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Abstract

We give an explicit locally analytic cocycle which — composed with
the Hurewicz map from algebraic K-theory to group homology — gives the
p-adic Borel regulator defined by Annette Huber and Guido Kings for the
K-theory of a p-adic field. Using this explicit cocycle we show that the
p-adic Borel regulator equals Karoubi’s regulator up to a constant.
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Introduction

Let K be a finite extension of Q, with valuation ring R. In [4] Annette Huber
and Guido Kings introduce a regulator b, : Ko,_1(R) — K and relate it via the
Bloch-Kato exponential map to Soulé’s regulator Ko, 1(K) — H' (K, Q,(n)).
The definition of b, parallels Borel’s construction of his regulator Ka,_1(C) —
C, only that the van Est isomorphism is replaced by the Lazard isomorphism



HZ'""YGLN(R), K) ~ H*™ 1(gly, K) between locally analytic group cohomol-
ogy and Lie algebra cohomology. Huber and Kings describe explicitely an el-
ement p, in the Lie algebra cohomology and by definition the p-adic Borel
regulator b, is the composition of the Hurewicz map from K-theory to group
homology and the preimage of p,, under Lazard’s isomorphism.

There is another construction of a p-adic regulator from the relative K-theory
of K to K due to Max Karoubi [5] which uses the Chern character chy ; :
K (K) — HCs, o(K) from relative K-theory to topological cyclic homol-
ogy and the periodicity operator HCs,_o(K) — HCy(K) = K. There is a
canonical isomorphism K5 (K)q ~ Ka,-1(K)q which allows us to compare
both regulators. Karoubi’s regulator also factors through the Hurewicz map to
the rational homology of a certain simplicial set and Nadia Hamida [3] described
an explicit simplicial cocycle which gives this regulator.

In the present paper we show that Hamida’s cocycle induces a locally analytic
cocycle for the group GLy (R) and prove that this cocycle equals the one defining
the p-adic Borel regulator up to a constant.

In the first section we shortly sketch Karoubi’s construction and recall the rel-
evant results of Hamida. In the second section we recall the construction of
the p-adic Borel regulator and construct a locally analytic cocycle similar to
Hamida’s simplicial cocycle which gives the p-adic Borel regulator. In the third
section we finally prove that both regulators agree up to a constant under the
identifications K3 | (K)q =~ Kan—1(K)q =~ Kan—1(R)q. Since the explicit co-
cycles involve the integration of a p-adic differential form over the standard
simplex, we have included an appendix where the technical questions of inte-
gration are discussed.

1 Karoubi’s p-adic regulator

1.1 Relative K-theory

Let A be an ultrametric Banach ring (cf. [1]), i.e. a ring A equipped with a
ultrametric “quasi-norm” ||.|| : A — R4 verifying |ja|| =0 <= a =0, |ja] =
| = all, llabll < |lalll|bll, lla + b|| < max{]|a|,||b||}, for which it is complete.

Let A(zg,...,x,) denote the ring of power series ZIeNg-H arz’ with a; € A,

x = (zo,...,2Tn) and |las|||I|"” =22 g for every r >€ Ny. We call it the ring

of indefinitely integrable power series with coefficients in A. A{xg,...,x,) is an
ultrametric Fréchet ring where the topology is given by the family of seminorms
pr, 7 € No, pr-(3arx!) = sup;||as|| - |I|" (see the appendix for details). Let
I, C Alxg,...,z,) be the principal ideal generated by xzg + -+ + z, — 1 and
define A,, := A{zg,...,zn)/I,.

A, defines a simplicial ring with faces 9; and degeneracies s; induced by

x; it j<i, ; if j <,
(91(1']): 0 lf]:’L7 sl-(xj): J}i—i-ZEiJrl lf]:’L7
Tj—1 if j >4, Tjt1 if j > 1.



