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Introduction

Phase-field models

Via formal calculations, Bronsard and Reitich, [BR], studied the asymptotic be-
havior of the vector-valued Ginzburg-Landau equation

0
Eue = 22 Au — (DW (u))" (1)

0
—u o = 0 or u(x,t)|sn = h(x) (2)

ov
u(z,0) = g(x) (3)

as ¢ — 0. We consider this equation on an open domain 2 C R™ and for
u® : Q@ x Ry — R™, where m,n > 2. The potential W : R™ — R is smooth
and attains its minimum value zero at exactly three distinct points a, b, and ¢, so
as to model a three-phase physical system. Instead of equation (1), we can also
consider the vector-valued Allen-Cahn equation

9 . T
27 e 2 € €
€aV =€ Av (DW(U )) . (4)
Equation (1) equals (4) via
- 1
() = LW (@)

and

1
(x,t) == u —t .
vi(z,t) = u (m, 502 )

The question is how the solution u¢ of (1), (2), and (3) behaves as € — 0. The
phase-field parameter ¢ > 0 represents the thickness of the transition layer be-
tween different phases. Therefore, we expect that u¢ approaches a sharp interface
model as € — 0. One such sharp interface model is the mean-curvature flow.
Roughly speaking, this is a family (T';) re0.4] of smooth manifolds in R™ such that
the signed distance function d(.,t) of T'; fulfills

Ad(x,t) = %d(m,t), te0,T], xeTly.



A precise definition is given in [AS]. For m = 1, i.e. the scalar Allen-Cahn
equation, de Mottoni and Schatzman, [deMS], proved that there exist initial
data for the Allen-Cahn equation such that the corresponding solutions converge
to the minima of W uniformly outside each tubular neighborhood of I'; as € — 0.
Essentially, the proof is a rigorous justification of formal asymptotic expansion,
i.e. it is supposed that in a tubular neighborhood of (I'¢).cjo.r the solution u is
approximately given by the asymptotic expansion

al d.(z,t)
ui(:c,t):Ze"ui( - ,x,t>, te[0,T], xeT(9).
€

1=0

Note that I';(d) := {x € Q : dist(z,I;) < ¢}. The function d, is the modified
distance function, i.e.

de(x,t) = d(x,t) + > edi(x,t), t€[0,T], xeTys).

i=1

If one puts u$ into the Allen-Cahn equation, expands the term DW (u9) via
Taylor expansion, and arranges the terms according to their e-power, the results
are equations for the u; of the form

Lou; = Ry (difl) ) (5)

where R;_1 (d;—1) depends only on known quantities and the function d;_; which
is not determined so far. The operator Ly has domain H?*(R,C) and is given by

Lou = —u" + D*W (6)u.
The function 6, is the unique increasing solution of
—0" + DW () =0, 6(0)=0,

that connects the two distinct minima of W. Equation (5) has a solution if and
only if

Ri,1 (difl) € ker(Lo)L.
This determines d; 1, as dim ker(Lg) = 1. As the solutions of (5) decay at an

exponential rate, the approximate solution u¢ can be extended to €. The result
is a family of approximate solutions (u$) () such that

d(z,t)

€

@@@:%( )+m&,xen@,

and P
62§uf4 —EAuy + DW (uy) =0 (F), e—0.



The integer k € N grows with the length of the asymptotic expansion. Important
for the proof of the convergence u$ — u¢ is to analyze the behavior of the smallest
eigenvalue \{ of the operator
d2
L. =—— + D*W () (6)

dz?
11

that is equipped with Neumann boundary conditions in L? ((—;, E) ,(C). This
delivers the [de M S]-estimate for the Allen-Cahn operator, i.e. the smallest eigen-
value of
—2 A + D*W (u)
behaves like O(e?), ¢ — 0. The operator that is given by the differential expression
—ENA + D*W (u)

is called Allen-Cahn operator. It represents the linearization of the Allen-Cahn
equation around the approximate solution u%-.

Concerning the vector valued Allen-Cahn equation, Bronsard and Reitich proved
short time existence for the problem of three curves I'; moving by mean curvature
such that the three curves meet at a triple-junction m(t), and the other end point
of each curve lies on the boundary of €2 - cf. figure 1.

Figure 1: Three-phase boundary motion.

Via formal asymptotic expansion, Bronsard and Reitich obtained the evolu-
tion laws of three-phase boundary motion derived by material scientists. At the
triple junction m(t), they used the expansion

u(z,t) ~ ﬁ;eu (x%m@)t) .

For the function ug, the expansion leads to the equation

—Aug + (DW (up))" = 0.

7



Moreover, in directions tangentially to the interfaces, one expects that ug ap-
proaches the standing wave solution that connects two minima of W. The ex-
istence of such an wug was rigorously proved in the work of [BGS]|, details given
in chapter 3. This is the first step in the proof of rigorous convergence to the
limiting flow. If one pursues the formal calculation to determine the w;’s, he is
led to equations of the form

E(]Ui = Rifl. (7>

The function R;_; depends only on known quantities, and L, is given by the
differential expression

— N\ + D*W (up).

The operator £y was introduced in [BGS|. It’s domain is given by the set of
all elements in (H2(R2, C))? that are equivariant with respect to the symmetry
group G of the equilateral triangle. A byproduct of the proofs in [BGS] is that
Ly is self-adjoint and positive semidefinite.

Target of the endevours

Now, we consider the case m = 2. In [BGS], they proved the existence of a
solution 6, of

—0! + (DW(6,))! = 0

which connects two distinct global minima of W and fulfills

Sup |uo(@,y) — bo(x)] — 0,y — oo. (8)
S

In this work, we show that the convergence in (8) produces a strong connection
between the essential spectrum of £y and the spectrum of the operators Lo%,
€ > 0. The operator L°¥ is given by the restriction of the vector valued version
of L (cf. (6)) to a certain subspace.

Set A\9°™ = ming(L°™). The first main result of this work is the following
Theorem (Theorem 3.1).

Theorem Suppose dim ker (Log) = 1. Then the following statements hold:

1. We have

mino.(Ly) = hIgl_}iglf A >0,

and
O'(Lgdd> - O-e(LO)-



2. For each N € 0,(Lo) N (—oo,mino.(Ly)), and § € (3,1), there exists a
constant C > 0 such that for each normalized 1 € ker(Ly — \), we have

Vo € R?: |ih(z)| < Cem(1-0)v/minoe(Lo)=Az|

3. Suppose E < mino.(Ly), ¥ € Dg,, and R € L%(R?) such that
(Lo — E)Y = R.
Assume there exist c,a > 0 such that
|R(z)| < ce !
for a.e. © € R?. Then there exists a constant C > 0 and § € (1,1) such

that
|w(x>| < Ce—(1—6)\/minoe(£0)—E|a:|

for each x € R2.

Further, we introduce sesquilinear forms 7; in the Hilbert space L% (T.) where
T, is the equilateral triangle of edge length % The space L%(T,) contains the
elements of (L?(T., (C))2 that are equivariant with respect to the symmetry group
of the equilateral triangle.

Definition Let € € (0,1). Define
Dy, := H(T.),

and

T[u, v] ::/ Z (Vuy, Vo;) + (D*W (ug)u, v) dz
Te j=12
for u,v € Dz.. Set
vi:=  inf Te[u, ul.
uuHLQG(;:l

Set 1 = mino(Ly), and denote the radius of the incircle of T, with o(e). The
second main result is given by the following Theorem (Theorem 3.2), which con-
cerns the behavior of v{ as € — 0. A motivation for the study of this problem is
given in chapter 4.



Theorem Suppose dim ker (Lg) = 1. Then the following statements hold:
1. If [0,mino (L)) Nag(Ly) =0, then

liminf v§ > min o, (Ly).

e—0
2. If u9 € [0, mino.(Ly)) Noa(Ly) # 0, then

\v;—u?}zo(e@e- e ) e,

Description of the work

Chapter 1

This chapter deals with vector-valued Sturm-Liouville operators. We study the
tunneling effect, i.e. the exponential decay of eigenfunctions. We prove that the
strength of the tunneling effect does not depend on the length of the underlying
interval, provided the coefficients are uniformly bounded in some Banach spaces.
This result is proved in section two. The proof is a generalization of results
in chapter 3 of [HS] to the case of vector-valued Sturm-Liouville operators in
weighted L?-spaces on not necessarily unbounded domains. In order to obtain
exponential decay for higher order derivatives, we analyze the range space of the
operators. In section four of chapter one, we investigate how the eigenvalues of
the operators behave as the length of the underlying interval tends to infinity.

Chapter 2

This chapter starts with an existence result for standing wave solutions that con-
nect two distinct global minima of a potential W. Symmetry is considered. The
crucial point of chapter 2 is Lemma 2.1, especially for the considerations in chap-
ter 3. Essentially, it deals with the convergence of the eigenvalues \{ < A§ < ... of
L. to the eigenvalues Ay < Ay < ... < mino,(Lg) of the operator Ly. In contrast
to [deMS, C, ABC], the operators L, € > 0, are vector-valued. A few statements
in Lemma 2.1 are given in [C] for the scalar case. Some ideas of the proofs enter
into Lemma 2.1. But we can not take over the proofs, as the argumentation is
based on Harnacks principle, comparison principle, etc. We also investigate the
limit A9 — 2% \which is important for the proofs in chapter three.

Chapter 3

The third chapter starts with a general consideration of Sobolev spaces that own
a symmetry. In section 2, we repeat the results of [BGS] that we need for this
work. The main results of chapter three are Theorem 3.1 and Theorem 3.2.
First, we prove statement one of Theorem 3.1. The statement on exponential
decay in Theorem 3.1 is the analogue of the results in section 1 of chapter 1. But

10



a generalization of the proofs does not lead to the result, as in general there is
no ball such that the potential D*W (ug) of Ly is positive definite outside this
ball. In this case the tunneling effect is produced by an operator-valued barrier.
We introduce operators L, in the Hilbert space L% (£2.) where Q. is a suitable
regularized version of the equilateral triangle T.. The space L%(€)) contains the
elements of (L2(2, C))? that are equivariant with respect to the symmetry group
of the equilateral triangle.

Definition Set
2 du ? 2
Dy :=<Sue H(Q,C): v 0 on 0 ¢ N LL(Q),

and

L=+ [D*W(uo)]

fore> 0.

We prove that the tunneling effect (i.e. exponential decay of the eigenfunctions)
for L., € > 0, is uniform in € (Lemma 3.2).

Lemma Let 3 > 0. There exists g € (0,1) such that for each § € (3,1),
there exists a constant C' > 0 so that

Ve € [0,€) : VE € 0,(L)N(—00, mino.(Ly) — f] : Vi € ker(L.—FE), normalized :
Vo € Q. : [ih(z)] < Ce~ 10 yminoelLo)=Ele|
This proves statement two of Theorem 3.1. Then we investigate the behavior

of uf == mino (L), € > 0, in the limit ¢ — 0 and obtain the following Lemma
(Lemma 3.3).

Lemma
1. If [0,min o (Ly)) Noa(Loy) = 0, then

liminf u§ > mino.(Lo).

e—0
2. If u9 € [0, mino.(Ly)) Nog(Ly) # 0, then
\/minoe(£g) -4l
W?WNZOG@ﬁ 801m),6H&

11



With the help of this lemma, we obtain Theorem 3.2. In section 4, we prove
that all the stated assumptions are fulfilled for a typical potential in the theory
of phase transitions.

Chapter 4

The work closes with chapter 4. On a formal level, we outline a possible applica-
tion of the results which might help to prove the convergence of solutions of the
Allen-Cahn equation.

Appendix

The appendix compiles parts of measure theory and spectral theory in Hilbert
spaces of particular relevance for this work. Especially, the connection between
sesquilinear forms and the discrete spectrum of the corresponding operators is
outlined.

Acknowledgment

Finally, I want to thank Prof. Dr. Harald Garcke for supervising this work,
especially for the suggestion of the example in section 3.4.
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Notations

Numbers and vector spaces

For the different sets of numbers, we use the notations

N:={1,2,3,..},

Ny :={0,1,2,3, ...},

Ry :={x e R:+z > 0},
Ry =R} U {400},
K=RorC.

For a complex numer z € C, Re(z) denotes the real part of z and Im(z) is the
imaginary part. If z € R, then sign(z) denotes the sign of z.

The standard scalar product in C" is denoted by (.,.) and the corresponding
norm with |.|. If z € R is a real number, then [z] is the largest integer equal or
smaller than z.

Sets and mappings

For an arbitrary set X, we denote the power set of X by P(X). If VIV C R”
are open subsets, then we define

V cC W :< V bounded ,V C W.
For a subset U C R", define
diam(U) := sup{|z — y| : z,y € U},

and denote the interior of U with [J. Moreover, define U¢ := R™\U. Assume
f: X — Y is a mapping between sets X and Y. Define

im(f) == {f(a) : a € X},

13



and set
ker(f) :={a € X : f(a) = 0},

provided X and Y are vector spaces. Assume X is a topological space and Y a
vector space. Then define

supp(f) :={a € X : f(a) # 0}.

Let g : (0,a) — R for a > 0. Then O(g(e)) is the representative for a function
h:(0,a) — R such that

IC,ep > 0: Ve € (0,69) N X : |h(e)| < Clg(e)].

In this case, we write h(e) = O(g(e)), € — 0.
Banach and Hilbert spaces

Assume (B;, ||.||;), ¢ = 1,2, are Banach spaces over K. If Bj is finite dimen-
sional, then dim B; denotes the dimension of B;. For a subset M C B;, we
define

N
lin M := {Z)\ibi:NeN,)\ieK,bieM}.
For x € By and r > 0, we set
B.(x) :={y € By : ||z —yl1 <r}.

If (X,].||x) is a Banach space, then

1
n 2
12l xn = (Z ||Zz-|!§<> , z€ X",
i=1

is a norm on X". For simplicity, we denote this norm also with ||.||x. If X is a
Hilbert space with scalar product (.,.)y, then

n

<y7Z>X" = Z <y17 Zi>X7 Y,z € Xna

=1

is a scalar product on X" which we denote by (., .)y. If a sequence z,, in a Hilbert
space X converges weakly to z € X, then we write z,, — z.

Operators

Assume (B;, ||.]|i), i = 1,2, are Banach spaces over K. A operator T" from B; to
B, is a linear map T : Dy — Bs such that Dy is a linear subspace of By. The

14



set D is called the domain of T'. If By = By, then T is called operator in Bj.
Suppose T and S are operators from B; to Bs. Then T is called a restriction of
S(TcS)if Dr C Dgand T'= S|p,. If T}, i = 1,...,n, are operators from B,
to By, then ®] ,T; is the operator from B;" to By" with domain

P n
D®’in:1Ti T X’LZIDTZJ

and
X1 Tz

®?:1Tz‘ = . , I; € DTi7 1=1,...,n.

T Tnxn

Suppose B;, i = 1,2, are Hilbert spaces and T is an operator from By to By that
is densely defined, i.e. Dr is dense in B;. Define

Dy :={y € By:x € Dr—— (Tz,y) is continuous }
and
Ty =z Ve € Drp: (Tz,y) = (x,2)

for y € Dy« and 2z € B;. Then T* is an operator from By to B; and is called
the adjoint operator of T. The set of all continuous linear maps T : By — By
is denoted by L(Bj, Bs). We use the convention £(B;) := L(By, By). For T €
L(By, Bs), define the norm

Tx
T 2(By,Bs) := sup u
I;ﬁO ||JJ||1

Moreover, we define
M(m,K) := L (K™),

Gl(m,K) :={T € M(m,K) : T is invertible },
O(m) :={T € M(m,R) : T*T = I}.

The set of all symmetric matrices of M (m,R) is denoted by S(R™). The vector
space M (m,K) becomes a Hilbert space together with the scalar product

(A,B), =tr(B*A), A BeMm,K).

The corresponding norm is denoted by ||.||s-. The identity operator in M (m, K)
is denoted by Igm. For A € M(m,K), denote the determinant of A by det(A).

Holder spaces

For an open set 2 C R"™ and a Banach space (B, ||.||), we define the follow-
ing function spaces:

15



Ck(Q, B) Set of functions u : Q2 — B that are k-th times continuously
differentiable.

CF(Q, B) Elements u of C*(Q, B) such that the derivative D%u is
bounded on 2 for all o] < k.

C*(Q,B) Elements u of C*(Q, B) such that the derivative D%u is
uniformly continuous for all |a| < k.

If u € CF (9, B), we define the norm

-— «Q
luller@) := max sup [D%u(z)].

Further, we set
C>=(Q,B):= (] C*(9. B),
keNy

and
CP(Q, B) :=={ue C™(,B) :supp(u) CC Q}.

Sobolev spaces

For a measurable set 2 C R" and a measurable function J : Q@ — R, we
denote the space of all measurable functions u : {2 — K such that

/Q\u(x)]QJ(a:)dw < 00

with L%(Q, K). Equipped with the norm

[ullzz (@) = llullzz = (/QIU(I)IQJ(éU)dfC> ,

L%(9,K) becomes a Hilbert space. Hence L*(2,K) = L3(Q,K). The scalar
product of L%(22,K) and L*(Q,K) is denoted by (., .)LQJ and (.,.),., respectively.
Moreover, we define

L*(Q,K) :=={u:Q — K: v measurable, 3C > 0: |f| < C ae. }.

The norm is given by
||| Lo () == ess sup |ul.

For k € Ny and an open subset (2 C R", we define the following spaces:

H*(Q,K) Space of k-th times weakly differentiable functions u : Q — K
such that the derivatives are square integrable.
H%>=(Q,K) Vector space of k-th times weakly differentiable functions
u: Q — K with derivatives in L>(Q).
H lko’fo (©Q,K) Space of k-th times weakly differentiable functions u : 2 — K
such that u € H**(V,K) for each V CC Q.

16



The norm on H*(Q, K) is given by

N[

[ull e () = Z HDQUH%Q(Q)
0<a|<k
Moreover, set
]| oo ) = Oglla‘«ﬁkHD ul[ oo ()

for u € H*>(Q,K). Finally, the closure of C§°(Q,K) with respect to ||.|| g is
denoted by H* (Q,K).

Differential expressions

Assume 2 C R" is open. For the (weak) derivatives, we use the following nota-
tions:

Doy = 5L 9% 4 for u € HF

« «
9zt Ozn" loc

(2,K) and a mulitindex a, |a| < k.

Dui=(w),, . we (HLOQK)"
D% = (6936%“)@»]-_1 ifue H(QK).

(Q,K).

loc

Vu := <%u) for u € H}
4 i=1,...,n

=1,...

div u:= Y1) ;-u;  provided u € (Hy,

(Q,K))".
Au :=div Vu for u € H?

loc

(Q,K).

