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ABSTRACT. The causal perturbation expansion defines the Dirac sea in the presence
of a time-dependent external field. It yields an operator whose image generalizes the
vacuum solutions of negative energy and thus gives a canonical splitting of the so-
lution space into two subspaces. After giving a self-contained introduction to the
ideas and techniques, we show that this operator is in general not idempotent. We
modify the standard construction by a rescaling procedure giving a projector on the
generalized negative-energy subspace. The resulting rescaled causal perturbation
expansion uniquely defines the fermionic projector in terms of a series of distribu-
tional solutions of the Dirac equation. The technical core of the paper is to work
out the combinatorics of the expansion in detail. It is also shown that the fermionic
projector with interaction can be obtained from the free projector by a unitary trans-
formation. We finally analyze the consequences of the rescaling procedure on the
light-cone expansion.
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1. INTRODUCTION

Shortly after the formulation of the Dirac equation [2], it was noticed that this
equation has solutions of negative energy, which have no obvious physical interpretation
and lead to conceptual and mathematical difficulties. Dirac suggested to solve this
problem by assuming that in the physical vacuum all states of negative energy are
occupied by electrons forming the so-called Dirac sea [3, [4]. Since this many-particle
state is homogeneous and isotropic, it should not be accessible to measurements. Due
to the Pauli exclusion principle, additional particles must occupy states of positive
energy, thus being observable as electrons. Moreover, the concept of the Dirac sea led
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to the prediction of anti-particles. Namely, by taking out particles of negative energy,
one can generate “holes” in the Dirac sea, which are observable as positrons.

Today, Dirac’s intuitive concept of a “sea of interacting particles” is often not taken
literally. In perturbative quantum field theory, the problem of the negative-energy
solutions is bypassed by a formal replacement and re-interpretation of the creation
and annihilation operators of the negative-energy states of the free Dirac field, giving
rise to a positive definite Dirac Hamiltonian on the fermionic Fock space. In the
subsequent perturbation expansion in terms of Feynman diagrams, the Dirac sea no
longer appears. This procedure allows to compute the S-matrix in a scattering process
and gives rise to the loop corrections, in excellent agreement with the high-precision
tests of quantum electrodynamics.

One shortcoming of the perturbative approach is that the particle interpretation
of a quantum state gets lost for intermediate times. This problem becomes apparent
already in the presence of a time-dependent external field. Namely, as first observed
by Fierz and Scharf [5], the Fock representation must be adapted to the external field
as measured by a local observer. Thus the Fock representation becomes time and
observer dependent, implying that also the distinction between particles and anti-
particles loses its invariant meaning. The basic problem can be understood already in
the one-particle picture: Mathematically, the distinction between particles and anti-
particles corresponds to a splitting of the solution space of the Dirac equation into two
subspaces. In the vacuum, or more generally in the presence of a static external field
B(&), in the Dirac equation

(iv"0, + B(Z) —m) ¥(xz) =0
one can separate the time dependence with the plane-wave ansatz
U(t, &) = e “hap(F) .

The separation constant w, having the interpretation as the energy of the state, gives
a natural splitting of the solution space into solutions of positive and negative energy.
The Dirac sea can be introduced by occupying all states of negative energy. However,
if the external field is time dependent,

(iv'0u + B(t, %) —m) ¥(x) =0, (1.1)

the separation ansatz no longer works, corresponding to the fact that the energy of
the Dirac states is no longer conserved. Hence the concept of positive and negative
energy solutions breaks down, and the natural splitting of the solution space seems to
get lost.

Another shortcoming of the standard reinterpretation of the free Dirac states of
negative energy is that this procedure leads to inconsistencies when the interaction is
taken into account on a non-perturbative level. For example, in [I3] [14] the vacuum
state is constructed for a system of Dirac particles with electrostatic interaction in the
Bogoliubov-Dirac-Fock approximation. In simple terms, the analysis shows that the
interaction “mixes” the states in such a way that it becomes impossible to distinguish
between the particle states and the states of the Dirac sea. Thus the only way to obtain
a well-defined mathematical setting is to take into account all the states forming the
Dirac sea, with a suitable ultraviolet regularization.

The framework of the fermionic projector is an approach to formulate quantum
field theory in such a way that the above-mentioned problems disappear. Out of
all the states of the Dirac sea we build up the so-called fermionic projector, which
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puts Dirac’s idea of a “sea of interacting particles” on a rigorous mathematical basis.
The fermionic projector gives a global (i.e. observer-independent) interpretation of
particles and anti-particles even in the time-dependent setting at intermediate times.
The interaction is described by an action principle, which can be formulated without
referring to the causal or topological structure of the underlying space-time, thus giving
a possible approach for physics on the Planck scale (see [12] for a review and more
references). When analyzed in Minkowski space, this action principle yields all the
Feynman diagrams of perturbative quantum field theory, but also gives rise to other
surprising higher order corrections [I0]. The foundations of this approach have been
worked out in the book [9]. The connection to the fermionic Fock space formalism and
to second quantized bosonic fields is elaborated in [I1].

The construction of the fermionic projector is based on the observation first made
in [6] that for the time-dependent Dirac equation (1] there still is a natural splitting
of the solution space into two subspaces, if one works instead of the sign of the energy
with the underlying causal structure. To explain the basic idea (for details see Section [2]
below), we first note that the image of the operator P°* with integral kernel

sea d4q 2 2 —ig(x—y)
Pr(en) = [ e @+ m) (e = m?) ©(-a0) (1)
coincides precisely with all the negative-energy solutions of the free Dirac equation.
This operator can be decomposed as

1
Prsrfa = §(pm_k7m)7 (1.3)

where the operator k,, is causal (in the sense that its kernel is supported inside the
light cone), and the operator p,, can be understood as the absolute value of the op-
erator k. In the case with general interaction, one can extend k;,, uniquely to an
operator k,, using the causality property. Making sense of the absolute value, one can
also generalize p,, to an operator p,,. Introducing in analogy to (L3)) the operator

1 -
PSfa = 5 (ﬁm - km) s (1.4)
the image of this operator describes the Dirac sea in the case with interaction.

The aim of the present paper is to clarify the normalization of the states of the
generalized Dirac sea (LL4]). More precisely, the operator (I.2)) describing the free Dirac
sea has the property that it is idempotent if a J-normalization in the mass parameter
is used,

PP = 6(m —m') P (L.5)

This idempotence property plays an important role in the framework of the fermionic
projector. However, as we shall see, the interacting Dirac sea (4] as defined in [6] is
in general not idempotent in this sense. Our goal is to modify the normalization of the
states using a rescaling procedure such as to arrange (LE)). This issue of normalizing
the states of the interacting Dirac sea can be regarded as a problem of functional
analysis. To see the analogy, if the Dirac operator were a self-adjoint operator on a
Hilbert space, we could interpret the product P;® dm as the operator-valued spectral
measure of the Dirac operator, composed by a projector on the generalized negative-
energy solutions of the Dirac equation. Unfortunately, the Dirac operator is only
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symmetric with respect to the indefinite inner product
<U[D> = /@(@@(x) ' (1.6)

making it impossible to use spectral theory in Hilbert spaces. This is the reason why
we must rely on perturbative techniques and work with formal power series expan-
sions. The main technical task is to work out the combinatorics of the perturbation
expansions in detail. The interesting point is that the details of these expansions have
a correspondence to general results known from functional analysis in Hilbert spaces.
In particular, we recover the polar decomposition, the resolvent identity, Stone’s for-
mula and the functional calculus from our perturbation expansions (see (2.7), (219I),
Remark and (Z25])). We also relate the free and interacting operators by an oper-
ator U which is unitary with respect to the indefinite inner product (L)) (see (5.1])).

The main result of the paper is the derivation of a unique perturbation expansion
for the fermionic projector which satisfies (L)) (see Theorem [.1]). The summands of
this expansion can be regarded as Feynman tree diagrams, as they also appear in the
standard perturbation expansion in the presence of an external field. However, our
perturbation expansion is different in that the usual freedom in choosing the Green’s
functions (like working with the advanced or retarded Green’s functions or the Feyn-
man propagator) is removed. The expansion becomes unique by combining causality
with suitable normalization conditions for the states of the fermionic projector.

The paper is organized as follows. In Section 2] we give a self-contained introduction
to the construction of the generalized Dirac sea (I4]) in terms of a formal perturbation
expansion in B. In Section Bl we explain the rescaling procedure for the states of
the interacting Dirac sea, thus obtaining a unique idempotent operator in terms of
a formal perturbation expansion, the so-called rescaled causal perturbation expansion.
The main technical task is to elaborate the combinatorics of the different expansions in
detail; this will be carried out in Section [l As explained in Remark 2] the rescaling
formally reproduces results from spectral theory and functional analysis in the setting
of perturbation expansions. An interesting consequence is the existence of unitary
transformations between the free and the generalized Dirac seas. We prove this fact
in Section [ by deriving and analyzing equations for the perturbation flow. Finally,
in Section [@] it is shown that the rescaling procedure has no influence on the residual
argument and the light-cone expansion as worked out in [8]. But it does change the
form of the so-called high-energy contribution.

2. THE CAUSAL PERTURBATION EXPANSION

In this section we give a self-contained review of the causal perturbation expansion
as developed in [6] (see also [9, Chapter 2]). The rescaling procedure will then be
explained in Section Bl We always assume that the mass is a positive parameter,

m>0.