The classifying space BGL(A,) of the simplicial group GL(A.) is an H-space
and by [6] 6.17 the natural map BGL(A) — BGL(A,) induces a homotopy fibre
sequence

(GL(A,)/GL(A))" % BGL(A)" — BGL(A,)
where (.)T is Quillen’s +-construction and 6 is induced by the map GL(A,) >
o (c(0)o(1)7L,...,0(n — 1)o(n)"t) € B,GL(A) = GL(A)*". Here o(i) =
(i)*o where (%) : [0] — [n] is the morphism in the simplicial category that sends
0 € [0] to i € [n] (“the value of o on the i*" vertex of the standard simplex”).
The topological and relative K-groups of A are by definition (cf. [5], [7])

K!°P(A) := 7,(BGL(A,)) and K''(A):=m, ((GL(A*)/GL(A))+) .
In particular there are long exact sequences
— K'(A) = K, (A) — K°P(A) — K [ (A) — ...,

We are particularly interested in the case where A = K is a finite extension of
Q, with residue field k. In this situation Adina Calvo ([1]) shows that one has
exact sequences

0— K,(k) — KI°(K) — K,,_1(k) — 0.

By Quillen’s result on the K-groups of finite fields K307, (K) = Kyt o(K) =
Kaiy1(k) is finite for 4 > 0. In particular the canonical map K!*(K)q —
K, (K)q is an isomorphism for n > 2 (here we write K**!(K)q for KI*'(K)®zQ
etc.). Furthermore if R denotes the ring of interges in K there are canonical
isomorphisms K'°P(R) = K!°P(k) ~ K, (k). The localization sequence in al-
gebraic K-theory yields isomorphisms K, (R)q — K,(K)q for n > 2. Thus we
have canonical isomorphisms

K'(R)q — Kn(R)q

l”

KINK)q — Ku(K)q-

R

1.2 The regulator

We sketch the construction of Karoubi’s p-adic regulator as in [3]. More details
may be found in [2].

Let K be a finite extension of Q, with ring of integers R and uniformiz-
ing parameter 7. Let (C’i‘ top(K ),b) denote the complex defining the topo-

logical cyclic homology (with ground ring Q) HC°P(K) of K (see e.g. [6],
[5]). Karoubi has constructed a relative Chern character chy® | : K3 (K) —

Cor®, (K) /b (C’Q)‘fpl ) and Hamida proves that its image is contained in the

subgroup HCSP 5(K) of CH%(K) /b (i (K)) (3] Def.-Prop. 2.1.2).



Definition. The p-adic regulator r, is defined to be the composition
hrel
rp s Ki4 (K) 5 HOYP,(K) % HORP(K) = K,
where S is the (n — 1)-fold iterate of Connes’ periodicity operator.

In order to compare the above regulator with the p-adic Borel regulator we
need the explicit description of r, given by Hamida which uses Goodwillie’s
relative K-theory. We recall the relevant definitions and facts from [8] ch. 11.
For a ring A and a two-sided ideal I in A denote by K(A,I) the connected
component of the basepoint of the homotopy fiber of BGL(A)* — BGL(A/I)*.
For n > 1, K, (A,I) is defined to be m,(K(A4,I)). The space (A, I) has a
Volodin model X (A, I) constructed as follows: For any ordering v of {1,...,n}
define T77(A, I) to be the subgroup {1 + (aij) € GLo(A) | aiy € Tifi # j}
of GL,(A). Then X (A, 1) is the union of classifying spaces |, ., BT})(A,I) in
BGL(A). We consider X (A, I) also as a simplicial subset of BGL(A).

Proposition 1.1 ([8] Prop. 11.3.6, Cor. 11.3.8). There is a natural homo-
topy equivalence X (A, I)" ~ K(A,I). In particular K, (A, T) = m,(X(A,1)7).
Moreover the direct sum of matrices induces an H-space structure on X (A, I)*
so that K, (A, I)q is isomorphic to the primitive part PrimH,, (X (A,1),Q) of
the rational homology of X (A, I) via the Hurewicz homomorphism.

Now let A = R and I = wR the maximal ideal of R. Hamida proves the following
Proposition 1.2 ([3] Thm. 1.3). There exists an isomorphism
K,(R,mR) = K(R).

