here, it is convenient to use the
setting of functions of bounded variation. As general references to
functions with bounded variation we refer to the books of Evans and
Gariepy [7] and Giusti [15].

Assuming that the sets €2y, ..., Qj, are sets with finite perimeter in €2,
ie. Xo,..., X, lie in BV(Q), we can define the interfacial measures
as

1
i = 5 (|VXo,| + VAo | = [V(Xo, + X))

This is a measure theoretic way to define the (n —1)-dimensional mea-
sure of the interface between the sets €2, and €2;. Introducing the
reduced boundary 0*Q;, of the sets € it can be shown (see Bronsard,
Garcke and Stoth [4]) that for all open sets D C

,Ulk:l(D) == Hn_l (B*Qk N B*Ql N D) .

For D = Q and for sets €2, and €); with sufficiently smooth boundaries
this shows that in fact pu(S2) measures the total interfacial area be-
tween (), and €2;. Let us define the interfaces between the sets €2, and
Q; as

Ay =0, NO* QY NAQ.

It will turn out that the T-limit E° of the functionals {E*}.-q con-
sists of two summands. One measures the interfacial energy of the
individual interfaces Ay, and the other takes elastic energy contribu-
tions into account. The interfacial energy is given as the sum of the
area of the interfaces Ay, weighted by the individual surface tensions
ok These surface tensions are defined by means of the homogeneous
free energy W. To make this precise we need to introduce the metric d
on X induced by v/U. For ¢}, c, € ¥ we define

d(ch, ¢5) = inf{2/1 VEO@) Y @fdt | v:[-L1] =% (2)

is Lipschitz continuous, ~y(—1)=c} and ~(1)=c}}.
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A curve 7 for which the infimum in the above expression is attained, is

a geodesic with respect to this metric. The curve v then corresponds
. . . o . o 2

to an interfacial layer with minimal energy [ {|7/(¢)]> + ¥(v(¢))} dt.

In fact, Sternberg [27] proves that a geodesic connecting the points py

and p; when suitably reparametrised also solves the minimum problem

int { 2 / {7/ (OF + ()} dt | 7: (~00,00) = =
is Lipschitz continuous, ~y(—o0) =py and (o) =p; }

which is the variational problem of finding an interfacial layer with
minimal energy. Stretching the t-variable by a factor % then gives
that the minimizer realises an interfacial layer which minimizes the
first two terms in the energy E° when compared to all other one-
dimensional interfacial layers. This shows the importance of the metric
d and its geodesics when one tries to minimize the functional F¢. Now
the surface tensions oy, are given as the distance in the metric d between
the minimizers p, and p; of W, i.e.

ok = d(Pr, P1)-

Our goal is to show that minimizers of E* converge (along subse-
quences) to minimizers of the functional

E°: L', %) x Xy = RU {0}

with
( M
> ot (@ fe=pik N0 fe=pi)) + | Wie.E(w)
k=1 Q
EO(C, u) — k<l
if ce BV(Q), ¥(c)=0 ae. ,][ c=m,
Q
00 otherwise.

\

Here, {c = px} := {x € Q| c(x) = px}. We note that c € BV () im-
plies that the sets {c = py} are sets of finite perimeter in Q. This fol-
lows from the co—area formula applied to the function x — d(c(x), px)
and will become clear from the discussion below.

Finding a minimizer of E° can be interpreted as a partitioning prob-
lem for the set Q. Defining for all £’ € R™*"

Wi (&) := W (p, E)

as the elastic energy density of phase k, the partitioning problem is as
follows.
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Find a partition © = U}c‘ilﬁk with Q, N Q; = 0 and

(|
Z b = m 3)

such that the energy

M M
S owH @ UNOU) + Y [ Wi(E(u))
k=1 "

k=1
k<l

becomes minimal. In the case that the convex hull of the vectors
P1, -, Pn is (M — 1)—dimensional the constraint (3) fixes the volume
of the individual phases.

As has been used already, the constraints ¥(c) =0 a.e. and f,c=
m in the definition for E° imply (3). This means that the vector of
mean values is a convex combination of the minimal points py. There-
fore we will require for the rest of the section that

m € conv{p1, -, Pm},

where conv{pi, ..., pam} is the convex hull of the points p1,...,puy. If
the mean value does not lie in the convex hull of py, ..., pas it is an easy
matter to show that the limit of the minimal values of E* will be oc.
This means the sequence {E°}.~ can only have the functional which
is identically equal to co as a ['-limit.

Before proving a result on the limit of the functionals {E°}.5¢ let
us state the results known on the I'-limit of the functionals E° in
the case without elasticity. In the case N = 2 due to the constraint
c¢1 + ¢ = 1 the problem can be reduced to a problem defined via a
scalar quantity. Modica [24] showed that if a sequence of minimizers
c® to the variational problem with W = 0 converges in L*(Q) to a limit
c, then the limit defines a partition of €2 with minimal interfacial area.
His proof is based on earlier work of him together with Mortola [25].
This result was generalized by Fonseca and Tartar [9] and Sternberg
[27] to the vectorial case under the assumption that M = 2, i.e. ¥ only
has two global minimizer and hence only two phases are present. Both
papers also state assumptions on ¥ under which sequences (c®).¢ with
E%(c®) uniformly bounded are compact in L. Baldo [3] studied the
vector—valued problem with a finite number of global minimizers of ¥
and showed that L'-limits of minimizers of (P¢) are minimizers of E°.
We also refer to work of Ambrosio [2], who studied the case in which
the set of zeros of ¥ can be any compact set in IR”. In particular, he
proved compactness in L' for sequences (cf).~o with bounded energy

E*(cf) under very general assumptions.
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The paper is organized as follows.

In Section 2 we show that E? is in fact the I'-limit of E*. The Euler-
Lagrange equation for the sharp interface functional E° are derived in
Section 3 for the multi-phase situation. The Euler-Lagrange equations
lead in particular to an elastically modified Gibbs—Thomson law. In
Section 4 we derive this modified Gibbs—Thomson equation in the scalar
case as the singular limit of the Euler-Lagrange equations for £¢. This
is possible for absolute minimizers and generalizes results of Luckhaus
and Modica [22] to the case with elasticity.

2. THE ['-LIMIT OF THE ELASTIC GINZBURG-LANDAU ENERGIES

We make the following assumptions.

(A1) Q Cc R" is a bounded domain with Lipschitz boundary.
(A2) The homogeneous free energy ¥ € C!'(IR",IR) fulfills (1) and
there exist constants c4, Cy > 0 such that

V() > eld?-C, forallc eX.

(A3) For the elastic energy density W € C*(IRY x R™", R) we assume
(A3.1) W(c',&") only depends on the symmetric part of £ € IR™", i.e.
W(c, &) =W(c, (£ for all ¢ € RN and & € R™ ",

(A3.2) Wg(c',.) is strongly monotone uniformly in ¢/, i.e. there exists
a c¢; > 0 such that for all symmetric &/, &y € R™"

(We(c', &) = We(c, &) = (= &) = cil&; = &1,

(A3.3) there exists a constant Cy > 0 such that for all ¢’ € ¥ and all
symmetric £ € IR"*"

W(C,E) < CEF+ ] +1),
We(@, &) < Colle'P +]¢P +1),
We(e,€) < €]+ e +1).

