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ABSTRACT. We show that many Lorentzian manifolds of dimension > 3 do not admit
a spacelike codimension-one foliation, and that almost every manifold of dimension > 3
which admits a Lorentzian metric at all admits one which satisfies the dominant energy
condition and the timelike convergence condition. These two seemingly unrelated state-
ments have in fact the same origin.

We also discuss the problem of topology change in General Relativity. A theorem of
Tipler says that topology change is impossible via a spacetime cobordism whose Ricci
curvature satisfies the strict lightlike convergence condition. In his theorem, the boundary
of the cobordism is required to be spacelike. We show that topology change with the
strict lightlike convergence condition and also the dominant energy condition is possible in
many cases when one requires instead only that there exists a timelike vector field which
is transverse to the boundary.

0. INTRODUCTION

We consider two questions in Lorentzian geometry which seem unrelated at first sight:

e Does every Lorentzian manifold admit a spacelike codimension-one foliation?
e When a manifold admits a Lorentzian metric at all, does it admit one which sat-
isfies the dominant energy condition?

The first question has actually more to do with differential topology than Lorentzian geom-
etry. In particular, whether a Lorentzian manifold admits a spacelike codimension-one fo-
liation depends only on the conformal class of the metric. As we will see, many Lorentzian
manifolds of dimension > 3 do not admit a spacelike codimension-one foliation.
In contrast, the second question is a Ricci curvature problem. The dominant energy condi-
tion, which plays an important role in General Relativity, is a Ricci nonnegativity condition
which depends on a “cosmological” constant A (the definition is reviewed in Section 2). It
turns out that the answer to the second question is always yes in dimension > 5, and it is
yes in dimensions 3 and 4 under mild assumptions.

Somewhat surprisingly, there is a close connection between the two questions. Let us
discuss nonexistence of spacelike codimension-one foliations first.

Most research in Lorentzian Geometry and General Relativity deals with metrics which
have nice causality properties like global hyperbolicity or stable causality. A Lorentzian
manifold with these properties admits a smooth function with timelike gradient ([2], Theo-
rem 1.2) and thus, in particular, a smooth foliation by spacelike codimension-one subman-
ifolds (namely by the level sets of the time function).

The question arises what happens when we drop the causality condition: Does every
Lorentzian manifold admit a smooth spacelike codimension-one foliation? (Note that we
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do not demand that the leaves be submanifolds; they might be dense, for instance, as in
the case of the foliation of the torus R? /Z? by lines of irrational slope.) Every Lorentzian
manifold admits a smooth spacelike corank-one sub vector bundle of the tangent bundle,
but it might happen that no such subbundle exists which is integrable, i.e., which is the
tangent bundle to some foliation on M.

Clearly every point in a Lorentzian manifold has a neighbourhood which admits a spacelike
codimension-one foliation. Every two-dimensional Lorentzian manifold admits a space-
like (co)dimension-one foliation simply because every rank-one subbundle of the tangent
bundle is integrable. In higher dimensions, nonintegrable corank-one subbundles always
exist; so the question whether one of the spacelike corank-one subbundles is integrable
becomes nontrivial. By a famous theorem of W. Thurston ([16], Theorem 1), there are no
purely topological obstructions to the existence of codimension-one foliations: Every con-
nected component of the space of corank-one distributions on a given manifold contains
an integrable distribution. (The word distribution is always used in the sense of differential
topology here: a k-plane distribution, or synonymously: rank-k distribution, on a mani-
fold is a rank-£ sub vector bundle of the tangent bundle.) This implies that every connected
component of the space of Lorentzian metrics on a given manifold contains a metric which
admits a spacelike codimension-one foliation.

In spite of this, spacelike codimension-one foliations do not exist for every metric. Al-
though we are mainly interested in the Lorentzian case ¢ = 1, we state this result for
pseudo-Riemannian metrics of arbitrary index q. Let us call a spacelike codimension-q
foliation on a pseudo-Riemannian manifold of index q a space foliation, for simplicity.

0.1. Theorem. Ler (M,g) be an n-dimensional pseudo-Riemannian manifold of index
qg € {1,...,n — 2} (e.g. a Lorentzian manifold of dimension n > 3). Let A # M be a
closed subset of M. Then there exists a metric g' of index q on M such that
e g=g on A
o cevery g-timelike vector in T M is g'-timelike;
o M\ A does not admit any codimension-q foliation none of whose tangent vectors
is g'-timelike; in particular, (M, g') does not admit any space foliation.

Note that the nonexistence of spacelike codimension-one foliations is not a matter of com-
plicated manifold or bundle topology: We can e.g. take (M, g) to be Minkowski space and
A to be the complement of an arbitrarily small open ball.

Theorem 0.1 is not particularly deep; it follows from elementary facts of differential topol-
ogy, as we will see in Section 4. Things become more complicated and interesting when we
ask to which extent nonexistence of space foliations is related to curvature properties, e.g.
to the dominant energy condition (which all “physically reasonable” metrics in General
Relativity are assumed to satisfy). Are there metrics which do not admit a space foliation
but satisfy the dominant energy condition?

Surprisingly, it turns out that not only the answer is yes; but that both properties, nonex-
istence of space foliations and the dominant energy condition, have a tendency to hold
simultaneously (at least within certain 1-parameter families of metrics; cf. Section 8 for
details). Intuitively speaking, if one deforms a Lorentzian metric in a natural way such
that the “energy dominance” becomes stronger and stronger, then at some point space foli-
ations cease to exist. Conversely, if one deforms a metric by squeezing the set of spacelike
vectors in the tangent bundle in such a way that space foliations cease to exist, then the en-
ergy dominance has a tendency to become stronger, so that eventually the dominant energy
condition holds.
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A similar link exists when we replace the dominant energy condition by the timelike con-
vergence condition. (Recall that a Lorentzian metric g satisfies the timelike convergence
condition iff Ricy (v, v) > 0 holds for all timelike vectors v € T'M.)

In Section 5, we study this link in the simplest special case, a certain 1-parameter family
of Lorentzian metrics on R™. This special case has the advantage over our later more
general considerations that one can also discuss the behaviour of geodesics. In particular,
the special case shows that metrics without space foliation can be geodesically complete.
Moreover, the unavoidable failure of causality conditions for such metrics can be seen very
explicitly here. The precise results are as follows.

0.2. Definition. For ¢ € R+, we consider the following frame (eg, €1, e3) of the vector
bundle TR3, induced by the vector fields 0; = % coming from the standard coordinates
(7o, 1, 22) on R3:

1
€ i — an 5 €] = 81 - 1’280 5 €o = 62

We define the Lorentzian metric g5 on R? by declaring (eg, €1, e2) to be an orthonormal
frame for which the vector field e is timelike. Le., g§(e;, ;) = €;0;; for 4,5 € {0,1,2},
where g = —1 and g; = 1if ¢ > 0, and where J;; denotes the Kronecker symbol. For
n > 3, we define the Lorentzian metric g¢ on R" = R? x R"~3 to be the product metric
of g5 with the euclidean (Riemannian) metric on R»3.

0.3. Remark. Let n > 3. The following statements hold for all ¢ € R+ :
e The diffeomorphism ¢.: R™ — R" given by
(w0, 01,22, ., Tpo1) = (02x070$156$2a ey CTp1)

satisfies g = %% (g3 ); thus ¢?g is isometric to g}

e g. is geodesically complete.

e g, has no closed causal geodesic. But for every p € R", there is a 1-parameter
family of closed spacelike geodesics through p.

e Let I C R be a compact interval. Then every g§-timelike path I — R? admits
an extension to a closed g§-timelike path. (We consider C" timelike paths here,
where r is any element of N>; U {co}; the statement holds for each r.) Hence
there exist for every p € R" closed g;, -timelike paths through p.

c2

e g;, satisfies the timelike convergence condition and, for all A < -, the dominant

energy condition with respect to the cosmological constant A.

0.4. Theorem. Letn > 3. To every A € R and every nonempty open set U C R", there
exists a number co > 0 such that for all ¢ > cy, the metric g, has the following properties:

o U does not admit a codimension-one foliation none of whose tangent vectors is
gs -timelike; in particular, U does not admit a g, -space foliation.
o g¢ satisfies the dominant energy condition with cosmological constant A.

After this special case, we are now going to discuss the situation on general manifolds:

0.5. Theorem. Let (M, g) be a connected Lorentzian manifold of dimension n > 4, let K
be a compact subset of M, let A € R. If n = 4, assume that (M, g) is time- and space-
orientable, and that either M is noncompact, or compact with intersection form signature
divisible by 4. Then there exists a Lorentzian metric g’ on M such that

e every g-causal vector in TM is g'-timelike;
o (¢ satisfies the timelike convergence condition on the set K ;
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o ¢ satisfies the dominant energy condition with cosmological constant A on K ;
e M does not admit any codimension-one foliation none of whose tangent vectors
is ¢'-timelike; in particular, (M, g') does not admit a space foliation.

This theorem generalises to dimension 3 when one assumes that M is orientable and admits
a g-spacelike contact structure; cf. Theorem 8.6 below. When one assumes only that M
is orientable, then Theorem 0.5 holds with the statement “every g-causal vector in T M is
g'-timelike” replaced by the weaker statement “g’ lies in the same connected component of
the space of Lorentzian metrics as g”.

Closely related to Theorem 0.5, we get new insights into the classical problem of “topology
change” in General Relativity. Let us say that a Lorentzian manifold (M, g) satisfies the
strict lightlike convergence condition iff Ricy(v,v) > 0 holds for all lightlike v € TM (a
lightlike vector is nonzero by convention). For the following definition, note that when M
is a manifold-with-boundary and x € M, then each vector in T, M is either tangential to
OM or inward-directed or outward-directed in a well-defined sense.

0.6. Definition. Let Sy, .S; be (n — 1)-dimensional closed manifolds. A weak Lorentz
cobordism between Sy and Sy is a compact n-dimensional Lorentzian manifold-with-
boundary (M, g) whose boundary is the disjoint union Sp LI Sy, such that M admits a
g-timelike vector field which is inward-directed on Sy and outward-directed on S7. A
Lorentz cobordism between Sy and Sy is a weak Lorentz cobordism (M, g) between Sy
and S7 such that M is g-spacelike. Sy is [weakly] Lorentz cobordant to S iff there exists
a [weak] Lorentz cobordism between Sy and S .

[Weak] Lorentz cobordance is an equivalence relation. Two manifolds are Lorentz cobor-
dant if and only if they are weakly Lorentz cobordant. But when we require the cobordism
to satisfy in addition the strict lightlike convergence condition, we obtain two extremely
different cobordance relations.

A theorem of F. Tipler [18] which we review in Section 9 implies that whenever two mani-
folds Sy, S1 are Lorentz cobordant via a cobordism that satisfies the strict lightlike conver-
gence condition, then Sy, 57 are diffeomorphic. The situation is completely different for
weak Lorentz cobordance:

0.7. Theorem. Letn > 4, let Sy, Sy be closed (n — 1)-dimensional manifolds, let (M, g)
be a weak Lorentz cobordism between Sy and Sy, let A € R. If n = 4, assume that M
is orientable and has no closed connected component. Then there exists a weak Lorentz
cobordism (M, g') between Sy and Sy such that

e every g-causal vector in TM is g'-timelike;

o (M,q') satisfies the strict lightlike convergence condition and the dominant en-
ergy condition with respect to \;

o M does not admit any codimension-one foliation none of whose tangent vectors
is g'-timelike; in particular, (M, g') does not admit any space foliation.

Again there is a weaker version for 3-manifolds: Theorem 9.5 below.

