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Introduction

One of the best known examples of direct relations between analytic and probabilistic ob-
jects is the theory of second order elliptic differential operators (in particular, the Lapla-
cian) on the analytic side and the theory of diffusion processes for the stochastic part
(with Brownian motion being the most famous representative).

If one uses the semimartingale access to a (for simplicity) R™-valued diffusion X; solving
a stochastic differential equation

dX; = o(Xy)dB; + B(Xy)dt (1)

with an R"-valued Brownian motion B; as well as smooth maps x — o(z) € Lin(R™,R")
and ¢ — f[(x) € R™ on R", then by means of It6’s stochastic calculus, for any real
function f € C°(R"™), the probabilistic average E [f(X})] is related to a second order
partial differential operator on R™ the following way:

Assumed that the diffusion starts almost surely in a fixed point Xo = z, we have

Bl ()] - S0 = | [ Lrxas). @)
where . , .
L= Z(UU*)U%%_‘_Z&%' (3)
ij=1 v i=1 v

Obviously the right hand side of (2) vanishes for an L-harmonic function f, and since (2)
generalizes to f € C?(R™) when t is replaced by a suitable random time (e.g. the first exit
time of X from a ball around x), there are immediate applications like boundary integral
representations of L-harmonic functions.

Furthermore, if instead of f one allows time-dependent functions F' : Ry x R" — R,
which adds an additional drift term involving %F on the right hand side of (2), the
same argument leads to a stochastic representation of space-time-harmonic functions
(i.e. (% + L) F = 0) on R™. Of course, this particularly applies to the diffusion or heat
semigroup case Iy = Pp_,f for some fixed time horizon T'; Pr_; denoting the (minimal)
heat semigroup on R™ with respect to L, here acting on L>(R™).

Then the stochastic representation of P;f (in the non-explosive situation) is given by

Pif(z) = E[f o Xi()], (4)

where X (z) is the solution of (1) with Xo(z) = =.

The present work is based on extensions of It6’s diffusion theory. On the one hand side,
there exists the rich topic of stochastic analysis on Riemannian manifolds, and on the other
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hand, there are many results about parameter-dependance of families of semimartingales,
in particular for stochastic flows. For instance, we make substantial use of the fact that
our diffusion processes X;(x) depend smoothly on their (deterministic) initial value x.

In 1984, Bismut proved the following remarkable fact ([Bi], Theorem 2.14): On a compact
and connected Riemannian manifold M, one has a stochastic representation of the quotient
grady p(t ) g the (smooth) heat kernel p(t,z,y) with respect to the Laplace-Beltrami

p(t.z,y) .
operator on M, which reads

grad, p(t, -,y) 1 _pt [ / b, }
=2z I — Ry E.dfs| . )
p(t,x,y) t 0 ﬁ ( )

Herein Ptx,y denotes the Brownian bridge measure obtained by conditioning Brownian
paths on M to start in x and run into y within time ¢. 8 denotes a Brownian motion and
E' a certain semimartingale, both taking values in the tangent space T, M.

The possibility to express the gradient of the logarithmic heat kernel by the expectation of
a (conditioned) stochastic integral aroused the interest of quite a lot of stochastic analysts
and thus at the present time there are many related results which are often referred to as
“Bismut (type) formulae”.

The topic was picked up again by Elworthy in [El 3], who chose a rather elementary way
to prove heat semigroup derivative formulae instead of using Malliavin calculus as Bismut
did. A more systematical treatment by Elworthy and Li appeared in [E-L 1].

The last mentioned article starts out by “formulae with simple proof for R™” which gives
an occasion to illustrate their basic idea.

Consider the Stratonovich stochastic differential equation (the Stratonovich context is
preferable for transferring results to the geometrical situation afterwards) on R™

dXt = A(Xt) * dBt + AO(Xt)dt, (6)

where A and Ay fulfill the same conditions as the coefficients o and § did in (1). For
simplicity we assume that the (pointwise) adjoint A*(x) is a right inverse of A(z), which
causes the generator of X; to equal

1

for some first order partial differential operator V. Further assume that solutions to (6)
are globally defined.

Now for f : R™ — R being bC"' (bounded and C! with bounded gradient) the space-time-
harmonicity of Pr_;f implies

T
f(Xr(z)) = Prf(z) +/0 d(Pr—sf) x,@)A(Xs(2))dBs, (7)

where X (z) denotes the solution to (6) with initial value Xo(z) = = and d(Psf), the
differential of the smooth function P, f at y € R™.

We denote by v, the derivative process to Xy(z) which means that vy = (dX}),vo for some
given vg € R™ (it can be shown that v; is — up to modification — given as solution to the
stochastic differential equation derived by the formal differentiation of (6)).
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(1)

Moreover, we get a heat semigroup P, ’ on 1-forms by letting

PO () : R* — Lin(R",R),  (PLV(9))a(v0) = El(9) x,(a) (00)]s (8)

¢ € Lin(R™,R). If now the formal differentiation under the expectation (according to the
stochastic representation (4) of the heat semigroup)

d(Pif)a(vo) = (P (df))s (vo) (9)

holds true and fg(A*(Xs(a:))vs, dBs) is a martingale for times ¢ € [0, 7], then the product
rule applied to (7) yields

E {f(XT@:)) / T<A*<Xs<m>>vs,d35>] —u| [ dPr.s x)vsds]

[ e
[ /()T<P%“s<df>>xs(x><vs>ds}
T

= [ (PP, (). (ol

0

E
E

T
_ /0 (PR (df))z(vo)ds = TP (df o (vo)

by the aid of (8) for ¢ = P:(Fl_) ;(df) and the semigroup property of PS(1

at the stochastic representation formula

). So we finally arrive

1 t
(arad, Pif,uo) = d(Pf)a(vo) = 5B [f(Xt(a:)) | Kaay . o)

0
Formulae of this type as well as a similar result for the Hessian, both transferred to the
manifold-valued case, can be found [E-L 1]. It should be mentioned that in this context a
result comparable to (5) can be derived as a corollary to the representation formula (10).

