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In this paper we study for a given azimuthal quantum number k the eigenvalues of the
Chandrasekhar-Page angular equation with respect to the parameters p := am and v := aw, where
a is the angular momentum per unit mass of a black hole, m is the rest mass of the Dirac particle and
w is the energy of the particle (as measured at infinity). For this purpose, a self-adjoint holomorphic
operator family A(k;u,v) associated to this eigenvalue problem is considered. At first we prove
that for fixed k € R\ (—3, 1) the spectrum of A(xk; u,v) is discrete and that its eigenvalues depend
analytically on (u,v) € C2. Moreover, it will be shown that the eigenvalues satisfy a first order
partial differential equation with respect to p and v, whose characteristic equations can be reduced
to a Painlevé III equation. In addition, we derive a power series expansion for the eigenvalues in
terms of ¥ — p and v + p, and we give a recurrence relation for their coefficients. Further, it will
be proved that for fixed (u,v) € C? the eigenvalues of A(k;u,v) are the zeros of a holomorphic
function © which is defined by a relatively simple limit formula. Finally, we discuss the problem if
there exists a closed expression for the eigenvalues of the Chandrasekhar-Page angular equation.

I. INTRODUCTION

The angular eigenvalue problem of a spin—% particle in the Kerr-Newman geometry is given by the Chandrasekhar-
Page angular equation (see [3, Chap. 10, Sec. 104])

; (1)
: (2)

where the Kerr parameter a is the angular momentum per unit mass of a black hole and m is the rest mass of the
Dirac particle. Moreover, the differential operators ,ij are defined by
2

EISJF% = (amcosf — \) S_
LS 1 = (amcosh+N)S,

Nl

=

1
2

cot 0

5 Q(G)::awsin@+L 0 € (0,m),

sinf’

E; =0y + Q(0) +

where w is the energy of the particle (as measured at infinity) and « is a half-integer, i.e., k = k — % with some k € Z.
A parameter A € R is called an eigenvalue of this spectral problem if the system given by (1) — (2) has a nontrivial
solution which is square-integrable on (0, 7) with respect to the weight function sin @. In this paper we study for fixed
K the eigenvalues of the Chandrasekhar-Page angular equation as a function of the parameters y := am and v := aw.
As a main result, we will prove that the eigenvalues satisfy a first order quasi-linear partial differential equation, and
we will derive a power series expansion for the eigenvalues in terms of v — p and v + pu.

For this purpose it is necessary to consider the system (1) — (2) in a more general context where & is real, |x| > %,
and p, v are complex numbers. At first we rewrite this system for fixed K € R\ (— %, %) as an eigenvalue problem for
some self-adjoint holomorphic operator family A = A(x; i, ) depending on the parameters (u,v) € C2. In the special
case where (u,v) € R? the differential operator A(k;p,v) is self-adjoint and has purely discrete spectrum. In Section
IT we prove that for a given x the eigenvalues \;(x; u,v) of A are holomorphic functions in (u,v), and we derive some

basic estimates for them. Furthermore, we transform the system (1) — (2) to a matrix differential equation

ey — |1 .
y(@) = |- Bo+ —3 Bi+C| y(z) (3)
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on the interval (0,1) with coefficient matrices

K 1 K 1
S = n—=A 5+ 7 0 —2v —2p
By = 2 4R ], Bi=? ¢ . .| C= ,
U p=A =5 -3 2 2v

which can be extended to the complex domain C\ {0,1}. In this way we obtain a further characterisation of the
eigenvalues of A and some useful estimates for the corresponding eigenfunctions. Applying analytic perturbation
theory, we show in Section IIT that the eigenvalues \;(k; pt, V) satisfy the partial differential equation

oA oA
(prV)\)a—MJr(VfQ,u)\)%+2/<;,u+2u1/f0. 4)

In particular, this result can be used to obtain a recurrence relation for the coefficients c,, ,, of a power series expansion

oo

)‘j(’ﬁﬂay) = Z Cmm(” — )" (v + )"

m,n=0

In Section IV we solve the PDE (4) by the method of characteristics. First, we derive an explicit formula for the
eigenvalues in the case |u| = |v|. Moreover, in the regions where |u| # |v| we reduce the characteristic equations of
(4) to a Painlevé III equation

vv' +tov” — (V)2 =2k (VP £ 1) v—t (v —1) =0

with parameters o = £ = 2k and v = —¢ = 1 according to the notation in [18] and [16]. As this differential equation
is in general not solvable in terms of elementary functions, we cannot expect a closed expression for the eigenvalues of
the Chandrasekhar-Page angular equation for all (i, ) € R?. However, if & is a half-integer, i.e., k = k — % with some
positive integer k, then o+ = 2(2k — 1), and there are integrals of polynomial type for the third Painlevé equation in
this special case, cf. [18]. Hence, if k = :i:%, j:%, ..., there exist algebraic solutions of the partial differential equation
(4), and the question arises if these explicit solutions are in fact eigenvalues of the Chandrasekhar-Page angular
equation. It turns out that there is another type of “special values” associated to the operator A, called monodromy
eigenvalues, which belong to the algebraic solutions of the PDE (4). For a half-integer x, the monodromy eigenvalues

are introduced in Section V by requiring that the system (3) has a fundamental matrix of the form
(1 — )] H ()

with an entire matrix function H : C — My (C). This property turns out to be equivalent to the existence of special
solutions of the form

(1 = 2)] " E A pE ()2,

where p* : C — C? are polynomials and ¢ = +/v2 — u2. For comparison purposes, an eigenvalue of A can be
characterised by the property that (3) possesses a nontrivial solution of the form

[2(1 — 2)]E+in(z)

with some entire vector function 7 : C — C2. We prove that the monodromy eigenvalues are zeros of a polynomial
with degree 2k — 1 whose coefficients are polynomials in g and v. Moreover, it can be shown that monodromy
eigenvalues and “classical” eigenvalues are distinct at least in a neighbourhood of (p,v) = (0,0). Nevertheless, they
are both characterised by the fact that certain monodromy data of the system (3) are preserved for all parameters
(1, v). In fact, A is a monodromy eigenvalue of A if and only if the monodromy matrices of (3) at the regular-singular
points 0 and 1 are diagonal, whereas A is a classical eigenvalue of A if and only if a certain non-diagonal entry of
the connection matrix for the fundamental matrices at 0 and 1 vanishes. Hence, for the Chandrasekhar-Page angular
equation the monodromy as well as the classical eigenvalue problem is closely related to the isomonodromy problem
for the differential equation (3). Monodromy preserving deformations for such a system were studied by Jimbo, Miwa
& Ueno in [9], however, only for the case that the eigenvalues of By and B; do not differ by an integer, i.e., kK + % & 7.
In Section VI we consider the isomonodromy problem for (3) in the case that x is a half-integer. As a consequence, we
show that the monodromy eigenvalues of A satisfy the partial differential equation (4), and we obtain an alternative
derivation of (4) for the classical eigenvalues of A. Unlike the proof in Section III, which relies on the particular
structure of the Chandrasekhar-Page angular equation, the method presented in Section V is more general and based
on finding suitable deformation equations for parameter-dependent differential equations. Thus, we expect that this
technique is applicable to other eigenvalue problems as well.



II. A SELF-ADJOINT HOLOMORPHIC OPERATOR FAMILY ASSOCIATED TO THE
CHANDRASEKHAR-PAGE ANGULAR EQUATION

By introducing the notations

S 1(0
wi=am, v:=aw, S(0):= \/Sing<S+ZE9;>7
the Chandrasekhar-Page angular equation (1) — (2) takes the form
01 , —pcosf — 5o — vsinf
(AS5)(0) = S0) + : ‘ S(0)=AS5(0), 6€(0,m), (5)
-10 — g — vsind 1 cos 6

with fixed x € R\ (=3, ) and parameters (u,v) € C*. We can associate the so called minimal operator Ay to the
formal differential expression 2, which acts in the Hilbert space H := .#? ((O,w),(CZ) of square integrable vector

functions with respect to the scalar product
(S, 55) = / S3(6)7S1(6)d6, S, S» € H. (6)
0

The operator Ay given by D(Ag) = C§° ((0,7),C?) and ApS := AS for S € D(Ap) is densely defined and closable.
For |k| > 3 and (p,v) € R? the formal differential operator in (5) is in the limit point case at 0 and 7, hence Ao
is even essentially self-adjoint. In the following we denote the closure of Ag by A = A(k;p,v). According to [25,
Theorem 5.8] the domain of A(k;0,0) is given by

D(A) ={S € H : S is absolutely continuous and A(x;0,0)S € H}.

Since A(k; p,v) = A(k;0,0) + T'(p, v) with the bounded multiplication operator

—ucosf —vsinf
T(/-L7V) = ’

—vsinf  pcosf

its domain of definition D(A) is independent of (u,v) € C? (see [14, Chap. IV, §1, Theorem 1.1]). Moreover, if
(u,v) € R?, then T(p,v) is a symmetric perturbation of A(k;0,0), and [14, Chap. V, §4, Theorem 4.10] yields that
A(r; p,v) is self-adjoint. Thus, according to Kato’s classification [14, Chap. VII, §3], A(k;u,v) forms a self-adjoint
holomorphic operator family of type (A) in the variables (u,v) € C2. Further, the spectrum of A(k;0,0) is discrete
and consists of simple eigenvalues given by

0.0 =sgn(i) (Il = 5 +Uil) . 3 €21 10) ™

(for the details we refer to Appendix A). This means, in particular, that A(k;0,0) has compact resolvent, and from
[14, Chap. V, §2, Theorem 2.4] it follows that A(x; i, ) has compact resolvent for all (u,v) € C2. As a consequence,
the spectrum of A(k;u,v), (u,v) € C2, is discrete, and since A(k; u,v) is in the limit point case at § = 0 and 0 = 7,
it consists of simple eigenvalues for (u,v) € R?. Now, [14, Chap. V, §3, Theorem 3.9] implies that the eigenvalues
Aj = Nj(K;p,v), j € Z\{0}, of A(k; p, v) are simple and depend holomorphically on (u, V) in a complex neighbourhood
of R?. Moreover, the partial derivatives of A with respect to u and v are given by

0A —cosf 0 0A 0 —sinf
ou 0 cos@ )’ v \ —sind 0 ’

which yields the following estimates for the growth rate of the eigenvalues (compare [14, Chap. VII, §3, Sec. 4]):

O 0A 0\ 0A
— I <l|=I<L |=|<|=| <l
ou ou v v
Here, || - || denotes the operator norm of a (2 x 2) matrix. In addition, by [14, Chap. V, §3, Theorem 4.10], we have
min A = A;(s;0,0)] < [|T(p, v)|| < max{|pl, [v[} (8)

JEZ\{0}



for each eigenvalue X\ of A(k;p,v). Finally, by interchanging the components of S(#), we obtain that a point A is an
eigenvalue of A(k; i, v) if and only if —\ is an eigenvalue of A(—x; u, —v). Since the eigenvalues depend holomorphically
on p and v, the identity

