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The aim of global class field theory is the description of abelian extensions of a finitely generated
field k£ in terms of its arithmetic invariants. The solution of this problem in the case of fields of
dimension 1 was one of the major achievements of number theory in the first part of the previous
century.

In the 1980s, mainly due to K. Kato and S. Saito [K-S3], a generalization to higher dimensional
fields has been found. The description of the abelian extensions is given in terms of a generalized
idele class group, whose rather involved definition is based on Milnor K-sheaves. However, if
one restricts attention to unramified extensions (with respect to a regular, projective model X
of k), then class field theory has a nice geometric description using the Chow group CHy(X) of
zero-cycles modulo rational equivalence (see [K-S1], [Sal).

In the case of positive characteristic, a description of a similar geometric flavor of the tamely
ramified abelian extensions of k (w.r.t. a finite set D, ..., D, of prime divisors of X) was given in
[S-S]. The objective of this paper is to prove the following result in the mixed characteristic case.

Theorem 1 Let X be a regular connected scheme, flat and proper over Spec(Z) such that its
generic fibre X ®z Q is projective over Q. Let D be a divisor on X whose vertical irreducible
components are normal schemes. Then there exists a natural isomorphism of finite abelian groups

recx p : CHo(X, D) == 7t (X, D) .

Let us explain the ingredients of the theorem. First of all, 7 (X, D)% is the abelianized modified
tame fundamental group, which classifies finite abelian étale coverings of X — supp(D) which are
at most tamely ramified along D (cf. section 4) and in which every real point splits completely.
CHy (X, D) is the relative Chow group of zero-cycles (cf. section 1). It is a quotient of the group of
zero-cycles on X — supp(D) by an equivalence relation which is given by the divisors of functions
satisfying a condition with respect to D. This equivalence relation is in general finer than rational
equivalence. Finally, the map recx p is uniquely determined by the property that the class of a
closed point z € X — supp(D) is sent to its Frobenius automorphism in 74 (X, D)4®.

Remarks. 1. In many cases (e.g. if X is semi-stable), the condition in the theorem on the vertical
components of D is void. Furthermore, this condition can be weakened (see theorem 6.5).

2. If D is zero, Theorem 1 reduces to the “unramified class field theory” for arithmetic schemes
of K. Kato and S. Saito [K-S1], [Sa] (which we use in the proof).

3. The finiteness of the group 7% (X, D)% was shown in [S1]. Furthermore (loc.cit.) this group
depends only on the scheme U = X — supp(D). Hence it is desirable to give a formulation of the
tame class field theory of U solely in terms of U. We conjecture that the above theorem is true
with the relative Chow group replaced by ho(U), the Oth singular homology group of U, which
was considered in [S2]. Indeed, there exists a surjective reciprocity map and the conjecture is that
this surjection is an isomorphism. At the moment this is known if dim X =1 or if D is zero.

4. If dim X = 1, then CHy(X, D) is isomorphic to the ray class group of the number field k(X)
with modulus mp where mp is the (square-free) product of the points in D. In this case, rec is
the reciprocity homomorphism of classical (one-dimensional) class field theory.
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Notational Convention: Throughout this paper, given a scheme Y, we denote by YT the disjoint
union of its irreducible components and by Y the normalization in its total ring of fractions.

1 Relative Chow groups

We start by collecting some facts on relative K-groups. A more detailed discussion and proofs
of the results mentioned below are found in [Le|, §1. Following Quillen [Qu], the K-groups of an
exact category C are defined by

KiC=7ri+1(KC,*), KC:BQC

Here B means geometric realization, @ is Quillen’s construction [Qu] and m;(—, ) is the i-th
homotopy group of a pointed topological space.

For a noetherian scheme X let M x be the category of coherent O x-sheaves and G; X = K;Mx.
Assume that X is regular and let D = Dy + --- + D,. be a sum of distinct irreducible divisors
on X. Let Y :=supp(D) =Dy U---UD, C X, hence Y* = DU ---U D,. Let Mxy be the
full subcategory in M x consisting of coherent O x-sheaves F with Tor?x (F,0y) =0 for i > 0.
Since every coherent O x-sheaf is the quotient of a vector bundle, the resolution theorem shows
that the inclusion My|y — My induces an isomorphism on K-groups. The natural functor
Jy+ : Mx|y — My+ is exact and we define the relative G-groups G, (X, D) as the homotopy
groups of the homotopy fibre of j5.. : KMx)y — KMy+. If f: X’ — X is a flat morphism
inducing a flat morphism fy/+ : Y'" — Y+, then we obtain a natural homomorphism

i*: G.(X,D) — G.(X',D")

(see [Co], [Le] for the technical details). Recall [Qu] the usual Quillen spectral sequence for X

(1) EV(X) = @ K_pq(k(x)) = G_p—q(X).

which is associated to the filtration by codimension of support on M x
' ={F € Mx |codimxsupp(F) > i}.

As is well known, the Chow group of codimension p cycles on X and the term E5 ™7 of the
above spectral sequence are naturally isomorphic. Our next aim is to construct a natural spectral
sequence converging to G.(X, D). The relative Chow group of codimension p cycles will be the
term EY ™" of that spectral sequence by definition.

Let ME(IY C Mxy be the full subcategory of coherent sheaves F in Myy with

codim ysupp(F) > i. Let G*(X, D) be the homotopy fibre of BQj3. . : BQMéqy — BQM, | and

Gi(X, D) = mp1(G¥(X, D)). For i < k, let MY}, be the direct limit

i/k . i
Mxy = h_r{l Mx_ziy—z-
ZCX
Z intersecting
Y properly
codimx Z>k



and let Mg,/f be the direct limit

i/k . i
My = lin Y+-2-
zcy*
codimy, 4 Z>k

Let G/F(X,D) be the homotopy fibre of BQM%CY — BQM@& and put G;,/k(X,D) =

7rp+1(Gi/k(X, D)). By [Le], 1.6, we obtain a spectral sequence
(2) EYI(X]Y) = G_p_q(X),
in which the F;-terms are given by

Kfpfq(MI);(/f;jl)a -p—q>0, p<dimX

EPY(X|Y) = I?O(szgﬁjl), —-p—q=0

0 otherwise.

Here KO(MZ;f;l) =1m (KO( Z))(Iy) — K@(M%ﬁjl)). The natural functor M’;(/‘p;ﬂ — Mig(/pﬂ

induces a map from the E;-terms of this spectral sequence (2) to that of the usual Quillen spectral
sequence (1) which is compatible with differentials. Furthermore, one obtains a spectral sequence

(3) E:fq(XvD) :G*P*Q(XvD)v
in which the F;-terms are given by

GVMNX,D), —p—q>0, p<dimX

—p—q
EY(X,D)={ GyP"NX,D), —p-q=0

0 otherwise.

Here GE/P*1(X, D) = im (Gg(X,D) — GPPY(x, D)). The filtration on G, (X, D) is the “topo-
logical” filtration:
FPG.(X,D) = im (G?(X, D) — G,(X,D)).

Definition 1.1 We call the group
CHP(X,D) = EY"?(X, D)

the relative Chow group of codimension p-cycles. If X is equidimensional of dimension d, we call
the group CH,(X,D) = ngp’fd“’(X, D) the relative Chow group of p-cycles.

Remark: If D is empty, then
CH?(X, 2) :coker( D k)~ P Z)
zeXpr—1 zeXP

is the usual group of codimension p cycles on X modulo rational equivalence.
Finally, we mention the existence of a long exact sequence of F;-terms:
= EPTPT(YT) - BPTPTNX D) - EYTPTNXY) - EpTTTNYY)

compatible with the differentials. If the maps GE(X,D) — GF/*™'(X,D) and KoM y) —

KO(M];(/f;A) are surjective, we can extend this sequence to the right up to EY""?(Y™T).



2 Explicit description of CHy(X, D)

The rather implicit definition of the relative Chow groups in the last section was given in order
to obtain good functorial properties. In this section we will give a more explicit description of the
group CHy(X, D) as the group of zero cycles on X — supp(D) modulo relations. These relation
come via the divisor map from families of rational functions on curves in X —supp(D) which satisfy
an additional condition. Informally speaking, the condition is that the product of the values of
these functions at points of D must be 1.

We assume from now on that X is an excellent regular noetherian scheme. Then the closed
subscheme Y = supp(D) is locally principal, locally defined by a non-zero divisor. A coherent
sheaf F"is in M x|y if and only if it is without Iy-torsion and for F' € M x|y the support supp(F)
has proper intersection with Y. If Z is a closed reduced subscheme, then Oz is in My y if and
only if Z intersects Y properly. For 0 < p < dim(X), we consider the (abelian) categories

ME . — coherent O x-sheaves whose support is contained in a subscheme of codimension > p
which has proper intersection with Y.

We have a natural inclusion ./\/lz)]qy — MK .
Lemma 2.1 The natural map QM§(|Y — QMX% . is a homotopy equivalence for all p.

Proof: Let F' € MZ;(IY and let Z be the (not necessarily reduced) subscheme associated with the

ideal sheaf ann(F). Then F is an Oz-module and Oy € MI))(IY' Therefore the natural inclusion

My — MKy can be factored as
p ier I P
My = 0r s M,

where C? is the full subcategory of objects in MX | which are Oz-modules for some closed (not
necessarily reduced) subscheme Z C X with Oy € Mg{\y- The category C? is closed under taking
subobjects, quotient and finite direct products and is therefore abelian.