In the following, we assume X to take values in a finite dimensional Riemannian manifold
M.

The procedure from above is not satisfying for several reasons. First of all, note that (10)
does not involve derivatives of f, which is in accordance with elliptic regularity ensuring
that P,f € C*°(M) for t > 0 even if f is only bounded and measurable. Thus there should
be a proof of (10) not related to any differentiability of f. Of course, (9) does not make
sense for f not being differentiable. Moreover, if the diffusion is explosive (e.g. if one wants
to treat non-compact manifolds), we have

Py f(z) = E[f o Xi()Licg(a)];

((x) the lifetime of X;(x), and then (9) may fail for smooth f. Considerations of that
type are found in [Th 1] at the end of the first section. For an explicit example see [Th 2].
Another question is how to include situations with boundary into (10), which for instance
already occur if one has to stop X;(x) when exiting a certain domain. Taking % under the
expectation and replacing ¢ by the stopping time is not adequate because this spoils the
martingale property of the stochastic integral.
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These problems can be overcome by generalizing v/t in the process vs/t = T, Xsvp/t (with
T, Xs the derivative process of X¢(x)) to the time derivative of a suitable finite energy
process K taking values in T, M. Such a modified version of the stochastic representation
formula proven by disturbing the underlying diffusion and compensating the resulting
drift by a Girsanov change of measure was given by Thalmaier in [Th 1], where the author
as well provided an explicit construction of a suitable finite energy process (which is a
non-trivial problem in the domain case).

Another improvement, already mentioned in [E-L 1], is to use the damped, or also called
Dohrn-Guerra transport Wy along the paths of X(x) instead of T, Xs which makes the
Bismut formulae intrinsic in the following sense. The Stratonovich equation (6) may
carry “redundant noise”, which means that if the dimension m of the driving Brownian
motion By is greater than the dimension n of the manifold (in which the diffusion takes its
values), the filtration generated by By is larger than the one generated by X;(z) itself. In
the presence of redundant noise due to a non-trivial kernel of A, the right hand side of the
representation formula depends on the choice of the coefficients A and Ay of the equation
and not only on the Riemannian metric on M and related objects like the generator L
and curvature terms. (Note that T, X depends on A and not only on the generator of the
diffusion.)

In this situation the use of W corresponds to the so-called procedure of “filtering out
redundant noise”, or, more exactly: Wj is the conditional expectation of T, X with respect
to the filtration generated by X, (x), given that either one uses the so-called Le Jan-
Watanabe connection VW on TM to define the damped transport, or one assumes that
equation (6) describes a gradient Brownian system, where VW equals the Levi-Civita
connection on the Riemannian manifold.

The facts about filtering noise were studied in [E-Y], and for a recent treatment of the Le
Jan-Watanabe connection we refer to [E-LJ-L].

As direct applications of the stochastic representation formulae for the gradient (depending
on a finite energy process), in [Th-W| Thalmaier and Wang obtained gradient estimates
of the form

|grad u(z)| < Cllullp

for u : D — R4 being L-harmonic on a regular open domain z € D C M, which in the
positive case u© > 0 can be modified to

|grad u(z)| < Cv/u(x) ||u|p.

The constant C' merely depends on a lower Ricci curvature bound on D, the dimension of
M and the Riemannian distance from x to the boundary of D.

Furthermore, Bismut type arguments have been used to derive results on short time asymp-
totics of the heat kernel by Malliavin and Stroock ([M-St]). Earlier Norris ([No]) studied
stochastic formulae for heat semigroups on vector bundles over a compact Riemannian
manifold for derivatives of arbitrary order and also gave applications on short time be-
haviour.

The scope of the present work is — in addition to provide a rather comprehensive description
and discussion how to prove general gradient formulae — to transfer and extend the methods
of Bismut, Elworthy/Li and Thalmaier to obtain stochastic representations of the Hessian
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of harmonic functions and diffusion semigroups both in the non-intrinsic and the intrinsic
case as well as to give some applications of fundamental type.

Already [E-L 1] contains a Hessian formula for compact manifolds (which follows as a
special case from our results) but still non-intrinsic and with the disadvantages explained
above.

But even if one generalizes Elworthy and Li’s formula for the Hessian by introducing
two finite energy processes (for more flexibility) analogously to the gradient case, it is not
obvious how to pass over to the intrinsic context, because filtering out redundant noise — in
mathematical terms taking conditional expectation with respect to the smaller filtration —
is a linear operation, whereas the Hessian (and thus its stochastic representation) depends
bilinearly on two entries that “contain noise”. It turns out that one has to start out by
an intrinsic martingale containing the gradient and carry out a covariant derivation that
leads to a non-intrinsic second derivative formula of which the conditional expectation
can be computed. The crucial point is to find an explicit expression for the noise-filtered
version of the covariant derivative of the Dohrn-Guerra transport along the paths of the
diffusion.

The resulting representation formula naturally includes derivatives of curvature terms since
this transport itself was obtained by a pathwise equation based on the Ricci curvature on
M. 1In fact, we could carry out these calculations by using a commutation formula of
Arnaudon and Thalmaier, cf. [A-Th 4].

For some first corollaries, we show that the intrinsic Hessian formula substantially sim-
plifies in the Ricci-parallel situation (i.e. VRic = 0). As well, there is a result for the
Hessian of the logarithmic heat kernel Hess, logp(¢, -, y) involving expectations with re-
spect to the Brownian bridge measure analogously to the earliest gradient formula of

d [ 3 3
grad, logp(t, -,y) = %ﬁwy) by Bismut himself.

