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Decays of mesons with charm quarks on the lattice
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1. Introduction

There are current experimental and theoretical activitiesto investigate the decays of heavy-
light hadrons. Study of their weak decays is of interest for determining the CKM matrix of quark
mixing, and there are theoretical and experimental effortsto test and overconstrain the Standard
Model and find signatures of New Physics.

It is of interest to study charmed hadrons on fine lattices where discretization effects are very
small. While unquenched data from very fine lattices is not yet easy to obtain, the QCDSF col-
laboration has undertaken a quenched calculation of charmed and also bottom decay constants,
weak matrix elements and meson spectra on a quenched latticewith an inverse lattice spacing of
a−1 ≃ 5 GeV. Results on heavy-light and light meson decay constants have been presented in a
previous paper [1]. A particularly interesting result of this calculation was a relatively low value
of the decay constantfDs. We have analyzed further matrix elements and would like to present
our findings here. In Section 2 we give a short description of simulation and analysis details. Our
calculation of the pseudoscalar decay constants using two different interpolating operators for the
pseudoscalar meson is discussed in Section 3. In Section 4 wegive preliminary results for form
factors of semileptonic decays of pseudoscalar heavy-light mesons to pseudoscalar light mesons.

2. Simulation parameters

Our quenched lattices are generated using the Wilson gauge field action atβ = 6.6. The
lattice spacing, determined using the Sommer parameterr0 = 0.5 fm from [2], is a = 0.040 fm or
a−1 = 4.97 GeV. The lattice size is 403×80. For the results reported here, we have analyzed 114
gauge field configurations.

We useO(a) improved Wilson quarks. The value of the clover coefficient has been determined
nonperturbatively by Ref. [3]. We work with three ‘light’ and four ‘heavy’ hopping parameters.
Their values and the corresponding quark masses can be foundin Table 1.

κ 0.13519 0.13498 0.13472 0.13000 0.12900 0.12100 0.11500
am̃q 0.0076 0.013 0.020 0.14 0.16 0.31 0.37
M[GeV] 0.55 0.69 0.87 2.8 3.2 5.6 7.2

Table 1: Hopping parameters, the correspondingO(a) improved quark masses (see Eq. (2.1)) and approxi-
mate pseudoscalar meson masses (denoted asM).

In our analysis we parameterize the light quark masses usingtheO(a) improved quark mass

am̃q = (1+bmamq), (2.1)

whereamq = 1
2( 1

κ − 1
κcrit

). The nonperturbatively determinated value ofbm is taken from Ref. [4].
As a measure for the heavy quark masses we use the mass of the heavy-light meson, where the
light quark mass is extrapolated to the average of theu andd quark mass.

We calculate matrix elements of theO(a) improved axial vector current containing the quarks
q1 andq2:

AI
4 = ZA(1+bAamq)(A4 +acA∂4P) , (2.2)

2



Decays of mesons with charm quarks on the lattice A. Ali Khan

whereA4(x) = q1(x)γ4γ5q2(x) is the local axial vector lattice current, andP(x) = q1(x)γ5q2(x)
the local pseudoscalar density. With∂4 we denote the symmetric lattice derivative. We use the
nonperturbatively determined values forcA from [3] and forZA from [5]. For the coefficientbA of
the bare quark massamq, we use the value of Ref. [6], calculated in one-loop perturbation theory,
and the boosted lattice coupling.

TheO(a) improved vector current is given by

V I
µ = ZV(1+amqbV)

(

Vµ + iacV∂νTµν
)

, (2.3)

whereVµ = q1γµq2 andTµν = q1
i
2[γµ ,γν ]q2. We use forZV andbV the nonperturbatively calculated

results from [7]. For the correction due to the tensor current we have only made a preliminary
order-of-magnitude estimate, using a rational interpolation [8] of the nonperturbative values forcV

from [9].

3. Pseudoscalar decay constants

We calculate the decay constantf of pseudoscalar mesonsM at zero momentum from

f =
1
M
〈0|AI

4|M〉. (3.1)

Previously ([1]) we used operators of the typeP to project at the source onto the pseudoscalar
meson. Since different correlation functions may be subject to different systematic errors, we

amPS a f(0)