Let F be a coherent O x-sheaf whose support is of codimension > p and has proper intersection
with Y. Since X is noetherian, the coherent ideal sheaf ann(F) contains a power of its radical.
Therefore we find a filtration 0 = Fy C Fy C --- C F,, = F of F such that all subquotients are
Oz-modules, where Z = supp(F) as reduced subscheme. Hence all subquotients are in C? and we
conclude by devissage that Q)5 is a homotopy equivalence.

Now assume that F' € CP, i.e. F' is an Oz-module where Z is a closed subscheme with Oz €
M‘I;(ly. Since X is regular, we find a locally free Ox-sheaf F and a surjection F — F. It factors
to a surjection

FlI, 2 F
The sheaf F/I; (being a locally free Oz-sheaf) is without Iy-torsion. Therefore /I and also
its subsheaf ker(p) are in ./\/lgm, and Quillen’s resolution lemma implies that Qi is a homotopy
equivalence. O

For a closed subscheme Z C X, let Mx(Z) be the category of coherent Ox-sheaves with
support in Z. Defining /\/lg(/:pY+ ! as the direct limit

MEEH = lim Mx_w(Z),
wWczcx
codimx Z>p
codimx W>p+1
W ,Z intersect Y properly

we conclude that also the natural map QM’;(/ f;r 1, QM’;(/:I;H is a homotopy equivalence. This

allows to calculate some terms of the spectral sequence (2) of the last section.



o ; 1 1. ‘ ,
Proposition 2.2 The map % _y : M?gﬁj — M’)D(/f; induces an isomorphism

Ko(MYEY) = KoM = @ z.

ze(X-Y)P

For q = 1,2, we obtain short exact sequences

0 — K, MR = K MEPEY S K (MY o
D K@) D Koalk)

ze(X-Y)P yeYyr

Here § is the composition

K (MEZY) 5 Ky MBI 2o Ky (MEFPR2) 22 R (M)
[ [ [ [
P xk@) P K@) B Kealk@) P Eealky)

ze(X-Y)P zeXP zeXrtl yeyr

where 0 is the boundary map of the Quillen spectral sequence.

Proof: First of all, we can replace M%ﬁf ! by ME/EF! The localization theorem shows that

QMI;//P“Fl QMP/P‘H QMp/p+1

is a homotopy fibre sequence. This implies a long exact sequence
e Kl(MZ;(/p-i{/l) L (Mp/p+1) = K (Mp/p-i-l) (Mp/p—l-l)

Let z € (X —Y)? and let Z = {2} be its closure in X. Then Z has proper intersection with Y and
the class of the free rank one Oz-module in Ky(MX% ) maps to the class of the one-dimensional
k(x)-vector space in Ko(./\/l?(/f;l). Hence Ko(./\/lg(/f;rl) — (Mg{/p;r,l) is surjective and in order
to conclude the proof, it remains to show that the maps J, : (/\/lp/pH) — Kq,l(/\/lf//pﬂ) are
surjective for ¢ < 3.

As is well known, Kq_l(/\/lf,/pﬂ) =@, cyr Kg-1(k(y)). Let y € Y? be any point. It suffices
to show that any element of o € K,_1(k(y)) (considered as an element of Kq,l(/\/lf//pﬂ)) is in the
image of §,. Furthermore (¢ < 3), we may suppose that a = {as,...,a4-1} is a symbol. Choose
a closed integral subscheme Z of codimension p in X which has proper intersection with Y and
such that y is a regular point of Z. Let R be the semi-local ring of Y N Z in Z and let F' be its
quotient field. Since X is excellent, the normalization R of R in F' (a semi-local PID) is finite over
R. So we obtain the following commutative diagram

K((MYT) — Ky (MY

K (F)  — @ Ks1(R/m)

mCR

Kq(F) — D K (B/m)
WCR
Since y is a regular point of Z, there is exactly one my C R corresponding to y and R/ mo = k(y).
Now let m € R be an element which is a local parameter for mg and is congruent to 1 modulo all



other i C R. Then the symbol {ai,..., ag—1,7} € K4(F) defines the required pre-image of o in
Ky (MR, O

Lemma 2.3 If X is pure of dimension d, then

EFYX. D)2 P z.
ze(X-Y)d

Proof: By definition, E*~%(X, D) = im(G4(X, D) — G¥/*(X,D)). By dimension reasons
and by proposition 2.2, we have a commutative diagram
G(X,D) = KoMy
G X D) = KoMYTH = Dz

X|Y
ze(X-Y)d

Furthermore, « is surjective, since it has a section s, which is defined by sending the class of an
n-dimensional vector space over k(x), x € (X —Y)P to the class of the free rank-n module over
(9{5:}. This implies the statement. O

Proposition 2.4 Assume that X is a noetherian, excellent, reqular and connected scheme of pure
dimension d. Let D be a divisor on X and let Y = supp(D). Then the group CHo(X, D) is the

quotient of @ Z by the image of the group
ze(X-Y)d

Rx p gker(ker( @ k(z)* — @ Z) - @ k(z)x)

r€(X-Y)d=1 yeyd-1 ze(Y+)d-t
under the divisor map.

Proof: By definition, CHy(X, D) = E$~4(X, D) = EX~%(X, D) /im E¢~"%(X, D). By lemma 2.3,
we have a commutative diagram with exact rows

0 - EMYXx,p) 5 EMYUXlY) - 0

[ [ I I

BN - BV D) - BUVUXY) - BTN

Therefore, CHy(X,D) is the quotient of Ef’_d(X7 D) @IE(X*Y)“IZ by the image of

ker(ESH4HX|Y) — ESVTY(YT)). The statement of the proposition follows from proposi-
tion 2.2. O

In order to understand the group CHg(X, D) explicitly, it remains to give a description of the

maps
E @ k(x)* — @ Z
ze(X-Y)d—1 yeyd-1
and
¢ : ker ( @ k(z)™ & @ Z) — @ k(z)*
z€(X-Y)d-1 yeyd-1 ze(Y+)d-1

of the last proposition. The map dy is determined by the boundary map 9y : K; (M;I(_l/d) —

KO(MSZ(/dH) of the Quillen spectral sequence and an explicit description of Jy is given at the
beginning of the appendix. To describe ¢, we need the following lemma which describes the
natural map res : EV'"PTU(X|Y) — EYTPTY(Y 1) if X is affine and Y = D is irreducible.



Lemma 2.5 If X = Spec(A) is affine and Y is irreducible, defined by a non-zero element r € A,
then the following diagram commutes for all p,q > 0

Ko (MEEFY) 22 Ky (MBPE

6q
KoMy S0 K (MY,

Here res is the natural map induced by the embedding of Y to X, §, is the composite map

04 r .
Kq+1(./\/l1;(/f—;1) — Kq+1(./\/l§</p+1) = Kq(/\/l?_l/pH) = Kq(/\/lf,/pﬂ) and - Ur is the cup product

with the class of v in K1(A[r=1]) = K1(X =Y, induced by the pairing
PX =Y) x ML = MY (PM) = P& M.

To describe ¢, it suffices to understand its z-component for each z € Y+. Therefore we may
suppose that X = Spec(A) is affine, local and that D =Y is irreducible, given as the zero locus
of an element 0 # r € A. Let y be the closed point of Y. By the lemma (for p = d — 1 and q=1),
we obtain the following explicit description of the map

¢ : ker ( @ k(x)* &Z) — k(y)*.

ze(X-Y)d-1

An element a = (a,), € ker (®we(X—Y)d_1 k(x)* Lt Z) maps to the image of the symbol {a,r} =
({az;r})e € B e(x—yye-1 K2(k(x)) under the boundary map

s P Kalk(z) — k)~

ze(X-Y)d-1

An explicit description of the boundary map §; is given at the beginning of the appendix.

Proof of lemma 2.5: Let us fix some notation: For a category C let its subdivision Sub(C) be
the category whose objects are morphisms in C and a morphism from f to g is a commutative
diagram

The functor Sub(C) — C which sends an arrow to its target is a homotopy equivalence ([Gr],
p.228). Assume that C is an exact category in which every exact sequence splits. Let Inj(C) and
Iso(C) be the categories whose objects are those of C and whose morphisms are the admissible
monomorphisms and the isomorphisms in C, respectively. Put I = Iso(C) and £ = Sub(Inj(C)).

Sending M < N to coker(4) defines a natural functor & — QC. The symmetric monoidal category

Tactson Eby P® (M < N)= (P& M P p g N) and we obtain a fibration sequence ([Gr],

p.228)
I'‘r-rle—-qc

Furthermore, I~1€ is contractible which induces a homotopy equivalence
W : BI"'T = QBQC

(the well-known comparison map between Ext- and Q-construction). For M € Ob(C), we have two
natural maps (i), (par)' : 0 — M in QC which are associated to the canonical maps i : 0 < M



and pps : M — 0 in C. The map 1) is characterized by sending an object (N, M) of I7'I to the
loop

o Pxd ) Can) p (Pardyy
in BQC.
Next, following [Sn], we construct a categorical description of the boundary map. Let C =
MELET (note that every exact sequence in C splits). Consider the category with the same objects

XY
as C and whose morphisms are (not necessarily admissible) injections i : M < N in C whose
cokernel is annihilated by r, and let H be its subdivision. The category H is the source of two
functors:

1. Let J = Iso(./\/l?(/f;r,l). Sending the object i : M — N of H to the restriction of N to X —Y
yields a natural functor H — J.
2. Sending i : M — N to coker (i) yields a functor H — QM%D//’)H.