Following the ideas of Thalmaier and Wang, we then apply our formulae to prove Hessian
estimates of the form

| Hess, u| < Cllullp (11)

for harmonic functions on a regular domain D C M as well as similar results for the heat
kernel or semigroup case. The main work from the Hessian representation formula to the
final (deterministic) Hessian estimate (with explicit constants) consists of the construction
of two finite energy processes on D varying on disjoint time intervals. The constants are
then computed by comparing the Laplacian on D with that of a model manifold of suitable
curvature.

Finally, we also give a proof of a pointwise gradient and Hessian estimate for positive
harmonic functions in the case of a rotationally symmetric manifold.

To end this general description we should point out that our topic not only concerns ques-
tions and problems of differential geometry or stochastic analysis in the manifold-valued
context, but also has direct applications in Euclidean matters. For instance, consider
equation (1) on R™ with coefficient o such that the associated second order differential op-
erator (3) is (uniformly) elliptic. Then o induces a Riemannian metric on R"™ and together
with the geometry coming from this metric we obtain important tools for the treatment
of the partial differential operator. For example, questions of stability of expressions of
the type E[f(X;(z))] under perturbations of the initial value z, i.e. the question how such
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perturbations propagate in time, turn out to depend on the sign of the Ricci curvature
corresponding to the induced metric.

The work is organized as follows.

Chapter 1 provides some basic notions and definitions of the theory of diffusions and
stochastic flows on a finite-dimensional manifold. This part is kept very concise since
nowadays there are some excellent and thorough introductions available on textbook level,
cf. [St 2], [Hs 2], [H-Th] (in German) and for the theory of stochastic flows, although
mainly treating the Euclidean case, the monograph by Kunita ([Ku]).

The second half of Chapter 1 gives typical representatives of space-time-harmonic func-
tions. The main example of course is the minimal heat semigroup on M applied to a
bounded measurable function, or, equivalently, the smooth heat kernel of this semigroup.
We also present the martingale method that our differentiation of heat semigroups and
similar objects is based on. The main argument makes use of the fact that if a family
of real local martingales M;(e) depends C! on a real parameter € at 0 in the sense that
1(M,(g) — M,(0)) converges uniformly on compact time intervals in probability, then the
limit % ‘5:0 M;(e) is again a local martingale. All details concerning the involved topology

of semimartingales on M (including non-trivial lifetime) can be found in [A-Th 1].

Chapter 2 first collects basic results about the derivative process associated to the diffusion
which naturally appears when differentiating the martingales of Chapter 1. We study the
defining stochastic differential equations for the derivative process in Stratonovich as well
as in It6 form, since the latter one explicitly shows the relation of the formulae to curvature
terms.

Whereas the derivative process mainly occurs in non-intrinsic representation formulae
since it is in general not adapted to the filtration generated by X, (z) (its differential at
x depends on the behaviour of X (-) in a neighbourhood of x), we can obtain intrinsic
versions in terms of the Le Jan-Watanabe connection on M by filtering out redundant
noise. Besides the precise meaning of these notions we also give an explicit argument,
based on the Weitzenbock decomposition of the Laplacian on 1-forms, for the fact that
the differentiated heat semigroup martingale preserves the (local) martingale property
when the derivative process is replaced by the (noise-filtered) damped transport.

After these more advanced results, we return to basic methods and compute a first order
martingale and the resulting stochastic representation formulae for the gradient of diffusion
semigroups. We present a very short and immediate integration by parts proof as well
as the Girsanov perturbation argument due to Thalmaier already mentioned above. Our
most general Hessian martingale is obtained by this (second) method afterwards.
Moreover, we briefly outline the construction of the involved finite energy process, which
is given in detail in the applications of Chapter 4 below.

The chapter finishes with intrinsic results derived by taking conditional expectation with
respect to the smaller filtration.

Chapter 3 consists of new results for second order derivatives. We start out by the per-
turbation argument for the diffusion disturbed by two (small) real parameters and use
Girsanov compensation to obtain a general, though non-intrinsic, Hessian (local) martin-
gale depending on two finite energy processes. It turns out that if these processes are
assumed to decay to zero on disjoint time intervals then after taking expectations many
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terms of the quite complex structure cancel out and one gets a result comparable to that
of Elworthy and Li. Analogously to the gradient case, Theorem 3.4 gives the precise
assumptions under which our representation formula for the Hessian holds.

Since the general Hessian martingale, however, is not suitable for filtering out redundant
noise, we revisit the proof in a special case and add an integration by parts procedure
which admits to pass over to the intrinsic case.

As explained above, the most important step to achieve an intrinsic formula is to apply
some commutation formula from [A-Th 4]. The final Hessian representation formula ap-
pears in Theorem 3.12. For technical reasons, these results are only proven for L = %A
(without additional vector field), which refers to X (x) being a Brownian motion. Corol-
laries for the Hessian of the logarithmic heat kernel as well as for the Ricci parallel case
follow more or less immediately.

The final Chapter 4 treats — as an important class of applications — gradient and Hessian
estimates of (L-)harmonic functions and diffusion semigroups. The basic results are of
Harnack type, but we give several modifications as well. In the positive harmonic case for
instance, the estimates in some way can be compared with analytic results due to Cheng
and Yau (cf. [Ch-Y] and [Sch]).

The first section herein presents the results for the gradient when using bounds of the
space-time-harmonic functions and estimating the L?-norm of the stochastic integral in
the representation formula by an explicit construction of the finite energy process involving
a quite subtle time change and careful Gronwall arguments.

We then carry over these ideas to our Hessian formula (again for L = %A), which requires
to construct two finite energy processes, being spatially separated with respect to different
domains in addition to varying at disjoint times. Iteration of Gronwall, Burkholder-Gundy
and Cauchy-Schwartz estimates then yield a comparable result for the Hessian, which has
slightly different formulations for the harmonic function and the heat semigroup case.

As a concluding example for a more special situation, where the local estimates can be
replaced by pointwise ones, we consider a rotationally symmetric manifold, the centre of
symmetry being given by the initial value x of the diffusion.

To finish this introduction, I would like to express my gratitude to several people.

