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1. Introduction

Distribution amplitudes[]1[] 7] 3] describe the structurenafirons in terms of valence quark
Fock states at small transverse separation and are requttesicalculation of hard (semi)exclusive
processes. A simple picture is obtained at very large valtifgee momentum transfer. In this limit
the process factorizes and, for example, the magnetic $achsgactor of the nucleoBy (Q?) can
be expressed as a convolution of the hard scattering kifrey;, Q%) and the leading-twist quark
distribution amplitude in the nucleap(x;, Q%) [l

1 1
Gu(Q) = 1% [ 14 | o) ¢ (1. Q) 31, Q) (. Q). (L1)

where [dx] = dx;dxdx3d(1 — T3 %), and —Q? is the squared momentum transfer in the hard
scattering process. However, in the kinematic region 16e\0? < 10Ge\?, which has attracted

a lot of interest recently due to the JLAB daf& [}, 5] B, the situation is more complicated.
Here calculations are possible, e.g., within the lightecsom rule approaclj][f, 7]. They indicate
that higher-twist distribution amplitudes become impottahile higher Fock states do not play a
significant role. In any case, the distribution amplitudesreeeded as input.

As advocated in the pioneering worf [8], lattice QCD is welited to calculate such non-
perturbative quantities. Our recent calculatifh [9] of nemnis of the nucleon distribution ampli-
tudes shows that they can be determined reasonably welleotatiice. Furthermore, using the
same methods we were able to determine distribution amdektwof the nucleon parity partner
N*(1535 with comparable accuracy. We find that the asymmetry of theifey-twist amplitude of
the nucleon is smaller than in QCD sum rule calculationsgmre@ment with light-cone sum rules
[LQ] and quark modeld11], which suggest a less asymmaedrin.f On the other hand, our re-
sults forN*(1535 suggest that the asymmetry for the parity partner of theemurcis considerably
enhanced.

2. Basics

In this section we work in Minkowski space. The leading-twdsstribution amplitudes for
octet baryons and in particular nucleon distribution atngks were introduced within the classical
framework of hard exclusive processes fih [[L[]2, 3] The stgrfioint for baryons is the matrix
element of a trilocal quark operator, which can be writtereeding-twist accuracy in terms of
three invariant function¥, A andT [[L3]:

b
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Herea, b, c are color indices|p) denotes a baryon state with momentpnand f, g, h are quark
fields. We consider these matrix elements for the space &paration of the quarks on the light
cone withz = gz (22 = 0) andy;a = 1. On the r.h.sCis the charge conjugation matriky a 1)
are normalization constants of the leading-twist distidouamplitudes andll is the baryon spinor.



Wave functions of the nucleon and its parity partner frontidatQCD Nikolaus Warkentin

In momentum space we have

2 i d(z - p)
= /V(zi p) ﬂeXp“Xi(Z -p)) ST V() =V (X1, %2,X3), (2.2)
=

and similarly forA(x;) andT(x;). The distribution amplitude¥ (x;), A(x) andT (x;) describe the
quark distribution inside the baryon as functions of theglardinal momentum fractiong. They
also depend on the renormalization scale.

The moments of distribution amplitud&d™ = fo [dx] XXV (xq, %2, X3) are related to ma-
trix elements of local operators such as

%pl_r’r_ﬁ(o) E%P(’\l‘“)‘l)(Hl"'um)(vl“‘V")(O) abc [ D)\l D)\| f(o)]z (Cyp)aﬁ
x [i"DH:.... DHng(O)] [I"D*... D" (ysh(0))]5, (2.2)

by PLrw (0]%™(0 0)|p) = —fyV'™pPp 'p™p N, (p), with similar relations forA andT, see, e.g.,
[B]- The multiindeximn with | = A;...A; and similarly formandn denotes the Lorentz structure
given by the covariant derivative3,, = d, —igA, on the r.h.s. of eq[(Z.2). The indicégn,n
(without bars) are the total number of derivatives actinghmnfirst, second and third quark, re-
spectively. The inde corresponds to the uncontracted Lorentz index of the gamataams
in the operators. The leading-twist projectidhyw, can be achieved, e.g., by symmetrization in
Lorentz indices and subtraction of traces.