There is a natural I-action on H given by P& (M <» N) = (P& M “rdtp @ N). We therefore
obtain functors

a:I"'H—-J Y, p:I'H— Q./\/l?,/ZHl.
By [Sn], proof of theorem 2.2 (our H corresponds to g~1(0) there), I='H — I~1J is a homotopy
equivalence and I~'J — J~1J is a homotopy equivalence on base point components. Furthermore
(loc.cit.), the following diagram commutes for ¢ > 0

Ten (BITH) 2w (BQMY/PT

Jre- |

Ter1(BI7N) 2w (BQMYPHY),

which gives a categorical description of the boundary map 9 : Kq+1(/\/l§</f;1) — Kq(./\/l’;//pﬂ).

For an object M of I we have two morphism 7y, 7 : (0,0 = 0) — (0,M C M) in I"'H
given by the commutative diagrams

MMM MMM
j J{idM and T(-r)_l l'T
rM — M rM — M |

where (-r)~! is the inverse of the isomorphism M % rM. Consider the map v : BI7'I —
QBI~'H, which is characterized by sending an object (N, M) of I71I to the loop

N M
(0,0 =0) = (0,rN C N)<2(0,0 = 0) 2% (0,7M € M)<—(0,0 = 0)
in BI"'H. Considering the natural image of r € A[r~1]* in the group K;(A[r71]) =
m1(BGL(A[r~!])") and using the comparison between, + and Ext-construction as described
in [Gr], p.224, we see that for ¢ > 0 the induced map m,(BI~'I) - m,(BI"'H) =
mg+1(BJ~1J) is the product map

1 1
Ur s Ko (MY — Ko (MEPLY.

Furthermore, Q30+ = Qres o1 where res : Q./\/li/ ﬁf 1, QM’;/ P*1 g the natural restriction map.

Summing up, we obtain a commutative diagram

QBIT'H BI7'I
lQa lmesow
QBJ LT % QBQMY/PT
Passing to homotopy groups, we obtain the statement of lemma 2.5. O



3 Finiteness of CHy(X, D)

The aim of this section is to detect relations in CHp(X, D) and to use these relations to show
that CHo(X, D) is finite, when X is an arithmetic scheme. We first recall some well-known facts
on the filtration on the K-groups K,.(F') for r = 1,2 of discrete valuation fields. Let (F,v)
be a discrete valuation field with residue field k. Let Op be the valuation ring in F and let
m C Op be its maximal ideal, thus Op/m = k. Then one puts U°(F*) = OF and for i > 1,
U'(F*) =ker(Of — (Op/m")*). As is well known, we have natural isomorphisms

F*JUNF*) =17, UYNF*)JUNF>®) = kX,

For i > 1 the group UK, (F) is the subgroup generated by symbols {u, 2} with v € U*(F*) and
x € F*. The group U°K»(F) is the kernel of the tame symbol K(F) — k*. We have inclusions

K3(F) D UKy(F) DU Ko (F) 2 -+
and natural isomorphisms ([B-T], prop.4.3,4.5)
Ko(F)JU Ky (F) = k> | UKy(F) /U Ky (F) = Kq(k),

If F, and F), denote the henselization and the completion of F' with respect to v, respectively, we
have natural isomorphisms

K (F)[U K (F) = Kg(F) U Ky (F,) = Kg(F,) /U Ky(F,)

for ¢ = 1,2. The usual approximation lemma for a finite set of discrete valuations on a field shows
the

Lemma 3.1 If vy,...,vs are finitely many different discrete valuations on a field F, then the
diagonal maps

F*— @FJUNES)  and  Ko(F) — @ Ka(F,) /U Ka(F,,)
i=1 i=1

are surjective.

Now let Y be any integral scheme of finite type over Spec(Z). We call Y horizontal if the generic
point of Spec(Z) is in the image of the structural morphism. Otherwise we call Y vertical, in
which case it is a scheme of finite type over a finite field. Let Z C Y be a closed subscheme of
positive codimension. Consider the group

SK, (Y, 2) := coker( @D  Ka(k(y) — €D Ki(k(y)).

ye(Y =2 y€Yo

There is a natural surjection SK;(Y,Z) — SK;(Y) which is an isomorphism if Z is empty or
has dimension zero. Any finite morphism f : Y7 — Y5 with f(Y7 — Z1) C Y2 — Z5 induces a
homomorphism f, : SK; (Y7, Z;) — SK; (Ya, Z3).

If Y is vertical, normal and proper we put F = I'(Y, Oy ). Note that F is the algebraic closure
of the prime field in k(Y) and that Y is a geometrically irreducible variety over F. The surjective
norm maps N : k(y)* — F* for y € Yy give rise to a surjective norm map eaerO k(y)* — F*.
It can be easily deduced from the special case when Y is a regular proper curve that the last
map annihilates the image of the boundary map €, cy, K2(k(y)) — D, ey, k(y)*. Therefore we
obtain a surjective norm map

N :SKy(Y,Z) — F*.



Proposition 3.2 Let Y be an integral scheme of finite type over Spec(Z) and let Z be a proper
closed subscheme. Then SK1(Y, Z) is finite. More precisely:

(i) If Y is horizontal or vertical but not proper, then SKy(Y,Z) = 0.

(ii) Assume that Y is wvertical and proper. Let Y be the normalization of Y and let Zy be
preimage of Z in'Y. Then the natural map SK1 (Y, Zy) — SKi(Y, Z) is surjective.

(iii) If Y is vertical, proper and normal and F =T'(Y, Oy ), then the norm map
N : SKy(Y, Z) = F*
is an isomorphism.

(iv) For anyy € Yy, the natural homomorphism k(y)* — SK1(Y, Z) is surjective.

Proof: Two special cases of the proposition are classical, namely (i) if Y is the spectrum of a
ring of integers in a number field and Z = @ (see [BMS]) and (iii) for ¥ a smooth proper curve
over a finite field and Z = @ (see [Mo]). We will deduce the general assertion from this two special
cases. First we note that the normalization Y — Y is finite. Therefore the norm maps induce a
well-defined homomorphism SKl(}N’, Zg) — SKy(Y, Z), which is surjective, since k(y) is a finite
field for any closed point y € Y. Now we proceed in several steps.

1. Let Y be horizontal and irreducible. In order to show the vanishing of SK;(Y, Z), it suffices
to show that for every closed point y € Y the image of k(y)* in SK;(Y, Z) is trivial. Let y be
an arbitrary closed point. Choose a closed irreducible horizontal subscheme Y’ of Y containing
y but not contained in Z. Putting Z’ = Y’ N Z, the image of k(y)™ in SK;(Y,Z) is contained
in the image of the natural map SK;(Y’, Z’) — SK;(Y, Z). By induction on the dimension, we
may assume that Y is of dimension one. In this case we have SK; (Y, Z) = SK;(Y) and Y is the
spectrum of the ring of S-integers in a number field. The surjection SKl(}}) — SK;(Y) together
with the vanishing of SK;(Y) (see [BMS]) shows that SK;(Y") = 0.

2. If Y is affine and vertical, the same argument as in step 1, but now using Moore’s theorem
[Mo], shows the vanishing of SK; (Y, Z).

3. Now assume that Y is vertical, proper and normal and let F = T'(Y,Oy). Then Y is geo-
metrically integral over Spec(F). We first assume that Y is projective. Let H be a geometrically
integral hypersurface section not contained in Z (see [Po] for its existence) and Zy = ZN H. We
obtain an exact sequence

SK,(H,Zz) — SKi(Y, Z) — SK\(Y — H,Z — Zy),

where H is the normalization of H and Z 7 is the preimage of Zy in H. Since Y — H is affine, using
step 2, the statement that the norm induces an isomorphism N : SK; (Y, Z) = F* can be reduced
to the same statement for (]EI ,Z ). By induction on the dimension, we may suppose that Y is a
curve. In this case the statement is just Moore’s theorem [Mo]. This solves the projective case. If Y
is proper but not necessarily projective over IF, there exists a birational morphism f : Y’ — Y with
Y’ normal and projective. Choose W C Y containing Z such that f: Y’ — f~}(W) = Y — W.
Then we obtain a surjective homomorphism SK; (Y, f~1(W)) — SK;(Y, Z), which shows the
statement for (Y, Z).

4. Finally assume that Y is vertical but not proper. In the same manner as in step 3 we may
suppose that Y is normal and quasi-projective. Let Y be a projective compactification. Choosing
an irreducible hypersurface section H not containing Z but containing at least one point of Y =Y
and using step 2, we can proceed by induction on the dimension. Finally, a non-proper curve is
affine, showing SK; (Y, Z) = 0.

It remains to show (iv) if ¥ is vertical and proper. If Y is normal, the statement follows from
(iii). In the general situation, let § be a point on the normalization Y of Y projecting to y. The
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statement follows from the commutative diagram
K@) — SKi(Y,Zy)
ky) —  SKi(Y,Z)
O

Now assume that X is a connected noetherian excellent regular scheme, pure of dimension d,
D a divisor on X and Y = supp(D). We arrange the Ej-terms F1 (X, D), E1(X]Y) and Ey(Y™") of
the spectral sequences introduced in the last section as a (up to sign convention) double complex
in the following way:

0 - EFYX,D) S5 EFMYUXlY) — 0

BNV - BUVUXLD) - BV S BTN
T T K T
BTN - BITPUXLD) — BURUXY) S BT

The rows are exact. The vertical maps are the differentials of the various spectral sequences. In
the notation of proposition 2.4, Rx p = ker(f). The zeros in the diagram are due to dimension
reasons. A diagram chase shows the

Lemma 3.3 There exists a natural exact sequence
im(f)/im(f o g) — CHo(X, D) — E3~*(X[Y) — 0.