We decompose the Fourier integral (I.2]) as follows,

Prt(z,y) = %(pm(x, y) — km(z, y)> : (2.1)
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where
dq —io(a—
Pl = [ s (g m) 8" = m) e
diq ' (2.2)
o) = [ o5 (g m) 8l = ) elan) €1
(2m)
Here ¢ = q,7", € is the sign function, and the function © in (L2)) is the Heaviside
function. For the signature of the Minkowski inner product we use the convention
(+ — — —). All these Fourier integrals are well-defined tempered distributions. The
splitting (2.I)) gives rise to the decomposition (3] of the corresponding operators.
The decomposition (2.1]) reveals the following connection to causality. The Dirac
equation is causal in the sense that information propagates at most with the speed of
light. This is reflected in a support property of the advanced and retarded Green’s
functions, which we denote by s, and s/, respectively. They have the Fourier repre-

sentation
4
s (@, y) = / d’q g+m e~ta@=y)
e (2m)* g2 —m? —ieqo

d4q g +m )
A _ —ig(a—y)
Sim(@:Y) / (2m)* g2 — m2 +ieqo ¢ ’

where € > 0 is a regularization parameter, and it is understood implicitly that one
should take the limit € N\ 0 in the distributional sense. Computing the integrals with
residues, one readily verifies that supp(s,,(z,.)) C J, where

JY = {y with (y — z)> > 0 and y° > 2°}

denotes the future light cone centered at x (similarly, supp(s),(z,.)) C J.'). Taking
the difference of the two expressions and using the identity

a$)—-l-< 1 >, (2.3)

2me \x —1e x4+ 1€

one finds that

SRV
kpm = 57 (Syy — Shy) - (2.4)

This relation shows that k,, is a causal operator in the sense that supp(k,,(z,.)) C Jz,
where J, = J U JJ is the light cone centered at x.

We point out that the operator p,, is not causal in the above sense. To see this, we
decompose p,, in analogy to ([2.4]) as

1 _
Pm — %(S;; — Sm) s (25)
where the operators s* have the Fourier representation
dq g+m .
* = —tale=y) 2.6
shwn) = [ Gt A (26)

The operator s, is known in the literature as the Feynman propagator, character-
ized by the condition that positive-energy solutions propagate forward in time while
negative-energy solutions propagate backwards in time. An explicit calculation of the
Fourier integral (2.6]) in terms of Bessel functions shows that s and s, as well as
their difference do not vanish outside the light cone and are thus not causal.
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For the subsequent constructions it is important to observe that the operator p,
can be obtained from k,, as follows. Defining the absolute value of a diagonalizable
matrix A as the unique positive semi-definite matrix |A| with A% = |A|?, we find that
le(K9)(F +m)| = (F +m). Since the operators p,, and k,, are diagonal in momentum
space, taking the absolute value pointwise in momentum space can be understood
formally as taking the absolute value of the corresponding operator acting on the
Dirac wave functions,

| =k | (2.7)
In the remainder of this section we shall generalize the relations (2.4]) and ([2.7) to

the case with general interaction (L.IJ); in Section [l we will then develop a method for
generalizing the definition of the fermionic projector (L3]).

Using the causal support property, the advanced and retarded Green’s functions s,

and 3/, are uniquely defined even in the case with interaction (LIJ). This could be
done non-perturbatively using the theory of symmetric hyperbolic systems [15]. For
our purpose, it is sufficient to give the unique perturbation series

=Y (-ouBsY,  sh= D (-shBYs. (28)
n=0 n=0

Here the operator products involving the potential B are defined as follows,

(51 )y = [ a2 (o, 2)BE)sh (2.0, (29)
It is straightforward to verify that the perturbation series (2.8]) indeed satisfy the
defining relations for the advanced Green’s function
(il + B(x) —m) & (x,y) = 8 (x —y),  suppsy,(z,.) C J;

(and similarly for the retarded Green’s function; for details see [9, §2.2]).
Moreover, we define the operators

1 1
sm =5 (5m + 5m) = 5 (5 + 5m), (2-10)
Fo(Qun) = 4Pm ME@ for Q C N, neN (2.11)
m 9 - k‘m, n ¢ Q 9 .
and the series of operator products
n=0 n=0 n=0
Lemma 2.1. The following identities hold:
PP
PmSm! = Sm/Pm = ———— Pm (215)
m—m
PP
km Soy = Sy b, = - km (2.16)
m—m
PP
Sm S/ = (8 — Syt ) + 725(m — M) Py (2.17)

m—m/
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L PR S PP _ 1 - \—1 -1
where the principle value distribution is given by —- = 5[(x 4+ i)™ + (x — i) 7'].

Proof. Calculating pointwise in momentum space, we obtain

Pm(@) Py (q) = 8(q* — m®) (¢ + m)d(q* — m)(¢ + m')
= 5(m? — m'*)6(¢*> — m?) <q2 + (m+m)¢ + mm/>
= %5(m —m")5(¢* — m*)(m* + (m +m')g¢ +mm’)
- %5(771 —m)5(q? — m*)2m(m + ¢) = 6(m — m') pu(q)

This gives the first part of (Z.I3]). The second part of this formula as well as formula
(ZTI4) are obtained analogously. The formulas (2.I5]) and (2.I6) are computed in the
following manner:

20 0)sr(a) = e~ (g ) (A A )

> —m? —ieqy ¢ —m?+ieqo
= 8(¢> = m?*)(¢* + (m + m')¢ + mm) <q2 — m’12 — ieqo * q% - m’12 + ieqo)
=6(¢> = m*)(m? + (m + m')¢ + mm/) (mz — m%z i + m2 — m%z T z’sqo>
) )
=0 —mOg +m) ((m + m/()Ter—mm)’) —iego  (m+ m’()Ter—mﬂ”z’) + i€q0>
= 2% pm(q) -

The derivation of (ZI7) is a bit more difficult. By (2.4]) and (2Z.10), we have
Sy = sz — ik, = sﬁ,\l + ik, .
Thus we can express the product $,,(q) $;(q) in two ways, namely as

$m(q) smr (q) =(5,0(0) — 1Tk (9)) (8,7 (q) — ik (q))

(@) 5y (q) — i <km,(q); () — >

=S ; -
m' —m — ieqq m —m' —ieqq

—w?5(m —m') p(q) .
or alternatively as

$m(q) smr (q) =(5p(Q) + 17k (q)) (s (q) + iy (q))

—s\(q) 0 (q) + im (km @— km<q>;)

m' —m + ieqq m —m' 4 1eqo

- 772(5(m —m") pm(q) .
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Adding these two formulas yields

25 (q) s (0) = (57(@) 8 (@) + 57, (a) 570 (0)) + 27°8(m — ') pin ()

ke (0) . .
= 17T / —
m'{d m' —m+ieqg m —m —ieqq

ik (q) ( ! - ! >

m—m'+1ieqy m —m/ —ieq

=3 imkm (q)e(—qo) 2mi §(m’ — m) + ik, (q)e(—qo) 2mi 6(m — m)
= —20%5(m’ —m)(—pw(a)) — 27%6(m — m') (—pm(a)) ,

where in the last step we used the definitions of p,, and k,,. We thus obtain

1
Sm Sm! = 3 (S Syt + St St ) + 7286(m —m) ppm - (2.18)
It remains to derive the relations
PP PP
Sy Synt = p— m/(s)f1 —57) and shosh, = p— m/(S;’\"b — i), (2.19)

which can be regarded as “resolvent identities” for the causal Green’s functions. It
suffices to consider the case of the advanced Green’s function. Clearly, the operators
on the right side of (ZI9) satisfy the support condition supp((s,, — s/ (x,.)) C J,
and from

swossule) = [db @) sy

we see that the operators on the left side of (2Z.19]) satisfy this support condition as
well. Moreover, the calculations

(Z@x - m) 3;7/1 3;7/1’ (‘Tﬂ y) = 3;7/1’ (‘Ta y)

and

(i~ m) (5%, ~ s ,)
PP

- [6(z —y) — (m' —m)s) (z,y) —6(xz —y)] = 8. (z,v)

show that both sides of (ZI9) satisfy the same inhomogeneous Dirac equation. Hence
their difference is a distributional solution of the homogeneous Dirac equation vanishing
outside J)Y. The uniqueness of the solution of the Cauchy problem for hyperbolic PDEs
yields that this difference vanishes identically. This shows (219 and thus finishes the

proof of (2.I7]). O

We remark that the last summand in (2.I7) was by mistake omitted in [9]. For
this reason, we shall now rederive and correct the formulas of the causal perturbation
expansion in detail.

Corollary 2.2. Let C € {py, kn} and C' € {pyy, kny} and by, by, as in (2.12). Then
the following calculation rule holds:

Cbbs, C'=CC' +6(m —m') 72C bypimbm C. (2.20)
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Proof. Using the calculation rules of the previous lemma, we obtain

PP

m/

1
C(Z(Bsm)l(smzﬁ)”‘l)c’ = CsyyBC' + CBsyC' =
=0

(CBC' - CBC') = 0.