Aj(”; By v) = 7>‘—j(*’€; s =)

holds for all (y,v) in a neighbourhood of R?. Therefore, we restrict our attention to the case x € [4,00). Note that
A € C is an eigenvalue of A(k; u,v) if and only if the system (5) has a nontrivial solution S(6) satisfying

/Oﬁ 1S(6)[2 d6 < oo, )

By means of the transformation

tan g 0

S(6) = sin® %), 6 (0,n), 10
(0) . \/cngy( 5) € (0,m) (10)

the differential equation (5) is equivalent to the system

1 1
y(2) = [— By +
X

T —

on the interval (0,1) with coefficient matrices

K 1 K 1
&£ -2 pu—2A 5+ 7 0 —2v =2
By = 2 a , B1:= S , Ci= ! ) (12)
K 1 K 1
0 5+1 p=A —5—3% 2u  2v

/ y(x)* ( e (1) ) y(z)dz < oo. (13)
0 0

If we consider the differential equation (11) for a fixed k € (0,00) in the complex plane, then it has two regular
singular points, one at x = 0 and one at x = 1 with characteristic values £ (% + i) From the theory of asymptotic
expansions (see [24], for example), it follows that for each A € C there exists a nontrivial solution

yo(z, A) = x%+ih(x,/\), x € By, (14)

of (11) in the unit disc By C C with centre 0, where h(-,\) : By — C? is a holomorphic function,

B, A) =S 2" ha(V),  ho(A) = (“ - A) . (15)
n=0

1
5—1—2

Here hg()) is an eigenvector of By for the eigenvalue § + %, and the coefficients h,,(\), n > 1, are uniquely determined
by the recurrence relation

(Bo—a—n)h,(A\)=(Bo+B1—C+1—a—n)h,—1(A) + Chp_a(N) (16)

with a 1= § + % and h_1(A) := 0. Since the matrices By and B; depend holomorphically on A, the coefficients
hy : C — C? are holomorphic functions. By slightly modifying the proof of [24, Theorem 5.3], it can be shown
that the series (15) converges uniformly in every compact subset of By x C. Thus, by a theorem of Weierstrass,

h: 9By x C — C? is a holomorphic vector function in the variables (z,\). Now, let

and we define the holomorphic function A : C — C by
AN = f(N)?—g(V)?, AecC. (17)

The following Lemma provides a connection between the eigenvalues of A and the zeros of A.



Lemma 1 For fized x € [%, o) and (p,v) € C%, a point X € C is an eigenvalue of A(k;u,v) if and only if X is a zero
of the function A given by (17). This is equivalent to the statement that the differential equation (11) has a nontrivial
solution of the form

y(@) = [2(1 —2)] T ig(z), @€ C\{0,1}, (18)

where 1 : C — C2 is an entire vector function. As a consequence, if S is an eigenfunction of A(k;u,v) for some
etgenvalue \, then

1S(0)| < C'sin®6, 0 e (0,n), (19)
with some constant C' > 0.

PROOF. Defining

K = 01 2
=(,.) (20)

we have K1 = K and KByK = By, KCK = —C. Hence, y is a solution of the system (11) if and only if the function
Ky(1 — z) satisfies (11). In particular, y1(z) := Kyo(1 — ) is a solution of (11) in the unit disc B; C C with centre
1, and y; has the form

yi(z,N) = (1 —2)5TiKh(1 —2,)), z€ By

Moreover, by the Levinson Theorem (see [5, Theorem 1.3.1]), any solution of (11) which is linearly independent of yq
in (0,1) behaves asymptotically like 754 [vy + o(1)] as & — 0, where vy is an eigenvector of By for the eigenvalue
K

—4& — 1. Similarly, any solution of (11) which is linearly independent of y; in (0,1) has the asymptotic behaviour

(z—1)"%"3[v; +0(1)] as  — 1 with an eigenvector v, of B for the eigenvalue —& — 1. Now, if \ is an eigenvalue of
A(k; p,v), then the system (11) has a nontrivial solution y satisfying (13), and it follows that y(z) = yq(z, A)c, holds
in (0,1) with some constants ¢, € C\ {0}, a € {0,1}. Thus, yo and y; are linearly dependent, and the Wronskian
W (z,A) := det (yo(z, A),y1(x,\)) vanishes identically for all z € (0,1). In particular, 0 = W (1,A) = 2753 A(N).
Conversely, if A(\) = 0, then W (%, /\) = 0, which implies that yo and y; are linearly dependent. Hence, yo(z) = y1(z)c
with some constant ¢ € C\ {0}, and therefore y is a solution of (11) satisfying the condition (13) on the interval (0, 1).
Moreover, we immediately obtain that yo has the form (18) with a holomorphic vector function 7 : B U B; — C?,
and since (11) is regular in C\ {0, 1}, we can extend 7 : C — C? to an entire function by the existence and uniqueness
theorem. Finally, by means of the transformation (10), an eigenfunction S of A(k; u,v) has to be a constant multiple
of

sin? 0
sin” 0 ( 2 n(sin® %), 0€(0,7),

0
0 cosg
and this yields the estimate (19). O

1

Lemma 2 For fized k € [3,

expansion of the form

o00) and j € Z\ {0}, the j-th eigenvalue A;(k;p,v) of A(k;p,v) has a power series

oo

(ks p,v) = Z Amon "V, Xoo = Aj(k30,0), (21)

m,n=0

which is uniformly convergent in the polydisc € := {(u,v) € C? : |ul, |v] < %} Moreover, for all integers m and n,
the following estimate holds:

Al < (6] + 152" (22)

PROOF. Since the coefficient matrices in (11) depend holomorphically on (X, s, ) € C3, we can modify [24, Theorem
5.3] appropriately in order to obtain that h in (14) and therefore A = A(\, p,v) as given by (17) are holomorphic
functions on C3. By a similar reasoning as in the proof of Lemma 1, we can show that for fixed (u,v) € C?
the eigenvalues of A(k;u,v) coincide with the zeros of the function A —— A(\ p,v). In particular for the case



(u,v) € R? these zeros are simple because A(k;u,v) has only simple eigenvalues. Hence, by solving the equation
A(A p,v) = 0 and using the implicit function theorem, an eigenvalue \;(x;p,v) of the operator A(k;u,v) depends
holomorphically on (i, ) in a complex neighbourhood of R?. Furthermore, the estimate (8) implies that the set
{X € C:minjz|X— Aj(k;0,0)| > 3} contains no eigenvalues of A(k;pu,v) for all (u,v) € €. Thus there exists a
holomorphic solution A : € — C of the equation A(A, i, v) = 0, which is uniquely determined by A(0,0) = A;(«;0,0).
Consequently, A;(k; i, v) is holomorphic in €, and therefore it has a power series expansion in € of the form (21). In
addition, by Cauchy’s formula,

1 Aj (ks p, v)
Aman = =3 ]gc Tyt dpdv,
and applying (8) and (7), it follows that
|Aj (5, V)| < |A; (5 0,0)| + max{]pl, [v[} <[] + ]
which gives the estimate (22). O

According to Lemma 1, for fixed parameters (u,v) € C? the eigenvalues of A(k;pu,v) are exactly the zeros of the
function A(A) given by (17). In principle, this result can be used for numerical computation of the eigenvalues.
However, in order to calculate A()) at some point A € C, we first have to determine the coefficients h,(\) with the
help of the recurrence relation (16) and subsequently we need to evaluate h(xz,\) at z = % by means of the power
series expansion (15). Unfortunately, this method requires the calculation of two consecutive limits, making things
rather complicated. In the remaining part of this section we show that there is yet another function © which encodes

the eigenvalues of A(k;u,v). The main advantage of © is, that it can be obtained by only one limit process.
1—a

By setting y(z) := 2*(1 — z)'~*j(z) with o := £ + 1, the system (11) becomes
J'(2) = | L Bo+ —— B, +C| (a) (23)
Y I e Y

with the coefficient matrices

. —k—1 u—=x R k—% 0 —2v =2
BQZ: 2 a y Bliz 2 s C= K .
0 0 w—Xx —1 2u 2v

Now, there exists a holomorphic solution of (23) in 9B, given by
X - = A
y(‘r7 /\) = Z € dn(/\)a dO()‘) = 1 ] (24)
n=0 K+ 2

where do(\) is an eigenvector of By for the eigenvalue 0. In addition, the coefficients dn(N), n > 1, are uniquely
determined by the recurrence relation

dp(A) = (Bo —n) "' [(E = n)dp1(N) + Cdp2(N)]

with

2 3u— A
E = , d_l(/\) = 0.
—p—X —2v

Finally, we denote by ©,,()) the second component of d (X).

Lemma 3 Let k € [%, o) and (u,v) € C? be fized. Then, for each X € C, the limit

O(N) := lim ©,()) (25)

n—oo

exists, and © : C — C is a holomorphic function. Moreover, a point A € C is an eigenvalue of A(k; u,v) if and only

if O() = 0.



PRrOOF. For fixed A € C, the differential equation (23) has a regular singular point at = 1 with characteristic values
—1 and Kk — % First, let us assume that their difference s + % is not an integer. In this case the system (23) has a
fundamental system of solutions in a complex neighbourhood of z = 1, which can be written as

) = (1—a) " Y (L —a)"dh (), falen) = 1 —2)" 2 Y (1—a)"2(N), (26)
n=0 n=0

where

0 K+ 1
d5<A>=<1>=:e2, d%w:(ufi)

are eigenvectors of B for the eigenvalues —1 and k — %, respectively. Now, ¢ can be written as a linear combination
9z, A) = (M) (@, A) + 72(N)da(z, A)
with connection coefficients v1(\), v2(\) € C. Applying [22, Corollary 1.6] to the system (23) gives

Jim () = 3 (Vee. (27)

and therefore the limit (25) exists. Furthermore, A is an eigenvalue of A(k; i, v) if and only if v (A) = 0, i.e., if and
only if O(X) becomes zero. Finally, it can be shown that the functions d,, converge uniformly in every compact subset
of C, and Weierstrass’ theorem implies that © is an entire function.