Theorem 0.7 implies in particular that for all orientable closed 3-manifolds Sy, S, there
exists an orientable weak Lorentz cobordism from Sy to S; which satisfies the strict light-
like convergence condition. The contrast to Tipler’s theorem is evident.

Acknowledgements. The present article arose from a question that I had been asked by
Christian Bir. I thank Felix Finster for several helpful comments, and I am grateful to Kai
Zehmisch for a remark which eventually led me to reference [19].
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1. PRELIMINARIES: INTEGRABLE AND NONINTEGRABLE DISTRIBUTIONS

1.1. General conventions. N = {0,1,2,...}. A manifold does not have a boundary;
a manifold-with-boundary might have an empty boundary. All manifolds, bundles, sec-
tions in bundles etc. are assumed to be smooth, except when stated otherwise. All vec-
tor spaces/bundles are over the field R. When V, W are two such spaces/bundles, then
Lin(V, W) denotes the vector space/bundle of linear maps V' — W. We use the terms
semi-Riemannian/Lorentz[ian] metric, index, timelike, lightlike as in [13]. We say that a
vector is spacelike iff it is spacelike in the sense of [13] and nonzero. A vector is causal
iff it is timelike or lightlike. A pseudo-Riemannian metric on an n-manifold is a semi-
Riemannian metric of index € {1,...,n — 1}.

1.2. Definition. Let M be an n-manifold, let p € {0,...,n}. We denote the fibre over
x € M of a p-plane distribution H on M by H, or H(x). A line distribution is a 1-
plane distribution. A p-plane distribution H on M is spacelike [resp. timelike] with respect
to a semi-Riemannian metric g on M iff every nonzero vector in H is spacelike [resp.
timelike]. When ¢ has index ¢, then a space [resp. time] distribution on (M, g) is a space-
like [timelike] (n — g)-plane [resp. g-plane] distribution on M. A foliation on (M, g)
is called a spacelike [resp. space, timelike, time] foliation iff its tangent distribution is
a spacelike [space, timelike, time] distribution. (The fibre over x € M of the tangent
distribution to a given foliation is the tangent space in x to the leaf through z.) A distri-
bution is integrable iff it is the tangent distribution of a foliation. Two distributions V, H
on M are complementary iff the tangent bundle 7'M is the internal direct sum of V' and
H. The orthogonal distribution of a p-plane distribution H on M with respect to a semi-
Riemannian metric g on M is the (n — p)-plane distribution L, H on M whose fibre over
xis{v € T,M | Vw € H,: g(v,w) = 0}. When the orthogonal distribution V' of H is
complementary to V', then we call V' also the orthogonal complement of H. (This happens
for instance when H is spacelike or timelike. When H is a space [resp. time] distribution,
then its orthogonal complement is a time [space] distribution.)

1.3. Definition (twistedness). Let H be a p-plane distribution on an n-manifold M. The
twistedness' of H is a section Twy in the vector bundle A?(H*) @ (TM/H) (i.e., it is
a TM/H-valued 2-form on M), defined as follows: Let m: TM — TM/H denote the
obvious projection. For all x € M and vy, v1 € H,, we define

Twg (v, w) = m([bo, 01])(T) ;
here ©; is any section in H with ¢;(z) = v;, and [, .] denotes the Lie bracket of vector fields
on M, so w([0g,?1]) is a section in TM/H. (Note that Tw g (v, w) is well-defined, i.e.
independent of the choice of 9, 91, because the map (og, 91) — m([0g, D1]) is C°° (M, R)-
bilinear.) In a context where a complementary distribution V of H is specified, we will
usually identify T'M /H with V, and thereby Tw; with a section in A?2(H*) @ V. When a
semi-Riemannian metric is specified which makes H spacelike or timelike, then we iden-
tify TM/H with 1 H.
We call H twisted at x € M iff the section 7wy does not vanish at x, i.e., iff there exist
v,w € H, with Twy (v, w) # 0. We call H twisted iff it is twisted at every point of M.

By the Frobenius theorem ([3], Theorem 4.5.5), a distribution is integrable if and only if its
twistedness vanishes identically. Thus 7z ;; measures how far H is from being integrable.
Every line distribution H is integrable because the vector bundle A?(H*) has rank 0.

IAs far as T can tell, the name twistedness is due to W. Thurston: [17], p. 176.
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1.4. The space of distributions. When £ — M is a fibre bundle, let C*° (M —FE) de-
note the set of smooth sections in E. This set can be equipped with several interesting
topologies, but the most important one in the present article is the compact-open C°-
topology (synonymously: compact-open topology or topology of locally uniform conver-
gence), which we will simply call the C°-topology from now on. (The set C>° (M «—E) is
a subset of the set C°(M, E) of all continuous maps [not necessarily sections] from M to
E. The C°-topology on C>°(M+«+E) is just the subspace topology induced by the usual
compact-open topology on C°(M, E).)

When M is an n-manifold and p € {0,...,n}, we can take E — M to be the Grass-
mann bundle Gr,(T M) — M, whose fibre over z is the Grassmann manifold Gr, (7, M),
i.e. the (p(n — p)-dimensional) space of all p-dimensional sub vector spaces of T, M.
A p-plane distribution on M is just a section in Gr,(TM) — M. We equip the set
Distr,, (M) := C*°(M«+Gr,(TM)) of p-plane distributions on M with the C°-topology.

1.5. Notation. Let V, W be complementary distributions on a manifold M.

For every distribution Z on M which is complementary to V, let A\[Z]: W — V denote
the vector bundle morphism given as follows: For every x € M, the restriction A\[Z], of
A[Z] to the fibre TV, is the unique linear map W,, — V, whose graph C W, x V, = T, M
is Z,. Le., for all w € W, the vector A[Z](w) is the unique v € V, withw + v € Z,.

1.6. The space of distributions (again). For the proofs in the sections 3 and 4, we need a
more explicit description of the C°-topology on Distr,,(M). Since this topology is metris-
able, it suffices to say when precisely a sequence (Hy)ren in Distr,(M) converges in
C° to a distribution H € Distr,(M). (Even if the topology were not metrisable, this
information is all we need below.)

Let V, W be complementary distributions on M such that V' is complementary to . We
use the notation \[.] from 1.5 with respect to these data.

The sequence (H},)xen converges to H with respect to the CY-topology if and only if the
following conditions hold for every compact subset K of M:

e there exists a number ki € N such that for all & > kg, the distribution Hy, is
complementary to V' on the set K;

e lim OO||)\[Hk] — MH]|co(k, Lin(w,vy) = 0.

krx<k—
(In order to define |[|.||co(x,Lin(w,v)), We should choose a Riemannian metric h on M.
This induces fibrewise norms on the vector bundles W,V and thus a fibrewise operator
norm on Lin(W, V). But since K is compact, all h yield equivalent operator norms and
thus the same convergence criterion.)

It is not hard to see that this convergence criterion does not depend on the choice of V, W.
We leave it to the reader to check carefully that the C-topology defined in 1.4 is really
the same as the one described here (by spelling out how the topology of the Grassmann
manifold is defined and how the fibre bundle structure of the Grassmann bundle is induced
by the vector bundle structure of T'M). Our results below do not depend on this fact
because they employ only the definition given here in 1.6.

We will repeatedly use the following basic fact (cf. e.g. [1], Satz 0.48):

1.7. Theorem. Every semi-Riemannian manifold (M, g) admits a time distribution V and
thus also a space distribution (e.g. the orthogonal complement of V).

More generally, every time distribution on a closed subset A of M can be extended to a
time distribution on M, but we do not need that in the present article.
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1.8. Connected components. Let M be an n-manifold. Considering semi-Riemannian
metrics on M as sections in the vector bundle of symmetric bilinear forms on 7'M, we can
equip the set Metr, (M) of all index-¢ metrics on M with the C°-topology. The result-
ing topological space is locally path-connected. The set mo(Metr,(AL)) of its connected
components is in canonical bijective correspondence to the set of connected components
of Distr,(M): For each connected component ¢ of Metr, (M), we choose a metric g in
¢ and a g-time distribution V' € Distr, (M), and we assign to % the connected component
of V' in Distr, (). This yields a well-defined bijection. Its inverse is obtained by choos-
ing to each connected component ¢” of Distr, (M) a distribution V' in Distr, (M) and an
index-¢q metric g which makes V' timelike, and assigning to ¢’ the connected component
of g in Metr, (M). Similarly, we obtain a canonical bijection between mo(Metr, (M )) and
mo(Distr,_4(M)) by replacing timelike distributions with spacelike distributions in the
description above. (Details can be found in [12], Appendix D.)

In particular, in the situation of Theorems 0.1, 0.5, 0.7, the metrics g and g’ lie in the
same connected component of Metr, resp. Metr; (M), because there exists a distribution
of rank ¢ resp. 1 which they both make timelike.

2. PRELIMINARIES: ENERGY CONDITIONS

2.1. Definition. Let (M, g) be a semi-Riemannian manifold, let A € R. The energy-
momentum tensor of (M, g) with respect to (the cosmological constant) A is the symmetric
bilinear form field T' := Ric, —% scaly g + Ag.

(M, g) satisfies the weak energy condition with respect to A iff T'(v,v) > 0 holds for
every g-timelike vector v € TM. (M, g) satisfies the semi-dominant energy condition
with respect to A iff for every g-timelike vector v € T'M, the vector —4(7'(v,.)) is not
spacelike; here ff: 7*M — TM denotes the isomorphism induced by g. (M, g) satisfies
the dominant energy condition with respect to A iff it satisfies the weak energy condition
and the semi-dominant energy condition with respect to A.

(If you are a physicist accustomed to a certain unit system, you might prefer the energy-
momentum tensor to be defined by cT' = Ric, —% scaly g + Ag, where ¢ > 0 is a constant
depending on the unit system; e.g. ¢ = 8. Such a constant does not change the energy
conditions and is therefore irrelevant here. Note that the term semi-dominant energy con-
dition is my invention; the concept does not seem to have a standard name.)

2.2. Remark. When g is Lorentzian, the dominant energy condition can be stated in an
obviously equivalent way: For every x € M, the set of timelike vectors in T, M has
two connected components. The dominant energy condition holds iff for every g-timelike
vector v € TM, the vector —§(7'(v,.)) lies in the closure of the connected component
which contains v.

In General Relativity, where g is Lorentzian, these conditions have a clear physical motiva-
tion: Consider an observer who moves through the point x € M with 4-velocity v € T, M
(which by definition satisfies g(v,v) = —1). Then the number T'(v,v) is the mass (i.e.
energy) density of matter in the point z. The weak energy condition says roughly that
mass should be nonnegative. When z € T, M is orthogonal to v with g(z, z) = 1, then
—T'(v, z) is the z-component of the momentum density of matter in the point 2 as seen
by the observer. Thus —#(7'(v, .)) is the 4-momentum (i.e. energy-momentum) density of
matter in the point = as seen by the observer. The semi-dominant energy condition says
roughly that matter does not move faster than light.
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2.3. Definition. A semi-Riemannian manifold (M, g) satisfies the [strict] lightlike conver-
gence condition iff Ricy(v,v) > 0 [resp. Ricy(v,v) > 0] holds for every lightlike vector
v € TM. Tt satisfies the [strict] timelike convergence condition iff Ricy(v,v) > 0 [resp.
Ricg(v,v) > 0] holds for every timelike vector v € T'M. It satisfies the strict causal
convergence condition iff it satisfies the strict lightlike convergence condition and the strict
timelike convergence condition.

