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Abstract

The aim of this article is to give a concise algebraic treanoéthe modular symbols formal-
ism, generalised from modular curves to Hecke trianglessid. A sketch is included of how the
modular symbols formalism gives rise to the standard algms for the computation of holomor-
phic modular forms. Precise and explicit connections aegdished to the cohomology of Hecke
triangle surfaces and group cohomology. In all the note a&gdrcommutative ring is used as
coefficient ring in view of applications to the computatidmeodular forms over rings different
from the complex numbers.

MSC Classification: 11F67 (primary), 11F75, 11Y40, 20HI&:(ndary).

1 Introduction

The aim of this article is to give a clear and concise algebtie@atment of the modular symbols
formalism and related objects in a form that generalises.skiésv how the standard algorithms for
computing modular forms for congruence subgroupSIaf(Z) can be deduced purely algebraically,
using only the Eichler-Shimura isomorphism. This includesalgebraic proof of the presentation
of modular symbols in terms of Manin symbols. Thus, we avbigl ise of the technically rather
difficult paper Bokurov], which is present in all the published treatmemtswn to the author (e.g.
[MerelUniversal], [SteinThesis]).

The algebraic formulation that we give generalises immtetligo the so-called Hecke triangle
groups and we choose that general set-up from the beginhisigould, however, be pointed out that
most Hecke triangle groups are non-arithmetic. In that caséreatment only gives an isomorphism
between generalised modular symbols and modular formsgdmes not yield an algorithm for the
computation of the Fourier coefficients of the modular fons to the absence of a suitable Hecke
theory.

There is considerable interest in trying to use the modylanrb®ls formalism over rings different
from the complex number in order to compute modular forms these rings (e.g. using the theory of
Katz modular forms, seé [EdixJussieu] lor [Thiesis]). Thidhesreason why the treatment of the mod-
ular symbols formalism in the present article is over any ative unitary ring. In this generality



(in fact already over the integers) one notices quickly,talhough the modular symbols formalism
is inspired by the homology of modular curves, it does noteqaompute it (compare Theordm13.5
and Remark’®.10).

Moreover, in order to be able to treat questions like the aaatfpn of modular forms over more
general rings one needs a geometric or algebraic intetjpretaf the modular symbols formalism
in order to be able to establish a link with modular forms. Huos reason we also treat certain
cohomology groups on modular curves (as Riemann surfacesjextain group cohomology groups
which are both closely related to the modular symbols foisnal All the objects appearing are
described by explicit fomulae and a precise comparisondsided. The cohomology group of the
modular curve considered in the present article is a comguleogue of the étale cohomology group
that one uses to define tBadimensional-adic Galois representation associated to a modular form.

The differences between the various objects come from niatly stabilised points on the upper
half plane. It is hence natural to use analytic modular stéwgtead of modular curves and compare
these two via the Leray spectral sequence. This has bedadcaut in the author’s thesis. However,
for the sake of the present article a formulation was chokahuses only homological algebra, but
gives the same results.

Apart from some facts about Hecke groups and some cohoméhegyy of groups and topologi-
cal spaces, the treatment of the article is essentiallycseifained.

Overview

In SectiorT® we present some facts about Hecke triangle gr@agpwell as two results to be used in
the sequel. The following three sections are independertchi other. In Sectidd 3 we introduce
the modular symbols formalism extended to subgroups ofinilex in Hecke triangle groups, and
give a description in terms of Manin symbols. An explicitrfarla for the parabolic subspace of the
group cohomology for subgroups of finite index of Hecke ti@groups is derived in Secti@h 4. The
subsequent Sectidi 5 treats a similar cohnomology group éartain sheaf on the modular surface
for I'. An explicit formula is derived, which generalises a resmiliMerel’s to higher weights. In
the final section a comparison between the objects is capiédnd it is sketched how the Eichler-
Shimura theorem together with a theory of Hecke operataigtaresults from the previous sections
can be used to compute modular forms for congruence subgjafii.,(Z).
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2 Hecke triangle groups and surfaces

For an integem > 3 one defines the-th Hecke triangle groupd,, as the subgroup dPSLy(R)
generated by

o= (07) and 7= ()

with \,, = e™/™ 4 ¢~™/™ = 2 cos(w/n). In abuse of notation when writing a matrix we often mean
its class modulo scalar matrices, i.e. an element of theeptiog linear group. The generation is
free andA,, is the free product o%./2Z = (o) andZ/nZ = (1), which makes the cohomological
computations to come very simple. The stabiliser of the et € PL1(R) is (A,)s = (T') with

T =710 = (). We denote by\,, (o) the orbit ofco underA,,. As a special case let us note that
A3 = PSLy(Z) andA3(c0) = PL(Q).