Suppose T is an operator in H*(Q,K). If there exist a;;,b;,c € L>(Q,R) such
that we have C§°(£2,K) C Dz and

n

(Tu)e) = Y- (o) .t Zb (e + c()u(a)

i,j=1

for each u € C§°(Q2, K), then [T'] denotes the mapping

[T+ Hi (2, K) — Higo(Q,K),

loc
given by
0? 0
U — Zawaxa%u%—Zb o Fu+cu

’Lj— =1

for each u € H't?(Q, K).

loc

17



Boundaries and Green’s formula

Assume Q C R" is an open, bounded subset and k € Ny. We say 0Q € C*
if for each xq there exists f € C*(R™!,R) and r > 0 such that - up to a coordi-
nate transformation - we have

QN B.(xo) ={x € B.(x0) : x> f(x1, .0, Tn_1)}.
Assume 9Q € C!. Then there exists a continuous outward pointing unit normal
v:0Q) — R".

For m € N, the normal derivative with respect to v is given by

9. (CHQLK)™ — (CO00,K))™

v

-----

0 — m
(%u) () = ((Vu;(@), v(2))) ;-1 s UE (C'(LK))", ze€on.
The mapping extends to

aﬁ C(HYH QLK) — (LA(090,K))™ .

v

Instead of %u we also write g—g. According to [E, Theorem 3, p. 628], we have

m m B o
;L(ij,Vuﬁdx——jzl/QAvjujdx—k/m <$,u> ds (9)

for u; € HY(Q,K), v; € H*(Q,K), j = 1,...,m. We refer to equation (9) by
”Green’s formula” or ”integration by parts”.

18



Chapter 1

Vector-valued Sturm-Liouville
operators

In this section, we prove that the tunneling effect for vector-valued Sturm-Liouville
operators with uniformly bounded coefficients does not depend on the length of
the underlying interval. We use these results to investigate the convergence of
eigenvalues when the endpoints of the interval tend to infinity. In this section,
we always consider complex Hilbert spaces, i.e. the Sobolev spaces consist of
complex-valued functions.

Definition 1.1. For a € RY, let
V, € CY ((—a,a),S (R™)),

J, € C} ((—a,a),R).

The smallest eigenvalue of V,(x), |x| < a, is denoted by \,(x). Suppose the family
(Ja, \/LI)CLE]RSro has the following properties:

1. IK e R, :Va € RY : HVQHCO(PG,&)) < K.
2. Ay :=liminf, 4 A\o(x),> 0.
3. VB >0:3ay € Ry :Va > ag:Va>|z| > ap: Vo(x) > min (A, A\2) — .
4. 3m, M € Ry :Va € RY :m < Jo < M, || Jallr((—an)) < M.
Then we define the operator P, in L3 ((—a,a),C) by
Dy, = H'((~a,0),C),

and
P =

19



for a € R, Set
H, =", PP, + [V.].

Further, set A\ :== min (A, \_), and define

2

E4
Fg:—{]x\<a:)\a(x)2 i }

for E € R.

The spaces H*((—a,a),C), H* ((—a,a),C) and S(R™) are defined on p. 16
ff., and [V,] denotes the bounded operator in (L% ((—a,a),C))"™ that is given by
the multiplication with V, - cf. definition B.6.

Proposition 1.1. The operator H,, a € RY, is self-adjoint in (L3 ((—a,a),C))",
and

Dy, = {u € H*((—a,a),C) : v/(£a) = 0}"

Proof. According to corollary B.2, the operator [V,] is bounded. In view of corol-
lary B.3, it is self-adjoint. We only have to prove that PP, is self-adjoint. This
follows from [Wel, Satz 4.11], as P, is closed. Moreover,

DPI :Hl <<_a7 CL), C)a
and

1
Pru = ij(Ju)'.

Suppose v €H' ((—a,a),C). If u € Dp,, then we have

1
o . ! . .
<Pau,v>L3a = (', Ja) 12((_aay) = <u,zJ—a(Jav) >L2 .

Ja

This proves H' ((—a,a),C) C Dps, and

Pru— iji(Jau)', w el ((—a,a),C).

Conversely, assume v € Dp». This implies that

u < Hl((—a,a),C) — <PGU7U>L3

is continuous with respect to [|.|| ;2 . On account of [Wel, Satz 2.15], there exists

w € L3 ((—a,a),C) such that
Vi € H'((~a,a),C) : <90/7iJaU>L2((fa,a)) = <907w>L2((7a,a))' (1.1)
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This proves J,v € H'((—a,a),C). According to assumption 4 in deﬁnition 1.1,
we have v € H!((—a, a),C). It is left to show v(da) = 0. Choose p € C®(R, R)
such that

I, (+a) < o < 1B, (+a)-
Green’s formula and (1.1) yield

{op,w+i(Jyv >L2( (—aa) =i Ju| T = iJ,(£a)v(£a). (1.2)

With theorem A.1, we conclude that the left side in (1.2) converges to zero as

n — oo. Hence v €H' ((—a,a),C). O

1.1 Exponential L*-bounds

If Q& C R" is a nonempty open subset, J :  — R, a weight of the Lebesgue
measure, then we say that a measurable function ¢ : Q — R is exponential L>-
bounded by a measurable function G : Q@ — R, (with respect to Jdz) if and only
if
/ l9(2)|2€*¢@ J (z)dx < +o0.
Q

In this context, we denote G the exponential bound of g. The aim of this sub-
section is to prove uniform exponential L?-boundedness for eigenfunctions of H,
with eigenvalues A\, such that sup, A, < A = min (A, A_). It turns out that there
is some clearance for the choice of the uniform exponential bound G.

Definition 1.2. Define

(1—6)VA— El|
1+a(l—6)VA— Bl

for E € (=00, A], « >0, and § € (%,1].

folz) :=

It is easy to see that fo € H.>(R,R). Moreover, we have f, € H">(R,R),
for a > 0. Precisely, f, < a, a>0,and |f |> < X— E, a > 0. To motivate the
following definition, let us neglect the potential and assume

— A = A,

Formally
—efapNe e (efc“@b) =\ (efaw) .

Thus, we determine a L?-bound for the eigenfunctions of —U~'AU, where Uz :=
_fa
e Jex.
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Definition 1.3. Fora € R, a >0, d € (%, 1}, and E € R, we define
Baolu,v] := Z (—iu; + i fuy, —iv) — ifévj>L3a +([Va — E] u, U)LgJa :
j=1
and

Dg,, = (H'((—a,a),C))™.

Proposition 1.2. Let a € R, ¢ € (H'((—a,a),C))", and E € (—o0, A, such
that
Vj e {1,...,m} : supp(¢;) C Fp.

Then we have

Vo € (% 1} Vo> 0: Re (Bya[g]) > (20 — 1)¥H¢H%?] .

Proof. For u € H'((—a,a),C), calculation yields the equation
(—iu' +iflu, —iu' — if;u)LzJa -
o2+ 2itm (', fraw) s ) = | fauls
We obtain
2 :
Boald] = 161135, +20mm ({0, f16) 13 ) = 1 fadl3e + (Ve — E]6,0) -

Moreover,
1720025, < S (UPos63)ys < (1= 6= E)o,0)5
j=1

Taking
Va(z) > ey 2] <a,

into account, we obtain

Re(Byald]) > (6~ 1) (A~ £)6.6)3 + (A — £)6.0),5 -

In view of
supp(¢;) C F,
we have N E
(Vo = E)6,0) 13 = =5 lI¢llZs, -
This completes the proof. n
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A definition of the spectral parts of a self-adjoint operator is given in the
appendix.

Proposition 1.3. Let a € RY. Suppose the function n € C*((—a,a),R) fulfills
n € C°((—a,a),R). Then for each E € 0,(H,), E <\, ¢ € ker(H,—FE), a > 0,
and § € (%, 1}, we have

Baane’>y] = (¢e¥ey, ¢>L2 :

where
= ' +2m'fo, >0,
has compact support.
Proof. Note that
(Ja(m)') = (Jan )Py + 2Jan ¥ + 0(Jat)}), (1.3)

for j =1,...,m. For each u € H'((—a,a),C) and a > 0, we have

efo (e’f"“u)/ = i(—iu +iflu),
and

e Je (ef“u)/ = i(—iu' —iflu).

The last two equations imply

Ba a 776fa¢ Z < 77% 2fa1/)j>L2((_a7a)) + <[‘/a - E] b, ¢>L?,a +

Z 7762fa (A 77%) B

The boundary terms vanish. In view of (1.3) and

Hyp = B,
we obtain .
Bia [ﬂefaw] = - Z <(Ja77/)/¢j, 77€2f&2/’j>L2((7a,a)) - (1.4)
j=1
23 (a5 1€ )

j=1
Integration by parts shows

/ 2fa — 2fa
- <(Ja77/) %’ﬂ]e I wj>L2((_a,a)) - <Jan/¢jv7]/e 4 ¢j>L2((—a,a)) +

2fa )2 2fa
(Ja 20 f0°07) o oy T Tl 200 o (1.5)
The sum of the third addends in the right side of (1.5) cancels with the second
sum in (1.4). Summation yields the assertion. O
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As already mentioned above, the eigenvalues have to stay away a fixed dis-
tance 4 > 0 from X in order to obtain a uniform exponential bound for the
corresponding eigenfunctions. Essentially, this bound is given by (.

Proposition 1.4. Let § > 0. Then there exists ag € Ry such that for each
1

5 <0<1

2 i

1C =C(0, N\, K, B,a0) > 0:Va € RY, a>ag: VE € 0,(H,) N (=00, A = 3] :
2
Vi € ker(H, — E), ||¢||Lg]a =1: HJOM‘@ <C.

Proof. Throughout this proof, we choose @ > 0. On account of assumption 3 in
definition 1.1, applied with g, there exists ap € R, such that

{reR:a <|z| <a} C Fg

for each a > ay and £ < X\ — 3. Choose a cut-off function n € C*(R,R) such
that
n= 1 on Rn\BaO_H(O),

n=0 on B;(0),

and
0<n<1 on R

Set ag := ag + 1. Choose % < 0 < 1 arbitrarily, and define

2
COONK, B, aq) = 20V ME [ 4 =

sup |1/|( 1| +2m)) .

In what follows, we need

2fo0(x) < p2a0VA+K

sup e
lz|<ao
and
|s‘up |Ce2f0(x)‘ < €2ao\/)\+K|S‘up |77/|(|77/‘ +9 /2)\+ﬁ>
z|<ag z|<ao
For a > ay,
E€o,(H,),E<\—0,
and
¢ € ker(H, — E),
we have
Fg 2 supp(ny) N K,(0).
Set

bo :=nelp, a>0.
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Proposition 1.2 and proposition 1.3 impliy

(26~ Dol < |(Gucoui),

I

where
= [0 *+ 20 f,, >0
In view of
[Cal < PP+ 20 [VA+ K,
and

fa S an
we use Bepo Levi and send o« — 0. It follows that

il < e 2V
||77601/’||L3a§5(25 )Zu]zolnl ']+ 2320 + 3 ) e

This implies

/ IO 2, () d <

lz|<ao

/ 2 ol W}( )| Ja<I)dI+/ e2folz W}( )| Ja(l’)dl’g
{|z|<a:n(z) }

2
sup [¢|e*0@ 1 sup 2@ < (6, N, K, 5, ap).

(26 = 1)B |2 <aq 2| <ao

1.2 Pointwise exponential bounds

In order to obtain pointwise exponential bounds out of the L?-bound, we have
to prove that the derivative of an eigenfunction of H, is locally estimable by its
L?>norm. Later we need the commutator of two operators. Let X be a Hilbert
space and A, B operators in X. The commutator of A and B is given by

[A,B] .= AB — BA.
Proposition 1.5. Let a € R, and x € Cg°(R,R) such that x'(+a) = 0. Then

for each E € R, there exists a constant C' > 0, estimable from above in terms of
m, M, K, E, ||X||c2w), such that for each ) € Dy,, and 6 € (Li((—a, a),(C))m,
the equation
(H,— E)Y =146
implies
10 I ia(aay < C [1Elz2c) + 0]l 22000 |
where
K := supp(x) N (—a, a).
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Proof. As (H,—E)y = 6 if and only if (®}_, P! P,) ¥ = 0+[E—V,], the problem
reduces to a single component. Define

T, := PP,

M M
¢ = Idermy (147 )

and

Suppose 6 € L?((—a,a),C) and ¢ € Dy, fulfill
)
Set p:= —1. Clearly p € p(T,), and x¥ € Dr,. It follows that
Po(x¥) = Po(To + 1) (Tu + 1) (x¥) = (1.6)

PulTa+ )7 [0+ 0)x + [T, [ 0]

The commutator [T}, [x]] has domain Dr,, and

J/
o= 2Pt [\ 0, we D (17)
In view of
1 2
Jully, + NPy, = (T Dusudyy = [Tt D3|, we D,
we have )
P(T,+1)2€eL (L%a((—a, a), C)) ,
and
1 1
T, +1)% ,‘PaTa+1‘5 <1 1.8
H< ) £(L?,((~a,0),0)) ( ) £(L3, ((a,a),0)) (18)

On account of [Wel, Satz 2.43], we conclude
(Tu+1)7P;  (Pu(Ta + 1)—%)*.

As the operator on the left side is densely defined, we get
(PUT+ D)) = (T + 1) EP;.

If follows

M=

Py(T, +1)7'P* € P,(T, + 1) (Pa(Ta 1) ) ,
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and as the operator on the left side is densely defined, we obtain

PT,+ 0P = P, + 1) (R(T,+ 1))

On account of [Wel, Satz 2.36] and (1.8), we conclude

Owing to (1.7), we have

<1

P(T,+1)"'Pr

£(L? ((~a,0),0))

!/

P.(T, + 1) [T, [X]] = i2P,(T, + 1) P:[x/] + Pu(T, + 1) {X” + X,ﬂ (1.9)

on Dr,. Via a priori estimates, we obtain from (1.6), (1.7), (1.8), and (1.9) that

M M

1000 s < Il 18120+ Al + Sxlllio | <
C 1l 2y + 101l 2200

L]

Lemma 1.1. Suppose 3 > 0. There exists ag > 0 such that for each % <o <1,

there exists a constant C' > 0, estimable from above in terms of m, M, K, X, ay,
0, and (3, such that

Va € RY, > ap : VE € 0,(H,) N (=00, A — 3] : V¢ € ker(H, — E) :
Vjz| < a: (@) < C|l|| g2 e”IVAZE,

Proof. We cover the interval (—a,a) with the support of cut-off functions. For
a € R, ;a> 1, we define
a—1
Tgi = i, 1€Z, li|<]al

la]

and
T t(ja]+1) = Ea.

For a = o0, set
Loy i= 1, 1€ Z.

Choose x € C*°(R,R) such that
1, 50 < X < 1py(0)-

27



Define
Xai(z) = X(2 = Tay)
fora e RY, a>1,i€Z, |i| <[a] +1, and 2 € R. We have

(—a, a) C U {Xa,i = 1}7

li|<[a]+1

and Dy, is an invariant subspace of [x,;]. According to [B, Theorem 4], there
exists a constant C; > 0 such that we have

mefgl/?éa,i) (@) < Cy ||Xa,z‘¢||H1((,a,a))
foralla e RY, a > 1,i€Z, |i| <[a]+1, and ¢ € H'((—a,a),C). In view of
proposition 1.5, there exists a constant Cy > 0, estimable from above in terms of
Ix[lc2@y, m, M, K, A, such that we have

IXai®ll i1 —aayy < Coll¥llz2k @ann(-ae)

for all a € RY, E € 0,(H,),< A — (3, ¢ € ker(H, — E), and ¢ € Z such that
|i| < [a] 4+ 1. Choose 3 < § < 1. Owing to proposition 1.4, there exists ag > 0
and a constant C3 = C3(5, A, K, 3,dg) > 0 such that

Va € RY,> ag: VE € 0,(H,), E < A= : V¢ € ker(H,—E) : ||ef°¢”L2J < Cy|9]l -

Set
C = 10205 62(176)\/)\+K’
m
and

ap := max(1, ao).

Choose a € R, > ag, £ € 0,(H,), E < A — 3, and ¥ € ker(H, — E) arbitrarily.
Let € (—a,a) N {x.:; = 1}. Then

G(a)e! VAR < sup W xS

YEK1(xa,s)

C,Cy  sup efo(y) sup e*fo(z) inf efo(w) HwHLQ(Kl(xa,i)ﬂ(fa,a)) <
YEK1 (za,i) 2€K1(Ta,i) wEK1(Za,i)

C,C:
1“2 sup 6(1—6)\/>\+K|y\ HefowHLQ < C”wHLQ )
m |y‘§2 Ja Ja

This completes the proof. O]
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1.3 The range of Sturm-Liouville sytems

Throughout this section, we consider the Schrodinger operator H.,. Let us set
Usrc = {u € (Ly(R,C))™ : V|z| > 7 : |u(2)| < Ce 1}

for a,r,C' > 0, and define the subspace

U Ua,r,C’

a,r,CeR4
of all exponentially fast decreasing functions. Our aim is to prove
(H — E)""(U)cU

for all E < X. Analogous to the foregoing section, we prove L2-boundedness to
obtain pointwise bounds.

Corollary 1.1. Let E < X, v € Dg,_, and 0 € (L*(R,C))™ such that
0 € Usrc, and

Hytp) = Evp + 6.
Suppose n € C*(R,R) fulfills ' € C(R,R). Define
= |n'I* + 21 £,
and
bo :=mnelp,  a > 0.
Then

Bugalda] = (Cae®0,0) 1o+ (0620, 70)
for each o > 0.

Proof. Again, we have

/

Ms

ooa (boz = n€2fa1/]j> +<[VOO_E] ¢7¢>L3

< (m3)) L2(R)

Jj=1

for a > 0. In view of (1.3) and H..¢) = Ev + 6, we obtain

Z Oon wj77762 awj>L2(R

Jj=1

2 (Joctl 5 1€ 05) ) + (0670, ) s
j=1
for a > 0. On account of (1.5), summation yields the assertion. O
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Proposition 1.6. Let E <\, 0 € Uy, ¢, and ¢ € Dy such that
Ho oy = Ey+6.