First of all, I should mention Prof. Dr. Anton Thalmaier, who turned my interest towards
his work on Bismut formulae in the gradient case, encouraged me to try on the second
derivative case and supported the whole work until its accomplishment.

Secondly, I thank Prof. Dr. Wolfgang Hackenbroch for his constant advice and interest in
the subject as well as for the opportunity to present my progress in his seminar.
Another important person who supported me by answering many questions via e-mail,
provided some important ideas and proofs (which are explicitly marked in the text) and
read my drafts on the Hessian estimate in Chapter 4 very carefully, is Prof. Marc Arnaudon
from the University of Poitiers, France.

Moreover, I have to thank Dr. Robert Denk, Dr. Stefan Bechtluft-Sachs, Dr. Ulrich Riegel
and Michaela Lautenschlager for their advice throughout several periods of the last more
than three years.

Finally, I would like to point out my gratitude to my fiancée and colleague Dipl.-Math. Ste-
fanie Ulsamer, who carefully read the manuscript, made me become aware of some facts
on differential geometry and supported me in many other aspects.






Chapter 1

Stochastic access to harmonic
functions and diffusion semigroups
on manifolds

In this basic chapter we briefly describe the situation and definitions that we start from
when using stochastic methods to derive formulae for derivatives of heat semigroups on
Riemannian manifolds. Most parts of the work are based on and can be understood with
the knowledge of the Euclidean framework of stochastic analysis in addition to the facts
about stochastic processes on Riemannian manifolds given below.

However, we occasionally sketch arguments of more geometrical type to introduce some
well-known results. With regard to this and for a complete and thorough introduction
to the theory of stochastic processes and analysis on manifolds we refer to textbooks like
[H-Th], [Em 1] and, more recently, [St 2] and [Hs 2].

1.1. Geometric prerequisites

Throughout the whole work let M be a smooth n-dimensional manifold. We require M
to have a countable basis for the topology, be connected, and to have (unless otherwise
stated) no boundary. As usual, we assume manifolds, bundles and related objects to be
smooth in the sense of C'°, although most statements would hold in the C?%- or C3-case
as well.

In general, M is not assumed to be compact. Let TM - M denote the tangent bundle
over M.

We assume that M is equipped with a Riemannian metric g, the metric could also be
induced by a Whitney embedding and the bundle homomorphism defined subsequently,
see Remark 1.1 below.

For some integer m we consider a homomorphism of vector bundles over M

A: M xR™ —-TM,

i.e. for fixed z € M the mapping A(x) = A(x, -) : R™ — T, M is linear and on the other
hand for fixed e € R™ we have the vector field A(-)e = A(-,e). If (€;)i=1,..m denotes the
standard orthonormal basis in R™, we write A; := A(-)e; for brevity.
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Throughout this work we consider second order differential operators on M that can be
represented in Hérmander form as

1o
L:A0+22Ai, (1.1)

where Ag is some vector field. We exclusively treat the elliptic case, which is the most
basic one, i.e.

1
L= Ay+YV. (1.2)

where Aj; denotes the Laplace-Beltrami operator on M and V is a vector field depending
on the coefficients A and Ay.
For A this means that the pointwise adjoint homomorphism

A(z)* : T,M — R™

is an isometric inclusion for each x € M. In particular, m > n.
The explicit relation between V and A, Ag is given by

V(z) = %trace VA(A(z)-)(-) + Ao(x) (1.3)

(cf. [H-Th], Bem. 7.112), where in this case V denotes the connection on Hom(R™, T'M)
induced by the Levi-Civita connection on M and thus VA : TM x R™ — T'M is a bilinear
morphism.

There are several points of view that we can start from to derive this situation, which we
discuss now briefly.

Remark 1.1. i) If we are only given some finite dimensional manifold M, we choose an
arbitrary embedding ¢ : M — R’ of M into Euclidean space. Then we define A(x) as
the orthogonal projection R — T, M such that A(z)A(z)* = idp,pr. Let now g be the
metric induced by the Euclidean one on RY, i.e. g(u,v) := (A(x)*u, A(x)*v)ge for arbitrary
u,v €T, M.

This definition of ¢ also works if a bundle homomorphism A is already given such that
A(z) : R™ — T, M is surjective for each z € M, and only the metric has to be chosen.

ii) On the other hand, if M is already provided with some Riemannian metric g, according
to Nash’s theorem ([Na]) we find an isometric embedding ¢ of (M, g) into Euclidean space
of sufficiently high dimension and by this isometry we have the canonical choice of A(x)* =
(dt), which determines A.

iii) Both of the upper situations are special cases of “gradient Brownian systems with
drift”, given if A(z)* is an isometric immersion (cf. [E-LJ-L], Example 1B).

In addition to these conventions, we will later sometimes use the Le Jan-Watanabe con-
nection (cf. [E-LJ-L]) instead of the Levi-Civita connection, which implies

trace VAR A= 0.

We give an introduction to these notions in Section 2.1.2 below.
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1.2. Stochastic prerequisites

Although we are interested in heat semigroups related to the elliptic generator L given by
(1.2), we translate it to terms of A and Ay from the preceding section in order to determine
the associated diffusion process via the Stratonovich equation

dX = A(X) *dZ + Ap(X)dt. (1.4)
Herein Z denotes an R™-valued Brownian motion on a filtered probability space
(Q’ ga ]P)’ (gt)t€R+)v

for which we adopt the following conventions:

The filtration (.#7) is assumed to be complete and right continuous (which are also called
the usual conditions) except for those cases where Girsanov techniques are used.

