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SEMICLASSICAL CALCULATION OF FISSION BARRIERS WITH SKYRME FORCES ~ 
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We present semiclassically calculated fission barriers for 24°pu starting from effective nuclear interactions of the Skyrme 
type. We show that at least one of the existing Skyrme parametrisations leads to a reasonably low fission barrier. 

The recent development of  simple phenomenologi- 
cal, yet realistic effective nuclear interactions [1,2] 
has made it possible to calculate static fission barriers 
of heavy nuclei with the constrained Hartree-Fock 
(CHF) method [3,4]. However, the barriers obtained 
in this way for 240pu are higher than the experimental 
ones by almost a factor 2 even after a careful estima- 
tion of  several possible uncertainties [4,5]. This pre- 
sents a challenging puzzle to the theoretician, since 
the same forces used with the HF method lead to an 
agreement with many ground state properties of  spher- 
ical and deformed nuclei throughout the mass table 
(see e.g. the review article ref. [6]). 

Before raising serious doubts about the validity of  
the CHF method used at large deformations, it is nec- 
essary to investigate whether it is not possible to refit 
the effective force parameters so as to get reasonable 
fission barriers without spoiling the good agreement 
obtained for the ground state properties. In fact, there 
is still a lot of  freedom left at least in the case of  the 
Skyrme type forces, for which numerous parametrisa- 
tions exist which all give comparable results for spher- 
ical nuclei (see e.g. refs. [1,7]). Unfortunately, the 
CHF calculations for heavy deformed nuclei still re- 
quire enormously long computer times which make 
systematical investigations of  fission barriers practi- 
cally impossible. 
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In this note we want to present semiclassical calcu- 
lations of fission barriers for a series of  Skyrme forces. 
Our method is essentially based on the energy density 
formalism. With the help of the semiclassical functionals 
rip] and J[p] obtained from the extended Thomas-  
Fermi (ETF) model (see, e.g. refs. [8,9]), we express 
the kinetic energy density r(r) and the spin-orbit  den- 
sity J(r) (see ref. [1 ]) for each kind of nucleons by the 
corresponding nucleon densities. Using the Skyrme force, 
the parameters of which we take from spherical HF 
calculations [1,7], the total binding energy of  the nu- 
cleus is then given uniquely in terms of  the neutron 
and proton densities Pn(r), pp(r) and their gradients. 
To obtain deformation energy curves, we parametrise 
the densities for suitably deformed nuclear shapes and 
vary their parameters so as to minimise the total energy 
under a given external constraint (e.g. the quadrupole 
moment or the length of  the nucleus). Some prelimi- 
nary results of  such calculations have already been pre- 
sented recently [10]. 

This method allows us, as we show here for 240pu, 
to obtain in a very economical way the average fission 
barriers of  different Skyrme type forces and to com- 
pare them to the empirically known liquid drop barrier. 
Shell effects, which are not contained in the present 
treatment, can be included perturbatively as demon- 
strated by detailed numerical investigations [11 ]. This 
will be done in a forthcoming publication. 

We use the full ETF functionals r[p]  and J[p] given 
in ref. [9], including all effective mass and spin-orbit  
contributions and gradients of  the density p up to 
fourth order. (It is worth mentioning that under the 
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spatial integration required for the total energy, the 
number of terms reduces greatly and actually only 
first and second derivatives of  p(r) are needed.) The 
kinetic energy density functional r[p] has recently 
been tested for different deformed local potentials 
[8,12] and found to reproduce the total average ki- 
netic energies with considerable accuracy. We can con- 
clude from these results that the error in relative de- 
formation energies stemming from the use of  this 
functional should be less than ~ 1-'2 MeV. 

