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HOT NUCLEI IN A SEMI CLASS ICAL MEAN-FIELD DESCRIPTION 

M a t t h i a s BRACK 

I n s t i t u t e f o r Theor. P h y s i c s , U n i v e r s i t y of Regensburg, D - 8400 Regensburg, 
W. Germany «) 

Recent r e s u l t s o f d e n s i t y v a r i a t i o n a l c a l c u l a t i o n s f o r hot n u c l e a r systems 
are r e p o r t e d . The q u e s t i o n o f the maximum temperature o f a f r e e , hot compound 
nucleus i s addressed. A c o n s i s t e n t set of temperature-dependent l i q u i d drop 
parameters f o r the f r e e energy of a nucleus i s g i v e n . 

1. INTRODUCTION: SEMI CLASS ICAL MEAN-FIELD THEORY 

The p r o p e r t i e s of hot n u c l e a r systems are of a c t u a l i n t e r e s t both in heavy 
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ion p h y s i c s and i n a s t r o p h y s i c s . We s h a l l d i s c u s s some of them here i n a mean-
f i e l d approach, making use of e f f e c t i v e nucleon-nucleon i n t e r a c t i o n s o f the 
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Skyrme-type . T h i s approach, which i s very s u c c e s s f u l in d e s c r i b i n g n u c l e a r 

g r o u n d - s t a t e p r o p e r t i e s , must be re-examined by a r i g o r o u s ab i n i t i o manybody 

treatment'*'^ f o r systems at f i n i t e temperature T. Recent Bruckner c a l c u l a t i o n s ^ * 

at T > 0 seem t o j u s t i f y f o r the f i r s t time the use of an e f f e c t i v e i n t e r a c t i o n 

w i t h ' f r o z e n ' parameters ( i . e . those determined from f i t s t o gr o u n d - s t a t e p r o p e r ­

t i e s at T = 0) in Hartree-Fock (HF)' 7 ^ or r e l a t e d c a l c u l a t i o n s ^ » ^ } a t l e a s t 
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up t o temperatures ^ 10 MeV. It a l s o appears ' that c o r r e l a t i o n e f f e c t s 

which i n c r e a s e the l e v e l d e n s i t y at low e x c i t a t i o n s tend t o dis a p p e a r w i t h 

i n c r e a s i n g temperature, thus f a v o u r i n g the sim p l e HF or m e a n - f i e l d a p p r o x i m a t i o n . 
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E a r l y HF c a l c u l a t i o n s at T > 0 have a l r e a d y shown th a t another e f f e c t 

of the ' h e a t i n g 1 of the P a u l i p r i n c i p l e i s th a t s h e l l e f f e c t s r a p i d l y d i s a p p e a r . 

At temperatures T > 2.5 MeV, f i n i t e n u c l e i no longer e x h i b i t quantal s t r u c t u r e s 

such as the s h e l l e f f e c t s i n t h e i r b i n d i n g e n e r g i e s , and behave l i k e c l a s s i c a l 

systems. T h e r e f o r e , a s e m i c l a s s i c a l d e s c r i p t i o n i s e v i d e n t l y a p p r o p r i a t e , such 
as the d e n s i t y v a r i a t i o n a l approach which was r e c e n t l y developed not o n l y f o r 
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hot n u c l e i * but a l s o f o r the d e s c r i p t i o n o f average n u c l e a r g r o u n d - s t a t e 
p r o p e r t i e s . I t s e s s e n t i a l i n g r e d i e n t i s the l o c a l d e n s i t y f u n c t i o n a l f o r 
the f r e e energy F of a system of n o n - i n t e r a c t i n g Fermions at T > 0 which can 
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be gained from a s e m i c l a s s i c a l expansion of the d e n s i t y m a t r i x i n powers 

of "ft, l e a d i n g t o the s o - c a l l e d extended Thomas-Fermi (ETF) model (see e.g. 

r e f . 10 f o r an o u t l a y of t h i s model). With t h i s f u n c t i o n a l , the f r e e energy 

can be expressed in terms of the l o c a l one-body d e n s i t y p (r) alone: Work p a r t i a l l y supported by Deutsche Forschungsgemeinschaft 



F = E - TS = J d 3 r f [ p ( r ) J , (1) 

where the f u n c t i o n a l f [ p ] has the general form 

f [ p ] = f ^ P ) + 6 ( p ) ( ^ p ) 2 + Y ( P ) A P + ... (2) 

