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Abstract

We consider the spatially inhomogeneous and anisotropic reaction-
diffusion equation u; = m(z)~! divim(x)a,(z, Vu)] + &2 f(u), involv-
ing a small parameter ¢ > 0 and a bistable nonlinear term whose
stable equilibria are 0 and 1. We use a Finsler metric related to the
anisotropic diffusion term and work in relative geometry. We prove a
weak comparison principle and perform an analysis of both the genera-
tion and the motion of interfaces. More precisely, we show that, within
the time scale of order £2|Ine|, the unique weak solution u® develops a
steep transition layer that separates the regions {u® ~ 0} and {u® ~ 1}.
Then, on a much slower time scale, the layer starts to propagate. Con-
sequently, as € — 0, the solution u® converges almost everywhere to 0

*AMS Subject Classifications: 35K55, 35K57, 35B25, 35R35, 58B20.



in Q; and 1 in Q, where Q; and Q; are sub-domains of  separated
by an interface I';, whose motion is driven by its anisotropic mean cur-
vature. We also prove that the thickness of the transition layer is of
order €.

Key Words: nonlinear PDE; anisotropic diffusion, bistable reaction,
inhomogeneity, singular perturbation, Finsler metric, generation of in-
terface, motion by anisotropic mean curvature.

1 Introduction

Evolution laws for interfaces frequently appear in materials science, differen-
tial geometry and image processing. In this paper we relate so called diffuse
and sharp interface models in which interfaces evolve according to an evolu-
tion law, which involves anisotropic and inhomogeneous driving forces. The
evolution equations we will consider in particular decrease an inhomoge-
neous interfacial energy. A diffuse interface model is based on a free energy
which includes gradient terms and, in this paper, the energy is assumed to
be of the following Ginzburg-Landau type

Flu) = /Q [a(x,vu)+€l2vv(u)]m(x)dz,

where Q ¢ RV, N > 2, is a bounded domain with smooth boundary, ¢ > 0
is a small parameter related to the thickness of a diffuse interfacial layer,
W is a double well potential with wells of equal depth and m is a positive
function. We will allow a to be z-dependent and anisotropic, i.e. the value
of a will depend on the direction of Vu. Taking the gradient flow of F with
respect to the weighted L?-inner-product (u,v) = [, u(z)v(z)m(z)dz leads
to the following initial boundary value problem for an inhomogeneous and
anisotropic Allen-Cahn equation

1 1
up = @) div [m(z)ay(z, Vu)} + g—zf(u) in 2 x (0, +00),
&
(P7) ap(z,Vu)-v=0 on 0 x (0, +00),
u(z,0) = up(x) in €,
where f(u) = —W'(u), v is the Euclidean unit normal vector exterior to 02

and a,, refers to differentiation with respect to the variable corresponding to
Vu. We easily derive that solutions to (P°¢) fulfill

d

G == [ wrm)iz <o.

i.e. F serves as a Lyapunov function.



It can be shown that under appropriate assumptions, see [10], [22], [23],
the energies eF converge in the sense of I'-convergence to an anisotropic
functional defined for hypersurfaces, i.e. in the limit € — 0 the interface is
sharp. For a smooth hypersurface I' the limiting energy becomes

/F V2a(z, n(x)) m(z)dHN 1 (z),

where n is a suitable Euclidean unit normal vector to I' and dH™ ! refers
to integration with respect to the (N — 1)-dimensional Hausdorff measure.
Anisotropic energies for hypersurfaces can be analyzed in the context of
Finsler geometry. If one considers the steepest descent of the anisotropic
surface energy in relative geometry, where geometric quantities such as cur-
vature and normal velocity are computed within the context of a Finsler met-
ric, one obtains an anisotropic and inhomogeneous generalization of mean
curvature flow. In fact the moving interface I'; evolves according to the law

m(x) m(x)

Vo, = —div { ap(z, n)] on I',

2a(xz,n)

where V,, is the normal velocity of I';. We will show below that this equation
can be rewritten in the relative geometry associated with a Finsler metric;
then it has the form

Vig = —Kg on I'y,
(P")
I = I,
t=0

where ng, V;, 4 and kg4 are, respectively, the anisotropic unit normal in the
exterior direction, the anisotropic normal velocity of I'; in the ny direction,
and the anisotropic mean curvature at each point of I';. In the isotropic
homogeneous case one recovers the mean curvature flow V,, = —x. We refer
to a paper by Bellettini and Paolini [5] and Section 2 for details.

It is the goal of this paper to rigorously prove that Problem (P¢) con-
verges to the anisotropic inhomogeneous mean curvature flow (PO), ase — 0,
and to give an optimal error estimate between the solutions of (P¢) and
those of (PY). We remark that a formal derivation is already contained in
the paper by Bellettini and Paolini [5].

Before going into the details, we note that (P¢) includes the following
equations as special cases: the spatially inhomogeneous diffusion equation

wp = div(A(z)Va) + Eig f(u), (1.1)



where A(x) is a positive definite symmetric matrix depending on x; the fully
anisotropic equation

up = div (ap(Vu)) + Elzf(u) (1.2)

The significant difference between (1.1) and (1.2) is that the anisotropy in
(1.2) depends on the solution w itself, while it does not in (1.1). In other
words, in (1.2) the dependence of the energy density on the spatial orien-
tation of the interface can be chosen much more general when compared
with (1.1) where only ellipsoidal energy densities appear. We refer to Gar-
cke, Nestler and Stoth [15], Barrett, Garcke and Niirnberg [2, 3] for possible
anisotropic energy densities. Note also that we allow a,,(p) to be discontin-
uous at p = 0 (see Remark 1.3 below).

We suppose in what follows that W (u) is a double-well potential with
equal well-depth, taking its global minimum value at v = 0 and u = 1. More

precisely we assume that f = —W’ is smooth and has exactly three zeros
0 < a < 1 such that

f(0) <0, f'(a)>0, f'(1)<0, (1.3)
and that

1
/0 f(u)du = 0. (1.4)

Remark 1.1. Note that we could also consider the case where f is slightly
unbalanced by order ¢ so that fol f(u)du = O(e) stands instead of (1.4).
In this case, the singular limit of (P¢) will have an additional driving force
term in (P°). See Remark 3.2 for details. O

The assumptions concerning the anisotropic term are the following.

(i) a(z,p) is a real valued function, of class Clgo'gﬁ (for some 0 < ¥ < 1)
on  x RV\{0};

(ii) a(z,p) is positive on Q@ x RV\{0};
(iii) a(zx,-) is strictly convex for all z € Q;

(iv) a(x,p) is homogeneous of degree two in the p variable, i.e.
a(z,ap) = o?a(z,p) for all (z,p) € Q x RM\{0}, all aw # 0. (1.5)

If p is given by p = (p1,--- ,pn), the vector valued function a, is defined

by ap(z,p) = (g—zi(a:,p), s %(az,p)), and the matrix valued function ay,
by app(z,p) = (aggpi (x,p)). Moreover, for a vector p = (p1,---,pn) and

a matrix A = (a;;), we use the notations

Ip| = max |pil and |A] = max lagj].

)



Remark 1.2. The fact that a is homogeneous of degree two implies that, for
all (x,p) € Q x RV\{0}, all a # 0,

ap(.’I), ap) = aap(m,p), app(x7ap) = a’pp(xap>7
ap(x, ap) - p = 2aa(z, p),
app(T, ap)p = ap(z, p).

By setting a(z,0) = 0 and ap,(z,0) = 0, one can understand that a(z,p) is
of class C' on the whole of Q x RY. O

Remark 1.3. In many important applications in physics, apy(z,p) is discon-
tinuous at p = 0 and this makes Problem (P¢) singularly parabolic. Because
of lack of uniform parabolicity, our analysis becomes more involved than the
case (1.1) or the case of isotropic Allen-Cahn equation studied in [1], [11],
[12], [19, 20]. O

We assume that m :  — (0,+00) is a function of class C? such that
0 < mq < m(z) <mg < +oo for any = € 2, and that Vm and D?m are in

L>®(Q), where D*m(z) := (aijg; (a:))

Remark 1.4. Observe that

1

div [m(z)ap(z, Vu)} = divay(z, Vu) + Vlegm(z) - ap(xz, Vu), (1.6)

so that our equation contains the generalized Allen-Cahn equations discussed
in Bellettini, Paolini [5], Bellettini, Paolini and Venturini [6]. O

We also assume that the initial data ug € C%(Q), and define Cj as
Co = ooy + Vol oy + Do oy, (17)
Furthermore we define the “initial interface” I'g by
F0 = {:E € Q’ UO(l’) = (I},

and suppose that T'g is a C3? closed hypersurface without boundary (0 <
¥ < 1), such that, n being the Euclidian unit normal vector exterior to I'y,

I'ycc and Vuyg(x)#0 ifzely, (1.8)

up>a in Qf, w<a in Q, (1.9)

where ), denotes the region enclosed by I'y and Q(T the region enclosed
between 92 and I'y.