Since in the nucleon the two quark@ndg are of the same flavor we have additional relations
for the moments of the distribution amplitudes,

Vlmn :len’ Almn — _Amln’ -I—Imn -I—mln (2_3)
which can be restored from the combination
1
(plmn — é(vlmn o Almn+ 2-|-Inm) (2'4)

by taking into account the isospin symmetry. Hence we havg ame independent distribution
amplitude. In particular the normalization constants geed fy = fv = fa = fr, wherefy is the
nucleon wave function normalization constant defined bytuce@= 1. For the parity partner
of the nucleorN*(1535 we have exactly the same relations. The combinapiitt =v'm" — Almn
often used in sum rule calculations, can easily be obtairyethd relationg'™" = 2¢/™" — "™,
Due to momentum conservation we have additional relati@taden lower and higher moments
of the distribution amplitudegp™" = @(+1mn_ gl(m+1n | gm(n+1) |n particular this implies

1= (PO (P100+ (P010+ (P001 (P200+ (P020+ (pOOZ ((P011+ (P101+ (plIO) B (25)

In the case of next-to-leading twist distribution ampliésdve restrict ourselves to operators
without derivatives. Then only two additional constaNE%,andTé’, appear [13], which determine
the normalization of the twist-four distribution amplieesl The combinations; =V — 4v2 and
A2 = 6(V — 4TQ) are also used in the literature. They describe the couptirtiget nucleon of two
independent nucleon interpolating fields used in the QCDmsilerapproach. One of the operators,
%, was suggested ifi [IL4] and the otheft, in [L5]:

Z:(0) = &[T (0)CYW(0) | x (161pd®(0))r,  #(0) = €2 LT (O)CTHL(0) | x (1603vd°(0))r.
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Their matrix elements are given by

(0122 (0)[p) = ANy, (0l.#:(0)|p) = A2mnN;. (2.6)

3. Calculation on the L attice

It is straightforward to translate the relevant operatofSuclidean space. However, due to the
discretization of space-time, the mixing pattern of therafs on the lattice is more complicated
than in the continuum. It is determined by the transfornmatiehavior of the operators under the
(spinorial) symmetry group of our hypercubic lattice. A®ogtors belonging to inequivalent irre-
ducible representations cannot mix, we derive our opesdtom irreducibly transforming multi-
plets of three-quark operatofsJ{6} 17] in order to redueathount of mixing to a minimum. These
irreducible multiplets constitute also the basis for theorenalization of our operators, which is
performed nonperturbatively in an RI-MOM-like scheme. Histprocedure, the mixing with “total
derivatives” is automatically taken into account. The ntina results presented in this work were
obtained using QCDSF/DIK configurations generated withstlamdard Wilson gauge action and
two flavors of nonperturbatively improved Wilson fermioitoger fermions). The gauge coupling
used wasB = 5.40, which corresponds #®~ 0.067 fm via a Sommer parametermf= 0.467 fm
[L8,[19]. The lattice size was 24 48 with pion masses down to 420MeV.

In the case of the moments considered in this work we can aleigarticularly nasty mixing
with lower-dimensional operators completely. Note that dperators/s” ™, o7P'™ and ZP'™
with different multi-indicespl min but the samémnare related to the same momewit&", AM" and
T'™n and we make use of this fact not only in order to minimize tteimg problems but also in
order to reduce the statistical noise by considering shkaitiiiear combinations.

For the operators without derivatives, i.e., the matrixredatsAi, A, and fy, we have per-
formed a joint fit of all contributing correlators to obtalmetvalues at the simulated quark masses.
As these are larger than the physical masses a chiral eldtapoto the physical point is required
in the end. To the best of our knowledge there are no results @hiral perturbation theory to
guide this extrapolation. Therefore we have adopted a mioeagmenological approach aiming
at linear (inm2) fits to our data. It turns out that the ratis/mg andA; /my are particularly well
suited for this purpose. In order to estimate the systeneatar due to our linear extrapolation, we
also consider a chiral extrapolation including a term qatidin m2 and take the difference as the
systematic error. The results in tMS scheme at a scale of 2GeV are given in Table 1. Note that
2A1 = — A, for nucleon, a relation that is expected to hold in the natrattic limit due to Fierz
identities. However, foN* (1535 we observe a strong deviation from this relation.

For the higher moments one can proceed in the same way andribraint [2]5) is satisfied
very well. However, the statistical errors in this approach too large to allow an accurate deter-
mination of the (particularly interesting) asymmetriese ¥thieved smaller errors by calculating
the ratiosR™" = ¢/™/S where

S = @0+ P10+ %! forl+m+n=1, (3.1)
S = 2(@" + 910 4 ¢10) 4 P20+ P20 02 for | +m+n=2. (3.2)



Wave functions of the nucleon and its parity partner frontidatQCD

Nikolaus Warkentin

These ratios are extrapolated linearly to the physical esagsgain, we extrapolate all results also
quadratically inm? and take the difference as an estimate for the systematic efithe chiral
extrapolation. Requiring that the constrait {2.5) bes§atil for the renormalized values we can
finally extract the moments from the ratios. These resuéisammarized in Tabfg 1. In Taljle 2 we
compare the moments™" as obtained frong'™" with some other estimates. From these values
we see that the asymmetry of tN& (1535 distribution amplitude is more pronounced compared
to the nucleon and is mostly driven by the first moments. Ha&rewm both cases we have the

approximate symmetrg'™ ~ ¢'"™.