Now, suppose that k& := x + % is a positive integer. In this case, a fundamental system of the form (26) may not
exist. Nevertheless, it can be proved (see Lemma 6 in Section VI) that the system (23) has a fundamental matrix

V(z,\) = G\ i H,(\)(1 —2)"(1— 2)P(1 — )™,

n=0

in a complex neighbourhood of = 1, where D := diag (—1,k — 1), Ho(\) = I and

G)\_Oli-i—% T — 0 0
(A) = Laoa) () = 40 0

with some ¢(A) € C. In particular, we can write Y in the form

V(z, ) = Hz, (1 —2)’®, Hz,\) = i(l — 2)" Dy (M),

n=0

Doy = [ °° Jn=( b0
oW={ 1) T0={ 0

Since § solves the system (23), there exists a vector ¢(\) € C? such that §(z,\) = Y (x, A)e()), and [21, Theorem 1.1]
implies

where

dn(N) = DO(A)% (=T0) T+ 1)% (n=J) e + 0 () (28)

for arbitrary 6 > 0. For the definition and discussion of the reciprocal Gamma function for matrices we refer to the

Appendix in [21]. Particularly, for the Jordan type matrices —J(A) and n — J(A) i we obtain
1, . 10 1 - om0
—(=Jin) = —(n—J) = .
£ (-7W) <*1> v (n=TW) ( ¥ ok

Now, if v1 () denotes the first component of ¢(A), then (28) implies (27). Since A is an eigenvalue of A(k;u,v) if and
only if 1 (A) = 0, the proof of Lemma 3 is complete. O



III. A PARTIAL DIFFERENTIAL EQUATION FOR THE EIGENVALUES

Theorem 1 For fized k € [%,oo) and j € Z \ {0}, the j-th eigenvalue X = X;(k;p,v) of A is an analytical function
in (p,v) € R? satisfying the first order quasi-linear partial differential equation

oA 13
(M*QV)\)%JF(V*QM)\)%+2/‘6M+2#V*07 (29)

where \j(k;0,0) is given by (7).

PROOF. Let

S1(0
5(60) = (szze; ) L fe(.m),

be that eigenfunction of A(k;u,v) for the eigenvalue A = \;(k; p, ¥) which is normalised by the condition (S, S) = 1.
Introducing the functions

U(9) = 51(9)2 + 52(9)2, V(0) = 52(9)2 - Sl (9)2, W(9) = 251 (6) 52(9)7

a straightforward calculation shows that U, V', and W are solutions of the system of differential equations

U'(6) = 2 (Vsm9+ ﬁ) V(6) + 2 pcos § W (H), (30)
V/(6) =2 (vsing + ﬁ) U(6) + 22 W (8), (31)
W'(0) =2pucosU(0) — 21V (0). (32)

Now, from analytic perturbation theory (compare [14, Chap. VII, §3, Sec. 4]) it follows that

O\ 9A 4 —cosf 0 4

—=(=25,5= S(0)* S(0)do = 0V (0)do 33
- (Gass)- [ <>< . COSQ)() | cosovioyas, (3)
)Y oA g . 0 —sin6 T

In addition, from (19) we obtain the estimates
\U8)|, [V(8)], [W(8)| < Csin> 0

with some constant C' > 0. Since k is positive, U, V and W vanish at § = 0 and 0 = 7. If we integrate (33) by parts
and replace V'(0) with the r.h.s. of (31), then we get

o _
ou
:—(2u+2m)/ U(9)d9—2)\/ sinHW(G)d9+2u/ cos? O U(6) db.

0 0 0

_/ sinev'(a)de:_/ (205in% 0 + 2) U(0) + 2 A sin 0 W(0) d6
0 0

Taking into account that

/U(G)d@:(S,S):l, /sinHW(e)dez_%’

0 0 ov

we have
5)\7 8A T )
Haj—*ﬂ@'/+2'f)+2u/\$+2uv/o cos® 0 U(6) df. (35)

Moreover, equation (32) implies

2pcos? QU (H) = cosO W' () + 2 Acos OV (6),



and integration by parts gives

Q/U// COSQGU(H)dHZU/ cosHW'(Q)dH—I—QV)\/ cosHV(0)do
0 0 0

:V/ sin9W(9)d0+2u)\/ cos@V(G)de—VQ—i—QV)\@. (36)
0 0 ov o

Replacing the last term on the r.h.s. of (35) with (36), we obtain exactly the partial differential equation (29). O

The PDE (29) can be used in order to derive a power series expansion for A; with respect to p and v. For this
purpose we introduce the new coordinates (compare [23])

a:=v—pu, p[:=v+u

Then /A\(oz7 B) ==X\ (/i; ﬁfTa, MTQ) is a solution of the transformed partial differential equation
0\ A 0\ OA 1
a(1+2A)%+ﬂ(1—2A)%:n(a—ﬁwi(oﬂ—ﬁ?), (37)

where 5\(0,0) = X;(k;0,0) is given by (7). As X depends analytically on (a, B), there exists a series expansion for A
of the form

S\(a,ﬂ): Z Cmon0™" B (38)

m,n=0

(for clarity, the indices & and j in the coefficients ¢, , and in the function A have been omitted). Furthermore, (37)
is equivalent to

o\ 9\? O\ O\ 1
a<a—a+%>+ﬁ<%—%>=H(a—5)+§(a2—ﬂ2)a (39)

and since
n

S@si = 3 (z

m,n=0 \r=0 s=0

man
Cr,s Cm—r,n—s) « ﬁ )

we obtain the identity

m,n=0 r=0 s=0

Comparing the terms of equal order in « and (3, it follows that
K K
1= ——
O 90— 1
(2¢o — 1)% — 4 K2

co,0 = Aj(k;0,0) =:co, c10= Y1

(2¢o +1)% — 4 k2

C2,0 = c11=0, co2=

42¢o +1)3 7 4(2¢9 —1)3
and for m 4+ n > 2 the coefficients ¢, ,, satisfy
((m+n) +260(m =) emn = (M=) 3 CrsCmrns (40)
(r,s)€[m,n]

where [m, n] denotes the set of all pairs (r,s) € Z2 with 0 <7 <m, 0<s<mnand 0 <7+ s < m+n. In particular,
if m =n > 0, then we get 2n ¢, , = 0, which implies

Cnmn =0 for all n > 0. (41)
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Moreover, if x is not a rational number, i.e., kK € [%, 00) \ Q, then the initial value ¢ is not a rational number, and we
have (m + n) +2co(m —n) # 0 for all (m,n) € Z? with m +n > 2. In this case (40) gives a recurrence formula for
all coefficients of the power series expansion (38).

Now, suppose that £ € [3,00) N Q. Then ¢y is a rational number with |co| > 1, and we get gig—ﬂ = % with some
coprime integers p and ¢g. Now, the prefactor on the L.h.s. of (40) becomes zero if and only if m = ¢p, n = fq with some
positive integer ¢, and thus the coefficients ¢, ¢ are not determined by (40). However, we can by-pass this problem
if we regard k as an additional parameter in our eigenvalue problem. Since the coefficient matrix of (11) depends
holomorphically on k € C* := {2 € C : Rez > 0} and (A, pu,v) € C3, we obtain in a similar way as described in
Section 1 that h in (14) and therefore A = A(k; A; p, v) given by (17) is a holomorphic function on C* x C3. Moreover,
in the same way as in the proof of Lemma 1, we can show that for fixed x € [§,00) and (u,v) € C? the eigenvalues of
A(k; p, v) coincide with the zeros of the function A — A(k; A; 1, v). In the case (k, p, v) € [, 00) x R? these zeros are
simple, since A(k; i, ) has only simple eigenvalues. Hence, by solving the equation A(k; A; u, ) = 0, we find that an
eigenvalue \;(k; i, ) is a holomorphic function in a complex neighbourhood of [%, 00) x R2. In particular, A depends

holomorphically on (x;«, 3), and for a given x € [%, 00), there exists a power series expansion of the form

(oo}
5\(& +&a,08) = Z cg,ll)malamﬁ”
l,m,n=0

in a neighbourhood of (x,0,0). In the following we derive a recurrence relation for the coefficients chl@),n. Since
) [e%S) I m n
i Y 099 DL M) FOR
l,m,n=0
from (39) it follows that

o0 I m n
SRR IR 9 9 oL N R R PR AR R C AR
l,m,n=0 t=0 r=0 s=0

Moreover, (7) implies that

sgn(j)(k — 5 +15l), i1=0,

1 1 o'\ N
0= 77 gyt (%30:0) = sen(j), ifl=1,
0, ifl>1.
Comparing the terms of equal order in (42), we obtain
(0 . 0) _ K 0) _ K
0073 = )\] (H7 Oa O) =:Co, CLO - 2CO + 17 0071 - 2607_1?
C(O) _ (2 co + 1)2 — 4 K2 C(O) _ 0 C(O) _ (2 co — 1)2 — 4 K2
2,0 4(2 co + 1)3 ) 1,1 ) 0,2 4(2 co — 1)3
1 2co+1—2sgn(j)w (1) 2co—1—2sgn(j)k
€10 = 2 » Co1 = 12 ;
(2¢0 + 1) (2¢0 — 1)
while the remaining coefficients are determined by the identity
((m+n)+2co(m —n)) cﬁ,ﬁ{n + (m—n) Z cgg ci,l;?’n,s =0, l+m+n>2. (43)

(t,r,s)€[l,m,n]

Here [[I,m,n] denotes the set of all triples (¢,7,s) € Z3 with 0 <t <[, 0<r<m,0<s<m,and 0 <t+7+s<

I +m+n. In the case (m +n) +2co(m —n) = 0, the prefactor of c%),n in (43) vanishes, and since m —n # 0, we get
for 1 >0

0= > el =2qed v Y e (44)

)

(t,r,s)€[l,m,n] (t,r,s)el,m,n]*
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where [I,m,n]* := [I,m,n] \ {(1,0,0), (I —1,m,n)}. Now, for all coefficients csrll),n with [ +m +n > 2, (43) implies

o _ n—m Z (t) (1—t) if ( .
Cmn = CrsCm—rn—s 1 m+ TL) +2¢o (m n) 7é 0,
(m + n) +2co (m - n) (t,r,s)€[l,m,n]

whereas (44) and cé}g = sgn(j) yield

cﬁ,ll’_nl) = —% crfgc - if (m+n)+2c(m—n)=0and! > 1.

(t,r,s)El,m,n]*

These recurrence relations can be used to determine all the coefficients ¢, ,, = cES?n of the power series expansion (38)
in the case that « is a rational number.

Remark 1 A series expansion for the eigenvalues \ with respect to («, 8) has been given by Suffern, Fackerell &
Cosgrove [28, Sec. 8], however, only the coefficients ¢, with m—+n <5 have been determined. Furthermore, Kalnins
& Miller [13] studied a series expansion X = Y>>~ A\ a™ for the eigenvalues in terms of the Kerr parameter a, but
also in this paper only a finite number of coefficients Ao, - .., A3 have been explicitly computed. A general recurrence
relation for the coefficients of (38) could not be found in the literature. Moreover, the problem of dividing by numbers
which may be zero has not been noticed in [23] and [13]. Finally, it should be noted that some of the diagonal entries
Cnon form >0 in [25, Table I] are not equal to zero, in contrast to our result (41).

IV. SOLUTION OF THE PDE BY THE METHOD OF CHARACTERISTICS

In this section we study the PDE (29) for real parameters (u,v) € R? and fixed £ € [$,00) by the method of
characteristics. In particular, we obtain an exact formula for the eigenvalues in the case |u| = |v|, and for |u| # |v|,

it turns out that the characteristic equations can be reduced to the third Painlevé equation.