Suppose either

a>VvVA—F
and % <6<1,or

a<VvVAN—F

and
a 1

T > -

2V —F 2

Then we have €08, efor) € (L?,OO(R, C))m, and there exists a constant C > 0,

estimable from above in terms of m, M, K, A — F, HewaHL3 , and HefOGHLQ ,
oo Joo

such that

1>6>1-—

Vz € R: [ih(2)]| < Cem1-IVA=EL],

Proof. First we establish that e?/ € (L?(R, C))™. There exists a constant C' > 0

such that
‘9(2)621”0(2) | S Ce(—a+2(1—§)\/)\—E)\z|

for |z| > r. Clearly,

—a+2(1-9)VA-E<O0

if one of the cases above holds. Owing to assumption 3 in definition 1.1, there
exists R > 0 such that

Kr(0) C Fg.
Choose n € C*°(R,R) such that

1. 0<n<1,on R,

2. n =0 on Bg(0),
3. n= 1 on R\BR+1(O>

For each a > 0, we define
bo := nelo.
We obtain
supp(¢a) C Fg'-

Set §:= X — E. In view of proposition 1.2, we get

Re(Booal6n]) > (26— 1) 0]
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Owing to proposition 1.1, we obtain

Re(Bucald]) < (€26, 0) 2 | +[(0e¥ v?) s |-

This delivers

5
5= 1)gluli < sup Il + 10 e,
oo xi + o0

On account of lemma A.1, we send « to zero. It follows

g
(26 = 1) [Ine™y[| ., < sup [Ce*Pl|9)72 + 102 ]|¢] 2
2 Joo |z|<R+1 Joo oo

Finally,
[ ORAEE
R
R+1
| @@ P [ O e <
{zn(z)=1} —(R+1)

# 2fo 2 2fo
<(25— 1)3 |x|s<u£+1‘ge ‘—|—|m|sup : ) Il IR e PN

We have proved
efoqp € (L7 (R, C))m

Choose X, Too i, and X0, © € Z, according to the proof of lemma 1.1. On account
of [B, Theorem 4], there exists a constant C; > 0 such that we have

max
CEEK% (xoo,z)

U(2)] < C1l|Xooi® || 11 (K1 (200

for each a € RS and 7 € Z. On account of proposition 1.5, there exists a constant
Cs > 0, estimable from above in terms of m, M, K, E, and ||x||c2(r), such that

[ Xoo,i®ll 1 ((—asa)) < Co [0l L2 (k1 (wmes)) + 101 20K (00.0))]

for each a € R? and i € Z. Define ' := 21 -OVATK A (Hef(’w”Lz + Hef09||L2 )
Joo Joo

Then a similar calculation as above shows

fo@| < ¢ RY, i€Z
max xr)e , ac , & L.
B W@ < T

It follows
[W(x)] < Ce”U-IVAZERL 0 e R,
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Corollary 1.2. Let k € Ny. Suppose Vi, € CF(R,S(R™)), Jo € CFTHR,R),
E<\€Dy,0c(HR,C)™, 0% € Uy rcos ¥ € Uyrcy, and

Hoth = By + 0.

Then ¢ € (H*2(R,C))™ and v*+2 ¢ Unin(ag,a1)mc> and C > 0 is estimable
from above in terms of G, a;, i = 0,1, ||[Vao|lcrmry, and || Jsol|crri(r)-

Proof. Let us start with £ = 0. In view of

Hop = Ey +0, (1.10)
we obtain
(Jw¢,)/ = Joo (Voow - Ew) - Jooev
and thus . N
"(r) = —— o (Voo = E) — Joo0d
Vo) = g | T Vit = B) = T8
which implies ¢ € U, i,(00.01)-6- Lhe constant C' is estimable from above in

terms of Cj, a;, i = 0,1, ||Vio||comy, and [|Ju||c1(m)- If we use (1.10) again, the
assertion follows for & = 0. Suppose now the assertion is already proved for
k € Ny. Let Voo € CFTY(R,S(R™)), Joo € CF2(R), %D € U, e, If we
differentiate equation (1.10) k-th times, we obtain

- (@) =n
where R € (H'(R,C))™ is the sum of products of 1®, 90 and JY,
where [,s < k+ 1 and r,t < k. Owing to the induction hypothesis, we have
R’ € Unin(ag,a1)rc» and C has the stated properties. It follows ¢ € (H*™3(R, C))™,

and
N (¢(k+1))” — R

which yields the assertion for k + 1. m

1.4 Convergence of the spectrum

For later applications, we have to prove that eigenvalues of o4(H,) can produce
eigenvalues of 0,(Hs). This is specified by the following lemma.

Lemma 1.2. Suppose
1. Ju(z) = Ju(x), and J (z) — J.(z), a — oo, for each x € R,

2. Vo(z) — Vo(x), a — oo, for each x € R.
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Assume (an)nen 1S a sequence such that a, — oo, n — oo. Suppose further that
E, € 04(H,,), n € N, fulfills

sup B, < A,
neN

and 1, € ker(H,, — E,,) is normalized. Then there exists a subsequence (without
loss of generality the sequence itself), such that

JE = lim E, € 0,(Hw),

n—o0

and
VK CC R: 1, conv. in (C'(K,C))™.

Moreover, the pointwise limit
Y= lim 1,
is normalized in (L% _(R,C))™ and fulfills
W € ker(Ho — E).
Proof. Let us prove that

SUp [[¥n] B2 ((—an,an)) < 00
neN

In view of

Hanwn = En¢na (111)

we have

<P;nPanwna wn>L2 = <(En - Van)wTﬂ wTL)LQJa :

an n

It follows that
mlnll2(-anan) < 1Pantnllz < (K +A). (1.12)
In view of (1.11), we obtain

SUp [[¥n] 52 ((—an.an)) < 00
neN

For each K CC R, the embedding H*(K,C) — C*(K,C) is compact. It fol-

lows that for each k& € N, there exists a subsequence (wék)) " N(k) € N,
n>N(k
that converges in (C'((—k,k),C))™. The diagonal selection procedure delivers

a subsequence v, such that for each K CC R, there exists N(K) € N so that
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(Vi )k n(x) converges in (CH(K,C))™. On account of (1.11), this convergence
holds in (C?(K,C))™. Hence the pointwise limit

P(x) = lim Un,(x), z€R,

k— o0
k>N((z—1,z+1))

fulfills
¥ € (C*(R,C))™.

Sending n — oo in (1.11) delivers

—%4@@W+@@—EWZQ (1.13)

It remains to prove that v is normalized in (L?,Oo (R, (C))m There exists § > 0
such that E, < A — 3. Lemma 1.1 delivers an exponentially fast decreasing
envelope for all the 1), . Theorem A.1 yields

2 _ 1 2 —
602 = Jim (92 =1

If we send n — oo in (1.12), we obtain with lemma A.1 ¢ € (H*(R,C))™. Owing
to (1.13), we get ¢ € (H*(R,C))™. O
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Chapter 2

Spectral analysis for a two-phase
transition

As already mentioned in the introduction, the first term in the asymptotic ex-
pansion is given by the solution of the equation

2

d T
—out (DW (u))” =0.

This is the Euler-Lagrange equation of the functional

E(u):/R%|u’|2+W(u)dz.

In this section, we analyze the spectrum of the operator Ly which is generated by
the second directional derivative of E along a test function. We introduce self-
adjoint realizations L, of [Lo] in (L*((—%,1),C))™ with Neumann boundary

conditions. Moreover, we use the results of chapter 1 to investigate the limit
o(L¢) — 04(Lyg), € — 0.

2.1 Standing wave solutions

This subsection is devoted to existence results for minimizers of E. Throughout
section 2.1, the Sobolev spaces consist of real-valued functions.

Definition 2.1. Let k € N, k > 2, W € C*(R™ R), and a # b € R™. Assume
Wi(a) =W(b) =0 and W(z) > 0, z € R™. Suppose p € C*°(R,R) is odd such
that

p(z) =sign(z), [z = 1.

Set
_a+b+ b—a
T g YT

o
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M= (H'(R,R))" + ¢,
and .
E(u) = / §|u'|2 + W(u)dz
R
forue M.

For the case k > 3, m =2, W(x) > 0,z ¢ {a,b}, it is proved in [S, Lemmal]
that if

1. D?W is positive definite at = a, b,
2. there exist positive constants cq, co and m, and a number p > 2 such that
aleff <W(z) < colal?, [z = m,
3. W(x +r(cosf,sin@)) =r?+ O (r3) for r sufficiently small, 6 € [0,27), and
T =a,b,

then there exists a minimizer ¢ € M of E that attains the limits lim,_, ., {(7) = a
and lim, ., {(7) = b at an exponential rate. The minimizer fulfills

"= (DW ()"

In the following, it is important to consider the case when W fulfills the symmetry
condition W o~ = W such that v € O(m) is the reflection on a hyperplane of
R™.

Definition 2.2. Let a € RY, v € O(m), and u : (—a,a) — K™.
u s ~v-odd R u(—x) = yu(x)
y-even —u(—z) = yu(zx)

The content of the following corollary is a slight modification of the results
given in section 2 of [BGS].

Corollary 2.1. Let W € C*(R™,R). Assume W has two distinct non degenerate
global minima a and b of equal depth zero. Suppose

I\, p > 0:Vz € B,(a) UB,(b) : D*W(x) > \.
Assume v € O(m) is the reflection on the hyperplane T' C R™ such that
Y(a) =b.

Suppose that W o~y = W and that there exists a Lipschitz continuous function
f:R™ — R™ which leaves a and b invariant and has bounded image. Further,
assume

|IDf(z)|l,, <1 for a.e. x € R,
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and
W(f(z)) <W(x), xR

Then there exists a global minimizer u of E over M which is y-odd and fulfills
the constraint u(0) € I'. In addition,

ue C*R,R™) N ((H*(R,R)" +¢).
The minimizer u fulfills the equation
—u" + (DW(u))" =0

and attains the values a and b at an exponential rate as z — +oo. If in addition
W e C*(R™ R), then u € C*(R,R™).

Proof. We minimize E over the set M, where E' and M are defined as above.
Suppose there is a minimizing sequence (uy,)neny C M, i.e.

E(u,) \,m := inf E(v).

veM

Without loss of generality, we assume im(u,) C im(f), otherwise we consider the

sequence (f(uy))nen which fulfills E(f(u,)) < E(u,). Define

_— b—a
= al
For n € N, set
x, =sup{zr € R:Vz <z : (u,(z),n) <0},
o) =inf{x € R:Vz > x: (u,(2),7) > 0},
and
U, = (z,,z7).

As each u, is continuous, we have (u,(z¥), ) = 0. Define

un(2), 2 ¢ (v, 7))
Un(2) =< un(2), z€ (z,,27) A {uy(2),7) >0

—

Yun(2), 2 € (2, 27) A (un(2),7) <0
As (u,, ) € H'(U,,R), we have
(Un, ), s (up, @) € H'(U,,R).
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Let by, ...,b,,—1 € T be an orthonormal basis of I'. It follows that

Uy, = (n, b3) by + xu, ((Un, 7Y, + (n, ) _) T+ xug (Un, ) 7.
j=1

As u, is continuous, this implies @, € M. In view of W o~y = W, we obtain
E (a,) = E(u,). Owing to the transformation lemma, we further assume

Vz e R (un(2),nm) <0,

and
Vz e Ryt (up(z),m) > 0.

Especially
un(0) € I

Finally, we consider the values
— 1 /12
E = —|uy,|* + W(u,)dz,
R 2

and .
Ef ::/ — [l |2+ W (uy,)dz
R, 2

for each n € N. We distinguish between the cases
E, < E,

and
Ef <E,.

Provided the first case occurs, we define

un(z) ,z€R_
Un(z) == un(0), z2=0

7“71(_2) S R-ﬁ-

It is easy to see that @, is y-even. Moreover, as u,(0) € I', and y(a) = b, we
conclude that @, — ¢ is continuous and weakly differentiable in Ry. Thus we
obtain

U, € M.

Similar, one can treat the second case. In view of

. W(x) .
K= mf{minux e D x € 1m(f)} > 0,
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which follows from Taylor expansion around the points a, b, we obtain a bound
for (u, — ¢)nen in (H*(R,R))™. Note that [, [ul,|*dz is bounded. Therefore,

1
Bl = [ 3l + Wun)do >

1
~Cut [ Gl = )P+ Wan)da >
R
1 ' 0 ) 400 )
—Cy + §|(un—¢)| dr + Kk |u, — al“dx + u,, — b|*dx| >
R —0o0 0

1
—Cy + / ~|(up, — @) |Pdx + /@'/ u, — ¢|*da.
R 2 R

This implies

Hence,
Vs € N:Vn € Nt ||lup, — @l gi—s,e) < C.

With the diagonal selection procedure, we obtain a subsequence w,,, and a element
u € (H'(R,R))™ such that

Vse€N:u, —¢>u in (H'((—s,s),R)".

The embedding
Hl((_sa 3)7R) - Lz((_sa 3)7R)

is compact, and for each s € N, there exists a subsequence that converges a.e. to
u. Thus, the diagonal selection procedure delivers a subsequence u,, such that
J

Un,,, — 65w in (Hl((—s, 3),R))m,

Un,,, — ¢ —u in (LQ((—S7 s),R))m,

and
U, —¢ —u ae. inR
J

for each s € N. Suppose this subsequence is the sequence itself. Set v := u + ¢.
Taylor expansion yields that there exists a constant C' > 0 such that we have

(W (un(2)) = W(v()) = DW (0(2)) (un(2) = v(2))] < C lun(2) — v(2)[*

for each x € R and n € N. Hence,

B(uy) > /_ %](un o) Pde + / (tn — vY, o) dat

—S8
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S S S 1
/ DW(U)(un—v)dx—C/ \v—un\2dx+/ §\v’\2+W(v)dx.

S S

We conclude

n—oo

1
liminf E(u,) > / §\U’|2 + W (v)dz.

s

Lemma A.1 implies
m = liminf E(u,) > E(v).

n—oo

It follows that v is a global minimizer. Consider the derivative of F along a test
function ¢ € (C5°(R,R))™ to obtain

—" + (DW(v))' =0
in the sense of distributions. As DW (v) is square integrable, we have
ve (H*(R,R)" +¢,

and
—" + (DW(U))T =0

in (L*(R,R))™. Therefore
ve C}R,R™) N ((H*(R,R))™ +¢) .

Following the idea in [BGS], exponential decay is proved with a comparison prin-
ciple for
Z(x) = |v(x) — al?.

There exists a mapping € : R™ — L(R™ R) such that
DW (z) = D*W(a)(z — a) + |z — ale(z), = €R™,

and
lim e(z) = 0.

r—a

Choose zy > 0 large enough such that

sup  [e(y)] <
ye{v(z):x<—z0}

| >

Taylor expansion yields
Z"(z) =2{(v—a), DW(v))") +2[v'(z)]* = \Z(z).
We compare the function Z with the solution of
Z" —\Z =0,Z(—00) = 0, Z(—x0) = Z(—0).
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It is given by

Suppose
c:= inf (Z(:r;) —Z(x)) <0.

rx<—xq

By continuity of Z and Z, we obtain the existence of y € (

A

c=2y) - Z(y)
is a global minimum of the difference in (—oc, zg). Thus

~

0>~ (Z) - 7)) = -Ae >0,

which is a contradiction. We have proved

A

Z(x) > Z(x), Vr< —x.

—00, —xg) such that

2.2 Linearizations around standing waves

The investigations of this section involve the following self-adjoint operators.

Definition 2.3. Let W € C?*(R™ R) fulfill the assumptions of definition 2.1.

Suppose further that

I\, p > 0:Vz € B,(a) UB,(b) : D*W(x) > \.

Let 0, € C3*(R,R™) N ((H*(R,R))™ + ¢) be a global minimizer of the energy E

over M which attains the limits lim, ., 0y(2) at an exponential rate.

1. Define
11
-[5 _(__7_)7 €>07
€ €
and
IO =R
2. Set

for e >0, and

Define

for e > 0.
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3. The closed quadratic form that is generated by L. is denoted with S..

For later applications, we have to clarify how o4 (L.) converges to o, (Lo) as
e — 0.

2.2.1 Spectral analysis

Before we start to investigate the convergence of L.’s ground state, we need an
exact information on the minimum of the essential spectrum of Ly. If in addition
0y is y-odd for some vy € O(m), we call this situation the symmetric case.

Definition 2.4. Let v € O(m). Define the spaces
L2(L) == {ue (L*(L,C))" : u is y-odd },

and

Hyyy(Io) = (Hk(]ea (C))m N Logq(Ie)
for e > 0. Let L% be the restriction of Le to L2,,(I.), € > 0.

According to [Wel, Satz 1.41], each convergent sequence in L? contains a
subsequence that converges almost everywhere. This implies that L2,,(I.) is
a closed subspace of (L%*(I.,C))™, hence a Hilbert space. Note that L% is a
operator in L2,,(I.) with domain

Dyoas = Dy, N Lgy(1e).
Corollary 2.2. 1. For each € >0 and u € L%,,(I.), we have
||U||%§dd(16) = 2”“”%%@0&)-
2. The operator L%, ¢ > 0, is self-adjoint in L2,,(1.).

Proof. 1. The transformation lemma yields

||u||§5dd(16):/ |u(t)|2dt:/ |u(t)|2dt+/ u(t)2dt =
I I.NR+ I.NR+

/ () + [u(—) dt = 2l

IT.NR4

2. The orthogonal projection onto the y-odd functions in (L2(I,C))™ is given
by

(Reu)(x) == %(u(x) +u(—z)), we (L*L.,C)", z€l.
We know that R, and L. commute, because
YD*W (O(—x))u(—z) = yD*W (8o (x))yyu(—z) = D*W (fo(2))yu(—z).

The assertion follows with corollary B.1.
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For later considerations, it is essential that the essential spectrum of Ly and
Lg% coincide in case of symmetry.

Proposition 2.1. Suppose W fulfills the assumptions of definition 2.1. We have
LO Z 07

and

0e(Lo) = [min (o(D*W (a)) U o(D*W (b)) , 400).
If in addition W o~y =W, and 6y is y-odd, then

0o(L3) = 0o (Ly).

Proof. The first assertion follows from the fact that the quadratic form of L
is given by the second directional derivative of E. More precisely, for some
¢ € (C5°(R,R))™, the mapping

ip(T) == E(0y+7¢), TER,
is twice differentiable at 7 = 0 with
i(r) = [ (6,6 + TI6 + DW (B0 + o),
and
ld] = 10) = [ 16+ (D*W(60)o.6) d

As 7 = 0 is a global minimum of iy, we must have 5(0) > 0. Hence Sy > 0 on
the set (C3°(R,R))™. For ¢; € (C°(R,R))™, i = 1,2, we have

Sold1 +ida] = So[1] + So[ga]-
Hence, Sy > 0 on the set (C§°(R,C))™ which is a core of Sy. Now we prove
0e(Lo) D [min (¢(D*W (a)) Ua(D*W (b)) ,+00) . (2.1)
Let x € C*(R,R), and assume
I 400) < X < Ig,.
Define the operator K as the multiplication with the function f on R given by
Flw) = [D*W () — D*W (Bo(x))] x + [D*W(a) — DW (Bo(x)] x(~2). (22

As f — 0, x — to00, proposition B.2 implies that K is a compact operator from
(H*(R,C))™ in (L*(R,C))™. A relatively compact perturbation does not change
the essential spectrum, therefore

UE(LO) == O'e(LO + K)
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Suppose
min o (D*W (b)) = min (¢(D*W(a)) Uc(D*W(b))) =: A4.

