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p-EXTENSIONS WITH RESTRICTED RAMIFICATION —
THE MIXED CASE

DENIS VOGEL

ABSTRACT. Let p be an odd prime number, k£ a number field and S
a set of primes of k£ containing some, but not all primes of k above
p. We study under which conditions Gs(k)(p) is a mild pro-p-group of
deficiency one, and apply our results to the case of imaginary quadratic
number fields.

1. INTRODUCTION

Let k& be a number field, p an odd prime number and S a finite set of primes
of k. The pro-p-group Gg(k)(p) = Gal(ks(p)/k), i.e. the Galois group
of the maximal p-extension of k& unramified outside S contains interesting
information on the arithmetic of k. Let S, denote the set of primes of k
above p. There are three cases that have to be distinguished:

e the wild case: S, C 5,
e the tame case: SNS, =3,
e the mixed case: & # S, NS G S,

In the wild case, it is known that Gg(k)(p) is of cohomological dimension less
or equal to 2, and it is often a duality group, see [NSW], Ch. X, §7. The
strict cohomological dimension of Gg(k)(p) is conjecturally 2 (Leopoldt’s
conjecture). In the tame case, only little had been known on the structure
of Gg(k)(p) until recently. Labute(|L]) showed that pro-p-groups whose
presentation in terms of generators and relations is of a certain type, so-
called mild pro-p-groups, are of cohomological dimension 2. Then he used
results of Koch to show that Gg(Q)(p) is a mild pro-p-group if S is a strictly
circular set of prime numbers. In [V], Labute’s techniques were applied to
the case where k is an imaginary quadratic number field. Schmidt([S1],[S2])
extended the results of Labute by arithmetic methods and could show that,
under some conditions on k and p, for any given finite set S’ of primes of k of
norm = 1 mod p, there exists a finite set S O S’ of primes of k of norm = 1
mod p, such that Gg(k)(p) is mild. In the tame case, if the group Gg(k)(p)
is mild, then it is a duality group of strict cohomological dimension 3. The
mixed case has been studied in papers of Wingberg([W]) and Maire([M])
using the theory of elliptic curves and Iwasawa theory. In particular it is
shown that if K /k is an abelian extension of an imaginary quadratic number
field and S is a non-empty subset of Sy,(K) stable under Gal(K/k), then the
cohomological dimension of Gg(K)(p) is less or equal to 2, see [M], Prop.
3.5.

Date: July 18, 2007.



2 DENIS VOGEL

The objective of this paper is the study of the mixed case, making use of
Labute’s results on mild groups. In §2 we study under which conditions the
group Gg(k)(p) is a mild pro-p-group of deficiency one. In §3 the result is
applied to the following situation. Let k£ be an imaginary quadratic number
field whose class number is not divisible by p, and assume furthermore that
p splits in k, pOy = pp. Let S’ be a set of primes of k of norm =1 mod p,
and let S = S’ U {p}. We will prove criterions for Gg(k)(p) to be a mild
pro-p-group and hence, of cohomological dimension 2. Explicit examples
will be given as well.

I would like to thank Alexander Schmidt and Kay Wingberg for interesting
discussions on the subject and valuable suggestions.

2. MILD PRO-p-GROUPS OF DEFICIENCY ONE IN THE MIXED CASE

Let p be an odd prime number and let £ be a number field. For a prime q
of k, let kq denote the completion of k with respect to q and Uy its group of
units. We put

ng = dimg, Uq/UJ.
Let S be a finite set of primes of k. Let Dg(k) denote the dual of the
Kummer group

Vs(k) ={a € k* | a € kP for g € S and a € Ugk,” for q ¢ S}.

We remark that we have an exact sequence

(1) 0 —— OFfp —— Vilk) —— ,Cl(k) —— 0,
and for each subset T' C S we have an exact sequence
(2) 0 —— Vp(k) —— Va(k) —— Ilser U,/ UY,
see [K], §11.3. We let h(k) denote the class number of k, and we set
B {1 if g1 C kg,
1710 otherwise.

Definition 2.1. We say that the triple (k,S,p) has the property (x) if the
following holds:

pth(k),

dg=1forqe S,q &Sy,

dq=0 forqe SNS,,

bg(k) =0,

>_qesns, [kq : Qp] = 1, where r =11 + 1y is the number of archime-
dean primes of k.