The Hecke group),, is a Fuchsian group of the first
kind (i.e. a discrete subgroup &SLy(R) of finite covol-
ume) having parabolic elements (namely precisely the con-
jugates of powers df’). Any subgroud” < A, of finite in-
dex is also a Fuchsian group of the first kind with parabolic i
elements. Moreovett := I'\H can be given the struc- /
ture of an open Riemann surface. It can be compactified
Xr = Yr UT\A,(c0), where the seF'\A,,(o0) is the set
of (parabolic) cusps of . We writeH = HU A, (c0). The - 0 = i
compact Riemann surfacE , is called aHecke triangle
surface The open Riemann surfadé,, can be visualised as a fundamental domain with angles
7 /n andr /n, as shown in the figure.

By a result of Leutbecher (as cited InSchmidt]) Hecke tgiargroups are non-arithmetic, except
forn € {3,4,6}, i.e. A, is not commensurable with arBSL,(O) for O the ring of integers of a
number field. For more details on Hecke triangle groups anfdaes we refer td [Schmidt] and the

cos(pi/n)

references therein.
The choice of working inside projective linear groups iast®f linear groups was made since it
simplifies some formulae and some proofs at nearly no costs.

Notation

In most of the paper we use the following notation.

2.1 Notation. Let G = A,, be a Hecke triangle group for some integer> 3 and letl’ < G be a
subgroup of finite index. We use the notatidfis X for the Riemann surfaces introduced above and
call j : Yy — X the natural embedding and : H — Yt resp.7 : H — Xt the natural projections.
Furthermore, the matrices, r, T' defined above will be used.

We letR be a commutative ring with unit arid a left R[G]-module. Ifg € G is some element of
finite orderm, we denote by, the element + g + - -- + g™~ ! of the group ringR[G]. Similarly, if
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H < G'is afinite subgroup, we writ&/y; = >, -y h € R[G].

Mayer-Vietoris and amalgamated products

We assume Notatidn 2.1.

2.2 Proposition. Let M be a left R[G]-module. Then the Mayer-Vietoris sequence gives the exact
sequences

0— MY - MM - M- H (G,M)— H'((c), M) & H (1), M) — 0,
0 — Hi((0), M) @ Hi((r), M) — Hi(G,M) — M — M) & Mzy = Mg — 0

and for all¢ > 2 isomorphisms

Proof. Let us writeG; := (o) andG» := (7). By [Brown], I.8.8, we have the exact sequence
0 — R[G] — R|G/G1]® R|G/G3] - R — 0

of R[G]-modules, which are free @-modules. Application of the functdfomp(-, M) gives rise to
the exact sequence &fG]-modules

0—M— HomR[Gﬂ(R[G]v M) ® HomR[Gz}(R[G]v M) - HOHIR(R[G], M) — 0.

The central terms, as well as the term on the right, can bdifiehwith coinduced modules. Hence,
the statements on cohomology follow by taking the long ezaquence of cohomology and invoking
Shapiro’s lemma.

Using the functor @ g M gives rise to the analogous statements about homology. O

Mackey’s formula and stabilisers

We now prove Mackey’s formula for coinduced modulesHIf< G are groups and” is an R[H]-
module, the coinduced moduléind% V' can be described dsom () (R[G], V).

2.3 Proposition. Let R be a ring,G be a group andHd, K subgroups of5. Let furthermorel” be an
R[H]-module. TheMackey’s formula

Res%Coind%V = H Coindgmg,ngg(ResgmgKg,l V)
geH\G/K

holds. Heré’(ResgmgKg_IV) denotes thék[ K Ng~! H g]-module obtained frory via the conjugated
actiong=thg.qv := h.wforv € V andh € H such thaty~hg € K.
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Proof. We consider the commutative diagram

ResfHomp (RG], V) oemcyx Homgng—1mg(RIK] 9 (Resi g1 V)

\

HQEH\G’/K I_IOHlI‘If-‘Ig[(g_1 (R[gKg_1]> ResgﬂgKg_l V))

The vertical arrow is just given by conjugation and is cheamh isomorphism. The diagonal map is
the product of the natural restrictions. From the bijection

_1 gkg~'—Hgk
= 75

(HngKg ')\gKg H\HgK

it is clear that also the diagonal map is an isomorphism,ipgpthe proposition. O

Applying Shapiro’s lemma, one immediately obtains thedwihg two corollaries.
2.4 Corollary. In the situation of Propositio2.3 one has

H'(K,CoindGV) =[] H(Kng 'HgResf k. 1V)
geH\G/K

H HY(H ﬂgKg_l,ResgmgKg,IV)
geH\G/K

I

forall : € N.