Theorem 2 Let k € [5,00), j € Z\ {0} and 7 € {—1,+1} be fiwzed. Then

T

T ) 2
(R Tp) = 5 + Sgn(])\/<)‘j(“§0>0) - 5) +27Rpu A+ P2, (45)

where A;(k;0,0) = sgn(y) (/<; — % + |j|) In particular, if j = T, then

1
Aj(ks ) =7 (H + 2> + p-
PROOF. According to Theorem 1, the function A(p,v) := A;(k;p,v) solves the partial differential equation (29).
Defining w(u) := A (, 711), p € R, for some fixed 7 € {—1,+1}, we obtain

O O

/ —_— R
w'(p) = o (g, Tht) + U (1, TH) 5

and with the help of (29) it can be shown that
pw' (p) = 2rpw(pw’ () = =2 kp — 274,
Dividing the above differential equation by —7u and integrating gives
T\ 2 9
(w(,u)—g) =CH27rp+p°, peR, (46)

where the constant of integration C' is uniquely determined by

T

C = (w(O) - 5)2 = (Aj(n;070) - %)2

Now, from (46) it follows that

w(u)z%+5\/<)\j(ﬁ;070)—%)2+27nu+u2 (47)
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with some ¢ € {—1,+1} and the square root assumed to be non-negative. We have to take the sign ¢ such that the
Lh.s. of (47) is analytic and coincides with X;(k;0,0) at the point p = 0. If j = 7, then \;(x;0,0) = 7 (k + 1), and
(47) implies w(p) = Z 4+ € (7k + p). Inserting p = 0, it follows that e = 7, i.e., w(u) = 7 (k + 1) + p. In the case
j # 7 we have ‘)\j (k;0,0) — %’ > k+ 1 and thus the radicand in (47) is positive for all u € R. Moreover, by means of

2
Aj(k;0,0) = w(0) = z +€\/()\j(/-§;0,0) - I) =4 Aj(k;0,0) — T
2 2 2 2
and (7), we get € = sgn (A;(x;0,0) — Z) = sgn(j), which completes the proof. O

Remark 2 For a given half-integer £ and p = v, this result has been shown by Suffern, Fackerell & Cosgrove using a
power series expansion for the eigenfunctions of (1) — (2) in terms of hypergeometric functions (see [23, Sec. 3-5]).
Here, we obtained the formula for A;(k; pu, £p) as an immediate consequence of the partial differential equation (29).
Moreover, it should be noted that the formula [1, (54)] given by Chakrabarti is not correct.

Now, let us consider the case |u| # |v|. For this reason, we introduce new coordinates (¢,v) € (0,00) x (R\ {0}) by

u(t,v) = % (U + %) , v(t,v) = % (v — %) (48)

with some fixed 0 € {—1,41} (note that o = £1 corresponds to the cases |u| > |v| and |u| < |v|, respectively;
moreover, this transformation maps v = const. onto lines in the (u,v)-plane starting at the origin, while the curves
t = const. are mapped onto hyperboles). By setting w(¢,v) = A(u, v), we have

%_E(U+E>Q+1(v_z)@_l or oA
o 2 v/ Ou 2 v/ vt 'ua,u ov)’

ow t(l J)8A+t<1+a>8)\ 1 8)\+ oA
W _t(1_2\y22 * oA _ 2,8 an
v 2 v2/) Oy 2 v2) Ov v\ du Fov )

and (29) becomes

ow 2vwdw o tf, 1
gw _fvwon V4= (2= =) =o0. 49
ot t 60+H<v+v)+2<v v2> (49)
The characteristic equations of this PDE are given by
2v(t t
() = - 20000, (50)

From (50) we obtain that w(t) = LY and (51) implies

V() to"(t)  to(t)? o t 5 1
- = Dt — |+ = (v@®)? - — ).
3000 T 2o 2oz PO ) T 0T Tan
Multiplying the above differential equation with 2v(t)2, we get the following third Painlevé equation
tvv” — () +vv =2k (v +o)v—t (vt —1) =0, (52)

with parameters o = 03 = 2k and v = —6 = 1 (see, for example, [18] or [16]). For further details on the Painlevé ITI
we refer to e.g. [4], [26] and [8].

In general, Painlevé III is not solvable in terms of elementary functions, and therefore we cannot expect a closed
expression for the eigenvalues of A(k;u,v) in the case |p| # |v|. On the other hand, for particular values of x there
exist so-called special integrals of polynomial type for this equation, i.e., polynomials @ in ¢, v and v’ with the
property that every solution of the differential equation Q(t,v,v’) = 0 satisfies (52). As it will be shown below, such
special integrals are related to algebraic solutions of the PDE (29), i.e., solutions, which are zeros of a polynomial in
A with rational coefficients in p and v. Moreover, taking into account that the eigenvalues A;(k; p, 7ie), 7 € {—1,1},
of A(k;p, ) satisfy the quadratic equation

()\— %)2 =C+27hp+p? with C:= ()\j(m;070)— %)27

the question arises if such an algebraic expression for the eigenvalues of A(k;u, ) exists in the case |u| # |v|. A first
step towards the answer of this problem is given by the next Lemma.
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Lemma 4 Suppose that there exists a polynomial

N
P p,v) = Z P, (u,v)\", Py =1,

n=0

of degree N > 0 in X with rational coefficients P, in p and v such that the zeros z;(u,v), j=1,...N, of P(-;p,v) are
simple, and that the functions A = z; are solutions of the partial differential equation (29). Then & is a half-integer.

Moreover, if N =1 or N =2, then k = % and P(A\;p,v) = (A + p)™.
PROOF. Let Q(t,v,v") = ZnN:() Qn(t,v)(v")™ be the polynomial in v" with coefficients

2v

N—n
t ) Py (u(t,0), v(t,0)), n=0,....N,

Qe = (

where u(t,v) and v(t,v) are given by (48). Note that the @,, are again rational functions in ¢ and v. Moreover, let
v: D — R\ {0} be any solution of the first order ODE Q(t, v,v") = 0 on some interval © C R\ {0}. For the function

w(t) = — . temD, (53)

we obtain

N n N
0=Q (t,v(t),v'(t) = Z Qn (t,0(t)) (—M) = (—QU—(t)> P (w(t); p(t,v(t)), vt,v(t))),
n=0

t

and thus w(t) is a zero of P (-;u (¢, v(t)),v (¢, v(t))) for each t € D. Since the zeros of this polynomial depend
analytically on the parameter ¢ according to the implicit function theorem, there exists an index j € {1,...,N}
such that w(t) = z; (u(¢,v(t)),v (¢,v(t))) for all t € ©. Furthermore, as z; solves the PDE (29), it follows that
(t,v(t),w(t)), t € D, is a characteristic curve of (49), and thus v is a solution of (52). Hence, Q(¢,v,v') = 0
implies (52), and therefore @ is a special integral of rational type for this Painlevé III. Multiplying Q(¢,v,v’) by
an appropriate polynomial r(¢,v) in ¢ and v, we obtain that Q(t,v,v’) = r(t,v)Q(t,v,v") is a special integral of
polynomial type of degree N with respect to v’. Now, [16, Theorem 2] yields that such a special integral exists if and
only if 2k £ 20k = 2(2k — 1) with some integer k, i.e., k = k — % is a half-integer. In addition, by [16, Lemma 3|, the
relation (0g — p)k = N has to be satisfied for some integers p, ¢ € {—N,—N +2,...,N —2,N}. In the case N =1
or N = 2, these conditions imply x = %, and the corresponding special integrals of polynomial type are explicitly
known, namely r(t) v® (v' + v? + J)N, where r is some polynomial in ¢, and s is an integer (compare [16, Section 2]).

Hence, Q(t,v,v") = (v’ +02 + U)N and

t

N
P (w(t): pu(t, o(8)). o1, 0(1))) = <_2(t)) Q (to(1)) = (w(t) + u (L)), tem,

which yields P(\;pu,v) = A+ )V if N=1or N = 2. O

As a consequence of this Lemma, if a solution A(y, v) of the PDE (29) is a zero of a linear or quadratic polynomial
with rational coefficients in y and v, then x = 1 and A\(y, v) = —p. In fact, the function A(u, ) = —pu solves (29) for
k = %, but since A(0,0) = 0 and the spectrum of A(%;0,0) is given by Z\ {0}, it is not an eigenvalue of A(%;u,v) for
any (p,v) € R2. The following considerations show that this solution is nevertheless of interest.

V. MONODROMY EIGENVALUES

In this section we consider the case that x is a positive half-integer, i.e., kK = k — % with some positive integer
k, and we assume that the matrix C' defined in (12) has distinct eigenvalues, i.e., u? # v2. For such x and (u,v)
there is in addition to the classical eigenvalues of A(k; u,v) another type of “special values” which we call monodromy
eigenvalues. In order to introduce this concept, we first recall the characterisation of eigenvalues according to Lemma, 1:
A point X is an eigenvalue of A(k; u,v) if and only if the system (11) has a nontrivial solution of the form

y(z) = [2(1 - 2)]EF () (54)
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where 7 : C — C2 is an entire vector function. Now, as the difference of the characteristic values 4 (g + i) at 0 and
1 is an integer, the differential equation (11) has a fundamental matrix of the form

Y(z) = [2(1 —2)] 51 H(z) (55)

where H(z) = H,(x)(z — a)’ in B,, a € {0,1}, with some holomorphic function H, : B, — My(C) and a Jordan
matrix J, (see [24, Theorem 5.6]). Hence, the matrix function H is in general not holomorphic in B¢ U B, since it
involves logarithmic terms. In the following, a point A € C is called monodromy eigenvalue of A(k;p,v) if and only
if the system (11) has a fundamental matrix of the form (55) with the property that H : C — M3(C) is an entire
matrix function. Monodromy eigenvalues are characterised by the following Lemma.

Lemma 5 For a given half-integer k > 0 and (u,v) € C? with p? # v?, a point A € C is a monodromy eigenvalue of
A(k; u,v) if and only if the system (11) has a nontrivial solution of the form

K

(1 — )]~ 5 p(a)e™, (56)

where p : C — C? is a polynomial vector function and t = £+/v2 — p2.

[e3%

PROOF. By means of the transformation y(z) = z*(1 — z)*§(z) with o := 4§ + 1, the differential equation (11) is

equiValen‘ to ‘he System

Bo= (P M) = * O 58
R R A 7 S A (58)

Now, if A is a monodromy eigenvalue of A(k;pu,v), then the system (57) has a holomorphic fundamental matrix
H : C — M;(C). Since the coefficient matrix of (57) is a rational matrix function which is bounded at infinity,
an extension of Halphen’s Theorem (see [6, Theorem 2.4]) implies that the system (57) has a fundamental matrix of
the form R(z)eP® with some rational matrix function R and D := diag (—2t,2t) (note that +2¢ are the eigenvalues
of C). Moreover, R(z)eP® = H(x)Q with some invertible matrix @, and therefore R(z) = H(x)Qe % is an entire
matrix function in C. This implies that R : C — M3(C) is a polynomial. Vice versa, suppose that the system (11)
has a nontrivial solution y(z) = [z(1 — x)]~*p(x)e?** with some polynomial vector function p : C — C2. Defining

where

§(@) = e Ky(1 - 2) = [o(1 - 2)] " Kp(1 - z)e

with K given by (20), it follows that g is a solution of (11) which is linearly independent of y. Therefore, (11) has a
fundamental matrix of the type (55), where H(z) = (p(z)e?**, Kp(1 — z)e~2'*) is an entire matrix function. O

Theorem 3 For fixred kK = k — % with a positive integer k there exists a polynomial P(k; \; p,v) of degree 2k — 1 in
A\ with polynomial coefficients in pu and v such that for each (p,v) € C? with u? # v? a point A € C is a monodromy
eigenvalue of A(k; p,v) if and only if \ is a zero of P(k; -; u,v). Moreover, the integers 1 —k, ... .k —1 are the zeros
of P(k; +;0,0), and for k = % we obtain P(%;)\;u,y) =+ pu.