We remark that in this case y, ¢ k and

1 if g€ S,q¢ 5y,
T [kp: Q) ifqeSNS,.

We denote the maximal p-extension of k unramified outside S by ks(p), and
we put Gg(k)(p) = G(ks(p)/k). For q € S, let {aq1,...,0qn,} be a basis
of the F,-vector space Uq/UY, and let mq be a uniformizer of kq. Let Q be
an extension of q to kg(p). We let o4 be an element of Gs(k)(p) with the
following properties:
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(i) o4 is a lift of the Frobenius automorphism of 9;

(ii) the restriction of oq to the maximal abelian subextension k/k of
ks(p)/k is equal to (g, k/k), where 7ty denotes the idele whose g-
component equals 74 and all other components are 1.

Fori=1,...,ngq, let 74, denote an element of Gg(p) such that

(i) 74, is an element of the inertia group Tgq of Q in kg(p)/k;

(i) the restriction of 7o; to k/k equals (dqs, k/k), where dq; denotes
the idele whose g-component equals aq; and all other components
are equal to 1.

We set

1 (Gs(k)(p) = dimg, (H'(Gs(k)(p), Z/pZ), — i=1,2.
We say that a finitely presented pro-p-group G is of deficiency one if h'(G) —
h?(G) = 1.

Proposition 2.2. Assume that the triple (k,S,p) satisfies the property (x).
Let S\ Sp ={q1,...,9n}. Then

B (Gs(k)(p)) = 1+ n

and
W (Gs(k)(p)) < n.
If Bsns, (k) = 0, then the group Gs(k)(p) has a presentation Gs(k)(p) =

F/R where F is the free pro-p-group on generators i,...,Tn+1, and R is
generated as a normal subgroup of F by relations 1, ... ,r, which are given
modulo F3 by
n+1
r; = :L’?I(qi)*l H[mi,xj]a” mod F3, i=1,...,n.
j=1
J#i

Here F3 denotes the third step of the descending p-central series of F.
Proof. Since (k, S, p) satisfies (x), we have by [NSW], Thm. 8.7.11,

W(Gs(k)(p)) = 1+ 6q+dimg, Bs(k) +> [ky, : Qo) — 7
qes i=1
= 14+n

and
h*(Gs(k)(p)) <Y dq+ dimg, Bg(k) =n
qes

An explicit construction of a presentation of Gg(k)(p) in terms of generators
and relations is carried out in [K],§11.4. We sketch it here. The set of n+r
automorphisms M = {rq; | q € S,i = 1,...,nq} constitutes a system of
generators of Gg(k)(p) which is not minimal unless » = 1. In order obtain a
minimal generating set, we have to remove — 1 elements from the above set.
Which generators can be omitted is determined by the following method:
By construction, the set N' = {aq; | q € S,i=1,...,nq} is a basis of the [F,-
vector space qus Uq/Ug. Let €1, ..., €,—1 be a system of fundamental units
of k. Since Bg(k) = 0, the elements €1,. .., €1 are linearly independent in
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[l4es Ua/Ug. We have to omit elements from A such that the remaining
elements, together with e1,...,€._1, form a basis of qus Uy/Uy. In this
way, we arrive at a subset Ny C A of cardinality n+1. A minimal system of
generators of Gg(k)(p) is then given by the subset My C M corresponding
to No.

Assume that Bgns, (k) = 0. Then €1,...,€,-1 are linearly independent in
the r— dimensional F,-vector space qu Sns, Uy/Uy. This implies that there
exists a prime p € SN S, and k € {1,...,np} such that {e,...,e—1,p1}

is a basis of [],cong, Us/Uq- Then {e1,... er—1,0p 5 Qg 15, 0,1} is a
basis of [],cq Uq/Ug. Therefore {7q,1,...,7q,,1,Tpk} IS a minimal system
of generators of Gg(k)(p). Let F be the free pro-p-group on generators
Z1,...,Tnt+1. We define a presentation

1 R F Y Gs(k)(p) — 1

by () = 1q;1,0 = 1,...,n, Y(xpy1) = Tpk. Let y; be a preimage of oy,
fori=1,...,n. Then

n+1

Y = H m?“ mod Fb.

j=1

J#i
for a;; € Z/pZ. The relation subgroup R is generated as a normal subgroup
of F' by the relations
= :E?I(qi)_l[:rfl 1,i=1,...