For T > 0, we set Qp = Q x (0,7). We define below a notion of weak
solutions of Problem (P¢). For this definition, it is sufficient to only suppose
that ug € HY(Q) N L>®(Q).



Definition 1.5. A function u® € L(0,T; HY(Q)) N L>®(Qr) is a weak solu-
tion of Problem (P¢), if

)

) ap(w, Vu(x,t)) € L®(0,T; L?()),
(iii) u®(z,0) = ug(x) for almost all z € Q,

)

uf satisfies the integral equality

t
/0 /Q [uig& +ap(z,Vu) - Vo — gizf(us)go m(z)dzdt =0, (1.10)

for all nonnegative function p € L2(0,T; H'(2)) N L>°(Q7) and for all
te(0,7).

One may prove, using monotonicity and compactness arguments as is
done in [7], [9], that Problem (P¢) possesses a unique weak solution which
we denote by u®. As ¢ — 0, the qualitative behavior of this solution is the
following. In the very early stage, the anisotropic diffusion term is negligible
compared with the reaction term ¢2f(u). Hence, rescaling time by 7 =
t/e2, the equation is well approximated by the ordinary differential equation
ur = f(u). In view of the bistable nature of f, u® quickly approaches the
values 0 or 1, the stable equilibria of the ODE, and an interface is formed
between the regions {u® ~ 0} and {u® ~ 1}. Once such an interface has been
developed, the anisotropic diffusion term becomes large near the interface,
and comes to balance with the reaction term so that the interface starts to
propagate, on a much slower time scale.

To understand such interfacial behavior, we have to study the singular
limit of (P¢) as ¢ — 0. Then the limit solution @(z,t) is a step function
taking the values 0 and 1 on the sides of the moving interface I'y. In the case
of the usual Allen-Cahn equation, it is well known that I'; evolves according
to the mean curvature flow V,, = —k and we will show in this paper that
the sharp interface limit of (P?) is given by (P?).

Using the theory of analytic semigroups (see e.g. Lunardi [18]) it is
possible to show that the limit Problem (P°) possesses locally in time a
unique smooth solution. More precisely, there exists a 7' > 0 such that
Problem (P°) has a unique solution I' = Uo<t<r(I'e x {t}) which satisfies
I e C31t96B+9)/2 For proofs of the local in time existence of solutions of
related limit problems, we also refer the reader to [17] and the discussion at
the end of Chapter 1 in [16].

For each ¢t € (0,7, we define €2, as the region enclosed by the hyper-
surface Ty and €2 as the region lying between 9§ and I';. Furthermore we



define a step function u(z,t) by

ot
(z,t) = {1 e (0,7). (1.11)
0 in €,

It is convenient to present our main result, Theorem 1.6, in the form of a
convergence theorem, mixing generation and propagation. It describes the
profile of the solution after a very short initial period. It asserts that: given
a virtually arbitrary initial data ug, the solution u® quickly becomes close
to 0 or 1, except in a small neighborhood of the initial interface I'g, creating
a steep transition layer around I'g (generation of interface). The time ¢ for
the generation of interface is of order 2| Ine|. The theorem then states that
the solution u® remains close to the step function @ on the time interval
(t5,T) (motion of interface). Moreover, as is clear from the estimates in the
theorem, the thickness of the transition layer is of order €.

Theorem 1.6 (Generation, motion and thickness of interface). Let n be an
arbitrary constant satisfying 0 < n < min(a,1 —a) and set

1= f'(a).

Then there exist positive constants €9 and C such that, for all € € (0,ep)
and for almost all (x,t) such that t* <t < T, where

= pu ¥ Inel, (1.12)
we have,
[=n,1+ 7] if x€ Noe(T)
ut(x,t) € 4 [-n.7] if e Qy \Nee(ly) (1.13)

L—n1+n  if zeQf \Ne(Ty),

where Np(I'y) = {x € Q,disty(x,T) < r} denotes the r-neighborhood of
Iy, by disty(x,I'y), we mean the 04 distance to the set I'y, where 64 is the
distance associated to a Finsler metric, whose definition is to be given in
Section 2.

Corollary 1.7 (Convergence). As ¢ — 0, the solution u® converges to 4
almost everywhere in UO<1€<T(Q;—L x {t}).

The organization of this paper is as follows. In Section 2, we recall nota-
tions and results concerning Finsler metrics that give a natural and efficient
framework for dealing with anisotropic problems. In Section 3, we perform
formal asymptotic expansions in order to derive the equation for the motion



of interface, and collect useful estimates on stationary solutions of related
problems. In Section 4 we prove a weak comparison principle for Problem
(P®). Such a comparison principle is rather standard, but, in view of the
fact that app(z,p) does not exist at p = 0, we give a complete proof for
the convenience of the reader. In Section 5, we prove results on the gener-
ation of interface. For the study of this early time range we construct sub-
and super-solutions by modifying the solution of the ordinary differential
equation u; = ¢ 72 f(u). In Section 6, we construct another pair of sub- and
super-solutions by using the first two terms of the formal asymptotic expan-
sion given in Section 3. They are used to study the motion of interface in
the later stage. In Section 7, by fitting these two pairs of sub- and super-
solutions together, we prove our main results for (P¢): Theorem 1.6 and its
corollary.

Let us mention some earlier works on anisotropic problems related to
(P?). In [4], Bellettini, Colli Franzone and Paolini study a problem that
is slightly more general than (P¢) — by allowing f to be unbalanced in
the same way as in Remarks 1.1, 3.2 of the present paper — and derive a
very fine error estimate between the formal asymptotic and actual solutions
of (P¢). We also refer to the articles [13, 14|, by Elliott and Schétzle,
on a similar but slightly different problem where the potential W(u) is a
double obstacle type, namely W (u) = +o0 for u ¢ (0,1). For the spatially
homogeneous case a(x,p) = a(p) they prove convergence of the anisotropic
diffusion problem to an anisotropic curvature flow similar to (P%). Note
that their second paper [14] considers a kinetic term of the form 3(Vu)uy,
which makes the meaning of solutions very weak, hence they are treated in
the framework of viscosity solutions.

However, in these papers, the authors consider only a very restricted class
of initial data, namely those having a specific profile with well-developed
transition layer. More precisely they prove that if the initial data is very close
to the typical profile that appears in the formal asymptotic expansions of the
moving interface, then the solution remains close to the formal asymptotic
for 0 <t < T. In other words the generation of interface from arbitrary
initial data is not studied there. Summarizing, they have obtained a very
fine error estimate — of order O(g?) or higher — between the solutions
of specific initial data and formal asymptotic, while, in the present paper,
we consider convergence of solutions of (P¢) with virtually arbitrary initial
data to solutions of (PY), with an error estimate of order O(e). Therefore,
the two results are both for the convergence of (P¢) to (P°), but they are
of different nature. Note that, as far as the thickness of the interface is
concerned, our O(e) estimate is optimal (see [1] for details).

In [8], Benes, Hilhorst and Weidenfeld study both the generation and the
motion of interface for an anisotropic Allen-Cahn equation which is related
to ours. Nevertheless, their equation is slightly less general since they do
not allow z-dependence in a(x,p). Moreover, with their sub- and super-



solutions, they cannot achieve the optimal O(e) estimate of the thickness of
the interface.

For numerical simulations for problems (P¢) and (P?) we refer to Benes,
Mikula [9], Garcke, Nestler, Stoth [15], Barrett, Garcke, Niirnberg [2, 3] and
Paolini [24].

2 Finsler metrics and the anisotropic context

In this section we explain the technique of Bellettini, Paolini [5], Bellettini,
Paolini and Venturini [6] to apply Finsler metric to analyze anisotropic non-
linear problems. The idea is to endow RY with the distance obtained by
integrating the Finsler metric which makes otherwise lengthy computations
remarkably simpler. For the convenience of the reader, we first recall basic
properties of Finsler metrics as stated in [5], [6]. For more details and proofs,
see these references.