2.5 Corollary. We now assume Notati@n P.1. Ferc H we denote by, the stabiliser subgroup
of G for the pointz. The image of th&7-orbit of = in Xt is in bijection with the double cosets
I"\G/G, as follows

NG/G, %5 \Ga.

Moreover, the groug’ N gG, g~ equalsl,,, the stabiliser subgroup df for the pointgz. Thus, for
all i € N Mackey’s formula gives an isomorphism

H'(G,,CoindfV) = [[ H'T, V).
yel'\Gz

3 The modular symbols formalism

Modular symbols were systematically studied by [Manin]tHa book|[[Cremoria] it is shown how the
modular symbols formalism can be used for computing weigbtrhodular forms. A generalisation
to higher weight modular forms was found tdkurov], and the resulting “higher weights modular
symbols formalism” was used by [MerelUnivelsal] algoriibally. This formalism is also the subject
of the very comprehensive textbodk [SteinBbok], which ipiaparation.



Common to the mentioned treatments is that they use ratfimutticomputations of homology
groups. We show in this section that the description of madsymbols in terms of Manin symbols
can be derived purely algebraically with simple and conealptnethods. Together with the Eichler-
Shimura isomorphism, the proof of which is also quite edsg, already gives the basic idea of the
algorithms of [SteinBodk]. This is sketched in Sectldn 6.e3@ algorithms were implemented in
Magma and Python by William Stein in the case of the standangjimience subgroups.

Definition

Modular symbols can be thought of as geodesic paths betwertusps resp. as the associated
homology class relative to the cusps. We shall, howevee gigombinatorial definition, as is imple-
mented in Magma and like the one [n_[MerelUniversall, [Crealjoand Stein’s thesi$ [SteinThesis],
except that we do not factor out torsion, but intend a commemtinent for all rings.

We give the definition in the more general context of Heclangle groups and also allow general
modules. In this section we assume Notafion 2.1.

3.1 Definition. We define thé&2-modules

Mp = R[{a, B}|a, B € G(c0)]/{({a, a}, {a, B} + {87} + {7, a}|e, B,7 € G(o0))

and

We equip both with the natural Ieftaction. Furthermore, we let
Mr(V):=MrorV and Bgr(V):=BrerV
for the left diagonall-action.
(&) We call thel’-coinvariants
Mr(T, V)= Mr(V)r = Mr(V)/{(x — gz)|g € T,z € Mr(V))

the space ofl", V' )-modular symbols.

(b) We call thel’-coinvariants
Br(I', V) := Br(V)r = Br(V)/((x — gx)lg € ',z € Br(V))

the space ofI", V')-boundary symbols.

(c) We define thboundary mags the map
Mpgr(T, V) — Br(T',V)

which is induced from the maptr — Br sending{«, 8} to {5} — {a}.
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(d) The kernel of the boundary map is denoted’yt z(I", V') and is calledthe space of cuspidal
(T, V')-modular symbols.

(e) The image of the boundary map insiflg(T", V') is denoted b¥r(I", V') and is calledthe space
of (T', V')-Eisenstein symbols.

Manin symbols

Manin symbols provide an explicit description of modulam$pls. We stay in the general setting
over a ringR and keep Notation 2.1.

As G isinfinite, the induced modulB[G] is not isomorphic to the coinduced oHem r(R[G], R)
and R[G] is not cohomologically trivial. HoweverHéar(G,R[G]) = 0 (for the definition see Sec-

tion[). This is the essence of the following proposition.

3.2 Proposition. The sequence dt-modules

g—g(l—0o)oo goor1
= - -

0 — R[G]N, + R[G]N, — R[G] R[G(0)] R—0
is exact.