Let U € O(m) be such that U*D*W (b)U is a diagonal matrix, without loss of
generality A, its first entry. Let us construct a Weyl sequence for Ly + K and
A+ + 8,8 > 0. Choose ¢ € C*(R,R) such that

1R, < ¢ < ]-(—oo,l}-
For m € N, define
Om (@) = o(|x —m? + 1| —m),
which fulfills

supp(¢n,) C [(m — 2)%, (m + 2)2} , om > 2. (2.3)

Set
1

fm(z) = mgbm(m)eiﬁqu, s >0, (2.4)

where e; = (1,0, ...,0)T € R™. Calculations yields
1< fnllfemy < 4.

For m € N sufficiently large such that supp(¢,,) C [1,+00), we have

2

(Lo + K — Xy —8)fm = fn = 8fm +UU*D*W(b) frn — Apfrn =

Cd2?
d? 2i/5 1 |
_@fm - Sfm = —\/Timel\/gx(ﬁ;n(x)[]e . ngbgl(x)el\/ngel

which converges to zero in (L?(R,C))™. In view of (2.3) and the fact that f,, is
uniformly bounded, f,, converges weakly to zero in (L?(R,C))™. It follows that
the normalized sequence Hjﬁ—:” is a Weyl sequence for Ly + K and Ay + s, s > 0.
Theorem B.1 implies (2.1). Define the operator-valued lower bound of Ly by

Dy := (H*(R,C))™

and
2

Lu = —@u + [)\ : Lcm]u,
where () is the smallest eigenvalue of D?*WW (6y(z)). We have

s, < Sr,,
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and lemma C.2 implies
mino.(L) < mino.(Ly).

Moreover, it is easy to see that

hence

Owing to corollary B.4, we get

) ey
mino.(L) = sup inf{ ~——=|p e CF(R\K,C),p #0 p >
Kcrd el

sup inf A(z) = min liminf M(z) = min (o(D*W (a)) Uco(D*W (b)) = A

neN lz[>n To=to0 T—To

This completes the proof. Suppose now Wo~ = W for some reflection v € O(m).
Assume that 6y is y-odd. The function f defined in (2.2) fulfills

Vf(=x)y = flz), zekR
This implies f -u € L2;,(R) for u € L?,,(R). Therefore
K € L (L3y(R))
is L§%-compact, and we conclude with lemma B.1
0o(L3™) = oo (L3™ + K).
Suppose f,, is given by (2.4) and Ry as in the proof of corollary 2.2. Define
F, = Rofm.
In view of statement one of corollary 2.2, we obtain
HLgdd + K-\ — SHiﬁdd(R) =2||Lo+ K — Xy — sHig(R” — 0.

Thus, up to normalizing, the F,, deliver a Weyl sequence for Lg% and A, + s,
s € Ry. It follows that

0e(Lo) C oo (Lg™).

Clearly, the converse is also true, and the proof is finished. n
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2.2.2 Convergence of the ground state

It is not difficult to see that L. and Lq fulfill the assumptions in definition 1.1.

For € > 0, we only have to set a := 1,

Vo :=D*W(00)|(—aay, Voo := D*W(bp),
Jo=1, Jy =1,

and
H, =L, Hy:=Ly.

As the limits lim, .4, 0y(z) are attained at an exponential rate, we have
A~ =mino (D*W(a)),

and
A;+ = mino (D*W(b)).

Definition 2.5. 1. Let e > 0. Define
A{ :=mino (L),

and
dd :
AP = min o (L.

We denote normalized eigenfunctions that correspond to L. and L2 by 1§
and ¥5° ) respectively.

2. Suppose that ¢y, ..., ¢, and ¢, ..., ¢%% is an orthonormal basis of ker(Ly)
and ker(Lg% — X0 | respectively. Set

r

(Pex) (t) = Z <l‘, ¢j>L2([€) qu(t)v S (LQ(IH (C))m RS ]6,

j=1
for e > 0. In the same way, we define P with respect to ¢3%¢, ..., 2%,
Let us agree that we always choose real valued eigenfunctions of L% and L..

Lemma 2.1. The following statements hold:

1. \i{=0 <e‘ minﬁe(LO)) ,€ — 0.

2. Suppose W o~y =W, ~v € O(m), and 0y is y-odd.

(a) If X2 < min o (L), then

min oe (Lo)f)\(l)’Odd
e el . e—0,

and if dim ker(Lg) = 1, we have A\ > 0.
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(b) If AV = min o, (L3%), then

lim inf A9 > min o, (Ly).

e—0

Remark 2.1. The proof of lemma 2.1 is based on lemma 1.2. If there is a
sequence that fulfills the assumptions of lemma 1.2, then there exists a subsequence
that delivers an eigenvalue and a corresponding eigenfunction. Throughout the
proof, we never mention again that we always suppose the subsequence is the
sequence itself.

Proof. 1. Set

1
Boi= '\ >0

16611 221, B

In view of corollary C.1, we have
M < BES05) = B20565lor.

Differentiation of the Euler Lagrange equation of F shows that ) € ker(Ly).
Lemma 1.1 (6 = 3/4) yields

63(2)] < Cem R

for some constant C' > 0. Hence

A< Ce ™ (2.5)

as f. — 1. Now we prove
deg >0:3C > 0:Ve € (0,¢) :

Vi € ker (L. — A]), normalzied : (¢, Pl 2y = C.

If the contrary holds, we obtain a sequence
€, — 0,

and normalized ¥{" € ker (L., — A{") such that

Z‘¢17¢3L2IE <
n
j=1
Hence, by (2.5) and lemma 1.2, there exist
Y= lim Y}
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and
A= lim A

n—oo

which fulfill
77b S kel"(L() — )\),

and
]| z2®) = 1.

Due to (2.5), we must have A < 0. But according to proposition 2.1, we
have Ly > 0. It follows A = 0 and

¥ € ker(Ly).
minoe(
Owing to (2.5) and lemma 1.1, we have the uniform envelope e‘@bl

for each eigenfunction ¥{", €, > 0 sufficiently small. Theorem A.1 implies
<¢7 ¢j>L2(R) = nlgfolo W’ina ¢j>L2(1€n) =0
for each j € {1,...,m}. It follows
Y € ker(Lo)*,

which implies
v =0.

This is a contradiction. Now we draw the conclusion:

XIC < [(Les, Piwidoq,

m

> WS )y (Ll 65) o

J=1

ST i)y |5 L @)1, + 65 Bslor, — V565 Lo |
7j=1

—+y/minoe(Lg)
@) (e e ,e — 0.

The last step follows from corollary 1.2, where we have proved that ¢; and
¢’; decay with the same rate.

The quadratic form that is associated to L2% is given by the restriction of
S. to HY (I.). Suppose A € g4(Lg%). Then A0°™ is in the discrete
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spectrum of Ly. Due to proposition 2.1 and lemma 1.1, each corresponding

4/ min o'e(LO)f)\(lj’Odd

eigenfunction w(l)"’dd has the envelope e~ 1 =l Set

1

= € Z O
[0 Lar,y

Ve :

Then we have

codd 5 Jd 0.0dd \/minoe(LO)_A?,odd
)\1’ SW{SEI: f ] :)\17 _'_O & de 5 6_)0

First, we prove

Jeo > 0:3C > 0: Ve € (0,€) : Voo € ker(Lo% — A9*™), normalized :
€,0dd odd | €,0dd
ol pritypett) =
<¢1 € wl L2(1.) -

If the contrary holds, there exists a sequence ¢, — 0 and normalized
i”’Odd c ker(ngd — )\i"’Odd)

such that
m 2

Jj=1

< % (2.6)

en,odd odd

L2(I€n)

With lemma 2.1, we obtain an eigenvalue
A€ oaa(Ly), X< A < mino,(Ly),
and a normalized eigenfunction
Y € ker(Ly — \)

which is y-odd. Hence
¥ € ker (L™ — \),

and
A= AP

In view of (2.6), lemma 1.1, and theorem A.1, we conclude

odd L ensodd odd _
(v, 65 >L2(R)_7}l—{§o< L >L2(15n)_07

ie.
W € ker (L — Mgy "
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This is a contradiction. With partial integration, we obtain

€,0dd €,0dd odd . ;.€,0dd _ 1 0,0dd €,0dd odd . ;.€,0dd
R R e WP e T

L3(Ie) L3(Ie)

s

z : €,0dd ¢odd> e,odd(bodd/
< 1 g L2(1.) 1 J

j=1 alc
This implies
min UE<L0>7)\O,odd
0,0dd dd - 1
‘Al’o L ‘C§O<e B L e

In view of dim ker(Ly) = 1, we have v € ker(Lg)*. Corollary C.1
implies

0 < Aot
Suppose the contrary holds. Then there exists 5 > 0 and a sequence €,, — 0
such that A" < mino.(Lg) — (. If {"°™ is a corresponding sequence of
normalized eigenfunctions, then lemma 1.2 implies that

A= lim A" € 0,(Ly), X < mino,(Lo),
and
= lim %

n—oo

fulfill
Y € ker(L3™ — \).

0,0dd : o o
A% < min o, (L8%), which is a contradiction.

This implies
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Chapter 3

Spectral analysis at the
triple-junction

In this section, we analyze the spectrum of the linearization of the Allen-Cahn
equation around a rescaled stationary solution. We always consider Sobolev
spaces with complex valued functions.

3.1 Sobolev spaces with symmetry

Let us first define the different notions of symmetry used in this chapter.
Definition 3.1. Let m € N. Suppose G C Gl(m,R) is a subgroup.

1. A subset Q) C R™ is called G-invariant if

VgeG:g-Q=Q.

2. Ifu:Q — C andv:Q — C™ are defined on a G-invariant subset €1, then
u s called G-invariant if

Vg€ G :uog=u,
and v 1s called G-equivariant if

VgeG:gov=wvog.

3. Let V : Q — M(m,C) where Q C R™ is G-invariant. The mapping V is
called G-normal if

VgeG:VzeQ:V(z) =gV (¢ 'z) g "

4. If G = (g) is a cyclic subgroup of Gl(m), we write g-normal instead of
(g9)-normal, etc.
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Our aim is to construct the Sobolev spaces that own these symmetries. We
define them as the range space of orthogonal projections.

Definition 3.2. Let m € N. Assume G C O(m) is a finite subgroup, and € C R™
is G-invariant. Then for each u € (L*(Q2,C))™, we define

(PQU Zgug a: x €€,

gGG

and for u € L*(Q,C), we set

(QQU = ‘LZ x €.
G

Corollary 3.1. Under the assumptions of definition 3.2, the mapping PS is the
orthogonal projection onto the G-equivariant functions in (L?(2,C))™, and QS is
the orthogonal projection onto the subspace of G-invariant elements in L*(€2,C).

Proof. For u € (L*(2,C))™, we have

(7)) )= 17 Lo ) (7o) -

2 (o ((ah) ™) = (Pfw) (@),

Hence P§ is a projection. Let us show that P§ is self-adjoint. This follows from
the transformation lemma. For u,v € (L*(€,C))™, we have

Z/<gug x) >dx—

geG

G
<Pﬂ U’U>L2( Q) va|

|G|Z/ ), g"v(gz) dZE—<UPQU>L2

geG

The proof for QF is similar. O]

Now we are able to define the Sobolev spaces that own this symmetry. Later,
we will see that this is the natural setting at the triple-junction.
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Definition 3.3. Let k € N and m € N. Suppose G C O(m) is a finite subgroup
and 2 C R™ is G-invariant.

1. Define
66 (Q) = PS((CF(2,C)™),
and
L) = S ((1(9.0))").
2. Set
HA(Q) = PS ((HQ.C)").
and

Ifg Q) := P§ ((Hk (9, C)>m> :

3. Use the notation

HY, (9) = HY(Q) = L3(Q).

Later, we often make use of the fact that it suffices to compute the L?*-norm
of a G-equivariant function on a part of its domain.

Corollary 3.2. Suppose Q C R™ is open and G-invariant. Assume U C € is

.....

v € L4(Q), then we have

(A, 0) 2y = (AU, 0) 1oy -

Moreover,

[ull )y = Nullr ey, w € He (),
and

[ull 2wy = ulltzqeey,  we HE(SQ).

Proof. As Au and v are G-equivariant, the transformation lemma implies

(Au, v) 2 ) =

/U ()@@ de = [ GAau )0 de =

U
(Au, ) o) -

Choose u € HA:(Q2). Due to yo ¢ = ¢ o, we have
1D¢(x) = Do(vx)y (3.1)
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for a.e. x € (). Together with the first assertion, it follows that

lulfi oy = Nl = [ 1DuC@Ede = [ 1Dulya)da -
fy*

/ InDula)y” e = / IDu@) e = o = ol
,y* *

v
In order to prove the last statement, note that we have

v D2 (yx)y = Z vi; D*u;(z), (3.2)
=1
for each u € HZ(Q), i,j =1,...,m, and a.e. € Q. Furthermore,

iy = 32 | D%, da+ ol
=1

As the trace is invariant under orthogonal transformations, we obtain with (3.2)

;/U | D?ui(z)||,, dz = Zl (;%r%s) /'y*U (D*u,(x), D*us(z)), do+

> [ IPtu@]
i=1 Y7V

As v € O(m), the assertion follows. O

Proposition 3.1. Let k € Ny and m € N. Assume G C O(m) is a finite
subgroup, and 2 C R™ is open and G-invariant. Suppose that

V e CF (Q, M(m,C))

18 G-normal. Then

V]e £ (He(®).

Ifued@,
Wy € CF (Q, M(m,C))

is u-normal, E C G is a generator of G such that E™1 C E, and for each e € E,
the mapping 7 : x € K —— exu 1s a byection of E, then

W(x) := Z eWo (e7'z) e, z€Q,

ecE

18 G-normal.
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Proof. In order to prove the first statement, we have to show that V -u € HE(Q)
for u € HE(Q2). Clearly, the components of V - u are contained in H*(2,C). For
x € Qand g € G, we have

(V- u)(gz) = V(gz)u(gz) = gV (x)g  gu(z) = gV (z)u(z) = g(V - u)(x),

i.e. V -u is G-equivariant. In order to prove the second assertion, choose g € FE
arbitrarily. Then

W(g'e) =g7" Y (99)Wo ((9e) ') (ge) "9 =

eckE

97> (gew)Wy ((gew) ") (geu) g,

eclk

As 7 : EF — FE is bijective, we have
W(gz) =g 'W(x)g, gekFE.
For each g € G, there exist eq,...,e, € E such that g =e¢; - ... - ¢,. Define
I, :=e1-...-¢;, jeA{l,...,n}
Recursively, we obtain
gW(g™'w)g™ = I WILL)IL! = . = W(a).
Let us consider the Laplace operator in L.

Definition 3.4. Suppose G C O(m) is a finite subgroup, m € N, and let Q@ C R™
be a open, bounded, and G-invariant subset such that OQ € C%. Define

Dp = {u € H*(Q,C): Ou =0 on 89},
v
and
A= Lo

Corollary 3.3. The operator @, /\ commutes with PS, i.e.
P§ o (®2,0) C (®L,A) 0 PS.

Especially, the restriction of @™,/ on L%(Q) is self-adjoint.

95



Proof. A straightforward calculation yields
QI A(Auo B) = A(®@",Au) o B
for A, B € O(m) and u € (Da)™. This implies
PQ (®1 1A Zg ®1 1Au 1:

geG

Z R A)guo g = (R, A) PSu

‘ geG

for u € (DA)™. In view of corollary B.1, the restriction of @7, A to L%(Q) has
domain

v

{uEHé(Q):?:OonaQ}
and is self-adjoint. m

In order to simplify the notation, let us write A instead of ®"; A as long as
no confusion occurs.

3.2 Rescaled stationary solutions

From now on, we consider the case m = 2 and the symmetry group of the
equilateral triangle. This is refined in the following definition.

Definition 3.5. Set

and

1. Fort=1,3,5, let

cos(ip) sin(ip)
Ri =
sin(i)  — cos(ip)

be the reflection on the subspace lin{x;}, and

cos(je)  —sin(jp)
Dj = ) j € {07274}7
sin(j)  cos(jy)
the rotation by 0, 120, and 240 degrees. Let G be the group generated by
{Rb R37 RS}
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2. Define
Ris = {(z,y) € R? : 2 € R,V3y > |z|},

and

Rss := DyRy5, Riz = DyRs.

-
//R15
R, /i
Xs X,
X3
«»R

Figure 3.1: The equilateral triangle

The points x1, z3, x5 are the corners of the equilateral triangle of edge length
V3, centered at = 0. Calculation yields that

G ={Dy, Do, Dy, Ry, R3, R5}.
Throughout this section, we always assume that
(H1) W € C?(R* R) is G-invariant.
(H2) W has exactly the three global minima z;, ¢ = 1, 3,5, such that
Wi(z;) =0, ie{l,3,5}.
Moreover, there exists A, p > 0 such that
D*W(z) > A
for each z € B,(z1) U By(x3) U B,(x5).
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(H3) There exists a Lipschitz continuous function f : R? — R? such that f is
G-equivariant,

|Df(z)||r <1, forae z €R?
flz;) =z, 1€{1,3,5},
W(f(z)) < W(z), z€R?
and im( f) is bounded.

Remark 3.1. If we set b := x1 and a := x5, then W fulfills the assumptions
of definition 2.1. Thus, we consider the one-dimensional minimization problem
associated to W, given by the energy E and the set M in definition 2.1.

Definition 3.6. The set of all Rz-odd global minimizers of E over M is denoted
by M.

If the assumptions (H1)-(H3) are fulfilled, it follows from [BGS, Theorem 2.2],
[BGS, Theorem 2.3|, [BGS, Theorem 2.8|, and [BGS, Theorem 4.7] that

1. M #0.
2. If uw € M, then im(u) CR015 Nim(f),
uwe CRR)N ¢+ (H*R,R))’),
and u attains the limits lim, 4., u(z) at an exponential rate.
3. There exists a non-trivial G-equivariant solution vy € C?(R? R?) of
—Aug 4 (DW (up))" = 0. (3.3)

The function wug (7 cos 0, rsin @) converges to a = x5 as r — 0, uniformly in
s I
f:—+06<0< ——9§
{3 eis0=T 1)

for 0 < < §. If M has finitely many elements, there exists 6y € M such
that

SUEIUO(.Z‘,ZJ) —90<l’)| _>O7 Yy — Q.
pAS

In this section, we always assume that
(H4) M is finite, and if ug € C*(R? R?) is the solution of (3.3), then
sup [uo(w, y) = ()| = 0,y — oo,
xe
for fixed 6, € M.

