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Abstract

In this article we report on extensive calculations conicerthe Gorenstein defect for Hecke
algebras of spaces of modular forms of prime weiglat maximal ideals of residue character-
istic p such that the attached medGalois representation is unramifiedyadnd the Frobenius
at p acts by scalars. The results lead us to the ask the questiethertthe Gorenstein defect
and the multplicity of the attached Galois representati@nadways equal t@. We review the
literature on the failure of the Gorenstein property andtiplitgity one, discuss in some detail
a very important practical improvement of the modular sytatatgorithm over finite fields and
include precise statements on the relationship betwee@dnenstein defect and the multiplicity
of Galois representations.
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1 Introduction

In Wiles’ proof of Fermat's Last Theorem (see[24]) an ess¢step was to show that certain Hecke
algebras are Gorenstein rings. Moreover, the Gorenstepepty of Hecke algebras is equivalent
to the fact that Galois representations appear on certawbiins of modular curves precisely with
multiplicity one. This article is concerned with the Gortaiis property and with the multiplicity one
guestion. We report previous work and exhibit many new exaswhere multiplicity one and the
Gorenstein property fail. We compute the multiplicty ingkecases. Moreover, we ask the question
suggested by our computations whether it is always equaldaftit fails.

We first have to introduce some notation. For integ€rs 1 andk > 2 and a Dirichlet character
X :(Z/NZ)* — C* we letS,(I'1(IN)) be theC-vector space of holomorphic cusp formson V)
of weightk and S, (N, x) the subspace on which the diamond operators act througth#vaatery.
We now introduce some extra notation for Hecke algebras specified rings.

Notation 1.1 (Notation for Hecke algebras)WheneverS C R are rings andM is an R-module
on which the Hecke and diamond operators act, weTlet)M ) be theS-subalgebra inside thé?-



endomorphism ring of/ generated by the Hecke and the diamond operators.: I8 — S’ is a ring
homomorphism, we |t (M) := Tg(M) ®g S’ or with ¢ understoodI's_, s/ (M).

We will mostly be dealing with the Hecke algebrg(Sy(I'1(IV))) and Tz, (Sk (N, x)), their com-
pletionsTz .z, (Sk(I'1(N))) andT,,_ 5(Sk(V, X)), as well as their reductior®z_.p, (Sk(I'1 (N)))
andTo_r(Sk(N, x)). Here,pis a prime andD = Z[x] is the smallest subring ¢t containing all
values ofy, Oisa completion andd — F is a reduction modulo a prime abope In SectiorB the
reduced Hecke algebras are identified with Hecke algebma®dp modular forms, which are closely
related to Hecke algebras of Katz modular forms over finitegiésee Sectiof 2).

We choose a holomorphic cuspidal Hecke eigenform as theéngtgroint of our discussion and
treatment. So lef € Si(N, x) C Si(I'1(N)) be an eigenform for all Hecke and diamond operators.
It (more precisely, its Galois conjugacy class) corresgoledminimal ideals, both denoted Ipy,
in each of the two Hecke algebrds,(Sy(I'1(V))) and Tz, (Sk(N, x)). We also choose maximal
idealsm = m; containingp of residue characteristjcagain in each of the two. Note that the residue
fields are the same in both cases.

By work of Shimura and Deligne, one can associatg {more precisely, tan) a continuous odd
semi-simple Galois representation

Pf = pm; = pm : Gal(Q/Q) — GLa(Tz(Sk(N, x))/m)

unramified outsideVp satisfying Tr(pm(Frob;)) = 7; mod m and Det(p,, (Frob;)) = 1¥~1x(I)
mod m for all primesi 1 Np. In the case of weight = 2 and level N, the representatiop,,
can be naturally realised on thetorsion points of the Jacobian of the modular cuX/g N)g. The
algebraTz ., (S2(I'1(N))) acts naturally on/; (N)g(Q)[p] and we can form the Galois module
J1(N)o(Q)[m] = J1(N)g(Q)[p][m] with m the maximal ideal offz_.g, (S2(I'1(NV))) which is the
image ofm under the natural projection. Supposing thatis absolutely irreducible, the main result
of [3] shows that the Galois representatidi{ Np)g(Q)[m] is isomorphic to a direct sum efcopies
of p,, for some integer > 1, which one calls thenultiplicity of p,, (cf. [18]). One says that,, is a
multiplicity one representatioor satisfies multiplicity ongf » = 1. See[[16] for a similar definition
for Jo (V) and ProplZ]6 for a comparison.

The notion of multiplicity can be naturally extended to Gslepresentations attached to eigen-
forms f of weights3 < k < p+1for p{f N. This is accomplished by a result of Serre’s which implies
the existence of a maximal ideah C Tz (S2(I'1(Np))) such thatpy,, = pn, (see Progd2]13). One
hence obtains the notion of multiplicity (of (Np)) for the representatiop,,, by defining it as the
multiplicity of p.,,. Moreover, when allowing twists by the cyclotomic characieis even possible
to treat arbitrary weights. The following theorem summesisesults on when the multiplicity in the
above sense is known to be one.

Theorem 1.2 (Mazur [16], Edixhoven [T], Grossl[1B], Buzzard5]) Letp,, be a representation as-
sociated with a modular cuspidal eigenforfne Si(IV, x) and letp be the residue characteristic
of m. Suppose that,, is absolutely irreducible and that does not divideV. If either
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lL.2<k<p-—1,0r
2. k = p andp,, is ramified atp, or

3. k = p andpy, is unramified ap and p,(Frob,) is not scalar,
then the multiplicity opy, is one.

This theorem is composed of Lemma 15.1 from Mazui [16], Téeo8.2 from Edixhoven[7],
Proposition 12.10 from Gross]i13] and Theorem 6.1 from Brd:§4l.

The following theorem by the second authér{[23], Corollar) tells us when the multiplicity is
not one.

Theorem 1.3 Let p,,, as in the previous theorem. Suppdse- p and thatp,, is unramified atp. If
p = 2, assume also that a Katz cusp form o¥ferof weightl onT'; () exists which gives rise {an,.
If pm(Frob,) is a scalar matrix, then the multiplicity @k, is bigger thanl.

In Sectior 2 we explain how the Galois representatiplVp)q(Q)[m] is related to the different
Hecke algebras evoked above and see in many cases of irdgpestise relationship between the
geometrically defined term ahultiplicity and theGorenstein defecdbf these algebras. The latter
can be computed explicitly, which is the subject of the pneseticle. We now give the relevant
definitions.

Definition 1.4 (The Gorenstein property) Let A be a local Noetherian ring with maximal ideal.

Suppose first that the Krull dimensionfs zero, i.e. thatd is Artinian. We then define tli&orenstein
defectof A to be the minimum number gf-module generators of the annihilator of (i.e. A[m])

minus 1; equivalently, this is thé /m-dimension of the annihilator af minus 1. We say that is

Gorensteirif its Gorenstein defect is 0, ambn-Gorensteimtherwise. If the Krull dimension of is

positive, we inductively callt Gorensteinif there exists a non-zero-divisar€ m such thatd /(z) is

a Gorenstein ring of smaller Krull dimension (s€el[10], p258ote that our definition implies that

is Cohen-Macaulay). A (not necessarily local) Noetherigug is said to beGorensteirif and only if
all of its localisations at its maximal ideals are Gorenstei

We will for example be interested in the Gorenstein propefty'z(Sx(I'1(V)))m. Choosing
x = pin the definition, we see that this is equivalent to the Gdetnslefect of the finite dimensional
[F,-algebralz_r, (Sk(I'1(IN)))m being zero. Whenever we refer to the Gorenstein defect dithe
mer algebra (oveZ), we mean the one of the latter. Our computations will com¢be Gorenstein
defect of To_r(Sk(T'1(N), X))m- See Sectiohl2 for a comparison with the one not involvinga-ch
acter. It is important to remark that the Gorenstein deféatlocal Artin algebra over a field does not
change after passing to a field extension and taking any afdhgigate local factors.

We illustrate the definition by an example. The algebfa, v, z]/(x2, 32, 22, vy, 22, yz) for a
field & is Artinian and local with maximal ideah := (z,y, z) and the annihilator ofn is m itself,
so the Gorenstein defect 58— 1 = 2. We note that this particular case does occur in nature; a
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localisationTz_r, (S2(I'9(431)))m at one maximal ideal is isomorphic to this, with= [, (seel[11],
the discussion just before Lemma 6.6). This example carb&serified with the algorithm presented
in this paper.

We now state a translation of Theoréml1.2 in terms of Goranskefects, which is immediate
from the propositions in Sectidn 2.

Theorem 1.5 Assume the set-up of Theoréml 1.2 and that one of 1., 2., orsatisfied. We use
notations as in the discussion of multiplicities above.

If k =2, thenTz(S2(T'1(N)))m IS @ Gorenstein ring.

If & > 3, thenTz(S2(I'1 (Np)))m, IS, t00. Supposing in addition that is ordinary (i.e.7), ¢ m),
then alsdTz(Sk(T'1(N)))w is Gorenstein. If, moreovep, > 5 or py, is not induced fron@Q)(y/—1) (if
p = 2) or Q(v/-3) (if p = 3), thenTo_r(Sk(N, x))m is Gorenstein as well. O

We now turn our attention to computing the Gorenstein dedect the multiplicity in the case
when it is known not to be one.

Corollary 1.6 Letpy, be a representation associated with a cuspidal eigenfpranS, (N, x) with p
the residue characteristic ofi. Assume thap,, is absolutely irreducible, unramified atsuch that
pm(Frob,) is a scalar matrix. Let- be the multiplicity ofp,, and d the Gorenstein defect of any of
To—r(Sk(N; X))m Tz—F, (Sk(T'1(N)))m OF Tz—F, (S2(F1(Np)))m, -

Then the relation! = 2r — 2 holds.

Proof. The equality of the Gorenstein defects and the relation thighmultiplicity are proved in
Sectior2, noting that is ordinary, as,(f)? = x(p) # 0 by [13], p. 487. O

1.1 Previous results on the failure of multiplicity one or the Gorenstein property

Prior to the present work and the articlel[23], there haventsene investigations into when Hecke
algebras fail to be Gorenstein. InJ14], the first author skaywusing MagmA [2]], that the Hecke
algebrasllz(S2(431, Xtriv)), Tz(S2(503, xtriv)) and Tz (S2(2089, xriv)) are not Gorenstein by ex-
plicit computation of the localisation of the Hecke algebta suitable maximal ideal above 2, and
in [18], it is shown thafl'z(S52(2071, xiv)) iS not Gorenstein in a similar fashion. These examples
were discovered by considering elliptic curvegQ such that in the ring of integers @( E[2]) the
prime ideal(2) splits completely, and then doing computations witad#A.

There are also some results in the literature on the failineuitiplicity one within the torsion of
certain Jacobians. Inl[1], the following theorem is proved:

Theorem 1.7 (Agashe-Ribet-Stein]1], Proposition 5.1Buppose thak is an optimal elliptic curve
over Q of conductorN, with congruence numbetz and modular degreenr and thatp is a prime
such thatp|rg butp  mg. Letm be the annihilator ifl'z(S2 (N, xuiv)) Of E[p]. Then multiplicity
one fails form.



They give a table of examples; for instandg;(S2(54, xtriv)) does not satisfy multiplicity one at
some maximal ideal abowv& It is not clear whether this phenomenon occurs infinitetgrof

In [L7], it is shown that the mog@ multiplicity of a certain representation in the Jacobiarihsf
Shimura curve derived from the rational quaternion algetbrdiscriminant11 - 193 is 2; this result
inspired the calculations ih_[14].

Let us finally mention that fop = 2 precisely the Galois representatign&ith image equal to the
dihedral groupD3 come from an elliptic curve ovep. For, on the one hand, we only need observe
that D3 = GL2(F2). On the other hand, anys-extensionk of the rationals can be obtained as the
splitting field of an irreducible integral polynomigl = X3 + aX + b. The2-torsion of the elliptic
curve E : Y? = f consists precisely of the three roots ofand the point at infinity. So, the field
generated ove) by the2-torsion of £ is K.

1.2 New results

Using the modular symbols algorithm over finite fields withmproved stop criterion (see Sectidn 3),
we performed computations in A6MA concerning the Gorenstein defect of Hecke algebras of cus-
pidal modular forms of prime weighgs at maximal ideals of residue characterigtiin the case of
TheorenZLB. All of our 384 examples have Gorenstein defgcaleo2 and hence their multiplicity
is 2.

We formulate part of our computational findings as a theorem.

Theorem 1.8 For every primep < 100 there exists a priméV # p and a Dirichlet charactery
such that the Hecke algebf,,|_.r(S,(N, x)) has Gorenstein defeetat some maximal ideah of
residue characteristip. The corresponding Galois representatipp appears with multiplicity two

on thep-torsion of the Jacobia; (Np)g(Q) if p is odd, respectively; (N)g(Q) if p = 2.

Our computational results are discussed in more detail aticGd4.

1.3 Aquestion

Question 1.9 Let p be a prime. Letf be a normalised cuspidal modular eigenform of weight
prime levelN # p for some Dirichlet charactex. Letpy : Gg — GLy(F,) be the modular Galois
representation attached th We assume that; is irreducible and unramified atand thatp ¢ (Frob,,)
is a scalar matrix.