The term f ^ C p ) g i v e s the exact f r e e energy of an i n f i n i t e system w i t h constant 

d e n s i t y p; the next two terms are second-order and the dots stand f o r h i g h e r -
1 4 

or d e r g r a d i e n t c o r r e c t i o n s which are important f o r inhomogeneous, f i n i t e 

s i z e systems. Note t h a t the c o e f f i c i e n t s 6 ( p ) and y ( p ) > as w e l l as those of 

the h i g h e r - o r d e r c o r r e c t i o n s , are u n i q u e l y determined f o r a g i v e n e f f e c t i v e 
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i n t e r a c t i o n . It has been e x p l i c i t l y shown ' t h a t eq. ( 1 ) , i n c l u d i n g the 

ETF f u n c t i o n a l w i t h g r a d i e n t c o r r e c t i o n s up t o 4th o r d e r , e x a c t l y reproduces 

the quantum-mechanical (HF) f r e e energy and ent r o p y of a nucleus f o r T > 2.5MeV, 

where the s h e l l e f f e c t s have d i s a p p e a r e d . 

We s h a l l i n the f o l l o w i n g r e p o r t b r i e f l y on two a p p l i c a t i o n s o f the approach 

sketched above: i n s e c t . 2 we r a i s e the q u e s t i o n of the maximum temperature 

which an i s o l a t e d , hot nucleus can s u s t a i n , and in s e c t . 3 we g i v e , as a more 

p r a c t i c a l r e s u l t , a set of temperature-dependent l i q u i d drop model (LDM) p a r a ­

meters, d e r i v e d c o n s i s t e n t l y from a r e a l i s t i c Skyrme f o r c e . 

2. HOW HOT CAN NUCLEI BECOME? 

We t r y t o answer t h i s q u e s t i o n w i t h i n the s t a t i c m e a n f i e l d framework. The 

answer depends on the p h y s i c a l c i r c u m s t a n c e s f o r which we have i n mind two 

s c e n a r i o s . The f i r s t i s t h a t of a c o l l a p s i n g massive s t a r on i t s way t o become 

(or not become, see r e f . 2) a supernova. Here, f i n i t e temperatures and p r e s s u r e s 

e x i s t , so t h a t - at l e a s t l o c a l l y i n a g i v e n ' s h e l l ' o f the s t a r - condensed 

n u c l e i may e x i s t i n thermal e q u i l i b r i u m w i t h a gas m i x t u r e of nucleons and 

l e p t o n s . The second s i t u a t i o n i s t h a t of a hot compound nucleus formed in a 

heavy ion c o l l i s i o n , where no e x t e r n a l p r e s s u r e i s present t o e s t a b l i s h an 

e q u i l i b r i u m ; t h i s i s at best a m e t a s t a b l e s i t u a t i o n . 

In e i t h e r case we t r y t o f i n d the d e n s i t y d i s t r i b u t i o n from the v a r i a t i o n a l 

a n s a t z 

X i s the Lagrange m u l t i p l i e r f o r c o n s e r v i n g the number A of nucleons, and 

P q i s the e x t e r n a l p r e s s u r e . Eq. (3) t o g e t h e r w i t h eq. (2) leads t o the f o l l o w i n g 

Eu1er-Lagrange e q u a t i o n : 

6 f [ p ] / 6 p = f ' (p) + 2 [ Y '(P) - B ( p ) ] A p + [ Y " ( P ) - 6' (p) ] ($p ) 2+. . . = X. (k) 

6 / 6 p ( r ) J d 3 r { f [ p ( r ) ] - Xp ( r ) + P Q } = 0. (3) 

(Primes denote d e r i v a t i v e s w i t h r e s p e c t t o p. For s i m p l i c i t y , we o n l y assume 



here one k i n d of nucleons. In a r e a l i s t i c case, one w i l l use two Lagrange m u l t i ­

p l i e r s Xp, X n and o b t a i n two coupled e q u a t i o n s f o r neutron and proton d e n s i t i e s 

P N and pp, r e s p e c t i v e l y . ) The boundary c o n d i t i o n s w i l l be d i s c u s s e d s e p a r a t e l y 

in the two d i f f e r e n t s c e n a r i o s . 