κ1 κ2 A4P A4A4 A4P A4A4

0.11500 0.13519 0.8363(15) 0.8350(14) 0.0371(11) 0.0367(15)
0.12100 0.13519 0.6676(13) 0.6666(13) 0.0417(14) 0.0404(15)
0.12900 0.13519 0.4065(11) 0.4058(12) 0.0475(13) 0.0465(14)
0.13000 0.13519 0.3685(12) 0.3678(12) 0.0478(13) 0.0469(13)
0.11500 0.13498 0.8431(12) 0.8415(12) 0.0383(12) 0.0377(14)
0.12100 0.13498 0.6747(11) 0.6735(11) 0.0429(12) 0.0418(14)
0.12900 0.13498 0.4145(10) 0.4137(09) 0.0488(15) 0.0480(14)
0.13000 0.13498 0.3765(09) 0.3756(09) 0.0490(13) 0.0482(13)
0.11500 0.13472 0.8517(11) 0.8503(11) 0.0402(12) 0.0393(14)
0.12100 0.13472 0.6836(10) 0.6826(10) 0.0446(13) 0.0437(15)
0.12900 0.13472 0.4242(08) 0.4234(08) 0.0508(13) 0.0497(14)
0.13000 0.13472 0.3866(08) 0.3860(08) 0.0507(13) 0.0501(14)

Table 2: Pseudoscalar heavy-light meson masses and decay constantsat O(a0) from 〈A4P〉 and 〈A4A4〉

correlation functions at the simulated hopping parameters.

would like to determine the matrix elements ofA4 also using the temporal component of the axial
vector current operator, i.e. from correlation functions of the form

CSi
A4A4(t) = ∑

~x

〈Ai
4(~x, t)A

S†
4 (0)〉. (3.2)
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The indexi stands for local (i = L) or Jacobi smeared (i = S) operators. If we write the decay
constant as

f = ZA(1+bAamq)( f (0) +acA f (1)), (3.3)

we find the unimproved contributionf (0) from the correlation function in Eq. (3.2).
We extract masses and amplitudes from single state fits to thecorrelation functions. The

pseudoscalar meson masses and the results forf (0) are compared for heavy-light mesons at the
simulated quark masses in Table 2 with the corresponding values from [1]. The results agree
within the statistical errors.

FromA4PScorrelators (Ref.[1]) FromA4A4 correlators (this work)

Light meson decay constants
fπ [MeV] fK [MeV] fπ [MeV] fK [MeV]
140(4) 152(4) 138(6) 150(5)

Heavy-strange meson decay constants
fDs[MeV] fBs[MeV] fDs[MeV] fBs[MeV]

220(6)(5)(11) 205(7)(26)(17) 217(5) 204(9)

Heavy-light meson decay constants
fD[MeV] fB[MeV] fD[MeV] fB[MeV]

206(6)(3)(22) 190(8)(23)(25) 202(6) 191(9)

Table 3: Results on decay constants from different correlators. Thefirst error is statistical, the second error
on the results from [1] is systematic and the third from the uncertainty in the experimental value ofr0. We
estimate the systematic errors in the new results to be similar.

We fit the matrix elements to linear functions in the light quark masses and, where applicable,
to quadratic functions in the heavy quark masses, using the method described in [1]. To determine
the physical light, strange and heavy quark masses we also use the same method as for the central
values given in [1]. The decay constant results are listed inTable 3. We take over the errors for the
heavy-light decay constants from [1], including uncertainties from setting the quark masses to the
physical values, discretization effects, errors in the nonperturbative renormalization constants and
from finite volume effects. A 10% uncertainty in the experimental value ofr0 is also included. We
did not yet perform the same reanalyses for the data from theA4A4 correlators and just assume that
the systematic errors are very similar. We did not attempt anestimate of the systematic error for
the light meson decay constants.

Our result forfDs is still smaller than the recently updated experimental value of theDs decay
constant of 275(10)stat(5)syst MeV by CLEO [10].

4. Semileptonic form factors

We describe preliminary results for matrix elements of semileptonic decay of pseudoscalar
heavy-light mesons (‘D′) with massMh and momentumph, to pseudoscalar light mesons (‘π ′) with
massMl and momentumpl . The decay goes via a vector currentVµ(x) with the matrix element

Mµ = 〈π(pl )|Vµ(0)|D(ph)〉. (4.1)
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We would like to determine the two form factors which are often used to parameterize the matrix
element

Mµ = (ph + pl −∆q)µF+(q2)+ ∆qµF0(q
2), (4.2)

with q = ph− pl and∆ = (M2
h −M2

l )/q2 [13]. The matrix element can be extracted from the three
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Figure 1: ‘Divided’ three point functions at the hopping parameter ofthe heavy quarkκh = 0.12900 and
the hopping parameterκ = 0.13498 for the light and spectator quark. The meson momenta are~ph = (1,0,0)

and~q = (1,0,0) in units of 2π/L. The crosses denote the data points, the solid lines the central values and
the dashed lines the error bars of the fit. On the left we show|M4| and on the right|M1|.