Proof. We first use thaR?[G] is a cohomologically trivial module for botfr) and(r). This gives
R[G]N, = kergig)(1 — 0) = R[G]'”), R[G]N; = kerge)(1 — 7) = R[G]"™,
R[G](1 — o) = kergjqy N, and R[G](1 — 7) = kergg] N-.
Propositio 2P yields the exact sequence
0 — R[G] — R[G](s) © R[G]7) — R — 0,

since H, (G, R[G]) = 0 by Shapiro’s lemma becaus§/G] = Ind{'(R). In fact, this sequence is at
the origin of our proof of Propositidnd.2. The injectivity the first map in the exact sequence means

R[G](1 — o) N RIG](1 — 1) = 0.

We identify R[G]/R[G](1 — T') with R[G(oc0)] by sendingy to goo. Now we show the exactness
at R[G], which comes down to proving that the equatidn — o) = y(1—T) for z,y € R[G] implies
thatz is in R[G]¢") + R[G]‘7).

Using the formular = T'o we obtain that:(1 — o) = y(1 - T) = y(1 —7) —yT(1 — o). This
yieldsz(1 — o) + yT'(1 — o) = y(1 — 7). This expression, however, is zero. Consequently, theae is
z € R|G] such thaty = zN,. Hence, using” = 7o and consequentlyv. 7' = N, o, we get

y(1—-T)=2N.(1-T)=2zN.(1—-0) =y(l —o0).



The equation:(1 — o) = y(1 — o) means that: — y is in R[G]‘"?. As we know thaty € R[G]{™,
we see that: = (z — y) + y is in R[G](?) + R[G]‘"), as required. Note that instead of this explicit
calculation we could also have appealed to Propodiiidn 4.3.

The exactness a[G(co)] can be seen as follows (we avoid here the traditional coatirftac-
tions argument, as it does not obviously generalise to Heckagle groups and is not in the spirit of
the present group theoretic approach). SimeadT" = 7o generate, the kernel ofR[G] 2L Ris

R[G](1 — o) + R[|G|(1 —T). Taking the quotient byR[G|(1 — T') gives the desired exactness. O

3.3 Lemma. The sequence dt-modules

{aaﬁ}’_)ﬁ_a
_—

0— Mg RG(0) =L R =0

is exact.

Proof. The injectivity of the first arrow is clear, since we can wrény element inMpz as
> aroo Tatoo, a} with o € R, using the relations definingtr. The image of this element un-
der the firstarrow i, o, 7o — (3_,200 Ta)o0- If this is zero, clearly alt, are zero, proving the
injectivity of the first arrow.

Suppose now we are given  roa € R[G(00)] in the kernel of the second arrow. Then, r =
0 and consequently we have

Zraoz: Z raoz—(z To )00

o aF#00 aF#oo

which is in the image of the first arrow, as noticed before. O
3.4 Proposition. The homomorphism @t-modules

RIG] % Mg, g+ {9.0,g.00}
is surjective and its kernel is given B{G|N,, + R[G]|N-.

Proof. This is a direct consequence of Proposifiod 3.2 and Lelma 3.3 O

We are now ready to prove the description of modular symiolerims of Manin symbols.

3.5 Theorem. Recall that we are assuming Notatibil2.1. Bét= Ind{ (V'), which we identify with
(R[|G]®grV)r. That module carries the righit[G]-action(h®v)g = (hg®w), and thel'-coinvariants
are taken for the diagonal left-action. The following statements hold:

(@) The homomorphism from Propositior 34 induces the exact sequencRB-ofiodules

0— MN,+MN; - M — Mg, V) —0.



(b) The homomorphisnk|G] — R[G(o0)] sendingg to g.co induces the exact sequence &f
modules
0-M1-T)— M — Br(I',V) — 0.

(c) The identifications of (a) and (b) imply the isomorphism

m—m(l—o)

CMg(T,V) 2= ker (M/(MN, + MN,) =222, M/M(1 - T)).

Proof. (a) We derive this from Propositidn-8.4, which gives the ¢saguence
0 — R|G|N, + R[G]N, — R[G] — M3(R) — 0.
Tensoring withV" over R, we obtain the exact sequence of I1&ff"]-modules
0— (RG] ®r V)Ns + (RG] ®r V)N, — (R[G] @r V) — MRg(V) — 0.