The growth condition on ¥ will ensure compactness in L? for {c®}.-
if the sequence {(cf, u®)}.>o has uniformly bounded energy E*(c*, u®).
The compactness of ¢® will be necessary to handle the elastic part of
the free energy when we prove the following two theorems.

In the first theorem we state in part a) a compactness result for
sequences {(c?, u®)}.so with bounded energy E*(c®,u®) and in part b)
and c¢) the I'—convergence of E° to E is shown.

Theorem 2.1. Assume (A1)-(A8) and m € conv{ps,...,Pm}-
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a) Let {(c,u®) }es0 C HY(Q, %) x X, be such that f ¢© = m and
E*(cf,u°) is uniformly bounded.

Then there erists a sequence {e"}ew C RY with lim, oo e® = 0 and
ce LX(,Y)NBV(,Y), ue X, such that

¢ —c in L*(Q,%),
uw —u  weaklyin  H'(Q,R")

as € tends to zero. Furthermore, it holds that ¢ € {p1, ..., Pm} almost
everywhere.

b) For all {(c*",u®" ) }pew € HY(,X)x Xy withc®™ — ¢ in  L'(,Y)
and w" —u in L*(Q,RY) as " tends to zero, it holds

E°(c,u) < liminf B (¢, u®").
K—00

¢) For any (c,u) € L*(Q,X) x Xy and any sequence e \, 0, k € I,
there exists a sequence {(c",u*")}ren € HY(Q, %) x Xy with ¢ —
c in LYQ,Y) and v —u in L2(Q,RY) as "\, 0 such that

E%(c,u) > limsup B (¢, u®").
K—» 00
The preceding theorem enables us to show that minimizers of E*®
converge (along subsequences) to minimizers of E°.

Theorem 2.2. Under the assumptions of Theorem 2.1 the variational
problems (P¢) possess minimizers (¢, u®) € H'(Q,3) x X, provided
that € is small enough. Furthermore, there exists a sequence {"} e C
R with lim,_,00 " = 0 and a (c,u) € L*(Q,X) x HY(2, IR") such that
i)

¢ —c in  L*Q,X),
v —u  in HY(QR");

i) (c,u) is a global minimizer of E°. In particular
c e BV(Q,{p1,...Pm}) and fc=m.

Remark 2.1. We remark that we are able to prove strong convergence
of u®" in HY(Q,IR™). This will be important later when we want to pass
to the limit in the Euler—Lagrange equation (see Section 4).

PROOF OF THEOREM 2.1 a).
From (A3) we derive

W(c, &) > e|E'f — Cs (| + 1)
8



and hence, we can use the boundedness of E*(c®, u®) and the quadratic
growth of ¥ to conclude that

/Q (€\Vc5|2 + %w(cf)> (4)

is uniformly bounded if ¢ is small enough. Our first goal is to show
compactness of (c%).5o. Here we use an idea of Ambrosio [2]. We define
forallc' € ¥

¢r(c) = d(c', pr)
which is locally Lipschitz continuous with
|Dodr(c)] <24/9(c')  ae inX.
For a proof see e.g. Fonseca and Tartar [9] and Ambrosio [2]. Defining
fork=1,..,M and € > 0

fi (x) = min (¢, (c*(x)) , 1),
one can show via an approximation argument
IVi(x)| < [Degr(c®(x))] Ve (x)]
< 24/¥(cf(x)) Vet (x)|

)
V)P + élll(cg(x))

IN

for almost all x € Q. Using (4) it follows
fx is uniformly bounded in BV (Q)

for all k € {1,..., M}.

Since the embedding of BV () into L!(Q) is compact we can con-
clude that there exists a subsequence {e*}.ew C IRT tending to zero
such that for all k € {1,..., M}

fif—=fr inLY(Q) anda.e. ase® tends to 0.

The uniform boundedness of the second summand in (4) implies that

U(c) =0 in L'(Q) ase® tends to 0.
There exists a subsequence (which we again denote by {&"}.cw) with

U(c) =0 almost everywhere as € — 0. (5)

Defining the increasing function

w(z) = inf{ V() |dist(c’, {p1, ..., Pm}) > 2 }
we have, due to the assumptions on ¥ (see (1) and (A2)), that

w(z) >0 if  z2>0,

w(z) =0 as z—0.
9



Since

U(c) > w(dist (¢, {p1, ..., Pm}))
we get with (5)

dist (csm,{pl,...,pM}) —0 ase — 0 (6)
on Q\ N, where N is a set with Lebesgue measure zero. Now we define

= {x € Q\N| lim d(c*(x),ps) =0}.

Claim 1:
lim ¢ (x) = py on Q.
K—00
Suppose the claim were false. Then, due to the fact that
dist (csn,{pl,...,pM}) —0 as e — 0,

we can find a x € Q, an [ € {1,..., M} \ {k} and a subsequence
{e%}aen C {e"}ken such that

(%) = p as &% tends to zero.

Consequently
lim d(CEO‘ (X)7 pk) = d(pla pk) 7é 07

£2—0

which is a contradiction and Claim 1 is proved.

Claim 2:
£ (Q\ (UML) = 0.

There exists a set & C {2 of measure zero, such that for all £ €
{1,..., M} the sequence fi converges pointwise on \ S and such
that (6) holds on 2\ S. For each point x € Q\ S one can find
an | € {1,..., M} and a subsequence {e®}sewv C {€"}cenw such that
c®”(x) — p; as € tends to zero. Hence,

ffa(x) —0 as €* tendsto O.

Since the whole sequence ff” converges we obtain x € 2; and Claim 2
is shown.

Hence we obtain that ¢ converges almost everywhere to a measurable
function ¢ which only attains the values {p1, ..., pas}. Assumption (A2)
implies
K 1 K
2 < — (U(c") + Cu)

C4
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and since ¥(c*") — 0 in L'(Q2) we can deduce with the help of the
generalized Lebesgue theorem that

¢ —c in L*(Q).

Now we can use the uniform bound on E¢(c,u®), the assumptions
(A2)-(A3) on ¥ and W respectively and Korn’s inequality to conclude

£

u® is uniformly bounded in H'(Q,R").

This implies the weak convergence of a subsequence and hence a) is
shown.