It is induced by the simplicial map ¢ : X (R,7R) — GL(R.)/GL(R) that sends
(glv s 797“) € T’Y(R, ,/TR)XT C XT’(R, ’/TR) to Z;:o Zigit1 " 9Gr € GL(RT)

It is not a priori clear that Z::O Zigi+1 - gr is invertible in Mat(R,.). For a
proof of a similar statement see lemma 2.3. Now the explicit description of the
regulator 7, is the following

Proposition 1.3 ([3] Prop 2.1.3). The composition
Kon—1(R,mR) % K5 (R) — K5 (K) =5 K
1s equal to the composition
Kop_1(R,mR) — Hap_1(X(R,7R)) % K,

where the first arrow is the Hurewicz map and ¢ is given by the simplicial cocycle
that sends (g1, ...,gan—1) € TY(R,7R)*Z"=1) to

(_1)n(n_1)! —1\2n—1
(2n_1)!(2n_2)!Tr/A2n_l(dv-v )T EeK

with v = Z?gal Tigit1 " 92n—1 € GL(Ranl).

See the appendix for the definition of the integral.




2 An explicit description of the p-adic Borel reg-
ulator

2.1 The construction of the p-adic Borel regulator

We recall the construction of the p-adic Borel regulator by Annette Huber and
Guido Kings in [4]. Let K/Q, be a finite extension with ring of integers R and
uniformizing parameter 7. Define Uy(R) = 1 4+ nMaty(R) C GLy(R) and let
gl denote the K-Lie algebra of GLy. For n < N the map /\271_1 gly — K,

((n—1)hH?

(Xla e aXQn—l) = (27’L — 1>'

Z sgn(o)Tr(Xq1) - - Xo(2n—1))s

€62, 1

where Gy,,—1 is the symmetric group, Tr ist the trace map gl — K and - is
matrix multiplication, defines the primitive element p, € H?"~!(gly, K).
In [4] Huber and Kings prove the following version of Lazard’s theorem:

Theorem 2.1. There are natural isomorphisms
Hi""Y(GLn(R),K) = H" '(Un(R), K) = H> }(gly, K)
between the locally analytic group cohomology and the Lie algebra cohomology.

They also give an explicit description of this isomorphism which will be recalled
in the next section.
Let b, be the image of p, under the composition

“forget la”
—_—

H"Ygly, K) <= H" ' (GLy(R), K) H*""1(GLN(R), K).
Definition. The p-adic Borel regulator
Ko 1(R) = K
is defined to be the composition
Kon1(R) #5°% Hy,y(GL(R), Q)  Hayo1 (GLy (R), Q) 2 K.
Here one uses the fact that the canonical homomorphism Hs,—1(GLy(R), Q) —
Hs,—1(GL(R), Q) is an isomorphism if NV is big enough (depending on n).

2.2 The Lazard isomorphism

Let G = GLy(R) considered as a K-Lie group with unit element e and Lie al-
gebra gly. By [4], section 5, the Lazard isomorphism H (G, K) = H"(gly, K)
is induced by the map

O OMGH) = OGP — Nalh, fr @ ® furo dfile) A Adfa(e),

where O'* denotes the ring of locally analytic functions and df (e) is the differ-
ential of f at e.



Now let exp be the exponential map of G defined on a neighbourhood of zero

in gly. For a locally analytic function f € O%(G*") we define Af € A" gl by
d'fl

Af(Xy,...,Xpn) = Z sgn(o)mf(exp(thgl), ey €xp(tn Xon))

t=0
ce6G,

If f is of the special form f = f; ® --- ® f, one has

t;=0
= fl (exp(thal)) ce dfz(e)(Xal) cee fn(eXp(tnXon))

d
Ef(exp(thgl), o exp(tnXon))

and therefore

Af(Xy,.. . Xn) = Y sen(o)dfi(e)(Xo1) - dfn(e)(Xon)

oeES,,
= dfl(e) A A dfn(e)(Xl, N ,Xn) = @(f)(X]_, e ,Xn)

Since the functions of the form f; ® --- ® f,, are topological generators of
O%(G*") and ® and A are continuous for the Fréchet topology on O'%(G*™)
we have proven

Proposition 2.2. The Lazard isomorphism H]'(GLx(R), K) = H™(gly, K)
is induced by A : O"*(G*™) — \" gl).