In order to analyze the exact sequence of lemma 3.3, we first deduce some approximation results.
Note that the maps of the next lemma are not the maps from the above diagram, unless Y is
irreducible.

Lemma 3.4 The natural maps

() B2 TUXIY) — B )

(i) B XY) — E)

() B> (X[Y) — BT )
are surjective.

Proof: Let 3 € Y92 and choose a point 2 € (X — Y)?2 such that g is a regular point of
the closure W of {z} in X. Let F = k(W) be the function field and W’ the normalization of
W. Let y},...y, € (W')! be the finitely many points of (W’)! lying over point in Y9=2. We
choose the ordering such that y} is the unique point over y; (by assumption, y; is a regular point
on W). Each v € {y},...,y,} defines a discrete valuation on F. Let M be the kernel of the
(multi) tame symbol Ko (F) — @;_, k(y,)*. By proposition 2.2, each m € M defines an element

in 47274 X|Y). We obtain a commutative diagram with exact lines

0 — M o K (F) - ék(yé)* - 0
=1
| | H

0 — PKAk) — EPKAF,)/U'K(F,) — Pr)* — 0.
=1 1=1 =1

11



By lemma 3.1, the middle vertical arrow is surjective and therefore we find an m € M mapping to
an arbitrarily chosen o € Ka(k(y1)) = K2(k(91)) and to zero in all other components. This shows
(i). The proofs of (ii) and (iii) are similar and left to the reader. O

Proposition 3.5 The natural map
E5~U(X[Y) — By ~Y(X) = CHY(X)
is an isomorphism. If X is flat and of finite type over Spec(Z), then both groups are finite.

Proof: By proposition 2.2, K; (M;l(:l}/,d) 2, KO(MdY_l/d) is surjective. Therefore, any class in

CHd(X ) can be represented by a cycle with support in X — Y, which shows the surjectivity. Next
consider the commutative diagram

EfTUXY) S BPTUX) - BNTUUY)

| i |
E{TVTUX)Y) = BUNTUX) - BUTRTTNY)
| |

E{TTUXY) - BTRTUX).

The lines and rows are complexes and, by proposition 2.2, the upper line is exact. If a €
ES~%(X|Y) represents an element in ker(E$~4(X|Y) — E$%4(X)), we find a g € ESH"4(X)
with a(a) = b(5). By lemma 3.4 (iii), the composite map Ef_g’_d(X|Y) — Ef_2’_d_1(Y) is
surjective. Therefore, we may choose § € Ef’fd(X -Y) C Effl’d(X). By Proposition 2.2, we
obtain § € Ef ~L74(X]Y), which shows the injectivity. Finally, if X is flat and of finite type over
Spec(Z) then CH%(X) is finite by [K-S3], theorem 6.1. O

Now we assume that X is of finite type over Spec(Z) and let, for i =1,...,r, Z; =, ,, D; N
D;CD;. Put Z=U"_,Z; CYT. Let f, g and h be the maps in the diagram before lemma 3.3.

Lemma 3.6 (i) im(f) D D, cyv+-z), k(y)*-
(i) im(h) O Bye(y+—-z), Ka(k(y))-
Proof: This follows from lemma 3.4 (i) and (ii). O

Let Y be the normalization of Y.

Proposition 3.7 We have a natural surjection
SK;(Y) — im(f)/im(f o g).

Proof: First note that Y is also the normalization of Y. Let Zy be the preimage of Z in Y.
By lemma 3.6 (ii), we obtain surjections

SKy (Y, Z) — B4y ) /im(f o g) — SKy(Y').
Hence, by proposition 3.2 (iv), and lemma 3.6 (i), the natural inclusion map
im(f)/im(f o g) — B "T(YF)/im(f o g)
is an isomorphism. By proposition 3.2 (ii), the natural map
SKi(Y, Zg) — SKi (YT, 2)
is surjective. Finally, by proposition 3.2 (iii), SKl(f/, Zy) = SK,(Y). O

Using propositions 3.5 and 3.2, lemma 3.3 implies the
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Theorem 3.8 Let X be a regular connected scheme of finite type over Spec(Z) and let D =
Dy + -4+ D, be a sum of prime divisors on X. Denoting the normalization of D; by D; for
i=1,...,7r, we have a natural exact sequence

&P SKi(Di) — CHy(X, D) — CHy(X) — 0.
i=1

In particular, if X is flat over Spec(Z), the group CHy(X, D) is finite.

Finally, we enlarge the divisor. Let D1,..., D, be prime divisors on X, D =Dy +---+ D,
and D' = Dy + -+ D,ys. Let Y and Y’ be the support of D and D’, respectively, and let
CHOD/ (X, D) be the quotient of @ 7 by the image of the group

z€(X-Y")o
RX7D7D/gker<ker( @ k(x)* — @Z) — @ k(z)x>
z€X1 Y’ yeYy ze(Yt),

under the divisor map.

Proposition 3.9 Let X be a regular scheme, flat and of finite type over Spec(Z) and let
D1,...,Drys be pairwise different prime divisors on X. Let D = Dy +---+ D,, D" = Dy +
-+ 4+ D,1s and denote the normalization of D; by D;, i =1,...,r + s. Then the following holds.

(i) CHJ'(X, D) = CHo(X, D).
(ii) We have a natural exact sequence

r+s
& SKi(Di) — CHo(X, D') — CHo(X, D) — 0.
1=r+1

In particular, if Dyi1,. .., Dy1s are horizontal, then CHo(X,D’) — CHy(X, D) is an iso-
morphism.

Proof: By the definition of the occurring objects, we have natural maps
CHo(X, D) 25 CHY' (X, D) -& CH(X, D)

The map @), SKi(D;) — CHy(X, D’) is the composite map

r+s . r+s B
D SKi(D:) % @ SKi(D;) — CHo(X, D)
i=r+1 1=1

of the natural inclusion with the map of theorem 3.8. The commutative diagram

@ZfH SKi(D;)

@I SK (D;)) — CHo(X,D') — CHp(X) — 0

l r H

@®,_,SKi(D;) — CHy(X,D) — CHy(X) — 0
shows that the sequence in (ii) is a complex and that g o p is surjective. We consider two copies of

the double complex before lemma 3.3: one for (X, D) and one for (X, D’), and the natural map
between them. Assume that the class of a zero-cycle > o, P;, P; € X — Y’ is zero in CHy(X, D).

13



By proposition 2.4, > a; P;, is the image of an element a € Rx, p under the divisor map. Changing

a by the image of an appropriate element in Eii _2’_d(X |Y) (use approximation as in the proof of
lemma 3.4), we may suppose that the components of a at all points of Y’ — Y are trivial, i.e.

aeker(ker( @ k(z)* — @Z) — @ k(z)x>
ze(X-Y')1 YEYD zeYt

Since all (non-zero) components of div(a) = > n;P; are in X —Y’, we conclude a € Rx p p C
EI174(X|Y"), proving (i). With respect to the map f' : B4 X|Y)—ES L4 (Y) ), we

obtain
fl@e @  k&* BT
2€((Y)+F=Y+)o
r+s r+s
Therefore the class in @ SK;(D;) of any preimage of f'(a) in @ @ k(z)™ maps to the
i=r+1 i=r+1 ZE(EZ')U
class of >~ a; P; in CHo(X, D’). This completes the proof. O

4 Tame coverings

Coverings of a regular scheme which are tamely ramified along a normal crossing divisor have
been studied in [SGA1], [G-M]. A naive extension of the (valuation theoretic) definition of tame
ramification in the normal crossing case proves to be not useful in the general situation. For
example, it would not be stable under base change (cf. [S1], Example 1.3). A definition of
tameness in the general situation was given in [S1] and it was shown there that it coincides with
the previous one in the normal crossing case. Here we restrict our attention to tamely ramified
extensions of normal schemes, where one can define tameness using inertia groups.

Let X be a connected, noetherian, normal scheme and let K be its function field. Let L|K be
a finite Galois extension and let X be the normalization of X in L. Furthermore, let U C X be
an open subscheme such that Uy, — U is étale. Put Y = X — U.

Definition 4.1 We say that Uy, — U is tamely ramified along Y if the inertia subgroup (cf. [Bo],
V,82.2) of every point y € Y in G(L|K) is of order prime to the characteristic of k(y).

If X is regular, D = Dy + -+ + D, a divisor with normal crossings on X and Y = supp(D),
then Uy, — U is tamely ramified along Y if and only if L|K is tamely ramified at the discrete
valuations vy, ..., v, of K corresponding to Dy, ..., D, (see [S1], prop.1.14).

We say that X; — X is tame along a divisor D, if, putting Y = supp(D) and U = X - Y,
the induced morphism Uy, — U is étale and tame along Y. For any base point * € U = X — Y,
the tame fundamental group 7t (X, D, %) is the unique quotient of 71 (U, ) which classifies finite
connected étale coverings U of U with at most tame ramification along D.