PROOF OF THEOREM 2.1 b).
In case that lim inf,_,., E*" (c*",u®") = oo the conclusion holds and we
can assume without loss of generality that

. K K K K
lim E* (c®,u® ) < o0 and ¢ —c ae..
K—»00

Using assumptions (A2)-(A3) and Korn’s inequality (see e.g. [32]) we
obtain the existence of a constant C' such that

/Q <5F~|vc6”"|2 + gl—nxp(ce“)> [ < C < oo (7
Since limy o0 [, ¥(c*") = 0 we can conclude
Tc) =0  ae (8)
and hence ¢ € {p1,...py} almost everywhere. Let
R =1+ max{d(px,pi) | k,l € {1,..., M}}
and define

or(c') = min (d(c’, px), R) -

Similar as in the proof of part a) of the theorem we can show that

V (s(c) | < [ (erve P+ L u(e)
i A )

and therefore the left hand side is uniformly bounded for £ =1, ..., M.
The convergence of o, (c*") in L(Q) yields

[ 19 erten < timint [ 19 () |
11



Taking the measure theoretic supremum \/;, (see Definition 6.1) of
the sequence of measures |V ((c")) | then implies

K— 00

K 1 K
< liminf/ <s"\VcE |+ —U(c* ))
k=00 [ ek

(see also Remark 6.1). Then, using the identity

VIV (er(0) [(2) < liminf \/ [V (px(c™)) [(€2) (9)

M
pr(c) = d(Pk, P1)Xie—py)

=1

and applying the co—area formula (see [7]) gives
V@) ) = [ 1V (Sdrp) Yo

o
- /OO ‘/Q |VX{(EIAi1 d(pk)pl)x{(::pl})<)\}| d)\

ok
= A /S;|VX{(ZIJZId(pkapl)X{czpl})<)\}‘d)\
pry O-k/ ‘VX{C:pk}"
Q

where o := min{d(pg,p;) |l = 1,...., M ,l # k}. This implies that
Qr = {c = px} is a set of finite perimeter in 2. In particular, the
reduced boundary 0*{c = p;} and the interfaces Ay = 8*Q,NF* QNN
are defined.

Claim: For all open sets D C €) it holds

V IV (r(©) (D) = > d@i,pm)H"" (MmN D). (10)

l,m=1

I<m
The function g (c) jumps on 0* {c = p;} Nd* {c = p»} by an amount
of |d(pk, P1) — d(Pk, Pm)|- Hence, with the help of the co—area formula
we can show for all open D C Q (see [30, 3] for details)

IVior(e)|(D) = > |d(pk, 1) — d(Pr, Pm) H" ' (A N D). (11)
I<m "



Taking the measure theoretic supremum in (11) we obtain

M
\/ [Veor(c)|(D) (12)
k=1
M
= Jnax |d(pk: P1) — APk, Pr) |H" " (At N D).
l,m=1 e
I<m

The claim now follows since a triangle inequality holds for d.

Inequality (9) and the representation (10) give that

S dpup)H ! (0 {e=p} NI {e=pa}NQ)  (13)

K ]. K
< liminf/ <e"~|ch 2+ —(c" )).
Q er

K— 00

K K

It remains to show that the term [, W (c®", u®") is lower semi-continuous.
We can use the growth condition (A2) and the facts (7) and (8) to de-
duce that

¢ —c in L*,Y) and u® — u weaklyin H'(Q,R").
The convexity of W(c/,£’) in the variable £ implies

K

/Q (W(an’g(ug )) —W(c,E(uw))) =
:/Q(W(csrv,g(us»))—W(cs*v’g(u)))+/Q(W(csfe’g(u))—W(c,g(u)))
= /QW,E(CEnag(U)) : (E@T) - E(u)) +/Q(W(c5”,£(u)) —W(c, £(u))).

Now the weak convergence of £(u") in L?(2,IR"*"), the strong con-
vergence of ¢ in L2(§),¥) and the growth conditions in (A3) give

lim inf (/Q (W(c", EuT)) — W(c,g(u)))> > 0.

K—»00

Together with (13) this yields the conclusion of part b) of the theorem.

PROOF OF THEOREM 2.1 c).
In the case that no elastic effects are present, a proof of ¢) was given by
Baldo [3] who used ideas of Modica and Mortola [25, 24]. We generalize
the proof to the case that elastic terms are included. Assume (c,u) €
H'(Q,%) x X, with
E°(c,u) < 00
13



is given. Then there exist sets €1y, ..., Qs C €2 such that

M
C = E kaQk a.e.
k=1

with X, € BV(Q) and 31", Xo, = 1. In this case Baldo [3] showed
for all sequences £* \, 0 the existence of functions ¢&* € H*(€, ¥) such
that
¢ —c in L'(QX)
and
M

Y dEupa)H" (0" {c =P} N0 {c = pu})

l,m=1
I<m

> timsup [ <gﬁ|w”|2+inx1;(cf“)).
K—00 Q 9

The idea of Baldo’s proof is as follows. First he approximates the
sets €, ..., 2y by partitions consisting of polygonal domains. Then
the sharp jumps, separating sets €2, and €);, are replaced by smooth
transition layers of a thickness proportional to €. The smooth transition
layers are taken to be appropriately scaled geodesics connecting the
values py and p;. This assumes that a geodesic realizing the infimum in
the definition of d(py, p;) (see (2)) exists. If a minimizer does not exist
a curve 7 connecting py and p; whose energy 2 f_ll V(@)Y ()] dt
is close to d(pg, p;) has to be chosen instead of a geodesic.

This construction may violate the mass constraint. Since the error
in the mass constraint is only of order ¢ it is possible to make a small
and sufficiently smooth perturbation of the function in the bulk of one
of the sets €2, so that the mass constraint is met. Such a perturbation
only changes the energy to an amount that vanishes in the limit €* ™ 0.
For the details of the proof we refer to Baldo [3].

Since the sequence c" is constructed such that

K 1 K
/ (5"|ch >+ —U(c* )) is bounded,
Q er
we can conclude as in the proof of part a) that

¢ —c in L*Q,X).

Then, the growth condition |W(c',&’)| < Co(|E']* + |¢'|> + 1) and the
generalized convergence theorem of Lebesgue imply

/QW(CE“,S(u)H/QW(c,g(u)) as K — oo,
14



Hence, we can choose (¢, u®") := (c*", u) to obtain

E%(c,u) > limsup E°(c®", u®"),

K—00
which shows part ¢) of the theorem. O

Now we show that minimizers of E¢ converge (along subsequences)

to minimizers of E°.

PRrROOF OF THEOREM 2.2.

The existence of global minimizers (c¢, u®) of (P¢) for € small can be
shown by the direct method taking into account the assumptions (A2)-
(A3) and Korn’s inequality.

Since m € conv{ps,...,pm} one can find a partition of Q into sets
Q1, ..., Qu such that X, ..., Xn,, € BV(2) and such that the mass
constraint (3) is fulfilled. This means that by definingd = 3", prXo,
we obtain that the integral constraint 4+ d = m holds. By choosing any
v € X, we get a pair (d, v) such that E°(d, v) remains bounded. Part
b) of Theorem 2.1 now implies that E¢(c®,u®) remains bounded as ¢
tends to zero. Hence by part a) of the previous theorem it follows
that there exists a sequence {¢"},ew C RT with lim, o " = 0 and
c e L*(Q,Y), u € X, such that

¢’ —c in L*(Q,%),
u” —u  weaklyin  H'(Q,R")

as e” tends to zero. In addition it holds that ¢ € {p1, ..., pas} almost ev-
erywhere. Now by standard arguments in the theory of I'-convergence
it follows that (c,u) is a minimizer of E°,

It remains to show the strong convergence of u®" in H'(Q, R"). To
show this we use the fact that u®" minimizes @ — E* (¢, 1) in the
class X,. Hence, variations in the direction n € X, give

/ I/V,g(c'sn,g(usm))Vn = 0.
Q

By choosing § = u®" — u and using the strict monotonicity of W with
respect to the variable £ we obtain:

cl/Q \8(u5n —u)?
< [ el ) Wefe, £w) - (0" — )



Since u®" — u weakly in H'(Q,IR") and ¢** — c¢ strongly in L?(Q, X))
as kK — 0o we can use the assumption (A3) and the inequality above
to obtain:

/‘E(UEK—U)P—}O as Kk — oo.
v

Now Korn’s inequality implies strong convergence of u®" in H'(2, R")
which proves the theorem. O

3. EULER-LAGRANGE EQUATION FOR THE SHARP INTERFACE
FUNCTIONAL

In this section we compute the Euler-Lagrange equation for a mini-
mizer of E°, i.e. for a minimizer of the elastic partitioning problem. In
the following lemma we derive equations by varying the independent
variable in such a way that the volume constraint is met for the varia-
tions. This way we obtain an identity for divergence free variations.