Then the assumptions have to be relaxed to local completeness where besides right conti-
nuity we only demand that 3502 already contains the o-ideal

[e.9]
N =N C|JNi:Ni€ | Z, P(N:) =0

1 s>0
(cf. [H-Th], p.250).
From standard theory of stochastic differential equations on manifolds we know that there
is a partial solution flow (X;(z),{(x))zen to (1.4) in the sense that for z € M fixed, X;(x)
is the strong solution to the stochastic differential equation defined on the stochastic
interval [0,((z)[ starting in Xo(z) = x with lifetime ((z). In this context, ((x) is a
predictable stopping time for which a.s. on {{(z) < oo} one has X;(z) — oo with t /' ((x)
in the one-point-compactification M := M U {oo} of M.
If we have a look on the sets

Mi(w):={zeM:t<((r,w)}

of starting points x where the solution path X.(z,w) is still alive at time ¢, the solution
flow has the following properties (see [Th 1] for this formulation and [Ku] for proofs):

i) For each t > 0, {(-,w) is lower semicontinuous on M and therefore M;(w) an open
subset of M.

i) X¢(-,w) is a diffeomorphism from M;(w) onto an open subset of M.

iii) For each ¢ > 0 the map s — X,(-,w) from [0,¢] into C*°(M;(w), M) (endowed with
its C*°-topology) is continuous.

1.3. Space-time-harmonic functions and heat semigroups

In spite of the fact that we sometimes emphasize the heat semigroup case, the methods
we develop in the following are not restricted to the computation of derivatives of heat
semigroups. In fact, they will work for objects of type

E [F; o X, (z) 1{7«@)}] , [o,7]c 1, (1.5)
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(I =1[0,t] or I =Ry, 7 a predictable stopping time), such that
F:IxM—R, F,=Fs,-)
has the following properties:

i) F is C! with respect to the first and C? with respect to the second argument.

ii) Both the spatial differential (s,x) — (dFs), and the Hessian (s,z) — (VdFy), of F
are jointly continuous on I x M.

iii) Fyo X(x) yields a real local martingale for all z € M, 0 < s < 7.

By introducing an additional stopping time, all assumptions could be restricted to hold
on an open subset D of M.

Remark 1.2. Condition iii) holds true, if t+ € Ry such that 7 <t and F : [0,¢[ x M — R
is a space-time-harmonic function with respect to L, i.e. F' satisfies

0

<8_+L>F:0 on ]O,t[XM. (16)
s

Proof. This is a standard application of the It6 formula: According to the time dependence

of Fy, one has to turn over to the semimartingale (s, X;)scr, on the product manifold
R x M, which yields

d(Fs 0 X,) = (dFs)x, A(Xs)dZs + %FS(XS)ds + LFy(X,)ds Z 0

due to F being space-time-harmonic (we write = if the terms only differ by the differential
of some local martingale). Recall that for f € C?(M) and X; solution to (1.4) we have
d(f o Xs) = (df)x,A(Xs)dZs + Lf(Xs)ds, which characterizes X, as a diffusion process
with respect to the (elliptic) generator L. O

Most of the applications will be either one of the following two cases:

i) (Dirichlet problem, stochastic representation of L-harmonic functions).
Consider D C M open and bounded, 7(z) = 7p(x) the first exit time of X (z) from
(the interior of) D, and Fs = u (not depending on s), where u is an L-harmonic
function, i.e. Lu = 0.

As a special case we could consider the Poisson kernel p(-,y) on a regular domain
D C M (i.e. D is open, relatively compact with smooth boundary) with respect to
a fixed y € 0D.

ii) (Stochastic representation of diffusion semigroups).
Here we take a finite time horizon I = [0,t] and Fs = P,_4f, where f is bounded
and measurable and P; denotes the minimal heat semigroup on bounded measurable
functions on M associated to L. We will give an explicit definition of this below.
The inversion in the time index of the semigroup has to be made to switch from the

heat equation 8% — L = 0 to the space-time-harmonic context % + L =0.
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Occasionally, we also speak of diffusion semigroups to emphasize that the expression
“heat semigroup” does not only concern the particular case of L = %A.

Another important example is the smooth heat kernel Fy := p(t—s, -, y) itself (again
y € M fixed), which appears in the definition of the minimal heat semigroup below
as well.

Note that both for the semigroup and the kernel, assumption ii) above has to be
weakened since F} then equals Pyf = f or some Dirac distribution, which fails to be
differentiable with respect to x. Hence ii) holds true on [0, ¢[x M only.

We now give a brief description of the analytic semigroup theory our methods are related
to, mainly for the sake of completeness, because we will only deal with stochastic repre-
sentations of semigroups afterwards. According to our assumptions, we constrain this to
the case of elliptic generators of the form L = %A m+V.

Definition 1.3 (Minimal heat semigroup). We call a family of linear operators on
L*>°(M) (with identification of functions which differ only on a set of volume measure 0)

Py L®(M) — L®(M), teR,
a semigroup with generator L = %A M+ V,if:
i) Pof = f, Puvif = Poo Pif, f € L®(M), s,t > 0 (semigroup property).

ii) P, preserves positivity (P,f > 0, if f > 0) and is contractive (||P;f]lco < ||f]loo OT,
equivalently, P;1 < 1) for all ¢ > 0.

iii) For all test functions f € C2°(M) we have lim; g w = Lf(x).
We call (P;)¢>p minimal, if:

iv) For all (Q¢)ier, with the upper properties, we have P, f < Q;f a.e. forall f € L>(M)
with f >0 and all t > 0.

Well known from the theory of parabolic partial differential equations such a semigroup
(P)ter, owns a smooth heat kernel p € C*°(]0, oo[xM x M) which provides

(PN@) = [ pltam)f@)volldy). e L), v M. t>0
and u(t,x) := P, f(x) solves the heat equation

(e

From this property one can immediately deduce what is usually called elliptic reqularity
or smoothing property of the semigroup: For arbitrary ¢ > 0, P.f € C*°(M) even if f is
just bounded and measurable.