Write Tr for Tz, —r(Sp(N, x)). Recall that this notation stands for the tensor productrove
Z[x] of a residue field® /F,, of Z[x] by theZ|x]-algebra generated inside the endomorphism algebra
of S, (N, x) by the Hecke operators and by the diamond operatorsniie¢ the maximal ideal df'y
corresponding tqf.

Is the Gorenstein defect of the Hecke algefiralocalised atm, denoted byT,,, always equal
to 2?

Equivalently, is the multiplicity of the Galois represetita attached tof always equal t@?



This question was also raised both by Kevin Buzzard and J&aes®on in communications to the
authors.

2 Relation between multiplicity and Gorenstein defect

In this section we collect results, some of which are welkkn, on the multiplicity of Galois repre-
sentations, the Gorenstein defect and relations betweemwth Whereas the magdmodular symbols
algorithm naturally computes mgdmodular forms (see Sectidh 3), this rather geometricaimect
uses (mostly in the references) the theory of Katz modulangoover finite fields (see e.d.l[8]). If
N > 5andk > 2, the Hecke algebrdz_.r,(Sx(I'1(V))) is both the Hecke algebra of madcusp
forms of weightk onI';(/V) and the Hecke algebra of the corresponding Katz cusp forrasy
However, in the presence of a Dirichlet charactey,,_.r(Sk(V, x)) only has an interpretation as
the Hecke algebra of the corresponding mwodusp forms and there may be differences with the
respective Hecke algebra for Katz forms (see Carayol’s Lapirnop. 1.10 of [[8]).

We start with the well-known result in weigBt(see e.g.[[16], Lemma 15.1) that multiplicity one
implies that the corresponding local Hecke factor is a Gsteatn ring.

Proposition 2.1 Letm be a maximal ideal of' := Tz (S2(I'1(IV))) of residue characteristip which
may divideN. Denote bym the image ofn in Ty, := T ®z F, = Tz_r,(S2(I'1(V))). Suppose that
the Galois representatiop,, is irreducible and satisfies multiplicity one (see Seciipn 1

Then asTy 5-modules one has

J1(N)o(@Q)[pls = Tr, & ® T, &

and the localisationsT,, and T, 5 are Gorenstein rings. Similar results hold if one replatgs$/N)
and J;(N) byT'o(N) and Jo(N).

Proof. For the proof we have to passTe,, = Tz ®z Z,. We also denote by the maximal ideal
in Tz, that corresponds ta. Let V' be them-part of thep-Tate module of/; (IV)g. Multiplicity one
implies thatV’/mV' is a2-dimensionall’/m = Tz, /m = Ty z/m-vector space, since

V/mV = (V/pV)/m = (J1(N)o(@)[p])/m = (JL(N)e(@)p])"/m = (J1(N)o(Q)[m])",

where the self-duality comes from the modified Weil pairinlgiet respects the Hecke action (see
e.g. [13], p. 485). Nakayama’'s Lemma hence implies thas a Tz, n-module of rank2. As one
knows thatV’ ®z, Q, is a Ty, ® Q,-module of rank, it follows that V" is a freeTy, n-module

of rank 2, whenceJ; (N)g(Q)[pls is a freeTr, w-module of rank2. Taking them-kernel gives
J1(N)g(Q)[m] = (’]I‘Fpﬁ[ﬁm])? whence the Gorenstein defect is zero. InIjesituation, the same
proof holds. O

In the so-called ordinary case, we have the following peeaiationship between the multiplicity
and the Gorenstein defect, which was suggested to us by Kdrard. The proof can be found
in [23].



Proposition 2.2 Supposep 1 N and letM = N or M = Np. Letm be a maximal ideal of
Tz(S2(I'1(M))) of residue characteristip and assume that is ordinary, i.e. that thep-th Hecke
operator 7,, is not inm. Assume also thapy, is irreducible. Denote bym the image ofm in
Tg, := Tz—r,(S2(I'1(M))). Then the following statements hold:

(a) There is the exact sequence
0 — T, 5 — L(M)(@Qpls — Ty, 7 — 0
of T, z-modules, where the dual is tifg-linear dual.

(b) If dis the Gorenstein defect & 5 andr is the multiplicity ofp, then the relation
d=2r—2
holds.

We now establish a relation between modecke algebras of weighgs< k& < p+1 for levels V
not divisible byp with Hecke algebras of weigltand levelNp. It is needed in order to compare the
Hecke algebras in higher weight to those acting orpthersion of Jacobians and thus to make a link
to the multiplicity of the attached Galois representations

Proposition 2.3 Let N > 5, p t N and3 < k < p+ 1. Letm be a maximal ideal of the mad
Hecke algebrdl'z_.r, (Sk(I'1(/V)). Then there exists a maximal idea of Tz, (S2(I'1 (Np)) and
a natural surjection

Tz—F,(S2(T'1(NpP))my = Tz—F, (Sk(F1(N))m-

If m is ordinary (I}, ¢ m), this surjection is an isomorphism.

Proof. From Sections 5 and 6 df[22], whose notation we adopt forghasf, one obtains without
difficulty the commutative diagram of Hecke algebras:

Tz, (S2(T'1(Np))m; —— Tr, (J1(Np)o(Q)[p])m, — Tr, (H' (T1(N), Vi—2(Fp)))m

TZP—?FP(L)mZ TFp (f)mQ TZ"]FP(SIC (Fl(N))m

The claimed surjection can be read off. In the ordinary $ibna Propositioi2]2 shows that the
upper left horizontal arrow is in fact an isomorphism. THabahe upper right horizontal arrow is an
isomorphism is explained in[22]. The result follows immediy. O

In the next proposition we compare Hecke algebras for spacesodular forms o’ (V) to
those of the same level and weight, but with a Dirichlet cbtam



Proposition 2.4 Let N > 5, k > 2 and lety : (Z/NZ)* — C* be a Dirichlet character. Let
f € 8p(N,x) C Sp(I'1(N)) be a normalised Hecke eigenform. Let furtief be the maximal ideal
in T := Tz —r(Sk(N, x)) andm the one inTz_r,(Skx(I'1(IV))) of residue characteristip for
p 1 N belonging tof. If £ = 2, suppose additionally that,, is irreducible. Ifp = 2, suppose thab,,
is not induced fronQ(v/—1), and ifp = 3, suppose that,, is not induced fronQ)(y/—3).

Then the Gorenstein defectsf(,|_r(Sk(N, X))m, @and Tz, (Sk(T'1(NV)))m are equal.

Proof. Write A := (Z/NZ)* and letA, be itsp-Sylow subgroup. Lef : A — F* be the
reduction ofy obtained by composing with Z[x] — F. As the Gorenstein defect is invariant under
base extension, it is no loss to work wil := Tz_r(Sk(I'1(N))). We still writem for the maximal
ideal inTr belonging tof. Note that(d) — X (0) € mforall § € A.

We letA act onTy via the diamond operators and wellet be a copy off with A-action through
the inverse ofy. We have

(Tom @5 FX)a = (Tem @p FY)/(1 - 816 € A) = TX

which one obtains by considering the duals, identifyingZatsp forms with mog ones onl’; (V)
and applying Carayol's Lemma{[8], Prop. 1.10). For the dase 2, we should point the reader
to the correction at the end of the introduction [fb [9]. Hoemuhe statement still holds after lo-
calisation at maximal ideals corresponding to irreducitdpresentations. Moreover, the equality
(Tp,m ®@F FX)2 = Tp u[(6) — X(5)|6 € A] holds by definition.

Now Lemma 7.3 of[[22] tells us that the localisatiomaof theF-vector space of Katz cusp forms
of weightk onI' (V) overF is a freeF[A,]-module. Note that the standing hypothesist p + 1
of Section 7 of[[Z2] is not used in the proof of that lemma ang @lso [Z2], Remark 7.5. From an
elementary calculation one now obtains that = > 5., 0 induces an isomorphism

(TF,, ®F FX)a Ha, (Tg,, ®F FX)2.
We now take theny-kernel on both sides and obtain

X
TF,my

[mg] = (Tr,m @F FY) almy] = (Tr,m ®F FX)a[m] 2 (Tr,m ©F FX)* [m] = T, m[m].
This proves that the two Gorenstein defects are indeed equal |

The Gorenstein defect that we calculate on the computee isimber! of the following corollary,
which relates it to the multiplicity of a Galois represeiuat

Corollary 2.5 Letp be a prime,N > 5 an integer such that t N, k an integer satisfyin@ < k£ <p
andy : (Z/NZ)* — C* a character. Letf € Si(N,x) be a normalised Hecke eigenform. Let
furtherm denote the maximal ideal [fiz,;r(Sk (V, x)) belonging tof. Suppose that is ordinary
and thatp,, is irreducible and not induced fro®(/—1) (if p = 2) and not induced fron§)(v/—3)
(if p = 3). We definel to be the Gorenstein defectdf;,)_r(Sk(IV, x))m andr to be the multiplicity
of pu.

Then the equalityl = 2r — 2 holds. O



We include the following proposition because it establisbguality of the two different notions
of multiplicities of Galois representations in the casehef trivial character.

Proposition 2.6 Let N > 1 andp { N and f € Sa(I'o(IV)) € S2(I'1(N)) be a normalised Hecke
eigenform belonging to maximal ideats) C Tz .r,(S2(I'o(/V))) andm; C Tz, (S2(I'1(N))) of
residue characteristip. Suppose thgt,,, = pm, is irreducible.

Then the multiplicity op.,, on.J; (N)g(Q)[p] is equal to the multiplicity 0, onJo(N)g(Q)[p].
Thus, ifp > 2, this multiplicity is equal to one by Theoréml1.2.

Proof. Let A := (Z/NZ)*. We first remark that one has the isomorphism

Jo(N)o(@)[plmy = (A (N)o(@)[P)?) 1y

which one can for example obtain by comparing with the pdraisohomology withlF,,-coefficients
of the modular curve¥j(N) andY; (V). Taking themy-kernel yields

Jo(N)o(Q)[mo] = J1(N)(Q)[m],

sincem; contains(d) — 1 for all § € A. O

3 Modular Symbols and Hecke Algebras

The aim of this section is to present the algorithm that wefas¢he computations of local factors
of Hecke algebras of moglmodular forms. It is based on m@dmodular symbols which have been
implemented in MGMA [2] by William Stein.

The bulk of this section deals with proving the main advam@emely a stop criterion (Corol-
lary[3:8), which in practice greatly speeds up the companatin comparison with “standard” imple-
mentations, as it allows us to work with many fewer Hecke afmes than indicated by the theoretical
Sturm bound (Proposition—3.110). We shall list results pngvihat the stop criterion is attained in
many cases. However, the stop criterion does not dependeam th the sense that it being attained is
equivalent to a proof that the algebra it outputs is equaldwext factor of a Hecke algebra of mpd
modular forms.

Whereas for Sectidd 2 the notion of Katz modular forms sed&msight one, the present section
works entirely with mog modular forms, the definition of which is also recalled. Tikigery natural,
since all results in this section are based on a comparistimtiaé characteristic zero theory.

3.1 Mod p modular forms and modular symbols
Mod p modular forms

Let us for the time being fix intege > 1 andk > 2, as well as a charactar: (Z/NZ)* — C*
such thaty(—1) = (—=1)*. Let My(N, x) be the space of holomorphic modular forms far(NV),
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Dirichlet charactery, and weightk. It decomposes as a direct sum (orthogonal direct sum with
respect to the Petersson inner product) of its cuspidalpsuies (IV, x) and its Eisenstein subspace
Eisi (N, x). As before, we leD = Z[x|. Moreover, we lef3 be a maximal ideal of abovep with
residue fieldF and © be the completion o® atB. Furthermore, letx = Qp(x) be the field of
fractions ofO and x bex followed by the natural projectio® — F.

Denote byM (N, x ; O) the sub©-module generated by those modular forms whose (standard)
g-expansion has coefficients @. It follows from theg-expansion principle that

Mk(N7X7 O) = HomO(TO(Mk(N7X))7O)
and that hencé/ (N, x; O) ®o C = M (N, x). We put
My(N,x; F) := My(N,x; O) ®0 F = Homg (To(My(N, x)),F)

and call the elements of this spag®dp modular forms The Hecke algebr&» (M (N, x)) acts
naturally and it follows thal o _r (M (N, x)) = Tr(Mk(N, x ; F)). Similar statements hold for the
cuspidal and the Eisenstein subspaces and we use simitdiongt

We call a maximal ideain of To_r(My(N,x; O) (respectively, the corresponding maximal
ideal of T, 5(My (N, x; O))) non-Eisensteiif and only if

Sk(N, X5 F)m & Mi(N, x5 F)m.

Otherwise, we calin Eisenstein

We now include a short discussion of minimal and maximal psnin view of Proposition3.5.
Write T 5 for T, 5(Sk(IV, x)). Letm be a maximal ideal of' 5. It corresponds to &al(F,/F)-
conjugacy class of normalised eigenformsSgp(N, x; F). That means for each € N that the
minimal polynomial ofT;, acting onSk (N, x; F)n is equal to a power of the minimal polynomial of
the coefficients,, of each member of the conjugacy class. Moreagegrresponds precisely as above
to aGal(Q,/K)-conjugacy class of normalised eigenformsSif(N, x ; O) ®o K.