Asympt. LAT N LAT N*(1535
fn-103GeV?) 3.144(61)(29)(54) 4.417(114)(215)(2)
—A1-10%[GeV?) 38.72(70)(43)(106) 40.88(110)(778)(57)
A2 103(GeV2] 76.23(139)(84)(207) | 2089(47)(384)(42)
@100 1~0333 || 0.363811)(68)(3) 0.400714)(48)(12)
@"10 1~0333 || 0.302310)(42)(5) 0.2610(18)(13)(16)
@01 1~0333 || 0.33399)(26)(2) 0.338411)(35)(4)
1L 1~0143 || 0.072418)(82)(70) 0.0706(22)(37)(66)
@101 1~0143 || 0.113617)(32)(21) 0.121323)(21)(16)
@110 1~0143 || 0.093716)(3)(38) 0.094324)(17)(38)
@200 2 ~0095 || 0.162928)(7)(68) 0.1825(35) (4)(56)
@20 2 ~0095 || 0.128927)(37)(51) 0.096237)(68)(119)
@902 2 ~0095 || 0.148832)(77)(73) 0.142934)(29)(75)

Table 1: Comparison of our lattice results (LAT) as obtained from BHIDIK configurations af = 5.40
for the nucleonN) andN*(1535) at u2 = 4Ge\? . The first error is statistical, the second (third) error
represents the uncertainty due to the chiral extrapoldtemrmalization). The systematic errors should be

considered with due caution, see the text for their deteation.

Asympt. QCD-SR BK BLW LAT N LAT N*(1535
fn - 10°[GeV?] 5.0(5) 6.64 5.0(5) || 3.234(63)(86) 4.544(117)(223)
—A1-10°[GeV?] 27(9) 27(9) || 3557(65)(136) 37.55(101)(768)
A2 - 10°[GeV?] 54(19) 54(19) || 70.02(128)(268) 1919(44)(391)
$100 1~0.333 0.56060) | 0.38 0.415 0.399937)(139) 0.476533)(155)
¢010 1~0.333 0.19212) | 031 0.285 0.298611)(52) 0.252320)(32)
¢0t 1 ~0.333 0.22929) | 031 0.300 || 0.301532)(106) 0.271241)(136)
$200 1~0143 0.35070) | 0.18 0212 || 0.181664)(212) 0.227489)(307)
¢020 1~0143 0.08419) | 0.13 0.123 0.1281(32)(106) 0.091545)(224)
¢ 002 1~0143 0.10919) | 0.13 0.132 0.1311(113)(382 0.1034160)(584)
¢O1t 2 ~0095 || —0.030(30) | 0.08 0.053 || 0.061389)(319) 0.0398132)(497)
¢10t 2 ~0.095 0.10212) | 0.10 0.097 0.1091(41)(152) 0.1281(56)(131)
¢110 % ~0.095 0.09010) | 0.10 0.093 0.109267)(219) 0.1210/101)(304)

Table 2:

QCDSF/DIK configurations g8 = 5.40 using@®'®, %71, ¢
rule results [[20] (QCDSR) and the phenomenological esesi] (BLW) and [1]L] (BK) at the scale

U2 =1Ge\2.

Comparison of our lattice results (LAT) for the nuclebhand N*(1535 as obtained from
110, 9290 and ¢°20 in Table[] to selected sum
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Figure 1: Barycentric plot of the models of the distribution ampliésdor nucleon (a) and* (1535 (b) at
U = 1GeV using the central values of the lattice results. Thesliof constanty, X, andxs are parallel to
the sides of the triangle labelled Ry, X3 andx,, respectively.

4. Modd for Distribution Amplitudes

Let us now expand the distribution amplitude in terms of @gthnal polynomial$,; chosen
such that the one-loop mixing matrix is diagorfal [21]:

N n “
b (X, 1) = 120 %0% Z)Z)an(uo)Pnj(Xi) <§’s((:lo))> .
n=0j= °

TakingN = 2 and calculating the coefficients; (o) from an independent subset of the moments
@™ (1o = 2GeV), we obtain a model function for the distribution amplitudegented in Fid. 1(a).
While the (totally symmetric) asymptotic amplitude & x3 has a maximum fox; = X, = X3 =
1/3, inclusion of the first moments (i.e., choosiNg= 1) moves this maximum in the case of the
nucleon tox; = 0.46, X, ~ 0.27, X3 ~ 0.27 giving the first quark substantially more momentum
than the others. The second moments then turn this singlémaaxinto the two local maxima

in Fig. [L(@). This also happens in the caseNs{1535. However the influence of the second
moments on the form of the DA is reduced compared to the nodee to the stronger asymmetry
in the first moments. The approximate symmetryxinand xz seen in both cases is due to the
approximate symmetrg'™" ~ ¢'"™ of our results. It is also seen in QCD sum rule calculations
for the nucleon as well as in several models such as BLW and38i€e higher-order polynomials
have been disregarded, Fi§s.[L(a) 1(b) should be iategpwith due caution.
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