The same method also applies to higher order. We then get a telescopic sum, but the
last summand in (2I7)) gives additional contributions. More precisely, for any n > 2,

C(Z(Bsm)l(sm/B)”_l)C’ —
1=0
n—1
= C(Bsp)"C' + ClspB)'C” + C[ Y (B (s B)" ']
=1
PP [_(‘Bsm)n—lg + B(Sm/B)n_l] Ol

m—m

=C

/

n—1
+ CZ(Bsm)l_13 < P (8m — Smy) +6(m — m')ﬂ2pm> B(s,B) 71!

=1 m—m
PP . .
= WC[—(Bsm) 'B + B(s,yB)" 1] O’
PP n—1 n—2
l n—=l—-1qm l n—i-1 /
— C(;(Bsm) (B )" 1B ;(Bsm) (Bsy) B)C
n—1

+6(m —m/)2 C Z(Bsm)l_prmB(sm/B)"_l_lc”
=1

n—1

= d(m —m )7 C Y (Bsm) ' BpmB(s,B)" 1
=1
n—2

= 5(m —m/)n? C Z(T)sm)prmB(sm/B)"_l_QC’.
1=0

We thus obtain
Chnbey C'=CY (=Bsp)" > (—sB)"C’
n=0 n'=0

=C i Zn:(—’Bsm)l(—smr’B)"_lC’

n=0 (=0

oo n—2

= CC’ —+ 5(’171, — m’)wQ Z(_l)nc (Z(Bsm)lgpmg(smlg)n—l—2> O/
n=2 =0

= CC" il — ) 3~ (i@sm)lﬁpmmsm&%)”‘l) c’

=0

n=0

=CC'+6(m — m')ﬂ2C b Prmbm C.
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We next generalize the operator k,, to the case of non-static external potentials.
The natural way to do this is to define
- 1 ~
K = 2—7”(8;/,1 -5, (2.21)
giving a rigorous non-perturbative definition of k. The formal perturbation expansion
of k,, is given in the following proposition.

Proposition 2.3. The relation (Z21]) uniquely determines the perturbation expansion
for kp,. We have the formula

[e.9]

Fm = 3 (=im) by o (b ) 2707, - (2.22)
=0

Proof. An explicit calculation shows that
(id+B —m)by, =0. (2.23)

As all operator products in ([Z.22]) have a factor by, at the left, the series in (222)) is a
solution of the Dirac equation.

From (2Z4)) and (ZI0]), we have

5V = Sy + ik SN = Sy — ik, . (2.24)
We substitute the series (2.8]) into (2.21]), insert (2.24]) and expand. A reordering of
the resulting sum gives the claim. The details of the reordering process can be found
in [6]. O

In Appendix [Al we give a compilation of the perturbation series of k&, and of other
perturbation series which will appear in what follows, up to third order in B.

Next, we want to generalize the operator p,, to the case with interaction. Note that
for the construction of k,,, it was crucial that k,, was a causal operator. However, p,,
does not have this property, and it is not at all obvious how to generalize p,, using the
decomposition (Z.5]). Namely, as mentioned after (L), in the time-dependent setting
the energy is not a conserved quantity, and thus the frequency conditions characterizing
the Feynman propagator (see after (2.6])) have no meaningful generalization. Instead,
we want to exploit equation (2.7)) to generalize the operator p,,, i.e.

fi 11 ~
P =\ R2, (2.25)

This will be done using a Taylor series for the square root function, defining p,, by a
perturbation series. o
Using Corollary 2.2 and Proposition 2.3, the operator k,,k,, is calculated to be

kb = 6(m —m')

XY (—im) PR (Kb )2 <pm - 7r2kmbmpmbmkm) (bnk )220, . (2.26)
B1,82=0
In the following calculations, all operator products can be computed using the rules

of Lemma 2Tl and Corollary This always yields a factor §(m — m’), and thus for
notational simplicity we can omit these factors §(m —m’) and consider all expressions
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at the same value of m. Furthermore, leaving out the subscripts ‘,,’, our calculation
rules can be written in the compact form

=k =p (2.27)
pk=kp=k (2.28)
b”b< = p + w2 phpbp. (2.29)

In order to keep the combinatorics simple, it is convenient to first treat the sum-
mand 72pbpbp in ([2.29) by rearranging the perturbation series of k.

Definition 2.4. We define the series of operator products

v ”
b< = b (p+ m2pbpbp) /2 = b< <p+z

= DR (x2pbpip))  (2.30)

2’I’L
n>1
”
P> . 2 -1/21> _ >
b = (p + m2pbpbp) =2 b (p+nz>:l o Cn = DY o) >b (2.31)
o — 3)!!
p+ A= (p+npbpbp)'/* = p+ Z(—l)”“%(ﬂzpbpbp)” : (2.32)

n>1
Manipulating formal power series, like for example
b”b< = (p + 7 pbpbp) /67 b=(p + 7 pbpbp)

= (p + w2pbpbp) /2 (p + w2 pbpbp) (p + > pbpbp) ~*/*

=D,
we find the simpler calculation rules
b =p, (2.33)
b<(p+ A) =b<, (2.34)
(p+ A)b” =b>, (2.35)
(p+ A)? = p+ wpbpbp . (2.36)
Thus we can rewrite k and k2 as
Z —im) 2P b (p + A)k(bk)*’ (p + A)b>, (2.37)
K= > (—im)2 O 52) b= (p + A)k(bk)* (p + wpbpbp)k(bk)*7 (p + A)b”. (2.38)
B1,82=0

We are now ready to derive the perturbation expansion for p.

Theorem 2.5. The relation (2.25]) uniquely determines the perturbation expansion for
p. We have the formula

p=b|p+ Z X" | b (2.39)

(2.40)
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and the operator

X=-p+ > (—in)*BF2)(p+ Ak(bk)* (p+ A)2k(bk)* P (p+ A) . (241)
B1,82=0

Proof. Using the calculation rule (2.33), all the intermediate factors b< and b> will
always drop out of our calculations. Therefore, for ease in notation we can simply omit
all factors b< and b>. Following (2.27]), we are thus looking for a positive operator p
being a powers series in B, such that

=k S (im 2O (p AR (p+ e pbpbp)k(5K) 2 (p + A)
B1,82=0

Using again the operator X defined in (2.41]), we have
P =p+X. (2.42)

The operator p is idempotent and acts as the identity on X. Thus we can take the
square root of p + X with a formal Taylor expansion,

F=Vpt X =p+ 3 (ot 2y (2.43)

nlan
n>1

which uniquely defines p as a positive operator. Reinserting the factors b<, b~ into

(Z43)), we obtain the formula (239). O

Note that, due to (230) and (2.23)), the series (2.39]) is a solution of the Dirac equa-
tion (LI]). Furthermore, rewriting (2.41]) as

X = 2A + A2 + 72 (kbpbk + Akbpbk + kbpbk A + AkbpbkA)

Y (i) g AYk(bk)? (p + mpbpbp)k(BR)P2 (p + A) | (2.44)
(B1,62)#(0,0)

one sees that X only involves operator products with at least two powers of b (and thus
also at least two powers of B). Consequently, X" is of order O(B?"), so that ([2.39) is
indeed a well-defined power series in B.

The following Lemma shows that under suitable regularity and decay assumptions
on the potential B, all operator products appearing in (2.22)) and (Z39) are well-defined
and finite.

Lemma 2.6. Let n € N and Cy,C4,...,C,, € {k,p,s}. If the external potential is
smooth and decays so fast at infinity that the functions B(x), z;B(z) and x;x;B(x)
are integrable, then the operator product

(ChBCH_1B...BCy)(z,y) (2.45)
is a well-defined tempered distribution on R* x R*.

For the proof, one derives Schwarz norm bounds by combining estimates in position
and in momentum space. The details can be found in [9, Lemma 2.2.2].
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3. THE RESCALING PROCEDURE

Introducing in analogy to (2]) the operator

t=—-(p—k), (3.1)

the key feature of the operator ¢ is that it specifies via its range a certain subspace of
the space of solutions of the Dirac equation (ILI]). Since in the vacuum case, the range
of t is precisely the space of all negative-energy solutions, we refer to the range of t as
the generalized negative-energy solutions.

In [6, @], the interacting fermionic projector is defined by ([B.I). However, the op-
erator ¢ is not a projection operator in the sense of (L5]). This can already be seen
by considering the perturbation expansions to second order. Namely, from (2.37])

and (2.39),

C1, 1 1 1 1 N

£ = 5 b ((p— Je =+ kbIbE + S bpbk + Spbpbp — Spbkbl — Skbkbp ) B + O(b')
Taking the square and using the calculation rules (2.33l2.36]), we obtain

- 1. 3 1 1

2 Lyl o 2 Z _
i2=3b (p—+ kblkbl + S kbpbl + Spbpbp — pblbk
1 1 1 o
— KbKbp -+ S pbkbp — SKkbpbp — Spbpbk )b + O .

Obviously, these expansions for ¢ and ¢? do not coincide.