Suppose thath contains minimal primeg; for i = 1,...,r. Then the normalised eigenforms
corresponding to the; are congruent to one another modulo a prime abaveConversely, any
congruence arises in this way. Thus, a maximal ideaf T 5 is Eisenstein if and only if it contains
a minimal prime corresponding to a conjugacy class of Eteimseries. As it is the reduction of a
reducible representation, the mpdalois representation corresponding to a hon-Eisenstaireps
reducible. It should be possible to show the converse.

Modular symbols

We now recall the modular symbols formalism and prove twdulsesults on base change and
torsion. The main references for the definitions aré [19] 24l
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Let Rbe aringl’ < SLy(Z) a subgroup an¥f” a left R[I']-module. Recall thab!(Q) = QU{oo}
is the set of cusps &fL»(Z), which carries a natur&lL,(7Z)-action via fractional linear transforma-
tions. We define thé&2-modules

Mg = Rl{o B}lo, 8 € PAQ))/({a. o}, o, 8} + {8.7} + {7}l 5.7 € PAQ))

andBgr := R[P'(Q)]. They are connected via tt@undary map : Mz — Bgr which is given by
{a, B} — [ — a. Both are equipped with the natural |&ftactions. Also letMz(V) := Mr gV
andBr(V) := Br @ V with the left diagonal’-action. We call th@'-coinvariants

MR, V) :i= Mr(V)r = Mr(V)/{(z — gx)|g € T,z € Mg(V))

the space ofl", V')-modular symbolsFurthermorethe space ofI", V')-boundary symbolis defined
as thel'-coinvariants

BR(F, V) = BR(V)F = BR(V)/«.%' — gx)\g el,z e BR(V)>

The boundary map induces theboundary mapMz (T, V') — Bg(I', V). Its kernel is denoted by
CMpr(T',V) and is calledhe space of cuspiddl’, V')-modular symbols.

Letnow N > 1 andk > 2 be integers ang : (Z/NZ)* — R* be a character, i.e. a group
homomorphism, such that(—1) = (—1)* in R. Write V};_»(R) for the homogeneous polynomials
of degreek — 2 over R in two variables, equipped with the natufaJ(/V)-action. Denote by* ,(R)
the tensor product_s(R) ®pr RX for the diagonally(/V)-action which onRX comes from the
isomorphismlo(N)/I'1(N) = (Z/NZ)* given by sendind ¢ %) to d followed by x~*.

We use the notatioM (N, x ; R) for M(To(N), V,* ,(R)), as well as similarly for the boundary
and the cuspidal spaces. The natural action of the mateix (' {) gives an involution on all of
these spaces. We will denote by the superscrifite subspace invariant under this involution, and by
the superscript the anti-invariant one. On all modules discussed so far aseHecke operatorg,
for all n € N and diamond operators. For a definition seé [19].

Lemma 3.1 Let R, I"and V' as above and leR — S be a ring homomorphism. Then
MI,V)®r S =M,V ®gS).

Proof. This follows immediately from the fact that tensoring ankling coinvariants are both
right exact. O

Proposition 3.2 Let R be a local integral domain of characteristic zero with prijpal maximal
ideal m = (m) and residue fieldF of characteristicp. Also letN > 1, k > 2 be integers and
X : (Z/NZ)* — R* acharacter such thay(—1) = (—1)*. Suppose (i) that > 5 or (i) that p = 2
and N is divisible by a prime which i8 modulo4 or by 4 or (iii) that p = 3 and N is divisible by a
prime which is2 modulo3 or by 9. Then the following statements hold:
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@) Itk > 3, then M, (N, x; R)[r] = (VX ,(F))"°™).

(b) fk=2o0rif3<k<p+2andpt N, then M(N,x; R)[x] = 0.

Proof. The conditions assure that the grolip(V) does not have any stabiliser of ordy
for its action on the upper half plane. Hence, byl [21], Theo&1, the modular symbols space
M (N, x; R) isisomorphic taH ' (o (), V;* ,(R)). The arguments are now precisely those of the
beginning of the proof ol 122], Proposition 2.6. O

Hecke algebras of modular symbols and the Eichler-Shimurasomorphism
From Lemmd_3l1 one deduces a natural surjection
To—r(Mi(N,x; O)) = Tp(Mp(N, x; F)). (3.1)
In the same way, one also obtains
To(Mk(N,x; 0)) » To(Mg(N,x; O)/torsion) = To (M (N, x; C)), (3.2)

where one uses for the isomorphism that the Hecke operawi@raady defined oved. A similar
statement holds for the cuspidal subspace.

We call a maximal primen of T, 5(M (N, x; O)) (respectively the corresponding prime of
To_r(Mr(N,x; O))) non-torsionif

M(N,x; O)m = (My(N, x; O)/torsion),.

This is equivalent to the height af being1. Propositio -3 tells us some cases in which all primes
are non-torsion.

Theorem 3.3 (Eichler-Shimura) There are isomorphisms respecting the Hecke operators
(@) Mi(N,x) @ Sk(N,x)" = My(N,x; C),

(b) Sk(N,x) ® Sk(N,x)" = CMi(N, x; C),

(©) Sk(N,x) = CMy(N,x; C)*.

Proof. Parts (a) and (b) ar&l[6], Theorem 12.2.2, together with tmaparison of[[2ll], Theo-
rem 6.1. We use that the space of anti-holomorphic cusp figrdeal to the space of holomorphic
cusp forms. Part (c) is a direct consequence of (b). O

Corollary 3.4 There are isomorphisms
To(Sk(N,x)) = To(CMi(N, x; C)) = To(CMr(N, x; C)F),

given by sendind’, to T, for all positiven. O
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3.2 The stop criterion

Although it is impossible to determine a priori the dimemsad the local factor of the Hecke algebra

associated with a given modular form mpdCorollary[3.8 implies that the computation of Hecke
operators can be stopped when the algebra generated hlasdeacertain dimension that is computed
along the way. This criterion has turned out to be extremséful and has made possible some of our
computations which would not have been feasible using trekélbound naively. See Sectih 4 for a
short discussion of this issue.

Some commutative algebra

We collect some useful statements from commutative algelrieh will be applied to Hecke algebras
in the sequel.

Proposition 3.5 Let R be an integral domain of characteristic zero which is a filyitgeneratedZ-
module. WriteR for the completion of? at a maximal ideal of? and denote by the residue field
and by K the fraction field ofR. Let furthermoreA be a commutative?-algebra which is finitely
generated as am-module. For any ring homomorphisi® — S write Ag for A ® S. Then the
following statements hold.

(@) The Krull dimension ofi; is less than or equal td. The maximal ideals ofl; correspond
bijectively under taking pre-images to the maximal idedlglp. Primesp of height0 which are
contained in a prime of height of A are in bijection with primes ofix under extension (i.e.
pAg), for which the notatiorp® will be used.

Under these correspondences, one Has, = A; @z Fand Ak ye = A

R Ry’

(b) The algebrad; decomposes as

where the product runs over the maximal ideal®f A .

(c) The algebrady decomposes as
Ap = H AF m,
m

where the product runs over the maximal ideal®f Ay.

(d) The algebrad decomposes as
A > T s =TT 45,
p p

where the products run over the minimal prime ideglsf A5 which are contained in a prime
ideal of heightl.
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Proof. As A is a finitely generateaf{-module,Aﬁ/p with a primep is an integral domain which
is a finitely generate®-module. Hence, it s either a finite field or a finite extensibk. This proves
that the height op is less than or equal tb. The correspondences and the isomorphisms of Part (a)
are easily verified. The decompositions in Parts (b) andre]E)], Corollary 7.6. Part (d) follows
by tensoring (b) over with k.. O

Similar decompositions foA-modules are derived by applying the idempotents of the mipce
sitions of Part (b).

Proposition 3.6 Assume the set-up of Propositibn]3.5 and ¢t N be A-modules which asz-
modules are free of finite rank. Suppose that

(@ MerC= N ®rCasA ®r C-modules, or

(b) M @r K 2 N @r K asA @ K-modules.

Then for all prime idealsn of A corresponding to height primes ofA ; the equality
dimp(M @ F)m = dimp(N @r F)m

holds.

Proof. As for A, we also writeM i for M ®r K and similarly forV andR, F, etc. By choosing
an isomorphisnt = K, it suffices to prove Part (b). Using Proposit[onl 3.5, Payttfte isomorphism
M ®pr K =2 N @ K can be rewritten as

D Mx pe @k K) = PNk pe @1 K),
p p

where the sums run over the minimal primesf Az which are properly contained in a maximal
prime. Hence, an isomorphistlx ye @ K = Ni pe QK K exists for eactp. Since for each
maximal ideaim of A of height1 we have by Propositidn 3.5

Mﬁ,m ®§K = @ MK7pe

pCmmin.
and similarly forN, we get
dimg My =tk Mp = Y dimg Mg pe
pCmmin.
= Z dimg Nk pe = rkﬁNﬁ m= dimp N m.
pCm min.
This proves the proposition. O
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The stop criterion

Proposition 3.7 Letm be a maximal ideal of'o_r (M (N, x; O)) which is non-torsion and non-
Eisenstein. Then the following statements hold:

(b) 2 - dimp Sg(NV, x; F)ym = dimp CMg(N, x5 F)m.
() If p # 2, thendimp Sk(N, X ; F)m = dimp CMi (N, x; F)1.

Proof. Part (c) follows directly from Part (b) by decomposiGg (N, x ; F) into a direct sum
of its plus- and its minus-part. Statements (a) and (b) véltbncluded from Propositidn~8.6. More
precisely, it allows us to derive from Theoré€ml3.3 that

dimp ((M(N, x; O)/torsion) ®@o F)
=dimp (Eisg(N, x; F) @ Si(N, x; F) ® Sp(N, x; F)Y)

m

and
dimy ((CMi(N, x; O)/torsion) @o F) =2 - dimg (Sx(N, x; F)) .

The latter proves Part (b), sinee is non-torsion. As by the definition of a non-Eisenstein grim
Eisg (N, x ; F)y = 0 and again sincen is non-torsion, it follows that

which implies Part (a). O

We will henceforth often regard non-Eisenstein non-targidmes as in the proposition as maxi-
mal primes ofl'r(Sk(N, x; F)) = To—r(Sk(N, x))-

Corollary 3.8 (Stop Criterion) Letm be a maximal ideal offg(Sk (N, x ; F)) which is non-Eisen-
stein and non-torsion.

(a) One haslimp Mg (N, x; F)m = 2 - dimp Tr (M (N, x ; F))_ if and only if
Tr (Sk(N, x; F)) = Tr(CM(N, x; F))_.

(b) One haslimp CM(N,x; F)ym =2 - dimp Tr (CMk(N, X IF))m if and only if
Tr(Sk(N,X; F)) = Tr(CMi(N, x; F)) .

(c) Assumg # 2. One haslimy CM(N, x ; F) = dimp Tr (CMi(N, x ; F))__if and only if

TF(SIC(Naia F))m = T]F(CMk(Naia F)+) :

m
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Proof. We only prove (a), as (b) and (c) are similar. From Part (b)ropBsition[3.¥ and the fact
that thelF-dimension of the algebr’ﬁ]F(Sk(N, X; F))m is equal to the one o (N, x; ), as they
are dual to each other, it follows that

2 - dimgp Tr (S (N, x ; F)) , = dimp (CMi(N, x; F)) .
The result is now a direct consequence of Equafiods 3.1 Zhagl Corollary_3 1. O

Note that the first line of each statement only uses modulabsis and not modular forms, but it
allows us to make statements involving modular forms. Thité aforementioned stop criterion; the
computation of Hecke operators can be stopped if this dgualieached.

We now list some results concerning the validity of the eagjeimt statements of Corollafy_B.8.
The reader can also consult[12] for general results in tbaary and distinguished case.

Proposition 3.9 Letp > 5 be a prime,k > 2 and N > 5 with p + N integers,F a finite extension
of Fp, x : (Z/NZ)* — F* a character andn a maximal ideal ofl'r(Sx(N, x ; F)) which is non-
Eisenstein and non-torsion. Suppose (i) thak £ < p — 1 or (i) that £ € {p,p + 1} andm is

ordinary. Then

Tr(Sk(N, x; F)) = Te(CMi(N, x; F)) = Tp(CMp(N,x; F)T) .

m

Proof. Using the comparison with group cohomology(ofl[21], Theod the result follows un-
der Assumption (i) from9], Theorem 5.2, and is proved urssumption (i) in [22], Corollary 6.9,
for the case of the group; (V) and no Dirichlet character. The passage to a characterablistied
by [22], Theorem 7.4 and the remark following it. One ideesfthe mog modular forms appearing
with corresponding Katz forms using Carayol’'s Lemma ([8h@? 1.10). |

We end this section by stating the so-called Sturm boune @d#led the Hecke bound), which
gives the best a priori upper bound for how many Hecke operate needed to generate all the Hecke
algebra. We only need it in our algorithm in cases in whick thieoretically not known that the stop
criterion will be reached. This will enable the algorithmdetect if the Hecke algebra on modular
symbols is not isomorphic to the corresponding one on caspiddular forms.