1.1 E q u i l i b r i u m case w i t h e x t e r n a l p r e s s u r e P Q # 0 

We c o n s i d e r an i s o l a t e d n u c l e u s , embedded i n an i n f i n i t e nucleon gas at 

f i n i t e p r e s s u r e P . In the l i m i t where the nucleus i s very l a r g e , we have thermal 

e q u i l i b r i u m of a condensed ( l i q u i d ) phase w i t h d e n s i t y p Q and a gas phase 

w i t h d e n s i t y p^; these l i m i t i n g d e n s i t i e s f a r away from the nucleus 1 s u r f a c e 

are g i v e n by 

f > 0 > = f i ( P g ) = (5) 

p r e s s u r e e q u i l i b r i u m i m p l i e s 

P(p ) = Xp - f (p ) = P(p ) = Xp - f (p ) = P . (6) 
"o 'o 0 0 0 9 9 0 0 9 0 

The f o u r eqs. (5,6) are s o l v e d s i m u l t a n e o u s l y by the f a m i l i a r Maxwell c o n s t r u c ­

t i o n ; at each f i x e d temperature T they f i x the h q u a n t i t i e s X, P , p Q and 

Pg. The maximum temperature f o r which a s o l u t i o n can be found i s the c r i t i c a l 

temperature T c of the g a s / l i q u i d phase t r a n s i t i o n . For r e a l i s t i c f o r c e s w i t h 

an i n f i n i t e matter i n c o m p r e s s i b i 1 i t y (at T = 0) = 200 - 250 MeV one gets 

T =14-16 MeV. 
c 

In f i n i t e n u c l e i , p Q , X and T c are m o d i f i e d by: 1) compression e f f e c t s 

due t o the f i n i t e n e s s o f K(o, t e n d i n g t o i n c r e a s e P Q ; 2) Coulomb r e p u l s i o n 

of the p r o t o n s , t e n d i n g t o d e s t a b i l i z e the nucleus and t o decrease p Q , and 

3) f u r t h e r asymmetry e f f e c t s as soon as p # p due t o the P a i r l i p r i n c i p l e . 
Q N P 

Bonche et a l . performed HF c a l c u l a t i o n s in a W i g n e r - S e i t z a p p r o x i m a t i o n , u s i n g 
a s u b t r a c t i o n procedure which i s e q u i v a l e n t t o i n c l u d i n g a p r e s s u r e P # 0 

208 ° 

in eq. (3)- They found a maximum temperature T m - 8-10 MeV f o r Pb (depending 

on the i n t e r a c t i o n ) , beyond which the nucleus ceases t o be bound. The same 

procedure was a l s o used in d e n s i t y v a r i a t i o n a l c a l c u l a t i o n s w i t h ETF f u n c t i o n a l s , 

l e a d i n g t o i d e n t i c a l r e s u l t s 

1.2 M e t a s t a b l e case w i t h P = 0 
o 

When a hot compound nucleus i s formed in a heavy ion c o l l i s i o n , t h e r e i s 

no e x t e r n a l gas p r o v i d i n g the p r e s s u r e necessary t o form a thermodynamical 

e q u i l i b r i u m . In f a c t , such a nucleus i s u n s t a b l e and decays by nucleon evapora­

t i o n (or ot h e r channels: f i s s i o n , y d e c a y , f r a g m e n t a t i o n , . . . ) . However, i f 

i t s l i f e t i m e i s long enough, i t may be t r e a t e d as a me t a s t a b l e system, very 

much l i k e a superheated c l a s s i c a l l i q u i d drop at v a n i s h i n g e x t e r n a l p r e s s u r e ^ . 

The E u l e r e q u a t i o n (k) has been s t u d i e d f o r the m e t a s t a b l e case (P = 0) in 



the s e m i - i n f i n i t e l i m i t by S t o c k e r and B u r z l a f f 1 . In the condensed r e g i o n ( i . e . 

f a r i n s i d e a v e r y l a r g e n u c l e u s ) the d e n s i t y goes t o a c o n s t a n t p Q g i v e n by 

the s a t u r a t i o n c o n d i t i o n at T > 0 : 

f : < p 0 ) = f j p 0 ) / p 0 = x . ( 7 ) 

O u t s i d e the s u r f a c e , the d e n s i t y does not go t o a c o n s t a n t v a l u e , but has 
% 1 7 

a minimum at a f i n i t e d i s t a n c e R : p(R ) = p , p ' ( R ) = 0 ; f u r t h e r one f i n d s 
o K o g o 

f „ < P g ) = *Pg- ( 8 ) 

The maximum temperature T m, f o r which a s o l u t i o n of eqs. ( 4 , 7 , 8 ) can be found, 

i s t y p i c a l l y ^ 3-^ MeV lower than the c r i t i c a l temperature T c of the e q u i l i b r i u m 

case. 