2.1 Finsler metrics

Suppose that ¢ : Q@ x RY — [0, +00) is a continuous function satisfying the
properties

oz, af) = |a|p(z,&) forall (z,6) e QxRY andall a €R, (2.1)
Molé| < ¢(x,8) < Agl¢|  for all (z,8) € @ x RY, (2.2)

for two suitable constants 0 < A\g < Ag < +o00. We say that ¢ is strictly
convex if, for any x € €, the map & — ¢?(z, &) is strictly convex on RV, We
shall indicate by

By(z) = {¢ e RN, ¢(z,¢) < 1}

the unit sphere of ¢ at x € Q.
The dual function ¢° : Q x RNV — [0, +-00) of ¢ is defined by

¢0(x7€*) = sup {f* &, € B¢($)} ’ (23)

for any (x,€) € Q x RY. One can prove that ¢° is continuous, convex,
satisfies properties (2.1) and (2.2), and that ¢%, the dual function of ¢°,
coincides with the convex envelope of ¢ with respect to &.

We say that ¢ is a (strictly convex smooth) Finsler metric, and we shall
write ¢ € M(Q) if, in addition to properties (2.1) and (2.2), ¢ and ¢" are
strictly convex and of class C? on Q x RV \ {0}. In particular ¢ = ¢.

We denote by ¢, the integrated distance associated to ¢ € M(£2), that
is, for any (z,y) € Q, we set

1
Sotavy) =int { [ 02(0) 30t 7 € WH(0.11:2).2(0) = 7(1) = o}
(2.4)



In the special case of the Euclidian metric, the function ¢ is given by
o(x,p) = d(p) = (Mm% + - + py?)Y2, so that §, reduces to the usual
distance.

Given ¢ € M(Q) and x € Q, let T°(x,-) : RV — R be the map defined
by

0 *) 40 * if £ ¢ RN 0
0 if & = 0.

Here qbg denotes the gradient with respect to p whenever we regard ¢°(x, p)
as a function of two variables x and p.

If u: Q) — Ris asmooth function with non-vanishing gradient, we define
the anisotropic gradient by

Vu =Tz, Vu) = ¢"(z, Vu)<b2(x, Vu). (2.6)

If n : Q — RY is a smooth vector field, we define the m-divergence operator
by

div,,n = div [m(z)n] = divn + Viegm(z) - n, (2.7)

and then the m-~anisotropic Laplacian by
Aqs’mu = divm V¢u. (28)

Note that in [5], [6] m is related to ¢ while in the present paper m is a
given function independent of ¢. Nonetheless, in the sequel, we shall use the
simpler notation Ay := Ag .

As in the isotropic case, if I'; is a smooth hypersurface of € at time t,
and n the outer normal vector to I'; (in the Euclidian sense), we define ng
the ¢-normal vector to I'y and kg the ¢g-mean curvature of I'; by

Ny = qbg(x,n), kg = divy, ng. (2.9)

Furthermore, if ¢ is a smooth function with non-vanishing gradient such
that I'y = {x € Q, ¢¥(x,t) = 0}, and ¢ is positive outside I'; and negative
inside, then

Vy

n= —, ng = ¢2(x, Vi), 2.10
VY| ¢ p( ) ( )
. VY . 0
k=div——, kg = divy, ¢ (x, V), 2.11
VY| ¢ p( ) ( )
on I';. We also define the normal velocity of I'; and the ¢-normal velocity
of I'y by
Pt (o
Vo= —57 Voo = ————. 2.12
Ve P 0@ V) 212

To conclude these preliminaries, we quote a theorem proved in [6].

10



Theorem 2.1. Let Q be connected, and let ¢ € M(Q). Let 6, be the
integrated distance associated to ¢. Let C C € be a closed set, and let
distg(x,C) be the 04 distance to the set C defined by

distg(z,C) = inf {64(z,y) , y € C}. (2.13)
Then
¢O(x, Vdist¢(x,C)) =1, (2.14)
at each point x € 1\ C where disty(-,C) is differentiable.

In the special case of the Euclidian metric, note that (2.14) reduces to
the property that |Vd| = 1.

2.2 Application to the anisotropic Allen-Cahn equation
We set, for all (z,p) € Q x RN,

d)o(x,p) =/ 2a(z,p). (2.15)

First, since a(z,-) is homogeneous of degree two, ¢° satisfies assumptions
(2.1) and (2.2) with the constants

1/2

X =[2 min a(zp)]/?>0 and Ag=[2 max a(z,p)]"/?>0.

z€Q,|p|=1 z€Q,|p|=1
(2.16)
By the hypotheses on a(z, p), we see that ¢° is strictly convex and of class
C? on QO x RN\ {0}; moreover, by Remark 1.2, ¢¥ is continuous on the whole
of QxRN Tt follows that ¢ is a Finsler metric and the above theory applies.
We have

0 if p=0.
Let I' = Up<yer(I't x {t}) be the unique solution of the limit geometric

motion Problem (P°) and let d be the signed distance function to I' defined
by

. p) — {%(w) if p e BN\ {0} 217

~ { dist(z,Ty) for z € Qf, (2.18)

—dist(z,I'y) for z € Q,

where dist(z, I';) is the distance from x to the hypersurface I'; in . Let (;lv¢
be the anisotropic signed distance function to I' defined by

0z 1) disty (2, Tt) for x € O, (2.19)
z,t) = :
¢ —disty(z,Ty) for z € Q,

where distg(x, ;) denotes the 4 distance to the set I'y defined in (2.13). By
Theorem 2.1, the following equality holds

2a(z, Vc%(:r, t) =1 in a neighborhood of T;. (2.20)

11



By setting ¢ = d and P = c% in the second equalities in (2.10), (2.11),
(2.12), we obtain two equivalent expressions of the ¢-normal vector, the
¢-mean curvature and the ¢-normal velocity:

1

ng = ———= ay(x,Vd) = ay(x,Vdy), (2.21)
2a(x, Vd)
Ky = divim [ o(z, Vd) ] = dive, [ap(m,v@)}, (2.22)
2a(z, Vd
1
Vg = —(dg)r- (2.23)

’ \/2a(x, Vd

The end of this section is devoted to the anisotropic Laplacian

Apu = div [m(z)ay(z, Vu)] (2.24)

1
m(x)
= divay(x, Vu) + Vlog m(z) - ap(z, Vu). (2.25)

In the case of Finsler metrics, it turns out that the term Asu may be less
regular than Au. Nevertheless, we show below a boundedness property of
the anisotropic Laplacian (see [8] for a related property).

Lemma 2.2. There exists a positive constant Cp, such that, for all u €
C*YQr), the following inequality holds:

|Agu(z, t)| < OL(|Vu(z,t)| + |D*u(z,t)]) for all (x,t) € Qr. (2.26)

Proof. In view of (2.25), it is sufficient to deal with the term div a,(z, Vu).
We can, with no loss of generality, ignore the dependence on time.

First, assume that x is such that Vu(x) # 0. Regarding a(x, p) as a func-
tion of two variables x and p = (p1,- -+ ,ppn), we obtain, by a straightforward
calculation, that

2 2 2
diva,(z, Vu(z)) = Z ﬁ(m, Vu(x))—{—%: %(w, Vu(z)) az&uxj ().

(2.27)

It follows from the homogeneity properties that

0“a
div a,(z, Vu <|Vu(x ma ,
v (e, V)| ST 3 ma |77

+|D%u(z)| ) ma

(y,p)],
i yEQ, |p| 1 ‘aplapj ’

12



where we have used that a is of class C? on the compact set Q x {|p| = 1}.
This proves (2.26) under the assumption Vu(z) # 0.

Now assume that x is such that Vu(z) = 0. We have to proceed in
a slightly different way since app(z,0) does not make sense. The operator
ap(x,-) is homogeneous of degree one so that, for any direction (,

til(ap(%to — ap(z,0)) = ap(z, ).