If X is of finite type over Spec(Z), we denote by 74 (X, D, *)?* the unique quotient of 7¢ (X, D, *)
which classifies abelian finite étale coverings of U = X —Y which are at most tamely ramified along
Y = supp(D) and in which every real (i.e. R-valued) point of U splits completely. Fundamental
groups with respect to different base points are isomorphic, the isomorphism being canonical up to
inner automorphisms. As usual, we omit the base point as long as we deal with abelian quotients.

Proposition 4.2 Let X be a connected regular scheme, proper and flat over Spec(Z) and let D
be a divisor on X. Then for any horizontal prime divisor D’ on X the natural map

7 (X,D+ D)% — 7t (X,D)*

s an tsomorphism.
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Proof: The map in question is obviously surjective. To show injectivity, we first show that every
connected cyclic étale covering VoVi=X-— (Y U D') of p-power degree (p an arbitrary prime
number) which is tamely ramified along Y U D’ extends to an étale covering of U := X — Y.
Let K and L be the function fields of V and of V, respectively. Since D’ is horizontal, the map
D’ — Spec(Z) is proper and dominant, hence surjective. Thus D’ contains a point of residue
characteristic p, which has a trivial inertia group in L|K since V — V is tame along D’. Hence
L|K is unramified at the discrete valuation associated to D’. The theorem on the purity of the
branch locus then shows that the normalization U of U in L is étale over U. This shows that
(X, D+ D")* — 7t (X, D)% is an isomorphism. Finally, we have to deal with the real places.
By [Sa)], lemma 4.9 (iii), the subset of points in U/(R) which split completely in U is (norm) closed
and open in U(R). U(R) is a real manifold and V(R) is (norm) dense in U(R). Hence, if all points
of V(R) split completely, in V', then all points of U(R) split completely in U. Therefore the result
extends to the modified fundamental groups. O

The following finiteness result is a special case of ([S1], Theorem 2).

Theorem 4.3 Let X be a connected, regular, proper and flat scheme over Spec(Z) and let D be
a divisor on X. Then the group 7t (X, D)% is finite.

We conclude this section with a lemma which will be needed later on.

Lemma 4.4 Let X be a connected reqular scheme, flat and of finite type over Spec(Z). Let
D = Dy + -+ D, be a sum of vertical prime divisors on X (not necessarily with normal
crossings) and put U = X —supp(D). Let vy, ..., v, be the discrete valuations of the function field
k(U) = k(X) which are associated with Dy, ...,D,. Then a finite abelian étale covering U—U
is tamely ramified along D if and only if the extension k(U)|k(U) is tamely ramified at vy,. .., v,.

Proof: In order to show the nontrivial implication, assume that k(U)|k(U) is tamely ramified
at v1,...,v,. We may assume that U—Uis cyclic of prime power order, say of order p™. After
reordering, we may assume that Dy, ..., D, lie over p and that Dy 1, ..., D, lie over prime numbers
different to p. Put V = X —supp(Ds41 + -+ - + D,). Since vy,...,v, are tamely ramified, hence
unramified in k(f] ), the theorem on the purity of the branch locus shows that the normalization
V of V in k:(f]) lies étale over V. Since every point of supp(D) with residue characteristic p lies

on V, this shows that U — U is tamely ramified along D. O

5 Some local computations

Let X be an excellent regular scheme, i : Z — X a closed regular subscheme of pure codimension c,
p a prime number with £ € Ox and n > 1 an integer. All cohomology groups occurring in this
section are taken with respect to the étale topology. The cup-product with the fundamental class
(cf. [De]) cl(Z) € H¥(X,Z/p"Z(c)) induces the so-called Gysin map

Gys : i*(Z/p"Z) — Ri*(Z/p"Z)(c)[2d].

It is a special case of “purity for étale cohomology” (proved by Gabber, cf. [Fu]) that Gys is an
isomorphism. The following proposition follows from this result in a straightforward manner.

Proposition 5.1 Let X be an excellent regular scheme, i :' Y — X a closed subscheme of codi-
menston > ¢, p a prime number with % € Ox andn > 1 an integer. Furthermore, let Y8 be the

singular locus of Y and Y™ =Y — Y*"8_ Then, for any i € Z, we have
Hy (X, Z/p"Z(i)) =0  forr < 2ec.
If Y is of pure codimension ¢ in X, then we have natural isomorphisms
H¥(X,Z/p"Z(i)) == H%(X — Y58 Z/p"7(i)) «~ H(Y™,Z/p"Z(i — c)).

The first map is the natural restriction homomorphism and the second one is the cup-product with
the fundamental class cyws € H2%. (X — YS"8 Z/p"7Z(c)).
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Proof: IfY isregular, this follows from purity. In order to deal with the general case, we proceed
by (decreasing) induction on the codimension and use the long exact sequence

s Hyins (X, Z/p" (1)) — Hy (X, Z/p"2(0)) — Hy s (X = Y5, Z/p"L(1)) — -+~

Now let D = Dy + --- 4+ D, be the sum of distinct vertical irreducible divisors on X (i.e. the
D;’s are schemes over fields), and we put Y = supp(D). Let p be a prime number and let Y,
be the inverse image of {p} C Spec(Z) under the natural projection Y — Spec(Z). An abelian
étale covering of X — Y of p-power degree which is tame along Y extends to an étale covering
of X — (Y —Y,). Since all D; are vertical, tameness of such a covering along ¥ — Y} is a void
condition. Therefore we have a natural isomorphism 7 (X, D)*(p) == m1(X — (Y = Y,))*(p).
Using excision and proposition 5.1, we have

HY v (X,Qp/Zp) = HY _y,(X = Yp,Qp/Zp) = HO(Y — (Y, UY™™8),Q,/Zy(~1))
and therefore an exact sequence
HO(X — (Y, UY™),Q,/Zy(~1))" — 71 (X, D) (p) — m(X) ™ (p) — 0.
For a field K, we use the notation
HO(K,Q/Z(~1)) = lim 1, (K)",

where v denotes Pontryagin dual. In particular, the char(K)-part of the above group is trivial.
We obtain the

Lemma 5.2 Let D = Dy + --- + D, be the sum of distinct vertical irreducible divisors on an
excellent reqular scheme X. Then we obtain a natural exact sequence

P HO(k(D:), Q/Z(~1))¥ — 7} (X, D)** — m (X)* — 0.
=1

Next we introduce a technical condition.

Definition 5.3 Let Y be an integral scheme of finite type over a finite field F. We say that Y
satisfies condition (w) if for every natural number n, prime to the characteristic of F, the natural
map

HOY, Z/nZ(-1)) < HO(k(Y), Z/nZ(~1))
is an isomorphism.
Condition (p) is satisfied if Y is normal. If Y is proper, condition (p) is equivalent to the condition

that I'(Y, Oy ) coincides with the algebraic closure of F in k(Y").

Ezample. If p is a prime number, p = 3 mod 4, then Y = Spec(F, [z, y]/2* + y*) does not satisfy
condition (u). Indeed, k(Y') is the rational function field in one variable over F..

Now let ZZ be the henselization of Z at a prime p. Let X — Spec(ZZ) be a regular, proper
scheme of finite type and X, and X its generic and special fibre. Let D = Dy 4 --- + D, be
the sum of distinct vertical irreducible divisors on X and Y = supp(D). Local class field theory
induces a natural map

T @ k(x)* — @ Wl(x)ab—wri(X,D)ab

xE(Xn)o 3’76()(71)0
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and our next aim is to detect a natural subgroup of its kernel. This will be the key point in the
proof of the existence of the global reciprocity map in the next section. Its exactly here, where we
have to impose the above condition (x) on the divisors D;. We consider the group

UE(X)d:fker(ker( @ k(x)* — @ Z) 2, @ k’(y)x)7
(Xn)o

y€(Xs)o ye(Y+)o

where ¢ is the restriction of the natural map EY "4 X|Y) — E 14y +), d = dim X, of the
spectral sequence for relative G-theory from section 1 to the subgroup of those elements which
have nontrivial components only at points in the generic fibre. U} (X) is nothing else but the
group Rx p ps defined before proposition 3.9 with D’ the sum of all vertical divisors of X. A
point x € (X,,)o specializes to a unique point y € (X)o. Therefore, putting

UL(y) = ker (ker( @ k(z)* — Z) 2, @ k(y)x),
z€(Xy)o D;>y

T—Y

we obtain a decomposition

Up(X)= D Ubw).

yE(XS)O

Proposition 5.4 Let X — Spec(Zg) be a regular, proper scheme of finite type and let D =
Dy + --- 4+ D, be the sum of distinct vertical irreducible divisors on X. If Dy,...,D, satisfy
condition (u), then the natural map

T @ k(x)* — wt(X, D)
z€(Xy)o

annihilates the subgroup Uk (X).

Proof: We consider the [-part for all prime numbers [ separately. The easiest case is | = p.
Indeed, in the commutative diagram (cf. A.3)

P k@) — SKi(X,) S m(X)" — wi(X,D)"
IE(X'])O
| o [ |
Pz — SKo(Xs) L mX)P S m(X)?,
yG(Xs)o

the right vertical arrow is an isomorphism on p parts (by lemma 5.2).