Proposition 3.10 (Sturm bound) The Hecke algebr&@¢ (S (NN, x)) can be generated as an algebra
by the Hecke operator, for all primes! smaller than or equal té5’ [1gv,qprime(1 + %).

Proof. This is discussed in detail in Chapter 11[of|[19]. O

3.3 Algorithm

In this section we present a sketch of the algorithm that veel fisr our computations. The MsMA
code can be downloaded from the second author’s webpageraadul is included as Appendi} A.
Input: IntegersN > 1, k > 2, afinite fieldFF, a charactey : (Z/N7Z)* — F* and for each primé
less than or equal to the Sturm bound an irreducible polyabfpic F[X].

Output: An F-algebra.
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e M «— CMy(N,x; F),l —1, L~ empty list.

e repeat

— | «+ next prime aftel.

— Computel; on M and append it to the list.

— M « the restriction ofM to the f;-primary subspace fdr, i.e. to the biggest subspace
of M on which the minimal polynomial df; is a power off;.

— A « theF-algebra generated by the restrictions\ioof T, T3, ..., T;.

e until 2 - dim(A) = dim(M) [the stop criterion]or [ > Sturm bound.

e returnA.

The f; should, of course, be chosen as the minimal polynomialseottefficientss; (f) of the
normalised eigenfornf € Si(N, x ; F) whose local Hecke algebra one wants to compute. Suppose
the algorithm stops at the primg If ¢ is bigger than the Sturm bound, the equivalent conditions of
Corollary[338 do not hold. In that case the output should beedarded. Otherwisel is isomorphic
to a direct product of the forfa],, T(Sk(V, x ; F))m Where them are those maximal ideals such that
the minimal polynomials of, 75, ..., T, onT(S; (N, x ; F))m are equal to powers ¢, f3, ..., f;.

It can happen thatl consists of more than one factor. Hence, one should stibrposeA into its
local factors. Alternatively, one can also replace thellastbut one in the algorithm by

e until ((2-dim(A4) = dim(M)) andA is local) or/ > Sturm bound,

which ensures that the output is a local algebra. In practine modifies the algorithm such that
not for every primel a polynomial f; need be given, but that the algorithm takes each irreducible
factor of the minimal polynomial of; if no f; is known. It is also useful to choose the order how
[ runs through the primes. For example, one might want to takep at an early stage witp the
characteristic off, if one knows that this operator is needed, which is the casdl computations
concerning Questidn_1.9.

4 Computational results

In view of Questior 119, we produced 384 examples of odd urcdde continuous Galois represen-
tations Gal(Q/Q) — GLo(F,) that are completely split gi. The results are documented in the
accompanying tables (AppendX B). The complete data carolvaldaded from the second author’s
webpage.

The Galois representations were created either by clasktfiebry or from an irreducible inte-
ger polynomial whose Galois group embeds ifithy(F,). All examples but one are dihedral; the
remaining one is icosahedral. For each of these an eigenf@scomputed giving rise to it. The
Gorenstein defect of the corresponding local Hecke algilatar turned out always to ki support-
ing Questior L.
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The authors preferred to proceed like this, instead of cdimguall Hecke algebras mog in
weight p for all “small” primesp and all “small” levels, since non-dihedral examples in vilhibe
assumptions of Questi@n_1.9 are satisfied are very rare.

4.1 Table entries

For every computed local Hecke algebra enough data arelstorecreate it as an abstract algebra and
important characteristics are listed in the tables of ApipelBl A sample table entry is the following.

Level | Wt | ResD| Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
5039 | 5 3 12 3 5 2 5 366 D7

Each entry corresponds to the Galois conjugacy class ofgamfeirm f/ mod p with associated
local Hecke algebral. The first and the second column indicate the level and thghweif f. The
latter is in all examples equal to the characteristic of thsebfieldk (a finite extention off,) of the
algebra. Letmy denote the maximal ideal o. Then ResD stands for the degreefof= A/my
overF,. Let us consider @, K. It decomposes into a direct product of a loé&lalgebraB and its
Gal(K/k)-conjugates. Thé(-dimension ofB (which is equal to thé-dimension ofA) is recorded
in the fourth column.

Let mp be the maximal ideal oB. Theembedding dimensioBmbDim is theK -dimension of
mp/m%. By Nakayama’s Lemma this is the minimal numbebfenerators fom . Thenilpotency
order NilO is the maximal integen such thaim’; is not the zero ideal. The column GorDef contains
the Gorenstein defect @ (which is the same as the Gorenstein defect pf

By #Ops it is indicated how many Hecke operators were usedrengte the algebra, applying
the stop criterion (Corollaffy-3.8). This is contrasted wvtitea number of primes smaller than the Sturm
bound (Propositio=310, it is also called the Hecke boudéhoted by #(gHB). One immediately
observes that the stop criterion is very efficient. WherbasSturm bound is roughly linear in the
level, in 365 of the 384 calculated examples, less than 1&éleperators sufficed, in 252 examples
even 5 were enough.

The final column contains the image of the mo@alois representation attachedftas an abstract

group.

4.2 Dihedral examples

All Hecke algebras except one in our tables correspond Enéigms whose Galois representations
are dihedral, since these are by far the easiest to obtalitilypas one can use class field theory.
This is explained now.

Let p be a prime and a square-free integer which ismod4 and not divisible by. We denote
by K the quadratic fiel@)(/d). Further we consider an unramified charagterGal(Q/K) — F,”
of ordern > 3. We assume that its inverse ! is equal tox conjugated by, denotedy?, for o (a
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lift of) the non-trivial element ofsal(/&/Q). The induced representation

— T qGal@/Q) (. o) i
Py = IndGal(@/K)(X) : Gal(Q/Q) — GLa(F))

is irreducible and its image is the dihedral grolyp of order2n. If [ is a prime not dividing2d,

we havep, (Frob;) = (9 1) if (¢) = —1, andp, (Frob;) = (X(Fré’b“ XU(FgobA)) if (¢) =1and

IOk = Ao (A). This explicit description makes it obvious that the detieant of p, is the Legendre
symboll — (4).

Since the kernel of corresponds to a subfield of the Hilbert class fieldgfsimple computations
in the class group of{ allow one to determine which primes split completely. Thgise examples
satisfying the assumptions of Question 1.9 (the Froberipssethe identity) ifp,, is odd, i.e. ifp = 2
ord < 0.

We remark that for charactessof odd ordem the assumptiony ™! = x“ is not a big restriction,
since any character can be writtenyas= xix2 with xJ = Xfl andxg = x2, hence the latter
descends to a character@hl(Q/Q) and the representatign, is isomorphic tg,, ® xa.

All dihedral representations are known to come from eigen$oin the minimal possible weight

with level equal to the (outside @) conductor of the representation (sg€ [20], Theorem 1).

In the tables we computed the Hecke algebras of odd diheepaésentations as above in the
following ranges. For each primeless thanl00 and each primeé less than or equal to the largest
level occuring in the table fgr, we chosel as plus or minug such thatl is 1 mod4 and we letH run
through all non-trivial cyclic quotients of the class granipQ(+/d) of order coprime tg. For each
H we chose (unramified) characteyf the absolute Galois group f(+/d) corresponding tdf, up
to Galois conjugacy and up to replaciggoy its inverse. Thery is not the restriction of a character
of Gal(Q/Q). By genus theory the order gfis odd, as the class number is, so we necessarily have
x~t = x?. We computed the local factor &, (S,(d, (£); F,)) corresponding te, if p, is odd
andp is completely split. For the primg = 2 we also allowed square-free integersvhich arel
mod4 and whose absolute value is less thano.

4.3 Icosahedral example

With the help of a list of polynomials provided by Gunter Mall[15]) a Galois representation of
Gal(Q/Q) with values inGLs(FF2 ) which is of prime conductor, completely splitaand thus satisfies
the assumptions of Questipn1l.9 and whose image is isonuatipttie icosahedral grougs; could be
described explicitly. The modular forms in weighpredicted by Serre’s conjecture were found and
the corresponding Hecke algebra turned out to have Gorierigéect equal t@.

Let f € Z[X] be an irreducible polynomial of degréevhose Galois group, i.e. the Galois group
of the normal closurd. of K = Q[X]/(f), is isomorphic tod;. We assume thak is unramified at
2, 3 and5. We have the Galois representation

ps : Gal(@/Q) — Gal(L/Q) = As = SLy(F,).
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We now determine its conductor and its traces. bé a ramified prime. As the ramification is tame,
the image of the inertia groupy (1) atp is cyclic of order2, 3 or 5. In the first case, the image of a
decomposition group¢ (D)) atp is either equal tg(1,,) or equal tdZ /27 x p¢(1,). If the order of
p¢(Ip) is odd andos(1,) = p¢(D)), then any completion of at the unique prime aboyeis totally
ramified and cyclic of degregp;(I,), hence contained i@, () for ¢, a primitivep-th root of unity.

It follows thatp is congruent td mod+#p(I,,). If the order ofp(1,) is odd, butp;(1,) is not equal
to ps(D,), thenps(D,) is a dihedral group and the completion/ofit a prime above has a unique
unramified quadratic subfielfl. Thus, we have the exact sequence

0= pylp) — ps(Dp) — Gal(5/Qp) —

On the one hand, it is well-known that the conjugation bytafithe Frobenius element 6fal(S/Q,)
acts onpy(1,,) by raising to thep-th power. On the other hand, as the action is non-trivialsb a
corresponds to inversion gy (1), since the only elements of orderin (Z/3Z)* and (Z/5Z)*
are—1. As a consequence,is congruent to-1 mod+#p(I,,) in this case.

We hence have the following cases.

(1) SupposeOf = P°. Thenp = £1 mod 5.

(@) Ifp=1 mod 5, thenpy|s, ~ <’g X91> with y a totally ramified character @kal(Q,/Q,)
of order5.

(b) If p=—1 mod 5, thenps(D,) is the dihedral group with0 elements.
(2) Suppose@Ox = P3QR or pOx = P3Q.

(@ Ifp =1 mod 3, thenpy|;, ~ <0 _1) with y a totally ramified character cﬁ}al(@p/@p)
of order3.

(b) If p=—1 mod 3, thenps(D,) is the dihedral group with elements.
(3) Suppose thatis ramified, but that we are neither in Case (1) nor in Caselt®nps|;, ~ (4 1).

By the definition of the conductor atit is clear that it isp? in Cases (1) and (2) angin Case (3).
However, in Cases (1)(a) and (2)(a) one can choose a charaiftéial(Q/Q) of the same order ag
whose restriction td, gives the charactey. If one twists the representation by e one finds also
in these cases that the conductop & p.

An inspection of the conjugacy classes of the gr8ilip(IF4) shows that the traces pf twisted
by some characterof Gal(Q/Q) are as follows. Let be an unramified prime.

e Ifthe order ofFrob; is 5, then the trace dtrob; is e(Frob;)w wherew is a root of the polynomial
X2 + X +1inTFy[X].

e If the order ofFrob; is 3, then the trace dfrob; is e(Frob;).

e If the order ofFrob; is 1 or 2, then the trace dfrob; is 0.
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These statements allow the easy identification of the modoien belonging to an icosahedral
representation.

We end this section with some remarks on our icosahedral gheant was obtained using the
polynomialz® — z* — 7923 + 22522 + 9982 — 3272. The corresponding table entry is:

Level | Wt | ResD| Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
89491 | 2 2 12 4 3 2 4 1746 | As

Hence, in leveB9491 and weight2 there is a single eigenform mod2 up to Galois conjugacy
whose first couple ofi-coefficients agree with the traces of a twist of the giversadwdral Galois
representation. From this one can deduce that the Galaieseqtatiorp, of g has an icosahedral
image and is only ramified &9491. As weight and level lowering are not known in our case, we
cannot prove that, coincides with a twist of the given one. It might, howeverpossible to exclude
the existence of two distinct icosahedral extensions ofdtienals insideC that ramify only a89491
by consulting tables. According to Malle, the icosahedrdtrsion used has smallest discriminant
among all totally reald5-extensions of the rationals in whi@wsplits completely.

5 Further results and questions

In this section we present some more computational obsengator Hecke algebras under the as-
sumptions of Questidn.9, which lead us to ask some mordignss

On the dimension of the Hecke algebra

From the data, we see that many even integers appear as admsen$ theT,,. We know that the
dimension must be at least 4, as this is the dimension of tlalessh non-Gorenstein algebra which
can appear in our case. This extends the results_of [14], emier dimensions of the Hecke alge-
brasTz_r,(52(I'g(431))) andTz_r,(S2(T'o(503))) localised at the non-Gorenstein maximal ideals
are shown to be 4.

In this table we see exactly how many times each dimensioaappn our data. We observe that
every even integer between 4 and 32 appears, and that testi@igrension is 60. The most common
dimension is 4, which appears about half of the time. Howeasgethe dimension of the Hecke algebra
attached t&(I'; (V) ) increases withV and withk, this may be an artifact of the data being collected
for “small” levels N and prime.