When (M, g) satisfies the weak energy condition with respect to some A, or when it satis-
fies the timelike convergence condition, then it satisfies the lightlike convergence condition.

Let us also introduce strict versions of the weak and semi-dominant energy conditions:

2.4. Definition. Let (M, g) be a semi-Riemannian manifold, let A € R, let T' denote
the energy-momentum tensor of (M, g) with respect to A. (M, g) satisfies the strict weak
energy condition with respect to A iff T'(v,v) > 0 holds for every g-causal vector v € T'M.
(M, g) satisfies the strict semi-dominant energy condition with respect to A iff for every
g-causal vector v € TM, the vector —§(7T'(v,.)) is timelike. (M, g) satisfies the strict
dominant energy condition with respect to A\ iff it satisfies the strict weak energy condition
and the strict semi-dominant energy condition with respect to A.

When (M, g) satisfies the strict weak energy condition with respect to some A, then it
satisfies the strict lightlike convergence condition.

3. THE INTEGRABILITY PROPERTY IS CY-CLOSED

The main tool in the proof of Theorem 0.1 is the following proposition. It would remain
true if we considered C'! distributions instead of smooth distributions (actually, even less
regularity would suffice), but that is not important for our purposes.

3.1. Proposition. Let p € N. Whenever a sequence of (smooth) integrable p-plane distri-
butions on a given manifold converges to a (smooth) p-plane distribution H with respect
to the C°-topology, then H is integrable, too.

Note that the proposition becomes trivial when we replace the C°-topology by the C*-
topology, because the function which maps each distribution on a compact manifold to the
C%-norm of its twistedness is continuous with respect to the C'*-topology (thus vanishing
twistedness of each element in the sequence implies vanishing twistedness of the limit). It
is not continuous with respect to the C°-topology, so the proposition might be surprising
at first sight.

As far as I know, this rather elementary result is not mentioned explicitly in the literature.
The case of codimension-one distributions appears in an article of F. Varela ([19], p. 255;
note that a nonintegrable codimension-one distribution is just the kernel of a 1-form w with
w A dw # 0), but with only a rough sketch of proof. Varela cites (5.2 on p. 242) an old
paper of G. Reeb as a reference, but that article seems to contain only a vague remark
related to the issue. If I interpret Varela’s sketch correctly, his argument employs Darboux’
theorem on contact forms in dimension 3. Since Darboux’ theorem does not generalise
from contact structures to nonintegrable distributions of higher codimension, neither does
Varela’s argument.

It seems therefore appropriate to give a detailed proof of Proposition 3.1. That is basically
an exercise in the theory of ordinary differential equations. At the end of the section, we
review briefly Varela’s argument and compare it to the codimension-one special case of the
proof given here.
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Proof of Proposition 3.1. Let (Hy,),en be a sequence of integrable p-plane distributions on
an n-manifold M which converges locally uniformly to a distribution H, and let x € M.
We have to show that H is integrable on some open neighbourhood U of z. We can
assume M = R™ and z = 0 and H(z) = R? x {0} C R? x R? = T,R"™ without loss
of generality. Let ¢ := n — p, and let V' denote the g-plane distribution on M given by
V(z) = {0} x R? C T,R" for all z.

For all but finitely many k& € N, the subspace Hy(x) is transverse to V (x) (because the
Hy(x) converge to H(x)). By deleting the finitely many other k from the sequence, we
arrange that Hy(z) is transverse to V' (z) for all k. For each k, we consider the set Uy,
of all y € M such that H(y) is complementary to V (y); clearly Uy, is a neighbourhood
of . The intersection of all Uy contains a compact neighbourhood K of z. (Otherwise
there would exist a sequence (z;),cn in M converging to x and a sequence (k) en in N
such that Hy, (x;) NV (z;) contains a vector v; € T;;,R™ = R" of euclidean norm 1. The
sequence (k;),cn contains a subsequence ([;) jen converging to oo, for otherwise a number
k would occur infinitely often in (k;) jen, in contradiction to Uy, being a neighbourhood of
x. By deleting the other elements from the sequence (k;);en, we may assume k; = [; for
all j. Since the distributions Hy,; converge locally uniformly to H, the p-planes Hy, ()
converge to H (z). The sequence (v;);en in the compact set S™~1 N ({0} x R?) C R™ has
a subsequence which converges to some nonzero vector v € V(z). Since v; € Hy, (),
we obtain v € H(z) NV (z) = {0}, a contradiction.)

In the following, the notations A[.] (cf. 1.5) and ||.||co(x,Lin(w,v)) (Which we abbreviate
as ||.|lco(xy or [|.][co) refer to the decomposition W @ V' of T'M |K which is fibrewise
the decomposition 7, R™ = RP @ RY, and to the euclidean metric h on M = R" (cf. the
remark in 1.6).

The uniform convergence Hy — H on K implies that a := sup{||A[Hy]||cox) | k € N}
€ [0, o] is finite, and that | A\[H]||co(x) < a.

We choose a neighbourhood B x J C K of z = (0,0) € RP x R?, where B C RP” is
a closed ball of radius rp centered at 0 € RP, and J C RY is a closed ball of radius r
centered at 0 € R?. Since H is Lipschitz continuous on B x J, the Lin(R?, R?)-valued
function A[H] is Lipschitz continuous on B x J as well, i.e., there exists a number C' > 0
such that |A\[H (yo)] — A[H (y1)]] < Clyo — y1] for all yo, y1 € B x J. By shrinking B if
necessary, we arrange that rgC' < 1 and arg < r;. Let r; be the number r; — arp > 0,
and let I C J be the closed 0-centered ball of radius 7 in R9.

For each £k € N and ¢t € I, the intersection of B x R? and the leaf through the point
(0,t) € B x I of the integrable distribution Hj, is the graph of a unique function fF €
C*> (B, J). (Since Hy, is transverse to V on B x J, there are only two alternatives: either
the intersection of B x R? and the leaf through (0, ¢) is the graph of a function € C*°(B, J)
for each ¢ € I; or there is a t € I such that the intersection of B x RY and the leaf through
(0,t) meets B x 0J. The second alternative is ruled out by vy — |t| > ry —r; = arp: Let
v = (y8,77): [0,1] — B x J be a smooth path from (0, ) to a point (z,7) € B x dJ, i.c.
apoint (z,7) with |z| < rp and |7| = 7, such that im(~y) is contained in the leaf through
(0,¢). Since 7'(s) € Hi(y(s)) and thus |;(s)| < [[A[Hk]llcox) [vp(s)] < alyp(s)|
holds for all s € [0, 1], we obtain

ry— ) < (1) — t < / Iy (s)lds < a / Y (5)lds < a(ys(1) = 75(0)) < ars

a contradiction.)
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By definition, the map f}* satisfies f(0) = ¢, and the subspace H}(z, f¥(2)) C R" is the
graph of the derivative D, fF € Lin(RP,RY); i.e., D, ff = A\[Hy(z, k(z))]

We claim that the fF converge uniformly to a function f; € C°(B,J) as k tends to in-
finity. In order to prove this, we define, for all k € N and (z,¢) € B X I, the function
ok 2 0,1] — Jby a¥ ,(s) = fF(sz). Then fF(z) = af ,(1), and o, solves the ordinary
differential equation

(@f,)'(s) = (Dsx f)(2) = A[Hk(sz,ff(SZ))KZ) = A[Hy(sz, 0% 1(5))](2)
with initial value o ,(0) = fF(0) =

Letk,l € Nand (z,t) € B x I. The map [0,1] — R given by s — |a¥_ (1) — ol ,(1)]
is continuous and thus achieves its maximum in some § € [0, 1]. For Z := 5z, we compute

(1)~ (1] < [ [N, 0 ()1 — A5, )3

ds

/ ]A [Hy (53, 0k, (5))](2) — MH(57, % ,()))(2)
[ A, 0l 61 ~ B 65, o o)) 2 s
/\A (7,0, (5)))(2) — ALH(%, ok, (5))](2)|ds

< 21 INEEL] = Moo+ INEE] = AlAlen +C [ [ (6) = ol 9)] )

O‘iz,t(l) ‘ds

5zt

=2 (HA[Hk] — AlH]leo + |AH) = A[H |co) + |z|c/
a;t(l)—agt(l)\ ;

<rp (HA[HIJ \H]loo + [AH ~ )\[H]HCU)

here ||| co is the C%-norm for Lin(IR?, R?)-valued maps on the compact set B x I. In the

last step, we used ‘asz t(l) - Oéls?,t( )| - |aébZ t(l) ai?z t( )| < |a§,t(1) - alE,t(l)l’

‘We obtain

[f£(2) = fi(2)] = lof (1) — ol , (D] < ok (1) = aZ ,(1)]
T
< —— ([IA[Hx] = A[H]|lco + [A[H] = A[H]llco ) -
1-— TBC
Since (A[H}])ren converges uniformly on B x I to \[H]|, we see that (f¥)scy is a Cauchy
sequence in the Banach space CY(B,R) and thus has a limit f, € C%(B,R). It lies in
C°(B, J) because J is closed. This proves our claim from above.

Now we claim that the sequence (D fF)ren in C°°(B, Lin(R?, R?)) converges uniformly
ton = (z — A[H(z, fi(2))]). In fact, this follows immediately from the following
inequality which holds for all z € B:

D= ff = NH (2, fi(2))]
= \[H(z, f{(2))] = MH (2, fi(2))]]

< [AHk (=, ()] = AH (2, £ ()] + AH (=, f£(2)] = AH (2, fo(2)]]
< INH] = MH] o + CIfF(2) = fi(2)] -
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So for each ¢ € I, the derivatives of the fF converge uniformly to 7;, and the fF converge
uniformly to f;. Hence f; is C 1 the sequence ( ftk)keN converges in C! to f;, and D f, =
ne = AH (., ft(.))]. Thus the graph of f; is an integral manifold for the smooth distribution
H. In particular, the Lie bracket of two local sections in H is always a local section in H.
By the Frobenius theorem, H is thus integrable on B x I, i.e. on a neighbourhood of x. [

As announced above, we will now briefly explain Varela’s alternative proof in the codimen-
sion-one case. It works by contradiction: We assume that there exists a sequence of inte-
grable (n — 1)-plane distributions on R™ which converges in C° to a nonintegrable distri-
bution.

The first step is a reduction to the case n = 3: If such a sequence exists for some n, then
also for n = 3. The argument is that each codimension-one distribution H is the kernel
of a nowhere vanishing 1-form w, and H is integrable if and only if w A dw = 0. Our
limit distribution on R™ is nonintegrable, so there exist x € R™ and u, v, w € T, R™ with
(w A dw)(u,v,w) # 0. We restrict all 1-forms to the 3-plane spanned by w, v, w and
thereby get the desired sequence for R3.

Now Darboux’ theorem on contact structures (cf. e.g. [6], Theorem 2.24) says that there
exist local coordinates (g, 21, z2) on some open set in R? (without loss of generality on
R? itself) such that our limit distribution is H = ker(dxq + xodz1) there.

We define Y: R?® — R? by (29,21, 22) — (—22,21). Let prj5: R? — R? denote the
projection to the last two components. There is a unique vector field X on R? which is a
section in H and satisfies pr;, 0 X = Y. In the same way, we define for each distribution
Hy, in our CY-converging sequence a vector field X. (For transversality reasons, the latter
definition works only on some neighbourhood of 0 € R?. That the neighbourhood can be
chosen independent of & is shown in the same way as in our proof above.)