The basic input in our calculations are the nucleon 
densities which must be suitably parametrised in order 
to describe deformed nuclear shapes with a diffuse 
surface. For that we have adopted a technique [13] 
which has proved successful for defining a deformed 
average nuclear potential in extended shell-correction 
calculations [14]. In cylindrical coordinates z, r (keep- 
ing axial symmetry),  our densities are defined by 

pq(r,z) =p0q/ (1  +exp[ lq( r , z ) /aq]}  (q = n , p ) ,  (1) 

where the central densities P0q and the surface diffuse- 
ness parameters aq are allowed to be different for neu- 
trons and protons. The length variable lq(r, z) is de- 
fined by 

lq(r, z) = l lq(r,z; def)/lVr, z Ilq(r, z; def)l, (2) 

and depends on the deformation through the shape 
function IIq(r, z; def). The deformed nuclear surface 
is defined by IIq(r, z; def) = 0 in terms of some shape 
parameters denoted at the moment  by "de f "  and spec- 
ified below. The length variable lq measures thus the 
distance from the nuclear surface in the direction of  
its gradient which is held constant due to the defini- 
tion eq. (2) (see refs. [13,14] for details). 

We have used the {c, h} parametrisation of ref. [14] 
which is well suited to describe fission shapes up to 
the second barrier region of actinide nuclei. It becomes 
poor for very large deformations (c ~ 2) when the cor- 
responding liquid drop comes close to scission. We 
therefore used at large deformations a three-parameter 
parametrisation {s, t, u} which was developed in ref. 
[10] and consists of  matching two ellipsoids (for the 
"ends" of  the nucleus) with a sixth order polynomial 
(for the neck region). The parameters {s, t, v} can be 
related uniquely to the total length L of  the nucleus 
in z (symmetry axis) direction, the neck radius (at z 
= 0) and the maximum radius in r direction (see ref. 
[10] for the details). 

The direct part of  the Coulomb energy was calcu- 
lated for a sharp-surface liquid drop with an equivalent 
radius (determined by fixing the proton number). As 
shown by Myers and Swiatecki [ 15], this gives the cor- 
rect deformation dependence up to order (ap/Rp) 2 in 
the leptodermous expansion which can be assumed to 
hold up to the saddle point deformations considered 
here. We checked that e.g. in the 2°8pb ground state, 
inclusion of the term (ap/Rp) 2 reproduces to within 

1 MeV the exact Coulomb energy obtained from the 
diffuse proton distribution pp(r). The exchange Cou- 
lomb energy was included in the Slater approximation 
as is usual also in Skyrme HF calculations [1,3,11 ]. 

In fig. 1 we show the deformation energy obtained 
for 240pu with the Skyrme force SI I I ,  plotted against 
the total length L of the nucleus (taken as the distance 
between the two half-density points along the z axis). 
For each value of L, the total energy has been mini- 
mised with respect to an, ap, P0n and Pop and to the 
one (or two) remaining shape parameter(s). (The half- 
density radii R n and Rp contained in Ilq are fixed by 
particle number conservation.) The upper curve is ob- 
tained with the {c, h} parametrisation, the dashed 
curve with the {s, t, v} parametrisation. The two curves 
are identical up to L ~ 22 fm. For larger deformations, 
the {s, t, v} shapes lead to lower energies than the {c,h} 
shapes. The dashed-dot ted  curve (EcHF) is the result 
of  a CHF calculation, obtained by constraining the 
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Fig. 1. Deformation energies (in MeV) obtained with the Skyrme 
force SIII for 24°pu using two different shape parametrisations, 
plotted versus the total length L (in fro) of the nucleus. (Ro is 
the average of the spherical proton and neutron half-density 
radii R n and Rp.) The averaged HF result (EcH F) from ref. [ 11 ] 
is shown as a function of the quadrupole moment Q2 also indi- 
cated along the abscissa. 
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mass quadrupole moment Q2, Strutinsky averaged in 
order to eliminate the shell effects [11 ]. (The weak 
bump in ECH E around Q2 ~ 40 b is due to a lack of 
convergence in the selfconsistent iteration, as explained 
in ref. [11] .)We gel an excellent agreement between 
the semiclassical and the averaged CHF curves (better 
than 1 MeV) up to L ~ 23 fm. A priori, the constraints 
on L and Q2 need not lead to the same fission path be- 
tween the extremal points; the corresponding difference 
in energy should, however, be less than ~ 1 MeV. At the 
saddle point, the semiclassical energy EETF(S , t, V) is 
still ~ 2 MeV higher than the average CHF energy. 