Dimension 4 6 |8 [10]|12|14|16| 18|20 22
Number of algebras 206 | 58 | 25| 3 | 24|6 |[20|3 |12| 3
Dimension 24 |1 26(28|30|32|36|40]| 46|56 | 60
Number of algebras 5 4 |12 (1 (2 |2 |4 |1 |2 |1

It seems reasonable that there should be infinitely manysoaith dimension 4, and plausible
that every even integer greater than or equal to 4 shouldaagsea dimension infinitely many times.
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From the tables, we see that dimension 4 algebras appeawdtigh levels, so they do not appear to
be becoming rare as the dimension increases, but this meguofe, be an artifact of our data.

We note that not every example that arises from an elliptiwvecin characteristip = 2 has
Hecke algebra with dimensiah for example the algebréz_.r, (S2(I'9(2089))) localised at its non-
Gorenstein maximal ideal has dimension 18. In [ex88197 there is a dimensiof6 example arising
from an elliptic curve.

On the residue degree

We will now solve an easy aspect of the question of the passtiolictures of non-Gorenstein local al-
gebras occurring as local Hecke algebras. We assume footipéecof lines to follow the Generalised
Riemann Hypothesis (GRH).

We claim that then the residue degree&lgf(in the notation of Questidn-.9) are unbounded, if
we letp and N run through the primes such that2 N and N is congruent t& modulo4.

For, class groups of imaginary quadratic fie{@,/—N) have arbitrarily large cyclic factors of
odd order, as the exponent of these class groups is known to igéinity as N does, by the main
result of [4], which assumes GRH. So the discussion on dai€drms in Sectiorll4 immediately
implies the claim.

On the embedding dimension

One can ask whether the embedding dimension of the localdHggebras in the situation of Ques-
tion[L.9 is bounded, if we allow and N to vary. This, however, seems to be a difficult problem. The
embedding dimensions occuring in our tables3a(299 times)4 (78 times) and (7 times).

The embedding dimensiahis related to the number of Hecke operators needed to gentbat
local Hecke algebra, in the sense that at leastecke operators are needed. Probablilylecke
operators can be found that do generate, but they need ndtebfirdtd prime Hecke operators,
of course. However, as our tables suggest, in most casestilil aomputations were done using
very few operators, and there are 99 of the 384 cases whermtheutation already finished after
operators.
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A The MAGMA package HeckeAlgebra (by Gabor Wiese)

Abstract

This is a short manual for the MsmA packageéHeckeAl gebr a, which can be downloaded
from the author’'s webpage. The author would like to thankytl&ilford for very helpful sug-
gestions.

A.1 Example

The following example explains the main functions of thekzaye. Let us suppose that the file
HeckeAl gebr a. ng is stored in the current path. We first attach the package.

> Attach("HeckeAlgebra.mg");

We want the package to be silent, so we put:

> SetVerbose ("HeckeAlgebra",false);

If we would like more information on the computations beiregfprmed, we should have put the
valuetrue. Since we want to store the data to be computed in a file, we nestethe file.
>my_file := "datafile";

> CreateStorageFile(my _file);

Next, we would like to compute the Hecke algebras of the didezigenforms of leve2039 over
extensions oF,. First, we create a list of such forms.

> dih := DihedralForms(2039 : ListOfPrimes := [2], completdy split := false);

Now, we compute the corresponding Hecke algebras, printgpéne computed data in a human
readable format, and finally save the data to our file.

> for f in dih do

for> ha := HeckeAlgebras(f);

for> HeckeAlgebraPrintl(ha);

for> StoreData(my _file, ha);

for> end for;

Level 2039

Weight 2

Characteristic 2

Gorenstein defect 0

Dimension 1

Number of operators used 3

Primes It Hecke bound 68

Residue degree 2

Level 2039

Weight 2

Characteristic 2

Gorenstein defect 2
Dimension 6

Number of operators used 4
Primes It Hecke bound 68
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Residue degree 2

Level 2039

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 1

Number of operators used 3
Primes It Hecke bound 68
Residue degree 6

Level 2039

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 1

Number of operators used 3
Primes It Hecke bound 68
Residue degree 4

Level 2039

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 1

Number of operators used 3
Primes It Hecke bound 68
Residue degree 4

Level 2039

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 1

Number of operators used 3
Primes It Hecke bound 68
Residue degree 12

Level 2039

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 1

Number of operators used 3
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Primes It Hecke bound 68
Residue degree 12

With the functionDihedralForms one may also compute exclusively representations that are
completely split in the characteristic. The defaultciempletely split := true. By the option
bound we indicate primes up to which bound should be used as thactesistic. The following
example illustrates this.

> dih1 := DihedralForms (431 : bound := 20);

> for fin dih1 do

for> ha := HeckeAlgebras(f);

for> HeckeAlgebraPrintl(ha);

for> StoreData(my _file, ha);

for> end for;

Level 431

Weight 2

Characteristic 2

Gorenstein defect 2

Dimension 4

Number of operators used 6

Primes It Hecke bound 20

Residue degree 1

Level 431

Weight 11

Characteristic 11
Gorenstein defect 2
Dimension 4

Number of operators used 5
Primes It Hecke bound 77
Residue degree 3

One can also compute icosahedral modular forms over ertensiF2, starting from an integer
polynomial with Galois groupis, as follows.
> R<x> := PolynomialRing(Integers());
> pol := X"5-x"4-780*x"3-1795*x"2+3106*x+344;
> f:= A5Form(pol);
With this kind of icosahedral examples one has to pay atiant the conductor, as it can be huge.
This polynomial has prime conductor. But conductors negdasquare-free, in general.
> print Modulus(f‘Character);
1951
So it's reasonable. We do the computation.
> ha := HeckeAlgebras(f);
> HeckeAlgebraPrint1(ha);
Level 1951
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Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 3

Number of operators used 3
Primes It Hecke bound 66
Residue degree 4

Level 1951

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 6

Number of operators used 3
Primes It Hecke bound 66
Residue degree 4

There are two forms, which is okay, since they come from a htedge form in two different
ways and this case is not exceptional. We now save them, ayslw
> StoreData(my _file, ha);
Itis also possible to compute all forms at a given charactdnveeight.
> eps := DirichletGroup(229,GF(2)).1;
> ha := HeckeAlgebras(eps,2);
> HeckeAlgebraPrint1(ha);
Level 229
Weight 2
Characteristic 2
Gorenstein defect 0
Dimension 1
Number of operators used 12
Primes It Hecke bound 12
Residue degree 1

Level 229

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 2

Number of operators used 12
Primes It Hecke bound 12
Residue degree 2

Level 229
Weight 2
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Characteristic 2

Gorenstein defect 0
Dimension 4

Number of operators used 12
Primes It Hecke bound 12
Residue degree 1

Level 229

Weight 2

Characteristic 2

Gorenstein defect 0
Dimension 2

Number of operators used 12
Primes It Hecke bound 12
Residue degree 5

> StoreData(my _file,ha);

Next, we illustrate how one reloads what has been saved. @uo&like to type:load my_file;
but that does not work. One has to do it as follows.

> load "datafile";

> mf := RecoverData(LoadIn,LoadInRel);

Now, mf contains a list of all algebra data computed before. Thexreather concise printing
function, displaying part of the information, nameteckeAlgebraPrint(mf); .

One can also create a LaTeX longtable. The entries can bewhoguite a flexible way. The
standard usage is the following.

> HeckeAlgebral aTeX(mf,"table.tex");

A short LaTeX file displaying the table is the following:

\docunentcl ass[ 11pt]{articl e}

\usepackage{| ongt abl e}

\begi n{ docurent }

\i nput {t abl e}

\end{docunent }

The table we created is this one:

Level | Wt | ResD| Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
2039 | 2 2 1 0 0 0 3 68 Ds
2039 | 2 2 6 3 2 2 4 68 Dy
2039 | 2 6 1 0 0 0 3 68 Dy
2039 | 2 4 1 0 0 0 3 68 Dis
2039 | 2 4 1 0 0 0 3 68 Dis
2039 | 2 12 1 0 0 0 3 68 Dys
2039 | 2 12 1 0 0 0 3 68 Dys
431 | 2 1 4 3 1 2 6 20 Ds
431 | 11 3 4 3 1 2 5 77 Dy
1951 | 2 4 3 1 2 0 3 66 As
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
1951 | 2 4 6 2 3 0 3 66 As
229 | 2 1 1 0 0 0 12 12
229 | 2 2 2 1 1 0 12 12
229 | 2 1 4 1 3 0 12 12
229 | 2 5 2 1 1 0 12 12

In the examples of level29 the image of the Galois representation as an abstract gsonpti
know. That is due to the fact that we created these examptbsutispecifying the Galois repre-
sentation in advance.

It is possible to compute arbitrary Hecke operators on thallélecke factors generated by
HeckeAlgebras(), as the following example illustrates.

> A,B,M,C := HeckeAlgebras(DirichletGroup(253,GF(2)).12 : over_residue_field := true);
Suppose that we want to know the Hecke operatgron the4th local factor.

>j:=4;

> T := BaseChange(HeckeOperator(M,17),C[i]);

The coefficients are the eigenvalues (only one):

> Eigenvalues(T);

{<$.15,8>}

Let us remember the eigenvalue.

> e := SetToSequence(Eigenvalues(T))[1][1];

In order to illustrate the optioaver_residue_field we also compute the following:

> A1,B1,M1,C1 := HeckeAlgebras(DirichletGroup(253,GF(2).1,2 : over_residue_field :=
false);

> T1 := BaseChange(HeckeOperator(M1,17),C1[i]);

> Eigenvalues(T1);

{

The base field is strictly smaller than the residue field ia thiample and the operatbf cannot
be diagonalised over the base field. We check#iainevertheless a zero of the minimal polyno-
mial of T1.

> Evaluate(MinimalPolynomial(T1),e);

0

The precise usage of the package is described in the folgpgéntions.

A.2 Hecke algebra computation

A.2.1 The modular form format

In the package, modular forms are often represented by tloevfog record.
ModularFormFormat := recformat <

Character : GrpDrchElt,
Weight ! RngIntElt,
CoefficientFunction : Map,
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ImageName : MonStgElt,
Polynomial : RngUPOIEIt

>;

The fieldsCharacter and Weight have the obvious meaning. Sometimes, the image of the
associated Galois representation is known as an abstmaap giThen that name is recorded in
ImageName e.g.A_5 or D_3. In some cases, a polynomial is known whose splitting fiettiés
number field cut out by the Galois representation. Then tignpanial is stored inPolynomial.
The cases in which polynomials are known are usually icala@henes. TheCoefficientFunc-
tion is a function from the integers to a polynomial ring. For alinpes! different from the
characteristic and not dividing the level of the modulamnid(i.e. the modulus of th€harac-
ter), the coefficient function should return the minimal polymal of thel-th coefficient in the
g-expansion of the modular form in question.

A.2.2 Dihedral modular forms

Eigenforms whose associated Galois representations thkdrdl groups as images provide an
important source of examples, in many contexts. These figas are calledlihedral The big
advantage is that their Galois representation, and heeregthoefficients, can be computed using
class field theory. That enables one to exhibit Galois remtasions in the context of modular
forms with certain number theoretic properties. The prgptar which these functions were
initially created is that the representations should benified in the characteristic, say and
thatp is completely split in the number field cut out by the repréaton.

We consider dihedral representations whose determintrg lsegendre symbol of a quadratic
field Q(v/N). The representations produced by the functions to be destare obtained by
induction of an unramified characterof Q(v/N') whose conjugate by the non-trivial element of
the Galois group of)(v/N) overQ is assumed to bg .

intrinsic GetLegendre (N :: RngIntElt, K :: FIdFin ) -> GrpDr chElt

For an odd positive integg¥, this function returns the element BiirichletGroup(Abs(N),K)
(with K afinite field of characteristic different frof) which corresponds to the Legendre symbol
D (iTN) If N is1 mod4 the sign is+1, and—1 otherwise.

intrinsic DihedralForms (N :: RngIntElt :

ListOfPrimes := [], bound := 100, odd_only := true, quad_dig := 0,

completely _split := true, all_conjugacy_classes := true > Rec
This function computes all modular forms (in the sense ofi8eE.2Z1) of levelN and weightp
over a finite field of characteristje that come from dihedral representations whose determinant
is the Legendre symbol of the quadratic fidld = Q(v/+quad_disc) and which are obtained
by induction of an unramified character &f. If quad_discis 1 mod4 the sign is+1, and—1
otherwise. Ifquad_discis 0, the value ofN is used. If the optiorompletely_splitis set, only
those representations are returned which are completiéyasp. If the optionListOfPrimes is
assigned a non-empty list of primes, only those primes ansidered as the characteristic. Ifitis
the empty set, all primesup to thebound are taken into consideration. If the optiodd_only
is true, only odd Galois representations are returnedelbititionall_conjugacy_classes true,
each unramified character as above up to Galois conjugacynd taking inverses is used.
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Otherwise, a single choice is made. That there may be nojugaie characters cutting out the
same number field is due to the fact that there may be non-gatgwelements of the same order
in the multiplicative group of a finite field.