Lemma 3.1. (Weak formulation of the Euler-Lagrange equa-
tion) Assume Q is a bounded domain with C*-boundary. Let (c,u) €
BV (Q) x X, with f ¢ = m be a minimizer of E°.

Then

/Q D ok (V€& — v VEu) (14)

k=1
k<l

M

+) / (Wild — (Vu)'Wye) : VE =0
k=1 "
for all € € C®(Q,IR") with V- € =0 and € -n =0 on 0. Here and
below we use the notation v, = — |V§Q’“|.
2

Remark 3.1. In Lemma 3.1 we only consider divergence free vector
fields &. Hence, the identity (14) can be rewritten as

_ /Q S v Ve — 3 /Q (Vo) Wie) : VE=0.  (15)

k,i=1 k=1
k<l

We stated the Euler—Lagrange equations in the above form because we
will consider variations along more general vector fields & later.

ProOOF OF LEMMA 3.1. We consider the family of diffeomorphisms
&(7,), T € [—70, 7o) Of Q given by

®(0,x) =x  and y ®,(1,x) = &£(P(7,x))



for x € Q and 7 € [—79,79]. The mappings ®(r,-) define a one para-
metric group of diffeomorphisms and in particular it holds

O(1, p(—7,x%)) = X,

i.e. ®(r,-) is the inverse of ®(—7,-). Via the diffeomorphisms ®(,-)
we define variations of the independent variable and obtain

c’(x) = c(®(-7,%x)),

u (x) = u(®(-7,x%x)),

O (x) = (1, ) ={®(r,x) |x € Q }
Since .

Edetfb,x(ﬂ x) = (V- &) (®(7,x)) det® , (7, x)
we get
d ; _ d
P Qp = p o |det® «(7,x)|dx

= /Q (V&) (D(r,x)) det® ,(7,x) dx

and since & is divergence free, deformations of 2 by ®(7,-) do not
change the volume of the individual phases. Hence the integral con-

straint
][ ¢ =m
Q

is fulfilled. Notice that (c, u) is also a minimizer if we allow u to vary in
the larger class H'(€,IR"). Hence, (c",u") is allowed as a comparison
function and we obtain E°(c,u) < E°(c”,u"), which implies

d

0=—E"c",u")=
dr

if the derivative exists. Let us compute the above derivative. Using

the identity

1
i = 5 (IVXa, | + |V, | = V(X + Xn))))

one can reduce the computation of the derivative of the first term in E°

to the problem of computing the first variation of area. Determining

the first variation of area in the setting of sets of bounded perimeter

is standard (see for example Giusti [15]) and we only sketch the argu-

ments. Let X7 be either Xo; or Xoruor = Xop + Xoy and X = X0.

Going back to the definition of the variation [, [VX7"| we obtain with
17



the help of the change of variable formula and an approximation argu-
ment

[ wari= [ 1@atr ) vl detan(r 9L (16)
where v = —%
measurable function. The right hand side is differentiable with respect
to the parameter 7. Since

is the generalized unit normal which is a |[VX|-

d
P (| det @x(7,x)]) |, = V - €(x) (17)
and
d _
7 ((@x(m,x) ™) Ly = —VE(Xx) (18)
we obtain
d
@ (/ \vxw) :/ (V-€—v-Vév) VX
dr Q |7=0 Q
Defining vy, = ;X | it holds
Vo, V X,
= — - =0 —al t h
vy + 1 VAo [V, 1r—almost everywhere
and
V(Xo, + Xq,)
=0 —almost everywhere
[V (X, + Xo,)] ik '

(see Theorem 6.1). Then we obtain using the representation of |V Xg, |
and |V (Xq, + Xq,)| of Theorem 6.1

d - * T % T
(O =N (e =pi})),
d
= %(M;l(g))hzo
d (1
= (0w 19 - v, + %)) @)
|[T=0

= /Q(V'ﬁ—l/k'vil/k)ukl

which gives the derivative of the first part of E°. It remains to compute
the derivative of [, W(c”,£(u")). It holds

/Q W(e(y), £u)(y))dy = / W(c(®(~r,y)), £(u(@(~7,y))) dy.



Setting x = ®(—7,y) and using @ x(7, ®(—7,y))Px(—7,y) = Id we
compute
Eu(@(-7y)) = 5 (Vy@@(-7,5))) + (Vy (u(@(-7,5)))))

(Va0 (@x(7, ) ' + (Vax)(@x(r,%) 1)) -

N =N =

Hence,
| Wie. ey -
/Q W (c% (Va(@x(r. )" + (Va(@a(r, -))—1)t)) | det @ 4(r, )]

where the integration in the last line was with respect to the variable x.
Using (17), (18) and the growth conditions on W and W (see (A3))
we compute

i miesw) -

= /Q W(c,E(u)V-€&—Wge(c,E(u): = (VuVe + (VuVE)t)]

N | =

_ /Q :W(c,g(u))v-S—Wg(c,c‘?(u)) : (VUW)}

_ /Q W (e, £(0) V&~ (V) We(e, £(u) : VE]

where we used the symmetry of W to obtain the last two identities.
Since W (py, ) = Wi(:) the lemma is proved. O

It is our goal to derive from the weak form of the Euler-Lagrange
equation conditions that hold locally in 2. We will derive conditions in
the bulk, on interfaces and on boundaries of interfaces. We sketch the
derivation of these conditions for absolute minimizer that are regular
enough.
We assume:
a) the sets ) are Lipschitz,
b) the sets Ay = 0*Q N 0% consist of a finite number of oriented
C?-hypersurfaces where the orientation is given by v;. If O\ # 0 we
assume that OAy; consists of a finite number of C'—(n — 2)-dimensional
surfaces. It is furthermore assumed that these surfaces are either sub-
sets of 02 or that they meet with the boundary of two or more other
interfaces.
c) u € H?*(Q, R"),

19



d) W e C2

Assumption c) implies that Vu has traces on 0 that liein L?(9*€y,, R").
We denote by divy,, the tangential divergence with respect to the in-
terface Ag; and by 7; the outer unit normal to dAg;. Then we compute
with the help of the Gaufl theorem on manifolds

/ (V& —vp-VEW) i = / divy, & dH™ !
Q

Ay

= [ v € man s [ (e nane,
Ay P

Akt

Since V - W ¢(€(u)) = 0 almost everywhere in €, and since Wy ¢ is
symmetric we obtain

V- (Wild — (Vu) Wye) =
= VWk — (a,Vu s Wkag)izl,...,n — (Vu)t V- Wk,g =0

which holds almost everywhere in €2;. Hence,

/ (Wild — (Vu) Wye) : VE = — / V. (Weld — (Vu) Wie) - €

Qp,

+ / & (Wild — (Vu) Wye) vg
oy,

= / & (Wield — (Vu) Wye) vy
QNN

where we also used that £ -n =0 and Wy ¢-n = 0 on 0f2 to obtain the
last identity. Therefore, we obtain

M
> ou ( / diva,, vk (€ -vg) dH" ™ + € T cm“) (19)
k=1 At OAyy
k<l
M
+ Z/ £ (Wkld — (Vu)t Wk,g) dean—l =0
k=1 00NN

where 7, is the outward unit normal to dAy;. The above identity holds
for all £ € C*°(Q) with V-€ =0 and € -n = 0 on 09.