Our strategy for resolving this problem is to rescale the states in the range of £ with
the following general procedure. Since the fermionic projector P should have the same
range as the operator ¢, we take the ansatz

P=1tYt

with a “rescaling operator” Y which should be invertible and should commute with .
We define

R=1itt and Z=kk=gpp. (3.2)
The simplest idea would be to choose “Y = R~ but as the range of ¢ are only the
generalized negative-energy solutions, the operator R will in general not be invertible.
On the other hand, the operator £ maps onto the whole space of solutions of the Dirac
equation, and thus the formal definition “Y = Z~1'” does the trick. We will now
make this definition precise and show that it indeed yields a projection operator. As
explained on page [I0, we again omit all factors b< and 5>, knowing that they can be
reinserted at the very end. According to (2.42), Z is given by Z = p+ X. As p is
idempotent and acts as the identity on the operator X, we can define Y by a Neumann
series,

Y=p+) (-1)'X". (3.3)
>1
Then
ZY =(p+ X)p+ Y _(-X)) =p, (3.4)
>1

showing that Z and X are inverse in our context where p acts as the identity on all
other operators.
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We are now ready to define the fermionic projector in the interacting case (I.I]) and
to prove that we indeed obtain a projection operator.

Definition 3.1. The fermionic projector P is defined by
P:=1Yt. (3.5)
with t according to (B.1) and Y given by ([B.3)).

Proposition 3.2. The fermionic projector is idempotent,
P?=pP,
(where, as explained on page[I0, we leave out the factor §(m —m') and compute for a

fized mass parameter m ).

Proof. The formulas (2.37) and (Z4I) show that the operators k& and X commute,
k(p+X) = (p+ X)k
= Y ()PP (p 4 Ak(Dk)*7 (p+ A)’R(DE)*® (p+ A)’k(bE)*® (p+ A) .

81,82,
B3=0

Noting that the operators p and Y are formed as a sum of powers of X (cf. (2.43)
and ([B.3))), it follows that these operators both commute with each other and with k,

[5,Y] = [p, k] = [Y,k] = 0.
Hence
(6~ B)Y (5~ k)= S (0¥ +FRY — Yk — kYD) = S(p—pYF),  (36)
and thus
PP = (VD)(FYE) = 1o~ pYE)(p — V)

1 I 1 e~ s o~
= Z(p —2pYk + pYkpYk) = Z(p —2pY'k + (ppY)(kkY))
1 . L
:Z(p—Qka—i—p):th:P. 0

4. DERIVATION OF THE PERTURBATION EXPANSION FOR THE FERMIONIC
PROJECTOR

The definition of the fermionic projector (8.5]) has the disadvantage that it involves
several hierarchies of infinite sums. In this section we shall simplify the perturbation
expansion of the fermionic projector by bringing it into a form with the same structure
as the perturbation expansion (2.22)) for k involving only two hierarchies: P should be
an infinite sum of operator products of the form b<F1bFb...bF,,b> with F; € {p,k},
where the operators b<, b, b~ are defined by the perturbation series (2.12]). Again, the
leading orders of the expansions derived in this section can be found in Appendix [Al

Theorem 4.1. The fermionic projector Py, defined in [B.35]) can be written as

1 ~res 7. 1es
Pm:i(pm _km )7 (41)



THE RESCALED CAUSAL PERTURBATION EXPANSION 15

where the operators p}*° and /::,ffs are given by

o

P = b > (im)* P (bmpm)*° by, (4.2)
B8=0
k™ = by > elr.p)Gn(r,p) by, - (4.3)
r=0 p=0
Here we have used the definitions
Tr—p+1
ofr,p) = n2 P2 (1.4
F(—,O + 5) r!
and
Gm(r,p) = Y (=1)70P9) Fr(Q,1) by Fin(Q,2) by by Fin(Q, 20 +1), (4.5
QeP(2r+1)
#Q=2p

where P(2r + 1) denotes the power set of {1,...,2r + 1}, the operators F(Q,n) are
defined in 2110 and
o =1+ Y . (46)

ze{l,...2r+1}\Q

Here the superscript “res” indicates that the operators p™ and k™ have been rescaled
using the procedure of Section [Bl Alternatively, the superscript “res” can be regarded
as an abbreviation of the word “residual,” in view of the “residual argument” used in
the light-cone expansion of the fermionic projector (cf. Section [l).

Proof of Theorem [{.1 We begin with formula (3.6)),
1. . y
P = 3 b (p— kpY) b~ . (4.7)
Using that p = (p+ X)/? and Y = (p + X)~!, we obtain

ﬁY: (p—|—X)_% :p+zean — Zean
n>1 n>0

with the combinatorial factors
(2n — 1!
en= U

For the last identity, we have also set eg = 1 and X? = p. Inserting into equation

(&), we obtain

n>1. (4.8)

o o 1. ~ o
P=2bpb — 5b< > en kX" (4.9)

n>0

1
2

It is convenient to give the first series in (£.9) a name,

o
P =0 pb” = b< Z(iw)zﬁp(bp)% b . (4.10)
B=0
One can show in a way completely analogous to Proposition [2.3] that
1
P =——(3"-37), (4.11)

211
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where 51 and §~ are the power series that arise formally analogous to (2.8]),

[e.e] [e.e]

Sh= (=shB)"sh,  Gn= (—5,B)"s;, . (4.12)

The remaining task is to simplify the formula for the second series in (£9]), which
we now denote by £, i.e.

1o .= b< Z en KX™ b, (4.13)
n>0
This will be done in Lemma 3] concluding the proof of the theorem. O

Remark 4.2 (Stone’s formula and polar decomposition). In this remark we ex-
plain formal analogies of our perturbation expansion with formulas known from func-
tional analysis. First, for a selfadjoint operator D in a Hilbert space, one can compute

the spectral projector P, using Stone’s formula (see e.g. [16], Theorem VII.13]),
1
" 2mi

(D~ (m+ie)) ™ —(D—(m—ig)™"). (4.14)

Formally applying this identity to the vacuum Dirac operator D = i@, the resolvent is
a multiplication operator in momentum space; namely,
g+m

(D—m=ie)) (@)= (g (m=ix)) = e 1

Comparing with (Z5) and (26]), we find that the spectral projector coincides with the
operator p,, with integral kernel (2.2)),
1

g)m:pm:—(s

+
omg - ™

—S) -

In the case of the interacting Dirac equation D = i@ + B, the resolvent can be
computed formally with a Neumann series,

-1
<D ~(m+ is)) =3 (—sEB)s*.
n>0
This coincides precisely with the perturbation series (£12]), and thus we can write
Stone’s formula (4.14]) as
1
" 2mi
~res

with p}e as given by (AIT]). This consideration shows that the operator p*® defined in
(410]) should be regarded as the spectral projector of the interacting Dirac equation.
This is consistent with the equations

ﬁrosl}ros — ];:ros — Erosﬁres and ﬁresﬁros — ﬁres — ];,resléros , (415)

which can be computed explicitly from (£I0) and (£I3).
Next, a bounded linear operator K in a Hilbert space admits a polar decomposition
of the form

(5 = 5m) =P+

K =U|K]|,
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where |K| = VK*K is the absolute value of K and U is an isometry from the or-
thogonal complement of ker(K) to the closure of the image of K (see e.g. [16, Theo-
rem VI.10]). From (4.7), we see that

ke = kpY = kp~ ' = k|k| ™!

We therefore regard k™ as the isometry transforming |k| into & and having the same
range and kernel as k. Since p is a positive operator, i.e. p = |p|, and p"* is the spectral
projector and thus acts as the identity on the range of p, one can also regard p*® a

the isometry transforming |p| into p and having the same range and kernel as p. <>

It remains to provide the lemma quoted in the proof of Theorem [£.11

Lemma 4.3. The operator k™ defined by @I3) can be written as

k' =0°) ) e(r,p) G(r, p)b” (4.16)
r=0 p=0
with the coefficients
L'(r—p+3)
(r,p) = - (4.17)
D(=p+3)r

and the operator products

Gr.p)= Y, (DO FQDOF@Q2)b-bF(Q2+1).  (418)
QeP(2r+1)
#Q=2p

Proof. We introduce the abbreviation
U=p+X
= Z i) 200 (5 1+ AVk(bk)2% (p + A)2R(DK)2% (p + A) .
B1,B2=

Since p acts as the identity on U, we can calculate the n-th power of X to be

n n

X'=(—p+U) =) <7;> (—p)" U =) (7) (-t

=0 1=0

where the 1-th power of U is given by U = p and

Ul = (p+ A) <Zﬁ(—z‘ﬂ-)25k(bk)%(p+ A)2)2l—1 Za(—iﬂ)2ak(bk)2a(p+ A)

if I > 0. Moreover, from (237]) we have
k=Y (—im)*’(p+ A)kdk)*’ (p + A) .
5=0
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We thus obtain

(1 + 4) (3 (iR 0 + 4)7)

x Y (—im)* k(0k)**(p + A).
Inserting into (AI3) and using the calculation rules (2.34)-(2.36]), we obtain the fol-

lowing formula for kTes:

ooy (e

2l
e o)

x b= | Y D (=im) ¥ k(bk)*% (p + w7pbpbp) | D (—im)* k(bE)** b7 . (4.19)
B=0 a=0

Remarking that in (AI9) one gets one factor m for each order of b, for notational
convenience we shall omit the factors m during the proof and reinsert them at the very
end. Note moreover that for a given n, the l-sum in (£I9]) equals kX" and is therefore
of order O(b*") (as X is of order O(b?), cf. ([Z.44))). Thus for every r € N, the truncated
sum

e ()

21

x 0% | Y (=1 k(0k)* (p + pbpbp) | Y (—1)“k(bk)** b (4.20)