Standard elliptic theory guarantees the existence and uniqueness of a minimal heat semi-
group. In analytic terms, for f € L?(M) the semigroup P;f can be constructed via the

spectral theorem as e'L f, where L denotes the Friedrichs extension of L| e (ary, see [D-Th,
Cor. B.5. We can deduce the following statement from this result as well:
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Theorem 1.4. Let (M, g) be a Riemannian manifold and (P;)ier, the minimal semigroup
on L>®°(M) generated by the elliptic operator L as above. Xy shall denote the diffusion
process with lifetime ¢ and generator L = %A + V. Then we have

(Pf)(2) = E[(f o Xe(2)lpecy] »  f € LO(M). (1.8)

See also [H-Th], 7.252.

Convention 1.5. For the purposes of this work take equation (1.8) as the definition of P, f.
Occasionally, we write stochastic heat semigroup to take this fact into account.

1.4. Martingale methods to differentiate diffusion semigroups

In [E-L 1] the authors give various stochastic representation formulae for first and second
order derivatives of the minimal heat semigroup on L (M). Their general way to obtain
these results is to differentiate the right hand side of (1.8) under the expectation. The first
disadvantage of this method is that f therefore has to be bC' (bC? respectively), i.e. f
bounded and continuously differentiable of first or second order with bounded derivatives.
Note, however, that derivatives of P.f, ¢ > 0, can be taken for all bounded measurable
f because of the smoothing property of the semigroup, which coincides with the fact
that Elworthy and Li’s final formulae do not contain any derivatives of f. Indeed, the
methods presented in this work are completely independent of any regularity of f exceeding
measurability and boundedness.

Moreover, formal differentiation under the integral sign in (1.8) requires ( = oo a.s.,
which means the driving diffusion is non-explosive. In fact, taking derivatives under the
expectation corresponds to the associated semigroup on 1-forms

PY(a) =E[Xfa], ael(T*M), (1.9)

where X}« denotes the pullback of o by Xy : M — M. In our case we have a = df which
for v € T, M yields

1
PV (df)sv = El(df) x,(0) (T Xo)o).
Herein T, Xy : TyM — T, ;)M is the differential of X;(-) at  which is well defined for
all w with © € M¢(w). A more thorough introduction of this process will be given at the

beginning of the following chapter.
If we generalize this equation for explosive systems by

PO (df)ov = EI(df) x, () (Te Xe)v Lit<c(@))s

then d(P.f) = Pt(l)(df) will not hold in general. For example, if f = 1 on M, we find

Pt(l)(df) = 0, but P, f(z) = P{¢(z) > t} and this value will depend on z in the case of
non-trivial lifetime.

A more promising strategy to differentiate heat semigroups is to make use of the local
martingale property of P_sf(Xs(z)), 0 < s < t. As we discuss subsequently, derivatives
of C''-families of local martingales are again local martingales. Hence in the next chapter
we will vary = for example along a smooth curve on M, differentiate at x in direction
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v, and find that the resulting process is a true martingale under certain boundedness
assumptions. By comparing expectations at time 0 and ¢ this provides an expression for
(dP;f)zv.

The whole next chapter will deal with first order derivatives calculated by modifications
of this procedure.

We conclude this chapter by giving basic results about the differentiation of local mar-
tingales. For this purpose we sketch two notions of topologies on spaces of continuous
M-valued processes. We refer to [A-Th 1] for proofs and further details.

Let J denote the set of predictable stopping times on the given filtered probability space.
For £ € J and F' C M some closed subset, we write D.(F;€) for the set of continuous
adapted F-valued processes with lifetime & and S(F'; ) for the set of continuous F-valued
semimartingales. We define

Do(F) = |J De(F;¢) and S(F):= | ] S(F:¢).
ceg ceg

In [A-Th 1] the authors give a base of neighbourhoods of X € D,(F) (S(F) respectively),
which defines a separated topology on this space, called the topology of compact conver-
gence in probability (the topology of semimartingales respectively). In fact this is first
done for F' = R"™ and then transferred to the general case by the use of a smooth proper
embedding into R"; it turns out that the definition does not depend on the choice of the
embedding.

We have S (F) C D.(F) and convergence for the semimartingale topology implies com-
pact convergence in probability. The opposite implication does not hold for an arbitrary
sequence of semimartingales, however.

As was proven in [A-Th 1], Proposition 2.10, the topology of semimartingales coincides
with the topology of compact convergence in probability, if we restrict ourselves to the
closed subspace My (M) of D.(M) which consists of all M-valued V-martingales (with
lifetime (). Recall that a stochastic process (X¢)¢e[o,¢[ taking values in M is a V-martingale
if for any f € C°°(M) the real process foX — [ Vdf(dX,dX) is a local martingale. Herein
J Vdf(dX,dX) denotes the so-called df-quadratic variation defined in [H-Th], 7.58.

Thus for sequences in M\V(M ) we obtain:

Theorem 1.6. If a sequence in M\V(M) converges uniformly on compact sets in proba-
bility, i.e. with respect to the topology on D.(M), its limit is again a V-martingale and
convergence takes place in the sense of semimartingales.

Proof. See [Em 2], Thm. 4.11. O

Since in the real case the notion of V-martingales corresponds to that of local martingales,
we will make use of this result in the following version.

Corollary 1.7. Let M be a smooth manifold. If (ms(x))ser,, zem is a family of real local
martingales that depends C* on x € M (with respect to compact convergence in probability)
then the differential (dms), yields again a local martingale, but now taking values in T, M.
(Equivalently: (dms)zv is a real local martingale for any v € T, M.)
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Regularity results on solutions of stochastic differential equations are discussed in [A-Th 1],
part 3. Actually, our diffusions (X(z))scr, depend C' on the initial value  and the same
holds for the so-called derivative process (1, Xs = d(X)s)ser, - We make use of the latter
fact when computing second order derivatives.

Hence, in our situation the real local martingale (Fy o X,(z))ser, is C! with respect to
x € M and Corollary 1.7 can be applied.