We denote by (e1,---,exn) the Euclidian basis of RY. It follows from the
above equality that a,(z,-) admits at the point 0 partial derivatives in any
direction e; and

da (I, )
7’(’% (0) = ap(z,€;), (2.28)
which, in turn, implies that
0 0Ja da
—(z,0 z,e; 2.29
8p,‘apj( ) = (9p]( )- (2.29)

Note that, since a,(x,-) is homogeneous of degree one, the first term in
(2.27) vanishes at the point (x,0). It follows from (2.27) and (2.29) that, in
the case where Vu(x) =0,

: u
| div ap(z, Vu(z))| = ’Z x,e; 8@8%( )‘
da
<1D%u(@)| Y] max |S2(y.p),
%yeﬂ ipl=110p;
which proves (2.26) in this case as well. O

3 Formal derivation of the interface motion equa-
tion

In this section we derive the equation of interface motion corresponding
to Problem (P°¢) by using a formal asymptotic expansion. The resulting
interface equation can be regarded as the singular limit of (P¢) as ¢ — 0.
Our argument goes basically along the same lines with the formal derivation
given by Nakamura, Matano, Hilhorst and Schétzle [21]: the first two terms
of the asymptotic expansion determine the interface equation. Though our
analysis in this section is for the most part formal, the results we obtain will
help the rigorous analysis in later sections.

Let u® be the solution of (P¢). Let I' = (Jy<; .7 I't X {t} be the solution of

the limit geometric motion problem and cjd, the anisotropic signed distance

13



function to I' defined in (2.19). We then define

Qr= |J of x{t}, @r= |J 9 x{t.

0<t<T 0<t<T

We also assume that the solution «® has — one the one hand — the
outer expansions (away from the interface I'),

uf(z,t) = @z, t) + euf (z,t) + 2uj (z,t) +---  in QF, (3.1)

where @ is the step function defined in (1.11), and — on the other hand —
the inner expansion (near I')

uf (x,t) = Up(x,t,€) + U (z,t, &) + 2Us(a, t,€) + - - -, (3.2)

near I' (the inner expansion), where U;(z,t,2), j = 0,1,2,---, are defined
for z € Q, ¢t > 0, z € R. The stretched space variable £ := élvqg(m,t)/s gives
exactly the right spatial scaling to describe the sharp transition between the
regions {u® ~ 0} and {u® ~ 1}. We normalize Uy in such a way that

Uo(x, t, 0) =a

(normalization conditions). To make the inner and outer expansions consis-
tent, we require that

Uo(z,t,+00) =1, Ug(z,t,+00) = uz(x,t),

3.3
Uo(x,t, —o0) =0, U(z,t, —00) = uy (z,1), (3:3)

for all £ > 1 (matching conditions).

In what follows we will substitute the inner expansion (3.2) into the
parabolic equation in Problem (P?) and collect the =2 and ¢! terms. For
this purpose, note that if V' = V(z,t,2) and v(z,t) = V(z,t,&) are real
valued functions then Vv = £*1V2Vd¢ + V.,V and v = 5*1(d¢)t1/; + Vi
if v and V are vector valued functions we obtain divev = e*lvc@ -V, +
div, V. In the following, we shall use the properties stated in Remark 1.2.
A straightforward computation yields
(d¢)tU0z + Uyt + (d¢)tU1z +eUy+ -

uj =

™M= M| =

Vs = ~Up,Vdy + Vo Uy + U1, Vdy + eV, Uy + -
1 ~ ~
ap(w, V<) = —ap(w, Up:Vdy + eV, Uo + eUr-Vdy + 2V, U +--)
1 ~ ~ ~
= gap(x, UOsz¢) + app(x, U()ZVdd))(szo + UlZVd¢) + -

1 ~ ~ ~
g gUOza/p(;U, Vd¢) + app(x, vd¢)(vaO —|— UIZVd¢) + e,
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It follows that

Viegm(z) - ap(z, Vu®) = %U()ZV].Og m(x) - ap(z, Vglvd)) +--
and that
div a,(z, Vu©) :%V@ - 0x(ap(z, Vu©)) + divy(ap(z, Vu©))

_Vs [V

. ap(z, Vglvqs) + app(z, V(;lvqg)(vaoZ + Ulzzv@)}

1 — ~
+ - [vaOZ -ap(z, Vdg) + Uy, div ap(z, Vd¢)] +

1 ~ 1 ~
=5 Uo=22a(x, Vy) + - [2@(36, Vdy)Uys-
+ 2V, 0. - ap(w, Vy) + Up. div ay(w, Vy)| + -+
where the functions U; (i = 0,1), as well as their derivatives, are taken at
the point (x,t,dy(z,t)/e). Hence, in view of (2.20), we obtain

1 1 ~
div a,(x, Vu®) :?UOZZ + E[UIZZ + 2V, Uy - ap(x, Vdy)
+ Up. div ap(z, Vglvd,)] +--
We also use the expansion

f(w®) = f(Up) +eUrf' (Up) + - .

Next, we substitute the above expressions in the partial differential equation
in Problem (P¢). Collecting the ¢~2 terms yields

Uoss + f(Up) = 0. (3.4)

In view of the normalization and matching conditions, we can now as-
sert that Uy(x,t,z) = Uy(z), where Uy is the unique solution of the one-
dimensional stationary problem

{ Uo" + f(Uo) =0,
(3.5)
U()(—OO) =0, U()(O) =a, U0(+OO) = 1.

This solution represents the first approximation of the profile of a transition
layer around the interface observed in the stretched coordinates. We recall
standard estimates on Uj.

Lemma 3.1. There exist positive constants C' and A such that
0<1—=Up(2) < Ce Al for z >0,
0< Up(z) <Ce M for 2 <.
In addition to this Uy’ > 0 and, for all j = 1,2,
|D7U(2)| < Ce™ M for z e R.
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Since Uy depends only on the variable z, we have V,Uy’ = 0. Then, by
collecting the ¢! terms, we obtain

Ui + f(Uo)Ur = (g¢)tU0/ - Aqﬁglvgb Uy, (3.6)

which can be seen as a linearized problem for (3.4). The solvability condition
for the above equation, which is a variant of the Fredholm alternative, plays
the key role in deriving the equation of interface motion. It is given by

/R [(d},)t(m, t) — Apdy(z,t) | U (2)dz = 0,

for all (z,t) € Qr. It follows that (cflv,b)t = A¢£ZV¢. In virtue of subsection 2.2,
this equation, written in relative geometry, reads as

Ve =—Ke on Iy, (3.7)

that is the interface motion equation (P°), whereas, in the Euclidian geom-
etry, the same equation reads as

_ml@) V, = —div [ﬂ ap(m,n)} on T'y. (3.8)
2a(z,n) 2a(z,n)
Summarizing, under the assumption that the solution u® of Problem (P¢)
satisfies
OF
ut — ! %DQT as € — 0,
0 in Qp

we have formally proved that the boundary I'; between §2; and ;" moves
according to the law (3.7) or (3.8).

Remark 3.2. To conclude this section, note that (3.6) now yields U; = 0. In
fact, the second term of the asymptotic expansion vanishes because the two
stable zeros of the nonlinearity f have “balanced” stability, or more precisely
because of the assumption fol f(u)du = 0. If we perturb the nonlinearity by
order ¢, say f(u) «— f(u) — eg(z,t,u), the equation in the free boundary
problem contains an additional driving force term and U; no longer vanishes.
More precisely, the equation will read as

1
Voo = —FKg + co/ g(z,t,r)dr on T,
0

with ¢y a constant explicitly determined by the nonlinearity f. We refer to
[1] for details. O
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4 A comparison principle

This section is devoted to a comparison principle for weak solutions of Prob-
lem (P¢). Such a result is rather standard (see [8]), but, since the problem
is non-regular where Vu = 0, we prove it here for the self-containedness of
the paper.

To begin with, we define a notion of sub- and super-solution of Problem
(P).

Definition 4.1. A function uX € L2(0,T; H'(R2)) N L>®(Qr) is a weak
super-solution of Problem (P¢), if

(i) (uf)e € L*(Qr),
(ii) Veul (z,t) = ap(x, Vul (z,t)) € L>(0,T; L*(2)),

(iii) u® satisfies the integral inequality

t
1
| [ e+ ante, 9y - Vo = 5t o] mia)dade = 0, (4
0 JQ
for all nonnegative function o € L2(0,T; H'(2)) N L>°(Q7) and for all
te (0,7).
We define a weak sub-solution u_ in a similar way, by changing > in

(4.1) by <, and with the condition u; (x,0) < ug(x), for almost all = € Q.

The following remark will be useful when constructing smooth sub- and
super-solutions in later sections.