The pr,,-image of each integral curve of X or X}, is a (possibly degenerated) circle in R?
with centre 0. The integral curves of X can be computed explicitly (that’s why we reduced
to dimension 3 and applied Darboux’ theorem in the first place); except in degenerate
cases, they are not closed but spiral-shaped.

On the other hand, each integral curve of each X}, is closed because it stays within one leaf
of the 2-dimensional foliation defined by Hy.

Whenever a sequence (Xj)xen of vector fields on R™ converges in C? to a (locally Lip-
schitz) vector field X (and that’s what’s happening in our case), then the X -integral curves
with initial value x converge in C° to the X -integral curve with initial value z. But a se-
quence of closed curves cannot C°-converge to a nonclosed curve, so we get a contradic-
tion. (]

When one carries out all details of this proof, it is not shorter than the one we gave above
(although Darboux’ theorem is just cited here). In fact, several technical points arise in
both proofs similarly.

4. PROOF OF THEOREM 0.1

4.1. Lemma. Let (M, g) be an n-dimensional pseudo-Riemannian manifold of index q €
{1,...,n — 2}, let x € M. Then there exists a g-space distribution H on M which is
twisted at x.

Proof. We choose a g-space distribution H’ on M. There exists an open neighbourhood U
of z on which 7'M admits a frame (e1, ..., e,) such that (e1,...,e,—q) is a local frame
of H'. If the value of the Lie bracket [ej, e5] in z is not contained in H., then H' is
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twisted at x, and we can take H = H’. Otherwise we choose a compact neighbourhood
U’ C U of z and a function 5§ € C*°(M,R) with 5|(M\U’) = 0 and S(z) = 0 and
d;0B(e2) = 1. For ¢ € Ry, we define a frame (e, ..., eS) of TU by € := €1 — cfe,
and e§ := e; for i > 0. We define the (n — ¢)-plane distribution H° on M to be H’
on M\U’, and to be span(e§,...,e;,_,) on U; note that both definitions agree on the
overlap. For every sufficiently small ¢ > 0, this H¢ is g-spacelike. It is twisted at z

because [e], e§](z) = [e1, e2](x) + cey(x) is not contained in HS = H. O

As we will see later, the preceding lemma can be sharpened considerably via Thom’s jet
transversality theorem or Gromov’s h-principles: one can find space distributions H which
are twisted on large subsets of M.

4.2. Notation. Let V, H be complementary distributions on the manifold M, let gy, gy
be semi-Riemannian metrics on the vector bundles V, H, respectively. Then gy & g
denotes the semi-Riemannian metric on M whose (pointwise) restriction to V' is gy, whose
restriction to H is gg, and which makes V' and H orthogonal to each other.

4.3. Key lemma. Let M be a manifold whose tangent bundle has a splitting TM =V & H
such that the p-plane distribution H is twisted at x € M. Let gv,gy be Riemannian
metrics on the vector bundles V., H, respectively. Let U be an open neighbourhood of x in
M. Let (fr)ren be a sequence of functions f, € C°(M,R<q) such that f, > k on U.
For k € N, let g, denote the pseudo-Riemannian metric (— fZ gv) © gu on M. Then there
exists a ky € N such that for all k > ky, the open set U does not admit a p-dimensional
foliation none of whose tangent vectors is gi-timelike.

Proof. Assume that no ky with the stated property exists. Then there is a sequence
(k(j))jen in N which converges to oo, such that for all j € N, the set U admits an in-
tegrable p-plane distribution Hy, ;) none of whose tangent vectors is gy (;)-timelike.

We claim that the sequence (H(;))jen converges to H (actually, to the restriction of H
to U, but we suppress that in the notation) with respect to the C°-topology on Distr,, (U).
This follows from the convergence criterion given in 1.6. Namely, Hy,;y is complementary
to V for all j. We choose the Riemannian metric h = gy @ gy in order to define the
notations A[.] and ||.||x := ||.HCO(K7Lin(W)V)).

By definition, we have |Hy(;)|(z) = max {|\[H;j)](w)lg, | w € Hy, |wlg, <1}, and
A[Hp ()] (w) is the unique vector v € V, with v +w € Hj,;). Since no vector in Hy;)
is timelike with respect to (—f,f(j)gv) @ gp, we obtain —f,f(j)gv(v, v) + g (w,w) >0
and thus [A[Hy ;] (w)lg, < fk_(;)|w\gH < ﬁ In particular, lim; o || Hy ;|| x = 0 for
every compact set K in U. This proves our claim that (H},;y) en converges in C%to H.

Now Proposition 3.1 implies that H is integrable on U, in contradiction to the assumption
that H is twisted at x. O

The preceding lemma says, intuitively speaking, that space foliations cease to exist when
one squeezes the spacelike region in the tangent bundle in such a way that it becomes
concentrated around a nonintegrable distribution. This squeezing can also be roughly un-
derstood as increasing the speed of light.

The proof of the lemma shows why we had to prove the C°-closedness of the integrability
condition in Section 3, i.e., why it would have been not enough to know the completely
obvious C'-closedness of this condition: The only information that we had about the dis-
tributions Hy, in the proof was their nontimelikeness, which yields only information about
the C°-topology.
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Proof of Theorem 0.1. By Lemma 4.1, there exists a g-space distribution / on M which
is twisted at some point z € M\ A. Let V denote the g-orthogonal distribution of H, let
gv denote the Riemannian metric —g |V on the vector bundle V, and let gy denote the
Riemannian metric g |H on H. We choose a function 5 € C*°(M, [0, 1]) with 8 = 0 on
A, and 8 = 1 on a compact neighbourhood B C M\ A of z.

For every k € N, let f, be the function /1 + k232 € C*°(M,R>1), and let g;, denote the
pseudo-Riemannian metric (— fZgy ) @ gu of index ¢ on M. Clearly for all k € N, every
g-timelike vector in T'M is gj-timelike, and g = g holds on A. By the Key lemma, there
exists a k € N such that the interior of B does not admit a codimension-q foliation none of
whose tangent vectors is gi-timelike. (]

5. THE EXPLICIT EXAMPLE g;, ON R"

We are now going to prove Remark 0.3 and Theorem 0.4.

Proof of the first three statements in Remark 0.3. With respect to the standard coordinates
(20,1, T2), the metric g is given by the matrix-valued function

—c? —2xy 0
(9i)ijefoney = | —z2 1—c*3 0
0 0 1

because Jy = ceg, 01 = e1 + xaceq, 02 = eo. Consider the diffeomorphism ¢: R™ — R"
given by

(0,21, %2, ..., Tn_1) — (xg, 1, CTa, . ..  Cp1) -
The derivative D, € Lin(T,R", T,,(;)R™) = Lin(R"™, R") is given by the diagonal ma-
trix diag(c?, ¢, ¢, ..., c). The metric § := ¢*(g;.) is determined by the values g, (9;,9;) =
(93)o(2) (D20)(85), (Dap)(9;)), i.e., its value in z is given by the matrix

c? -1 —CTo 2
~ c —cxry 1-— c%% c
(Gij)z = c 1 c
- —ctay
4 2 2,2
—ctxy (1 —c*x3) ,
= 2 =2((95)i)e -

This proves g5 = 5 ¢*(g)), i.e. the first statement of Remark 0.3.

The inverse matrix of (g;;), is

B *C% +a% —x2 0
(97)z = T2 L0
0 0 1

We compute the Christoffel symbols (symmetric in the two lower indices)

. 1 m
Il = 53 6" (0igm + 0s9im = Omgis)
m
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of the metric g5 with respect to the coordinates (xg, 1, Z2):

IYy=0 Ijy=0 Iz =0
F(%:O Fo11:0 F021:§
F(?2:§372 Folzz_g I=0
=0 =0 T2 = c?ay
F102 = %(1"‘0255%) F112 = _§x2 F122 =0
=0 Iyy=0 I3 =0

Now we compute the geodesics. The (maximal) geodesic v = Zi:o YOk with v(0) =
p € R3and 7/(0) = v € T,R? = R? solves for every k € {0, 1,2} the equation

W) ==Y TE@E) () -

That is,

¥ (1) = =215 (v (1)) () — TR (v(t)n ()
=~ () — () ()

Let w := c¢%(vg + pav1). If w # 0, then the unique solution is

2.2 _
Yo(t) = % cos(2wt) + U24w2U1 sin(2wt) — 1)2(4;72111(1}1 sin(wt) — va cos(wt))
2 2 2
w  vi+v 2pow* — 2pavow + V1V
_1_(72_ 1 2)t+ Do p222 vz
c 2w 2w
vy sin(wt) — v cos(wt) + prw + ve
n(t) = (wt) ) ’
w
vy sin(wt) + vy cos(wt) + pow — vy
) = Do) oot |

If w = 0, then the unique solution is

Yo(t) = —Lvivat® — povit + po

() =vit +p1

Yo(t) = vat +pa .
In particular, the metric g5 is geodesically complete. The same holds for the product metric
g5, so the second statement of Remark 0.3 is true.
No (nondegenerate) g:-geodesic with w = 0 is closed, because closedness would obvi-
ously imply v; = 0 for ¢ > 2, and v; = vo = 0 and thus also vy = 0. Each geodesic with
w # 0 is the sum of a periodic path and a linear path; hence it is closed if and only if the
linear part vanishes, i.e., if and only if w/c? — (v} +v3)/(2w) = 0 and v; = 0 forall i > 2,
i.e. iff 2¢%(vg + pov1)? = v} + 03 and v; = 0 for all i > 2. The vector v € T,R? is g§-
causal iff —c?(vg +pav1)? 4+ 0% +v5 = —c?v3 —2c2pavovr + (1 — 2p3)v? +v3 is < 0. So
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if v were g§-causal and tangential to a closed geodesic, then —c?(vg + pavy)? +vf +v3 <
0 = —2¢2(vg + pav1)? + v? + v3, hence vy + pav; = 0 and v? +v3 = 0,ie.v =0, a
contradiction. Thus there is no closed causal geodesic. But for every p € R3, there exist
many closed geodesics through p: Let I C R denote the set consisting of all v; € R with
q(v1) == 2¢3(1 + pav1)? — v? > 0; clearly I is a neighbourhood of 0. For each v; € I,
the geodesic through p in the direction (1,v1,v2), where vo = £4/¢(v1), is closed. This
proves the third statement of Remark 0.3. (]

Proof of the fourth statement in Remark 0.3 (about existence of closed timelike paths).

Let w: [a,b] — R be a C™ path which is g§-timelike. We have to construct for some
a < aand 3 > baC! extension w: [a, 3] — R3 of w which is g§-timelike and satisfies
w(a) = w(B) and w’(a) = w'(3). That suffices to prove the claim because every C'* path
w which is C” on some closed interval I can be C''-approximated by C” paths which are
equal to w on I, and sufficiently good C'*-approximations of timelike paths are timelike.

First step. We C'-extend w to an interval [ag, bg] with ag < a and by > b, such that the
extension is still g§-timelike and satisfies w(ag) = (pq,0,0) and w(by) = (p»,0,0) and
w'(ag) = w'(by) = v(Z,0,0) for some p,,py, € R, v € {1, —1}.

In order to see that this is possible, we C'-extend the 1- and 2-components w!, w? of
w from [a, b] to an interval [ay, bf)] such that their values and derivatives at ay,, by, are O.
Now we C''-extend also the 0-component w® of w to [af, bj], such that the resulting path
w € C([af, b)), R3) is g§-timelike. This can in fact be done; we explain the extension to
[a, b(], the extension to [af, b] works analogously. For t € [a, b(], consider the quadratic
polynomial Q;: R — R given by

Qi(2) == — 222 = 22w () (wh) ()2 + (1 — Aw?(1)?) (wh) (£)* + (w?) (t)? .