Note that ug ("””) is a stationary solution of the Allen-Cahn equation.

€
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3.3 Linearizations around rescaled stationary so-
lutions

In the proof of the main theorem, we apply proposition 3.1 with the generator
E ={Ry,Rs,Rs}. If u=R;, j € {1,3,5}, then the mapping 7 is a bijection of
E. This can be seen in the table bellow.

| L [Bi | By | B | Do D
1 1 R1 R3 Rs D2 D4
Ri|Ri| 1 |Dy|Dy| Rs | Rs
R3 Rg D2 1 D4 R1 R5
Rs || Rs | Dy | Dy | 1 | Rs | Ry
Dy || Dy | R3s | Ry | Ry | Dy | 1
D4 D4 R5 R1 Rg 1 Dg

Table 3.1: The left row multiplied
with the upper line.

3.3.1 Spectral analysis

In this section, we define the operator L, that represents the linearization of the
Allen-Cahn equation around ug. From now on, the spaces H%,,(I.), ¢ > 0, k € N,
are defined with respect to Rs.

Definition 3.7. Let
Dy, = HZ (R?),

and
EO = —A + [D2W (Uo)} .

Further, define Dy, := (H*(R,C))” and
Lou = —u" + [DQW(QO)} u

for w € Dy,. Denote the closed form that is associated to Ly and Ly by Sy and
So, respectively. The operator L3 is the restriction of Ly to L?;;(R). Define

APedd . — min o (L3%).
If A?’Odd € 0,(L3™), denote corresponding normalized eigenfunctions with w?"’dd.
Remark 3.2. As W o R3 =W, we conclude from proposition 2.1 that
0e(Lg™) = oe(Lo).
The matriz-valued function D*W (ug) is G-normal, as W is G-invariant and ug

G-equivariant.

29



We denote the interior of the equilateral triangle that has edge length 1 and
center x = 0 with T". For € € R, we consider the expanded version

2
T, := =T and Ty := R%
€

If € > 0, then T, has edge length % and its incircle the radius

The triangle T, is the analogue of I, in chapter 1. In order to apply well-known
regularity theory, we regularize the corners of T,. This modification is unessential
for later considerations, as the corners of T lie in the domain where D?*W (ug) is
positive definite for € small. Newton interpolation suggests the following defini-
tion.

Definition 3.8. Define

1 1155
()= + (—120 + 1—6@) o (1280 - 693\/5) 254

(-—5760-+»2970»K§>:r8—+ (12288-—»6160\/5) 210 4+ (—-10240-+—5040\/§> 12
for x € R. Set

and . .
M= { (@) € B Jal < 5 Fla) <y < V3
Define
Ne= |J Ri(N =r(e)er),
i=1,3,5
M= | Ri(M=r(e)es),
1=1,3,5
and

for e € (0,1]. Set



5

o0Q
r Iz (y)

p(a)—r 67—;

Figure 3.2: A regularized corner of T,

Calculation yields
M CN,

and
0N eCt ce (0, 1].
Definition 3.9. Assume € > 0.

1. Set

D,, = {u € HZ(Q) : % =0 on 896} :

and
Coi= —O+ [DW(ug)] .

The associated closed form is denoted by S..
2. Define Dy, := {u € H*(I.,C) : v/ (£1) = 0}2 and
Leuw = —u" 4+ [D*W(6o)] u

for w € Dy,_. Let S, be the associated closed form. We define L°% as the
restriction of Le to L2,,(I.). Set

A% = min o (L24Y),

and denote the corresponding normalized eigenfunctions with ¢§’Odd.

3. Let
P.:=P§

foree€[0,1).

61



Remark 3.3. As the assumptions of definition 2.3 are fulfilled, all the results of
lemma 2.1 are applicable to L.. That Lo > 0 was proved in [BGS]. In view of
corollary 8.3, the operators L., € € [0, 1], are self-adjoint.

Theorem 3.1. Suppose (H1)-(H4) hold and dim ker (Ly) = 1. Then the follow-

ing statements hold:
1. We have

min o.(Ly) = lim inf )\i’Odd > 0,

e—0

and
o (L) C 0o(Lo).

2. For each X € 0,(Ly) N (—oo,minoe(Ly)), and § € (3,1), there exists a
constant C > 0 such that for each normalized ¢ € ker(Lo — \), we have

Vo € R?: |y(z)| < O~ (1—6)y/minoe(Lo)=Alz|

3. Suppose E < mino.(Ly), ¥ € Dg,, and R € L%(R?) such that
(Lo — E)Y = R.
Assume there exist c,a > 0 such that
|R(z)| < ce~alel

for a.e. x € R®. Then there exists a constant C > 0 and § € (3,1) such
that

|1/1($)| < Ce_(l_é)’/mmo"‘(ﬁo)_Elml
for each x € R2.

Remark 3.4. At this point, we prove statement 1 of theorem 3.1. Statement 2
1s a consequence of more general considerations in subsection 3.3.2 - cf. lemma
3.2. Part 3 of this theorem is proved in subsection 3.5.5.

Proof. Let us first prove that

min o (L) > lim inf Ao, (3.4)

Choose ¢y > 0 small enough so that

v(eg) = inf Ao > 0. (3.5)

e<eg
This is possible according to lemma 2.1. Set \ := ||[D*W (uo) [l corey> and define
K (eo) := [(v(eo) + A)lTEO} :
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Let us show that

K(e) € L (LE(R?))
is Lo-compact. Suppose u,, € D, is a sequence that is bounded in the graph
norm of Ly, i.e. it is bounded in HZ(R?). ., is bounded

in H%(T,,). In view of [Alt, Satz 8.9], there exists a subsequence u,, such that
K (€9)uy, converges in LZ(R?). According to lemma B.1, we have

e(Lo) = 0e(Lo + K(c0))- (3.6)
Next we give a lower bound for o(Ly+ K (€y)). The closed form that is associated
to Lo + K (o) is given by Dy, := Hj(R?) and
teolul / Z Vu,|? + (D*W (ug) u,u) + 11, (v(€o) + A)|ul?dz.
7j=1,2

In view of proposition 3.1 and corollary 3.2, we have

/R Z V| + (D*W (ug) u,u) + L7, (v(€o) + NulPde (3.7

15 j=1,2

for u € Dy, . Choose u € C5%,(R?) arbitrarily, and integrate in (3.7) over Ri5N T,
and Ry5 N (T.,)°. Due to the choice of A, we obtain

/ / Z \Vu,|*+(D*W (uo) u, ) dxdy—l—v(eo)HuHLz (RusnTeg) =

|<V3y ;=12

fuo 55"
foo ol

This implies

—|— <D2W (6o(2)) u, u> dxdy + v(60)||u||%z(RlsmTeo)+

—u| + ([D*W (uo(z,y)) — D*W (6(2))] u, u) dxdy.

%teo[u] 2/@ OOSL[U('ayﬂdy_ sup HD2W(U()<£L',y)) W(90 HtTHuHLQ R15)+

V3y >o(e)
€ Yy=eleg
(<o) |=|<v3y

o(eo)
v(e€p) / / |lu|*dady.
0 |z|<v/3y

Set € := ngy for y > o(ep). Then € < ¢y. Asu(—z,y) = Rsu(z,y) for (z,y) € Rys,
we have

f%y,odd 9 9
S0 fug)] = A / (e, y)Pde > v(eo) / (. y)Pde
lz|<v/3y

V3y lz|<v/3y
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in view of (3.5). Thus,

te,lu] > |v(eo) — ill(p>}|D2W(uO(w,y)) )|,y | Null7z @) (3-8)
y=zo(€ep
|z|<V/3y

for each u € C§%(R?). As Cj%(R?) is a core of t,, inequality (3.8) holds on
HE(R?). According to equation (3.6), we have

min o.(Ly) > mino(Ly + K(e)) =

min  t.[u] > v(e) — sup HDQW (uo(z,y)) — D*W (90(1:))Htr.
ueHL (R2) y>o(ep)
[lull=1 |z|<V/3y

The range of 1y and 6 is contained in a compact set K, and D?W is uniformly
continuous on K. If we send €y — 0, then we obtain with (H4) inequality (3.4).
Our task is now to prove

[min o(D*W (a)), +00) C 0c(Ly).

In order to do this, we diagonalize the operator L in cones along the directions
x;, 1 = 1,3,5. Define

C(z, ¢) = {y € R? : arccos (<x’y>) e [o,¢]}

|z][y]

for z € R? and ¢ € [0, 7). Set
C(i) = C(xy,m/12), i=1,3,5.
Suppose x € C*(R? R) is Rs-equivariant such that

x =1, on C(5) N K5(0),

and
x = 0, outside C(x5,7/6) N K;(0)".
Define
Vo(a) i= [D*W (x5) — DW (uo())] x(x), @ € R?,
and

V(z):= Y RV (Rix)Ri, z€R”

i=1,3,5

As W is G-invariant, uq G-equivariant, and y Rs-invariant, it follows that V} is
Rs-normal. On account of proposition 3.1, V' is G-normal. Define

K :=V].
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Due to (H4), we have

Vo >0:3dneN:sup |V(z)|= sup [V(z)| <.

|z|>n lz|>n
C(z5,m/6)

Proposition B.2 implies that K € £ (HZ(R?), L%(R?)) is compact. Therefore, we
conclude from lemma B.1

O'e(,C()) = O'E(EO + K)
We have
D*W (z;) = D*W (ug) +V (3.9)

in the set C(i) N K»(0)¢ for each ¢ € {1,3,5}. Assume 7" € O(2) is the matrix
that diagonalizes D*W (zs), i.e.

T*D*W (x5)T = diag(a, 8), a <. (3.10)

It follows that D*W(z;), i = 1,3, is diagonalized to diag(a, 3) by R;T, j €
{1,3,5, }\{5,7}. The next goal is to construct a Weyl sequence for Ly and « + s,
s > 0, that is supported in U;—; 35C(7). Suppose ¢ € C*°(R,R) fulfills

Ig. < ¢ <10

For m € N, set ry, := tmsin (57), and ,, := m?. Define

x—x—5|lm

—rm |, z€ERE m>>1,
|5

() = ¢(

and .
fm(xa y) = _¢m(xv y)ei\/g(z—l-y)’ (x,y) € RQ'

Calculation yields

v¢m('r> - ¢/ (‘l‘ - _lm - rm) > 5 (311)
| 5| z = S,
5|
and
/ T
By Cws, | (b(x—@lm —rm)
DNppm(x) =¢" | |2 ln| —7rm | + : (3.12)
5| = it

The functions V¢,, and A¢,, are supported in

{x€R2:rm§




We have
supp(fm) C C(5) N K, (0), m >> 1. (3.13)

For (z,y) € R?, we obtain

3 s 1 -
—sfm(®,y) + 2i>/—; (Vo(x,y), e1+ e2) VI 4 — Ag (2 y)eiV 30,

This implies
4s 2
2 2 2
[—Afm — smeL?(R?) < 2 (Vo €1 + 62>||L2(R2) + 2 ||A¢m”L2(R2) :

m

In view of (3.11) and (3.12), there exists a constant C' > 0 such that

1
H_Afm - Smei?(RQ) < Ca — 0, m — 0.
Set
Fm = 3P0(Tfm€1)

for m € N. On account of corollary 3.2, (3.9), (3.10), and (3.13), we have
1(Co + K — o = 8)Fullza o) = 3[1(Lo + K — a = )T fnerllzacs)) =

a 0 2

3 H—ATfmel +T ( 0 3 ) fmer — (a+ 8)T freq

L2(C(5))

AV Sme;(R?)) — 0, m— oo,

for s > 0. As F,, is uniformly bounded and has support outside K,,(0), theorem
A.1 implies that
F,, = 0.

Moreover, the sequence F), does not converge to zero in L?, because
2 2
3m < ||FmHL2(]R2) = 3Hfm||L2(0(5)) < 67.

Without loss of generality, we can assume that the sequence is normalized. Hence,
F,, is a Weyl sequence for a4+ s, s > 0. It follows that

Ry +a = [mino(D*W(a)), 400) C o.(L).
In view of proposition 2.1, we have

oo (LMY C ao(Lo).
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Let us now prove
oa(L3™) C 0.(Lo). (3.14)

Suppose A € 04(L§%) and v € ker(L3¥ — )) is normalized. Choose cut-off
functions x, xm € C°(R,R) such that

Lic o) =X = 1ki(0);

and
1Km(0) Z Xm 2 1Km,1(0)7

where Y., is even and
Xm(t+ (m —1)) = x(t), te€][0,1].

Define
1

gm (2, y) = NI (y — m®) () Xm(2)

for y € Ry, || < v/3y, and m € N. Set g,(z,y) := 0 otherwise. Calculation
yields

U ()| da s/ (g (2, y)[*ddy < 2/m\w(fc)\2dx

m —(m—1) Ris m
for m >> 1. Theorem A.1 implies
m—1
/ () Pde — 1, m — oo.
—(m-1)

This implies that we can normalize the functions

Gm = P[)gm
As g,, is Rs-equivariant, we have
1
Gp(z) = ggm<x>

for z € Ry5. Choose y € R, and |z| < v/3y. We have

| (1£0 = Ngw) (2.9) = (Lo = Ngu(-9)) ()| <

82
o)+ sup [PV (o) = DAV G o
|zl <V3y
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Calculation yields

8—yzgm(’£, y) = ﬁxﬁl(y — m)P(x) Xm (),
therefore )
0? c m
H—ng <M p@rar -0, m— o
dy 22y MJom
Moreover,

(Lo — Ngm(-)) () = —%mxm(y — ) [20 (@)X () + V(@)X ().

In view of corollary 1.2, there exists C' > 0 such that we have

()] + ¢ (x)] < Ce - 2]

for all z € R. It follows that

(Lo = Vgt ery < € ()2 + | () 2de

m>|z|>m—1

,  m — 00.

O <€_ \/mino'i(LO)—/\m)

Owing to (H4), we obtain

Sl>1p HDZW (uo(x, y)) — D*W (QQ(I))HH, ||gm||Lé(R2) — 0, m— oo.
y=m
lz| <v3y

It follows that
1

gH(EO = N gmll72m2) — 0,

which implies that G,, is a Weyl sequence for L and A, i.e.

1(£o = NGl 12(g2) =

A S O'e(ﬁo).

We have proved
o (L) C 0o(Ly).

It remains to show that
mino.(Ly) = lim iglf AGode,
If there is no eigenvalue of L% bellow min o, (L), then lemma 2.1 implies

lim inf A9 > min o(D*W (a)) > min o.(Lo).

e—0
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0,0dd
AC

If there is an eigenvalue of L% bellow the essential spectrum o, (Lg), then

(3.14) implies
AP > min o, (Lo).

On the other hand, we have

lim inf A$2% = 2004
e—0

in view of lemma 2.1. Together with (3.4), this completes the proof of statement
1 of theorem 3.1. O

In order to prove the statement on the exponential decay for the eigenfunctions
of Ly, we have to strike out our considerations, which is done in the following.

3.3.2 Exponential decay of eigenfunctions

One could presume that an extension of the proofs in section one leads to the
result. Unfortunately, this does not work, because the potential D?W (ug) is not
uniformly definite outside a ball B,.(0). What happens is a kind of tunneling
effect trough a positive definite operator-valued barrier, given by L.

Definition 3.10. Let § € (0,1), « >0, and E < mino.(Ly). Define

fa(l’) = <1 — 5)\/min0e(£0) - E|J}| .
1+ a(l— 5)\/minoe(ﬁo) — Elz

For e €0,1), we set
DQe,a = Hé(Q€)7

and

Qealu,v] = Z /Q (—iVu;(z) + iV fo(x)u;(x), —iVu;(z) — iV fo(x)u;(z)) de+

j=1,2

((D*W (ug) — E) u, u>L2(Qe) :
Moreover, define

qu’a = Hl (Qeﬂ R015, C) y

and

Qealu,v] = Z /Q s (—iVu;(x) +iV fo(x)u(x), —iVu,(x) — iV fo(x)u(x)) de+

j=1,2

<(D2W (ug) — E) u, U>L2(QEMR15) :
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Remark 3.5. As f,, a > 0, is Lipschitz-continuous with Lipschitz constant
(1 —96)y/mino.(Ly) — E, we have

fo € HX2(R%R).

loc

If in addition o > 0, then

|fa(z)] <=, z€R?

Q|+

therefore f, € HY>°(R%* R), a > 0. Note that
H">*(Q,C) - H*(Q,C) c H*(Q,C)
for 0 #Q C R™ open and k € Ny.

Energy estimates for ()., can be reduced to those for g.,. This is specified
in the following proposition.

Proposition 3.2. For each ¢ € (0,1), a >0, and € € [0, 1), we have
Vu € Dg, , : Qcalt] = 3qeqlul.

Proof. Choose ¢ € Dy, , arbitrarily. Then we have

Qeald] = Y IVilT20 — > IV fatill 2+

j=1,2 Jj=1.2

> 20t (Y65, V fabi) 20, ) + ((D*W (o) = E) 6,6) 12

j=1,2

Let U =Ry3 NQe or U =R35 NQ. Then there exists v € G such that U = v(Ry5
NQ,). As f, is G-invariant and ¢ G-equivariant, we have

Via(yx)pr(vx) = AV fa(@) (11101(2) + 112602(2)) , (3.15)

and

Vfa(yz)pa(v2) = YV fo) (Y2101 (%) + y2262(2)) - (3.16)

This implies

vaa¢‘|iz(U) = / (v +7%2) IV fadr]? + 2 (imz + Y21722) (V a1, V fa2) +

1TU
(%1 +1%2) [V fatoPda = |V fadllzaro -
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and

(V5 V Fao) o) = / O 9 (Vo (2), V() () dot
,YT

/ (Y2, + 72,) (Va(2), V fu(2)do(2)) da+
/ (711712 + Y21722) (V1 (), V fo(x)d2(x)) dx+

/ (miz + o1722) (Vou(2), ¥ foul)br (1)) dir =
Z <v¢j7 Vfa¢j>L2(7TU) .

j=1,2

According to proposition 3.1 and corollary 3.2, we have

<<D2W <u0) - E) Cb, ¢>L2(U) = <(D2W (UO) - E) ¢7 ¢>L2(7TU) .