2.3 An explicit cocycle
Recall the ring R,, = R(zo,...,2n)/(} x; — 1) from section 1.1.

Lemma 2.3. Let g1, ..., g, be elements of Un(R). Thenv =>."" Zigiy1 - gn
is invertible, i.e. lies in GLy(Ry,).

Proof. Write g;41---gn = 1 — h; with h; € TMaty(R). Then v = > ja; —
St owihi = 1= 3" gxh; = 1 — h. We show that Y, . h* converges in
Maty (R{xo, ..., Tn)). Its image in Mat y (R,,) will be an inverse of v. Let p,,r €
Ny, be the family of seminorms defining the Fréchet topology on R(zg,...,z,)
and extend p, in the obvious way to matrices. Since h* is homogeneous of degree

k we have
pr(hk) < k" ll},lla}li ”hoHio - th”ln < k_rck

where ¢ := max;—¢,.._n ||| < 1 and I runs through multiindices in N6’+1. But
kE"c* tends to zero as k tends to infinity and so Y keN h* indeed converges to
an element of Maty (R{zg, ..., %,)). O

Since the p-adic Borel regulator b, € H*"~!1(GL(R), K) is the image of a locally
analytic cocycle and H2" ' (GLy(R), K) ~ H2""'(Un(R), K), b, is determined
by a locally analytic cocycle Uy (R)*(?*~D — K.



Theorem 2.4. The p-adic Borel regulator b, is given by the locally analytic
cocycle f: Un(R)*n=1 & K|

((n— 1)!)2 / —1\2n—1
e Game1) = — ) dv - n
f(gl’ 192 1) (2717 1)' 8 A2n 1( vov )
where v =v(g1,...,92n-1) = » ,12261 Zigi+1 - gan—1 € GLy(Ran—1).

Proof. The fact that f is locally analytic is proven in the appendix (proposition
A.8). For the proof that f indeed defines a cocycle cf. [2], Prop. I 3.3.1.

We have to show that f is mapped to the primitive element p, of section 2.1
under the Lazard isomorphism, i.e. A(f) = p,,. Write 9; instead of diti. We have

A(f)( Xy, Xop1) = _{(n =17 Z sgn(0)0; ... On_1

ERY]
(2n —1)! veor

TI'/ (dV ! 1/71)2"71(exp(t1X01), cee aexp(th—lxa(Qn—l)))'
A2n—1

ti=--=0

By proposition A.7 we may interchange differentiation and integration. Let us
first consider the o = 1 summand. Write

2n—1
w = [Z dz;exp(tiv1Xiy1) - exp(tgangnl)] ,
2;:01
W= lz xiexp(tiy1 Xit1) - 'eXp(t27L_1X27L_1)‘| .
i=0
Then
(dv-v= )" Hexp(t1 X1),. .., exp(tan—1Xan-1)) = (w-w'~1)*" 7!
and

81 e 82n_1(d1/ . V71)2n71(eXp(t1X1), e ,eXp(th_1X2n_1))’ =

t=0
2n—1 2n—1
S e e Lol D SETTED DR Wy
t=0
i1=1 i2n—1=1

The last product in the sum is a product of 2n — 1 factors (w - w'~1) with 9;

in front of the I factor (of course there may be several 9’s in front of one

factor). Note that w|t=0 = ngo Yda; = 0, so in the last sum all summands

with (1,...,%2,—1) Dot a permutation of (1,...,2n — 1) vanish. On the other
. 2n—1

hand using w/‘t:o =31 x =1 we get

9, (W'WFI) |t o = (Ojw) |t o'wlil|t 0+W|t 0'(‘91”/71)’15:0:

‘t 0 del



Alltogether we obtain

A1 ... o1 (dv- v )" Hexp(t X1), . .. 76XP(t2n71X2n71))’ =

t=0
7(1)—1 T7(2n—1)—1
= Z Z dri- Xray |- Z dr; - X;on-1)
TES2, 1 =0 =0
7(1)—-1 T7(2n—1)—1
= Z X‘r(l) X‘r(2n71) dzx; Z dz;
TE€Ga, 1 i=0 i=0

= Z sgn(7)Xr1) -+ Xren—1)dzodry . .. dToy 2.