B «
coincides with k™ up to terms of order O(b"*2). For this reason, we can calculate
k™ from (420 to every order in b. Interchanging the n- and [-sums (which are both

finite), we can carry out the n-sum, which involves only coefficients but no operator
products, to obtain

7.res - - n n— r
Fre =% [Zen<l>(—1) l] b< ... b7 + 0¥
=0 Ln=l
21

= Z Fua b= | D (1) k(bk)* (p + pbpbp) | D (=1)*k(bk)** b” + O (7 ?)
= Ié; “

with the coefficients

< n ner  (=DE (2r+ 1)
flm—zen<l>(_1) ‘= no2r@l+10)(r -1

n=l

The combinatorics of the above operator products is analyzed in Lemma [4.4] below.
Using the results of this Lemma, we obtain that for all € N, the contributions to k™
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involving 2r factors of b are given by

b= Z Z fur <7‘ +_l_ > Z (—1)1+Zxﬁ2r+1,x€Q z

1=0 p=0 P/ qep@r)
#Q=2p

F(Q,1)bF(Q,2)b-- - bF(Q,2r +1) b~

=< ZZ f”<r +_l )G(r, p) b (4.21)

=0 p=0

(where we used the abbreviation (£I8])). Summing over all orders in b, we conclude
that

kres = p< ZZZ fn(T +_l >G(r,p) b . (4.22)
r=0 1=0 p=0

Since the operator products G do not involve the index [, we may interchange the sums
over | and p and perform the [-sum,

a r+l—p\ T(r—p+3)
Zfl,r l—p - P(l— )
l=p 2

p)r!

where we used the formula [I, eq. (6.1.12)] to write the double factorial in terms of the
gamma function with half-integer argument. Inserting back the factors m, we obtain
the result. g

We finally prove the following combinatorial lemma.

Lemma 4.4. For any p,l,r € Ng with p < r, the following statements hold.

(i) In the expression

[Z( 1)7k(bk)**( p+pbpbp] > (=1)k(bk)> (4.23)

Jé] o
only terms with an even number of factors p appear.
(i) In the series [@23), each term of the order b*" of the form

CleQb...CQTbCQT+1 s CZ S {p, k} (4.24)

appears exactly (TH p) times, where 2p denotes the number of factors p in the

product. Here we adopt the convention (:,) =0ifn <O0.
Moreover, each term of the form ([@24]) appearing in ([E23) has the sign

(—1)2zes® where J={ie{l,...,2r +1} with C; = k}.
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Proof. (i) We proceed by induction in [. For [ = 0, the number of factors p in (4.23)) is
obviously zero. Thus assume that the induction hypothesis holds for a given 1. Then

[0k 0 4 pob)] ™S (1) (o)

B @
[Z 12k (bk)? p—l—pbpbp)]2><
B

< [S(- 5kbk25p+pbpbp] 3 (1) k(bk)

«

B
B1,82
+ (kb)?Pt kbpbk (bk) 252 bpbp} X (terms with #p even).

B
2
[Z( 1 ﬁk bk) 26 (p —i—pbpbp)] X (terms with #p even)
ﬁﬁﬁ?[ (kb)?P1 p(bk)?72 + (kb)?P' p(bk)*P2bpbp + (kb)*** kbpbk (bk)**> +
b

Now it can be easily checked that when a term with an even number of factors p
is multiplied from the left by one of the terms in the last sum, then the number of
factors p either does not change or is raised by two. So in any case one obtains a term
with an even number of factors p.

(ii) We again proceed by induction in . For [ = 0, there are obviously no contributions
for p > 0. In the case p = 0, the term of order b*" in (23] is (—1)"k(bk)?". Tt appears

exactly
r r+l—p
1 = =
6)-(757)

times in (£23]) and has the sign
(_1)r _ (_1)37’+1 _ (_1)47’2+3r+1 _ (_1)Z$;T1z _ (_1)22'6]2"

This proves the claim in the case [ = 0.

Now assume that the induction hypothesis holds for a given . Consider an operator
product of the form (4.24)) which involves 2p factors of p. Our task is to determine
how often and with which sign this operator product appears in the series

[ (- 1)k (bR + pbpibr)]| S Cayerory (4.25)
B a

Let us first count how often it appears. Since the operator product (£.24]) is of the
order b?", we only need to calculate up to order O(b*"+2),

T

@D = [ k(bR o+ pot)] S (k0 00 )

£B=0 a=0

[T e
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T T T

[Z( 8(kb) 2ﬁk+z 5 (kb) Zﬁkbpbp] X [Z : ..rl YO
6B=0 £=0 a=0
=A =:B =:L
- [AA + AB+ BA+ BB] L+00>+2), (4.26)

where

AA = Z Z 1+ﬁ2 k‘b 261 (bk:)zﬁQ,

B1=0 B2=
Z Z ﬁ1+ﬁ2 (kb) 2631 (bk:)zﬁprbp,
Br1= 052
BA = Z Z 1)P152 (kb)2P1 kbpbk (bk)?%2 |
=0 B2=
r—1 r—1
BB = Z Z 1)21452 (1) 251 kbpbk (bk) 22 bpbp
=0 B2=
T 2l I8
L= [ D (=1)7kok)> (0 + pbpbp)| D (1) *k(bk)*
£B=0 a=0

We now treat the three cases p=1+1<r, p=0, and 0 < p <[+ 1 separately.
(a) p=1l+1<r:
By the induction hypothesis, the operator product (£.24]) appears in L exactly
(Tzr_l;p )= (T:ll) = 0 times. Thus the term ([£24]) arises in ([£26)) if a summand
of L which involves 2p — 2 factors of p is multiplied from the left by a term of
the series [Y 5. J? in such a way that two additional factors p are created.
This can happen in the following ways:
(1) (AA-term ending by k)x (term in L beginning by k)
(2) (AB-term)x(term in L beginning arbitrarily)
(3) (BA-term)x(term in L beginning by k)
(4) (BB-term)x(term in L beginning arbitrarily).
Each term of the form (4.24]) arises as such a product precisely once, because
in case (1) the first p is at an odd and the second p is at an odd position,
in case (2) the first p is at an odd and the second p is at an even position,
in case (3) the first p is at an even and the second p is at an odd position,
in case (4) the first p is at an even and the second p is at an even position.
Since by the induction hypothesis, a term involving 2p — 2 factors of p appears
in L exactly (;) =1 times, the term (Z24)) appears in [@.26]) exactly

)=
(b) p=0:

In this case, the operator product ([&24) is of the form k(bk)?". Only an AA-
term in ([L26) with B2 = 0 does not create an additional factor p when it is
multiplied from the right by a term of L involving no factors of p. By induction
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hypothesis, for every r’ € N the factor k:(bk:)%/ appears in L exactly (Tl;rl) times.
Thus the factor k(bk)?" appears in ([E20)) exactly

: <r'—|—l> <r+(l+1)—0> <r+(l+1)—p> .

Z = = times .

= l (l+1)—-0 (I+1)—p

(c)0<p<i+1:
As in case (a), we want to factor a given operator product ([£.24]) at a given
odd position into a product of a term in [y "5 .. J? and a term in L. Exactly
as in case (a) one verifies that if this factorization is possible, it is unique.
Furthermore, this factorization is possible at the first position, at the third
position, ..., until the second factor p appears (more precisely, until we are at
the position of the second factor p, or else the second factor p is at an even
position and we are at the subsequent odd position). We denote the number
of such possible factoring positions by A + 1. For 1 < 7/ < ), factoring at
the r’-th position yields a term in L of order p2(r+1=r") involving 2p factors
of p. According to the induction hypothesis, this term in L appears with the
combinatorial factor ((T+17i/p)+l_p). Factoring at the last position ' = X\ + 1

yields a term in L of order 52"~ involving 2p — 2 factors of p. According
to the induction hypothesis, this term in L appears with the combinatorial

factor ((T’_?‘f{;:g_l)). Therefore, the operator product (424 appears in the

series (4.20]) exactly

(T (e = ()

r’'=1

times.

We have thus proved the first part of Lemma 4] (ii).

It remains to prove the induction step for the claim concerning the signs of the terms
(£24) in (A26). By induction hypothesis, an operator product H of the form (424
appears in L with the sign

(_1)14-2 i

)
where the sum Y goes over all positions in H where C; = k. This is of course equal to

(_1)1+#(factors k at odd positions in H)

Likewise, each operator product G appearing in (A + B)? has the sign

(_1)#(factors k at odd positions in G)

When multiplying G by H, a position in the resulting operator product GH is odd iff
the corresponding position in the old product G or H was odd. We now distinguish
two cases.