In view of

QE,Q[¢] :jzl ||V¢J”2 R . — Z ||vfa¢J||2 RlomQ)

7=1,2

, 2
> 2ilm (V65 VFadi) s o)+ (DW (o) = E) 6,6) o
J: b
the proof is complete. n

We intend to obtain an energy estimate for ()., similar to proposition 1.2. It
is at this point where the operator valued barrier L3 plays the decisive role.

Lemma 3.1. Suppose (H1)-(H4) hold and dim ker (Lg) = 1. Then there exist
€0 € (0,1) such that for all § € [1,1) and E < mino.(Ly), we have

Va>0:Vec[0,¢): Vo e Dy, :

mino.(Ly) — E

supp(¢) C (T,)* = Re(Qeald]) > (26 — 1) 5 1117

Proof. Due to the C*-regularization of T, ( cf. figure 3.2 ), there exists r > 0 and
a function f € C*([0,7],R), f(0) = 0, such that the sets

Qf = {(fc,y) ER*:0<y<oe)—r |z < \/51/},
and
O = {(2,9) € R 1 y € [o(e) =7, 0(e)], || < Sy = (o(e) = 1)) + V3(e(e) 1)}
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fulfill

Define
L(y):=V3y, 0<y<ole)—r,

and
l(y) = fy — (o(e) = 7)) + V3(o(e) — 1), y € [ole) — 1, 0(e)].

Owing to theorem 3.1, there exists €; > 0 such that

inf Neol _ > Z (min o, (Lo) — E) (3.17)

n<er
for each € < ey, In view of (H4), there exists €3 > 0 such that
1 .
sup || D*W (ug(z,y)) — D*W (60(:6))Htr < 2 (mino.(Ly) — E).  (3.18)

y>o(e)
|z| <3y

Set

min;—i 2 €;
0g:=-and g := ——X——.
4 1+ min;—1 2 €;

(3.19)

Remark that the regularization of 7. reduces the maximum length % to %—1 (

cf. figure 3.2 ). Choose § € [0y, 1) and € € [0,¢). Set Q :=Ry5 NQ.. Suppose
¢ € C5%(R?) has support outside the triangle T¢,. Note that

‘vfa‘z S ‘Vfo‘z S (1 - 6)<minae(£0) - E)? a.e.

Calculation yields

Re(geald]) = D IV0ill72)— Y IV fadsll7e@+((D°W (w0) = E) 6,6) 1) =

j=1,2 j=12
ﬁx,y)eﬂ

y>o(eg)

2

L + ((D*W (0p(x)) — E)p(,y), ¢(x,y)) dedy—  (3.20)

%¢(‘1‘7 y)

(1= 6)(minoe(Lo) — E) + sup. | D*W (uo(z,y)) — D*W (8o(x))|[,,. | |0)1720-
IITSQ\;%y

The term in (3.20) equals

o(e)—r o(e) )
[ s twldns [ S felwldy - Bl

(EO) 11 (y)



We have ¢(.,y) € D;, for each I > 0. As ¢(.,y) is Rs-odd, we have

o(e)—r o(e)—r l ( 0 )
[ s otz [ AT o), e >
o o

(6()) ll(y) (6())
. ,odd
uH<15fl A ||¢||%2(91)-

Similarly, we conclude

o(e)
S 1 [¢(.,y)]dy > inf Af’OddHGbH%%QQ)-
0 p<er

It follows that

mino.(Ly) — E
2

Re(geald]) = (26 — 1) 111220 (3.21)

for each ¢ € C§%(R?) such that supp(¢) C (T¢,)¢. In view of proposition 3.2, we
obtain

mino.(Ly) — E
2

Re(Qeald]) = (20 — 1) 191172 (0) (3.22)

for each ¢ € C5,(R?) such that supp(¢) C (T.,)° In view of [Alt, A 6.7
Lemmal, we know that {u|g : u € C5°(R? C)} is dense in H*(Q,C). It follows
that {ulo:u € Ci%(R?)} is a core of Q.. This implies that equation (3.22)
holds for each ¢ € Dg_, that has support in (7,)°. O

Proposition 3.3. Let € € [0,1), a > 0, and § € (0,1). Suppose n € C*(Q2,R)
is G-invariant such that Vn € (C3(Q, R))>. Then

VE € GP( ) VID S ker(‘C E) Qe,a [Uefal/)} - <Ca€fa¢7w>L2(Qe)’

where
= |Vl +2n(Vn, Vf.) .

Proof. Choose E € 0,(L.) and ¢ € ker(L. — E). For each u € H*(Q,C) and
a > 0, we have
eloV (e7u) = i (—iVu+iV fau),

and

e 1oV (efu) = i (—iVu — iV fau).
It follows that

Qea [ne™0] = 3 (V (003) .V (0€*7°45)) ) H((D*W (u0) = B) b ™)) 1,

7j=1,2

73



As the gradient of 1 has compact support, ny; fulfills Neumann boundary con-
ditions. As v € ker(L, — FE), integration by parts yields

Qs,a [776]0“@5} =2 Z <V77ij> ﬁezf“l/]ﬁp(ge) + Z <V777 \% (77€2f“¢]2)>L2(Q€) :
j=1,2 j=1,2

Differentation of the term ne*/=4? yields the assertion. O

We want to prove that eigenfunctions ¢ of L. are uniformly bounded in e. In
order to obtain this result, we show that the L?-norm of V(%)) is estimable from
above by ||x||c2. Let us first construct cut-off functions (x?) such that their C*-
norm is uniformly bounded in € and their support covers €).. In order to simplify
the proofs, it is useful to consider the following operators.

Definition 3.11. Let € € [0,1). Define the operator
K. = —A+ [D*W(uo)]

in (L2(Q,C))? with Neumann boundary conditions.

As L. is the restriction of K, to L%(Q.), we have
Up(‘cﬁ) C UP(’CE)a

and
ker(Le — \) C ker(KCe — \)
for each A € 0,(L,).

Proposition 3.4. There exists ¢ > 0, a family of subsets (Je)eco,ce) C P(No),

subsets (Kf)ics. C P(R?), and functions (5;) es. C Cj(R*R) such that the
=12

following properties are fulfilled:

1. We have OK¢ € C? for e € [0,¢y) and i € J.. There exist open, bounded
sets My, ..., M,, C R? such that OM; € C?, j =1, ...,n. For each € € [0, ¢)
and i € J,, there exist E € O(2), x € R?, and | € N,1 <n, such that

Kf=EM,+xz C Q..

2. We have

sup sup ‘

cel0.co) i€ e oy < H00, G=12.

€
P

3. For each € € (0,¢q) and i € J., we have

0

@SDEZ =0, ondQ UIKS.

74



Moreover,
0K NQ. C {¢;, =0},

Qe N sSupp <(p§,z) - Kfa

supp (gpgz) s compact |
and

supp(p1,;) C{ps,; =1}
for each € € [0,€y) and i € J..

4. For each e € [0, ¢),

Qcl|J{e=1}, j=12

i€Je

Remark 3.6. Before we start with the proof, note that the domain of K. is a
wmvariant subspace of the multiplication operator [gij for each € € [0,¢€), i € J,
and j = 1,2. Clearly, we have ¢, € C? (i, R). It follows that

@5 u € (H2 (QE,(C))Q, u € D,.

It remains to show that the boundary condition is preserved. In view of statement
three of proposition 3.4, we obtain

2(6.)—26. +€.£ =0
ov Pt _au“”jvi YT Py éh/u_

on 0N).. This implies

0
o (903',@' ‘u) =0
on OK{. Moreover,

sup sup diam(KY) < oo.
€€(0,e0) 1€Je

Proof. First, we treat the case € > 0. The set €, is compact for each ¢ € (0, 1).
Moreover, we have 92, € C*. In view of [F, §15, Satz 2] there exists a continuous
normal v, : 99, — R2. Consider the mapping

D, : (—r(e), k(€)) x I — IN(r(e)) = {x € R? : dist(x, 0,) < k(e)}.

It is well known -cf. [GT]- that there exists a k(e) > 0 such that ®. is a dif-
feomorphism. As the parametrization of 9€, is uniform up to translation, there
exists k € (0,1) such that we have x(e) = & for each € € (0,1). Throughout this
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prove, denote the inverse of ®. by (d,S.). For each ¢ € (0,1) and z € R x R_,
define the arc-length

I(z) = sign(zy) /O S e 4 2 sign(e) (max <|x1|, %) - 1) |

2
o (L V3
ma 2¢’ 2¢ ’

N(e) = [l¢,,.] + 1.

max

and

The mapping [ : R x R_ — R is fourth times differentiable. Let us define the sets

M;, j = 1,2. Similar to the regularization of T¢, we construct a convex, open,
and bounded set M, such that OM;; € C*, and

[—2,2] X [—FJ,O] C M071 C [—3,3] X [—R,O].

Define
M, := Ry My,,

and
M2 = QL
10
Our task is now to define the cut-off functions. Choose x;o,x;1 € C5°(R,R),
7 =1,2, such that
I .10 < Xjo <1, ;100

g Szt
and

1,0 < Xj1 < 1B, (0)

4 2

Choose €y > 0 such that it is smaller than 1—(1)0. Let j =1,2.

1. If i = 0, then define

)= 0 (52 vatato

for each € 99 (k) N (R x R_) and zero otherwise. Set

x5 = —(r(e) — r(eg)) ea.

Moreover, we define
€ . __ €
K; = M, + x;.
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2. Ifi1=1,2,...,N(e) — 1, set
e —10,.

[§ = —1 6.
’ [lfnam] -1 (2 ) "

Define
X5i(2) = Xgo(l(Se(@)) = )Xz (de()),
for each x € 9Q.(k) N (R x R_) and zero otherwise. Moreover, set

5= o(e)Rier — (If0p — ) Riea,

and

3. If i = N(e), then define

o) = o (M=) 4, o),

for each x € 9Q.(k) N (R x R_) and zero otherwise. Set
;= —(ole) — ole))—

and
M = My + x5.

4. Suppose G = {Tp, T, ..., T5}. Define
9051@) = XS IN (o)1 (Tl_lx) ’

and
Ky =TK @

for j=1,2,1=0,...,5,i=IN(¢) +1,....(I + 1)N(€) + I, and = € R?.

Figure 3.3 outlines the construction of the x§,’s. The set 2:\Q(x/4) is compact.
It follows that there exists a index M (e) € N and finitely many points z§, i =
N(e)+1,..., M(e), such that

R/ U Bl

Choose x; € C*(R? R), j = 1,2, such that
1Bjn/12(0) S Xj S ]‘Bjra/G(O)'
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Figure 3.3: Construction of the cut-off functions

Set
M3 = BH/3(O)

For i = N(e) +1,..., M(¢), define
©5i(r) = x(z —7), x€ R?,

and

Define
Jo:={neNy:n< M)},

for € € (0,¢). It remains to show that the stated assertions are fulfilled. State-
ments 1 and 4 are direct consequences of the construction. We have to show
that statement 2 holds. Let i € J, i < N(¢). As the parametrization of 0S), is
uniform up to translation, we obtain

[Selloz @0 (x)) = 1Sello2 @602, (1))

and
[dellc2(a0.(x)) = lldeollc2(004, ()

for each € € (0, €). Moreover,
€ CER xR).
In view of the construction, we have
”90;,i|’CQ(R2) = |’X§7i"CZ(R2)
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for each € € (0,¢). Moreover, there exist a,b € R, |a| < 1, such that

X5.i(®) = xj0(all(Se(z)) — b))xj1(de)-

It follows that ||¢5;|lc2me2) is estimable from above in terms of ||Sc[[c2(a0.(x))
| dellc2(o6. (x)) Hl||c2 rxk_)> |[Xollc2®2), and ||x1]lc2@e). This proves assertion 2.
Finally, we have to show that statement 3 holds. Without loss of generality, we
suppose x € 02, UK, (—1) 1 (z,¢;) >0, and I(z) < [¢,,,. This implies

O . v _ 0 .
%@j,i(x) = %Xﬂ@) =

axo(a(l(Se(x)) = 0))xja(de(x)) | DI(Se(x)) o DSe(x) | (ve())+

Xio(a(l(Se(x)) = b))x;1(0).

On account of

and
X;,I(O) - Oa
we obtain

a € €
ij’i(x) =0, x€dK;Uol..

Now, suppose € = 0. Let a : Ny — Ny x Ny be bijective. Choose functions
X13, X2.3 € C(R?* R) such that

I0) < Xj3 < 1y, J=12

Define
M3 = B4(0), JE = No,
and
00 (x) = xjs3(z —a(i), K} :=Ms+ i)
for integers « € Ny and j =1, 2. ]

Proposition 3.5. Let ¢g > 0. Assume there exist (J)ecp.) C P(No), subsets
(Kf)ics. C P(R?), and cut-off functions (gom) iese C C*(R*R) such that the
=1,2

assertions 1-3 in proposition 3.4 are fulfilled. There exists a constant C > 0 such
that for each € € [0, €y), we have

VR € (L. C))? 1 VE € [~|D*W (up) | cogee), min o (L,)] -
Vi e (Ke— E) '({R}) :Vie J.: HSDE,MHHQ(K;) < C|19llez2xe) + 1Rl L2
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Proof. Our first goal is to determine the constant C' > 0. On account of statement
three of [L, Theorem 3.1.1], there exists a constant C; > 0 such that we have

lullzaty) < Ca[lullmqary + | Sull 2, |

for each j = 1,...,m and u € H*(M,, C) such that a%“ =0 on 0M;. As K¢ is the
image of a M;, j =1,...,m, under an euclidean transformations, we obtain

iy < o lullmacey + 1Al (3:23)
for each u € (H2(K¢,C))? such that 2u =0 on OK;. Define
pi= = D*W (uo)|lcogge) — 1,
and set

C:=8-C) - [minoe(Lo) — ] - sup sup |l¢lllezwe) (1+ [|05llc2me)) -
€€[0,e0) 1€Je

Omit the indices € and 4, i.e. ¢§; becomes ¢; etc. Choose R € (L*(Q,C))?,
—||D*W (uo)]|cowey < E < mino.(Ly), and ¢ € (K — E)~'({R}). It follows that

(A, @i=12[@s]] ¥ = —[Ag; - Te2]t) + 2div (@1=1,2 [Vipa]) ¢ (3.24)
This implies
V (a20) = V(K = 1) 2B = i) + 2R — [, @ialpil] 0] (325)
In view of (3.24) and (3.25), we get
Vipat) = (E = w)V(K — 1)~ (p200) + V(K — 1) (p2R) +
V(K =)™ [Dpz - Te2] b = 2V(K — p) 7 div (@i=1,2 [Vipa]) .

As
[ul| @) < (K = p)u,u) 2y, u € D,
we have
V(K —p)72 € L(LA(Q)),
and 1 1
HVUC TR gy I T S

In view of [Wel, Satz 2.43] and corollary B.5, we have
i(KC — p)~3div C (N(/c - M>—%) .
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As the left side is bounded, we get
. _1\* . 1.
(zV(IC — ) 2> =i(K — p)~2div.

If follows that

N[

VK = ) div = iV(K — )2 (N(/c )"

) *
Via a priori estimates, we obtain

IV (@2t)llz2) < Allpalloneey(min oe(Lo) = ) llzzi) + 1Rl 2o |- (3:26)

As
A(p1) = [e1(D*W (ug) — B)| ¥ + [Ay - I2] ¥ + 2 Z (Vr, V(pav;)) — o1 R,
j=12
we obtain
A L2y < 2llenllc2me) (minoe(Lo) — ) 190 L2+ (3.27)
o1 llezee) | Bllz2 o) + 2[lenllc2ey 1V (0290)]] 2k -
On account of (3.23), (3.26), and (3.27), we obtain the assertion. O

Now, we glue together proposition 3.3, and proposition 3.5 to obtain the
desired pointwise exponential bound for eigenfunctions of L.

Lemma 3.2. Suppose (H1)-(H4) hold and dim ker (Lo) = 1. Let f > 0. Then
there exists ey € (0,1) such that for each § € (3,1), there exists a constant C' > 0
so that

Ve € [0,¢) : VE € 0,(Le) N (—o0, mino.(Ly) — F] :

Vi € ker(L, — E), normalized : Yz € Q. : [{p(z)| < Ce~(170)V/minoe(Lo)=Elz|

Proof. Choose €y > 0 according to lemma 3.1 and proposition 3.5. Suppose ¢ ;
and K{ fulfill the properties in proposition 3.5. Let n € C*°(R? R) be radial
symmetric, zero in T, and n = 1 outside T%o . Define

Co =V +2n(Vn,Vf.), a>0,

pi=— HD2W(UO)HCU(R2) —1,
and
2
C = = 2 . . ﬁ _ 2f0($) 2]"0(3;).
1 326 —1) xseléléo [Vin(z)| <|V77($)| + \/I’IllIlO' (Lo) M) e + sup e

€T g
2
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Let us first prove that for each € € [0,€0/2), VE € 0,(L.), £ < mino.(Ly) — f,
and each normalized ¢ € ker(L, — F), we have

HefowHig(Qe) < (.

If €, E/, and 1) are chosen as above, we obtain with lemma 3.1 and proposition 3.3

Fool 112 2 2fa 2fo(z) #
H77€ @D"L?(Qe) < 5(25 _ 1) |<<0¢€ ?/fﬂ/)>| < xsel;{;o }Qa(x)e | 5(25 _ 1)'

In view of lemma A.1, we send o« — 0 and obtain

4

e vl 0 < sup V()] (IVn()] +24/mino,(Lo) = ) 0.
x€l €
2

g

It follows that
2
wawmﬁén(ﬁhhﬂﬂm+/e%mwm%ﬁCr
. Tey
2

It remains to prove that the pointwise exponential bound exists. Choose z € .
arbitrarily. Then there exists i € J. such that ¢f ;(z) = 1. According to Sobolevs
inequality, there exists a constant C5 > 0, such that

- lcoaryy < Csl|- |l a2 j=1,..m.
The inequality above holds for K¢ instead of Mj. Thus
()] < Csllpt ¥ llaz2xey) < CoCsll¥l| L2xcsy,

where Cy > 0 is the constant in proposition 3.5. This implies

WJ( fo ‘ < sup efo(v) sup e —fo(z )0203 Hy‘wﬂ‘ﬁ
yeKY 2€K¥

< /C1CyCyeV/2mmaDidiams)

Define '
C = \/510203 sup supe\/mdlammf)-

e€(0,60) 1€ Jc
As z € Q. was chosen arbitrarily, we obtain

()] < Ce® 5 e T,

O
Now we proof part 2 of theorem 3.1.
Proof. (theorem 3.1, 2) For A € 0,(Ly), A < mino.(Ly), define
B :=mino.(Ly) — .
Apply lemma 3.2 with § € (3,1), e=0, and E = \.
0
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3.3.3 The range space

The aim of this section is to investigate the behavior of solutions of
[,Ou =R

in reliance on R. The proofs are slight modifications of those in the preceding
section.