T 3 7y7, - , 1,
We obtain
n+1 n+1
N(q:)—1 _ N(gi)-1 i1 N(gi)—1 y
T =, (a:) [z, yi) = (a) [z, H x?]] =z, (a:) H[:I:i,xj]a” mod F3,
Jj=1 J=1
J# J#i
which finishes the proof. O

By applying Thm. 3.10, Thm. 3.18 and Thm. 3.19 of [L], we immediately
obtain:

Theorem 2.3. Let p be an odd prime number, k a number field and S a set
of primes of K. Assume that (k,S,p) satisfies (x) and Bgns, (k) = 0. As-
sume that a presentation of Gg(k)(p) as obtained in 2.2 is given: Gg(k)(p) =
F/R, where F is the free pro-p-group on generators xi,...,Tpt1, N =
#(S'\ Sp), R is the normal subgroup of F generated by relations ry,...,ry,
which satisfy a congruence of the form
n+1
r; = ol H[:Bi,xj]a“ mod F3, i=1,...,n.
j=1
J#1
with ai, a;j € Z/pZ. Assume that one of the following conditions is fulfilled:
(i) @ipt1 #0 for1 <i<n
(i) apn+1 #0 and a;, #0 fori <n.
Then Ggs(k)(p) is a mild pro-p-group of deficiency one. In particular, we
have cd Gg(k)(p) = 2.
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An interesting example in which (k, S, p) fulfills (x) and Bgns, (k) = 0 can
be obtained if k is an imaginary quadratic number field. This case will be
studied in more detail in §3. Here we are going to point out another situation
in which the above conditions are fulfilled.

Proposition 2.4. Let p be a prime and k a CM-field with mazimal real
subfield k™ such that
e pis inert in kT /Q,
e p splits in k/k™, pOy = pp,
® 0, =0,
o pfh(k),
and one of the following two conditions holds:
(1) pth(k(pp)),
(i) pt h(k* (1p)) and pt (O} : O)
If S’ is any set of primes of k of norm =1 mod p and S = S" U {p}, then
(k,S,p) satisfies (), and Bsns, (k) = Bypy (k) = 0.

Proof. By our assumptions, [k, : Qp] = [k : Q]/2 = r. Since Bg(K) C

Bypy(K) it remains to show that By (K) = 0. By virtue of the exact

sequences (1) and (2), this is equivalent to the injectivity of the map
O,:/p—> Uk‘p/Ulfp'

Let us assume (i). Suppose z € O; /p is a non-trivial element of the kernel
of this map. Then z is contained in the kernel of

O,j/p—> Uk?p/Ulfp X Ukﬁ/U;:ﬁ.

as well. Therefore k({/x)/k is a non-trivial unramified extension. By Kum-
mer theory, the abelian extension k(up, ¥/x)/k(pp) is unramified of degree p,
contradicting (i). Now we assume that (ii) is fulfilled. Since p{ (O} : O})
and p splits in k/k™ we have a commutative diagram

05 fp —= Uk, /Uy,

I

Ope/p — Uk;T/Uif;
in which the vertical maps are isomorphisms. Thus it suffices to show the
injectivity of the map O}, /p — Uk;/Ulf;' This is proved in the same way
as in case (i). O
Example 2.5. Let k = Q(v/3,v/—7) and p = 5. Computations with the

computer algebra system MAGMA(IMAG]) show that the assumptions of
Prop.2.4 are fulfilled.

3. THE CASE OF IMAGINARY QUADRATIC NUMBER FIELDS

Let p be an odd prime number and k an imaginary quadratic number field
whose class number is not divisible by p, and which is different from Q(1/—3)
if p = 3. Assume furthermore that p splits in &, pOp = pp. Let S’ =
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{q1,...,9n} be a set of primes of k whose norm is congruent to 1 mod p.
Put S = S"U{p}.