For the prime-to-p part, we first note that it suffices to consider U} (y) for all y € (X)o. We fix
once and for all such a y and renumber the D; such that D; > y for i = 1,...s and D; ¥ y for
i=s+1,...,r. Now let n be a natural number with (n,p) = 1. Let z1,..., 2, € (X))o be points
that specialize to y and let W be the closure of {x1,...,2,,} in X. W is a one dimensional, local
henselian scheme with finite residue field. In particular, H2(W,Z/nZ) = 0 and we obtain a short
exact sequence

0 — H'(W,Z/nZ) — éHl(lﬂ(mi),Z/nZ) 2, H(W,Z/nZ) — 0.

Jj=1
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Now consider the commutative diagram

@ H(k(D;), Z/nZ(-1)) =~ H,..(X — Y8 7,/n7)
K I
r ?Uep ..
P (D, z/nZ(-1)) = (ep,) H2(X,Z/nZ)
j=1
|85 |
s 0 Z(?Ui;cDj) 9

Here i : (W,y) — (X,Y) and i; : y — Dj, j = 1,...,s, are the inclusion morphisms and
cp; € lejj (X,Z/nZ(1)), j = 1,...,r, is the fundamental class of the divisor D; in X ([De],
2.1). The horizontal cup-products are defined in [De], 1.2. Since the D; satisfy condition (u), the
inclusion map « is an isomorphism, and hence the same is true for the middle horizontal arrow
Z(? U CDj )

Dualizing, and using the well-known duality theorems for Galois cohomology of finite and of
one-dimensional henselian fields, we obtain a commutative diagram

m

ker (D H' (k(x:), Z/nZ(1)) — Z/nZ) — @H (1), Z/nZ(1))

| |
@ HY(k(y),Z/nZ(1)) HX(W,Z/nZ)" —  HY(W —y,Z/nZ)"
é HY(D;,Z/nZ(-1))" < H2(X,7/nZ)" —  HY(X —Y,Z/nZ)"

Jj=1

In order to show the proposition, it therefore remains to show the commutativity of the fol-
lowing diagram

m

ker ( @kmz —2Z) — ker (P H"(k(x:),Z/nZ(1)) — Z/nZ)
i=1

! v
Qrr — wew ),

in which the horizontal maps are induced by the respective Kummer sequences, ¢ is the map from
the definition of U} (y) and 1 is the map induced by the last diagram. We gave a description of
¢ in section 2. It remains to describe 1.

Choose a a local parameter m; defining D; in a neighborhood of y in X. Then 7; defines an
element in H*(W —y,G,,,) and, denoting its image in H*(W —y,Z/nZ(1)) by 7;, the pull-back of
the fundamental class i%(cp,) € H; (W, Z/n(1)) is the image of 7; under the natural boundary map
HY(W — vy, Z/nZ(1)) — H;(W,Z/nZ(1)) (see [De], 2.1.1.1). We therefore obtain a commutative
diagram

Uitep

HO(y,Z/nZ(-1)) RN Hs(VV,Z/nZ)

i Jo

HW,Z/nZ(-1)) —  H' W —vy,Z/n7Z)



Next we recall the boundary map in étale homology (see [J-S], [B-O])
b: H'(W —y,Z/nZ(j)) — H''(y,Z/nZ(j - 1)),

which, denoting the structure map by f: W — Spec(Z’Z}), is defined by

HY(W —y, Z/nZ(j)) = H'(W —y, f'Z/nZ(j)) ~= H* (y,i 'Z/nZ(5)) = H (3, Z/nZ(j ~ 1)).

We have the following commutative diagram relating b with the symbol map h : K.(F) —
H*(F,Z/nZ(x)), *x = 1,2, from K-theory to Galois cohomology

@ Ka(k(zi)) - HAW —y,Z/nZ(2))
o [
k(y)* L HY(K(y), Z/n(1)),

where 9 is the boundary map of the Quillen spectral sequence for W (see [Kal], Lemma 1.4 (1) for
the case when W is regular, the general case follows easily from that). Furthermore, we have the
following commutative diagram, relating the Tate-duality for W — y with that of y

H*(W —y, Z/n(2)) = HOW —y,Z/nL(-1))"

E | con

Hi(y,Z/nZ(1)) = H(y,Z/nZ(-1))".
Here can is the dual to the natural map
H°(y, Z/nZ(-1)) = HY(W,Z/nZ(~1)) — H (W —y,Z/nZ(-1)).

Summing up, the j-component of 1) is the restriction of the composite map

P ' (h(an), Z/mZ(1) % @ H (h(ai), Z/nZ(2) - H (k(y), Z/nZ(1))

m
to the subgroup ker (@ H'(k(z;),Z/nZ(1)) — Z/nZ), and the required diagram commutes.
i=1

6 Proof of the main theorem

Now we are going to prove our main theorem. We change the notation for better compatibility
with the notation of section A.4 and use the letter X (instead of X) for the scheme in question.
We assume for the rest of this section that X is a d-dimensional connected regular, proper and flat
scheme over Spec(Z) such that X, = X ®z Q is projective over Spec(Q). Let, as in section A.4,
k be the algebraic closure of Q in the function field of X, and let S = Spec(Oy). The structural
morphism X — Spec(Z) factors through S and X, is geometrically irreducible as a variety over k.
Let Sy be the set of closed points of S and let S, be the set of archimedean places of the number
field k. For v € Sy let Y, = X ®g v be the special fibre of X over v. For v € S U St let k, be the
algebraic closure of k in the completion of £ at v and X, = X, ® k,.

Let ® = ®1 + -+ + D, be a sum of vertical divisors on X and Z = supp(®D). We choose a
sufficiently small open subscheme U C S such that Xy is disjoint to Z. For v € Sy, we denote the
base change of X,D, Z to Spec(O,) by X,, Dy, Z,. Let Py denote the set of places of k (including
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the archimedean ones) which are not in Uy and let Pj and Pg; be the subset of archimedean and
nonarchimedean places in Py, respectively. Recall the ideéle group (section A.4)

I(X/U) = (H SKl(Xn) X (EB CHO(Yu)>-

vE Py veUy

For v € Py we endow the fields k, with the restriction of the natural topology of the completion
of k at v to k,. This induces a natural topology on SK;(X,) for v € Py (cf. section A), and
(giving CHy(Y,) the discrete topology for v € Uy), on I(X/U). Furthermore, recall that the idele
class group C(X/U) is defined as the quotient of I(X/U) by the image of the natural diagonal
map SK;(X,) — I(X/U).

Definition 6.1 We define U5C(X/U) as the image of the natural composite map

( P P ko P Ug(xv)> — I(X/U) — C(x/U).

UEPL{} z€(Xv)o WGP[{.

For v € Pg, the group UL (X,) contains the subgroup D.cixo Ul(k(z)*) (principal units with

respect to the structure of k(z) as a discrete valuation field). Therefore U5C(X/U) is open in
Cc(x/U).

Theorem 6.2 Let X' be the normalization of X in a finite cyclic extension of its function field
such that Xy, /Xy is étale. Then X'/X is at most tamely ramified along © and every real point of
X — Z splits completely in X' if and only if the associated character

xx: C(X/U) — Q/Z
annihilates the subgroup U5C(X/U).

Proof: Firstly we assume that X' /X is étale over X— Z, at most tamely ramified along ® and that
every real point of X — Z splits completely in X’. The reciprocity map 7 : C(X/U) — w1 (Xp)® of
[Sa] (cf. section A.4) is constructed using the reciprocity maps k(z)* — m(2)? of the fields k(x)
for z € (X,)o, v € Py. The results of section A.2 show that the image of

D D ra

vEPG xze(Xy)o

in C(X/U) is annihilated by xz/. For v € Pg, we have a commutative diagram

@ k(z)x I Wi(xm@v)ab

IE(XD)O

| !

cx/U)  — m(ED)

By proposition 5.4, xx/ annihilates the image of U%U(.’{U) in C(X/U). Therefore yx: annihilates
ULC(%/U).

Now assume that xx/ annihilates U5 C(X/U). We may assume that X’ — X is cyclic of prime
power degree, say of order p®. Let v € Pg and z € (X,)o. Let y € Y, be the unique point to
which z specializes. The natural map k(z)* — ULC(X/U) annihilates the subgroup U'k(z)* or
Ulk(x)* of k(x)* if y € Z, or y ¢ Z,, respectively. By local class field theory, the character xz
induces a cyclic field extension of the henselian field k(x) which is tamely ramified or unramified,
respectively. In order to show that X'/X is étale over X — Z, it suffices (purity of the branch locus)
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to show that it is unramified at every prime divisor E not contained in Z. Since X7; /Xy is étale,

we may assume that E C Y, for some v € P(fv. The branch locus is closed, and so it suffices to find
a closed unramified point on E. This is easy, as for any closed point y € Z, which is a regular
point of the reduced subscheme Y, 1cq of Y,, the required property follows from lemma A.4. It
remains to show the tameness along Z. By lemma 4.4, it suffices to show that X¥'/X is tamely
ramified at all generic points of Z. Tameness at points of residue characteristic different to p is
immediate. Let E be a prime divisor contained in Z NY, for an v € Py, v|p. We will show that
X'/% is unramified along E. Let y by a closed regular point of E. For every point = € (X,,)o that
specializes to y, k(z) is a henselian field of characteristic zero and of residue field characteristic p.
Since xx: annihilates USC(X/U), the associated character on k(z)* annihilates U'k(z)*. It is
therefore tamely ramified and of p-power order, hence unramified. Using lemma A .4, we conclude
that X'/X is étale at y, and therefore also at the generic point of E. Hence X'/X is tame along
Z. The remaining assertion concerning the real points follows in a straightforward manner from
the results of section A.2. This concludes the proof. O

Theorems 6.2, 4.3 and the results of section A.4 imply the
Corollary 6.3 Putting Ck(X/U) i C(X/U)/U5(X/U), we obtain a surjective map
7 CH(X/U) — 71 (X,D)".
For all m € N the map
'/n: Co(X/U)/n > 7{(X,D)" /n
is an isomorphism of finite abelian groups.