A.2.3 Icosahedral modular forms

Eigenforms whose attached Galois representations takgrthe A5 as projective images are
calledicosahedral Since extensive tables df;-extensions of the rationals are available, one can
consider icosahedral Galois representations which one&nery well. That allows one to test
certain conjectures concerning modular forms on icosathedes.

We note the isomorphism; = SLy(F,4). Thus, As-extentions of the rationals give rise to
icosahedral Galois representations in characterdstitich (should) come from modular forms
mod2. It would also be possible to use certain other primes, bstths not been implemented.

intrinsic A5Form (f :: RngUPOIEIt) -> Rec

Returns the icosahedral form in characterigtiand weight2 of smallest predicted level corre-
sponding to the polynomidl which is expected to be of degréeand whose Galois group is
supposed to bel5. No checks about are performed.

A.2.4 The Hecke algebra format

The data concerning the Hecke algebra of an eigenform theatngputed by the functiokleck-
eAlgebrasis a record of the following form.
AlgebraData := recformat <

Level . RngIntElt,
Weight ! RnglntElt,
Characteristic . RngIntElt,
BaseFieldDegree . RngintElt,
CharacterOrder . RngIntElt,
CharacterConductor  : RnglIntEl,
Characterindex . RngIntElt,
AlgebraFieldDegree . RngintElt,
ResidueDegree : RngintElt,
Dimension ! RngIntElt,
GorensteinDefect ! RnglntElt,
EmbeddingDimension  : RngIntElt,
NilpotencyOrder . RngintElt,
Relations : Tup,
NumberGenUsed ! RngIntElt,
ImageName : MonStgElt,
Polynomial . RngUPoIEIt

>

Level and Weight have the obvious meaning. L&t be the base field for the space of mod-
ular symbols used. It is (expected to be) a finite field. Tl#maracteristic is the character-

33



istic of K and BaseFieldDegreeis the degree of< over its prime field. The entrie€har-
acterOrder, CharacterConductor and Characterindex concern the Dirichlet character for
which the modular symbols have been computed. The lattet iffethe index of the charac-
ter in Elements(DirichletGroup(-)). Note that that might change between different versions of
MAGMA. The fieldsResidueDegredover the prime field) Dimension and GorensteinDefect
have their obvious meaning for the Hecke algebra in queslibe tuple

<AlgebraFieldDegree, EmbeddingDimension, NilpotencyQier, Relations>

are data from whichAffineAlgebra can recreate the Hecke algebra up to isomorphisiam-
berGenUsedindicates the number of generators used by the packagedaothputation of the
Hecke algebra. This number is usually much smaller than thevSbound. ImageNameand
Polynomial have the same meaning as in the reddatiularFormFormat .

A.2.5 Hecke algebras

intrinsic HeckeAlgebras (eps :: GrpDrchElt, weight :: RnglntElt :
UserBound := 0, first_test := 3, test_interval := 1, when_tdsp := 3,
when_test _bad := 4, test_sequence := [], dimension_factor 2,
ms_space := 0, cuspidal := true, DegreeBound := 0, Operatoit := [],
over_residue_field :=true, try_minimal := true, force_local := false,
) ->SeqEnum, SeqEnum, ModSym, Tup, Tup
intrinsic HeckeAlgebras (t:: Rec:
UserBound := 0, first_test := 3, test_interval := 1, when_tdsp := 3,
when_test_bad := 4, test_sequence := [], dimension_factor 2,
ms_space := 0, cuspidal := true, DegreeBound := 0, Operatoitt := [],
over_residue_field :=true, try_minimal := true, force_local := false,
) ->SeqEnum, SeqEnum, ModSym, Tup, Tup

These functions compute all local Hecke algebras (up to iSa&onjugacy) in the speci-
fied weight for the given Dirichlet charactegps respectively those corresponding to the mod-
ular form t given by a record of typéodularFormFormat . The functions return 5 values
A,B,C,D,E. A contains a list of records of typ&lgebraData describing the local Hecke algebra
factors. B is a list containing the local Hecke algebra factors as maldebras.C is the space
of modular symbols used in the computatiori3.is a tuple containing the base change tuples
describing the local Hecke factors. We need to k@i order to compute matrices representing
Hecke operators for the local factor. Finally,contains a tuple consisting of all Hecke operators
computed so far for each local factor of the Hecke algebra.

The usage in practice is described in the example at the biegjof this manual. We now
explain the different options in detail.

The modular symbols space to be used in the computationsecdetérmined as follows. The
optionms_spacecan be set to the valuagthe plus-space); 1 (the minus-space) art(the full
space). Whether the restriction to the cuspidal subspada&es, is determined bguspidal. It is
not necessary to pass to the cuspidal subspace, for exahgpbeisp form is given by a coefficient
function (see the description of the recavddularFormFormat ).
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In some cases, a list of Hecke operators on the modular swspate in question may already
have been computed. In order to prevertdMma from redoing their computations, they may be
passed on to the function using the optiOperatorList .

Often, one wants to compute the local Hecke algebra of a mofluim whose degree of the
coefficient field over its prime field is known, e.g. in the casan icosahedral form in character-
istic 2 for the trivial Dirichlet character the coefficient fieldl§. By assigning a positive value
to the optionDegreeBoundthe function will automatically discard any systems of eiggdues
beyond that bound, which speeds up the computations. Onebmashit careful with this option,
as there may be cases when the bound may not be respected atritbas”. But it usually suf-
fices to take twice the degree of the coefficient field, e.g.anmmsesDegreeBound := 4in the
icosahedral example just described. If no system of eigeasashould be discarded for degree
reasons, one must sBegreeBound := Q

All of the optionsfirst_test, test_interval, when_test pwhen_test _bad test sequence
force_local, dimension_factor and UserBound concern the stop criterion. Theoretically, the
Sturm bound (seéleckeBound) tells us up to which bound Hecke operators must be computed
in order to be sure that they generate the whole Hecke algkbpaactice, however, the algorithm
can often determine itself when enough Hecke operators bega computed to generate the
algebra. That number is usually much smaller than the Stwuméh. The Sturm bound can be
overwritten by assigning a positive numberdeerBound.

The stop criterion is the following. Le¥ be the modular symbols space used &nithe set
of Hecke operators computed so far. Theh= @;_, M, (for somer) such that eacd/; is
respected by the Hecke operators and the minimal polynarhédchi’ € S restricted tal/; is a
power of an irreducible polynomial (i.e. eadl; is a primary space for the action of the algebra
generated by all elements 6Y. Let A; be the algebra generated BY,,, forall T € S. One
knows (in many cases, and in all cases of interest) thas equal to a direct product of local
Hecke algebras if one has the equality

f x dim(4;) = dimension of)M;.

Here, f is given bydimension_factorand should bd if the plus-space or the minus space of
modular symbols are used, addtherwise. The correct assignmentdifnension_factor must
be made by hand, whence experimentations are possibles $tdip criterion is not reached, the
algorithm terminates at the Hecke bound.

It may happen that, when the stop criterion is reached Arigisomorphic to a direct product
of more than one local Hecke algebras. If in that case th@wotirce localis true, the com-
putation of Hecke operators is continued until eaghis isomorphic to a single Hecke factor. If
force_localis false, then a fast localisation algorithm is applied to eagh The option is useful,
when one expects only a single local Hecke algebra factog¥ample, when a modular form is
given.

In many cases of interest the Hecke operdipwith p the characteristic is needed in order
to generate the whole Hecke algebra. The optidren_test ptells the algorithm at which step
to computel),. It is very advisable to choose a small number. In practice,stop criterion is
reached after very few steps, e.g. 5 steps, wihigis computed early. Otherwise, the algorithm
often has to continue untll, is computed, although most of the operators before did nagé
the generated algebra. The optiwhen test badhas a similar meaning for tHg for primesl
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dividing the level. However, paying attention to them isyordquired when the modular form is
old at/. Moreover, one can assign a list of primegast _sequenceThe algorithm will then start
with the Hecke operators indicated by that sequence, amdcthrtinue with the others.

The optionfirst_test tells the algorithm at which step the first test for the stapedon is
to be performed. The next test is then carried out aftst_interval many steps, and so on.
These numbers should be chosen small, too, unless the dondest takes much time, which is
rare, so that one wants to perform it less often, meaningabsdibly more Hecke operators than
necessary are computed (time consuming).

The optionover_residue_fieldtells the algorithm whether at the end of the computation the
local Hecke factors should be base changed to their resielide ff that is done, only one of the
conjugate local factors of the base changed algebra inestai

Finally, the optiontry_minimal is passed on téffineAlgebra, when the output is generated.
Calling that function with the option sétue can sometimes be very time consuming, but makes
the output much shorter.

A.2.6 Storage functions

The package provides functions to store a list whose eleswaeatrecords of typalgebraData in
a file, and to re-read it. The usage of these functions is &gdéan the example at the beginning
of this manual.

intrinsic CreateStorageFile ( filename :: MonStgElt )
This function prepares the fildlenamefor storing the data.

intrinsic StoreData (filename :: MonStgElt, forms :: SeqEnum)
This functions appends the ligirms of Hecke algebra data to the fifdename. That file must
have been created WiyreateStorageFile

intrinsic StoreData (filename :: MonStgElt, form :: Rec)
This function appends the Hecke algebra datan to the filefilename. That file must have been
created byCreateStorageFile

intrinsic RecoverData (Loadin :: Seqenum, LoadInRel :: Tup ) -> SeqEnum
In order to read Hecke algebra data from fitmme” , proceed as follows:

> load “name”;

> readData := RecoverData(LoadIn,LoadInRel).
ThenreadData will contain a list whose elements are records of tyggebraData.

A.2.7 Output functions

intrinsic HeckeAlgebraPrint (ha :: SeqEnum)

intrinsic HeckeAlgebraPrintl (ha :: SeqEnum)

These functions print part of the data stored in theHitof records of typeAlgebraData in a
human readable format.

intrinsic GetLevel (a :: Rec) -> Any
intrinsic GetWeight (a :: Rec) -> Any
intrinsic GetCharacteristic (a :: Rec) -> Any

36



intrinsic GetResidueDegree (a :: Rec) -> Any

intrinsic GetDimension (a :: Rec) -> Any

intrinsic GetGorensteinDefect (a :: Rec) -> Any

intrinsic GetEmbeddingDimension (a :: Rec) -> Any

intrinsic GetNilpotencyOrder (a :: Rec) -> Any

intrinsic GetHeckeBound (a :: Rec) -> Any

intrinsic GetPrimesUpToHeckeBound (a :: Rec) -> Any

intrinsic GetNumberOperatorsUsed (a :: Rec) -> Any

intrinsic GetPolynomial (a :: Rec) -> Any

intrinsic GetImageName (a :: Rec) -> Any

These functions return the property of the recardf type AlgebraData specified by the name
of the function. If the corresponding attribute is not assig, the empty string is returned.

intrinsic HeckeAlgebralLaTeX (ha :: SeqEnum, filename :: MonStgElt : which :=[
<GetLevel,"Level">, <GetWeight,"Wt">, <GetResidueDegree,"ResD">,
<GetDimension,"Dim">, <GetEmbeddingDimension,"EmbDim">,
<GetNilpotencyOrder,"NilO">, <GetGorensteinDefect,"G orDef">,
<GetNumberOperatorsUsed, "#0ps">,
<GetPrimesUpToHeckeBound,"#(p<HB)">, <GetlmageName,"Gp"> ] )
This function creates the LaTeX fifdfename containing a longtable consisting of certain proper-
ties of the objects ima which are supposed to be records of typlgebraData. The properties
to be written are indicated by the list given in the optishich consisting of tuplesf, name>.
Heref is a function that evaluates a record of typlgebraData to some Magma object which
is afterwards transformed into a string usiBgrint. Examples forf are the function&etLevel
etc., which are described above. Tieme will appear in the table header. For a sample usage,
see the example at the beginning of this manual.

A.2.8 Other functions

intrinsic HeckeBound (N :: RngIntElt, k :: RngIntElt ) -> Rng IntElt

intrinsic HeckeBound ( eps :: GrpDrchElt, k :: RngIntElt ) -> RngIntEIlt

These functions compute the Hecke bound for welghhd levelN, respectively Dirichelt char-
actereps Note that the Hecke bound is also often called the Sturm doun

A.3 Algebra handling

A.3.1 Affine algebras

Let A be a commutative local Artin algebra with maximal ideadver a finite fields. The residue
field K = A/mis a finite extension of. By base changing t& and taking one of the conjugate
local factors, we now assume that= K. The embedding dimensionis the k-dimension of
m/m?. By Nakayama’s Lemma, this is the minimal number of genesator m. The name
comes from the fact that there is a surjection

7wk, ... x| > A
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Its kernel is called theelations ideal By the nilpotency orderwe mean the maximal integer
n such thatn™ is not the zero ideal. (As the algebra is local and Artin, isximal ideal is
nilpotent.) We know that the ideal

Jrwith J := (21,...,2.)

is in the kernel ofr. So, in order to store, we only need to store the kernklof the linear map
between two finite dimensionalvector spaces

71 k[, .. xe] /T Al

From the tuple< k, e, n, R > the algebra can be recreated (up to isomorphism). Let us poin
out, however, that from the tuple it is not obvious whetheo ®igebras are isomorphic. That
would have to be tested after recreating the algebras.