Corollary 3.4. Let o« > 0, E < mino.(Ly), and 6 € (0,1). Suppose n €
C>(R2,R) is G-invariant such that Vn € (C°(R% R)). Assume ¢ € Dy, and
R € L%(R?) such that
(Lo — E)Y = R.
Then
Q0,0& |:77€fa’l7Z)i| - <Ca€fa¢’w>L2(R2) + <62faR’ 7]27/)>L2(R2) )

where

= |Vnl* +2n(Vn, V), a>0.

Proof. Proceeding as in the proof of proposition 3.3, we obtain

QOa ﬁefaw Z <V 77% 77€2f“¢j)>L2(Rz) + <(D2W (UO) - E) u, u>L2(]R2) :

7=1,2

In view of the assumption, we get

QO,a [Uef“¢] = -2 Z <V77V%> 77€2fa¢j>Lz(Rz Z V777 7762faw]2')>L2(R2) +

j=1,2

(TR0 oz -
Differentation of the term ne?/« @ZJ? and summation yield the assertion. O

We are now in a position to proof part 3 of theorem 3.1.

Proof. (theorem 3.1, 3) Suppose either

a > /minoe(Ly) —

and%<5<1,or

a < \/mino,(Lo) —

and
a
1>6>1-— , >
2y/mino.(Lo) —

First, we prove that fe?/o € LZ(R?). We have

‘R(x)ezfo(x)’ < Ce(—a+2(1—5)\/m)|z“

DO | —
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If one of the cases above holds, then

—a+2(1 —0)y/mino.(Ly) — E < 0.

Our task is now to show that e/oy) € LZ(R?). In view of lemma 3.1, there exists
€0 > 0 such that we have

mino.(Ly) — FE
) = 2

supp(¢) C (Te))® = Re (Qo,al¢]) > (26 — 1)

for each ¢ € Dg, .. Choose a G-invariant cut-off function n € C*°(R? R) such
that
n(x) =0, =zeT,,

and .
n(z) =1, =xz¢€ <T70> :

Define
= |Vn|*+2n(Vn,Vf.), a>0.

Let a > 0. Owing to corollary 3.4, we obtain

61"

min o, (Ly) —

P2 sy < 5| (08 |-+ [ R0

|

< sup [Vn(x)| (IVn(@)] +2v/mino.(Lo) — B) "] o).

zeT 60

Moreover,

(Gt ) 1

and

2Ua 1 2 2
<6 / R,n 1/}>L2(]R2) < He fORHL2(R2) ||1/}HL2(R2)'
Now we send o — 0. In view of lemma A.1, we obtain
17704 Z2 (ge) < 0.

It follows that

n@wmmaswwwﬁma+/ 0@ () Pde <

Teq
2

|’77€f01/f||%2(R2) + sup e HQ/’HL? R2) < O0.

€T g
2

It remains to show that the pointwise exponential bound exists. Let ¢, K}

1 € Ny fulfill statements 1-4 in proposition 3.4. According to Sobolevs inequality,
there exists a constant C3 > 0 such that
HHC(MJ) S C3H"|H2(Mj)7 j = 1, M.
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As we obtain each K by translation and rotation out of M}, the inequality above
holds for K? instead of M;. Thus

0(0)] < Calle bl < CoCa 9y + IRl |
where C5 > 0 is the constant in proposition 3.5. This implies

(z) (v) —fo(z)
W(x)efo ‘ < yseufg)lQ efol seuig)e hE 0, Cy [ ||ef°¢||L%(Q) + HefoRHLé(Q)} <

[ HewaLé(Q) + ”efORHL?G(Q) ] CyC3eV 2mince(Co)diam(ky)
Define

C:= { HewaHng(Q) - ||€fORHL2G(Q) ] CyCs zsg\llz V/2minoc(Lo)diam(xy)

As z € Q. was chosen arbitrarily, we obtain

()| < Ce™ @ 2 e R2

3.3.4 Convergence of the ground state

Proposition 3.6. Suppose (H1)-(H4) hold, dim ker (Ly) = 1, and W € C*(R% R).
Lete, — 0, n — co. Assume E,, € 0,(L,,), E, < mino.(Ly)—[, for some 3 > 0.
Let 4, € ker(L,, — E,,) be normalized. Then there exists a subsequence (without
loss of generality the sequence itself) such that

3 lim E, =: E, € 0,(Ly),

n—oo

and
VK cC R?: 4, converges in C*(K,C),

with the property that the pointwise limit
¢ = lim ¢, € ker(Ly — E)

is normalized in L%(R?).
Proof. Let K cC R? and N € N, such that

Vn > N :{z € R*:dist(r, K) <2} C Q.
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There exist finitely many y; € K, i =1, ..., [, such that
!
K c | Bi(w).
i=1

Choose x € C*°(R?,R) G-invariant such that

1g,(0) < x < 1p,(0)-

S

Define
xi(x) == X = y) reR? i=1,..,1L

Yo x(r =)

On account of proposition 3.5, we obtain a constant C' > 0 such that

||Xz¢n ||H2(Bl(yi)) < C||Xi¢n||L2(B1(yi))

for n € N sufficiently large and i = 1, ...,{. According to [E, Theorem 5, p.323],
applied on the differential equation

_A(Xz"vbn) = _Xi(DQW(UO) - An)wn - [Aa [XZH @Dn,
there exist constants Cy, k = 0, 1, 2, such that

IXinll 2408y (we)) = X0 ( A Y)Vn (o A i) [l 2408 (0)) <

Crllxi(- + 9 (- + ) |z (8y0)) = IXi¥nll 2401 (8, 50
This implies
X6l By ey < CC1Co, i = 1,1
Since the embedding H*(K,C) — C?(K,C) is compact, there exists a subse-

quence 1, such that x;i,, converges in C?(B(y;),C) for each i = 1,....1. Tt
follows that

!
i=1

converges in C?(K, C). Hence, for each n € N there exists a index N(n) € N and

a subsequence vy, m > N(n), that converges in C*(B,(0),C). The diagonal

selection procedure delivers a sequence 4, that converges in C?(K,C) for each

K cc R2. It follows that the pointwise limit

exists in CZ(R?,C). As each v, has the envelope e*@\wl’ the function v decays
with the same rate. Lebesgues theorem implies

||1/}||%2(R2) = kll_{folo ||¢nk||%2(9 ) = L.

€ng,
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Finally, we take the limit of the equations

and obtain
— Ay = D*W (ug)p — Ep.

Furthermore, (3.28) implies

|’v¢n||ié(gen) < || D*W (ug + mino, (L),

)HCO(R2)

and lemma A.1 delivers
vauié(RQ) < HDZW(UO)HCO(RQ) + min UG(L)'
In view of (3.28), we obtain

Sl o) = EY, 0) 2y, @€ (()),OG(R2>‘
On account of remark C.1, we conclude
Y € ker(Ly — F).
O

Let us prove that if 0 € 0,,(Ly), then the smallest eigenvalue of L. converges
to zero at an exponential rate.

Definition 3.12. 1. Define

1y = min o (Ly).

If 1§ € o,(Ly), denote the corresponding normalized eigenfunctions with
Uy
2. Lete > 0. Assume ¢1, ..., ¢, is an orthonormal basis of ker(Lo—p?). Define

T

Peu = Z <u, ¢i>L2(Q€) ¢i7

i—1
foru € L%(9,).

3. Suppose € > 0. Define
pi = mino(L,),

and denote the corresponding normalized eigenfunctions with 5.
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Lemma 3.3. Assume (H1)-(H4) hold, dim ker (Lo) = 1, and W € C*(R* R).
Then the following statements hold:

1. If [0,mino.(Ly)) Noa(Lo) = 0, then

lim ionf pg > mino.(Ly).
2. If [0,min 0.(Lo)) Noq(Lo) # 0, then

mino‘e(ﬁo)f,u,o
i = 8] =0 (e =)

Proof. 1. Suppose the contrary holds, i.e.
lireriiglf pi < mino.(Ly).
Then there exists # > 0 and a sequence €, — 0 such that
pt < mino.(Ly) — B
In view of proposition 3.6, we obtain
= 7}1—{20 e, p < minoe(Lo),

and

Y= lim Y

n—oo

such that
p € o,(Ly), ¥ € ker(Ly— p), normalized.

It follows that [0, mino.(Lg)) Noa(Ly) # @ which is a contradiction.

2. Suppose there exists an eigenvalue below min o.(Lg). Let ¢? € ker(Lo— u?)
be normalized, and define

1
ﬁe' 620

10z,

With corollary C.1 and Green’s formula, we obtain

i < 02, [08) = ([ DU+ (0P o o) ) =

B ( /Q — (DR, UY) + (D*W (uo)yl, ¥ dao+
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0
o Gaotet)os) -
0
i [ (bt yas

As W € C*R? R), we have v, € CZ(R?* R?). Thus, the trace of 1, and
its first order derivatives exist in the classical sense. It follows that there
exists a constant C > 0 such that

min oe 7u(1)
[ (Znothas|<c [ put], futlas < cotge =5 e
O v 0 T

for e > 0 sufficiently small. The last inequality follows from theorem 3.1
applied with 6 = 3/4. We have proved

min oe (ﬁo)f,u,o

MSﬂ%JﬁT=£+O<d¢f41WQ76—N-(3%)

Our task is now to show that there exist €3, C' > 0 such that

Ve € (0,60) : (41, Pti) 20, 2 C.

If the contrary holds, there exists a sequence ¢, — 0 such that by (3.29)

inoe(Lo)+pd
’uingmma (20) “l,and

2 . 1
Z‘ (bl L? Q6 ) :< 1n7P TP >L2 QE < ﬁ (330)

On account of proposition 3.6, this sequence delivers a normalized eigen-
function ¢ of Ly with corresponding eigenvalue A\. More precisely, we have

¥ = lim o
and

A= lim pi~.

In view of (3.29), we have A < u, hence A = ui. As each ¢{* has the

4/ min 05(50)7;1,9

envelope e~ s ¥l for sufficiently large n, the same holds true for
1. Lebesgues theorem and (3.30) imply

<¢a ¢i>L2G(R2) = nhj{.lo <¢ina ¢i>L2(Q€n) =0
for i =1, ...,r. It follows that
Y € ker(Ly — pd)*
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which is a contradiction. Integration by parts shows

13 (YT Pedi) poan = (Lt Pabl) 2, =

Z m <£ewia ¢i>L2(Q€) -
i=1

r

VT u— 0
21: Wi ¢i>L2(QE) |:,u/(1) <¢f, ¢i>L2(Qe) - /8Q6 <¢i, £¢z> dS:| =

T

—_— 0
19 (05, P gy — D (05 00 22 /6 ) <w;, @¢i>ds.

i=1

In view of lemma 3.2, we obtain

min a'e(ﬁo)—p.o
!ui—u?lCSO(Q(e)ev ) R

O

The regularization of T, via F' is unessential for the desired spectral analysis.
In the following, we refine this.

Definition 3.13. Let € € (0,1). Define
DTs = Hg;(Té)?

and

T [u, v] ::/T Z (Vuy, Vo;) + (D*W (ug)u,v) dz

J=12
foru,v € Dy.. Set
€ . s
vi:= inf  Tfu,u.
ueDT,
llull =1
L2 (7o)

Remark 3.7. Asu, T wis equivalent to u, — w in H5(7), the sesquilinear form
7. is closed. Moreover, v{ is the smallest eigenvalue of the self-adjoint operator
that is associated to 1.. For details, the reader is referred to the appendiz.

Theorem 3.2. Suppose (H1)-(H4) hold, dim ker (Lg) = 1, and W € C*(R?* R).
Then the following statements hold:

1. If [0,mino.(Lo)) Nog(Loy) = 0, then

liminf v; > min o, (Ly).

e—0
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2. If [0,min o.(Lo)) Naq(Lo) # 0, then

\/minae(ﬁo)fuo
Vi — | =0 (9(6)6‘ : 19(6)) , e—0.

Proof. Set

for each € € (0,1). It follows that
Q. CT. CQe.
First, we establish that
Tl > Sul, we HY(T), (3.31)

for € sufficiently small. Suppose u € H}5(T.). On account of corollary 3.2, we
obtain

T - Sfu) > 3 /R e (D o) d =

i=1,3,5

3/ (D*W (ug)u, u) dz = 3/ (D*W (uo(. + r(€)es)u, ) dz,
N\M —r(e)ea N\M

where @(z) := u(z +7(e)ez). We have D*W (ug(. +1(€)es)) — D?*W (x3) as e — 0,
in view of [BGS, Theorem 4.7]. This proves (3.31). Our task is now to prove

Solu] — T[u] >0, ue HL(Q), (3.32)

for e sufficiently small. Due to the C*-regularization of T.., there exists r > 0 and
a function f € C*([0,7],R), f(0) = 0, such that the sets

f = {(:v,y) ER*:0<y<o(d)—rlz| < \/§y} :
and
Q5 = {(a.y) € Ry € [ole) = o] ol < £y — (o) = 1) +V3(e() 1) |

fulfill -
QuNRi; =0 U Q5.
Define
L(y):=V3y, 0<y<ol)—r

and
bb(y) = fly—(o(€) =)+ V3(al¢) = 1),y € [o(é) —r o).
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Let u € ng(Rz). On account of corollary 3.2, calculation yields

(Se[u] = Teful) =

Wl =

o(e")
/ Slz(y)_l[u(‘7 y)]dy — Sup HD2W(U0($7 y)) - D2W(90($))Htr ||uHiz(Q§’) 2
4

(¢)—r y>o(e)—r
lz|<l2(y)

L odd
o B0 M s D ) = DG [l
lz|<l2(y)
In view of theorem 3.1 and (H4), the last expression in brackets becomes positive
for e sufficiently small. As {ulg, : u € C5%(R?)} is dense in H5(,), i € {e, €'},
we obtain (3.32). We are now in a position to prove the assertion of the theorem.
Owing to lemma C.1, we obtain from (3.31) and (3.32) the estimate

pi = vp > (3.33)

for € sufficiently small. Suppose [0, mino.(Ly)) N og(Ly) = @. On account of
(3.33) and lemma 3.3, we have

liminf vf > lim iglf pg > mino.(Lo).

e—0

If [0, mino.(Ly)) Noa(Lo) # B, then (3.33) implies

|vf — ]| < max (}ui — 9], | — u?‘)

I

for e sufficiently small. The assertion follows with statement 2 of lemma 3.3. [

3.4 Example

In this section, we prove that there exists a smooth potential that fulfills the
assumptions (H1)-(H4) and dim ker (Lg) = 1. Consider the potential

V(z,y,2) = 2%y + 222% + 4?27 + wy2® + 29’z + 2yz,
cf. [GHS]. We are interested in the restriction of V' to
Yo={(,y,2) ER* :x+y+2z=1}.
A standard calculation yields that
fi=—= _11 , Ja= 1
V2 \ g 2
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are orthonormal. Moreover,

1 .
Y= 5(61 + €9 + 63) =+ hn{fl, fg}

We define

Wi(z,y) =V <%(61 + ey +e3) + %xfl + %yf2> .

The graph of W is given in figure 3.4.

Proposition 3.7. The potential W fulfills (H1)-(H4), and dim ker(Lg) = 1.
Moreover, M = {6y} where

Bo(2) = ( %gtanh(\/ié),% ) 2 €R.

Proof. Clearly W € C*°(R?* R). Calculation yields

2 2
W(x,y) = {x‘l + 2y -2y — D2+ -y +yt + —y?’} .

1
9 3 3

It follows that W o R3 = W. In polar coordinates, we have
1
W(r,t) = 7 (3r* = 2sin(3t)r® —3r* +2), (r,t) € Ry x [0,27].
Hence

2
W(r,t) =W (r,t + §7r>
which implies

WODQZW

But {Rs, D>} is a generator of G, hence W is G-invariant. It follows that (H1)
is fulfilled. Obviously the z;, ¢ = 1,3,5, are zeros of W and up to a normal
transformation

2
In order to prove that there are no other zeros of W beside the x;’s, note that
2
1 1 2 2 4
W(r,t) > 77 (3rt —2r° —3r* +2) = 5(7“— 1) |r+ 3 + \/?_2 > —1(7’— 1)%.
Thus W (r,t) > 0 for t € [0,2x], r # 1. If r = 1, then
2
W(r,t) =0 sin(3t) =1t = %Jrkg,k:o,l,z.
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Hence (H2) holds. According to [BGS, p. 680], the condition (H3) is fulfilled if
(DW(x),xz) >0, |z|>>1.

The latter holds true, as we have

4 2sin(3t 2
(DW (z), x) |x:(r,t) = §T4 — %()T‘? — §r2

in polar coordinates. It remains to show that (H4) is fulfilled, especially that M
contains exactly one element. Define the mapping

T :R? — R?

(z,y) — (m %) :

IDT(z,y)|l,, =1, (z,y) € R

by

Calculation yields

For each z € R, the point yy := % is the global minimum of y € R, — W (z,y).

This holds true, because calculation yields
0

2
—W =2y — D)(v° 2 R?.
3y (z,y) 9( y—1( +y+2°), (v,y)¢€

It follows

0 1
a—yW(w,y)—U@y—i

for (z,y) € R x R, and
o? 4 1

R e 2 —
ayQT/V(ar:,yo) 9% + e 0.

We conclude
W(T(z,y)) < W(x,y)

for (z,y) € R x Ry. Due to [BGS, Theorem 2.3], we have im(#) CR;; for each
0 € M. This implies that T € M for each § € M. Let us prove that each
minimizer in M has image in {(z,1/2) : x € R}. Assume the contrary holds, i.e.
there exists # € M and there exists zy € R such that 6(z9)s # 3. Then there
exists 0 > 0 such that

Vz € Ks(z0) : 0(2)2 #

N | —

This implies
1 1
5 [(TO) T+ W(T0) < 2 |6]° + W(6)
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on Kj(zp). It follows E(T0) < E(#) which is a contradiction. As the elements of
M are Rs-odd, we must have
- ()
2

for each § € M. By [BGS, Lemma 2.4] two elements of M are equal up to
translation, and due to [BGS, Corollary 2.5] each minimizer is injective. It follows
that M contains exactly one element. As a consequence, the minimizer 6, € M
has the shape

)

e}

90:<07

where 6 is a global minimizer of

N[ —=

Eo(u) ::/R%|u'12+F(u)dt

over the set

My = H'(R,R) + g tanh (%> :

The potential is given by F(z) := W(z,1). According to corollary 2.1, the
minimizer € is the unique increasing solution of

—0" + F'(0) = 0.