It follows that

Z sgn(o)0r ... O2n—1

0€G2n—1
(dl/ ! Vﬁl)znil(exp(thal); v aexp(thlea(Qn—l))) =0 =
= Z sgn(o) Z sen(7)Xor(1) - Xor(2n—1)dzodzy . . . dT2y 2 =
0€Gan—1 T€EG2, -1
=(2n—1)! Z sgn(0) X (1) - - Xo2n—1)dwodry . .. dro, .
0€Gan—1
Because

/ diEO . d.’bzn,Q = —/ dxgn,ldxl . d.’EQn,Q
A2n—1 A2n—1
/ d d !
= — T1...A0x9p—1 = —7———
A2n—1 ! 2=t (2n - 1)'

(cf. the explicit formula in the proof of proposition A.4) we finally obtain

A(f)(xl,...,xgn_l)zw 3 sgn(0) Tr(Xor - Xogzn-1),
" 0€Ga_1

that is A(f) = pn.
3 Comparison of the two regulators

Theorem 3.1. Forn > 1, the diagram

1
K (K)q — Kon-1(K)q <—— Kop—1(
~—yn-1
GeDiE =P

s commutative.



Proof. We have a commutative diagram

K5l (K)q ———— Kon1(K)q

i

Kon 1(R,mR)q K3 1(R)q Kan-1(R)q

w 1~

PrimHs,—1(X(R,7R), Q) PrimHs,—1(BGL(R), Q)

1

where 3 is induced by the composition
X(R,7wR) % GL(R.)/GL(R) & BGL(R)

(see section 1.1 for the definition of § and proposition 1.2 for that of ) which
is just the natural inclusion X (R, 7R) C BGL(R) as one easily checks. We also
denote by § the induced map on homology. To prove the theorem it suffices to
show that

Hgnfl( R 7TR —>H2n 1 BGL Q)

( 1" 1
Tn=D)1(@n—2)1 1)'(2H. z)v
commutes.

It follows from the long exact sequence of relative K-theory and the finiteness
of K;(R/wR) for i > 0 that K;(R,mR)q — K;(R)q is an isomorphism for all
i > 0. Thus we know that X(R,mR)"™ — BGL(R)" induces an isomorphism
on the subspaces of primitive elements in rational homology and it follows from
the theorem of Cartan-Milnor-Moore that it induces in fact an isomorphism
H.(X(R,7R),Q) = H.(BGL(R), Q).

Since for each N the subgroup Uy (R) has finite index in GLy (R) it follows
that Hap,—1(BU(R),Q) — Ha,—1(BGL(R),Q) is surjective where U(R) =
limUn (R). Next BU(R) is actually contained in X (R,7R) and thus we have a

commutative diagram

H2n71(BU(R)7 Q)

Hn (X (R, 7R), Q) ——> H,, 1(BGL(R), Q)

with v and hence also a surjective. Now 7, is given by the cocycle ¢ of propo-
sition 1.3 and b, o vy is given by the cocycle f of theorem 2.4. From the explicit
(_1)n 1

formulae for ¢ and f it is clear that poa = D) f o~ which proves the
theorem. ]



A Integration on the standard simplex

A.1 The ring A(zg,...,z,)

Let A be an ultrametric Banach ring. For simplicity write A{z) for A(zo,...,z,)
(cf. section 1.1). Recall also the family of seminorms p,., r € Ny, p.(3 arz!) =
sup; |lar|| - [I|". We write also ||.||, for p;.

Proposition A.1. A(z) is a sub-A-algebra of the algebra of formal power series
with coefficients in A. Its underlying module is an ultrametric Fréchet module.