Now let = be a smooth (n — 2)-dimensional subset of UY,_, OA
k<l
chosen in such a way that = is either a subset of 0€2 or lies in the inter-

section of three or more interfaces. If = C 02 we obtain by choosing
variations in the neighborhood of a point in = that (19) leads to

T = 11 on 00N 8Akl. (20)
20



This says that the interface intersects the outer boundary orthogonal.
Note that we can only choose variations that lead to &’s with vanishing
normal component at the boundary of €2, which implies that 7 still
can have a normal component. Variations close to points on = have to
be done in such a way that the volume of the individual phases remains
fixed. If a variation close to a point on = changes volume, the volume
constraint still can be met by pushing an interface in the opposite di-
rection a bit further away. Taking into account that the integration
with respect to = is (n — 2)—dimensional whereas the integration with
respect to the interfaces is (n — 1)-dimensional we can obtain a point-
wise identity on = (i.e. the identity (20)) by choosing variations with
support closer and closer to =. We remark that in constructing these
variations we only need to ensure that the volume constraint is met. In
particular there is no need to ensure that volume is conserved locally,
which means that V - & = 0 in € is not required necessarily.

If = lies in the interior of €2 it has to be the junction of three or more
interfaces. We define a set of tuples Z C {1, ..., M'}? such that

EC 0"Ay if and only if (k1) € Z.

By choosing variations locally around = we deduce that

Z OklTkl = 0 on =. (21)
(ke

Here again we need to take care of the volume constraint. And again
we use the fact that the sets over which we integrate in (19) have
different dimension to conclude (21). The identity (21) is the well
known Young’s law which can be interpreted as a force balance at
multiple junctions [31, 16, 4, 13]. Young’s law implies conditions for
the angles at which interfaces can intersect. For example in the case
that three interfaces, which are denoted by (1,2), (2, 3), (1, 3), meet at
a triple junction we obtain

O12T12 + 023Te3 + 013713 = 0,

which implies that the angles 6, 65, 05 between the three surfaces
A1, Aoz, A3 fulfill the condition

012 023 013

sinfl3 sinf; sinfy’

where we denote by #; the angle between 75 and 73, by 6> the angle
between 75 and 753 and by 65 the angle between 73 and 753. For more
discussion on Young’s law see [31, 4, 13]. If all surface energies are
the same, we obtain that three interfaces meet at 120° angles, which

are the same as the angles at which surfaces making up soap bubble
21



clusters meet. Bubble clusters realize the least area way to enclose
and separate several regions of prescribed volumes (see e.g. Morgan
[26], Chapter 13). This would be a solution of the limiting variational
problem we considered above in the case that the elastic energy is zero
and that all surface tensions are the same.

We have shown that for an absolute minimizer the (n—2)—dimensional
integral in (19) is zero and we obtain

M
T(s) = Z Okl diVAkl 143 (5 . l/]c) d%n_l (22)
— A
k];lgl kl
M
+> / & (Wild — (Vu)' Wie) npdH" ™" =
k=1 21972019/

for ¢ € C°(Q) with V-¢ =0 and € -n = 0 on 9. The functional
T when defined by (22) is a bounded linear functional on H'(Q,R")
with T'(€) = 0 for all divergence free & € H}(2,IR™). This implies the
existence of a function p € L?(Q) such that

T=Vp
(see Temam [28)]), i.e

. — n—1
/va E Z O'kl/ leAkl Vi g Vk) d?’[ (23)

k=1 A

k<l
M

+ Z/ { . (Wkld - (Vu)t Wk!g) dean—l
k=1 00NN

for all £ € H}(Q,R"). Since the left hand side of (23) is zero if £ is
supported in €2, we obtain that p is constant on all connected subsets
of . The sum of the principal curvatures (i.e. (n—1)-times the mean
curvature) of the interface Ay, is given by

REl = diVAlek on Akl-

Now we choose a function £ which fulfills & = Vv, on Ay, where V is
an arbitrary sufficiently smooth function defined on Ay, with compact
support in the interior of Ay;. It is furthermore assumed that £ is chosen
such that it is zero on all other interfaces (see for example [15], Chapter
10, for details on the construction of such functions £). Making use of
the fact that V is arbitrary gives

k
OkiKKgl + Vg [Wfd - (Vu)t W7£]l Vg = [p];C on Akl- (24)
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For a quantity ¢ that jumps across an interface Ay we define
k
lal} :=d" =,

where ¢* and ¢! are the traces of ¢ on Ay with respect to €2, and
Q) respectively. The quantity W Id — (Vu)'!Wg is Eshelby’s energy-

momentum tensor (see [6]), the term vy, [WId — (Vu)’ Wg];c vy, results
from the Eshelby traction and p plays the role of a Lagrange multiplier
taking into account that the volume of the phases is prescribed.

A minimizer of the energy E° fulfills

V. Wg(C,u) =0

in the sense of distributions. This implies that the normal component
of W does not jump across the boundary of (2. Hence, it holds

Welfvk =0 on Ay
This implies that (24) can be rewritten as
OrlKEl + [W]f — [Vu l/k];c . (ng/k) = [p];C on Akl (25)

where W gy, can be determined by taking the trace of W on Ay either
with respect to €2, or with respect to €2;. The term W ¢y, is the traction
at the interface (see [10]). The identity (25) is a stress modified version
of the Gibbs—Thomson equation (see e.g. [5, 18, 20, 17, 10]).

Below we show that the function p cannot attain different values
in parts of {2, that are not connected. To show this we still suppose
that (c,u) is an absolute minimizer of the functional E°. Hence we
can also allow for variations that change the volume of the connected
components, if one guarantees that the overall volume of the phases
remains the same. Again we consider a situation in which the minimizer
(c, u) fulfills the regularity conditions a)-d). Let us sketch the idea of
the argument which shows that p is constant on (2.