For d e s c r i b i n g f i n i t e , m e t a s t a b l e n u c l e i , we propose the f o l l o w i n g m o d i f i e d 
1 8 

v a r i a t i o n a l procedure : The ( s p h e r i c a l ) nucleus i s put i n t o an i n f i n i t e 
box w i t h r a d i u s R ; eq. ( 3 ) ( w i t h P = 0 ) i s m o d i f i e d t o 

o o 
R 9 

6 fQ° 4TT r^dr ( f [ p ( r ) ] - X p ( r ) } = 0 , ( 9 ) 

thus i n c l u d i n g R q i n the v a r i a t i o n . V a r y i n g p ( r ) w i t h f i x e d R q leads a g a i n t o 

eq. ( 4 ) ; v a r i a t i o n o f R q g i v e s the a d d i t i o n a l boundary c o n d i t i o n 

f [ p ] = * p g . ( 1 0 ) 

In a d d i t i o n , we have the boundary c o n d i t i o n s 

p ' ( r = 0 ) = p ' ( R Q ) = 0 . ( 1 1 ) 

The p a r t i c l e number i s g i v e n by 

R 

° ? 
A = 4TT fQ r dr p ( r ) . ( 1 2 ) 

In the l i m i t A °°, t h i s procedure y i e l d s the o l d r e s u l t of r e f . 1 7 -

The numerical s o l u t i o n o f eqs. ( 4 , 1 0 - 1 2 ) i s in p r o g r e s s . P r e l i m i n a r y r e s u l t s 
1 9 

o f v a r i a t i o n a l c a l c u l a t i o n s w i t h p a r a m e t r i z e d t r i a l d e n s i t i e s y i e l d a l i m i t i n g 
2 0 8 1 0 2 0 

temperature of Pb of T m = 5 - 5 - 5 MeV, hereby u s i n g the Skyrme SkM* f o r c e ' . 

T h i s corresponds t o a l i m i t i n g e x c i t a t i o n energy per p a r t i c l e of E*/A ^ 3 - 4 MeV. 

Although the e x p e r i m e n t a l s i t u a t i o n i s f a r from c o n c l u s i v e , some h i n t s f o r 

l i m i t i n g v a l u e s of E*/A of t h i s o r d e r may have been observed . 
1 9 

B i n d i n g e n e r g i e s and e n t r o p i e s were found t o depend v e r y l i t t l e on the 
e x t e r i o r d e n s i t y p up t o T < 4 MeV, thus v a l i d a t i n g o l d e r r e s u l t s o f c a l c u l a -

t i o n s where p was put t o z e r o i n the t r i a l d e n s i t i e s . There the f i s s i o n b a r r i e r 
9 
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of Pu was found t o v a n i s h at T = 4 - 4.5 MeV, due t o the d e c r e a s i n g s u r f a c e 

t e n s i o n of the hot nucleus (see s e c t . 3 below). 

From the v a r i a t i o n a l r e s u l t s of p and R one can c a l c u l a t e the p r e s s u r e 
g o 

of the n u c l e u s 1 s u r f a c e on the w a l l s of the box, and thus e s t i m a t e the evapora-
18 19 -23 

t i o n r a t e . We f i n d ' J t h a t T g v < 10 ^ sec f o r T > 5 MeV. Thus, a mean 

f i e l d no longer e x i s t s at T > 5 MeV, s i n c e the e v a p o r a t i o n channel i s c o m p l e t e l y 

open. 

In c o n c l u s i o n , we do not expect i s o l a t e d compound n u c l e i t o e x i s t beyond 

temperatures T - 4-5 MeV due t o t h e i r immediate decay by e v a p o r a t i o n and, 

f o r A > 240, by f i s s i o n . 

3. TEMPERATURE DEPENDENCE OF LDM PARAMETERS 

In many a p p l i c a t i o n s i t i s convenient t o e s t i m a t e average b i n d i n g e n e r g i e s 

u s i n g a s e m i - e m p i r i c a l mass f o r m u l a . For g r o u n d - s t a t e masses, the LDM and 
21 

i t s r e f i n e m e n t , the d r o p l e t model , have become r a t h e r p o p u l a r . For heated 

n u c l e a r systems we have t o know the temperature dependence o f the LDM (or 

d r o p l e t model) parameters. The d e n s i t y v a r i a t i o n a l method d e s c r i b e d above 

ser v e s as an i d e a l t o o l t o d e r i v e these parameters c o n s i s t e n t l y from a g i v e n 

e f f e c t i v e i n t e r a c t i o n . We w r i t e the f r e e energy i n the form 

F = F + F + F . . (13) 
sym asym coul 

The l i q u i d - d r o p type expansion of the symmetric p a r t ( f o r N = Z) i s 

F (A) = a A + a A 2 / 3 + a A 1 / 3 + a . (14) 
synrr ' v s c o 
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It was shown r e c e n t l y ' t h a t eq. (14) reproduces the exact v a r i a t i o n a l 