Remark 4.2. If uf € C*Y(Qr), it is not difficult to see that ul is a super-
solution in the sense defined above if and only if

(i) ap(z,Vul)-v>0 ondQx (0,7),
(i) Lout >0 almost everywhere in Qr,

where the operator L is defined by

Lou := us — div [m(l’)ap(% Vu)| — ;12.]0(“) = Ut — A¢“ - éf(u)

1
m(z)
In fact, if uf € C*Y(Qr) then, by Lemma 2.2, the function LouS is well-
defined in Q7. Also, using Lemma 2.2, we deduce that Agut € L>®(Qr).
The statement is then obtained by integrating (4.1) by parts. An analogous
remark stands for a sub-solution uz € C*(Qr). O

We prove below an inequality which expresses the strong monotonicity
of the function T%(z,p) = a,(x, p).
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Lemma 4.3. There exists a constant 3 > 0 such that, for all x € Q, for all
P1,P2 € RN:

(ap(x,p2) — ap(z,p1)) - (p2 —p1) > Blp2 — pa|*. (4.2)

Proof. First we consider the case that sp; + (1 — s)p2 # 0 for all s € [0, 1].
Then, the function s — a(z, sp; + (1 — s)p2) is of class C? on [0, 1] and there
exist p3, p4 on the line segment [p1, p2] such that

1

a(z,p2) — a(z,p1) = ap(x,p1) - (p2 — p1) + 5(292 — 1) - app(w,p3) (P2 — p1),

a(z,p1) — a(z,p2) = ap(x,p2) - (p1 — p2) + %(m —p2) - app(T,pa)(P1 — P2).

The strict convexity of a(z,-) implies that apy(z,p) is a positively definite
symmetric matrix, so that the function (z,p,p) — app(z,p)p - P is strictly
positive and continuous on the compact set Q x SV x SN~1 Hence there
exist constants 0 < Ay < Ay such that, for all 2 € Q, all p € RN \ {0}, all
peRY,

X2|p|* < app(z, p)p- P < Aslp|*. (4.3)
It then follows that
A2
a(z,p2) — a(z,p1) > ap(x,p1) - (p2 — p1) + §|P2 — il (4.4)
A2
a(x,p1) — a(z,p2) > ap(z,p2) - (p1 — p2) + glm —pi% (4.5)

Adding up inequalities (4.4) and (4.5) yields the desired inequality, with the
constant 0 = Ao.

In the case that sp; + (1 — s)p2 = 0 for some s € [0,1], p; and ps are
colinear and we may suppose that there exists [ € R such that ps = Ip;.
We can assume [ # 0, [ # 1 and p; # 0. By using the properties stated in
Remark 1.2, we obtain that

(ap(2,pa2) — ap(x,p1)) - (P2 — p1) = (L = 1)*ap(2,p1) - ;1
=2(l — I)Qa(x,pl)
= 2a(z, (I — 1)p1)
> 20%|(1 = D)p1l* = Mo®|p2 — 1|,

where Ao has been defined in (2.16). The proof is now completed. ]
We are now ready to prove the following comparison principle.

Proposition 4.4 (Comparison principle). Let u}, respectively uZ, be a

super-solution, respectively a sub-solution, of Problem (P%). Assume that

uZ (-,0) < ul(-,0) almost everywhere in Q.
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Then we have that
uZ <uf <ul almost everywhere in Qr.

€ —=

Proof. By subtracting inequality (4.1) for the super-solution ul from in-
equality for the sub-solution u_ , we obtain that, for all ¢ € L?(0,T; H'(22))N
L>(Qr) such that ¢ > 0, and for all t € (0,7,

[ [ [t = e+ et 90 = oyt V) - Vi

t
<c [ [ -utle,  @o)
0 JQ

where C' is a constant depending on ¢ and the L norms of f’ and m. Next
we set » = (uZ — ul)*, which belongs to L2(0,T; H'(2)) N L>=(Qr); it
follows from (4.2) that

/Ot/(ap(l"v Vuy) — ap(x, Vul)) - Vom(z)

/ /{ua_um} (2, Vug ) = ap(@, Vu) - (Vg = Vug)m(z)

Zmlﬁ/ / |VuZ — Vul > > 0.
{uz —ud >0}

In view of (4.6), we now have that

mi ++ <C// _ )2
/ dt/ e {uz —ud >0} E) ’

and therefore

[ (=)o < 22 [ [ (e =)+ [ (0 - ) 0

Gronwall’s lemma yields

_ 2 t/my . 2
[ (=) w e [ (w -u)) o

Since uZ (z,0) < uf (x,0) for almost all z € Q, it follows that
us <ul ae. in Qr.
O

Lemma 4.5. Let u® be the solution of Problem (P°¢) (with initial data ugp).
Then
—[luollpoe (@) < v < max(1, |luol|pe() a-e in Qr.

Proof. By the bistable profile of f, we remark that —||uolze(q), respec-
tively max(1, [[uol|zo(q)), is a sub-solution, respectively a super-solution, of
Problem (P°¢). O
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5 Generation of the interface

This section deals with the generation of the interface, namely the rapid
formation of internal layers that takes place in a neighborhood of I'y = {x €
Q, ug(r) = a} within the time span of order £2|Ing|. In the sequel, g will
stand for the quantity

no := min(a,1 — a).

Our main result in this section is the following.

Theorem 5.1. Let n € (0,m0) be arbitrary and define u as the derivative of
f(u) at the unstable equilibrium u = a, that is

u=f'a). (5.1)
Then there exist positive constants €y and My such that, for all € € (0,¢¢),
(i) for almost all x € Q,

—n < uf(x, p e ng|) <141, (5.2)

(ii) for almost all x € Q such that |ug(x) — a] > Moe, we have that

if ug(z) > a+ Moe then uf(z,p 'e?|lne|) >1—n, (5.3)
if uo(x) <a— Moe then uf(z,p 'e?|lne|) <n. (5.4)

We will prove this result by constructing a suitable pair of sub and super-
solutions.
5.1 The bistable ordinary differential equation

The sub- and super-solutions mentioned above will be constructed by mod-
ifying the solution of the problem without diffusion:

Uy = E%f(ﬁ), a(z,0) = up(x).

This solution is written in the form
_ t
U(.le, t) - Y(?7 ’U‘O(x)>7
where Y (7,£) denotes the solution of the ordinary differential equation

Yr(r.§) =[fY(r,§) for >0

Here £ ranges over the interval (—2Cy,2C)), with Cy being the constant
defined in (1.7). We first collect basic properties of Y.

(5.5)
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Lemma 5.2. We have Y > 0, for all £ € (—2Cy,2Cy) and all 7 > 0.
Furthermore,
fY(7,9)

Ye(7,6) = G

Proof. First, differentiating equation (5.5) with respect to £, we obtain

Yv&‘r = }/ﬁf/(Y%
Y%(O,E) =1,

which can be integrated as follows:

(5.6)

~
Yer§) =exp | [ 7(v(s.€)ds] >0, (57)
0
We then differentiate equation (5.5) with respect to 7 and obtain

Yir = YTf/(Y)a
YT(O7 g) = f(£)7

which in turn implies

V(rO) = s e [ [ P60 = 1OV, 69)

This last equality, in view of (5.5), completes the proof of Lemma 5.2. [
We define a function A(7,§) by

F'Y(1,8) = f'(§)
f€) '

Lemma 5.3. We have, for all £ € (—2Cy,2Cy) and all 7 > 0,

A(Ta f) =

(5.10)

A = [ 70 el ).
Proof. Differentiating the equality of Lemma 5.2 with respect to & leads to
Yee = A(7, )Y, (5.11)
whereas differentiating (5.7) with respect to £ yields
Ve = Ye [ /(5. €)Vels ).

These two last results complete the proof of Lemma 5.3. ]

Next we need some estimates on Y and its derivatives. First, we perform
some estimates when the initial value £ lies between n and 1 — 7.
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Lemma 5.4. Letn € (0,m0) be arbitrary. Then there exist positive constants
Cy = Ci(n), Co = Ca(n) and C3 = C3(n) such that, for all T > 0,

(i) if € € (a,1 —n) then, for every T > 0 such that Y (7,&) remains in the
interval (a,1 —n), we have

Crel™ < Ye(1,€) < Coel, (5.12)

and
|A(T,€)| < C3(e™ — 1); (5.13)

(i) of & € (n,a) then, for every T > 0 such that Y (7,£) remains in the
interval (n,a), (5.12) and (5.13) hold as well,

where p is the constant defined in (5.1).