(a) The term G ends with a factor k and the term H begins with a factor k:
As these two factors k multiply to a factor p by our multiplication rules, the
resulting term G’H has two factors k less at odd positions than the initial factors
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G and H together. Thus the sign of GH is
(_1)#(fact0rs k at odd positions in G) (_1)1+#(fact0rs k at odd positions in H)

(_1)#(factors k at odd positions in G)+1+#(factors k at odd positions in H)—2

— (_1)1+#(fact0rs k at odd positions in GH)

(b) In all other cases, one has
#(k at odd positions in GH) = #(k at odd positions in G)
+ #(k at odd positions in H),

and therefore GH has the sign
(_1)#(fact0rs k at odd positions in G) (_1)1+#(fact0rs k at odd positions in H)

_ (_1)1+#(factors k at odd positions in GH)
This concludes the proof. O

5. THE UNITARY PERTURBATION FLOW

In this section we prove that there exists a operator U, uniquely defined by a per-
turbation series, which transforms the vacuum operators pp,, kp, into the interacting
operators p,>°, k%, i.e.

pres = Up, U™, ke = Uk, UL, (5.1)

The operator U will be unitary with respect to the indefinite inner product on the
wave functions

/W@(m) diz (5.2)

where U = U0 is the usual adjoint spinor. For the proof, we shall consider the
one-parameter family of rescaled operators

o= (By™)"  and  kp = (k)T (5.3)
corresponding to the family of external fields (7B),>0, i.e.
(idle + 7B(x) — m) Br,(,y) = 0 = (id, + TB(x) — m) k], (2, 9) . (5.4)
The idea is to consider the differential equations for
d _. d -
Epm and Ekm ,

the so-called perturbation flow equations, and to write them purely in terms of in-
teracting operators. This will reveal that the perturbation flow equations have the
commutator structure
d _ _ d - ~
= AT and R = AR (5.5)
with an anti-symmetric operator A, from which U can be obtained by integration.
In preparation, we define the operator
- 1 L
S = 5 (54 5. (5.6)
noting that this implies the relations

55 =5, £ inp, . (5.7)
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Moreover, we can generalize the formulas (2.15]) and (2.16]).

Lemma 5.1. The operators p,>>, l;:,ffs and S, satisfy the following identities:

PP

~res z  __ z  =res _ ~res
Pm Sm/ = Sm/ P = m—m! Pm
B B P -

res = res __ res
kp” Sy = S ki, T —m kp”

Proof. In view of Theorem [4.1], it suffices to show that

PP . PP
Pmb;, and St b P = — b Dim -

> ~
pmb Sm/ =
m m —m/

Substituting the relations
s;—: = Sy T ITPm

into the power series (#I1Z) of 5, we note that the terms with an odd number of
factors p,, cancel in (5.6]). We thus obtain

Sm=) (D" Y (i)#Cu(Q.1)BCW(Q.2)... BCOn(Q,n + 1)

n>0 QeP(n+1)
#Q even
=3 (=1)" > (im)*9 5, BCm(Q,2) ... BCm(Q,n + 1)
n>0 QEeP(n)
#Q even
Y (=D > (M) prBCn(Q.2) ... BCw(Qn+ 1),
n>0 QeP(n)
#Q odd

where P(n + 1) is defined as in Theorem A.T] and

Con(Q.5) = {i”” j;g.

Moreover, we introduce the abbreviations

Z = Z(—l)” Z (im) @ and Z = Z(—l)" Z (im)#Q .

n,even n>0 QeP(n) n,odd n>0 QeP(n)
#Q even #Q odd
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Applying the calculation rules from Lemma 2] we obtain

pmb; gm’ = Pm Z(_Bsm)k gm’
k>0

=Pm Z S BC (Q,2) ... BCy (Q,n + 1)

n,even

—pm > _(=Bsm) ' Bsy Y 5 BCr(Q,2) ... BCry (Q,m + 1)

k>1 n,even

+ Pm Z P BCr (Q, 2) o BC(Q,n+1)
n,odd

—pm > (=Bsm) ' Bsy Y prwBCw (Q,2)... BCr(Q,n+ 1)
k>1 n,odd

S o BCw(@,2) . BCw (@ + 1)

m—m/
n,even

];:Pm, Pm Z(_Bsm)kBSm Z BCw(Q,2)... BC(Q,n +1)

k>0 n,even

m

PPm, Pm Y (=Bsm) Bsy > BCw(Q,2)... BCw (Q,n+1)

k>0 n,even

—725(m = m') pm Y _(=Bsm)*B Y pmBCim(Q,2)... BCrm(Q,n+1)

k>0 n,even

+o(m—m) > pmBCm(Q,2)... BCm(Q,n + 1)
n,odd

_l’_

m —

PP
- Pm > (=Bsm)F B > pryBCo(Q,2) ... BCo (Q,n + 1) .

m
k>0 n,odd

Now a careful inspection shows that in the last equation, the fourth and the fifth line
cancel each other, whereas the k£ = O-terms in the third and the sixth line cancel the
n > 1-terms in the first line. Furthermore, the &k > 1-terms in the third and sixth line
cancel the n > 1-terms in the second line. We thus conclude

PP
z k
oo = o o B = b
E>1
The equation 3., by, pm = by, pm can be proven analogously. O

Next we need to derive a completeness result for the spectral projectors of the inter-
acting Dirac operator. The completeness relation could be stated as

/ Dydm =1.
RUIR

However, since we introduced the spectral projectors only for a real and positive mass
parameter m, it is more convenient to work instead with contour integrals of the
Green’s function in the complex plane. To this end, we introduce for any € > 0 the
hyperbolas

C. = {p € C with |(Re p)(Im p)| = %} .
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We also consider C. as a contour along which we integrate in anti-clockwise orientation.
In view of the identity (§)? = p? € R, the eigenvalues of the matrix p lie in R UiR.
Hence for any p € C¢, the free Green’s function s, can be defined in momentum space
by

sup) = —m~". (5:8)
Moreover, the Green’s function with interaction can be defined by the perturbation

series
o0

Sp = Z(_SuB)nsu ) (5.9)
n=0
because writing the Feyman diagrams in momentum space, one gets products of the
form
$u(Pn) B(pn — Pn—1) -+ 5u(p1) B(p1 — po) su(po) (5.10)

where each factor is well-defined according to (5.8]). Next, we define the principal value
by

PP 1 1 1
o Spdp= [ o - _) . 5,d 11
/gﬂ_x S O /52<,u—x+4g‘ew+lu_x_4€eup> Sp Gl (5 )

where the phase ¢ = () is to be chosen such that the points = + 4ce’ are both
outside the set

Jo == {p € C with |(Re p)(Im p)| < &}
(in the limit € \{ 0, the results of all contour integrals will become independent of the
choice of ).

Lemma 5.2. For any p € C. and m > 0, the following identities hold to every order
in perturbation theory, with convergence in the distributional sense:

1

—— 1 S,du=1 12
ori =0 Jo, M (5:12)

1 PP
_ li 5.du=3 5.13
271 sl{% c.Bb—m Sp GH = Sm ( )

1 ~ 1 -

Subm' = g Py Sukt = (5.14)

Here we used the definitions (5.8), (59) and (5I1), whereas S, is defined by (5.0]).

Proof. In order to derive (5.12), we consider the perturbation series in momentum
space. Using again that the spectrum of the matrix y lies in R U iR, we can inte-
grate (5.8]) with residues to obtain

1
— =—-2m 1.

c.¥—u
Similarly, when integrating (5.10), the integrand is a product of poles (u — x)7P of
total order larger than one, and the poles are all enclosed by the contour C.. Hence
computing the integral with residues, we obtain zero. This proves (G.12]).
For any u € C. and v € C\ J., a straightforward calculation using (0.8)) and (5.9)
shows that to every oder in perturbation theory, the “resolvent identity”

(=) (515)

5,8, =
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holds. Integrating p on both sides over C. and using that

/ 5,5, dp = (/ 5, d,u> Sy @ —27i 8,
Ce Ce

1 1
/ §,,d,u:§,,/ dp =20,
c. b=V c. b=V

1
/ §udp = —2mi 5, .
TV
Now (B.I3) follows immediately from the definition of the principal value (5.11)).
Similar as in the proof of Lemma [5.1] the identities (5.14]) follow from the relations

1 1
Sub;pm = F b;lpm and Sub;’k’m = m——/J b;lkfm .

we find that

These relations follow immediately from the definition of b5, (2.12]), by applying the re-
solvent identity (B.I5]) (with v replaced by m) as well as the relations (215 and (216]),
which after replacing m’ by the complex parameter u € C. are clearly valid even with-
out the principal part. O

We are now ready to state the equations for the perturbation flow. Using a notation
similar to (5.3) and (5.4) for the Greens functions corresponding to the family of
external fields (7B),>¢, we write

Sy (BR)T and (5,7
Theorem 5.3. The perturbation flow equations have the commutator structure
d ~T ~T d .7 .7
2o Pm = [A(T),pm:| and Ekm = [A(T), k‘m],
where A(T) is a family of operators, which are anti-symmetric with respect to the inner

product (B.2)).
+

Proof. Since the Greens functions (s,
(412)), their T-derivatives are given by

d
E(Sm

)7 are defined via the formal Neumann series

)" = —(5n) B
Using the definition of p],, (AI1l), and applying the relations (5.7]), we obtain

d
2o Pm = —5mBo — DB, (5.16)

The identity

0:%(2’@4—7’3—771)1%;1:31%;4- <i$+73—m>d%_%;z

implies that the T-derivative of /’;:;1 is a solution of the inhomogeneous equation
d - _
(iéé +7B— m) k7, = B,
Thus, the 7-derivative of k7, is of the form
d

— kT = 5" BkT + HT
dr
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where H7, is a solution of the homogeneous equation
(ia +rB - m) HT =0. (5.17)

Since l;::n is a symmetric operator, the same is true for its 7-derivative. We thus
conclude that ~ .
M, =—k Bs, + 3,
where fJ:CTm is another solution of the homogeneous equation (5.17]), which is moreover
symmetric with respect to the inner product (5.2]). The most general ansatz for H7, is
Hin = Prn AP + knCrk + kDb, + Do (D) ki,

with a certain operator D], and certain symmetric operators A7, and C,. This leads
to the identity

d

e

-

kT kT ) = —kT B&T kT, — kT 5T, BET,

+3(m — ') (= 5, By, — P B + P Apor, + ki Cr + ki Dk,
i (D) B + i A + 5 Cr iy + 53y D + i (DF) ).
In view of Lemma 5.1 the two terms in the first line cancel each other, and the identity
d
dr
yields the relations

(K7, 5) = 8(m — ') 57, = 5(m — ) (57, B8], — 7, B,)

A, =-C, and (Dy,)=-Dj,.