Comparing with the preliminary results in ref. [ I0] ,  
the barrier height has decreased by ~3  MeV by allowing 
different parameters for protons and neutrons. Most of  
this gain (~2  MeV) is brought about by the different 
values of  the diffuseness parameters a n and ap. While 
improving the parametrisation, the saddle point moved 
along the dashed line indicated with arrows, which al- 
lows us to extrapolate that by optimising the density 
shapes one might actually come very close to the CHF 
saddle point. The remaining difference at L >~ 23 fm 
can thus be attributed to the restriction of the varia- 
tional space of  our nuclear densities. It should be 
noted that the present test case is rather pathological 
since with the force S III the barrier is far too high 
(~ 13 MeV instead of  ~ 4  MeV, see also fig. 2 below) 
and consequently the saddle point is at unrealistically 
large deformations (O2 ~ 145 b instead of  ~ 1 0 0  b). 
For forces which lead to realistic barrier heights, we 
can therefore expect to be at deformations where the 
semiclassical results are well converged and agree with 
the HF result to within less than 1 MeV. Considering 
the simplicity of  our approach, this result can be con- 
sidered as very satisfactory. 

In fig. 2 we present the results obtained for the 
240pu fission barriers for 5 different Skyrme force 
parameter sets. The {s, t, o} shapes were used above 
L ~- 22 fm. The forces S III to S VI (see Beiner et al. 
[1 ]) lead to very similar barrier heights. The force SkM 
[7] which distinguishes itself from the others mainly 
by its lower, more realistic incompressibility (K ~ 220 
MeV), gives an appreciably lower fission barrier of  

10 MeV. We also show the empirical LDM barrier 
calculated with the parameters of  ref. [ 15] along the 
{c, h} fission path (h ~ 0, see ref. [14]). Our results 
are qualitatively corroborated by a recent non-selfcon- 
sistent microscopic study of fission barriers [ 16], al- 
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Fig. 2. Deformation energy curves for 24°pu as in fig. 1 (with 
the (s, t, v} shape parametrisation) for five different Skyrme 
forces. The empirical LDM barrier is also shown. 

though an even lower barrier was found there for the 
SkM force. 

When comparing CHF results to the empirical bar- 
riers, one should keep in mind that the former contain 
spurious rotational energies due to the fact that Slater 
determinants are not eigenfunctions of  the total angu- 
lar momentum. To the extent that our semiclassical 
model is equivalent to an averaged (HF) system of in- 
dependent particles (which is actually demonstrated 
here; see also refs. [8,11 ]), the bulk part of  this spuri- 
ous rotational energy is also contained in our results 
for EET F. It can be estimated [ 3 - 5 ]  to contribute 
~ 4 - 6  MeV to the height of  the average fission bar- 
riers. If this amount is deducted from our results 
shown in fig. 2, the barrier obtained with the force 
SkM is actually quite reasonable. As to the spurious 
centre of mass energies also contained in HF results, 
they should contribute less than ~ 1 MeV to the de- 
formation energies if the traditional estimates are 
used [1,3]. 

Before concluding this paper, we want to demonstrate 
the reliability of our semiclassical method by presenting 
in table 1 some results obtained with the force S III 
for a series of  nuclei, including a hypothetical super- 
heavy nucleus with N = 228, Z = 126. The first two 
columns contain the exact [1,18] and selfconsi~ently 
Strutinsky-averaged [11 ] HF energies EHF and EHF, 
respectively ,1 (constrained to spherical shape for 

4-1 No cm energy corrections and no pairing correlations are 
included. 
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Table 1 
Total energies in MeV, rms radii in fm and diffusivities in fro, obtained for spherical nuclei with the force SIII. HF results are 
given along with those of our present investigation (denoted by ETF). EHF is the selfconsistently averaged HF energy [11 ]. 