I£ gl < 3 ()10l
s=0

Proof. Let f =3, a;x! and g =3 bz’ be in A(z). We want to show that f -
g=>ycrx withey =Y agby is also in A(z). Fix a non negative integer
rand let A = supy (S0 (VK| laxcl), B := sup g (g (7)1~ bc -
Given € > 0 choose N > 0 such that |K|*|lax| < &, |[K|""*||bx| < § for all
s=0,...,7 and |K| > N. Then for every |I| > 2N we have

Furthermore

TP lerll < max (K] + L) laxcl o)

T
r S T—3S
= (Z ()P llaxdiz ||bL|> <e.

Thus f - g in fact belongs to A(z). The assertion on || f - g|,- follows immediately
from the above computation.
It remains to show that A(x) is complete. This is easy. O

Remark. Let |f|s = >0_o % fllz- Then it follows from the above proposition
that (|.|s)sen is a family of seminorms which defines the same topology on A(x)
and satisfies |f - gls < |flslgls-

Now let ¢ : [n] — [m] be a monotone map (a morphism in the simplicial category
A). We want to define ¢* : A(zo, ..., @m) — A(@o, ..., 2n) by Ti = 30452, 255
i =0,...m. We have to show that ¢* is well defined and continuous. Slightly
more generally we have:

Lemma A.2. Let ¢ = (go,...,9m) be a tuple of polynomials of degree 1 in
Alyo, - ., yn) with integral coefficients. Then for f = ,arx! € A{xo, ..., xm)
the formal composition fog =3 ;arg" lies in Alyo,...,yn) and f — fog is
continuous.

Proof. g' is a polynomial of degree < |I| with integral coefficients and thus
llg* (I~ < ||1]|-/I]"- Since ||az|||I|" tends to zero whren |I| tends to infinity it follows

that (Z\IKH arg’)nen is a Cauchy sequence. Since A(yo,...,y,) is complete
this Cauchy sequence converges and the limit is f o g.

Moreover |[f o gll, = || X arg"ll- < sup; larg [l < supy [las|| - 1] - [1]" =
1L - I f|l- and thus f — f o g is continuous. O

10



Recall that I,, C A{xo,...,z,) is the principal ideal generated by zo+- - -4z, —1
and A, := A{zg,...,zn)/In.

Lemma A.3. The homomorphism 1 : A{xg,...,x,) — Alt1,...,t,) that sends
x; to t; fori >0 and xg to 1 —t; — -+ — t,, induces an isomorphism A, —
Altr, ... tn).

Proof. We have the obvious continuous section ¢ : t; — z;, i > 0, so that 7 is
surjective. Assume f =", arz! is in the kernel of . Then

fo= f—unlf) =
= Zaj(xl—(]_—(1'/'1—..._xn)ioxlil._.xi;n)
I

doar-gr-(wo+-+a,—1)
I

where the g; are polynomials with integral coefficients of total degree < |I|. In
particular ||g;|l, < ||1]| - || and thus Y, arg’ is an element of A(xo,...,zy)
which satisfies (Y-, arg’) - (vo+ - +x, — 1) = f. O

If f € I, then clearly ¢*(f) € I,, and thus there are induced continuous ho-
momorphisms ¢* : A,, — A, for every ¢ : [n] — [m] which make [n] — A, a
simplicial Fréchet ring.

A.2 Integration of differential forms

Fix a non archimedean field (K |.|) of characteristic 0. We want to define the
integral of a n-form with values in K over the standard simplex A™. Since
integration produces denominators we assume that there are constants C' >
0,s € N such that |¢| < Ck* for all k € N.

We define Q°(A") = K,,, QY(A") = (P, Knda;) /(X1 dz;) and Q" (A™) =
Nk, Q' (A™) with the obvious differential d : Q/(A") — Q'F1(A™).

Since Q"(A™) = K,dzy . .. dz, every n-form w can be written uniquely as w =
fdzy...dz, with f € K,. We also denote by f the image ), arz’ of f in
K(xy,...,2,). We want to define

/ w = fdml...dxn::z:al/ zldzy ... dx, € K,
An -

where the integral on the right hand side is the usual integral of the n-form
xldzy ... dx, over the geometric standard simplex A" C R"*! where the ori-
entation of A™ is given by dx1 ...dx,.