Proof. We take £ € (a,1 — n) and suppose that for s € (0,7), Y(s,¢)
remains in the interval (a,1 — 7). Integrating the equality Y;/f(Y) = 1
from 0 to 7 yields

_ [T Y58 Lo [T dg
T‘Afwwmd‘L @) (5:14)

Moreover, the equality of Lemma 5.2 leads to

Y(7,8) g1
In Ye (7, €) =é égd

YO ) Pl - fla)
‘4 o T fg e 61

Y(r.€)
= pT + /g h(q)dgq,

where

Since
'@
f'(a)

the function h is continuous on [a, 1 — n]. Hence we can define

h(q)

as ¢ — a,

H = H(n) = ||hllz(a,1-y)-

Since |Y (7,§) — £| takes its values in the interval [0,1 —a — 7] C [0,1 — a],
it follows from (5.15) that

pur—H(1l —a) <InYe(r,&) < pr+ H(1 —a),
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which, in turn, proves (5.12). Lemma 5.3 and (5.12) yield

A& < sup [7()] [ Caetids < Cufer™ 1),

z€[0,1]

which completes the proof of (5.13). The case where £ and Y (7,&) are in
(n,a) is similar and omitted. O

Corollary 5.5. Let n € (0,79) be arbitrary. Then there exist positive con-
stants C1 = C1(n) and Cy = Ca(n) such that, for all T >0,

(i) if &€ € (a,1 —n) then, for every T > 0 such that Y (1,§) remains in the
interval (a,1 —n), we have

Cre"(§ —a) <Y(7,8) — a < Cre™(§ — a); (5.16)

(i) if & € (n,a) then, for every T > 0 such that Y (1,&) remains in the
interval (n,a), we have

C2e!" (€ —a) <Y(1,8) —a < Cie!" (€ — a). (5.17)

Proof. Since
f@/(g—a)— f'(a) as q—a,
it is possible to find By = Bji(n) > 0 and By = Ba(n) > 0 such that, for all

€ (aal —77),
Bi(q —a) < f(q) < Ba(q — a). (5.18)

We write this inequality for a < Y(7,£) < 1 — n to obtain
Bi(Y(7,§) —a) < f(Y(7,§)) < Ba(Y(7,£) — a).

We also write this inequality for a < £ < 1 — 7 to obtain

Bi(§ —a) < f(§) < Ba(§ — a).
Next we use the equality Ye = f(Y)/f (&) of Lemma 5.2 to deduce that

B B

2 (Y (16 —a) < (€~ a)¥e(r,€) < Z(V(7.) — ),
2 1

which, in view of (5.12), implies that

g;cle% —a) <Y(r€)-a< ?jézem(f —a).

This proves (5.16). The proof of (5.17) is similar and omitted. O

Next we present estimates in the case where the initial value £ is smaller
than n or larger than 1 — 7.
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Lemma 5.6. Let n € (0,19) and M > 0 be arbitrary. Then there exists a
positive constant Cy = Cy(n, M) such that

(i) if € € [1—n, 1+ M], then, for allT > 0, Y (71,§) remains in the interval
1—mn,1+ M] and

|A(T,&)| < Cyr for 7> 0; (5.19)

(ii) if € € [=M,n], then, for all T > 0, Y(1,§) remains in the interval
[—M,n] and (5.19) holds as well.

Proof. Since the two statements can be treated in the same way, we will
only prove the former. The fact that Y (7,&), the solution of the ordinary
differential equation (5.5), remains in the interval [1 — n,1 + M] directly
follows from the bistable properties of f, or, more precisely, from the sign
conditions f(1—n) >0, f(1+ M) <O0.

To prove (5.19), suppose first that £ € [1,1 4+ M]. In view of (1.3), f’
is strictly negative in an interval of the form [1,1 + ¢| and f is negative in
[1,00). We denote by —m < 0 the maximum of f on [1+4¢,1+ M]. Then, as
long as Y (7, ) remains in the interval [1+4¢, 1+ M], the ordinary differential
equation (5.5) implies

Y, < -—m.

By integration, this means that, for any £ € [1,1+ M|, we have

M —c

Y(7,6) €[1,1+(] for T>7:=
m

In view of this, and considering that f/(Y) < 0 for Y € [1,1 + ¢], we see
from the expression (5.7) that

Ve —ew | [ 0] e[ [ 100

< exp

| rovs.enas]
07

<o [ sw )] = G = Caan,

0 z€[—M,14+M]

for all 7 > 7. Tt is clear from the same expression (5.7) that Yz < Cy holds
also for 0 < 7 < 7. We can then use Lemma 5.3 to deduce that

A(r6) <Cy /0 7Y (5, €)))ds

< C~'4<Supze[7M71+M] |f”(z)]>7- =: Cyt.
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The case £ € [1 — 1, 1] can be treated in the same way. This completes the
proof of the lemma. O

Now we choose the constant M in the above lemma sufficiently large
so that [-2Cp,2Cy] C [-M,1 + M], and fix M hereafter. Then Cj only
depends on 7. Using the fact that 7 = O(e*” — 1) for 7 > 0, one can easily
deduce from (5.13) and (5.19) the following general estimate.

Lemma 5.7. Let n € (0,1n9) be arbitrary and let Cy be the constant defined
in (1.7). Then there exists a positive constant Cs = C5(n) such that, for all
¢ € (—2Cy,2CH) and all T > 0,

[A(T, )] < Cs5(e"" = 1).

5.2 Construction of sub- and super-solutions

We are now ready to construct sub- and super-solutions in order to study the
generation of the interface. By using some cut-off initial data, see subsection
3.2 in [1], we can modify slightly ug near the boundary 92 and make, without
loss of generality, the additional assumption

ap(x,Vug(z)) -v =0 on 0. (5.20)

Our sub- and super-solutions are defined by
t
wE(z,t) = Y<€—2, up(x) £ EzCG(e”t/€2 - 1)) (5.21)

Lemma 5.8. There exist positive constants €9 and Cg such that, for all
e € (0,e0), (w,wt) is a pair of sub- and super-solutions of Problem (P°€),
in the domain Q x (0, u~te?|Inel).

Proof. Following Remark 4.2 we define the operator Ly by

1 . 1
Lou := up — P div [m(z)ap(z, Vu)} 3 (u), (5.22)

and prove that £0w;r > 0. We compute

1
(we")e = V7 + pCoct*l= Y,
Vu} = Vugy(z)Ye.

Using (5.20) and the fact that ap(z,-) is homogeneous of degree one, we see
that wZ satisfy the anisotropic Neumann boundary condition a,(z, VwZ) -
v =0 on d0 x (0,+00). In view of the ordinary differential equation (5.5),
we obtain

1

Loud = uCoet/¥e — s

div |m(z)a,(z, Vwl)|.
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By the estimate of the anisotropic Laplacian (2.26), it follows that
Low! > uCee/=" Y — C(|Vud ()] + D>l (@), (5.23)

where we recall that |D?w] (z,t)| = max; j |0;0;w (z,t)|. A straightforward
calculation yields

Oiajw;“(x,t) = (82831“))1/5 + (@U()aqu)}/&.

Recalling that Y; > 0, we now combine the expression of Vw,, the above
expression and inequality (5.23) to obtain
+ t/e? 2 |Y££|
Low, /Yg > uCget —CLCy—Cy—Cy B (5.24)
13

where Cj is the constant defined in (1.7). We note that, in the range
(0, n1e?|Inel), we have

0 < 2Cq(eMe* — 1) < 2Cs(e™1 — 1) < Cp,
if g¢ is small enough. Hence
¢ == up(z) £ e2eC(e!/=* — 1) € (—2Cy, 2C)),

so that, by the results of the previous subsection, Y remains in (—2Cp, 2C)).
In view of (5.11), Y¢e/Ye is equal to A so that, combining the estimate of A
in Lemma 5.7 and (5.24), we obtain

Low? [ Ye > (uCs — Co*Cs)e/=" — C.Cy — C.