We have to choose an extension v* € C°([a,b],R) of (w®)" € C%(a,b],R), such that
Q:(v°(t)) < 0holds for all t € [b, b}]. Fort € [b, b)), we define F(t) € R to be the largest
z € Q;1({0})if Q; 1 ({0}) # @, and we define it to be the unique z where Q; is maximal
if Q;1({0}) = @. Since (t,2) — Q(z) is continuous, so is F': [b,b)] — R. We define
f:1b,b5] — R analogously, just replacing the word “largest” by “smallest”. Since w’(b)
is g5-timelike, we have Q,((w®)’(b)) < 0 and thus (w®)'(b) < f(b) or F(b) < (w°)’(b).
If (w®)'(b) < f(b), we define vO(t) := f(t) — f(b) + (w°)'(b) + b — t (which yields
v9(b) = (w°)'(b) and v°(t) < f(t) fort > b, thus Q;(v°(¢)) < 0 everywhere). Otherwise
we define v0(t) := F(t) — F(b) + (w®)'(b) — b + t (which yields v°(b) = (w°)"(b)
and v°(t) > F(t) for t > b, thus again Q;(v°(t)) < 0 everywhere). We extend w® €
C*([a, b],R) to the interval [a, b)] by (w°)" = v°.

We have now obtained a g§-timelike path w € C*([a(), by], R?) such that w(ag) = (p,, 0,0)
and w(bg) = (p},,0,0) and w'(ag) = (va,0,0) and w’(by) = (vp, 0, 0) for some pl,, p €
R, vq,vp € R. Since g5 is time-oriented by the vector field dy, the fact that the vectors
w’(ag),w’ (by) are either both future-directed or both past-directed implies v,v, > 0. We
extend w to an interval [ag, by] by changing w’ affinely on [ag, af,] and [b, by] in such a way
that w’ vanishes nowhere, and that w’(ag) = w’(bg) = v(Z,0,0) for some v € {1, —1}.

Second step. Let ¢.: R* — R? denote the diffeomorphism with g5 = %7 (g, ) described
in Remark 0.3, and let w = . o w € C'([a,b],R?). This @ is gi-timelike (because w
is g5-timelike) and satisfies @’ (a) = @w'(b) = (v,0,0). In order to prove the fourth state-
ment in Remark 0.3, it suffices to extend 0 to a g3-timelike closed path. Since reflections
(xo,1,22) — (¢ — mo, 21, —22) are gi-isometries, we can also assume w(a) = (0,0, 0)
and @' (a) = w'(b) = (1,0, 0) without loss of generality.
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Summing up, it suffices to prove for all p € R that there exists a gi-timelike C' path
w: [a,b] — R® with @w(a) = (p,0,0) and @(b) = (0,0,0) and @' (a) = w'(b) = (1,0,0).
Third step. Note that v € T, R3 is gi-timelike iff —vZ —2xovgvy + (1 —23)v+0v3 < 0, i.e.
iff (vo+x9v1)? > v +v3. We choose T' € R+ so large that 1—0.99(T+1) < cot(3.14).
., wyp are all gi-timelike, as one can check easily:

Then the following C'* paths wy, . .

Wy

:[0,1] — R?

:[0,T] — R?

:[0,1] — R?

:[0,3.14] — R

:[0,1y] — R?

given by

given by

given by

given by

given by

Wy (t) =

Here we choose 17 > 0 so large that

p+t
0 ;
o
p+1+t
0 ;
0.99(35 + 1)

p+T+1+t
0 :
0.99(2 + T+t — 1t?)
p+T +2+sin(t)
1 — cos(t) ,
0.99(T + 1)
p+ T+ 2+ sin(3.14) 4 cos(3.14)¢
1 —cos(3.14) + sin(3.14)¢
0.99(T + 1)

=S :=p+2T + 6+ 7+ 2sin(3.14) — 2 cos(3.14) + (cos(3.14) + sin(3.14))T; <0 .

Let BY := p+T+2+2sin(3.14) +cos(3.14) Ty and B! := 2—2 cos(3.14) +sin(3.14)T}.

Ws

We

wg

Wy

w10

:[0,3.14] — R

:[0,1] — R?

:[0,7] — R?

:[0,1] — R?

:[0,7] — R?

:[0,8] - R?

given by

given by

given by

given by

given by

given by

ws(t) =

Weg (t) =

w7(t) =

ws(t) =

wy(t) =

’wlo(t) =

BY —sin(3.14 — t)

Bl —1+cos(3.14—1¢) | ,
0.99(T +1)
B+t

Bl
0.99(T +1 — 3t?)
BY+1+t
Bl
0.99(T + 1 —1)
BY+1+T+t
Bl
0.99(5 — t + 3t?)

B+ 2+ T +t+1BY(1— cos(t))

1B(cos(t) + 1) ,
0
-S4+t
0

0
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Let b; > 0 denote the maximum of the domain of w;. Since w;(b;) = w;+1(0) and

w}(b;) = wj,1(0) hold for all i € {0,...,9}, the concatenation of w1, ..., wig is a g3-
timelike path from (p,0,0) to (0,0,0) whose derivatives in the start and end point are
(1,0,0). 0

Proof of Theorem 0.4 and of the fifth statement in Remark 0.3.

Let (0o, ..., 0,—1) denote the standard frame of TR™. We consider the g¢-orthonormal
frame (eq, . .., en—1) of TR™, where e, e1, €2 are given by the formulae in Definition 0.2,
and where e; = 9; for i > 3. The (n — 1)-plane distribution H = span(ey,...,€e,_1) on
R™ is g5-spacelike. It is also twisted, because [e1, e2] = ceq vanishes nowhere.

We consider the Riemannian metric gy on V' := span(dy) given by gy (0o, dy) = 1, and
the Riemannian metric gz on H which is the restriction of g.. Then (—c?gy) ® gu = g&.
By the Key lemma 4.3, there exists for every nonempty open set U C R™ acy € Ry such
that for all ¢ > kg, the set U does not admit a codimension-one foliation none of whose
tangent vectors is g -timelike.

Now we compute the Ricci tensor of g := g5. (The result is a special case of the formula in
Proposition 7.4 below. While we do not spell out the proof there, the computation here is
short enough to write down the details.) All Lie brackets [e;, ;] except [e1, e2] and [e2, €1]
vanish. For the Levi-Civita connection V of g, the “orthonormal Christoffel symbols”
Fi?j = g(Ve, e, ex) are given by

QFi'Cj = g([eiaej]vek) +g([ek76i]vej) +g([ek,6j},e¢) .

(Note that we used the notation Fjj above for the usual Christoffel symbols defined by

local coordinates.) Thus all Fk vanish except the following ones:

c c c
1—‘(2)1: 57 F%O_ 57 F(Q)IZ 5’
c c c
F(1)2:_§7 F?2:—§, F%o—_§-
Since V, e, = 0 and all functions Fi—“j are constant, we obtain:
Ricy(ei,€;) = Z e, Riemy (e, ex, ex, €;)
k
=> & (9(Veivek6ka €j) = 9(Ve, Ve,er, €5) = 9(Vie, e)€k 6j))
k

=— ngg(vekveieky ej) — Z)Skg(v[ei,ek]em ej)

=—§ ex€19(Ve, (Thier), e5) E ererg([eis ex), e)g(Ve er, e5)

k,l

= — E eksll‘lkal E <€1€<€ZFH€I1 T E €k€lF,ﬂFlk
k,l k,l

— J J J

= — g gkglfikal — E akalFﬂFkl — E akalF;lFlk
k,l k,l k,l

— § : i T
= — ekslleflk .
k,l
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This yields
Ric(eq, ¢5) = Z%QFMFM = F(1J2F21 F21F12 = 2503F12F21 = 5030 /2,
k.l
Ric(er, ;) = = Y exarl Ty = Tgal%g + Taglhy = 201,105 = 615¢%/2
k.l
Ric(ez, ;) = = Y exe Ty, = T5, T, + T[Tl = 200,15, = 62;¢%/2 .
k.l
Hence Ric, is with respect to the frame (eo, . . ., e,—1) in each point given by the diagonal
matrix édiag(l, 1,1,0...,0). In particular, scal, = c? / 2. The energy-momentum tensor

T = Ric — 3 scal g+Ag is given by the matrix diag(2¢? — A, 3¢ + A, 12 +A,0,...,0).
For every v = (vg, v1,v2,7) € R™ (where & € R" 3 and v = © + Z?:o v;e;), we have
T(v,0) = (362 = A)vd + (42 + A) (0 +08) + (= S+ A ) Jof? .
The vector v is timelike iff —v2 + 0% + v3 + [0]? < 0. If 3c > A, we get for each such v:
T(v,0) > (362 - A) (02 + 02 + [0]?) + (502 +A) (02 +02) + (— 12y A)|1§|2

= (v} +v3) + 520

>0 .

Thus g¢ satisfies the weak energy condition with respect to A if %CQ > A.

The semi-dominant energy condition holds with respect to A iff for every timelike vector

v, the vector w = —{T'(., v) satisfies g(w, w) < 0. In our case w = (wp, w1, wa, W) with
wy = —g(eg,w) = T(eg,v) = voT(eo,e0) = (202 — M)vg and wy = —(ic2 + A)vg
and wy = —(5¢* 4+ A)vy and & = (3¢ — A)o. Thus the semi-dominant energy condition

holds iff v3 > v? + vZ + |6|? implies
0> —(3¢* = A)%vg + (3¢ + A)*(v] +03) + (5¢* = A)?[0* .
This is true whenever ¢ > 4A:
(§¢* = A5 — (3¢ + A)? (0] +03) — (3¢* — A)?[o]?
> (¢ = A2 (vF + 03+ [0]) — (3¢ + A)* (0] +v3) — (3¢ — A)?[9]?
St —3A - 160 — 1Ac )(vf +v3) + (19604 — 3N - —c + 1Ac° )| |2

ict - 2A02) (v? 4 v3) + (%04 - ACQ) |92

This proves the fifth statement in Remark 0.3 and thus, together with the observation at the
beginning of the proof, also Theorem 0.4. (]

5.1. Remark. It is easy to check (and follows from what we prove in later sections) that
g¢, satisfies even the strict dominant energy condition with respect to A and, moreover, the
strict causal convergence condition.

5.2. Remark. The Weyl tensor of the metric g§ vanishes, as for every metric in dimension
3. Thus the Weyl tensor of g¢, vanishes, too. In particular, the Petrov type of g is 0.
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6. GLOBAL EXISTENCE OF TWISTED DISTRIBUTIONS

In order to prove the theorems 0.5 and 0.7, we have to show that each manifold M of
dimension n > 4 admits an (n — 1)-plane distribution which is not only twisted on some
small open set (as in Lemma 4.1) but on a large subset of M, preferably on the whole
manifold M. This can be done via Gromov’s h-principle for ample partial differential rela-
tions (cf. e.g. [15], Theorem 4.2; or [9]) or, in dimension > 5, via Thom’s jet transversality
theorem (cf. e.g. [5], Theorem 2.3.2).

Most of the results we need in later sections have been proved in Chapter 5 of [12], and we
will simply cite them from there. This shortcut is the main reason why we treat in Theorem
0.5 only Lorentzian metrics instead of general pseudo-Riemannian ones: In [12], where
only scalar curvature problems were considered, existence of twisted distributions had to
be proved. In the present article, where we deal with Ricci curvature problems, we need
distributions whose twistedness satisfies a stronger condition than just being pointwise
nonzero; namely, we need (spacelike) distributions H such that for all x € M and each
w € T, M/H,, there exist u,v € H, with 7wy (u,v) = w. However, T M /H has rank 1
in the Lorentzian case, so the latter condition is the same as twistedness then. For pseudo-
Riemannian metrics of higher index, we would have to go through the arguments of [12]
again, but for the stronger condition instead of twistedness. This would be straightforward
but tedious, so let us avoid it here.