point correlation function of a pseudoscalar light meson attime zero, a vector current at timetx and
a pseudoscalar heavy-light meson at timety = T/2, whereT is the time extent of the lattice:

C(3)
µ (tx, ty) = ∑

~x,~y

e−i~ph·~yei~q·~x〈PS
h (~y, ty)Vµ(~x, tx)P

S
l (0)〉. (4.3)

PS
h andPS

l are Jacobi smeared operators with the structureqγ5ql andqhγ5q. With qh we denote the
heavy quark, withql the light quark, and withq the spectator quark. The vector current is of the
typeVµ = ql γµqh.

The large time behavior(0≪ tx ≪ ty) or (0≪ ty ≪ tx) of the three point function is given by

C(3)
µ (tx, ty) −→

ZS
l

2El

ZS
h

2Eh
e−El txe−Eh(ty−tx) 〈π(pl )|Vµ |D(ph)〉 , tx < ty ,

C(3)
µ (tx, ty) −→ ±

ZS
h

2Eh

ZS
l

2El
e−El (T−tx)e−Eh(tx−ty) 〈π(pl )|Vµ |D(ph)〉 , tx > ty ,

where the prefactors are given byZS
h = |〈0|PS

h |D(~ph)〉| andZS
l = |〈0|PS

l |π(~pl )〉|. The correlation
functions are symmetric or antisymmetric aroundT/2. We bin over the contributions fromtx > ty
andtx < ty, and divide the three point functions by the prefactors extracted from fits to smeared-
smeared two point functions in a bootstrap loop. The ‘divided’ three point function is fitted to a
constant to extract the matrix element. An example is shown in Fig. 1. In this preliminary analysis
we considered in particular momentum combinations where the D and theπ both have spatial
momenta≤ 2π/L, whereL is the spatial lattice extent, and the momenta are aligned, i.e.:

~ph = (0,0,0) , −~q = (0,0,0) , (1,0,0) , (0,1,0) , (0,0,1) , (−1,0,0) ,

~ph = (1,0,0) , −~q = (0,0,0) , (−1,0,0) , (−2,0,0) ,
(4.4)

5



Decays of mesons with charm quarks on the lattice A. Ali Khan

in units of 2π/L. The kinematic conditions are such that for each heavy and light meson mass, each
different combination of~ph and~q leads to a different value ofq2 = (Eh−El)

2−~q2. To extract the
form factors for each given value ofq2 separately, without making a guess for theq2 dependence
of the form factors, we only have the four Lorentz componentsof the matrix elementsMµ at our
disposition.

We have exploited the fact that the form factors appear in thespatial and temporal components
of Mµ with different momentum prefactors, so we obtain a linear equation system which we can
solve forF0 andF+.

Results for the form factors at several heavyκ values and with the light and spectator quark
mass close to the strange quark mass are shown in Fig. 2. For a preliminary estimate of the statis-
tical error we use error propagation of the bootstrap errorsof the spatial and temporal components
of Mµ . In the results shown in the Figure, theO(a) correction to the vector current (see Eq. (2.3))
is not yet included. We have however estimated its magnitudeto be at most a few percent for heavy
quark masses around the charm. Although the quark masses arenot tuned to the physical values
matchingK mesons, and the results correspond to decays ofDs to pseudoscalar strange mesons,
we attempt to compare them to experiment and other lattice results. Forκ = 0.12900, close to
κcharm, we find F0(0) ≈ F+(0) ≈ 0.75. ForD → K decays, a recent experimental determination
from BABAR has found a value of 0.727(11) [11], a lattice calculation with three flavors of dy-
namical quarks on a coarser lattice using Fermilab heavy quarks quotesF+(0) = 0.73(8) [12], and
a quenched calculation on a coarser lattice quotesF+(0) = 0.66(4) [13]. So there seems to be at
least a rough agreement, but for a more precise result the tuning of quark masses to the physical
values will have to be performed.
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Figure 2: Form factors for semileptonic decays for various heavy quark masses. The light and spectator
quark hopping parameters are fixed to theκ value 0.13498. Filled symbols denoteF0, open symbolsF+.
Squares correspond toκh = 0.129 (Mh = 2.1 GeV), circles toκh = 0.121 (Mh = 3.4 GeV), and triangles to
κh = 0.115 (Mh = 4.2 GeV).
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