For the proof of our main theorem, we need the following approximation result:

Lemma 6.4 Assume that ® is the sum of the irreducible components of the fibres over the points
mn P[]Jc. Consider the diagonal map

diag, : P Kalk(x) — @ P Kolk(x))

z€(Xn) UGPé z€(Xy)1

and the boundary map

St D P K@) — P P k)

UEPé TE(Xu)1 vePé zE(Xv)o

Let c € GaueP[ﬁ D.c(x,), Ka2(k(z)) be given. Then there exist an e € B¢, ), K2(k(x)) with

boc(c — dingy(e) € D D Vb B B ko),

ve Pl y€(Yo)o veP) T€(Xo)o

Proof: First we choose a finite set of points T C (X,); such that ¢, = 0, for all z € (X,)1,
v E Pﬁ; mapping to X3 —T. Then we choose local parameters z1, ..., z. defining ©4,...,9, in
an affine neighborhood of TN Z. Now let # € T and let W be the closure of {z} in X. For v € P(’;
we consider those ©;, 1 < i < r, which are in Y,. The irreducible components of the pre-image of
WND; in the normalization W of W induce discrete valuations wy, . . ., w, on k(z). The restriction
of all these valuations to k is v. The natural maps k(x) ®g k, — k(2), for ¢ = 1,..., s, induce
a partition of the set {wy,...,ws} with respect to the ‘underlying’ point in (X,);. Applying this
construction all v € P[’Jc we end up with a finite number of valuations of k(x) for each z € T

Now we put e, = 0 for ¢ T and we choose e, € Ky(k(x)) sufficiently close to ¢, (z; € (Xy)1
mapping to x) with respect to the valuations constructed above. By near we mean near in the

21



sense that we approximate the entries of the symbols. Then the image of diag,(e) — ¢ under the

boundary map
b P Kke)— PH P ky~

veP) T€(Xo) veP ye(Yo)r
is zero and the same holds for the images of the elements (diagy(e) — ¢) U z;, ¢ = 1,...,7, under
the map
P P mke) — P P Kky)
veP) T€(Xo) vePS ye(Yo )

Consider the complex

P EKiwnk)— P Eak@)e P Kakwy)— B Kiky).

veP] veP] vEP}, veEP]
z€(Xy)1 z€(Xv)o z€(Yu)1 z€(Yy)o

For j = 0 we conclude that §;,.(diag,(e) — ¢) is in the kernel of the boundary map

b P k) — P P z

UGP& xe(Xv)O ’UEP{j ye(YU)O

For j =1and 1 <4 <, §joc(diagy(e) — ¢) U z; is in the kernel of the map

@@fﬁ ) — O D Dk

vep) vE(X,) veP) vEM)o vE(Zi)o

By lemma 2.5 this implies that d;,.(diagy(e) — ¢) is in the kernel of

v [ B D e — D Bz —D D

vePf z€(Xv)o vePf y€(Yo)o =1 y€e(Zi)o

By definition, this means that d;,.(diag,(e) —¢) € @veP,ﬁ Dy, Un(¥)- O

Now we are going to prove the following theorem (which is slightly sharper than theorem 1
from of introduction).

Theorem 6.5 Let X be a connected regular, proper and flat scheme over Spec(Z) such that X =
X ®z Q is projective over Spec(Q). Let © be a divisor on X whose vertical components satisfy
condition (i) of definition 5.3 and put Z = supp(®). Then the map

T @ 7 — 7(%,D); 1, — Frob,
z€(X—2)o
induces an isomorphism of finite abelian groups
recx o : CHo(%,D) — 7l (X,D)%
Proof: By proposition 3.9(ii) and 4.2, we may assume that © is vertical. We proceed in several

steps.

Step 1. Emistence of rec: We consider the possibly larger divisor ©’ which is the sum of all vertical
prime divisors lying over points in P(JJC. With Z’ = supp(®D’) we have X — Z' = Xy. We show that
the natural map

r @ 7 — Ch(X/U)

ze€(X—Z2")o

22



factors through CHOT‘)/(%7 D). Then proposition 3.9 (i) and corollary 6.3 imply the existence of

rec : CHo(X,D) = CHD' (X, D) — CL (X/U) = 7t (X, D).
It remains to show that r’ annihilates the image of
Rx.po = ker (ker( P o) - Pz — P k(z)X)
re(X—Z') yEZ| z€(Z21),
under the divisor map. We have a decomposition
(X—2)1=XpoU [J Vo)
veUy

For any point z € (Y,)1, v € Up, the image of k(z)* in CL(X/U) is trivial by definition. We
obtain an anti-commutative diagram

@ k(x)* div, @ 7
z€(X—Z2')1 zE€(X—2")o
¢ ¥
D D ( P ro))Usly) — CHxU)
vePlvEMo)o  z€(X,)o

r—y

in which v is the diagonal map on k(x)* for x € (X))o and the zero map for z € (Y,))1, v € Up.
Hence 1, and therefore also r’ o div annihilates Rx » o, which shows the existence of rec and,
moreover, the factorization

rec : CHo(X,D) -2 CL (X/U) Z 7 (X, D).

Second Step: 7' is an isomorphism of finite abelian groups: By corollary 6.3 it suffices to show
that C4(X/U) is finite. The image of diagonal map SKi(X,) — [[,cp, SKi(X,) is dense, and
ULC(%/U) is an open subgroup of C(X/U). Therefore, every element in C%(X/U) can be repre-
sented by an element in P, ,, CHo(Y,) which shows that « is surjective. Finally, the finiteness
of CHo(X,®) shows the statement of step 2.

Last step: « is an isomorphism: We show that o/ : CHOQI(%,D) — CL(X/U) is injective, which
finishes the proof in view of proposition 3.9 (i). Consider the homomorphisms

divgen : @ k(z)* — @ Z,

me()(77)0 zG(%—Z)g
divy: P D W — D Z,
velo ye(Yoy)1 ze(X—2)o
e D P Kalkx) — B P k@),
UGP& ze(Xoy)1 UEP[f] z€(Xy)o
Sl : P Kukx)) — @ k@)*,
ze(Xy)1 z€(Xy)o

which are induced by the boundary maps of the respective Quillen spectral sequences. Further,
consider the diagonal maps

diag; : @ k(x)* — @ @ k(z)™,

IE(XW)O UEPg, Ie(Xv)O
diagy: P Kolk(@) — Buepy P Kolk(z))
z€(Xn)1 z€(Xy)1
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Note that diag; o dg = djoc 0 diag,. Further note that

S D =-D & D )

vePl T€(Xv)o vePS ¥€Yo)o z€(X,)o

T—Y
and, with respect to this identity,
P Rr.o.o= P P Usw)
vePS vePf y€(Yo)o

where Rx, o, is the group defined before proposition 3.9 for the triple (X,,D,,D).

Now let 3 n;P; € @,¢(x - z), Z be a zero-cycle which represents an element in ker(CH?’ (X,9) —
CL(%X/U)). By definition, there exist elements

ac P k)<, ve P @ ky)sce @ @ Kalk(x)

z€(Xy)o veUo ye(Y, UEPL§ z€(Xy)1

such that the following conditions (1) and (2) hold.

(1) > 1P = divgen(a) + divg, (b),
(2) diagl( 5loc @ @ U’D

vePf y€(Yy)o

If already diag, (a) would be in @Uepé D,c(v.), Us (¥), then divgen(a) and hence also divge,(a) +

divsy (b) would be a relation in CHOD/ (%,9) showing that the class of Y «; P; is trivial in CHOD/ (%,9).
We will achieve this by replacing a by a — d4(e), where e is a suitable chosen element in
®xe(X7,)1 Ks(k(z)). In view of the complex

P Kaolk(z)) — P k@) — Pz
rEXI—2 zeXd-1 zeXd

this does not change divge,(a) modulo the image of divy,. Now we construct e. By lemma 6.4
applied to @', we find e such that

i) € B @ Thinc B B Ul
vePf y€(Yo)o vePH y€(Yo)o
Setting, a’ = a — d4(e), we obtain
diag,(a’) = diag,(a)— diag;(dg(e))
= diag;(a) — dj0c(c) + dioc(c — diagy(e)) € @vepgj Rx, o, 0.

Therefore ¢’ € Rx » o and we conclude that the class of > «; P; is zero in CH?(.’{, D). O

The following variant of theorem 6.5 describes the full group 7% (%X,®)% and not its quotient
(X, D). Of course, this yields nothing new if X has no real points. We define a modified
relative Chow group by allowing only such relations div(f) of functions f which are positive at
every real-valued point. More precisely, for a point = € X; we put

k(z)y ={f € k(x)* |(f) > 0 for every embedding ¢ : k(z) — R}.
If the global field k(z) is of positive characteristic or a totally imaginary number field, then

k(x)f = k(x)*.
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Definition 6.6 The group (fﬁ-l/o(%,@) is the quotient of ED Z by the image of

z€(X—2)o
Ry = ker <ker( P k- Pz)— P k(Z)X)
z€(X—2)n y€Z0 zeZf

under the divisor map.
A slight modification of the proof of theorem 6.5, which we leave to the reader, shows the

Theorem 6.7 Let X be a regular connected scheme, flat and proper over Spec(Z) such that its
generic fibre X ®z Q is projective over Q. Let ® be a divisor on X whose vertical components
satisfy condition (p). Then there exists a natural isomorphism of finite abelian groups

recxo : CHy(X,D) == mt (X, D)% .