The definition of the fine C°-topology (also known as the Whitney or strong C°-topology)
can be found on p. 9 in [15], for instance. Although the compact-open C°-topology would
in principle suffice to prove the theorems in the present article, it is more natural to use the
fine C-topology on the space of distributions in the following sections. (Over a compact
manifold, both topologies on the space of distributions are equal.) Its nice property in
our context is the following: Every space distribution on a semi-Riemannian manifold
(M, g) has a neighbourhood with respect to the fine C°-topology all of whose elements
are spacelike, too. (On a noncompact manifold, the analogous statement for the compact-
open C-topology is false.)

Chapter 5 of [12] contains the following results which are relevant for the present article:

6.1. Theorem. Let M be a manifold of dimension > 5. Then the set of twisted corank-one
distributions on M is dense in Distr,,_1 (M) with respect to the fine C°-topology.

Proof. [12], Theorem 5.3.2. O

6.2. Remark. Although this was not mentioned in [12] and is not relevant for the present
article either, we remark that Thom’s jet transversality theorem implies that not only C°-
denseness but even C'°*°-denseness holds in the preceding theorem (because C'°°-generic
sections satisfy a certain transversality property and are thus twisted by a simple dimension-
counting argument: n < % (n—1)(n—2)). In the 4-dimensional case of Theorem 6.3 below,
not only C'*°-denseness but also C''-denseness fails in general, however.

Recall that the signature of a compact oriented 4-manifold M is the signature of its inter-
section form on the second homology group Hy(M;Z); cf. e.g. Chapter 1 in [8]. If M
admits a line distribution (equivalently: if M admits a Lorentzian metric), then its signa-
ture is even; cf. [12], Proposition 5.2.15. When one reverses the orientation of M, then
the signature changes its sign. Thus the statement “the signature is divisible by 4” does
for a connected manifold not depend on the choice of orientation, i.e., it makes sense for
compact connected orientable 4-manifolds.
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6.3. Theorem. Let M be a connected orientable 4-manifold which is either not compact,
or is compact with signature divisible by 4. Let H be an orientable 3-plane distribution on
M, let % C Distrz(M) be a neighbourhood of H with respect to the fine C°-topology.
Then % contains a twisted distribution.

Proof. [12], Theorem 5.3.3. ([

A twisted orientable 3-plane distribution does not exist on compact connected orientable
4-manifolds whose signature is not divisible by 4 ([12], Propositions 5.2.8 and 5.2.15).

6.4. Remark. The additional assumptions in the 4-dimensional case of Theorem 0.5 have
been made because of the assumptions of the preceding theorem. Their origin is an
obstruction-theoretic problem: in the proofs, one has to find a continuous section in a fibre
bundle over M whose typical fibre is S?. Proceeding in the usual obstruction-theoretic
manner, one triangulates M and tries to construct a section first on the 0-skeleton, then on
the 1-skeleton, ..., and finally on the 4-skeleton, i.e. on the whole manifold. Since S 2is
1-connected, a section exists on the 2-skeleton. The first obstruction arises in the attempt
to extend this section to the 3-skeleton; the orientability assumptions guarantee that this
extension is possible. The signature condition arises in the attempt to extend the section
from the 3-skeleton to the 4-skeleton.

It remains to discuss existence of twisted 2-plane distributions on 3-manifolds, i.e. contact
structures (in the general not necessarily cooriented sense) on 3-manifolds.

6.5. Theorem. Let M be a 3-manifold. If M is not orientable, then it does not admit a
twisted 2-plane distribution. If M is orientable, then every connected component of the
space of 2-plane distributions on M contains a twisted one.

Proof. Modulo trivialities (cf. [12], Appendix A.4.1, A.4.3), this follows from Gromov’s
h-principle theorems in the noncompact case, while the compact case is proved in [4]. [

6.6. Remark. Although we do not use this fact in the present article, it deserves to be men-
tioned that in dimensions 3 and 4, twisted corank-one distributions are locally essentially
unique (because the twisted corank-one distributions are precisely the contact structures in
dimension 3 and precisely the even-contact structures in dimension 4; cf. [12], Appendix
A.4): When M is a manifold of dimension n € {3,4} and H is a twisted (n — 1)-plane
distribution on M, then every point in M has a neighbourhood U on which there exist lo-
cal coordinates (xg, . .., x,—1) such that H is on U the kernel of the 1-form dzg + zodx;.
In dimension 3, this is a special case of Darboux’ theorem on contact structures that we
mentioned already in Section 3. In dimension 4, it is a special case of McDuff’s theorem
on even-contact structures (Proposition 7.2 in [10]).

7. THE RICCI CURVATURE OF STRETCHED METRICS
The following notation will be convenient in our considerations below:

7.1. Definition. Let V' be a time distribution on a semi-Riemannian manifold (M, g),
let H denote its orthogonal complement. Let gy denote the Riemannian metric on the
vector bundle V' which is the restriction of —g, let gy denote the Riemannian metric
on H which is the restriction of g; thus ¢ = (—gy) ® gy with respect to the decom-
position TM = V @ H. Then we define switch(g, V) to be the Riemannian metric
gv @ g on M. For a function f € C®°(M,R~g), we define stretch(yg, f,V) to be
the semi-Riemannian metric (—f—l2 gv) @ g on M. (We call the process of replacing g by
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switch(g, V) “switching g in the direction V', and we call the process of replacing g by
stretchl(g, f, V) “stretching g in the direction V' by the factor 1/ f”.)

In a context where these data g, V, f are given, we define for each vector u = uy + uy €
V@& H=TMavectoru € TMbyu = fuy + ug. (Note that g := stretch(g, f,V)
satisfies g(@, @) = g(fuv, fuy) + g(um,un) = g(uv,uy) + g(um, ur) = g(u,u); in
particular, w is g-timelike/lightlike/spacelike iff u is g-timelike/lightlike/spacelike.)

Our aim in this section is to describe how the Ricci curvature of st retch(y, f, V) differs
from that of g. We are particularly interested in the case where the function f > 0 is a
very small constant. Lemma 4.3 implies that stretch(g, f, V') does not admit a space
foliation when H is twisted and f is sufficiently small.

The precise formula for the Ricci tensor of stretch(g, f,V) is quite complicated, as
it contains many summands. When f is a small constant, however, then one summand
dominates all the other ones. This summand involves the twistedness of H. The result-
ing connection between nonexistence of space foliations and Ricci curvature is what we
alluded to in the introduction.

Although the dominance of the twistedness term for small constant f is all we have to
know for the proofs of the theorems 0.5 and 0.7, we will write down the complete formula
for the Ricci tensor of stretch(g, f, V), in the general semi-Riemannian case and for
possibly nonconstant f. We are not going to describe here all the geometric objects which
occur in the formula. Let me refer you to [12] for basic notation instead; see 7.3 for precise
references.

7.2. Definition. Let (M, g) be a semi-Riemannian manifold, let V denote the Levi-Civita
connection of g, let U be a distribution on M which has a g-orthogonal complement 1. U
(e.g. a timelike or spacelike distribution). We define a section 7w, ;7 in A*(U*) ® (LU)*
by

Twg,y(u,v,w) = g(Twy (u,v), w) = g([u,v],w) = g(Vy,v,w) — g(Vyu,w) .
We define a section Sw, 7 in Sym*(U*) @ (LU)* by
Swg.u(u,v,w) = g(Vyv,w) + g(Vyu,w) .

(The defining expressions of 7w, 7 and Swg iy are a priori well-defined for vector fields,
and because of their C°>°(M, R)-linearity a posteriori also for vectors.)

7.3. Notation. The notations divy, (.,.)gu, AL (f) are defined in [12], §2.2.1. The
tensor field Quiemg is what has been denoted by Qg in [12], §2.2.4.

Note that AgU( f), Hessg(f), and all terms containing df vanish when the function f is
constant.

Let Wy,..., Wy, W be vector spaces, let i,j € {1,...,k} with i < j, let U be a sub
vector space of W; N W; N W, let g be a symmetric bilinear form on W whose restriction
to U is nondegenerate, let T' € W ® --- ® W;. We denote the trace in the ith and jth
index of T" over the sub vector space U C W; N W with respect to the metric g |U by
trg oy T(...,a,...,a,...), where a is any free variable which appears here in the ith and
jthindex; i.e., using the notation ¢, := g(e,, e,),

”
(trng T)(vl, ceeyUp—g) = ZEVT(Ul, Vi1, €Ly Uiy e V52, €0y U1y - o Ujg—2)
v=1
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for a g-orthonormal basis (eq, ..., e,) of U. This notation generalises in an obvious way
to the situation where W7y, ..., Wy, W are vector bundles over a manifold M and g €
O (M «Sym*(W*))and T € C®(M«W; @ --- @ W) are sections.

7.4. Proposition. Let V' be a time distribution on a semi-Riemannian manifold (M, g) of
index q, let H denote its orthogonal complement, let f € C*°(M,R~q). Then the Ricci
tensor of the metric G := stretch(y, f,V) is given by the following formulae (cf. 7.1 for
the notation w,v):

If u,v € H, then
Ricg(w,v)
= Ricg(u, v) + 4 Hess, (f)(u,v) — 24df (u)df (v) + L2 (5w, (u,0,.), df ) g v

+ % divg(v)df(u) . M trg v trg’v Twg v (a,b, u)Twg v (a,b,v)

+ %divg(u)df(v) - 1_2f2 try v (Quiemf(u,a,v, a) + Quiemf(v,a,u, a))

2 2
- %<5w971‘1(u5 U, ')a divf>g,v - % trg,V trz,V Swgﬂ/(a’v b, u)Sw%V(av b, U)

_ 1*4f2 tr;’v trg)v (Swg,v(a, b,u)Twg v (a,b,v) + Swy v (a,b,v)Twgy v (a,b, u))

2
+ 50wl g <5wg’H(u, b,a)Twg g (v,b,a) + Swy g (v, b, a)Twy p(u, b, a))

2
_ 12ff2 trg v trg’H Twg 1 (u,b,a)Twg g (v,b,a) .