Chapter 2

Differentiation of diffusion
semigroups

The intention of this chapter is to present the differentiation method for diffusion semi-
groups and related objects which our approach is based on. We discuss two slightly
different methods in the case of gradient formulae: on the one hand a variation of a one-
parameter family of real martingales (derived from a perturbation argument including
Girsanov compensation), which was introduced by [Th 1], and on the other hand a com-
bination of a directional derivative of a real martingale smoothly depending on z € M
and an integration by parts argument. In the case of first derivatives the latter one is the
easier method and can be found e.g. in [A-Th 3].

The main theorem establishes a stochastic representation formula depending on a suitable
finite energy process K taking values in the Euclidean space T, M for fixed x € M. We
will give an explicit choice of such a K, which in the domain case is a non-trivial problem.
Finally, we show how our results can be converted to an intrinsic representation theorem,
i.e. a formula that only relies on the geometrical data of the manifold but is independent
of the particular choice of the stochastic differential equation defining our diffusion Xj.
To this end, we need the notion of the derivative process of X, two related filtrations
that the diffusion is adapted to, and a linear connection on T'M that may differ from the
Levi-Civita connection, but naturally appears in the intrinsic case.

Throughout this and the following chapters F' : I x M — R will denote a function satisfying
conditions i) - iii) stated right before Remark 1.2. For brevity, however slightly inaccurate,
we refer to this by saying “F' is space-time-harmonic”.

2.1. Redundant noise: Source and filtering

2.1.1. The derivative process

As already mentioned above, our main tool for computations will be the (local) martin-
gale property of first order derivatives of F5(Xs(-)). Simple differentiation at z € M in
direction v € T, M leads to the local martingale

(dFs)XS(x)Ta:XsU7 (2.1)
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where T, X denotes the differential of X¢(-) at x, which exists for all w € Q with z €
M;(w) and solves the formally differentiated version of the stochastic differential equation
(1.4)

DV, = (VA)VyxdZs + (VA)Veds, Vo=

(for an introduction to these facts see e.g. [El 4], §8).

The symbol V in this context denotes the Levi-Civita connection on M and the induced
connection on vector bundles generated by T'M (such as tensor bundles, etc.), respectively.
Note the difference in the notation of the process Vi on T'M in contrast to the vector field
V of (1.3) that appears in the generator L of X (and hence in the Itd equation for
DVy; = DT X, below).

DVj stands for the covariant It6 differential V with values in Hom(T'M, X*T' M), explained
below (in fact, this is only true if X (x) has lifetime ((z) = oo a.s., otherwise, according to
Section 1.2, one has to write Vs : TM; — X*T'M). Recall that Vs(z) : T.M — Tx ;)M
is a linear map for each z € M;.

We write // 0,s for the stochastic parallel translation T; M — Tx, ()M along the paths of
Xs(x), see Definition 2.9 below.

In terms of this transport the covariant It6 differential DVi(z) is defined as

DVs(x) := [/, d (//5,‘1 VS(QE))

where the differential on the right hand side is the usual It6 differential for a process taking
values in the fixed Euclidean space T, M.

As a solution to a stochastic differential equation with continuous driving process (and
time independent coefficients) T, X possesses a time continuous version, and, moreover,
because of the diffeomorphic property of X(-) on My every T, X is bijective and its
inverse process (T, X;)~! € Hom, (X*TM,TM) has continuous paths (a.s.) as well. One
also refers to T'X as the derivative process (or, as some authors emphasize the flow property
of solutions, the derivative flow) associated to X.

Remark 2.1. We rewrite the defining stochastic differential equation for T'X; in terms
of Ito differentials for a better motivation of the following arguments. The Stratonovich
equation reads

DTX, = VTXSA xdZg + VTXSAodS (2.2)

whereas the Ito version is given by

1

DTX, = VTXSAdZs — §R(TXs,dXs) dX, + VTXsVdS
(2.3)

1

= Vrx,AdZs - 5 RicH(TX,) ds + Vrx,V ds.

Herein V = LtraceVaA + Ay = 25, V4, A; + Ag, of. (1.3). The right hand side
involves the Riemannian curvature tensor R € I'(T"M @ T*M @ T*M ® TM), see for
instance [Pel, 2.2.1, and R(X,Y)Z = R(X,Y, Z) by convention for vector fields X,Y, Z.
The Ricci curvature Ric € I'(T*M ® T* M) is defined by Ric(X,Y) := trace(R(X, -)-,Y).
Thus reading the 1-form Ric(X, -) as a vector field Ric*(X) according to (Ric*(X),Y) =
Ric(X,Y), we are given Ric*(X) = trace R(X, - )(-).
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Equation (2.3) is found e.g. in [A-Th 2], Example 4.10. In that paper the authors make
use of the theory of complete lifts to carry out the formal differentiation of the basic
Ito-stochastic differential equation.

A direct proof of (2.3) from (2.2) requires to compute

m m
DTX, =Vrx,AdZ, + % 2 Va,Vrx, Aids — % 2 Vrx.Va,Aids + Vrx, Vds

1= 1=
by verifying that 2?;1 V4,Vrx,A;ds is the covariation of Vrx A and Z. It remains to
insert R(X,Y, Z) = VxVyZ—-VyVxZ—V|xy]Z and to observe that the term depending
on the Lie bracket [T' Xy, A;] equals zero (which relies on the fact that 7'X is the spatial
derivative of X and A the leading coefficient in the time development of Xj).
One should notice that (2.3) holds ([A-Th 2], 4.10) for any torsion-free connection V on
M. This plays an important role if we want to use the Le Jan-Watanabe connection in
some cases on which we focus next.

2.1.2. The Le Jan-Watanabe connection

A brief outline of the following can be found in [A-Th 4] subsequently to Definition 7.5
(note that by assumption im(A) = T'M). For a thorough treatment we refer to [E-LJ-L].