Proposition A.4. The above integral is well defined and w — fAn w gives a
continuous homomorphism Q™"(A™) — K.

Proof. We have topological isomorphisms Q"(A") = K,dx; ...dx, 5K, =
K(z1,...,z,) and by construction the integral [ An factors through this isomor-
phism. Thus we have to show that K(z1,...,z,) > f +— fAn fdxy...dx, € K
is well defined and continuous.

11



For simplicity we write [,, f for [\, fdxi... dz,.

For I = (iy,...,i,) one computes
n ij . 1
I _ Zj) l
/n i1 lz_%(l n—j+1+1+>0 ik

By our general assumption on K we have
S

SC-|ln—j+1+14+ Y i | <Ch+]I)),
k=j-+1

1
n—j+1+l+ i

if |[I| > 1 with a constant C' depending only on C, n and s.

Now, for f = > ,arz! € K(z1,...,2,), |ar| - [I|*" tends to zero when |I|
tends to infinity and thus [, f = > ;as [, @' converges in A. Furthermore
| fan £ < supplar [y o] < max{C-supy Jar| - [T, | fy. 1] - |ao])} < (const) -
max{|| fllsn || fllo}. It follows that f — [, f is continuous. O

thus
< C"(n+ 1)) < Gl

Remark. In the definition of the integral [ An w we could take any representative
of fin K(xo,...,zy). The resulting value of the integral would be the same.

A.3 Dependence on parameters

For any K-Banach algebra A we denote by F.(K", A) the Banach algebra of
e-convergent power series in r variables, i.e. power series f = ; ayy’,ay € A,
y = (y1,-..,yr), J € Nj such that lim s [las[|e!/| = 0, with norm || f[. =
sup; |las|le!!.

Definition. Let M be a locally analytic r-dimensional K-manifold and f :
M — K{xg,...,z,) a function. We say that f is locally analytic if for every

u € M there exists an ¢ > 0 and a chart M > V B.(0) ={].| <e} C K"
with 1(u) = 0 such that fo1~1 is given by Y., asz! where the a; are in
F. (K", K) and satisfy ||az||- - |[I|* — 0 as |I| — oo for every t € N.

Note that if the condition is satisfied for v € M with chart ¢ : V' — B.(0) then
it is also satisfied for all «’ € V' with chart ¢ — ¢(u').

It follows from the next Proposition that if the condition of the definition is
satisfied by one chart ¢ : V' — B.(0) with u € V and ¢(u) = 0 then it is also
satisfied by any other chart ¢’ : V' — B.(0) with u € V' and ¢'(u) = 0 after
possibly shrinking V'.

Remark. If we embed K (g, ...,2,) in the Banach algebra F;(K"*!, K) then
f: M — Fi (K" K) as above is locally analytic in the ordinary sense but not
vice versa.
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Proposition A.5. (a) Let f,g : M — K(xg,...,z,) be locally analytic.
Then also f + g and f - g are locally analytic.

(b) If o : M' — M is locally analytic then foy : M' — K(xg,...,x,) is
locally analytic.

Proof. (a) is easy (cf. the proof of proposition A.1). (b) Let v’ € M’ u := ¢(u’)
and choose a chart u € V % B.(0) with ¥ (v) = 0 such that f ot~ is of the
form Y, ajz? with [la|c - [I|'* — 0 as |I| — oo for every t € Ny. Choose a
chart o/ € v/ 25 B./(0) for M’ with ¢/(u’) = 0 such that (V') C V. We
may assume that the induced map @ : B.(0) — B.(0) is given by a power
series. Since ¢(0) = 0 it follows that ¢ has no constant term and therefore that
loller < i—,,'||<ﬁ\|€/ for every €’ < e. Thus we may assume that ||¢]|es < €. But
then ay o is a well defined power series in Fo (K", K) with |la;o @ < |lar]le.
Now fopoy/~t =3 (a; o @)z’ and the claim follows. O

We call f: M — K, locally analytic if it is locally analytic in the above sense
under the identification K,, = K(z1,...,2,). One can check that if g : M —
K(xg,...,x,) is locally analytic, so is the induced map M — K.