Thus
d - ~ ~ ~ - ~ -
g km = =SBk, — kn By, & P A D — ko Ak + ki Db — 9 Dy (5.18)
-
with

(AT = AT and (D) =-Dj, . (5.19)
We now define the operators

1
A(T) === 1i
(7) An? 20 C. an . dv v—p

1 o ~T ANT ~T I.T INT 1.7 LT AT =T ~T AT I.T
+3 / (r P — by Do, + i AT — Ay ) din
0

From (5.19)) it is obvious that A(7) is an anti-symmetric operator. Furthermore, ap-
plying Lemma [5.2] we find that

PP PP 1
/ d,u/ dv s;BsZﬁ:n:/ du dv s,B Drn
€ 1> 1> CE V

T T
s, Bs),

v—pu —p m—v

= —2mi dp

; e s, Bpy, = —47%sT Bpr .

Using this identity together with the analogous identity with p7, replaced by l%fn, one
readily verifies that (5.10) and (5.I8]) can be written as

d ~T ~T ~T * d
Epm - A(T)pm + pmA(T) and d’T

concluding the proof. O

ki = A(T)k7, + KL A(T)"
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As mentioned at the beginning of this section, the result of Theorem [5.3] can be used
to prove the existence of a one-parameter family of unitary transformations describing
the interaction.

Theorem 5.4. There exists a one-parameter family of operators U(t), which are
unitary with respect to the inner product (5.2)), such that for any mass m > 0 and for
all™>0

P =UMpnaU()*  and &}, = U(")knU(7)* . (5.20)
Proof. If there exists such a family U(7), then taking the 7-derivative of (5.20)) yields
d . _d -1\ _7 -1 —27
b= (U@l () ") = UEpa @U@ = U@pal (7) U ()

= [ouE )

and

d - . .
k7, = {U(T)U(T)_l,k;—n}.
On the other hand, from Theorem [5.3] we know that the perturbation flow equations
do have the commutator structure (5.5]). Thus integrating these equations and taking
ordered exponentials yields a family of unitary operators

0

U(t) = Texp ( - / A(T) dT) (5.21)

T

fulfilling the identities (5.20]). O

We remark that the operators A7, and D], are uniquely defined by perturbation
series, for a perturbation being of the order O(B'). The same is then true for the
operators A(7). This implies that the operator U(7) in (5.2I) has a well-defined per-
turbation expansion. Going through the combinatorial details, it would be straight-
forward to derive explicit formulas for this perturbation expansion to any order. Here
we are content with the existence statement which immediately implies the following
interesting corollary.

Corollary 5.5. There exists a unitary operator U, defined by a unique perturbation
series, which for any mass m > 0 transforms the free fermionic projector ([L3)) into
the interacting fermionic projector (&Il):

P, = UPU* . (5.22)

6. THE LIGHT-CONE EXPANSION OF THE FERMIONIC PROJECTOR

The light-cone expansion is a useful technique for analyzing the fermionic projector
near the light cone. An introduction to this technique can be found in [9], for details
see [7, 8]. In this section we will show that our rescaling procedure has no effect on
the singularities of the fermionic projector on the light cone, but it does change the
regular so-called high-energy contribution.

We briefly recall the definition of the light-cone expansion.

Definition 6.1. A distribution D(z,y) on R* x R* is of the order O((y —x)?P) on the
light cone, p € Z, if the product

(y —z)"*D(z,y)



30 F. FINSTER AND A. GROTZ

1s a reqular distribution, i.e. a locally integrable function. It has the light cone expansion
[o¢]

D(z,y) =Y _ DWl(z,y) (6.1)
Jj=g

with g € 7, if the distributions DVU)(z,y) are of the order O((y—x)%) on the light cone
and if D is approximated by the partial sums in the sense that

P
Jj=g
is of order O((y — x)**2) on the light cone for all p > g.

We note that the lowest summand D! (z,y) gives the leading order on the light cone.
If D is singular on the light cone, g is negative.

By explicitly expanding the series (2Z.8]) term by term and carrying out the sum over
the orders in perturbation theory, in [§] the light-cone expansion of the causal Green’s
functions 5 and 5" is performed. Using (2.21]), one readily obtains the light-cone
expansion of k. The so-called “residual argument” [8, Chapter 3| allows us to carry
over the light-cone expansion to the operator p*, ([@2]). In this way, in [§] the light-
cone expansion is derived for the so-called residual fermionic projector P'® defined
by

1

P =S (57 — k). (6.3)

The residual fermionic projector is a solution of the Dirac equation (II]), but its pertur-
bation expansion has a different combinatorics than that of the fermionic projector P
as given by (4.1]). The difference of these two operators is defined to be the high-energy
contribution P"(z, y),

phe.= p — pres, (6.4)

The following proposition extends the result of [8, Theorem 3.4] to the rescaled setting.

Proposition 6.1. Under the assumptions of LemmalZ.0, the integral kernel P (x,v)
of the high-energy contribution is, to every order in perturbation theory, a smooth
function in x and y.

Proof. Using the formulas ([@1]) and (6.3]) for P and P ", one sees that
1 .~ -
Pho = Z(k — k') .
S~ F)
As will be shown below, the following replacement rule holds:

If in the perturbation series (@3] for k™ one replaces all factors p by
factors k, one obtains precisely the perturbation series ([2:22)) for k.

Furthermore, we know from Lemma [£3] that the total number of factors p in every
summand of the perturbation expansion for k™ is even. Hence to every order in
perturbation theory, k can be obtained from ke by iteratively replacing pairs of
factors p by factors k. Thus, to every order in perturbation theory, the operator P "¢

can be written as a finite sum of operator products of the form

(XB~{LHB@BQFy~CHﬂ%—pH%4~42HB@BOFy~BGy (6.5)
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It is shown in the proof of [8, Theorem 3.4] that terms of the form (6.5 are smooth
and bounded in position space, provided that the assumptions of Lemma hold.

It remains to prove the above replacement rule. For convenience, the replacement
of all factors p by factors k is denoted by the symbol ~~. Furthermore, we introduce
the abbreviation

21

8(l) == [Z(—m)%k(bk)?ﬁ (p+ 7r2pbpbp)} > (—im) k() (6.6)
5 «

In the proof of Lemma [A4.3] we saw after (4.20]) that for any r € N,
BT =" fie b5 S(1) b7 + 007 ). (6.7)

Replacing in (6.6]) all factors p by k, we obtain
T 2l T
8(1) W[Z(—m)%(/ﬁb)w(l + 7r2k:b/<;b)] D (—im)*k(bE)* + (7 ?)
5—0 a=0

_ Z 201k bk 20 + O(b27“+2)

where in the last step we used that the sum in the square bracket is telescopic. Sub-
stituting this formula into (6.7]), we obtain

kros ~ Z flr Z )2ab< k’(bk’)za b> +0 b2r+2 Z flr k+ O(b2r+2)

a=0
where we used (IQ:ZZI) The result now follows from the 1dent1ty

r
Zfl,r = 17
=0

which is verified by an elementary combinatorial argument. O

According to (6.4]) and the above Proposition, the singular behavior of the fermionic
projector P is completely described by the residual fermionic projector P™. In [§]
the residual fermionic projector is decomposed into two parts,

Pr(r,y) = P (2, ) + PP(z,y).
Thus, the light-cone expansion of the fermionic projector becomes
P(z,y) = P (z,y) + P'(z,y) + P"(z,y).

Here the contribution P2l encodes the singular behavior of P on the light cone,
whereas P he(a;,y) and Ple(x,y) are, to every order in perturbation theory, smooth
functions in x and y.

We finally explain how the “causality” of the causal perturbation expansion is to
be understood. Causality entered our construction when defining & in terms of the
causal Green’s functions (Z.21)). This is reflected in the kernel P*%2l(z 4)), which is
local and causal in the sense that it is given explicitly in terms of integrals of B and
its partial derivatives along the line segment Tgy. However, taking the absolute value
of an operator (220 as well as the rescaling procedure (3] do not preserve causal-
ity, but these operations are necessary in order to distinguish a properly normalized



32 F. FINSTER AND A. GROTZ

subspace of the Dirac solution space. The non-causality of our construction becomes
apparent in the high- and low-energy contributions, which involve integrals of B over
the whole space-time. Thus our construction reveals that, although the Dirac equation
is causal, the interacting Dirac sea is a global object in space-time, violating locality
and causality. For a discussion of this remarkable fact we refer the reader to the book

[9].