Nucleus EHF /~HF EETF (rp)HF (rp)ETF (rn - rp)HF (rn -- rp)ETF (an - ap)ETF 

4O zoCa - 325 - 322 - 327 3.41 3.39 - 0.04 - 0.04 - 0.010 

168vh -1312 -1334 -1356 5.20 5.19 0.08 0.09 0.065 ,7o-~ 
2°sPh -1619 -1598 -1618 5.52 5.55 0.13 0.12 0.067 82 -v 
24on 94vu -1771 -1784 -1808 5.83 5.81 0.11 0.13 0.078 

3say, -2358 -2348 -2374 6.59 6.57 0.16 0.19 0.129 126"'A 

168yb and 240pu in the HF case). Our semiclassical 

energies EET F given in column 3 agree quite well with 

the values EHF, being lower by ~ 1-1.5%. This slight 
overbinding might be due to some minor defects of the 
density functionals r[p] and J[p] used. We presently 
study the possibility to correct for it in a perturbative 
way, as it has been done in ref. [17]. 

Columns 4 and 5 in table 1 show the proton rms 
radii rp obtained in HF [l ,  18] and our semiclassical 

calculations. The agreement within <~ 0.5% is very satis- 
factory. Our model even reproduces rather accurately 

the neu t ron -p ro ton  difference in the rms radii, r n - rp, 
as seen in columns 6 and 7. In the last column we show 
the surface thickness difference a n ap obtained in our 
calculations. It is interesting that it becomes larger with 
increasing neutron excess. For 4°Ca, the protons are 
slightly more diffuse than the neutrons due to the Cou- 
lomb repulsion. Over the whole region considered, ap 
is constant within a few percent (~0.35 fm), whereas 
a n increases from 0.35 fm (40Ca) to 0.47 fm (354Xx), 
thus by ~30%. Since we found furthermore that the 

ratio P0n/P0 p stays almost constant (~0.97 N/Z) for 
all nuclei considered, we can conclude that the increase 
in r n - rp observed is intimately connected with the in- 
creasing neutron diffuseness, as is evident from the 
strong correlation between the numbers in the last two 
columns of table 1. 

We note that the radial form of our densities eq. (1) 
are different from Fermi functions in the spherical case 
where lq = ½(r 2 - R 2 ) ,  see ref. [14]. This explains the 
value ofap ~ 0.35 fm which seems much lower than 
the experimental number 0.55 fro. Indeed, fitting our 
densities by Fermi functions ap would come close to 
0.5 fro. We presently investigate the full variation of 
the densities by solving the Euler-Lagrange equations 
in order to see whether our parametrisation of the den- 

sities can be significantly improved. 

In conclusion we remark that our semiclassical method 
reproduces rather accurately the averaged HF results. 
The use of the full functionals rip] and J[p] [9] up to 
fourth order not only leads to excellent binding ener- 
gies and radii of spherical nuclei; particularly it also per- 
mits one to obtain reliable average deformation energies 
(within ~ 2  MeV) in a very economical way. 

It would be premature to draw definite conclusions 
about the suitability of different Skyrme forces to 
yield correct fission barriers, although the force SkM 

seems to be the favourite candidate of the cases shown 
in fig. 2. Before that, a detailed study of the role of 
their LD parameters such as surface and asymmetry 
coefficients, effective mass and incompressibility, is 
necessary. Such a study is now in progress and will be 
published along with some more details of our calcula- 
tions. 

We have greatly profited from the interest of 
B.K. Jennings in our investigations. We thank P. Quen- 
tin for providing us some of the HF results. 
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