Assume there are two maximally connected subsets ) and 2, of
Qgos ko € {1, ..., M}. Then there exists a chain of sets

Qll = DlaDQa "'aDm—laDm = QIQ

whose interiors are mutually disjoint and which are such that each of
the sets Dy, Do, ..., D,,_1, D,, is a maximally connected subset of one
the sets €24, ..., {2y, and such that

H" 1 (0* Dy N 0*Dyyy) > 0 for a=1,..m—1

If such a chain would not exist, we could deduce that a partition of
() into two sets with non-vanishing volume and zero interfacial area
exists. But this is a contradiction to the isoperimetric inequality for

partitions of (2.
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The idea now is to push a certain amount of volume from 2} through
the sets Da, ..., Dy, 1 into the set €, which by assumption belongs to
the same phase as the set ). Then we want to exploit the fact that
this variation cannot increase the energy and hence the derivative of
the energy along this variation has to be zero. We choose families of
diffeomorphisms ®,(7,-), 7 € [—70, 70|, @ € {1, ...,m — 1}, such that

o, (r,-)=1d on all interfaces besides 0" D, N 0" Dy, 1,

D, (0,x) = Vo (x)ve(x)

where V, is a sufficiently smooth function on 0*D, N 0*D,; with
compact support and v, is the unit normal on 0*D,N0* D, pointing
from D, into D,.;. We choose the functions V, such that

/ Vo dH™ ! =1.
B*DaOB*Da.H

Choosing diffeomorphisms ®,(7, ) with normal velocities V,, on D, N
0*D,.1 and such that ®, is constant on the other interfaces we obtain
that the volume of the sets D,(7) changes in the following way

d

YD) = 1

i) = 1,

d

E|DQ(T)| = 0, a=2,.,m-—1,
d

L Dn(r)] = -1

21D,

This can be done by an appropriate normalization of the typical con-
struction of normal variations on an interface (see e.g. Giusti [15]).
The equations above guarantee that the composition ® of the (m —1)-
diffeomorphisms ®4, ..., ®,, | preserves the total volume of the individ-
ual phases. Computing the first variation %EO(CT,UT)‘T:() using the
smoothness assumptions from above yields

0=

m—1
3 / Va {akalama + v [WId— (Vu)' W]
0* Do NO* Dy 41

a=1

o e ame .
By ko we denote (n — 1) times the mean curvature of 9*D, N 0* Dy q
and oy, is the surface tension related to 0*D, N 0*Dyy1, i.e. ko, lo €
{1, ..., M} are chosen such that 0*D, N 0*D,1 belongs to Ay, . The

term in the brackets {-} is equal to the jump of p across the interface
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(see (24)). Denoting by p, the value of p on D, we obtain

1

m—1 m—
0 = E pa—|—1 / Va E pa+1
a=1 8*Daﬂa*Da+1

a=1
= Pm— DN

which proves that p, is constant in each of the sets 1, ..., Q.

Let us summarize the conditions a regular absolute minimizer of E°
has to fulfill.

Strong formulation of the Euler—Lagrange equations

Assume an absolute minimizer of E° fulfills the regularity assumptions
a)—d).

Then there exists a Lagrange multiplier p = (py, ..., p,;) with Zkle Dy =
0 such that

In the sets € it holds:

1)
V- [Wie(€(u))] =0.

On the boundary of €2 it holds:

2.)
Wk,g n=0.
On the interfaces Ay; it holds
3.)
k
owkn + v [WId— (Vu)' Wel, vk = p, — i,
4.)
(Wewly =0,
5.)
[uly =0.

For co-dimension—2 junctions = of three or more interfaces we define a
set of tuples Z C {1, ..., M'}? such that

EC 0" Ay if and only if (k,l) €T

6.) On these junctions Young’s law has to hold, i.e.

E OklTkl = 0 on =.

(k,1)eT
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7.) Interfaces that intersect the outer boundary do these with a right
angle.

Remark 3.2. 1.) Condition 5.) means that the interface is coherent,
i.e. two phases neither separate nor slip at the interface. This im-
plies that [Vu];c 7 =0 for all T that are tangent to Ay and hence, the
tangential part of the gradient does not jump. This together with (24)
conditions 3.) and 4.) gives

k
OkKkIVE + [WId - (Vu)t VV’E]I Vg = (pk - pl)Vk on Akla

2.) The argument in 1.) together with the discussion leading to the
strong formulation of the FEuler—Lagrange equations shows that any
function fulfilling the regularity requirements a)—d) and the conditions
1.)-7.) above also fulfills

M
/Q(V'ﬁ)P = > ou | (V-&—vi-Véu) ua+

k=1 Ak
k<l

M
+3 / (Wild — (Vu)'Wye) : VE

k=1 %

for all for all € € C*®°(Q,IR"™) with & -n = 0 on 0. Here, p is given
by p = pi, on Q.

4. THE GIBBS—THOMSON EQUATION AS A SINGULAR LIMIT IN THE
SCALAR CASE

In this section we study the asymptotic limit of the diffuse inter-
face model in the binary case. Due to the constraint ¢; + c; = 1 we
can express the dependence on the concentration vector by the scalar
quantity

C=C —Cy

which is the difference of the two concentrations.
The free energy then has the form (after normalizing constants)

E®(c,u) := /Q (6|VC|2 + %111(0) + W(c,g(u))> , €>0,

where ¥ : R — IR is assumed to have two global minimizer with height

zero. For simplicity of the presentation we rescale such that ¥ attains
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the global minimum zero at +1, i.e.

v>0 and U(d)=0 & d =+l (26)
We want to show that we can pass to the limit in the Euler-Lagrange
equation for a minimizer of E* to obtain the modified Gibbs—Thomson
equation studied in the previous section. The result we obtain gen-
eralizes a result of Luckhaus and Modica [22] to the case that elastic
energy contributions are taken into account.

In the whole of this section we assume:

(B1) Q2 is a bounded domain with C'-boundary,
(B2) there exist constants ¢4, Cy > 0 such that

V() >eldP-Cy  forall ¢ €.

Furthermore it is assumed that ¥ = W' + ¥? where ¥! is non—negative
and convex and W2 has sub-linear growth. In addition we assume that
the growth of ¥’ is bounded by ¥' in the sense that for all § > 0 there
exists a constant Cjs such that

“Il,lc(cl)| < 5\111(61) + CJ:

(B3) the assumptions (A3) for the elastic energy density W hold.

Under these assumptions one can show analogously to the vector case
the existence of an absolute minimizer of the following scalar minimum
problem.

(P?) Find a minimizer of

E*(c,u) ::/Q (5\V0|2+§\P(c)+W(c,5(u))), £>0

in the class of all functions (¢, u) € H'(Q)x X, that fulfill the constraint
£, ¢ =m, where m € (—1,1) is a given constant.

In the previous section we showed that in the limit € ™\, 0 these varia-
tional problems lead to

(P%) Find a minimizer of

E%(c,u) := %/Q IVc|+/QW(c,5(u)),

in the class of all functions (c,u) € BV(€Q) x X, that fulfill the con-
straints ¢ € {—1,1} a.e. and , ¢ = m, where m € (—1,1) is a given
constant.

In the following theorem we state the first variation of problem (P¢)

with respect to the independent variable. Our goal later is to pass to
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the limit ¢ ~\, 0 in the first variation formula that we obtain. This
is appropriate since for problem (P%) variations with respect to the
dependent variable ¢ are not possible. This is due to the fact that for
the limiting problem c is constrained to attain the values +1.

Theorem 4.1. Under the assumptions (B1)-(B3) a pair (¢f,u®) €
H'(Q) N X, that is a solution to the variational problem (P¢) fulfills

/ { <£|V05|2 + élll(cs)) V-€—2V¢ - VEVE + (27)
0

+ (W(e, EId — (V) Wele, E(u)) : ve} = [y e
Q
for all € € C*(Q,R"™) with & -n =0 on 05). Here,

o= [ L) wee ewn] (25)

€

15 a Lagrange multiplier.