These functions are used in order to store the Hecke algebraputed byHeckeAlgebras
in a way that does not use much memory, but retains the alggt@isomorphism.

intrinsic AffineAlgebra (A :: AlgMat : try_minimal := true) - > RngMPolRes

intrinsic AffineAlgebra (A :: AlgAss : try_minimal := true) - > RngMPolRes

This function turns the local commutative algeBranto an affine algebra over its residue field. In
fact, the algebra is first base changed to its residue fiedd, fitr one of the conjugate local factors
an affine presentation is computed. If the optign minimal is true, the number of relations will
in general be smaller, but the computation time may be longer

intrinsic AffineAlgebraTup (A :: AlgMat : try_minimal :=tru e )->Tup

intrinsic AffineAlgebraTup (A :: AlgAss : try_minimal := tru e)-> Tup

Given a commutative local Artin algebi, this function returns a tuplek,e,n,R>, consisting
of the residue fielk of A, the embedding dimensian the nilpotency orden and relationsR.
From these data, an affine algebra can be recreated whiamisiphic to one of the local factors
of A base changed to its residue field. If the optign minimal is true, the number of relations
will in general be smaller, but the computation time may beker.

intrinsic AffineAlgebra (form :: Rec) -> RngMPolRes
Given a record of typdlgebraData, this function returns the corresponding Hecke algebraas a
affine algebra.

intrinsic AffineAlgebra (A :: Tup) -> RngMPolRes
This function turns a tuplek,e,n,R>, as above consisting of a fiekd, two integerse, n (the
embedding dimension and the nilpotency order) and relafiyrinto an affine algebra.

A.3.2 Matrix algebra functions

intrinsic MatrixAlgebra (L :: Seqenum ) -> AlgMat
Given a list of matriced., this function returns the matrix algebra generated by teenbers
of L.

intrinsic RegularRepresentation (A :: AlgMat ) -> AlgMat
This function computes the regular representation of tmeraatative matrix algebra .
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intrinsic CommonLowerTriangular ( A :: AlgMat ) -> AlgMat

Given a local commutative matrix algeb#g this function returns an isomorphic matrix algebra
whose matrices are all lower triangular, after a scalamesiém to the residue field and taking one
of the Galois conjugate factors.

Base change

intrinsic BaseChange (S :: Tup, T :: Tup ) -> Tup
This function computes the composition of the base chandgeaeaT = <C,D>, followed by
those inS = <E,F>

intrinsic BaseChange (M :: Mtrx, T :: Tup ) -> Mtrx
Given a matrixM and a tupleT = <C,D> of base change matrices (for a subspace), this function
computes the matrix d¥ with respect to the basis correspondingto

intrinsic BaseChange (M :: AlgMat, T :: Tup ) -> AlgMat
Given a matrix algebr and a tuplel = <C,D> of base change matrices (for a subspace), this
function computes the matrix algebraMf with respect to the basis correspondingto

Decomposition

intrinsic Decomposition ( M :: Mtrx : DegBound :=0 ) -> Tup

intrinsic DecompositionUpToConjugation (M :: Mtrx : DegBo und := 0 ) -> Tup

Given a matrixM, these functions compute a decomposition of the standaribepace such
that M acts as multiplication by a scalar on each summand. The bigtputuple consisting of
base change tuplesC,D> corresponding to the summands. With the second usage, sutisma
conjugate under the absolute Galois group only appear once.

intrinsic Decomposition (L :: SeqEnum : DegBound :=0 ) -> Tup

intrinsic DecompositionUpToConjugation ( L :: SeqEnum : DegBound := 0) -> Tup

Given a sequende of commuting matrices, these functions compute a decortiposif the stan-
dard vector space such that each matrik iacts as multiplication by a scalar on each summand.
The output is a tuple consisting of base change tuglé€> corresponding to the summands.
With the second usage, summands conjugate under the ab&alldis group only appear once.

intrinsic Decomposition ( A :: AlgMat : DegBound :=0 ) -> Tup

intrinsic DecompositionUpToConjugation ( A :: AlgMat : DegBound := 0 ) -> Tup

Given a commutative matrix algeb#g, these functions compute a decomposition of the standard
vector space such that each elemer iacts as multiplication by a scalar on each summand. The
output is a tuple consisting of base change tugl€sD> corresponding to the summands. With
the second usage, summands conjugate under the absolote @alip only appear once.

intrinsic AlgebraDecomposition ( A :: AlgMat : DegBound := 0 ) -> SeqEnum
intrinsic AlgebraDecompositionUpToConjugation ( A :: AlgMat : DegBound :=0 )

-> SeqEnum
Given a matrix algebra over a finite field, these functions return a local factoAchfter scalar
extension to the residue field. With the second usage, fctorjugate under the absolute Galois
group only appear once.
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intrinsic ChangeToResidueField ( A :: AlgMat ) -> SeqEnum
This function is identical tdAlgebraDecompositionUpToConjugation

Localisations

intrinsic Localisations (L :: SeqEnum ) -> Tup, Tup

intrinsic Localisations ( A :: AlgMat ) -> Tup, Tup

Given a listL of commuting matrices or a commutative matrix algefrahis function computes
two tuplesC, D, whereC contains a tuple consisting of the localisationg\gfrespectively of the
matrix algebra generated by, andD consists of the corresponding base change tuples.

A.3.3 Associative algebras

intrinsic Localisations ( A :: AlgAss ) -> SeqEnum
This function returns a list of all localisations of the ArtalgebraA, which is assumed to be
commutative. The output is a list of associative algebras.

A.3.4 Gorenstein defect

Let A be a local Artin algebra over a field with uniqgue maximal idealWe define th&orenstein
defectof A to be(dim 4/, A[m]) — 1, which is equal to the number ef-module generators of the
annihilator of the maximal ideal minus one. The algebraid sabeGorensteinf its Gorenstein
defectis equal t0.

intrinsic GorensteinDefect ( A :: RngMPolRes) -> RngIntElt

intrinsic GorensteinDefect ( A :: AlgAss) -> RngIntElt

intrinsic GorensteinDefect ( A :: AlgMat ) -> RngIntElt

These functions return the Gorenstein defect of the localeatative algebra .

intrinsic IsGorenstein ( M :: RngMPolRes ) -> BoolElt

intrinsic IsGorenstein ( M :: AlgAss ) -> BoolElt

intrinsic IsGorenstein ( M :: AlgMat ) -> BoolElt

These functions test whether the commutative local algkbia Gorenstein.
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B Tables of Hecke algebras

Characteristic p = 2, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
431t | 2 1 4 3 1 2 6 20 D3
5032 | 2 1 4 3 1 2 3 23 Ds
1319 | 2 2 4 3 1 2 6 47 Ds
1439 | 2 1 4 3 1 2 4 52 D3
1559 | 2 1 4 3 1 2 7 55 D3
1607 | 2 1 4 3 1 2 3 56 Ds
1759 | 2 1 4 3 1 2 5 62 Ds
1823 | 2 2 4 3 1 2 3 62 Ds
1879 | 2 1 16 4 5 2 6 65 D3
1951 | 2 1 4 3 1 2 4 66 D3
1999 | 2 1 4 3 1 2 5 67 Ds
2039 | 2 2 6 3 2 2 4 68 Ds
20893 | 2 1 18 4 7 2 5 70 D3
2351 | 2 1 6 3 2 2 6 77 D3
3407 | 2 1 16 4 5 2 7 103 Ds
3527 | 2 2 4 3 1 2 3 107 Ds
3623 | 2 1 6 3 2 2 3 110 D3
3967 | 2 1 14 4 4 2 4 121 Ds
4231 | 2 1 4 3 1 2 10 126 D3
4481 | 2 1 8 4 2 2 7 132 Ds
4799 | 2 1 12 4 3 2 5 139 Ds
4943 | 2 2 6 3 2 2 4 143 Ds
5167 | 2 1 6 3 2 2 5 149 D3
5591 | 2 1 12 4 3 2 8 158 Ds
5591 | 2 3 4 3 1 2 5 158 Dy
5791 | 2 1 8 3 3 2 8 162 D3
6199 | 2 1 16 4 5 2 7 174 Ds
6287 | 2 1 6 3 2 2 4 175 D3
6343 | 2 1 12 4 3 2 5 177 Ds
6551 | 2 1 6 3 2 2 7 182 Ds
6823 | 2 1 4 3 1 2 4 189 D3
6911 | 2 1 4 3 1 2 4 190 D3
6967 | 2 1 12 4 3 2 8 191 Ds
7057 | 2 1 16 4 4 2 6 193 Ds
7103 | 2 3 4 3 1 2 3 194 D7
7151 | 2 2 4 3 1 2 4 195 Ds
1See[T4].
2See[14].
3SeelT4].
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
16127 | 2 3 4 3 1 2 3 390 D
16369 | 2 1 24 4 6 2 6 398 Ds
16487 | 2 1 6 3 2 2 4 400 D3
16649 | 2 1 16 4 4 2 8 403 D3
17471 2 1 6 3 2 2 11 421 Ds
18047 | 2 1 30 4 6 2 4 431 Ds
18097 | 2 1 36 5 6 2 9 432 D3
18127 | 2 1 12 4 3 2 5 433 Ds
18257 | 2 1 12 4 4 2 4 436 Ds
19079 | 2 1 4 3 1 2 4 449 Ds
19079 | 2 3 4 3 1 2 4 449 Dy
19441 2 1 16 4 4 2 7 457 D3
19543 | 2 2 4 3 1 2 4 460 Ds
19583 | 2 1 4 3 1 2 7 461 Ds
19751 | 2 1 4 3 1 2 4 462 Ds
19919 2 1 16 4 5 2 7 467 D3
19927 | 2 1 6 3 2 2 4 467 D3
20183 | 2 2 4 3 1 2 7 474 Ds
20599 | 2 1 6 3 2 2 6 481 Ds
20759 | 2 1 18 4 6 2 9 483 Ds
20887 | 2 2 6 3 2 2 4 487 Ds
21319 2 3 4 3 1 2 9 497 D7
21647 | 2 1 6 3 2 2 6 504 Ds
21737 | 2 1 24 5 4 2 7 507 Ds
21839 | 2 2 4 3 1 2 7 509 Ds
22159 | 2 2 4 3 1 2 9 515 Ds
22511| 2 1 4 3 1 2 6 522 Ds
22567 | 2 3 4 3 1 2 4 523 D
22751 | 2 3 4 3 1 2 4 526 D7
23159 | 2 1 20 4 6 2 6 535 Ds
23159 | 2 3 6 3 2 2 5 535 Dy
23279 | 2 1 8 3 3 2 4 537 Ds
23321 | 2 1 12 4 4 2 7 538 Ds
23417 | 2 1 26 4 7 2 10 539 Ds
23567 | 2 1 4 3 1 2 3 544 D3
23687 | 2 3 4 3 1 2 3 548 D
23743 | 2 2 4 3 1 2 4 548 Ds
24151 | 2 2 4 3 1 2 5 556 Ds
24281 | 2 1 16 4 4 2 5 557 D3
24439 | 2 2 6 3 2 2 7 561 Ds
24847 | 2 2 4 3 1 2 8 570 Ds
25031 | 2 1 8 3 3 2 7 573 Ds
25111 2 1 6 3 2 2 8 574 D3
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Level