PROOF. A point \ is a monodromy eigenvalue of A(k; u,v) if and only if the differential equation (57) has a nontrivial
solution p(z)e**, where p(z) = Eszo pnx™, py # 0, is a polynomial vector function, and ¢ = ++/v2 — 2. In the
following we assume t = /v2 — 2 (the main branch of the square root) but all considerations remain valid if we
replace t with —t. If we set A := X\ — y and C := C — t, then the polynomial p satisfies the differential equation

T xr —

pa) = [ Bo+ 1 B 0 pio) 59)

where the coefficient matrices take the form

. 0 —A - k0 ~ —2v -2t —2u
By = ) B, = ’ C= .
0 k -A0 21 2v—2t
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It is easy to see that the coefficients p, € C?,n =0, ..., N, form a nontrivial solution of the linear system of equations
Bopo =0, (Bo—1)p1+ Spo =0, (60)
(Bo —n)pn +(S+n—1py1 —Cppa=0 (n=2,...,N), (61)
(S'—FN)pN—épN,l :07 —épN :0, (62)
where

- . - . —2v—-2t—k —2p+A
SiichofBli
2u+A  w—2A—k

Multiplying the first equation in (62) from the left with the matrix C + 4t and observing that (C’ + 4t)C’ =0, we get

N-—-k —A

0= (C+4t)(S+ N)py = ( A N—&

> Cpn + 4t(N — k)pn = 4t(N — k)pn.

Since t # 0 and py # 0, it follows that N = k. Due to technical reasons we have to distinguish between the cases
k> 2and k = 1. We will proceed at first with a detailed proof for the more complicated case k > 2. Adding the
second equation in (62) to the first one and then both equations in (62) to (61) for n = N, we obtain

BOPO = 07 (BO - 1)p1 + ng = 07 (63)
(BO - n)pn + (5’ +n— 1)pn71 - épn72 = 0 (n = 2a R k - 1)7 (64)
- -1 A -
—Bipy + ( A _1 ) pr—1— Cpr—2 =0, (65)
0 A N -
(A 0 )pk —Cpr-1=0, —Cpx=0. (66)

The system above consists of 2k + 6 linear equations for 2k + 2 unknowns. In the following we prove that only 2k 42 of
these equations are linearly independent. Summation of all equations (60) — (62) yields — By Zi:o pn = 0. Because of
rank (B;1) = 1, it is possible to eliminate the second line of the first equation in (65) by means of line transformations,

and since also rank (Bp) = 1, we can delete the first line of the first equation in (63). Thus, the system (63) — (66)
consists of at most 2k + 4 linearly independent equations. In order to reduce the equations (66) further, we have to
consider the cases v —t # 0 and v — t = 0 separately. First, let us assume that v — ¢ # 0. Multiplying the equations

in (66) from the left by the invertible matrix
v—t
T := s ,
0 1
it follows that (66) is equivalent to

00 0 0 . 0 0 . )
Ao )PP Vo oo )P0 o oo JPFTT
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Now, we can represent the system of the linear equations (63) — (65), (67) as a matrix equation I'p = 0 with
= (po,...,pr) € C**2 and the (2k + 2) x (2k + 2) matrix

0 k 00 e e 00
S By—-I 0 0
-C S+1I1 By—-2I 0
i 0 -C S+2I By-3I 0
= : . . (68)
0 0 —C S+ (k-2 By—(k—1)I 0
00 - 00 2042 2u -1 A -k 0
00 - 00 0 0 —2u2—20 A 0
00 - 00 0 0 0 0 —2u 2t — 2w

Let I' be the (2k+1) x (2k + 1)-matrix obtained from T by deleting the last row and column. Then X is a monodromy
eigenvalue of A(k;pu,v) if and only if 0 = det T’ = (2t — 2v/) det I, ie., detI' = 0 since v — ¢ # 0. Now, suppose that
v —t = 0. We will prove that also in this case A is a monodromy eigenvalue if and only if det I' = 0. Note that v =t
implies p = 0, and therefore the equations in (66) are equivalent to

0 A N 4t 0 0 —4t 0 0 (69)
A O Pk 00 Pk—1 =Y, 0 0 Pk = U.

If X is a monodromy eigenvalue of A(k;p,v), then the vector p = (po,...,px) is a nontrivial solution of the matrix
equation I'p = 0 even though T is not invertible for v — ¢ = 0. If we assume detI' # 0, it follows that A # 0 and
the first 2k + 1 components of p must be zero. In particular, p; = -+ = pxr—1 = 0, and the first equation in (69)

yields py, = 0. Thus p = 0, and this contradiction implies det T" = 0. Conversely, if det I' = 0, then either A = 0 and
P := eapr2 (the 2k +2-nd unit vector in C2#*2) is a nontrivial solution of (63) — (65) and (69), or A # 0. In the latter
case, there exists a vector p # 0 with components p1,...,per+1 € C such that fﬁ = 0. Defining ¢q := %ﬁgk_l, then
P = (p,q) € C*+2 is a nontrivial solution of the equations (63) — (65) and (69), i.e., A is a monodromy eigenvalue.
Hence, we have shown that for all (u,v) € C? with u? # v? a point A € C is a monodromy eigenvalue of A(k; u,v)
if and only if detT’ = 0. In order to prove that detT is a polynomial in A of degree 2k — 1, we apply once more
appropriate line transformations to I'. Adding successively the second to the fourth line, the fourth to the sixth line
and so on up to the 2k-th line, then det ' = det T" with the (2k + 1) x (2k + 1)-matrix

0 k0 0 v 0
Sy By—1 0
-R S, By—-2I 0
Q -R 8 By-3I 0
D(k; A p,vst) == ) ) A S By—4I 0
Q Q R Sj_s Bo—(k—1)I 0
- - - - —k
Q Q Q -R
A

~ -k 0 - k 0 - —2v—2t—k =2
Q= , R:= ,  Spi= , n=0,...,k—2.
0 0 2u 2v —2t 2u+ A 2v0—-2t+n—k
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Now, A appears at most once in each row and each column, whereas only the first and the 2k-th line contain no
entry involving A. It is easy to verify that detT'(A;pu,v;t) has the form +k?A%*~1 + (terms of lower order in A),
and therefore detT'(A; p,v;t) is a polynomial in A with polynomial coefficients in p, v and t. Moreover, for all
(u,v) € C? with pu? # v? a point \ is a monodromy eigenvalue of A(k;u,v) if and only if the determinant of
I (k; A; i, v;t) vanishes. As mentioned at the beginning of the proof, this result remains valid if we replace ¢ with
—t. Hence, the zeros of the polynomials det'(k; A; p, v;t) and detT'(k; A; p, v; —t) coincide, which implies that
det T'(k; A; pyv;t) = detT'(k; A; pu,v; —t). Consequently, the polynomial P(k;A;p,v) := detT'(k; A; p, v;t) contains
no terms in ¢ of odd order, and the terms of even order in ¢ depend only on t? = 12 — p2. It follows that P is a
polynomial of degree 2k —1 in A with polynomial coefficients in p and v, and the zeros of P are exactly the monodromy
eigenvalues of A(k;u,v).

Next, we prove that the integers 1 — k,..., k — 1 are the zeros of the polynomial P(x;\;0,0). To this aim, let Ty
be the (2k x 2k) matrix obtained from T for (u, ) = (0,0) by deleting the last row and column. Then

O b 0 0 v 0 0
Q By-1I O e 0
0 Q+1I By—2I 0
0 0 Q+2I By—3I 0 —k A
Iy = . . ’ Q:: )
A —k
0 Q+(k—3)I By—(k—2)I 0
0 0 Q+ (k=21 By—(k—1)I
O 0 ot 0 0 -1 A

and det T = A det I'p. Moreover, det 'y = 0 if and only if the equation Fo(pn)ﬁ;é = 0 has a nontrivial solution. Such
a nontrivial solution is a constant multiple of the vector given by the recurrence formula

(k —1)! .
Do = ( 0 >7 Pn=(n—DBo) (Q+n—1)p,_1
1 (k= mk1—n) -2 A
~ n(k—n) nA —n(k+1—mn) Pt

forn=1,...,k — 1. By induction, it can be shown that

SR Y s k(k —n) — A2
mﬂ—lVWH[(k—j)Z—ﬂ(( " )

Multiplying the vector (Pn)ﬁ;é from the left by the last line of I'g, we get

1
(k—

TT (e 2 2 : oy _ FCD e
1)!H[(k—g) — N] (=K + A +(k—1)/\):(k_1)![[[(k_]) — 7.

0= (_1)k—1

Hence, det Ty = 0 if and only if A? € {1,...,(k —1)?}, and therefore 1 — k, ...,k — 1 are the zeros of P(k; -;0,0).

It remains to deal with the case k = 1, where we have to consider only the equations (60) and (62). Adding both
equations in (62) to the second equation in (60) gives (65) with p_; := 0. Hence, we can replace (60) — (62) with the
linear system of equations consisting of the first equation in (63) and the equations (65), (66). Now, by applying a
similar reduction procedure as in the case k > 2, we obtain the polynomial

0 1 0
P(%; A i, v) = det —21 o A2 j\l
—2u 2t — 2w

=A+2u=XA+p,

whose zero A = —p is the uniquely determined monodromy eigenvalue of A(%; w,v) for each (u,v) € C?, u? #v%. 0O
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Corollary 1 For a fized half-integer k = k — % with a positive integer k, there exists a neighbourhood 4 C C? of
(0,0) such that A(k;p,v) has exactly 2k — 1 many monodromy eigenvalues )\%(Ii;/j,, v),j=1—k,....k—1, for all
(u,v) € U with u® # v2. Moreover, )\%(n;,u,z/) depends holomorphically on (p,v), and lim, .y (0,0) Aé(n;u,u) =j.
In particular, monodromy eigenvalues and classical eigenvalues are distinct near (u,v) = (0,0).

Remark 3 Monodromy eigenvalues also appear in the context of spheroidal wave equations. In [17, Sec. 3.53/] they
are characterised by a similar property as given in Lemma 5, but they are not specified in detail.