Now, choosing

2
Ce >  max (Co*Cs5,Co(CL, + 1))

proves Low] /Ye > 0. Since Y¢ > 0, it follows that LowS > 0. Hence,
by Remark 4.2, wl is a super-solution of Problem (P¥¢). Similarly w_ is a
sub-solution. Lemma 5.8 is proved. O

t
To conclude this subsection, we remark that w®(z,0) = Y (—2, ug (x)) =
€

uo(z). Consequently, by the comparison principle,
w (z,t) < uf(z,t) < wl(z,t), (5.25)

€

for almost all (z,t) € Q x (0, u~'e?|Inel).
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5.3 Proof of Theorem 5.1

In order to prove Theorem 5.1 we first present a key estimate on the function
Y after a time interval of order 7 ~ |Ine].

Lemma 5.9. Let n € (0,19) be arbitrary; there exist positive constants g
and Cr such that, for all € € (0,¢eq),

(i) for all £ € (—2Cy,2Cy), for all 7 > p=t|Ine|,

—n<Y(1,8) <1+, (5.26)

(i) for all ¢ € (—2Cy,2Cy) such that |€ — a| > Cre, for all T > p~|Ingl,

if €>a+Cre then Y(1,§) >1-—n, (5.27)
if €<a—Cre then Y(1,§) <n. (5.28)

Proof. We first prove (5.27). For £ > a + Cre, as long as Y(7,¢) has not
reached 1 — 7, we can use (5.16) to deduce that
Y(1,§) > a+ Cie"(§—a) > a+ C1Cre e > 1 -1,

provided that 7 satisfies 7 > p~'1In 10 7 Choosing

max(a,1 —a) —n

Cr = c

completes the proof of (5.27). Using (5.17), one easily proves (5.28).

Next we prove (5.26). First, by the bistable assumptions on f, if we
leave from a § € [-n,1 + 7] then Y (7,§) will remain in [—7n,1 + n]. Now
suppose that 147 < & < 2Cy. We check below that Y (7! Ine|,£) < 1+1.
First, in view of (1.3), we can find p > 0 such that

i 1<u<20C) then  f(u

. (5.29)
if —2C)<u<0 then f(u

I\/ I/\

)

)

We then use the ordinary differential equation (5.5) to obtain, as long as
1+7n <Y <2Cy, the inequality Y; < p(1 —Y). It follows that

:
< —n.
y_1-7?

Integrating this inequality from 0 to 7 leads to
Y(1,6) <14+ (§—1)e™P <14 (2C) —1)e 7.

One easily checks that, for e € (0,e0), with eg = £9(n) small enough, we
have Y (7,€) < 1+, for all 7 > p~!Ine|, which completes the proof of
(5.26). 0
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We are now ready to prove Theorem 5.1. By setting ¢t = u~'e?|In¢| in
(5.25), we obtain, for almost all x € €,

Y (Y Ine|, up(x) — (Coe — Cse?))
< uf(z, p e Ine|) < Y (u Y Inel,ug(z) + Coe — Cse?).  (5.30)
Furthermore, by the definition of C in (1.7), we have, for 9 small enough,
—2C) < ug(z) = (Cee — 0652) < 2Cy for z € Q.

Thus the assertion (5.2) of Theorem 5.1 is a direct consequence of (5.26)
and (5.30).

Next we prove (5.3). We choose M large enough so that Mye — Cge +
Cge? > Cre. Then, for any = € Q such that ug(z) > a + Moe, we have

UO(ZE) — (065 — 0682) > a+ Mye — Cge + 0652 > a+ Che.
Combining this, (5.30) and (5.27), we see that
uf(z, 5 e? Inel) > 1 -,

for almost all x € Q that satisfies ug(z) > a + Moe. This proves (5.3). The
inequality (5.4) can be shown the same way. This completes the proof of
Theorem 5.1. O

6 Motion of the interface

We have seen in Section 5 that, after a very short time, the solution u®
develops a clear transition layer. In the present section, we show that it
persists and that its law of motion is well approximated by the interface
equation (PY).

More precisely, take the first term of the formal asymptotic expansion
(3.2) as a formal expansion of the solution:

dy(z,t)

w@omﬁ@o:%@?f) (6.1)

The right-hand side of (6.1) is a function having a well-developed transition
layer, and its interface lies exactly on I';. We show that this function is a
very good approximation of the solution; therefore the following holds:

If u® becomes rather close to u° at some time moment, then it
stays close to U for the rest of time.

To that purpose, we will construct a pair of sub- and super-solutions u_
and ul of Problem (P¢) by slightly modifying . It then follows that, if
the solution u® satisfies

uz (x,tg) < u(z,tp) < uj(:r,to) ,
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for some ty > 0 and for almost all x € €2, then

ug (x,t) <u(x,t) < u+(:c, t),

£

for almost (z,t) € Qr that satisfies tgp < ¢ < T. As a result, since both

ut,uz stay close to 4, the solution u¢ also stays close to @ for tg <t < T.

6.1 Construction of sub and super-solutions

To begin with we present a mathematical tool which is essential for the
construction of sub and super-solutions.

A modified anisotropic signed distance function. Rather than work-
ing with the anisotropic signed distance function dy, defined in (2.19), we
define a “cut-off anisotropic signed distance function” dy as follows. Choose

dp > 0 small enough so that c%g(-, -) is smooth in the tubular neighborhood
of I

{(z,t) € Qr, |dg(x,t)| < 3do},

and that
disty(Iy, 0Q2) > 3dg  for all t € (0,T). (6.2)

Next let ((s) be a smooth increasing function on R such that

s if |s| <dp
C(s) =< —2dyp if s < —2dy
2d0 if s Z 2d0.

We define the cut-off anisotropic signed distance function dy by
dy(z,t) = ((dg(z,1)). (6.3)
Note that, in view of (2.20),
2a(z, Vdg(z,t)) =1 in a neighborhood of I', (6.4)

more precisely in the region {(z,t) € Qr, |dg(x,t)| < do}. Moreover, in
view of (6.2), we have

2a(x, Vdg(x,t)) =0 far away from I', (6.5)

more precisely in the region {(z,t) € Qr, |dg(x,t)| > 2dp}. Furthermore,
since the moving interface I' satisfies Problem (P°), an alternative equation
for I' is given by

(dp)e = div [m(z)ay(z, Vds)]  on I (6.6)

m(z)
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Construction. We look for a pair of sub- and super-solutions uZ for (P¢)

of the form
dg(z,t) £ ep(t)

uf(z,t) = Uo( .

) +q(t),
where Uy is the solution of (3.4), and where

p(t) = —eBt/e? 4 oLt | K,

q(t) = o(Be P 4 2Lelt),

Note that ¢ = o2 p;. It is clear from the definition of usi that

+(p 1) = { 1 forall (z,t) € QF

lim u
0 forall (z,t) € Q7.

e—0

The main result of this section is the following.

(6.7)

(6.8)

Lemma 6.1. There exist positive constants B, o with the following proper-
ties. For any K > 1, we can find positive constants e and L such that, for
any € € (0,g9), the functions uZ and ul satisfy the anisotropic Neumann

boundary condition and
LouZ <0< Loud,

in the range Q x (0,T"), where the operator Lo has been defined in (5.22).

6.2 Proof of Lemma 6.1

We show below that
1 1

L'ou: = (uj)t — (@)

the proof of inequality Lou_ < 0 follows by similar arguments.

6.2.1 Computation of Lyul

div [m(@)ay(w, VuZ)] = 5 f(uf) 2 0,

In the sequel, the function Uy and its derivatives are taken at the point

(dy(z,t) +ep(t))/e. Straightforward computations yield

1
(U:)t = (g(dqs)t + p)Uo" + ¢,

1
VU/;_ = EU()/Vd(j),

1 1
div ay(x, Vul) = 6—2U0”Vd¢ -ap(x, Vdy) + gUg’ divay(z, Vdy)

1 1
= ?Uo"Za(a:, Vdg) + EUO/ diva,(x, Vdy),
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where we have used properties stated in Remark 1.2. Note that, dg being
constant in a neighborhood of 992, we have that Vu = 0 on 9Q x (0, T) and
uZ satisfies the anisotropic Neumann boundary condition a,(x, Vul)-v =0
on 90 x (0,T). At last, we use the expansion

Fu) = F(U0) +af (Uo) + 5°"(0),

for some function 6(z,t) satisfying Uy < 6 < u_.
Combining the above expressions with (1.6) and (3.5), we obtain Loul =
E1 4+ Es + E3, where

Ey = —6%(1(1"/((]0) + %(Jf"(e)) + Uo'pe + a1,
U i
By = —5 (1 - 2a(, Vd,))
Uo' 1
By = > ((dg) — — oy 4 [m(@)ay(z, Vdy)] ).