Ifu,v €V, then
Ricg(u, v)
= f? Ricy(u,v) + (g — 2) f Hessy (f)(w,v) + f Ay (f)g(u,v)
+ 3+ A0 (Ng(w,v) + F(divy, df)g mg(u,v) + f(divy,df)gva(u,v)
— fdivy (v)df (u) — f divy (u)df (v) — §(Swe,v (u,v,.),df Vg1
— (g = V{df, df)g,v g(u, v) — T (df, df) g, mr9(u,v)
— @20 (g (u0,.), df gt + S (Swg (a0, divY g

2
- 1;f trg m (Quiemf(v, a,a,u) + Quiemf(u7 a,a,v)

_f£2
e L P T (ng’v(u, b,a)Twy v (v,b,a) + Swy v (v,b,a)Tw, v (u, b, a))

42
+ % try g trZ’H Swq m(a,b,u)Swy m(a,b,v)

2
+ 1*4f trd o tr;H <5wg7H(a,b, W) Twg m(a,b,v) + Swg m(a,b,v)Twy m(a,b, u))

2 2
+ M trng trgyv Twg v (u,b,a)Twy v (v,b,a)

g2
+ 14}3; trngtrg’H Twg i (a,b,v)Twg m(a,b,u) .
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IfueVandv € H, then
Ricg (@, v)
= fRicy(u,v) + % try p (Quiemf(a, a,v,u) — Quiemf(v, a,a, u))

+ f(%fz) trgtv(Quiem‘g/(u, a,a,v) —Quiem;/(a7 a,u,v)) — %(.Swg,H(U, L), df)g i

+ (¢ — 1) Hessy (f)(u, v) — q;ﬁdf(u)df(v) + divg(v)df(u) — divf(u)df(v)
— @O (e 0), df ) gy + RO (g (0, 0), df g

_f2 . 12 — 2 .
+ 141{ <~5w9»V(uv ‘vv)vdlvf>9’v + %(ng,v(% '7v)7dlvf>g’v

_ 2 . _ 2 _ 2
I (Swg (v, w), divy g + =R

Twg (., v,u), div;/)gﬂ
+ % try v trg,H(?)‘ng’H(v, b, a)Twg v (u,a,b) +Swg m(v,b,a)Swy v (u,a, b))
+ % trd y trd 4 (‘ngyH(v,b, a)Swg v (u,a,b) — Swy g (v,b,a)Twy v (u, a, b)) :
Proof. This is a long straightforward computation whose details can be found in [11].

7.5. Remark. In the computation of the preceding formulae, one chooses a g-orthonormal
frame (e1,...,ey,) of TM such that (e, ..., e,) is a frame of V. Then one can calculate
how the “orthonormal Christoffel symbols” Ffj = ¢g(Ve,e;, ex) change when the metric
is stretched. Up to this point, the computation can be found in [12], §3.3.1. The result
is as follows: Consider the Levi-Civita connection V of g := stretch(g, f, V) and the
g-orthonormal frame (€1, . . ., €, ) which is pointwise defined by 7.1. We write ¢ : V [resp.

1 : H]iff e; is a section in V' [resp. H]. Then ffj = §(vaéj,€k) is given by

I ifi, .k H
L3l — %) + £k + 1)) 0] HE:V
~3 (3%~ DL + AT+ 1)) ik H, oV
o fg%ié(}—f)@?;j—f;k) ff?',k:h.f,izv
TF = 5(1 = f2) (T, —Th) ifi:H,j,k:V
3 (0 + 1) + P20, ~TL)) = exdubdf(es) i j: Hoihs V.
(Tl +T5) + 2 —T5)) + ejoybdf(er) itk Hoij:V
ST — eidindf (e5) + €idijdf (ex) ifi,jk:V

The Riemann tensor of g is determined as follows (cf. [12], Formulae 2.2.20):

. _ = =l - = =l = —u =p =l
Riemg(€;, €;,€x,€) = Og, L — O, Ty + ZE# (le“;-k — Fjﬂffk — (I‘Z — PZ—)I‘M)
o

One can see already at this point that the twistedness of H yields the leading contribution
to the curvature of g (at the points where is does not vanish) when f is a small constant:
The dominant terms are products of terms involving %, and all corresponding coefficients

have the form I‘fj - F;?Z- with4,j : Hand k : V, i.e., they are determined by the twistedness
of H.
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8. GLOBALISATION OF THE DOMINANT ENERGY CONDITION

8.1. Definition. Let ()M, g) be a semi-Riemannian manifold, let H be a space distribution
on M, let V denote its g-orthogonal complement. We define a section b, 7 in the vector
bundle Sym? (T*M) — M of symmetric bilinear forms on TM — M by declaring

—2trg o trg’v Twg i1 (v,a,b)Twy g(w,a,b) ifv,we H
by, (v,w) = trg o trg)H Twg, i (a,b,v)Twy, m(a, b, w) ifv,weV
0 ifveVadwe H

We define another section 3y g in Sym?(T*M) — M by By g := by — Ltry(bg,m)g.

Let h denote the Riemannian metric switch(g,V) on M, let K be a subset of M. We
say that (M, g, H) is weak energy nice on K [resp. semi-dominant energy nice on K, resp.
causal convergence nice on K] iff there exists a constant ¢ € R+ such that for every
x € K and every g-causal vector v € T, M with |v|, > 1, we have g g (v,v) > c [resp.
—g(8(Bg,1 (v,.)), $(Bg,1 (v,.))) > ¢ (where §: Ty M — T, M denotes the isomorphism
given by g), resp. by m(v,v) > cl. We say that (M, g, H) is dominant energy nice on K
iff it is weak energy nice on K and semi-dominant energy nice on K.

8.2. Proposition. Letr (M, g) be a Lorentzian manifold, let K be a compact subset of M,
let H be a space distribution which is twisted on K. Then (M, g, H) is dominant energy
nice on K and causal convergence nice on K.

Proof. Let x € K. We choose a vector eg € V,, with g(eg, eg) = —1. For n := dim(M),
let » € N denote the number with 2r = n — 1 or 2r + 1 = n — 1. Since the bilinear form
A= Twy u(.,.,e0): Hy x Hy — R is skew-symmetric, there exist a vector A € R" and
a g-orthonormal basis (e, ..., e,—_1) of H, such that with respect to this basis, A has the
matrix

A

A . .

" if n — 1is even,
—\

)\

and has this matrix with an additional row and column of zeroes if n — 1 is odd.

We obtain for i, 7 > 0:

n—1

by, (€0, e0) = Z Aler,e1)? = 2|\?
k=1
n—1
bori(eires) =2 Ales ex)Aley, ex)
k=1

= 2(5@')\12_7‘ ifr <e,7 <2r
0 else
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For a vector v = ZZ;; viper € T, M and 7 > 0, we compute

n—1
by (v,v) = vibg.m (€0 €0) + Y vivebg m(e;, ex)
J,k=1
r 2r
=20 AP +2) A +2 D AL,
k=1 k=r+1
bg,H(U, 60) = ’Uobg’H(eo, 60) = 2U0|>\|2 s
n—1 2’01)\22 ifi<r
by u(v,e;) = Z vrbg. (er, €;) = S 2002 ifr <i<2r
k=1 0 ifi =2r+1

When v is g-causal with |v|;, > 1, then v — >, g v > 0and v§ + >, v? > 1, hence
20 > 1. In particular, by g (v,v) > |A* = |Twy m|3. (The equality [A\? = |Tw, ul|7
holds because we consider 7w, g as a section in A?(H*) ® V. When one considers it as a
section in H* @ H* ® V, one gets |A|> = £|Tw,, y|3.) Because the nonnegative function
|Tw, ;|7 vanishes nowhere on the compact set K by assumption, there exists a ¢ € R
such that b, (v, v) > ¢ holds for all g-causal v € TM | K with |v], > 1;ie., (M,g, H)

is causal convergence nice.
Using
trg(bg,mr) = —bg 1 (€0, €0) + Zbg?H(ei,ei) = 2[A2 +4|A2 =2\,
i>0
we get By, 1 (v,v) = by 1 (v,v) — 5 trg(bg 1) g(v,v) > by g (v,v) for all g-causal v. Thus
(M, g, H) is weak energy nice.

Since §(8g,1(v,.)) = ZZL;OI €:iBq,1 (v, €;)e;, we obtain for g-causal v:

- g(ﬁ(ﬂg,H('U, )), ﬁ(ﬁg»H(vv )))

n—1 n—1
== > cigiBou(v.e)Bon(v.ej)gleie;) == eiBgu(v,e;)?
,7=0 i=0

n—1
= Y ci(bpalvies) — NPg(v.e)
1=0

r 2r

2 2 2
= (300A2)" = 3 (w22 =A%) = > (w@XE, —1AP)
i=1 i=r+1
r 2r
= O\ = 3 (4N = AP I )o? = D0 (N, — P+ !
i=1 i=r+1
r 2r n—1
> O = DA = T IR = A (908 - D0 0?) = siated
i=1 i=r+1 =1
By a similar argument as above, (M, g, H) is thus semi-dominant energy nice. [

8.3. Proposition. Let (M, g) be a semi-Riemannian manifold, let H be a space distribution
on M, let V denote its g-orthogonal complement, let K be a compact subset of M, let
AeR If(M,g,H) is
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(a) weak energy nice

(b) semi-dominant energy nice
(¢c) dominant energy nice

(d) causal convergence nice

on K, respectively, then there exists a constant €y € R~ such that for all € € 10, ¢¢], the
metric stretch(g,e, V) satisfies the

(a) strict weak energy condition with respect to A

(b) strict semi-dominant energy condition with respect to A
(c) strict dominant energy condition with respect to A

(d) strict causal convergence condition

on K, respectively.
Proof. Let h := switch(g,V). By the third formula from 7.4, there exists a constant
C € Rygsuchthatalle € ]0,1],allz € K, allu € V,,andallv € H, with |[u|?+|v]? <2
satisfy |Ricg(w,7)| < C/e, where § := stretch(g,e, V'), and where @, T are defined in
7.1 (with f = ¢).
By the first formula from 7.4, there exists a constant Cy € R+ such that all ¢ € |0, 1],
z € K, and u,v € H, with [u|? + |[v|7 < 2 satisfy [Ricz(u, V) — 12zbg, 1 (u,v)| < Co.
Finally, by the second formula from 7.4, there exists a constant C; € R~ such thatall ¢ €
10,1], 2 € K,and u,v € V, with [u|?+|v|? < 2satisfy [Ricg(u, D) — 1tz by, (u,v)| < C1.
Foralle €10,1],z € K,u € V, andv € H,, with |u|? + |v]? < 1, the vector w = u + v
satisfies therefore

Ricg(w,w) = Ricz(T, w) + Ricy(v,7) + 2 Ricg(T, )
= (g, (u,u) + by g (v,0)) —Co — Cy — 22

= by (w,w) — Co — Cy — %

Y

In order to prove (d), we assume that (M, g, H) is causal convergence nice on K; i.e., there
exists a constant ¢ € R+ such that for all x € K and every g-causal vector w € T, M
with |w|, > 1, we have by i (w,w) > c¢. Whenever z € K, and w € T, M is g-causal
with |wl];, = 1, then Ricg(w,w) > 1% — Co — C1 — % (because w is g-causal). Thus
there exists an €9 > 0 such that for all & € ]0, €¢] and all g-causal vectors w with |w|, = 1,
we have Ricg(w, w) > 0. Since every g-causal vector w’ has the form \w, where A € R
and w is g-causal with |w|, = 1, we see that § = stretch(g,e, V) satisfies the strict
causal convergence condition when € < ¢q. This completes the proof of (d).

Letn := dim(M). For all € € |0, 1], we have on K:
n—1

\scalg—ﬁ try bq7H| < Z|Ricﬁ(€i7éi) — éb%H(ei, €Z)| < n(C'o + Cl) .
1=0

This yields for all € € ]0,1], z € K, and w,w’ € T, M with |w|? < 1,

w'|? <1
| Ricg(w, w') — § scalz g(w,w’) + Ag(w,w’) — 115 By, (w, w')]
< |Ric§(ﬁ, w') — ébg,H(w, w’)’

+ 3| scalg g(w, w') — gz (trg by, mr)g(w, w')| + |Ag(w, w')|
<(Co+CL+2)+2(Co+Cr) + A = 22 +Cs

here we used g(w, @) = g(w, w’) and |g(w, w')| < [h(w,w)| < fw|a|w'|s < 1.
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An argument analogous to the one above in case (d) proves now case (a); i.e., if (M, g, H)
is weak energy nice on K, then there exists an 9 > 0 such that for all € € ]0, 0], the
metric § = stretch(g,e, V) satisfies the strict weak energy condition with respect to A
on K.