APPENDIX A. THE LEADING ORDERS OF THE PERTURBATION EXPANSIONS
The operator k in (Z22) is given by

k =k — sBk — kBs + kBsBs + sBkBs + sBsBk — n2kBkBk
— kBsBsBs — sBkBsBs — sBsBkBs — sBsBsBk

+ 2 (sBkBkBk + kBsBEBE + kBEBsBE + kBkBkBs) +O(BY).
The operator X in (2.44]) has the expansion
X =n2 (poBp — pBEkBEk — kBEBp + kBpBk
+ pBsBkBk — kBpBsBk — pBpBsBp + pBkBsBk
+ kBkBsBp — kBsBpBk + kBsBkBp — szBp’Bp) + 0(34),

which yields for the operator p in (2.39)

D =p— sBp — pBs + pBsBs + sBpBs + sBsBp

2
+ % (k;’Bka; — kBkBp — pBkBE — po'Bp)

— pBsBsBs — sBpBsBs — sBsBpBs — sBsBsBp
2
+ % <SBpoBp + pBsBpBp + pBpBsBp + pBpBpBs

+ kBsBkBp + kBkBsBp + pBkBsBk + pBsBkBk — kBsBpBk
— kBpBkBs — kBpBsBk + pBkBkBs + sBpBkBk + sBkBkBp

+ kBkBpBs — sBkBka) +O(BY),
and for the rescaling operator Y in (3.3
Y =p— 72 (po’Bp — pBEBk — kBkBp + kBpBk
+ pBsBkBk — kBpBsBk — pBpBsBp + pBkBsBk
+ kBkBsBp — kBsBpBk + kBsBkBp — p’Bs’Bpo) + O(BY).

The operator p™* in (AI0) has the expansion

P =p — sBp — pBs + pBsBs + sBpBs + sBsBp — m2pBpBp
— pBsBsBs — sBpBsBs — sBsBpBs — sBsBsBp

4 72 <SBpoBp + pBsBpBp + pBpBsBp + poBpBS) + O(B%),
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whereas the operator k™ in ([@I6]) is given by

]2, res

=k — sBk — kBs + kBsBs + sBkBs + sBsBk

2
+ %( — kBpBp + pBkBp — pBpBk — kBszk:)

— kBsBsBs — sBkBsBs — sBsBkBs — sBsBsBk

2
n % <sBkBkBk 1 kBsBkBk + kBkBsBk + kBkBLBs

+ kBsBpBp — sBpBkBp + sBpBpBk + pBsBpBk — pBkBpBs
+ kBpBsBp + kBpBpBs — pBkBsBp + pBpBkBs + sBkBpBp

— pBsBEBp + poBsBk:) + O(BY).

Thus for the operator ¢ in (3.I)) we obtain

fo2

[p—k—sBp—sz+sBk—l—kBs

+ pBsBs + sBpBs + sBsBp — kBsBs — sBkBs — sBsBk
2

+ 72k BBk + % (k:Bka: — kBkBp — pBEBE — poBp)
— pBsBsBs — sBpBsBs — sBsBpBs — sBsBsBp

+ kBsBsBs + sBkBsBs + sBsBkBs + sBsBsBk

2
+ % <SBpoBp + pBsBpBp + pBpBsBp + poBsz)

— <sBszk:Bk + kBsBEBk + kBEBsBEk + kBszkBs)

2
+ % <kBsBkBp + kBkBsBp + pBkBsBk + pBsBkBk

— kBsBpBk — kBpBkBs — kBpBsBk + pBkBkBs

+ sBpBkBE + sBEkBkBp + kBkBpBs — sBkBka) +O(BY),

and the rescaled fermionic projector (4.1]) is given by

P=-

p—k—sBp—pBs+ sBk + kBs

+ pBsBs + sBpBs + sBsBp — kBsBs — sBkBs — sBsBk

2
— 2pBpBp + % (kBk;Bk + pBpBk — pBkBp + kBpo)
— pBsBsBs — sBpBsBs — sBsBpBs — sBsBsBp
+ kBsBsBs + sBkBsBs + sBsBkBs + sBsBsBk

+ 72 (sBpoBp + pBsBpBp + pBpBsBp + poBsz)

7T2

-5 <sBszk:Bk + kBsBEBk + kBkBsBEk + kBszkBs)

33
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2
+ % <ka‘Bsz — sBkBpBp + pBkBsBp — pBpBkBs

— pBsBpBk + pBsBkBp — kBpBsBp — kBsBpBp

— pBpBsBk + sBpBkBp — kBpBpBs — SBpoBk:) + O(B%).

Acknowledgments: A.G. would like to thank the Erwin Schrodinger Institute, Vienna,
for its hospitality while he was working on the manuscript.

REFERENCES

[1] M. Abramowitz and I.A. Stegun, Handbook of mathematical functions with formulas, graphs, and
mathematical tables, National Bureau of Standards Applied Mathematics Series, vol. 55, U.S.
Government Printing Office, Washington, D.C., 1964.

[2] P.A.M. Dirac, The quantum theory of the electron, Proc. R. Soc. Lond. A 117 (1928), 610-624.

[3] , A theory of electrons and protons, Proc. R. Soc. Lond. A 126 (1930), 360-365.

[4] , Discussion of the infinite distribution of electrons in the theory of the positron, Proc.
Camb. Philos. Soc. 30 (1934), 150-163.

[5] H. Fierz and G. Scharf, Particle interpretation for external field problems in QED, Helv. Phys.
Acta 52 (1979), no. 4, 437-453 (1980).

[6] F. Finster, Definition of the Dirac sea in the presence of external fields, arXiv:hep-th/9705006)
Adv. Theor. Math. Phys. 2 (1998), no. 5, 963-985.

, Light-cone expansion of the Dirac sea to first order in the external potential,

arXiv:hep-th/9707128, Michigan Math. J. 46 (1999), no. 2, 377—408.

, Light-cone expansion of the Dirac sea in the presence of chiral and scalar potentials,

arXiv:hep-th/9809019, J. Math. Phys. 41 (2000), no. 10, 6689-6746.

, The principle of the fermionic projector, AMS/IP Studies in Advanced Mathematics,

vol. 35, American Mathematical Society, Providence, RI, 2006.

, An action principle for an interacting fermion system and its analysis in the continuum

limit, larXiv:0908.1542| [math-ph] (2009).

, Entanglement and second quantization in the framework of the fermionic projector, in

preparation (2009).

, From discrete space-time to Minkowski space: basic mechanisms, methods and perspec-
tives, larXiv:0712.0685| [math-ph], Quantum Field Theory (B. Fauser, J. Tolksdorf, and E. Zeidler,
eds.), Birkhauser Verlag, 2009, pp. 235-259.

[13] C. Hainzl, M. Lewin, and E. Séré, Ezistence of a stable polarized vacuum in the Bogoliubov-Dirac-
Fock approxzimation, larXiv:math-ph /0403005, Comm. Math. Phys. 257 (2005), no. 3, 515-562.

, Self-consistent solution for the polarized vacuum in a mno-photon QED model,
arXiv:physics/0404047, J. Phys. A 38 (2005), no. 20, 4483-4499.

[15] F. John, Partial differential equations, fourth ed., Applied Mathematical Sciences, vol. 1, Springer-
Verlag, New York, 1991.

[16] M. Reed and B. Simon, Methods of modern mathematical physics. I, functional analysis, second
ed., Academic Press Inc., New York, 1980.

[7]

8]

[9]

[10]

[11]

[12]

[14]

NWF I - MATHEMATIK, UNIVERSITAT REGENSBURG, D-93040 REGENSBURG, GERMANY
E-mail address: Felix.Finster@mathematik.uni-regensburg.de
E-mail address: Andreas.Grotz@mathematik.uni-regensburg.de


http://arxiv.org/abs/hep-th/9705006
http://arxiv.org/abs/hep-th/9707128
http://arxiv.org/abs/hep-th/9809019
http://arxiv.org/abs/0908.1542
http://arxiv.org/abs/0712.0685
http://arxiv.org/abs/math-ph/0403005
http://arxiv.org/abs/physics/0404047

	grotzv1.pdf
	1. Introduction
	2. The Causal Perturbation Expansion
	3. The Rescaling Procedure
	4. Derivation of the Perturbation Expansion for the Fermionic Projector
	5. The Unitary Perturbation Flow
	6. The Light-Cone Expansion of the Fermionic Projector
	Appendix A. The Leading Orders of the Perturbation Expansions
	References

	grotzv2.pdf
	1. Introduction
	2. The Causal Perturbation Expansion
	3. The Rescaling Procedure
	4. Derivation of the Perturbation Expansion for the Fermionic Projector
	5. The Unitary Perturbation Flow
	6. The Light-Cone Expansion of the Fermionic Projector
	Appendix A. The Leading Orders of the Perturbation Expansions
	References

	grotzv3.pdf
	1. Introduction
	2. The Causal Perturbation Expansion
	3. The Rescaling Procedure
	4. Derivation of the Perturbation Expansion for the Fermionic Projector
	5. The Unitary Perturbation Flow
	6. The Light-Cone Expansion of the Fermionic Projector
	Appendix A. The Leading Orders of the Perturbation Expansions
	References