PROOF. In the proof we omit the index ¢. Let & € C*(Q,IR") be
such that £ -n = 0 on 0€). Then we choose a one parameter family
of diffeomorphisms ®(7, ), 7 € |19, o] of §2 defined via the solutions of
the following initial value problems

®(0,x) =x and ®,(7,x) = £(P(7, %))
where x € Q and 7 € [—79, 7). We define

C(x) = o(®(—1,x)) — ][ (@(=1,y))dy + m, (29)

u'(x) = u(®(r,x))

which is allowed as a comparison function in the minimization problem
(P¢). Note also that ¢® = ¢. Now we want to compute

% {/n <€|VcT|2 + é‘P(CT) +W(c, 5017))) }T:o.

This term is zero because c is the minimum in (P¢). First we compute

/Q Ve (y) Py = / | (® (7, %))~ V()| det @  (r, x)| dx

and obtain

d T2 _ 2 . _ .
ar (/Q\Vc | )TZO—/Q{Nc\ V-¢€—2Vec-VEVe}.
2
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When we compute the derivative of the U—term the mass correction
in (29) will give a term which is a summand in the formula for the
Lagrange multiplier. We get

=/ q;(cT(y))dy)Tzo

oo - (e )
:/pr(c)v-g—/ﬂ <cv-g <]€2\P’c(c)>>.

For the elastic term we compute similar as above

/Q W(e (y), E(u(y))dy =
— /QW (c —]écf + m,% (Vu(@,) '+ (VU(@,x)l)tD | det Dx|.

Hence,

% (/Q W(c (y), 5(uT(Y))dy) =0 -

_ /Q (WV-E— ((Vu)'We)) : VE =W, (]{fv's))

where W, W ¢ and W, in the last line are evaluated at (¢, £(u)). This
completes the proof of the theorem. O

Remark 4.1. Let us point out that the Lagrange multiplier \° also
fulfills the identity

/Q (25VC€VC+%‘II,C(CE)C+WC(CE,€(uE))g> _ /Q e @)

for all ¢ € L®(Q)N H () which are the Euler-Lagrange equations one
obtains by variations with respect to the dependent variable (take ( =1
in (80) to obtain (28)). Luckhaus and Modica [22] who considered the
case without elasticity started with these equations and set ( = c¢*V - €
and then derived the identity (27). Formally it is also possible to derive
equation (27) from (30) in the case with elastic interactions. We did
not follow this strateqy because in the case with elasticity there is not

enough reqularity known to make the formal calculations rigorous.
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In the next theorem we state that the Lagrange multipliers A° con-
verge (along subsequences as ¢ tends to zero) to a Lagrange multiplier
of the limiting partitioning problem (P°). This shows that the equa-
tion for the chemical potential leads to the Gibbs Thomson law in the
limit as € tends to zero.

Theorem 4.2. Suppose (B1)-(B3) are fulfilled and assume (¢, )9
are solutions of the variational problems (P¢). Then for each subse-
quence (%) gew \( 0 such that

& = oc in  LYQ), (31)
v — u  in L*Q,R") (32)
it holds
AT,

where X is a Lagrange multiplier for the minimum problem (P¢), i.e.

/ o(V-&—v-VEv) |V —_y +/ (WlId— (Vu)tI/V,g) : Vg
Q Q

- /Q AV - € (33)

for all € € C®(Q,R™) with € -n = 0 on 8. Here, v = —7;&:;

the generalized outer unit normal to {c = —1} which is a |VX—_1}|-
measurable function.

Remark 4.2. 1.) Theorem 2.1 ¢) yields the existence of a subsequence
such that the converge properties (31), (32) hold.

2.) Since E° is the T-limit of E¢ we conclude that (c,u) is an absolute
minimizer of E°.

3.) Notice that the term Ac appearing in the term on the right hand
side of (33) is constant in the sets {c = —1} and {c = 1}. Setting
p = Ac we obtain the formulation of the Euler—Lagrange equation used
in the previous section.

PROOF OF THEOREM 4.2. As in the proof of Theorem 2.2 we can con-
clude that the convergence is even stronger than (31), (32). Precisely,
we obtain

— ¢ in L*(,X),
— u in HY(Q,R"),
E (¢, u) = E%cu).

We also derive that (c,u) is a global minimizer of E° and

EK/
EK/

Cc
u

ce{-1,1} almost everywhere.
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The above convergence properties together with the growth condition

on W imply
/W(cf”,us“) —>/W(c,u),
Q Q

which yields that also

K ]- "
/ <5’“\V05 2t Ly )) So / VX | (34)
Q gr Q

where o = d(—1,1) = 2 f_ll v/ ¥(z) dz. Here we used the fact that the

geodesic realizing the infimum in (2) is always realized by a straight
connection of two points on the real line. Hence, we compute

c
d(c),dy) =2 VU(z)dz  forall ¢ <d,.
¢
Our goal is to pass to the limit in the equation

K 1 K K K
/ {(s"WcE 2+ E_N\II(CE )) V-€—2"Ve& -VEVE + (35)
Q

K

(W (e, @) Id — (Vo) We(e, £(u™))) - vs} = / NV - g

to obtain the weak formulation of the Gibbs-Thomson equation. Here
it comes into play that we were able to show strong convergence of
Vu®" in L?(Q,IR"). Taking the growth condition on W and W into
account we can pass to the limit in the terms involving W and W to
obtain

/Q (W (", E(™)Id — (Vu ) We(c, E(u))) : V€ —

| (7(es)ra = (TuyWeleew) s ve

as €" tends to zero. It remains to pass to the limit in the terms involving
V" and U, To obtain the limit we can use the ideas of Luckhaus and
Modica [22] who studied the case without elastic energy contributions.
For completeness we present the details.

Similarly as in Section 5 we define

() = d(c, —1) = 2/_1 JI() d

and obtain



almost everywhere. In addition, we have for almost all x
Vo(e (x)| = ool %))V (x)]
= 2¢/¥(c (x))| Ve (x)] (37)
< sln\I!(cEN(x))+6“|Vc€N(x)|2.

This implies that Vé(c=") is uniformly bounded in L'(£2). A sequence
of functions converging almost everywhere and whose weak derivatives
are uniformly bounded in L'(9) also converges in L'(Q2). Hence we
use (36) to conclude that ¢(c*") — ¢(c) in L'(Q2). Using the lower
semi-continuity property of BV -functions we conclude

/Q|V(g/>(c))| < liminf/ﬂ2\/‘11(05”(x))|Vc€m(x)|

K—00
1 " *
< liminf/ (—\Il(c6 (x)) + "V (X)|2)
k=00 fq er

On the other hand with the same arguments as in the proofs of the
Theorems 2.1 ¢) and 2.2 we obtain (see (34))

196 = jim [ (S0 ) + v )

K— 00
and
[1vG@)] = tm [ v m) (38)
Q k=00 J
= li_)m 2/ ¥ (c=" (x))| Ve (x)]
K o Q
1 . .
= i —U(c IVeET®)? )
lim ( (" (%)) + 5|V (x)|)
Hence,
1 K K K
li Z(cf hvaa 2 v £ —
Jim [ |50 49 - 9|
]. K K 3
lim <6—K\II(CE )+ eV |2—2\/\11(cf”)|Vcs |) = 0.
K—0Q Q
Therefore,
"~ 1 " ®
lim (8“|VCE 24+ —W(c )) V-€&€= lim/V-§|V¢(c‘6 )|
k=0 Jo ck k=00 Jo