Proposition 3.1. The triple (k,S,p) has property (x), and Bsns, (k) = 0.
Proof. Tt suffices to show that Bsng, (k) = 0. We have

Vo(k) = Of /p=0.
The result follows since Vsng, (k) C Vg (k). O

In the above situation, the set of automorphisms {7q, 1,...,7q,,1,Tp,1} con-
structed in §2 is a minimal system of generators of Gs(k)(p). Let I} denote
the idele group of k, and for a subset T" of S let Ur be the subgroup of I,
consisting of those ideles whose components for q € T are 1 and for q ¢ T
are units. We remark that for each subset T' of S we have isomorphisms

H\(Gr(p), Z/pZ) = I,/(UrIfk™) = U /UrUL = [ Ua/UP = (Z/pZ)*,
qeT
see [K],§11.3. For the following considerations we set q,+1 = p. We make
the same definition as in [V].

Definition 3.2. For two primes q;, q; € S, the linking number ¢;; € Z/pZ
of q; and q; is defined by the formula
0
0q =Tq;  mod Gg;y(p)”
where, by abuse of notation, oq, and 74;, respectively, denote the images of
0q, € Gs(k)(p) and 7q; € Gs(k)(p), respectively, in Gq,y(p)-

In other words, /;; is the image of the Frobenius automorphism og €
Gs(k)(p) in Hi(G{q;y(p), Z/pZ) which we identify with Z/pZ by means of
its generator 7q;. Note that ¢;; = 0 for all i = 1,...,n. The linking number
¢;; is independent of the choice of the uniformizer my, of kg, (this follows
from the above isomorphism for the case T'= {q;}), but it depends on the
choice of ag,. If aq, would be replaced by oz‘aj, where s is prime to p, then
¢;; would be multiplied by s. The defining equation of the linking number
¢;; is equivalent to
ftg, = Gq)  mod Uygg,y VK.
Proposition 3.3. Under the above assumptions, we have
h'(Gs(k)(p) = n+1
and
h*(Gs(k)(p)) < n.
The group Ggs(k)(p) has a presentation Gg(k)(p) = F/R where F is the

free pro-p-group on generators x1,...,Tp+1, and R is generated as a normal
subgroup of F' by relations rq, . ..,r, which are given modulo F3 by
n+1
r = :U?I(q")_l H[:L‘i,:vj]gij mod F3, i =1,...,n.
j=1
J#i

Proof. This is immediate from the construction of the presentation carried
out in the proof of 2.2. O
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Theorem 2.3 now implies

Theorem 3.4. Let p be an odd prime number, k an imaginary quadratic
number field whose class number is not divisible by p, and which is different
from Q(v/=3) if p = 3. Assume furthermore that p splits in k, pOy = pp.
Let S"={q1,...,qn} be a set of primes of k whose norm is congruent to 1
mod p. Put qny1 =p and S = S"U{qn+1}. Assume that one of the following
conditions is fulfilled:

(i) lipnt1 #0 for1 <i<n.

(ii) lnny1 #0 and €;, # 0 fori < n.
Then Gg(k)(p) is a mild pro-p-group of deficiency one. In particular, Gs(k)(p)
is of cohomological dimension 2.

Corollary 3.5. Let p be an odd prime number, k an imaginary quadratic
number field whose class number is not divisible by p, and which is different
from Q(v/=3) if p = 3. Assume furthermore that p splits in k, pOy = pp.
Let qi1,...,qn be prime numbers which are inert k/Q with ¢; = 1 mod p,
¢ #Z1 mod p? fori=1,...,n. Put S={(q1),...,(qn),p}. Then Gs(k)(p)

18 a mald pro-p-group.

Proof. We set q; = (¢;) for 1 < i < n, 41 = p. We will verify condition
(i) of 34, i.e. we will show that £; 41 # 0 for 1 <i <n. For 1 <i <n,
Mg, = ¢; is a uniformizer of k;, and an element of Uy for all primes q # q; of
k. Hence, the idele 7q,, when considered modulo Uy, 11, ,f k>, is equivalent

to the idele whose g-component is equal to 1 for q # g,41 and equal to ¢, !
for ¢ = gp41. Since we are only interested in the non-vanishing of ¢; 1
we may assume without loss of generality that a,,+1 = 1 + p. In particular,
Ui n+1 is given by

¢ = (1+p) b+t mod Uy.
By our assumptions, ¢; 41 7# 0 O

Example 3.6. Let k = Q(v/—5), p = 3, S = {(13),(31),(3,1 + vV/—5)}.
Then Gg(k)(p) is a mild pro-p-group.
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