In view of Theorem 3 and Corollary 1 we could alternatively define the monodromy eigenvalues of A(k;p,v)
to be the zeros of the polynomial P(k; -;u,v) for each (u,v) € C? (without the restriction p? # v?). Then the
monodromy eigenvalues /\é(n; 0,0) =j4,j=1—k,...,k— 1, fill in the gap of integers appearing in the spectrum
of A(k;0,0). Moreover, P(%;A;u,v) = A+ p is just the polynomial given by Lemma 4 in the case N = 1, and its
Zero /\8(%; u, ) = —u satisfies the partial differential equation (29) for k = % In the next section we prove that the

monodromy eigenvalues of A(k; u, ) are solutions of the PDE (29) for each half-integer x € {%, %, %, .. }

VI. MONODROMY PRESERVING DEFORMATIONS

In [9], [10] and [11], Jimbo, Miwa & Ueno developed a general theory for monodromy preserving deformations of
linear ordinary differential equations with rational coefficients. As a main result, they proved that the monodromy
data (Stokes multipliers, connection matrices and exponents of formal monodromy) do not depend on the deformation
parameters if and only if certain non-linear differential equations, the so-called deformation equations, are satisfied.
This result, however, was proved under the restriction that the characteristic values at regular singular points do
not differ by an integer. On the other hand, in the theory of special functions and in many physical applications
the case where the characteristic values differ by an integer is of great significance. In this section we consider the
isomonodromy problem for linear systems with two fixed regular singular points and coefficients which depend on one
parameter t. Assuming that the characteristic values at the singular points are distinct and independent of ¢, we will
show that certain components of the monodromy data are constant with respect to ¢ if a deformation equation of the
type [9, (1.18)] is satisfied. Since the monodromy components in question determine the existence of solutions of the
form (54) and (55), they are relevant to monodromy and classical eigenvalue problems. Applying the results to the
system (11) with an eigenvalue ¢ of C' as deformation parameter, it finally turns out that the deformation equation is
in principle the characteristic equation of the partial differential equation (29).

We start with some basic facts about parameter-dependent regular singular systems. At first, let us consider a
family of (2 x 2) systems of differential equations

y

%(x,t) = ®(z,t)y(x,t), (x,t) € (B\{0}) xD, (70)
in an open disc 8 C C with centre 0 that depends on a parameter ¢ varying in some real or complex domain ®. It
is assumed that (70) has a regular singular point at 0 for all ¢ € ©. More precisely, we suppose that the coefficient
matrix ® of (70) has the following properties:

(a) ®(x,t) = 2W¥(x,t), where ¥ : B x D — My(C) is an analytical matrix function.
(b) The eigenvalues « and (3 of ¥(0,¢) are distinct and independent of ¢ € ©; moreover, Rea < Re 3.
(c) There is an analytical function G : ® — M3 (C) such that G(t) is invertible and

G(t)~'w(0,t)G(t) = diag (o, ) =: D, teD,

Note that such a matrix function G always exists since the eigenvalues of ¥(0,¢) are distinct (see [24, Chap. VII, Sec.
25, Theorem 25.1]).

Lemma 6 If the conditions (a) — (c) are satisfied, then the system (70) has a fundamental matriz of the form
Y (z,t) = Gt)H (2, t)aP 2z’ ®
where H : B x D — My(C) is analytic, H(0,t) =1 for allt € D, and

J<t>:< 0 0) )
p(t) 0

with some analytical function p : D — C. Moreover, if 3 — « is not an integer, then p = 0.
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PrOOF. If § — « is not an integer, the existence of such a fundamental matrix with J = 0 is well known cf. [20].
Hence, we have to consider only the case that k := 8 — « is a positive integer. By the transformation

y(x,t) = 2°G(t)yo(z, t), (72)
the system (70) is equivalent to the differential equation

)
or

where Wo(x,t) := G(t) ¥ (z,t)G(t) — o is an analytical matrix function,

(z,1) = Wo(z, t)yo(x, 1), (x,t) € (B\{0}) x D, (73)

Vo (z,t) = Zx"\llom(t), (x,t) € BxD,
n=0

with ¥ o(t) = diag (0, k) for all t € ©. Now, for j =1,...,k — 1 we recursively apply the transformations

1 0
yi—1(x,t) = - y;(x,t), (74)
’ (m%‘—l(t) 9”) ’
where ¢;_1 denotes the (2, 1)-coefficient of the matrix ¥,_; ;1. At each step, y;(z,t) is a solution of a system
O
& (1) = Wy, Oy (1), (a,0) € (B {0}) x D, (75)

where the coefficient matrix ¥; is analytic in B x D,
\Pj(xvt) = anq/j,ﬂ(t)v (.’L‘,t) €BxD,
n=0

with W o(t) = diag (0,k — j) for all t € ©, and ¥, ,(t), n =1,...,j — 1, are lower triangular matrix functions (that
means, the (1,2) component is identically zero). Finally, by the shearing transformation

10
ykfl(l‘vt) = ( > yk(xat)7 (76)
0 x
we obtain a differential equation
Yk _
x %(gc,t) = Up(z, yr(x,t), (x,t) € (B\{0}) xD, (77)

where Uy : B x © — My(C) is an analytical matrix function,
Uy (z,t) = Zm”\llk’n(t), (x,t) € B xD,
n=0

satisfying

o= V)=, teo,
p(t) 0

with some analytical function p : ® — C. Note that p is just the (2,1)-component of ¥y_; 1. Moreover, Uy, ,(¢),
n=20,...,k, are lower triangular matrices for all t € ®. Now, the system (77) has a fundamental matrix of the form

Y (x,t) = H(z, t)z’®

provided that H is a solution of the matrix differential equation

x %(w,t) = Uy(z,t)H(x,t) — H(z, t)J(t), (z,1)eBxD, (78)
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such that for each t € ® the matrix H(z,t) is invertible for some, and hence all, z € 8. Obviously, (78) has a formal
solution

H(z,t) = Za:"f{n(t), (x,t) € B xD, (79)
n=0
where I:IQ(t) = I and the coefficients H,,, n > 0, are uniquely determined by the recurrence relation
(J(t) = n) Hy(t) = Ho ()T () = = > g (6 H; (1) (80)
j=0

Following the proof of Theorem 5.3 in the book of Wasow [24], it can be shown that the series (79) converges uniformly

in every compact subset of B x ®. Thus, a Weierstrass theorem implies that H is analytic in 98 x D, and therefore
H is an actual solution of (78). Further, since J(¢) has the special form (71) and ¥y ;(¢), j = 0,...,k, are lower

triangular matrices, it is easy to verify that H;(t) are lower triangular matrices for j =0,..., k. Now, by combining
the transformations (72), (74) and (76), it follows that the differential equation (70) has a fundamental matrix of the
form

1 0

" ) H(x,t)z’®, (81)

Y(z,t) = 2z“G(t) (

where ¢(z,t) is a polynomial in z of degree n — 1 with coefficients depending analytically on ¢, and H(x,t) is an
analytical matrix function of the type

E[ . hn(:c,t) Ik+1h12(177t)
@EO= h@t) oty

satisfying h11(0,t) = ho2(0,t) = 1. Now, if we define

iy (z,t) x hya(z,t) )

2 q(z, )hiy(z,t) + 25 hoy (t) 22q(x, t)hao (@, t) + hoo(x, t)

H(x,t):= <

then H : B x ® — My(C) is analytic, H(0,t) = I for all t € ©, and

1 0 i 5 10
zq(z,t) xF (@1) = H{z,?) 0k )

Hence, we can write the fundamental matrix (81) in the form Y (z,t) = G(t)H(x,t)xP2’® | where H has the properties
stated in the Lemma. O

Now, we consider a family of (2 x 2) differential systems

%(x,t) = O(z,t)y(x,t), (x,t) € (G\{0,1}) xD, (82)

in a domain &, BoUB; C & C C, with regular singular points at x = 0 and z = 1 and a parameter ¢ varying in some

domain ® C R or ® C C. Further, we assume that the coefficient matrix ® in (82) has the form

O(z,t) = U(x,t), (x,t) € (B\{0,1}) xD,

z(x—1)
where U : 8 x © — My(C) is an analytical matrix function with the following properties:

(I) The eigenvalues «, 3 of ¥(a,t) are distinct and independent of ¢ € © and a € {0,1}; in addition, Rea < Ref3.
(IT) There are analytical functions G, : © — M2 (C), a € {0, 1}, such that G,(¢) is invertible for all t € ® and

Ga(t) W (a,)Ga(t) = (~1)"ding (a, B).



21

From Lemma 6 it follows that the system (82) possesses a fundamental matrix of the form
Yo(z,t) = Ga(t)Ha(z,t)(x — a)P (x — a)7*®) (83)

in the unit disc B, C & with centre a € {0,1}, where H, : B, x © — Mz(C) is an analytical matrix function
satisfying H,(0,t) = I for all t € ®, D = diag («, §), and

J = 00 84
a(t)_ pa(t) 0 ( )

with some analytical function p, : ® — C. By analytic continuation along curves, we can assume that Y, is defined
on the universal covering % of the set & \ {0,1}. Since Y,(z€%™ + a,t) = Yo (v + a,t)e*™P [[ + 2miJ,(t)] for all
(z,t) € (Bo \ {0}) x D, the diagonal matrix D and the Jordan type matrix J,(¢) represent the monodromy behaviour
of Y, corresponding to a circuit around a € {0,1}. Moreover, as Yy and Y7 are both fundamental matrices of the same
differential equation (82), there exists an analytical matrix function @ : ® — Ma(C) such that Yy(z,t) = Y1(z,t)Q(¢)
for all (x,t) € (& \ {0,1}) x D, which is called the connection matrix for ¥ and Y;. The next result gives a sufficient
condition that certain components of the monodromy data J, and @ are constant in ®. For this reason, we establish
in addition to (I) — (II) the following assumptions on the coeflicient matrix &:

(III) There exists an analytical function © : & x © — M3(C) such that

Lo} Q
aa—t(:r,t) + O(x, )z, t) = Qx, t)P(x, t) + g—x(x,t), (z,t) € (& \ {0,1}) x D, (85)
(IV) The matrix functions G, a € {0, 1}, satisfy the linear differential equations

0G,
ot

() = Qa,1)Ga(t), teD. (86)

Theorem 4 If the conditions (I) — (IV) are satisfied, then

0Ja _ 0Qa
ot~ ot

=0in 2, (87)

where the Jordan matrices J,, a € {0,1}, are given by (84) and Q12 : ® — C denotes the (1,2)-component of the
connection matrix Q for Yy and Y.