We now show that the limit on the right hand side is equal to

/st\wcﬂ-
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In order to conclude this, we need to show
Vo (") — [Vo(c)] in the sense of Radon measures. (39)

This is a consequence of (38) and can be deduced as follows. For all
compact sets K C € the lower semi-continuity of |V (c*")| on open
sets implies

imsup [ (Vo] = timsup ([ 9o~ [ 5 Vo))
< [1voel- [ BCCE | 1vac

Since a sequence of Radon measures converges weak-* if and only if

it is lower semi-continuous on open sets and upper semi-continuous on

compact sets (see Evans and Gariepy [7]) the convergence (39) follows.
Using that

1 K K K
0 = lim (6—,(6\11(0E )+ 5|V |2 — 24/ (c=") |V e* |)

K—00 o)
K—00

— lim ( Eian(cs~)—\/a_ﬁ|vcf“|) (40)

and that [, (¢*|Ve" |2 + £ ¥(c™")) is uniformly bounded, we obtain

1 " "
lim/‘—\ll(cg ) — K|V
al&”

K—00
. 1 K K 1 K gt
= lim ( — U (") — Ve | VF |> ( —U (") + Ver| Ve |)‘
K00 [ gk er
=0

which can be interpreted as equipartition of energy. This terminol-
ogy is chosen because the two summands making up the energy term
Jo (|E"VeE" |2+ L U(c")) are approximately equal for small e*. Iden-
tity (40) and the fact that

V(™) = ¢ o(c)VE =24/ (") V" a.e.
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gives

lim [ 2e"V¢ - VEVE

K— 00 o)

Ve e Y g
. H K A E 2
_"lggo 926 V™| |C 55|| |

) Ao V" = or
= hm QZWVEW\/‘II(C )|VC |
: Vo(c) Vo(c™)
=1 Ve
i J, ot Vo) YA

It remains to pass to the limit in the last identity. Defining the abbre-

V() — _ Vé(e)
oy and v = =8 we need to show

. . "
viations V¢ = —

im [ - VEr" | Vo()| = /Q v VeV (41)

K—00 0

To conclude we construct a smooth approximation of the normals v
and show that these approximations are also good approximations for
v¥" (see also [23, 14, 4]). In fact since ¢(c) € BV () we obtain the
existence of approximative normals ¢° € C°(Q2, IR™) with |¢°| < 1 such
that

/Q (1— ¢ v) |Vo(c)| < 6.

Since
Vo(c) — Vo(c) in the sense of measures

and since (38) holds, we obtain
tim (=g ) 9o =l [ (96| o V()
= [ Vo) + [ oo
Q Q

= [ (=g ) Vo) <5

Using that ¢° and v" have norm less or equal to one we compute

gr (5‘2:‘115’“‘2_

v —g 200" + 19" <2(1—¢° - "),

The last two computations give

lim / = g‘5|2 (Vo (c™)| < 26.
Q

34



Therefore, we can conclude

lim sup (/ny“-vgyf“\w(cf“)\ —/QV-VEV|V¢(C)\> =

K—00

imsup ([ o V&g [Vo()| - - Ve’ 9600 ) + 00)
K—00 Q
which shows (41) because [V (c*")| — |Vé(c)| in the sense of measures
and since ¢ can be chosen arbitrarily small.

It remains to prove convergence of the Lagrange multipliers \*". Here
we choose a £ € C§°(2,IR") with the property that

/V Ec >0. (42)

This is possible since ¢ € {—1,1} almost everywhere and since fc¢ €
(—1,1) which implies that o [, |[Vc| = [, |Vé(c)| # 0. Choosing such
a & in (35) we can conclude convergence of the Lagrange multipliers
from the convergence of the left hand side and the fact that

limgx g [o(V - &) ¢ —fQV£c>O

5. DISCUSSION

In this paper we were able to show that the minimizers of the Ginzburg—
Landau free energy converge to minimizers of a sharp interface parti-
tioning problem when the interfacial thickness tends to zero. Passing
to the limit in the corresponding Euler-Lagrange equation was possi-
ble in the case of binary systems. We recovered an elastically modified
Gibbs-Thomson law in the asymptotic limit. To generalize this re-
sult to more components would require a generalization of the result of
Luckhaus and Modica [22] to the vector valued situation which is not
known yet.

Moreover, we studied convergence of minimizers of the Ginzburg-
Landau functional, i.e. convergence of globally stable stationary solu-
tions to the Cahn—Hilliard system. To identify the asymptotic limit in
the vector valued ewvolution problem with elasticity one would have to
combine the matched formal asymptotic expansions of Leo, Lowengrub
and Jou [19] (who studied the binary case with elasticity) and Bronsard,
Garcke and Stoth [4] (who studied the multi-component case without
elasticity). It should be possible to use the methods of Luckhaus and

Sturzenhecker [23] and Bronsard, Garcke and Stoth [4] to obtain a
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conditional existence result for the vector valued sharp interface model
with elastic contributions.

It is desirable to have a regularity theory for minimizers of the sharp
interface functional. In the two phase case the main question is whether
it is possible to show that minimizers are almost area minimizing in the
sense of Almgren [1]. Then the general regularity theory for minimal
surfaces is applicable [8]. In this context we refer to work of Lin [21],
who developed a regularity theory in a case where bulk terms are in-
cluded by a scalar field. In our case we search a vector valued displace-
ment field which solves an elliptic system with in general discontinuous
coefficients. Therefore, it is not clear how to conclude that minimizers
of the sharp interface functional are almost area minimizing.

6. APPENDIX

Definition 6.1. (Measure theoretic supremum) Let py, ..., pps be
Radon measures defined on ). Then we define the measure theoretic
supremum \/,]Cvi1 i on all open sets D C ) by

M N
(\/ ,Uk) (D) :=sup { Zuk(Bk) | Bx C D, open, pairwise disjoint}.

k=1 k=1

Remark 6.1. i) The measure theoretic supremum \/,]cw:1 i 1S the small-
est measure that dominates each of the measures py on all Borel sets.
i) Assume the M sequences of measures {pthew, k = 1,..., M, fulfill
pr(D) < liminf,_, o pk (D) for all open D C Q. Then it holds

M M
(\/ uk) (D) < liminf (\/ uk) (D)
k=1 k=1

for all open D C SQ.

Theorem 6.1. Let X, € BV (Q), k=1, ..., M, define a partition of the
open and bounded set 2, i.e. we require Xy, € {0,1} and Zkle X, =1
a.e.

Then it holds for all open sets ' C Q

M
VX)) = Y HTHEUNIUWND),
m=1,m#k
V(X + 2) ()
N
— Z [H (O N U N+ H (O UN O R N Q)]
m=1,m#k,l
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and for pr = 5(|V&| +|VX| — V(X + X)|) it holds
ukl(Ql) = Hn_l (O*Qk N O*Ql N QI) .

In addition, it holds
VX VA&,

+
VX VA

=0

and
V(X + X)

AR T
V(X + X))

ri—almost everywhere.

For a proof see Vol'pert [29].
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