0(2) = \/;tanh (%) , zeR

Calculation yields

Finally, let 6, € M. Then

2 2 1 gez_% 0
—_= — = 3
D“W(0y) = DWW (0,2) < 0 392+%).

This implies that Lg is the product of two scalar Sturm-Liouville operators with
bounded potentials. Define

24, 1
Li==gz 3% 3
24, 1

and

It follows that



Obviously, Ly > % is invertible, i.e. ker(Ly) = {0}. Hence,
dim ker(Ly) = dim ker(L;) = 1.

Note that the ground state of a scalar Sturm-Liouville operator has multiplicity

one - cf. [We2, Satz 17.14]. O
0.6
0.14
0.12
01
0.8
0.06 "’
0.04 !\‘“‘*,/!l""%w,
| S
R
0 "B
il
A\ /
‘\\{&,‘f/

Figure 3.4: Graph of W

Remark 3.8. Due to (H4), we have

N —

uo(0,y) — (07

)

D)~ (V) v

1
3

We obtain

It follows that there exists no pair of numbers R,y > 0 such that
D*W (uo(x)) =7, |z| = R.

Thus, a generalization of the technique in chapter 1 does not lead to the result on
exponential decay.
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Chapter 4

Discussion

In this section, we outline a possible application of the foregoing results to the
rigorous convergence on a formal level . I want to emphasize that the considera-
tions in this section should only give some ideas for further work.

As already mentioned in the introduction, the asymptotic expansion at the triple-
junction leads to equations of the form

,C()ui = Ri—l .

Due to theorem 3.1, we know that mino.(Ly) > 0. Thus, in order to obtain
R € ker(Ly)*, at most finitely many conditions have to be fulfilled. Moreover,
statement 3 of theorem 3.1 might deliver the proper matching conditions.

Let us consider the situation at a fixed time ¢ € [0, T]. Suppose there exist closed
smooth manifolds M;, 1 = 1,2, 3, such that for two distinct triple-junctions m;,
1 = 1,2, the endpoint of each manifold is either m; or my - cf. figure 4.1. Let
R € O(2) be the reflection on the z-axis. Suppose that n; is a continuous normal
of M;, i =1,2,3. Suppose § > 0 is small so that the mapping

M; x (—6,0) — R?,

(o,\) = o+ Any(o),

is a diffeomorphism onto its image which we denote with M;(d). Let T be the
equilateral triangle of edge length v/3, centered at the origin. Following the formal
calculations in [BR], we anticipate to obtain approximate solutions u4, € € (0, 1),
such that the following local properties are fulfilled:

i) For each x € T} := R-T + m;, we have

w,(x,£) = g <R$ - ml) +0 (),

€
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and
T — Moy

(2, t) = o (

Moreover,

; >+O(62), x €Ty =T+ mo.

u;(RFQ. + mg, t)

is G-equivariant in 7" for ¢ = 1, 2.

ii) Suppose 6;; is the standing wave that connects the points z; and z; such
that 6;;(—o0) = x; and 6,;(4+00) = ;. We require

dl (Qf)

uSy(z,t) = 05, ( ) +0(€%), =€ M(f),

dg(l‘)

uy(z,t) = 013 ( ) +0(€%), =€ M(f),

and

dg(l')

S (2,) = O3 ( ) +0 (), x€ M)

iii) For simplicity, suppose there exist compact submanifolds S; C M;, i =
1,2, 3, such that, with S;(9) := {z € R? : dist(x, S;) < d}, we have

Vo € Q\ < U siou Y T> : D*W (uSy(x,t)) > 0.

i=1,2,3 i=1,2

Figure 4.1: Triple-junction motion
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Definition 4.1. For each € € (0,1) define the quadratic form AC. by

D sc

€

= {u € (HI(Q,R))2 cu(R72 +my) is G-equivariant in T for i = 1,2} ,
and

1
AC[u) == / e|Vul? + - (D*W (uy) u,u) du.
Q

In the case of the scalar Allen-Cahn equation, the following estimate is known
as the [deMS]-estimate.

Lemma 4.1. There exists C > 0 such that
AC. > —Ce
for € sufficiently small.

Proof. Let ¢ € Dc.. Then

LEDY) [ dvers o (o0 (A2 )Y a0
ZZ”/ AV + (D (a0 (REEE) ) )t 06 ol

where 6y, is the standing wave that corresponds to S;. Set ¢)(x) := 9 (eR*2z+m;).
The transformation lemma and lemma 3.2 deliver

/T VPt <D2W (uO (R?ﬂ)) w,w> d =

@/)

€7, [ﬂ > eV

A / mlnﬂg<£0)7
~Co(e)’e DNl z2

—Ce H@DHLQ(Q) , €—0.

L3(T. )

| V

Suppose that
T: My X (—5, 5) — Mg(é),

(o,\) — 0 + Ans(0),

is a diffeomorphism. Set

U(o,z) == Y(1(0,€2)), z€ I,

and

J(o,A) := |det(D7(o, N))|.
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Define
Je(o,z) = J(o,€z).

Assume B, , is the quadratic form associated to the self-adjoint operator L., in
<L2J€(a,.)(]€)> given by
1
Je(o,.)

equipped with Neumann-boundary conditions. This family of operators fulfills
the assumptions of definition 1.1 uniformly in o € M, with

A=), =\ =mino(D*W(a)).

(Jelo, ) + [D*W (013)] u,  we (H*(I,C))",

All the results of chapter 1 are applicable. Define

A7 = inf B.,[ul,
! lull=1 "~ © [

and let us proof that

A7 =0(), e—0.
Following the calculations in [AF, C, deMS], we obtain
2

/ /
[ () | = Wiy + 0 @) Iy = 5507 =0
for each u € H(I.,C). Tt follows that
B, {;u] = sc[u]l + O (€%) HUH%Q(I) _ u?| , e—0,
Vo, < 2Je a1

for each u € H'(I.). Hence,

1 6’ 6’
A7 < B, |i P :| = Se |:¢:| O ) =0 (e , €—0.
V= B | ey Tl )~ [l T ) =0()

On the other hand, we have
A7 = By [u] = se [u\/I(a, )] +0(e) > A +0(?) =0 (%), e—0,

for a normalized eigenfunction u € ker (L., — A{?). Keeping this in mind, we
obtain with the transformation lemma

/ e|Vy|? + E <D2W (913 (M)) ¢,¢> dx
S2(9) € €

2 /S Beo [@} do > _CeHQ/}”%Q(Qy
O

Remark 4.1. The calculations for B, can also be used for the case without
triple-junction in order to obtain an estimate for the Allen-Cahn operator.
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Appendix A

Measure theory

In this section, let (X, 1) be a measure space. The set of measurable, integrable
functions f : X — R is denoted by L'(X, u).

Definition A.1. Suppose T' C R contains infinitely many elements, f : T — R
is bounded and let a € T be a cluster point of T'. If a € R, we define

liminf f(z) := lim ( inf f(x)) ;

z—a n—oo \ z€K; (a)NT
n

and if a = o0, we set

liminf f(z) := lim ( inf f(x)) .

r—a n—oo zeT
+a>n

Lemma A.1. Suppose (fn)nen C LY (X, ) is such that 0 < f, a.e.,

/fndM§C<OO, TLEN,
X

and
Jo— [ w—Ji

Then we have
feLNX, ), and / fdp < liminf / fodp.
X n—oo [y
This is precisely the content of [Wel, Satz A.13].
Theorem A.1. Let f,,g € L*(X, 1), n € N, such that
[fu(@)] < g(2), ae.,
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and
Jn— f.
Then we have
feL'(X, ),

and

n—oo

/ fdp = lim fndp.
b's X

This is Lebesgue’s convergence theorem, cf. [Wel, Satz A.12].
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Appendix B

Operator theory

Throughout this section, (H,(.,.)) denotes a complex Hilbert space and
T : Dr C H — H a densely defined operator in H. The operator T is called
symmetric, if T C T%, and self-adjoint if T"= T™. We have the following spectral
parts for a self-adjoint operator.

Definition B.1. 1. The resolvent set
p(T) :={X € C: T — X is bijective, (T —\)"* € L(H)}.

2. We call
o(T) == C\p(T)

the spectrum of T'.

3. The essential spectrum o.(T) is the set of all eigenvalues with infinite mul-
tiplicity and cluster points of o(T).

4. The discrete spectrum of T is given by
04i(T) :=o(T)\oe(T).
5. The point spectrum of T is given by
0,(T) :={X € C: T — X\ is not injective }.

Proposition B.1. Let T' be a self-adjoint operator in H that is bounded from
bellow by v € R, 1.e.
Vo € Dy : Tz, x) > 7|z

Suppose T has eigenvalues \g < A1 < ... < mino.(T). Then, we have

T
A= inf < x’f>,
t€DpNK;- |(E|
x#0



for 7 € Ny, where
K= | ker(T - ), €N,

0<j<i

and
K_l = {0}

This is precisely the content of [HS, Proposition 12.1].

Definition B.2. If T is a self-adjoint operator in H, then a sequence (up)nen in
Dy is called a Weyl-sequence for T and A € C if

1. |lun|| = 1.
2. u, = 0.
3. (T — Nu,, — 0.

Theorem B.1. Let T be a self-adjoint operator in H. Then \ € C is in o.(T)
if and only if there exists a Weyl-sequence for T and \.

This is Weyl’s criterion, cf. [HS, Theorem 7.2].

Definition B.3. Let T and S be operators in H such that Dy C Dg. S is called
T-compact (relatively compact with respect to T ) if each sequence u,, € Dy that is
bounded in the graph norm of T contains a subsequence u,, such that (Sun,, )ken
18 convergent.

Lemma B.1. Let T be self-adjoint and S symmetric such that S is T-compact.
Then T + S is self-adjoint and

0e(T) =0.(T +95).
For a proof see [Wel, Satz 9.14].

Definition B.4. 1. A bounded operator P € L(H) is called orthogonal pro-
jection if
(a) P is idempotent, i.e P?> = P.
(b) P is self-adjoint.
2. If T s self-adjoint we say that T and P commute if PT C TP.

Corollary B.1. If T is self-adjoint and P an orthogonal projection such that
PT C TP, then Tlyyp, is self-adjoint in  (im(P),(,.)), where

im(P)

The reader is referred to [Wel, Satz 2.60] for a proof.
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Definition B.5. Let Q C RY be a nonempty measurable subset. Assume
V : Q — C is measurable. Define the multiplication operator [V] by

D[V] = {u S LQ(Q,C) V.ue LQ(Q,C)},

and

Vu:=V-u, u€ Dy

Corollary B.2. The operator [V] is densely defined and fulfills [V]* = [V]. If
V € L®(Q,C), then V € L (L2(Q,C)).

The reader is referred to [Wel, Satz 6.1] for the proof.
Definition B.6. Let m,d € N, and suppose Q C R? is an open set. A mapping
V:Q— M(m,C)

is called measurable if there exist measurable functions Vi; : Q0 — C, 1 < 14,5 <m,
such that
Ve e Q:Vi(x) = (Vy(x))

If V: Q — M(m,C) is measurable, we define the multiplication operator [V] in
(L2(,C))" by

1<ij<m *

Dy = {ue (L*Q,C)": V- -ue (L*(Q,C)"},
and

V]u = (Z[v;j]uj> ., u€ Dy

J=1 =

Corollary B.3. IfV : Q — S (R™) is measurable, then [V] is symmetric.
Proof. Let u,v € D). Then

<[V]U7U>L2(Q) = / (V-u)(x),v(x))de =

Q

/Q (@), (V ) (2)) dz = (u, [V]o) 1oy -

Proposition B.2. Suppose V € C (Rd, M(m,K)) is bounded, i.e.

sup ||V ()|l < 400,
R

and for each € > 0, there exists a compact set K C R? such that

sup ||V ()| < e
zERNK

105



Then,
Ve £((L*(R%,C))"),

and for each k € N, the restriction of [V]| gsmacym is a compact operator from
(H¥(RY,C))™ in (L*(R?,C))™.

Proof. Without loss of generality, we restrict our considerations to the case
m = 1. Consider the inclusion

i: H*(RY,C) — L*(R?, C).
Choose a sequence ,, € Cg°(R% R), n € N, such that

1

o) = Xn = Lkpi1(0)-
Set V,, := x, - V and let us prove that

Vo] = V], n— o0, (B.1)
in £ (L*(R?,C)). For arbitrary u € L*(R?, C), we have

V(1 = xn)ull p2@ey < sup [|V(2) e ||| 2ra).-

lz|zn

Choose € > 0 arbitrarily. Then there exists n € N such that

sup |V (z)] < e,
lz|>n

hence
[[Va] = V]Il <e.

This proves (B.1). Our task is now to prove that [V},] is a compact operator. Let
(Me)ec(0,1) be any sequence of mollifiers. Then

Vn * 776 - VTL
uniformly. Therefore
(Vo ] = [Va]

in £ (L*(RY,C)). But V, *n. € C°(R%,R). Hence [V, * 7] o i is compact. We
habe
Vasnel ot — [V]oi.

As the set of compact operators is closed, we conclude that [V] is a compact
operator from H*(R¢,C) in L*(R%,C). O
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Definition B.7. Suppose @ C R" is an open bounded subset such that 92 € C2.
Define

Dp = {u € H*(Q,C) : %u: 0 on GQ}.

If Q =R", set
Dp = H*([R",C).

Define for each u € Da

Corollary B.4. 1. The operator A is self-adjoint.

2.IfQ =R", and V € L*®(R", R), then the operator T = —A + [V] is
self-adjoint and fulfills

info.(T) = sup inf

KCRd
compact

{ (T'¢, 9)

. 0 d
op 0 € CRRAK),# 0}.

A proof for the statement on the essential spectrum can be found in [A,
Theorem 3.2]. The self-adjointness follows from [L, Theorem 3.1.3].

Definition B.8. Suppose Q2 C R"™ is open.

1. Define
DV = H1<Q,C),

Vu = ( 4 u) .
ori )iy .,

-----

and

2. Assume either that Q is bounded and O € C* or Q = R™. Accordingly, set

Dy = {u € (H(Q,C))": (u,v) =0 on 0Q},

or
Dgiy = (H'(2,C))",
and
"0
di = i
v u axiu

=1

Remark B.1. Note that V is an operator from L*(Q,C) to (L?(2,C))", and div
is an operator from (L?(Q2,C))" to L*(Q,C).
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Corollary B.5. Suppose either Q C R"™ is open, bounded and 092 € C' or
Q =R". Then

1. idiv C (iV)*,
2. —A = (iV)*(iV).

Proof. First, we prove part one. Choose v € Dgjy, and u € Dy. In view of
Green’s formula, we obtain

<2Vu, U>L2(Q) == /

u(z)idive(z)dx +/ u{v,v)dS = (u,idiv v) 2 -
Q

o0

This proves assertion one. Our task is now to prove statement two. The graph
norm of V is equivalent to ||| g1(q). It follows that V is closed. On account of
[Wel, Satz 4.11], we conclude that (iV)*(iV) is self-adjoint. Owing to statement
one of this corollary, we obtain

(V) (iV) D —=A.
As both operators are self-adjoint, the assertion follows. n

Remark B.2. As long as no confusion occurs, we denote @,V and Q" ,div
with V and div, respectively.

108



Appendix C

Sesquilinear forms

Definition C.1. 1. A sesquilinear form in H is a sesquilinear map
s:Dysx Dy — C
such that Dy C H a dense linear subspace. We call Dy the domain of s.

2. A sesquilinear form in H is called symmetric if

slz,y] = sly, 2], =,y € Ds.

We say that a symmetric sesquilinear form s is bounded from bellow with

YER (s=>v)if
slz, ] > ~|z|?, € D,.

3. Suppose s is a sesquilinear form in H. Then s is called closed, if for each
sequence (Up)neny C Dy and uw € H such that

Up — U,

and
Sty — U] — 0,

i.e. U, > u, we have u € D, and s[u, —u] — 0.
4. A densely defined sesquilinear form s in H s called closable, if it has a

closed extension, i.e. there exists a closed form t such that s C t. In this
case the closure of s is the smallest closed extension of s and is denoted by

S.

5. Assume s is a closed form in H. Then a linear subspace D C H 1is called a
core of s if the closure of s|p is s.

The following definition gives an explicit representation of the closure.
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Definition C.2. Assume s is a closable sesquilinear form in H. Then we define
Dy :={u € H : Iup)nen C Dy : up = u}.
If u,v € D5 such that u,, v, € Dy, u, — u, and v, - v, we define
Slu,v] = nhg)lo Sltp, V).
Definition C.3. Suppose s is a closed symmetric sesquilinear form in H. Define
Dy, :={x € D :y € Dy —— s[z,y| is continuous }.

If x € Dr,, then there exists a unique element Tsx € H such that

slz,y) = (Tyz,y), y € Ds.

Lemma C.1. 1. Let s and T be as above. Then Ty is a self-adjoint operator
in H that is bounded from bellow. We call T, the operator that is associated
to s.

2. Assume T is a symmetric operator in H, bounded from bellow. Then the
sesquilinear form
DsT = DT,

stlx,y| = (Tx,y)

is closable. The operator T is called Friedrichs extension of T' and fulfills
T CT™.

For a proof, the reader is referred to [K, VI, Theorem 2.1] or [Wel, Satz 4.14].
Remark C.1. If T is self-adjoint and bounded from bellow, then

Corollary C.1. Let T be a self-adjoint operator in H, bounded from bellow by
zero. Suppose T has eigenvalues \g < Ay < ... < mino.(T). Then, we have

)\j = inf 5[23], j S No,
xeDthJJ.-_
|z|=1

1

where K;, j € Z,> —1, is defined as in proposition B.1.

Proof. Let P; be the orthogonal projection on Kj-,. Chose # € D; N Kj-,
arbitrarily. As Dr is a core of t, there exists a sequence x,, € Dr such that
z, — ¢ and

tz,) = (Txp, x,) — t[x].
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Without loss of generality we suppose z, € K ]L_ 1, otherwise we consider P;z,,.
Note that P; and T' commute. In view of [K, Theorem 3.35], it follows that P;

1 . . .
and T2 commute. Moreover, we can restrict our considerations to the case where
T, is normalized. Due to proposition B.1 we have

(Txp, Ty) > N,

hence
Thus
aceDth]J.-_l
|z|=1
According to proposition B.1 the converse is also true. O

Definition C.4. Let S and T be self-adjoint operators in H, both being bounded
from bellow. Denote the associated closed forms by s and t, respectively. We say

S <T:& D, C Dy and sz, z] < tlx,z|, x € Dy.

Lemma C.2. Suppose S and T are self-adjoint operators in H, both bounded
from bellow. Then S < T implies

mino.(S) < mino. (7).

This lemma is part b of [Wel, Satz 8.34].
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