Now we prove case (b). Let (M, g, H) be semi-dominant energy nice on K, and let
T := Ricz —1 scal; g + Ag. There exists a constant Cy € R such that |3, 5 (0,7')| <
Cyforall z € K and v,v’' € T, M with |v|, <1, |v'|p < 1.Forallz € K,allv € T,M
with |v|p, < 1,all e € T, M with |e|, = 1, and all v € {0, 1}, we obtain:

2
VT(7,2)? = V(T(a, &) — L Byn (v, e)) + 1By (v,e)’
+ 2Byt (0,€) (T(0,2) = 328,11 (v,¢))
< 1 Beu(v,e)? + (B2 + Cs)* + 55 Cu (34 + Cs)

in particular (using a local g-orthonormal frame (e, ..., e,—1)):

n—1

9(t5(T(@, ), t(T(@,.)) = > _ (e, e)T(v.e,)°

1=0
n—1
< 1o Y gleied)Bm (v e)? +n(2E + C3)? + 55 Cu(2E + Cs)
=0

— g (8, (T(v,.), £4(T(0,.))) + n(2E + Cs)% + 35 Cu(2C + Cs)

Now an argument analogous to the one above in case (d) proves that for all sufficiently
small € > 0, the metric § = stretch(g,e, V) satisfies the strict semi-dominant energy
condition with respect to A on K. This completes the proof of case (b).

Case (c) of the theorem follows from the cases (a) and (b). O

Now we can prove the following slightly sharpened version of Theorem 0.5:

8.4. Theorem. Let (M, g) be a connected Lorentzian manifold of dimension n > 4, let K
be a compact subset of M, let A € R. If n = 4, assume that (M, g) is time- and space-
orientable, and that either M is noncompact, or compact with intersection form signature
divisible by 4. Let U be a nonempty open subset of M. Then there exists a Lorentzian
metric g’ on M such that

e cevery g-causal vector in TM is g'-timelike;

g satisfies the strict causal convergence condition on the set K ;

g’ satisfies the strict dominant energy condition with respect to A on K;

U does not admit any codimension-one foliation none of whose tangent vectors
is g'-timelike; in particular, (U, g") does not admit a space foliation.

Proof. We choose a g-space distribution H’ on M. It has a fine C°-neighbourhood in
Distr,,_1(M) all of whose elements are spacelike. By Theorem 6.1 or Theorem 6.3, M
admits therefore a twisted g-space distribution . Let V' denote its g-orthogonal comple-
ment. For ¢ € R+, we consider the metric g. := stretch(g,e, V). For all sufficiently
small €, every g-causal vector in T'M is g.-timelike. The Key lemma 4.3 says that for
all sufficiently small ¢, the set U does not admit any codimension-one foliation none of
whose tangent vectors is g.-timelike. Proposition 8.2 shows that (M, g, H) is dominant
energy nice on K and causal convergence nice on K. Hence Proposition 8.3 implies that
for all sufficiently small ¢, the metric g. satisfies the strict dominant energy condition with
respect to A on K, and it satisfies the strict causal convergence condition on K. (]
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8.5. Remarks. It seems likely that the theorem holds without the additional topological
assumptions in the 4-dimensional case. But one would have to work harder to show this,
because Theorem 6.3 does certainly not hold without these assumptions.

When M is noncompact, then the theorem does not imply the existence of a metric g’
which satisfies the two curvature conditions on all of M: we cannot choose K = M
because of the compactness assumption. This assumption is most likely not necessary
either, but getting rid of it would complicate the proof enormously: Proposition 8.2 could
be adapted quite easily to the noncompact case, but that would not help much because the
proof of Proposition 8.3 fails completely in the noncompact situation. One would have to
invent qualitatively new methods in order to deal with that problem.

I have no idea whether one can arrange in Theorem 8.4 that ¢’ is timelike or lightlike or
spacelike geodesically complete (even when we assume that g is geodesically complete).

‘We obtain a weaker statement than Theorem 8.4 in dimension 3:

8.6. Theorem. Ler (M, g) be an orientable Lorentzian 3-manifold, let K be a compact
subset of M, let A € R, let U be a nonempty open subset of M. Then there exists a
Lorentzian metric g’ on M such that

o ¢ lies in the same connected component of the space of Lorentzian metrics on M
as g;
e ¢ satisfies the strict causal convergence condition on the set K ;
o ¢ satisfies the strict dominant energy condition with respect to A on K;
o U does not admit any codimension-one foliation none of whose tangent vectors
is g'-timelike; in particular, (U, g') does not admit a space foliation.
If (M, g) admits a spacelike contact structure, then M admits a Lorentzian metric g’ which
satisfies the properties above and, moreover, has the property that

e every g-causal vector in T M is g'-timelike.

Proof. 1If (M, g) admits a spacelike contact structure H, then the proof continues exactly
as the proof of Theorem 8.4. Otherwise we choose a g-space distribution H’. Theorem
6.5 shows that the connected component of Distry (M) which contains H’ contains also a
twisted distribution H. We choose any Lorentzian metric g on M which makes H space-
like. By the facts reviewed in 1.8, g and g lie in the same connected component of the
space of Lorentzian metrics on M. Now the proof continues as before. O

9. LORENTZ COBORDISMS VERSUS WEAK LORENTZ COBORDISMS

The term Lorentz cobordism was introduced by Yodzis [21], but the discussion of the pos-
sibility of “topology change” in General Relativity is older; cf. e.g. the last paragraph in
[14]. Geroch observed that topology change can only occur via causality-violating cobor-
disms ([7], Theorem 2): When there exists a Lorentz cobordism between closed manifolds
So and 57 which admits no closed timelike curve, then Sy and S are diffeomorphic.2 Ten
years later, Tipler showed that even causality-violating Lorentz cobordisms cannot change
the spatial topology provided they satisfy the lightlike convergence condition and some

2Theorem 2 in [7] is false in the form stated there, where it is neither assumed that Sy and S; are connected,
nor that time is inward-directed on Sgp and outward-directed on S7. As a counterexample, take any nonempty
connected S, let M := Sx[0,1]x{2,3}and Sp := Sx{0,1} x{2}USx {0} x{3} and S1 := Sx{1} x{3}.
Actually, since Geroch does not assume that Sp, S1 are nonempty, one can even take M = S x [0, 1] and
So =S x{0,1} and S1 = O as a counterexample.

The same counterexamples apply to Tipler’s comment after Theorem 4 in [18].
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small extra assumption. This extra assumption could be the “generic condition”, for in-
stance, or the strict lightlike convergence condition. The latter version can be compared
nicely to our own results about weak Lorentz cobordisms:

9.1. Theorem (Tipler 1977). Let n > 1, let Sy, Sy be closed (n — 1)-dimensional man-
ifolds, let (M, g) be a Lorentz cobordism between Sy and Sy which satisfies the strict
lightlike convergence condition and has no closed connected component. Then there ex-
ists a diffeomorphism @: Sy x [0,1] — M such that the submanifold o({x} x [0,1]) is
g-timelike for every x € Sy, in particular, Sy is diffeomorphic to S1.

Remarks on the proof. This theorem is not stated explicitly in Tipler’s article [18], but it
is proved there. Tipler’s restriction to 3-dimensional orientable manifolds in his Theorem
4 is unnecessary. By his Theorem 3, the assumption that (M, g) satisfies the weak energy
condition and the generic condition can be replaced by the assumption that the strict light-
like convergence condition holds for (M, g). (Tipler assumes in Theorem 3 the strict weak
energy condition [the ubiquitous energy condition in his terminology], which implies the
strict lightlike convergence condition. The proof shows that only the latter condition is
needed.) [l

9.2. Remark. In the spirit of Theorem 0.1, one might ask whether for every Lorentzian
manifold (M, ¢g) which satisfies a certain Ricci curvature condition on a neighbourhood of
a closed subset A C M, there exists a Lorentzian metric ¢’ on M which satisfies the con-
dition everywhere and is equal to g on A. Tipler’s theorem shows that this cannot be true
in general (i.e. without assumptions on A) for the strict lightlike convergence condition,
because otherwise one could for instance take nondiffeomorphic 3-manifolds Sy, .S; and
take A to be a small neighbourhood of M in a Lorentz cobordism (M, g) between S
and S; which satisfies the strict lightlike convergence condition on A (such Sy, Sy, M, g
do certainly exist).

In contrast to Tipler’s theorem, Theorem 0.7 tells us that the weak Lorentz cobordance
relation is hardly restrictive. We state a slight improvement involving the strict dominant
energy condition:

9.3. Theorem. Letn > 4, let Sy, Sy be closed (n — 1)-dimensional manifolds, let (M, g)
be a weak Lorentz cobordism between Sy and Sy, let A € R. If n = 4, assume that M is
orientable and has no closed connected component. Let U be a nonempty open subset of
M. Then there exists a weak Lorentz cobordism (M, g') between Sy and Sy such that
e every g-causal vector in TM is g'-timelike;
o (M,q') satisfies the strict lightlike convergence condition and the strict dominant
energy condition with respect to A;
o U does not admit any codimension-one foliation none of whose tangent vectors
is g'-timelike; in particular, (U, g') does not admit any space foliation.
Proof of Theorem 0.7. By shrinking U if necessary, we arrange that U N OM = @. We
extend the Lorentzian manifold-with-boundary (M, g) by an open collar of the boundary,
obtaining a manifold (M,g). Since every weak Lorentz cobordism is time-orientable by

definition, each connected component of M satisfies the assumptions of Theorem 8.4 with
K = M. Now Theorem 8.4 yields the result. (]

This has the following consequence in dimension 4:

9.4. Corollary. Let Sy, Sy be oriented closed 3-manifolds, let A € R. Then there exists
an oriented weak Lorentz cobordism between Sy and S1 which satisfies the strict causal
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convergence condition and the strict dominant energy condition with respect to A, and
which is an oriented cobordism in the usual sense (i.e., it induces the given boundary
orientations).

Proof. Since oriented 3-manifolds are parallelisable, Theorem 2 in [14] implies that there
exists an oriented cobordism M from Sy to S; which admits a nowhere vanishing vector
field X that is inward-directed on Sy and outward-directed on S;. We remove all closed
connected components from M and choose any Lorentzian metric g on M which makes
X timelike. Then we apply Theorem 9.3. ]

Higher dimensions can be discussed similarly, using Reinhart’s Theorem 2 and Wall’s
computation of the oriented cobordism groups in [20]. It remains to deal with dimension
3.

9.5. Theorem. Let Sy, Sy be closed 2-manifolds, let (M, g) be an orientable weak Lorentz
cobordism between Sy and S1, let A € R. Let U be a nonempty open subset of M. Then
there exists a weak Lorentz cobordism (M, g') between Sy and Sy such that

o ¢ lies in the same connected component of the space of Lorentzian metrics on M
as g;
o (M, ¢') satisfies the strict lightlike convergence condition and the strict dominant
energy condition with respect to A;
o U does not admit any codimension-one foliation none of whose tangent vectors
is g'-timelike; in particular, (U, g') does not admit any space foliation.
If (M, g) admits a spacelike contact structure, then g’ can be chosen in such a way that

e every g-causal vector in T M is g'-timelike.

Proof of Theorem 0.7. By shrinking U if necessary, we arrange that U N OM = @. We
extend the Lorentzian manifold-with-boundary (M, g) by an open collar of the boundary,
obtaining a manifold (M, §) which satisfies the assumptions of Theorem 8.4 with K = M.
Now Theorem 8.6 yields the result. (]
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