PROOF. Let v := 8 — «, and for fixed a € {0,1} we define

Zo(,t) := 0¥

(x,t) — Qx, 1) Ye(x,t), (x,t) eRxD.
From (82) and the deformation equation (85) it follows that

0Z, _ O, 92, ¥, _9@Y,) 00

or _ ozot or ¢ " ox ot R
Yy, (0D 00 [0, _
— & o +<8t8xQ@)Ya_®<at QYa>—<I>Za,

and therefore Z, is a matrix solution of the differential equation (82) in JR. Hence, there exists an analytical function
Cy : ® — M3(C) such that

Zo(z,t) = Yo(2,8)Co(t), (z,t) €eRxD.
Now, by means of the differential equation (86), we get

Mo % (2 - )P (@ — )" + Go 2% (2 — )P (@ — a) + log(w — a) Gu Halz — )P

ot ot ¢ ot
= (Q(a, )G H, + Ga% + (z — a)” log(x — a) GGHQ%) (z —a)P(z —a)’e,

ot ot
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and since C, = Y, 1Z,, it results that
(z —a)P(x —a)’Cy(z —a) ™" (z —a)~P

a0y (G -0 ) -0 e o

H,
19 + (z — a)7log(x — a) 0

=H'G;'(Qa, ) - Q) G.H, + H; !

ot ot
0 0
=(x—a)F,+ (z —a) log(x — a) ( o > (88)
ot

with some analytical function Fy, : & x © — My(C). Further, by setting

[ Cul) Cualt)
Calt) = ( Car(t) Caa(t) ) e

(for clarity, we omit the index a in the entries of C,,), we have

)P (x — (x—a) T(@—a)™?

. P G | SRS
(x—a 7log xr—a)p, (x—a)? Co Ca —log(z —a)p, (x—a)™?

< Cn — 10g T —a)paCia (x—a)77Cr2 >

I—CL

89
Coz + log(z — a) paC12 (89)

Comparing (88) to (89), it follows that C12 = 0 in ® since the function in (88) is bounded at = a. This in turn
implies C1; = Ca2 = 0 as the diagonal entries in (88) have a zero at * = a for all t € ©. Finally, we obtain that

0 0
D J, —J -D
r—a) (x—a)*Cqylzx —a) 7*(x —a = 90
(0= @)@ — @) Caw @) (2 — a) (w—aW@l ) (90)
has no logarithmic singularity at = a and therefore the last term (88) vanishes identically. Hence, 2 W =0in ®.
Next, we prove that % = 0. Since Yy(z,t) = Y1(z,t)Q(1), it follows that
Yo 3Y1 0Q
2204, 91
ot Crhg o1)
Further, from Z,(x,t) = Y, (z,t)Cy(t) we get
oY Y,
8—;1/0— —Q=Y,Co Yy, a—ly— Q=Y. Y7L (92)
By means of (91) and Yy ' = Q~Y; !, the first equation in (92) becomes
Y, 0
Myt -y Q0 v -y gy, (93)
ot ot
Now, (93) and the second equation in (92) imply
-1 —1y— 0Q 1y,
Vi YT =v1QC Q7 vt Yl*Q Y,
and therefore
0
Y _qo-ce (91)

Note that the matrix function C, has the form

Cu(t) = 00 0,1
a()— Ca(t)o s CLE{,}.
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Hence, if we set

[ Qu(t) Qa(t)
Q) = ( Q21(t) Qa22(t) ) o 1eD

then (94) is equivalent to the system

9 Qi1 Q12 B coQ12 0
ot Q21 Q22 coQa22 — c1Q11 c1Q12 ’
and we immediately obtain that % =0in ®. ]

In the following we apply the results of Lemma 6 and Theorem 4 to a family of (2 x 2) differential systems

St = |1 Bl + 1 B + 00 w(et), (@) € (©) 011 x, (95)

where ¢ € © with some domain ® C R or ® C C, and the coefficients By, By, C : ® — M3(C) are supposed to be
analytical functions. Further, we assume that the following conditions hold:

(i) The eigenvalues «, 3 of By(t) are distinct and independent of t € . Moreover, they coincide with the eigenvalues
of By(t), and Rea < Ref.

(ii) There are analytical functions G, : ® — M3(C), a € {0,1}, such that G,(¢) is invertible and

Go(t) ' Bo(t)Go(t) = —G1(t) ' Bi(t)G1(t) = diag (o, §) =: D, t€D.

Let Yy, a € {0,1}, be fundamental matrices of (95) in the open disc B, C C with centre a and radius 1 having the
form (83), where H, : B x © — M3(C) is analytical, H,(0,t) = I for all t € D, and J,(t) is given by (84) with
some analytical function p, : ® — C. Again, by analytic continuation, we assume that Y, is defined on the universal
covering R of C\ {0,1}, and we denote by Q : © — My (C) the connection matrix for Yy and Y7. In the sequel we
are looking for conditions such that for fixed ¢t € © the system (95) has one of the following properties:

(P) There exists a fundamental matrix Y of the form
Y(z) = [z(1 - 2)]*P(z)e“®*, 2 eC\{0,1}, (96)
where P : C — M5 (C) is a polynomial matrix function.
(H) There exists a nontrivial solution y of the form
y(z) = [e(1 - 2)]°h(x), = e€C\{0,1}, (97)
where h : C — C? is an entire vector function.

Lemma 7 Suppose that the conditions (i) and (ii) are satisfied, and let t € ©. Then the system (95) has the property
(P) if and only if 8 — « is an integer and po(t) = p1(t) = 0, and it has the property (H) if and only if Q21(t) = 0.

PROOF. By means of the transformation y(z) = x*(z — 1)*g(x), the differential equation (95) is equivalent to the
system
9y

%(x,t) = ééo(t) + ﬁ By (t) + C(t)] g(z,t), (x,t) € (C\{0,1}) x D, (98)

where By(t) := By(t) —  and By (t) := Bi(t) — a. Moreover,

Y, (2,t) = Go(t)Hg(z,1) ( ! 0 > (z —a)’=® (99)

0 (z—a)f @

are fundamental matrices of (98) in a neighbourhood of a € {0,1}. First, suppose that § — « is an integer and that
po(t) = p1(t) = 0 holds. In this case Jo(t) = J1(t) = 0, and the system (98) has a holomorphic fundamental matrix
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since (z—a)?~® is holomorphic and Yy ( -, ), Yi(-,t) contain no logarithmic terms. Moreover, as the coefficient matrix
®(-,t) of (95) is a rational function which is bounded at infinity, the extension of Halphen’s Theorem [6, Theorem
2.4] implies that the system (98) has a fundamental matrix of the form Y (z) = R(z)e€)* with some rational (and
hence polynomial) matrix function R : C — My (C). Conversely, if (95) has a fundamental matrix of the form (96),
then Yy(-,t) and Y;(-,t) are holomorphic matrix functions, which gives 3 — o € Z and Jo(t) = Jy(t) = 0.

Next, let us assume that Q12(t) = 0. If we define

then y is a nontrivial solution of (95), and x~Py(z) is analytic at x = 0. Since Yy(x,t) = Yi(z,t)Q(t) and Q12(t) = 0,
we obtain

@ =vi@0ew ) =@ vlammen ("
Yy = ri(x, 1 = 1 1T, Qm(t) s

and therefore (1 — x)~#y(x) is analytic in a neighbourhood of z = 1. Now, by the existence and uniqueness theorem,
h(z) := [z(1 — )] Py(z) can be extended to an entire vector function. Conversely, suppose that (95) has a nontrivial

solution of the form (97). Then
0 0
y(x) = Yo(x,t) =Yi(z,1)
Co C1

with some constants ¢y, ¢; € C\ {0}. Since Yy(z,t) = Y1 (z,t)Q(t), it follows that

o0 (2)-(2)

which gives Q21(t) = 0. O
Now, in addition to (i) — (ii), we assume that the coefficients of (95) satisfy the following conditions:
(iii) There exists an analytical function © : C x ® — My(C) such that the deformation equation (85) holds in
(C\{0,1}) x ®, where ® is given by

Bz, 1) = éBo(t) + fil Bi(t) +C(t), (2,1) € (C\ {0,1}) x D.

(iv) The matrix functions G, a € {0, 1}, satisfy the differential equations

0G,

S = Qa,t)Ga(t), teD.

The next result is an immediate consequence of Theorem 4 and Lemma 7.

Corollary 2 Suppose that the conditions (1) — (iv) are satisfied. If (P) holds for one to € D, then (95) has the
property (P) for allt € ®, and if (H) holds for one ty € D, then (95) has the property (H) for allt € D.

Finally, we apply the results of this section to prove that the classical as well as the monodromy eigenvalues of the
Chandrasekhar-Page angular equation in dependence of (u,r) € R? are (locally) solutions of the partial differential
equation (29).

Lemma 8 Let k € [1,00) and o € {—1,+1} be fizred. Moreover, suppose that the functions v : ® — R\ {0} and
w: D — R are solutions of the system (50) — (51) on some interval ® C (0,00). Finally, let

plt) =5 <U(t) + U") () = % <v(t) - v‘(’t)) L te®, (100)

and tg € ©. If w(ty) is an eigenvalue of A (k;u(to),v(to)), then w(t) is an eigenvalue of A (k;u(t),v(t)) for each
t € ©. Furthermore, if k is a half-integer and w(ty) is a monodromy eigenvalue of A (k; u(to),v(to)), then w(t) is a
monodromy eigenvalue of A (k;u(t),v(t)) for each t € D.
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PROOF. In terms of (100) and A(t) := w(t), the coefficient matrices (12) of the system (11) take the form

0 +1 Lo+ 35) —w® —5 -4
ott) = " ( —(v(@®)?+1) —(v()*—1) ) |
v\ )2 -1) (o) +1)

where the condition (i) is satisfied with o = — and 8= g + i. Now, if we define the matrix function

1 < (v(t)? — o) (% —x) (v(t)2 +0)(1-2)
(v(t)2 + 0‘) T (v(t)2 — 0) (:E - %)

then, by a straightforward calculation using the characteristic equations (50) — (51), it follows that the deformation
equation in (iii) holds. Finally, by setting

() [g (v(t) + (—) - w(t)] =90

)
0 (k+ 1) emo®

),(%UGCXQ

G()(t) = 5 Gl(t) = KG()(t)K,

where K is the matrix (20) and

Lo(r)2 -0
o(t) ::/t (22)(7_)d7', teD,

the conditions (ii) and (iv) are satisfied. Since a point w(t) is a monodromy eigenvalue of A (x; u(t),v(t)) if and only
if (11) has the property (P), and w(t) is a classical eigenvalue of A (k; u(t),v(t)) if and only if (11) has the property
(H), the assertion follows from Corollary 2. O

Theorem 5 For a fized k = k — % with a positive integer k, let (0,0) € & C R? be a simply connected domain such
that for each (u,v) € & all monodromy eigenvalues )\%(H;,u, v),j=1—k,....k—1, of A(k;u,v) are simple zeros of
the polynomial P(k; -, u,v) given by Theorem 3. Then each function A = )\6, j=1—k,...,k—1, satisfies the partial
differential equation (29) in &.