In order to estimate the above terms, we first present some useful in-
equalities. As f/(0) and f’(1) are strictly negative, we can find strictly
positive constants b and m such that

if  Up(z) €[0,b]U[1l —b,1] then f'(Up(2)) < —m. (6.9)

On the other hand, since the region {(z,z) € Q x R|Uy(z) € [b,1 —b] } is
compact and since Uy’ > 0 on R, there exists a constant a; > 0 such that

if Up(z) €[b,1—0b] then Uy (2)>ay. (6.10)
We now choose M > 0 such that |Uy| < M — 1. We then define

F= sup [f(2)|+|f ()] +[f"(2)], (6.11)
|| <M

: (6.12)

and choose o that satisfies

0<o< min(ao,al,az) , (6.13)
where
aj 1 46
ogi=-—-—, O01]:=—, 0= — .
Ty VT v P FQ@)

Hence, combining (6.9) and (6.10), we obtain, using that o < gy,

Uy (2) — o f' (Uo(2)) > 403 for z € R. (6.14)
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Now let K > 1 be arbitrary. In what follows we will show that Loul > 0
provided that the constants £y and L are appropriately chosen. From now
on, we suppose that the following inequality is satisfied:

e2LefT < 1. (6.15)
Then, given any ¢ € (0, &), since o < o1, we have 0 < ¢(¢) < 1, hence
~M <uF(z,t) <M. (6.16)

6.2.2 An estimate for F;

A direct computation gives

E, = gefﬂt/‘g (I — oB) + Le™ (I 4+ £%0L),

where )
o

7= UOI _ O'f/(Uo) 5 f//(e)(ﬂe—ﬂt/52 + €2L6Lt).
In virtue of (6.14) and (6.16), we obtain

2
1> 4003 — %F(ﬂ +e2LelT).

Then, in view of (6.15), using that o < o9, we have I > 203, which implies

2 C
E > %eiﬂt/sz + 203Le" =: ?216757:/52 + Cy/Le™.

6.2.3 An estimate for FEy

First, in the points where where |dy| < do, by (6.4), we have EFy = 0. Next
we consider the points where |dg| > do. We deduce from the definition of Ag
in (2.16) that

0 < 2a(z, Vdg(z,t)) < (A°)?Vdy(z,t)?
< (A%2|Vdg||2, == D < ox.
Applying Lemma 3.1 yields
|Ey| < 6—02(1 + D)e MNdoterl/e < e%(l + D)eMdo/e=lpl)

We remark that 0 < K — 1 < p < " + K, and suppose from now that the
following assumption holds:

(6.17)

d d
Then — — Ip| > 2—0 so that, defining ¢’ := C(1 + D),
£ €

16C"
(6)\d0)2 '

/
By < %6_“0/(25) <Oy =
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6.2.4 An estimate for Fj3
We set

Gla,t) = (dy)i(a ) — nj(‘:c) div [m(z)ap(x, Vdg(z, 1))].

We recall that dy, € C3+73+9)/2 in a neighborhood V of T, say
V ={(z,t) € Qr, |dy(z,t)| < do}.
Combining the fact that
2a(z,Vdy(z,t)) =1 in V,
with the definition of AY in (2.16), we see that

1
V| > 45 in V. (6.18)

We also recall that (x,p) — a(x,p) is of class C’ﬁ;gﬁ on Q x RV \ {0}. Since
|Vdy| is bounded away from zero, it follows that x +— G(x,t) is Lipschitz
continuous on V. By equation (6.6), we have that

G(z,t) =0 onTy={zeQ,dyg(x,t) =0},

and it follows from the mean value theorem applied separately on both sides
of I'; that there exists a constant N7 such that

|G(z,t)] < Nildg(x,t)| for all (x,t) € V. (6.19)

Next, using Lemma 2.2, we remark that G is bounded on Q x [0, T]\V so
that there exists a constant Ny such that

sup |G(x,t)| < Na. (6.20)
Ox[0,T\V

By the inequalities (6.19) and (6.20), we deduce that
‘g(xvt)’ SN‘d¢(x7t)’ n Qr,
with N := max(N1, Na/dp). Applying Lemma 3.1 we deduce that

B3| < NC’MG—M%/E-FP\
- €
< NC maxycg |yle ¥l
1
< NCmax(|pl. ).

Thus, recalling that |p| < et + K, we obtain
‘Eg‘ < 03(€Lt + K) + Cgl,
where C3 := NC and C3' := NC/\.
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6.2.5 Completion of the proof
Collecting the above estimates of Fq, Fo and Fj3 yields

,Cou;_ > %e_ﬂt/‘SQ + (LCll — Cg)eLt — Cy,

where Cy := Cy + KC5 + C3'. Now, we set

1. dy
L:=—1In—
T " 4g
which, for gy small enough, validates assumptions (6.15) and (6.17). If
g0 is chosen sufficiently small (i.e. L sufficiently large), we obtain, for all
e € (0,e9),

1
@QEUﬂﬁ%@W—@ziﬂw—@zu

The proof of Lemma 6.1 is now completed. O

7 Proof of Theorem 1.6 and Corollary 1.7

Let n € (0,7m9) be arbitrary. Choose 3 and o that satisfy (6.12), (6.13) and

B < (7.1)

3
By the generation of interface Theorem 5.1, there exist positive constants
g0 and My such that (5.2), (5.3) and (5.4) hold with the constant 1 replaced
by ¢(3/2. Since, by the hypothesis (1.8) and the equality (2.21), Vug(x) -
ne(z) # 0 everywhere on the initial interface I'g = {z € Q, uo(z) = a} and
since I'g is a compact hypersurface, we can find a positive constant M7 such

that
if  dg(x,0) > Mie then wo(z) > a+ Moe,

- 7.2
if  dy(x,0) < —Mie then wo(z) < a— Moe. (7.2)
Now we define functions H*(x), H™ (z) by
H*(z) = 1+08/2 %f dy(x,0) > —Me
o3/2 if dy(x,0) < —Me,
_ ; >
H(z) = 1—00/2 %f dy(x,0) > Me
—03/2 if dy(x,0) < Me.
Then from the above observation we see that
H~(z) < (o, 5~ e nel) < H(2), (7.3)

for almost all € Q.
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Next we fix a sufficiently large constant K > 1 such that

U(—M1 + K)>1— ? and Up(M; — K) < ? (7.4)
For this K, we choose €9 and L as in Lemma 6.1. We claim that
ug (2,0) < H (),  H'(x) <ul(,0), (7.5)

for all z € . We only prove the former inequality, as the proof of the latter
is virtually the same. Then it amounts to showing that

do(l’)

uz (x,0) = Uy ( - K)—o(B+ e2L) < H (z). (7.6)

In the range where dg(x,0) < M;e, the second inequality in (7.4) and the
fact that Uy is an increasing function imply

Uo(dd)(:’o) - K) —0(B+¢e’L) <Uy(M; — K) — 03— €L

< H (z).
On the other hand, in the range where dy(x,0) > Mie, we have

UO((%(Z’O)_K) —o(B+e’L)<1—0p

< H (z).
This proves (7.6), so that (7.5) is established.
Combining (7.3) and (7.5), we obtain
uZ (2,0) < uf(z, pte?|Ine|) < uf(z,0),
for almost all z € Q. Since, by Lemma 6.1, uZ and u are sub- and super-
solutions of Problem (P¢), the comparison principle yields
uZ (z,t) < us(x,t +t°) < ul (), (7.7)

for almost all (x,t) € Qr that satisfies 0 < ¢ < T — ¢, where we recall
that t* = = 'e?|Ing|. Note that, in view of (6.8), this is sufficient to prove
Corollary 1.7. Now let C' be a positive constant such that

Up(C — T — Ky >1 - g and  Up(—C + e + K) < g (7.8)

One then easily checks, using (7.7) and (7.1), that, for g9 small enough
and for almost all (x,t) € Qp, we have

if dg(x,t)> Ce then w(z,t+t°)>1-mn, (7.9)
if  dg(x,t) < —-Ce then u(z,t+1°)<n,
and
ut(z, t +1t%) € [-n,1+ ),
which completes the proof of Theorem 1.6. O
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