Definition 2.2 (The Le Jan-Watanabe connection).
The Le Jan-Watanabe covariant derivative VW on TM ( = im(A)) is defined by the

equation
VW72 = A(x) d(A*(-)Z(4)), (v), (2.4)

where v € M, v € T,M and Z € I'(TM) (=T'(im(A))).

Since A*Z : M — R™ is a smooth map, the composition A d(A*Z) yields a smooth section
in Hom(T'M,TM). The further properties of a linear connection on T'M are verified easily.

vLJW

A trivial, but important consequence of the definition is that V = satisfies the

following property:
Remark 2.3. Whenever x € M, e € (ker A(x))*, v € T, M, we have V,A(-)e = 0.

This follows by applying the Leibniz rule for VI/W to the identity A(A*A) = (AA*)A = A,
which yields
VWA e = (Ve"VA) (A% (2) A(w) e + A(x)d(A™(-)A(- )e)zv
= V" WA( e + VWA e,
as A*(x)A(x) is the orthogonal projection from R™ to (ker A(z))" .

This last property of VW can be reformulated as follows: There always is a decomposition
K(-)® K(-)* of the trivial bundle M x R™ over M such that A(-)k = 0 € TM for
ke K(-)and VA(-){ =0 ¢& Hom(TM,TM) for £ € K(-)*. In particular, we have

trace(VA® A) =0 (e T(Hom(TM, TM)®TM)),

where VA ® A € D(Bil(R™, R™; Hom(T'M, TM) @ TM)).
We emphasize the content of Example 1B in [E-LJ-L]:
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Proposition 2.4. If M is isometrically immersed in R™ and A(x) the orthogonal projec-
tion on T, M (i.e. we have a gradient Brownian system) as in particular in the first two
cases of Remark 1.1, then the Le Jan-Watanabe and the Levi-Civita connection coincide.

Convention 2.5. Unless otherwise stated, we refer to the Levi-Civita connection and simply
write V.

However, in some cases we also make use of Remark 2.3 and may call it Le Jan- Watanabe
property (of the connection). Mainly, this will occur in the following chapters which treat
intrinsic formulae. In that cases the proofs hold if we either assume that we are given
a gradient Brownian system (where both connections coincide), or, in the more general
situation, we consider VMW instead of V without carrying the index LJW along the
computations. Then, all appearing differential operators, particularly all Laplacians, have
to be taken with respect to V*W,

We point out that the gradient system case is adequate to derive all our applications.

2.1.3. Comparison of two filtrations

Now let (ZZ)ser . be the complete and right continuous filtration generated by the driving

{?SAX(:E)) seR4

starting from some given z € M. In general, .ZX®) will be smaller than .Z%. In fact the
difference “increases” with that of the dimensions m of Z and n of our manifold M (for
example, let M = R"™ and A be an orthogonal projection R — R™, Ay = —% trace V4 A
such that V = 0, then X (z) is a n-dimensional Brownian motion and .## is generated
by X and an independent (m — n)-dimensional Brownian motion X).

Note that when dealing with the two real martingales Fs o X(z) and (dFj) Xy (@) T Xsv,

the first one is adapted to (L?SX (x)) whereas the differentiated process is only .#Z-adapted

because in general T, X, is not measurable with respect to 37;)( (@) since the derivative
depends on the (stochastic) germ of X (-) at  and not only on X,(z) itself. Hence
the terms containing TX carry “redundant noise” which is not intrinsic in geometric
terms. The appropriate solution to this problem is known as the method of “filtering
out redundant noise”. We will give the main result and refer to [E-Y] for proofs. For
this purpose it is necessary to introduce the notions of the orthonormal frame bundle and
horizontal lifts.

Brownian motion Z, in contrast to ( corresponding to our diffusion process X

Definition 2.6. With respect to our Riemannian manifold (M, g) we have the orthonormal
frame bundle O(M) — M given by

O(M) := U Py, P, :=n 'z :={u:R" — T, M | u an isometry}.

zeM
Remark 2.7. i) We identify v € P, with (u1,...,u,) := (uey,...,ue,) which is an or-
thonormal basis of T,,M. Herein (eq,...,e,) denotes the standard basis of R™.

ii) O(M) " M owns the structure of a principal bundle with structure group O(n), the
group of orthogonal transformations of R™; cf. [H-Th], Def. 7.121. In particular, O(M) is
again a smooth manifold.



2.1. Redundant noise: Source and filtering 25

Now the Levi-Civita connection V on T'M induces pointwise — i.e. for each u € O(M) — a
decomposition
T,(O(M)) =V, ® Hy

consisting of the wvertical part
Vi i ={veT,OM): (dr)v =0} = ker(dm)

(which is canonical and does not depend on the choice of V) and a horizontal part H,
(invariant under right action of the group O(n)) constructed the following way.
For u € O(M) with 7w(u) = x let

Hy == {(dY)v:v e T,M,Y € T(O(M)/U) with Y(z) = u
and V,Y := (V,(Yer),...,Vo(Ye,)) = 0},

where U C M ist an open set containing x.

The mapping h : *TM = H < T(O(M)) with hy : TyyM — H, is then called the
horizontal lift (of the O(n)-connection induced by V) and provides the standard-horizontal
vector fields L1, ..., Ly, € D(T(O(M))) given by L;(u) := hy(ue;).

As a consequence, we have the horizontal Laplacian AP := Yoy L? on O(M). For
details of all these facts and definitions, see [H-Th], p.415 ff.

Occasionally, it is useful to work rather with stochastic processes taking values in O(M)
than directly with those on M. For this reason we need an adequate way to lift a M-valued
semimartingale up to O(M).

Definition 2.8. Let X denote a semimartingale taking values in M. An O(M)-valued
semimartingale U is called a horizontal lift of X, if

i) ToU =X as.
ii) [;w=0,1ie. U is horizontal.

Herein w € T(T*O(M) ® T;qO(n)) is the so-called connection form (cf. [H-Th], 7.127) and
Jiy w the Stratonovich-integral of w along U ([H-Th], 7.63).

According to 