A Appendix: Results from class field theory

For reference, to fix notation and to deduce some corollaries, we recall several results from the
higher dimensional local and global class field theory (mainly due to the work of K. Kato and S.
Saito). Let X be a connected noetherian scheme. For j € N, let

Xj:{xEX\dim(m) :j}7 Xj:{x€X|c0dimX (m) :j}.
For an integer ¢ > 0, the localization theory in Quillen K-theory on X gives rise to a homomor-
phism
1) 0t @ Kini(k(y) — @ Kik(x).

yeX1 z€Xo

We define SK;(X) to be the cokernel of this map 9;. For i = 0,1, theorems 2.2 and 2.6 of [Sn]
imply the following explicit descriptions of 9;: The restriction of 9; to the y-component K;1(k(y))
is the composite of the following homomorphisms:

Ko (k@) 25 @D Kik(2") 5 @ Kilk(z) — @ Ki(k(x))

z' €Yy €Yo re€Xyp
where Y is the closure of {y} in X, Y is the normalization of Y and the map &, is defined as

Z ord, for i =0,

/ ;L"Ef/o
o= dy for i =1
2/ 10T 1 =1,

CD’EY/()

where d, is defined for ¢ = (f, g) € Ka2(k(y)) by
dyr (t) _ (_1)ordm/(f)ordm/(g)fordm/(g)gfordm/(f).

Finally, the map N is defined as follows: For 2/ € Y, and z € Yy, the (2', x)-component of N:
K;(k(z")) — K;(k(z)) is the zero map if 2’ does not lie over z ; otherwise it is multiplication by
[k(z') : k(z)]: Z— Z if i = 0, and the usual norm homomorphism k(z')* — k(z)* if i = 1.

Assume that X is a variety over a field k and that k& (and hence also every finite extension of k)
carries a natural topology. Then we give SKq(X) the discrete topology and we endow SK;(X)
with the finest topology such that for every x € X the natural homomorphism

k(z)* — SK;(X)
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is continuous.

A 1. The reciprocity homomorphism for an arithmetic scheme.

Let X be a connected scheme of finite type over Spec(Z). For each closed point z € X, k(z)
is a finite field, so there is an isomorphism

Z = wit (x) = Gal(k(x)*? |k(k)),

which sends 1 € Z to the Frobenius f, over k(z). We define the Frobenius element F, of z in
78%(X) to be the image of f, under the natural homomorphism 7{*(x) — 7 (X). The assignment
1— F,, x € Xy, defines a homomorphism

(2) P z — =" (X).

zeXo
By the results of Lang [La], we have the

Lemma A.1 If X is irreducible and the reduced subscheme X, cq of X is normal, then the map
(2) has a dense image.

Now we consider the abelianized modified fundamental group #¢*(X) which is the unique
quotient of 7¢*(X) classifying finite abelian étale coverings of X in which every real-valued point
of X splits completely.

Lemma A.2 ([Sa], lemma 2.4) If X is proper over Spec(Z), then the composite of the map (2)

and the natural surjection 78 (X) — 78 (X) annihilates the image of

0: @k(x)x—> @Z,

TE€X, €Xo
which is the map (1) fori=0.
Consequently, we obtain a natural map
SKo(X) — 7" (X),
which is called the reciprocity map for X.

A 2. Class field theory for varieties over R and C.

We follow [Sal, §4. Let k* be R or C and let X* be a connected, proper and smooth scheme over
k*. For x € X, k() 2 R or C and we have a canonical surjection

k(z)* — mi® (x) = Gal(k(x)*"|k(x)).
The maps 7{*(x) — 7{*(X*) for # € X{ induce a well-defined continuous homomorphism
(3) 71 SK (X*) — 78 (X™),

which is the zero map if k* = C or X*(R) = @. Let k C k* be a subfield and suppose that the
following conditions (a)—(c) are satisfied

(a) k is dense in k* for the usual topology of k*.

(b) If k* = C, k is algebraically closed. If k* = R, the algebraic closure k of k is a quadratic
extension of k.

(¢) There is a proper, smooth scheme X over k such that X ®j k* = X*.
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By the proper base change theorem, the natural map 7 (X*) — 7¢*(X) is an isomorphism and

the image of the natural homomorphism
(4) SK; (X) — 7{"(X)

coincides with that of the map (3). Slightly more general, let V' C X be a nonempty open sub-
scheme and V* = V@ k*. Using the smooth base change theorem instead (we are in characteristic
zero), we have again the isomorphism 7 (V*) == 7#(V) and, sending a point x € V(R) = V*(R)
to the image of the unique nontrivial element of 7¢(z) 2 Gal(C|R) in 7%*(V'), we obtain a natural
map

i:V(R) — 7(V).

The map ¢ is locally constant on V(R) and has finite image (see [Sa], lemma 4.8 for the case
V = X, the proof in the general case is the same). If x € HL,(V,Q/Z) corresponds to a cyclic
étale covering V/ — V| then a point z € V(R) splits completely in V' if and only if x is trivial on
i(z). In particular, the subset of points in V(R) which split completely in V' is (norm) open and
closed in V(R).

A 3. Class field theory of schemes over henselian discrete valuation fields.

We follow [Sa], §3. Let Oy be a henselian discrete valuation ring with finite residue field F' and
quotient field k. Let X be a proper smooth scheme over k. For x € Xy, k(z) is a finite extension
of k, so that the local class field theory for k(z) gives us a canonical homomorphism

po k(2) — 7 (2) — 7 (X).

The sum of these p, is trivial on the diagonal image of €
morphism

vex, K2(k(X)) and we obtain a canonical

(5) 7:SK(X) — 7w (X).

Giving each k(z), © € X the usual adic topology, we obtain a natural topology on SKj(X) (see
the beginning of this section). The map 7 is continuous with respect to this topology and the
natural profinite topology on 7{*(X). For every natural number n which is prime to char(k), the
subgroup n - SK;(X) is open in SK;(X). In particular, if char(k)=0, then every homomorphism
SK1(X) — Q/Z with finite image is continuous.

Now assume that X has a proper regular model X over Oy, and let Y be its special fibre. By [Sa],

lemma 3.11, we have a natural continuous and surjective homomorphism 9 : SK; (X) — SKq(Y)
and a commutative diagram

SKI(X) - Wilb(X)
b
SKo(Y) % wgb(Y),

where sp is the specialization homomorphism (cf. [SGA1], X) and ¢ is the reciprocity map for ¥’
as defined in paragraph 1 above. Important for us is the

Proposition A.3 ([Sa], prop. 3.3) Let x € HL(X,Q/Z) and let X : SK1(X) — Q/Z be the
induced homomorphism via (5). Then x comes from the subgroup H,(Y,Q/Z) = HL,(X,Q/Z) C
HL(X,Q/Z) if and only if X factors though the map 0.

The crucial step in the proof of the last proposition is the following lemma, which we also need
in the proof of theorem 6.2.
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Lemma A.4 ([Sa], lemma 3.15) Let A be a henselian regular local ring of dimension > 2 with
perfect residue field F' and quotient field K. If char(K) = 0 and char(F) = p > 0 assume that
there exists exactly one height-one prime ideal p C A dividing p and let T € A be an element with
p = (T). In the remaining cases let T # 0 be any non-unit of A. Put U = Spec(A[1/T]). Then,
if x € HL,(U,Q/Z) induces an unramified character x., € H},(u,Q/Z) for each u € Uy, x comes
from H,(Spec(A),Q/Z).

A 4. Unramified class field theory of arithmetic schemes.

Let X be a connected regular, proper and flat scheme over Spec(Z), and suppose that X,y = X®zQ
is projective over Spec(Q). Let k be the algebraic closure of Q in the function field of X and put
S = Spec(Oy). The structural morphism X — Spec(Z) factors through S and X, is geometrically
irreducible as a variety over k. Let Sy be the set of closed points of S and let S, be the set of
archimedean places of the number field k. For v € Sy let Y, = X ®g v be the special fibre of X
over v. For v € S U Sy, let k, be the algebraic closure of £ in the completion of k at v and
X, = X’fi Qr ky.

For v € Sy we recall the continuous and surjective homomorphism (5) from paragraph 3:
Ty - SKl(Xv) — SKo(Yv) = CH()(YU)
For a nonempty open subscheme U C S we consider the topological group
I(X/U) = ( 11 SKl(Xv)> X (EB CHO(YU)> :
vE Py veUy

where Py denote the set of places of k (including the archimedean ones) which are not in Up.
There exists a natural homomorphism ([Sa], 5.3)

I(X)U) — m (X0)?,

which annihilates the image of the diagonal map SK;(X,) — I(X/U). It therefore induces a
continuous homomorphism ([Sa], 5.5)

7: C(X/U) = coker(SK1 (X)) — I(X)) — m(X)*.

By [Sa], 5.6., every subgroup of finite index in C(%/U) is open and, for every positive integer n,
7 induces an isomorphism of finite abelian groups

C(x/U)/n — Wl(%U)ab/n.
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