ETF t o t a l e n e r g i e s (or HF e n e r g i e s f o r 2.5 < T < 5 MeV) w i t h i n l e s s than 

1 MeV, even f o r n u c l e i as l i g h t as A > 10. Hereby, the presence of the c u r v a t u r e 

energy c o e f f i c i e n t a , amounting t o ^ 10 - 13 MeV f o r a l l r e a l i s t i c i n t e r a c t i o n s 
c 2 i 

(and i n c l u d i n g the s o c a l l e d compression energy of ^ - (2-3)MeV), and of 
the constant term a ( t y p i c a l l y ^ - (8-12)MeV) are of great importance, 

o 2i 
For the asymmetry energy, the d r o p l e t model e x p r e s s i o n 

F = J A I 2 / [ 1 + ( 9 J / 4 Q ) A " 1 / 3 ] , (15) 
asym 

where I = (N-Z)/A, J i s the volume asymmetry energy and Q the s u r f a c e s t i f f n e s s 

parameter, has been n i c e l y v e r i f i e d by the ETF d e n s i t y v a r i a t i o n a l c a l c u l a ^ 
10 23 21 

t i o n s ' f o r | l | < 0.3- Note t h a t , as emphasized from the b e g i n n i n g , 
-1/3 

the T a y l o r expansion of eq. (15) in powers of A i s not j u s t i f i e d s i n c e , 

t y p i c a l l y , (9J/4Q) >, 2. 



The a p p r o x i m a t i o n 

^cou I 

,23 

coul - c | Z

2 / A 1 / 3 * c 2 Z
2 / A 

was found t o reproduce w i t h i n < 1 MeV the Coulomb e n e r g i e s ( i n c l u d i n g exchange) 

f o r n u c l e i w i t h 6 < A < 240 . 

The s y s t e m a t i c d e t e r m i n a t i o n o f the parameters i n F and F from semi-
sym asym 

i n f i n i t e n u c l e a r matter c a l c u l a t i o n s has been d e s c r i b e d in r e f . 21 and, f o r 

the ETF d e n s i t y f u n c t i o n a l approach w i t h Skyrme f o r c e s , i n r e f . 10 . The tempera­

t u r e dependence o f the a. i n eq. (14) was d i s c u s s e d both f o r the e q u i l i b r i u m ^ ' ^ 

and the m e t a s t a b l e s i t u a t i o n 18,19 The d i f f e r e n c e was shown t o be n e g l i g i b l e 
g 

f o r T < 4 MeV. In t h i s domain, a q u a d r a t i c a p p r o x i m a t i o n o f the form 

a . ( T ) = a . ( 0 ) - T V E . ( T i n MeV) (17) 

23 has been found t o be a c c u r a t e l y f u l f i l l e d 

In t a b l e 1 we pres e n t the set o f parameters a . ( 0 ) and a c c o r d i n g t o 
1 1 10 19 23 

eq. ( 1 7 ) , determined from d e n s i t y v a r i a t i o n a l ETF c a l c u l a t i o n s ' . We 

hereby used the i n t e r a c t i o n SkM* which y i e l d s e x c e l l e n t f i t s o f g r o u n d - s t a t e 

p r o p e r t i e s ' ' 2 ^ ( e n e r g i e s , r a d i i , f i s s i o n b a r r i e r o f 2 ^ P u ) and g i a n t resonance 
24 25 

e n e r g i e s ' f o r n u c l e i not too f a r o f f the B s t a b i l i t y l i n e . These parameters, 

u s i n g eqs. ( 1 3 - 1 7 ) , s h o u l d reproduce the t o t a l f r e e e n e r g i e s o f n u c l e i w i t h 

10 < A < 300 f o r 0 < T < 4 MeV w i t h i n ^ 1-2 MeV, i r r e s p e c t i v e l y of the presence 

o f an e x t e r n a l nucleon gas. 

Table 1 

LD and d r o p l e t model parameters ( a l l i n u n i t s o f MeV) determined s e l f c o n -

s i s t e n t l y from the SkM* i n t e r a c t i o n . See eqs. (13) t o (17) f o r the d e f i n i t i o n s . 

a 
V 

a s 
a 

c 
a 
o 

J Q c 1 c 2 

a.(0) - 1 5 . 7 7 6 17.22 10 .24 - 8 . 0 30 .03 3 5 . * 0 .737 - 1 . 2 8 

e . 
i 

18 .88 10 .5 18 .0 10.2 32 .05 2 .2 1 ' 7 7 8 . 0 5 9 . 3 
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