Proposition A.6. Let f : M — K, be locally analytic. Then M 3 u+— ¢(u) :=
Jan flu)dzy ... dx, € K is locally analytic.

Proof. Fix a chart M DV v, B.(0) such that foy~! =3, asa! with |jas|. -
[I|* — 0 as |I| — oo for every s € Ny as in the definition. For I fixed the
function B:(0) 3 v — [\, ar(v)z’dey ... dxy = a;(v) [y, 'dzy ... dx, is given
by the power series as - ( [y, 2'dz1 ...dx,) € F.(K",K). For |I| > 1 we have
lar - (fan aldey ... dwy)||e < |larlle - |(fan @dzy .. dzn)| < |lag||- - C|T*™ with
C as in the proof of proposition A.4. Since ||az||c|I|*™ — 0 as |I| — oo it follows
that Y-, ar-(fy. #'d2y ... dxy) converges in F. (K", K). The claim follows since
obviously ¢ o™t =3 ar - ([, a'dwy ... day). O

We will also write fAn fdxy ...dx, for the function ¢ in the above proposition.

Proposition A.7. Assume that M = B.(0) C K" and f : M — K, is given
by Y-, arxl with |lag|||I|" — 0 as |I| — oo.

(i) 0if == ;(8;ar)x! is well defined and locally analytic.
(ZZ) fA" (8,f)d.’1)1 N dmn = & fA" fd.’L‘l . dgcn
(i11) If g : M — K, is of the same type then 0;(fg) = (0;f)g + f(d:g).

Proof. One easily sees that 0; : F.(K", K) — F.(K", K) is well defined and con-
tinuous with [|0;al. < e !|lall.. Thus (i) follows. Then [,, (8;f)dz; ...dx, =
> (0sar) fAn xldey ... dx, = 0; (ZI ar fA” xldey .. .dxn) =0; fA” fdxq...dxy,
by definition of the integral and the continuouity of 9;. The last assertion is

clear. O
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More generally, if P is a free K,-module of finite rank we say that a function
f: M — P is locallay analytic if all comoponent functions with repsect to a
given basis of P are locally analytic. Then analogues of the above propositions
hold. In particular we are interested in the case where P = Maty (K,,) or P =
Maty (K,) ®k, Q7(A™).

Now we can prove that the cocycle f in theorem 2.4 is in fact locally analytic.

Proposition A.8. The function Uy(R)*?"~Y — K,
(91,---,92n—1) b—>Tr/ (dv - v 1)t
A2n—1

where v = v(g1,...,92m-1) = Z?gall‘igiﬂ - gon—1 € GLy(Ran—1) is locally
analytic.

Proof. Tt suffices to show that v=1 : (g1,...,92n_1) = v(g1,...,92n_1) ! and
dv: (g1,.-.,92n—1) — d(¥(g1,...,92n—1)) are locally analytic, where the above
functions are considered as functions on Uy (R)*?*~Y with values in N x N-
matrices with coefficients in Q°(A?"~1) = Ky, 1 resp. Q}(A2"~1),

This is clear for dv. Set € := || and consider the global chart ¢ : Uy (R)***~1 —
aMaty(R) = B.(0) ¢ KN*N whose inverse is given by (M, ..., Moy 1)
(14+My,..., 14 My, 1). Then v=" oy~ is given by 3757 (322" ' a;hy)* where
h; : tMaty(R) — Maty(K) is the function (Mi,...,Map—1) — 1 — (1 +
Miy1) -+ (1 + May—1) (cf. the proof of lemma 2.3). Since h; has no constant
term and only integral coefficients we have ||h;||. < e. The coefficient of z! in
the above expansion of v~ ! o 4~! is of the form h! + permutations and thus

|| (coefficient of z7)||. < [|hol|® - - - |hon_1]|2"~* < eI, Since & < 1 it follows that
|| (coefficient of x!)||c - |I|* tends to zero as |I| tends to infinity for every t € Ny
and thus that v~! is locally analytic. O
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