25247
25409
25439
25447
25793
26431
26839
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28279
28279
28703
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
31847| 2 5 4 3 1 2 3 703 D11
32009 | 2 1 12 4 3 2 9 706 Ds
32143 | 2 3 4 3 1 2 4 708 D7
32183| 2 3 4 3 1 2 3 708 D7
32327| 2 1 16 4 5 2 5 710 Ds
32327| 2 3 4 3 1 2 3 710 Dy
32353| 2 1 20 4 6 2 5 711 D3
32401 | 2 1 20 4 6 2 6 712 D3
32479 | 2 5 4 3 1 2 4 714 D11
32647 | 2 3 4 3 1 2 4 719 D
32687 | 2 5 4 3 1 2 3 720 D11
32719| 2 2 4 3 1 2 14 721 Ds
32887 | 2 2 6 3 2 2 6 724 Ds
32983 | 2 1 4 3 1 2 4 725 Ds
33223| 2 1 4 3 1 2 9 732 Ds
33343| 2 1 4 3 1 2 5 733 D3
33679 | 2 1 4 3 1 2 5 738 D3
33767 | 2 3 4 3 1 2 3 739 D
34351 | 2 2 4 3 1 2 8 753 Ds
34471| 2 2 12 4 3 2 6 756 Ds
34487 | 2 1 14 4 4 2 7 756 D3
34591 | 2 2 4 3 1 2 5 757 Ds
34679 | 2 1 6 3 2 2 4 758 Ds
34679 | 2 3 4 3 1 2 4 758 Dy
34721 | 2 1 12 4 4 2 9 759 D3
34847 | 2 1 16 4 5 2 6 762 D3
35401| 2 1 56 5 8 2 10 776 Ds
35591 | 2 9 4 3 1 2 7 779 D1y
35759 | 2 3 6 3 2 2 5 781 D7
35839 | 2 2 4 3 1 2 5 781 Ds
35977 | 2 2 8 4 2 2 5 783 Ds
36191| 2 1 46 5 7 2 11 786 Ds
36791 | 2 1 12 4 3 2 8 799 Ds
36871| 2 2 6 3 2 2 5 801 Ds
37087 | 2 1 32 4 11 2 5 804 D3
37199 | 2 1 18 4 4 2 8 806 Ds
37607 | 2 1 4 3 1 2 3 814 Ds
37831 | 2 2 4 3 1 2 5 820 Ds
37879 | 2 3 4 3 1 2 5 821 D7
37993| 2 2 8 4 2 2 5 824 Ds
38047 | 2 2 4 3 1 2 9 825 Ds
38167 | 2 1 14 4 4 2 10 829 Ds
38231 | 2 1 4 3 1 2 4 830 D3
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
38287 2 1 4 3 1 2 5 832 Ds
38303 | 2 1 4 3 1 2 3 832 Ds
38593 | 2 1 20 4 6 2 9 836 D3
38959 | 2 1 10 3 4 2 9 842 D3
38977 2 1 20 4 6 2 13 842 Ds
39023 | 2 1 40 5 7 2 10 842 Ds
39199 | 2 2 4 3 1 2 7 844 Ds
39631 2 1 16 4 5 2 11 853 Ds
39679 | 2 1 6 3 2 2 12 854 Ds
39679 | 2 3 4 3 1 2 4 854 Dy
Characteristic p = 2 and non-prime square-free levels, dihedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
1055 | 2 1 24 4 9 2 5 47 Ds
1727 | 2 1 16 4 5 2 6 65 Ds
20714 | 2 1 8 4 2 2 5 73 Ds
2631 | 2 1 40 4 17 2 6 106 Ds
2991 | 2 1 40 4 17 2 4 121 Ds
3095 | 2 1 40 4 17 2 4 114 Ds
3431 | 2 1 24 5 4 2 6 107 Ds
3471 | 2 1 16 5 3 2 5 146 D3
3639 | 2 1 28 4 11 2 5 140 Ds
4031 | 2 1 16 4 4 2 6 125 Ds
4087 | 2 1 8 4 2 2 6 126 Ds
4119 | 2 1 12 4 3 2 4 156 Ds
4415 | 2 1 8 4 2 2 6 153 D3
Characteristic p = 2, icosahedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #0Ops| #(p<HB) | Gp
89491| 2 2 12 4 3 2 4 1746 | As
Characteristic p = 3, prime levels, dihedral
Level | Wt | ResD| Dim | EmbDim | NilO | GorDef | #0ps| #(p<HB) | Gp
1031 | 3 2 4 3 1 2 4 55 Ds
1511 | 3 3 4 3 1 2 9 74 D7
2087 | 3 2 4 3 1 2 3 98 Ds

4First found by W. Stein.
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Level | Wt | ResD| Dim | EmbDim | NilO | GorDef | #0ps| #(p<HB) | Gp
4259 | 3 2 4 3 1 2 3 179 Ds
4799 | 3 3 22 4 9 2 9 196 D~
5939 | 3 2 4 3 1 2 4 235 Ds
6899 | 3 2 4 3 1 2 3 269 Ds
6959 | 3 2 4 3 1 2 4 270 Ds
7523 | 3 2 4 3 1 2 4 289 Ds
7559 | 3 2 4 3 1 2 6 290 Ds
7583 | 3 3 20 3 9 2 6 290 Dy
8219 | 3 2 4 3 1 2 6 310 Ds
8447 | 3 5 20 3 9 2 3 318 D
8699 | 3 2 6 3 2 2 9 326 Ds
9431 | 3 3 4 3 1 2 4 350 Dy
9743 | 3 2 8 3 3 2 3 360 Ds
9887 | 3 2 8 3 3 2 3 365 Ds
10079| 3 2 60 3 29 2 5 368 Ds
10247| 3 2 10 4 3 2 5 375 Ds
10847| 3 3 22 4 9 2 9 395 Dy
12011| 3 2 4 3 1 2 3 431 Ds
12119| 3 2 56 3 27 2 8 434 Ds
12263| 3 2 8 3 3 2 3 438 Ds
12959| 3 5 20 3 9 2 4 457 D1
13907| 3 2 22 4 9 2 8 487 Ds
14699| 3 2 4 3 1 2 6 513 Ds
14783| 3 3 20 3 9 2 3 515 D3
14783| 3 3 20 3 9 2 3 515 Dqs
Characteristic p = 5, prime levels, dihedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
419 5 1 4 3 1 2 3 40 D3
439 5 1 14 4 5 2 10 42 D3
491 5 1 4 3 1 2 3 46 Ds
751 5 1 12 3 5 2 3 65 Ds
839 | 5 1 6 3 2 2 6 70 D3
1231 | 5 1 4 3 1 2 3 97 D3
2579 | 5 1 4 3 1 2 3 180 D3
2699 | 5 1 14 4 5 2 8 188 Ds
3299 | 5 1 4 3 1 2 6 220 Ds
3359 | 5 1 4 3 1 2 6 222 Ds
4111 | 5 1 4 3 1 2 3 267 D3
4219 | 5 1 20 3 6 2 5 274 Ds
4931 | 5 3 12 3 5 2 3 310 Dy
5011 | 5 1 4 3 1 2 5 316 D3
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
5639 | 5 1 6 3 2 2 5 348 Ds
5939 | 5 3 12 3 5 2 5 366 Dy
6079 | 5 1 6 3 2 2 5 370 Ds
6271 | 5 1 4 3 1 2 3 379 Ds
6571 | 5 1 12 3 5 2 5 399 Ds
6691 | 5 1 4 3 1 2 5 405 Ds
6779 | 5 1 6 3 2 2 6 410 Ds
7459 | 5 1 12 3 5 2 7 443 D3
7759 | 5 3 4 3 1 2 3 457 Dy
8779 | 5 1 12 3 5 2 12 511 Ds
8819 | 5 3 4 3 1 2 3 513 Dy
9011 | 5 1 4 3 1 2 6 522 Ds
Characteristic p = 7, prime levels, dihedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
199 | 7 1 4 3 1 2 3 30 Ds
839 | 7 1 4 3 1 2 6 93 Ds
1259 | 7 1 4 3 1 2 3 130 Ds
1291 | 7 1 4 3 1 2 4 133 Ds
1319 | 7 1 4 3 1 2 6 136 D3
1399 | 7 1 4 3 1 2 3 141 D3
1559 | 7 1 4 3 1 2 7 155 Ds
1567 | 7 1 8 3 4 2 3 156 Ds
1823 | 7 1 6 3 2 2 4 179 Ds
1823 | 7 3 4 3 1 2 4 179 Dy
Characteristic p = 11, prime levels, dihedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
431 | 11 3 4 3 1 2 5 77 Dy
563 | 11 1 4 3 1 2 3 97 Ds
1187 | 11 1 6 3 2 2 6 181 Ds
1223 | 11 3 4 3 1 2 4 187 Dy
1231 | 11 1 4 3 1 2 3 189 Ds
1231 | 11 3 4 3 1 2 3 189 Dy
1327 | 11 1 4 3 1 2 3 199 Ds
1327 | 11 1 4 3 1 2 4 199 Ds
1583 | 11 1 24 3 11 2 4 230 D3
1619 | 11 1 4 3 1 2 3 235 Ds
1823 | 11 1 4 3 1 2 4 263 Ds
2243 | 11 1 4 3 1 2 3 310 Ds
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
2351 | 11 1 4 3 1 2 6 325 Dg
2351 | 11 3 4 3 1 2 6 325 Dy
2503 | 11 1 4 3 1 2 3 341 D3
2591 | 11 1 4 3 1 2 5 351 Dg
2647 | 11 1 4 3 1 2 3 360 Dg
2767 | 11 1 4 3 1 2 3 370 Dg
2791 | 11 1 4 3 1 2 3 375 Ds
3011 | 11 1 4 3 1 2 5 402 D3
3119 | 11 1 4 3 1 2 5 415 Dg
3299 | 11 1 4 3 1 2 4 434 Dg
3299 | 11 3 4 3 1 2 4 434 Dy
3571 | 11 1 4 3 1 2 4 462 Ds
Characteristic p = 13, prime levels, dihedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
367 | 13| 1 4 3 1 2 3 78 Dy
439 | 13| 2 4 3 1 2 4 91 Ds
563 | 13 1 4 3 1 2 3 111 Dg
971 | 13 2 4 3 1 2 4 177 Dy
1223 | 13 2 4 3 1 2 4 216 D5
1427 | 13 1 4 3 1 2 5 243 Ds
1439 | 13 1 28 3 13 2 5 246 Dg
1823 | 13 1 4 3 1 2 4 298 Dg
Characteristic p = 17, prime levels, dihedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
59 17 1 6 3 2 2 3 23 Dg
239 | 17 2 4 3 1 2 5 68 D5
1327 | 17 1 4 3 1 2 3 289 Ds
1427 | 17 2 4 3 1 2 3 306 D5
1951 | 17 1 4 3 1 2 4 402 Dg
2503 | 17 1 4 3 1 2 3 497 Dg
2687 | 17 1 36 3 17 2 4 529 Dg
Characteristic p = 19, prime levels, dihedral
Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp
439 | 19 1 6 3 2 2 3 125 Dg
751 | 19 1 4 3 1 2 5 195 D5
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

751 | 19| 1 4 3 1 2 5 195 Ds

1427119 | 1 6 3 2 2 3 335 D3
Characteristic p = 23, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

83 | 23| 1 4 3 1 2 3 37 D3

503 | 23| 3 4 3 1 2 4 162 Dy

971 | 23| 2 4 3 1 2 4 284 Ds

1259 | 23| 1 4 3 1 2 3 358 D3
Characteristic p = 29, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

107 | 29| 1 4 3 1 2 3 55 D3

199 | 29| 1 4 3 1 2 3 92 D3
Characteristic p = 31, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

367 | 31| 1 4 3 1 2 3 161 D3

743 | 31| 3 4 3 1 2 4 293 Dy
Characteristic p = 37, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

139 | 37| 1 4 3 1 2 4 83 Ds
Characteristic p = 41, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

83 | 41| 1 4 3 1 2 3 61 Ds

139 | 41| 1 4 3 1 2 4 92 D3

431 | 41| 1 4 3 1 2 5 233 D3
Characteristic p = 43, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

419 | 43| 1 4 3 1 2 3 239 D3
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Characteristic p = 47, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

31 | 47| 1 4 3 1 2 3 30 Ds

107 | 47| 1 4 3 1 2 3 82 Ds

139 | 47| 1 4 3 1 2 4 101 D3

179 | 47| 2 4 3 1 2 3 126 Ds
Characteristic p = 53, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

131 | 53| 2 4 3 1 2 3 106 Ds

211 | 53| 1 4 3 1 2 4 159 Ds
Characteristic p = 59, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

235 | 59 1 4 3 1 2 4 30 D3

211 | 59 | 1 4 3 1 2 4 175 Ds

227 | 59 | 1 4 3 1 2 3 187 Ds

227 | 59| 1 4 3 1 2 3 187 Ds

367 | 59| 1 4 3 1 2 3 279 D3
Characteristic p = 61, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

239 | 61| 1 4 3 1 2 4 199 Ds

239 | 61| 1 4 3 1 2 4 199 Ds

431 | 61| 1 4 3 1 2 5 327 Ds
Characteristic p = 67, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

31 | 67| 1 4 3 1 2 6 41 Ds

239 | 67| 2 4 3 1 2 5 217 Ds

Characteristic p = 71, prime levels, dihedral

SFirst found by K. Buzzard, unpublished.
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Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

50 | 71| 1 4 3 1 2 3 71 D3

239 | 71| 1 4 3 1 2 5 223 D3

283 | 71| 1 4 3 1 2 5 263 Ds
Characteristic p = 73, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

211 | 73| 1 4 3 1 2 4 209 Ds

283 | 73| 1 4 3 1 2 5 269 Ds
Characteristic p = 79, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

307 | 79| 1 4 3 1 2 5 307 Ds
Characteristic p = 83, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

47 | 83| 2 4 3 1 2 4 67 Ds

79 | 83| 2 4 3 1 2 3 101 Ds

107 | 83| 1 6 3 2 2 3 132 D3

211 | 83| 1 4 3 1 2 4 232 Ds

251 | 83| 1 4 3 1 2 3 271 Dy

251 | 83| 1 4 3 1 2 3 271 Dy

251 | 83| 1 4 3 1 2 3 271 Dy
Characteristic p = 89, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

131 | 89| 1 4 3 1 2 3 165 Ds

131 | 89| 1 4 3 1 2 3 165 Ds
Characteristic p = 97, prime levels, dihedral

Level | Wt | ResD | Dim | EmbDim | NilO | GorDef | #Ops | #(p<HB) | Gp

307 | 97| 1 4 3 1 2 5 367 Ds
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