PROOF. Let j € {1 —k,...,k — 1} be fixed. The monodromy eigenvalues of A(k;pu,v) are exactly the zeros of the
polynomial P(k; -;u,v), and since all zeros of P(k; -;u,v) are simple, the implicit function theorem implies that
) (k; y v) depends analytically on (u,v) in &. In order to show that the function A = A} satisfies the PDE (29), we
make use of the unique continuation property of analytical functions. That means, it suffices to prove that (29) holds

for A = X} in a neighbourhood of some point (u,v) = (7,0) € &, 7 > 0. Now, in view of the coordinate transformation
(100), we have to verify that the function A} (k; u(t,v), v(t,v)) is a solution of the partial differential equation (49) in
a neighbourhood of the point (¢,v) = (7,1). To this end, let us consider the characteristic equations of (49)

ov o 2u(t,u)w(t,u)  Ow B 1 t 1
E(t,u) = _f’ E(t,u) = —K (v(t,u) + ’U(t”u,)) — 5 (U(t7u)2 — W)

together with the initial values
v(r,u) =u, w(r,u)= )\6 (ks p(ryu), v(T,u)),

which depend analytically on the parameter u € (0,00). The solutions v(¢,u) and w(t, u) of this initial value problem
are analytical functions in a neighbourhood of (7,1), and since %(T, u) = 1, they form locally an integral surface
for the PDE (49) (compare [12, Chap. 1, Sec. 5]). More precisely, there exists an analytical function U defined on
a neighbourhood U of (¢t,v) = (7,1) such that U(r,v) = v, and W (¢t,v) := w (¢,U(t,v)) is a solution of (49) in V.
Now, Lemma 8 implies that W (¢,v) is a monodromy eigenvalue of A (k; u(t,v),v(t,v)) for all (¢,v) € B, and since
W (r,v) = X, (k; u(7,v), v(7,v)), it follows that W (t,v) = N, (k; u(t,v), v(¢,v)) holds identically on Q. This completes
the proof of the Theorem. O
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In a similar way we can apply Lemma 8 to prove that for fixed k € (0, 00) the zeros of the function A — A(k; A, p, V)
defined in Section IT and therefore the eigenvalues of A(k;pu,v) satisfy the partial differential equation (29). This
alternative proof of Theorem 1 is based on monodromy preserving deformation — a general technique, which should
be applicable to other eigenvalue problems as well. Potential candidates and associated (l-matrices for solving the
deformation equations can be found in [10, Appendix CJ.

Finally, as a consequence of Theorem 5, the zeros of the polynomial P(k; -;u,v) given by Theorem 3 satisfy the
PDE (29) and do not coincide with any eigenvalue of A(k;u,v) in a neighbourhood of (u,r) = (0,0). Moreover (see
the proof of Lemma 4), P(k; -; u, V) gives rise to a special integral of polynomial type for the Painlevé III (52). Now,
the results of Mansfield & Webster in [16, Section 2] suggest that these special integrals are unique in some sense,
which in turn implies that classical eigenvalues of the Chandrasekhar-Page angular equation are not algebraic.

Appendix
A. Eigenvalues and eigenfunctions in the case p=v =20

For fixed k € [%,00), a point A € C is an eigenvalue of A(x;0,0) if and only if the system (5) with (u,v) = (0,0)
has a nontrivial solution S(¢) satisfying

/W 1S(6)[2.d6 < oo, (101)
0

Introducing the functions u, v : (—1,1) — C by

3

L tan g u(cos 0)
S(0) =:sin"tz 0 , (102)

cot & v(cos0)

T

then (5) with (u,v) = (0,0) is transformed into

(1 -2 (z) = <H + ;) u(@) + Av(x),  (1+ ) (z) = —Au(z) — </<c + ;) (@), (103)

and the normalisation condition (101) is equivalent to
1 1 1 1 1 1
/ u(z)?(1 —2)" 2 (1 +2)" 2 dr < oo, / v(x)?(1 — )" 2(1 +2)" 2 dr < oo. (104)

-1 —1
If A = 0, then the differential equations (103) imply u(z) = ¢1(1 — )" 2 and v(z) = co(1 4+ )" 2 with some
constants ¢1, ¢co € C, and from the condition (104) it follows that ¢; = ¢; = 0. Hence, A = 0 is not an eigenvalue of

A(k;0,0), and we assume in what follows that A # 0. In this case, the second equation in (103) gives

k4 L
u(z) = 1 —; z V' (x) — _: 2 y(), (105)

1\ 2
27 J—
A <H+2>

If we set o := Kk — %, B:=kK-+ % and A:=\— Kk — %, this differential equation becomes

and for v we obtain the second order differential equation

(1— 220" (x) + [1 = 2(k + D]’ (z) + v(z) =0.

(1 —2*W'(x)+[B—a—(a+B+2)x]v(x) + AA+a+ B+ 1v(z) =0, (106)

and the second condition in (104) takes the form

/1 v(z)?(1 —2)%(1 4+ 2)? dz < 0. (107)
-1
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Note that (106) and (107) is the eigenvalue problem associated to the Jacobi polynomials. More precisely, the solutions
of the differential equation (106) which are square integrable with respect to the weight function (1 — x)®(1 + x)”

are constant multiples of the Jacobi Polynomials P,(La’ﬁ ) with some non-negative integer n, and the corresponding

eigenvalues )\Til are determined by the equation A% — (m + %)2 =nn+a+pB+1),ie., )\,jf =+ (m + % + n) Now, if
we define v(z) := —P,(LO"B)(QC), x € (—=1,1), then (105) yields

d 1 §
Ao u(@) = (Ut @) P + P = %(1 +a) PO 4 g pled)
- % |(8+m)PETHD 4 n P+ 4 g pled)

=(a+B+n+ 1)PT(La+1,ﬁ) —(a+n+ 1)Prga’ﬁ) - (ﬁ‘*‘n)PrgaH’ﬁ_l) - |/\riL|P7(La+1’ﬁ_1)

where we applied the differentiation formulas and contiguous relations for Jacobi polynomials (see [15, Section 5.2]).

Hence, u(z) = j:Pff‘Hﬁ_l)(x)7 x € (—1,1), and since u satisfies the first condition in (104), the numbers A are in
fact eigenvalues of A(k;0,0). Moreover, the corresponding eigenfunctions are constant multiples of

+4/tan & Py(LH+%7R_%) (cosb)
sin” 6 0 € (0,7),

1l ’
—y/cot & p" 2"H_2)(0089)

which form a complete orthogonal set in £ ((0, ), CQ). In particular, the spectrum of A(x;0,0) is given by {\* :
n=012,...}.

B. A Numerical Example

As a numerical example, we have computed the coefficients ¢, of the power series expansion (38) up to and
including m +n = 8 for kK = % and j = 1 using the recurrence relation given in Section III. The coefficients have
been rounded to six significant figures and listed in the table below. It should be noted that they are to some extent
different from the coeflicients displayed in [23, Table I]. Evaluating the power series expansion (38) at o = 0.01 and
8 =0.02, ie., (u,v) = (0.005,0.015), yields A1 = 1.01167 as a numerical approximation for the eigenvalue A1, and
this result coincides with the value given in [23, Table II]. For a second pair of parameters (o, 3) = (0.5,1.0), i.e.,
(1, v) = (0.25,0.75), we obtain A1 = 1.59745, which differs slightly from the value A; = 1.59764 listed in [23, Table
I1]. In order to test the reliability of our numerical result, we can use the statement of Lemma 3. That means, we
approximate ©()) defined in (25) by the second component ©,,(\) of d,,(\) for n = 8, and we compare Og();) and
Os(A1) with the theoretical result O(A;) = 0. As Og(A;) = 3.60882e — 05 and Og(\;) = —2.51164e — 04, our result
seems to be more trustworthy. Finally, let (u,r) = (0.02,0.1). The coefficients of the polynomial Og are given in
Table II. For these parameters, our power series approximation gives A1 = 1.07379 which differs significantly from
the value A\; = 1.06104 given by Chakrabarti (see [1, Table 1]). Despite his claiming of an accuracy of six decimals,
the evaluation of Og at the eigenvalues in question gives @8(5\1) = 5.68899¢ — 12 and 98(5\1) = 1.52770e — 02 in
favour of our result. Thus, Chakrabarti’s calculations should be taken with some caution.

m = 0 1 2 3 4 5 6 7 8
n = 1.00000e+00 5.00000e-01 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
1.66667e-01 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
7.40741e-02 -1.48148e-02 0.00000 0.00000 0.00000 0.00000 0.00000
-8.23045e-03 3.29218e-03 -4.70312e-04 0.00000 0.00000 0.00000

-9.14495e-04 5.48697e-04 -1.22281e-04 1.35868e-05 0.00000
5.08053e-04 -4.06442e-04 1.41790e-04 -2.67091e-05
-3.38702e-05 3.38702e-05 -1.63351e-05

-2.63435e-05 3.16122e-05

7.10856e-06

0 ~JO Ui WNH—O

TABLE I: The coefficients ¢m,n, 0 < m +n < 8, of the power series expansion (38) in the case k = % and j = 1.
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n=20 1.22151e+00 || n =9 4.91151e-06
1 1.44347e-02 10 | -4.22048e-04
2 | -1.70525e+00 11 | -9.46610e-08
3 | -7.92297e-03 12 1.02643e-05
4 6.72114e-01 13 6.88933e-10
5 1.46003e-03 14 | -1.26470e-07
6 | -1.12351e-01 15 | -1.00000e-26
7 | -1.21028e-04 16 6.15119e-10
8 9.39664e-03

TABLE II: The coefficients d,, of the polynomial Og(\) = Ziﬁ:o Sn A" for k=%, p=0.02, v =0.1.

C. Eigenfunctions in the case |u| # |v|

Eliminating the second component of y in the system (11), we get a linear second-order differential equation for
the first component y; given by

d? 1 1 \d
yl(x)—i—(—— )ﬂ(x)+(fo+%+%+ L )yl(x):() (108)

da? R r=1 (z-1  w-b
with
Y 2 .
b;z-pz,w 7o =4 (u* = v?), n:=A2—2a2+2u+a—u2_4a”+ui”;’ a::ngZ
and
4o 2vp? +2ap® — v A2
Ty = —a?, T3:= u2a_'u)\2 +2v—m, m=a(l-a), 75:= = —;22/;2 - )

Now by means of the transformation
y(z) = x%(x — 1) (2)e?™, t =412 — p2,

we find that 1 (z) satisfies the generalised Heun equation

deﬁgx) - (1 B 4t> dﬁix) - ﬁxo(: . 1195(: 5223)21/’(“’) =0 (109)
where
po=—2a, mpm=1-2a, pp=2, f[a:=8at,
and

2au(b—1) Jr20¢ub
A+ u w—=A’

Br=p2 =N =2tb+2a(1+2b)]+2a(a—1)+2v(2a —b) —

_ 2pab

Bo=bN —p®)+b[2(v+t) —da(v—t) —4a®] + 3 .
— p

We observe that 0, 1 and b are simple singularities with characteristic exponents (0, o), (0, 1) and (0, ug) respectively,

while oo is (at most) an irregular singularity of rank 1. To stress the importance of equation (109), it is sufficient to

remark that it contains the ellipsoidal wave equation as well as Heun’s equation and thus the Mathieu, spheroidal,

Lamé, Whittaker-Hill and Ince equations as special cases.
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