Passing to lefi*-coinvariants yields (a). Part (b) is clear from the defamitand Part (c) has already
been noticed in the proof of Propositibnl3.2. O

In the literature on Manin symbols one usually finds différegrsions of the modulé/, namely
the following. Suppose first that tieaction onV is the restriction of somé&'-action onV. Then we
have the isomorphism

(RG] ®rV)r Z RI\G] @RV, g@uvig®g ‘o

The right R[G]-action carries over to the actighih ® v)g = Thg ® g~ 1v.

We should also mention a slight variant of this. Suppose maw® andI" are defined ag~'(G)
resp.¢—(I") for the projection : SLy(R) — PSLy(RR). We also assume thatl € T, so thatV is
an R[T]-module, and that thE-action onV is the restriction of somé&’-action onV. Then we have
the isomorphism

(RIGl@r V)r = RIM\G] @RV, g@v—g@g v

4 Group cohomology

Also in this section we use Notatign P.1.

Definitions

We define theparabolic group cohomology grougs the left hand term and tHmwundary group
cohomology grougs the right hand term in the exact sequence

0— Hp,(T,V) - H'T,V) =[] H'(TeV),
celM'\G(0)

whereT; is the stabiliser subgroup &ffor the cusp: € H with 7(¢) = c.
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Computing group cohomology

In order to compute the group cohomology it suffices to compute the cohomology fGibecause
of Shapiro’s lemma, which for ang[I']-moduleV gives an isomorphism

HY(G, Coind¥V) = HY(T,V).

Due to CorollanfZF it is clear that Shapiro’s lemma respéiee parabolic subspace.

Afirst, however, not complete computation of the group coblogy of R[G]-modules is provided
by the Mayer-Vietoris sequence (Propositionl 2.2). We noriveden explicit description.

4.1 Proposition. Let M be a leftR[G]-module. Then the sequencef®modules
0 — MY — M — kerp; N, x kerps Nr — HY(G, M) — 0

is exact.

Proof. We determine thé-cocycles ofM. Apart from f(1) = 0, they must satisfy
0= f(0%) =0 f(0) + f(0) = Nof(0) and

0= f(r") =--- = N, f(1).

Since these are the only relationsGfa cocycle is uniquely given by the choices
f(o) € kerpy N, and f(7) € kerps N-.

Thel-coboundaries are precisely the cocycfeshich satisfyf (o) = (1—o)mandf(7) = (1—7)m
for somem € M. This proves

HY(G,M) = (kerps Ny x kerpyy N7)/((1 = o)m, (1 — 7)m) |m € M).
Rewriting yields the proposition. O

4.2 Remark. AsG, = (T) < G is infinite cyclic, one ha#f! (G, Resg‘x’M) = M/(1-T)M.

An explicit presentation of the parabolic group cohomolagthe following.
4.3 Proposition. The parabolic group cohomology group sits in the exact secgie
0 — MT /MY — kerys N, Nkeryy Ny % HL (G, M) — 0,

where¢p maps an element to thel-cocyclef uniquely determined by(o) = f(7) = m.
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Proof. Using Propositiom 411, we have the exact commutative diagra

,1_1
M@ e D er N, N ker N,

HLo (G M)

o1

(1-0,1—7)

M/ME————=%er N, x ker N, HY(G,M)
(1-T)o (a,b)—b—a
(1—-T)MC M HY(Goo, M).
As the bottom left vertical arrow is surjective, the clainfidws from the snake lemma. O

5 Cohomology of Hecke triangle surfaces

The group cohomology presheaf and sheaf

In this section we letX be a topological spaceR a commutative ring and® a group. For any
ring S, not necessarily commutative, we denote $y- 9ioo the category ofS-modules and by
Shx (S — 9Mod) the category of sheaves Sfmodules onX.

We collect some well-known, but important, properties ia tbllowing proposition.

5.1 Proposition. (a) The categonGh y (S — Mod) has enough injectives.
(b) LetZ € Shx (S — Mod) be an injective object. Thehis flabby (flasque).

(c) LetV be an object of5h y (R[] — Mod). Then the cohomology grougs (X, V) fori > 0 do
not depend on whether they are computed in the categgry(R[I'] — 9tod) or by forgetting the
I-action in the categorh y (R — M00).

(d) LetZ € Shx (S — Mod) be an injective object. Then for all open sétsC X, the objectZ (U)
of S — Moo is injective.

(e) LetZ € &hy (R[] — Mod) be an injective object. Theh' is an injective object o6h (R —
Mod).

Proof. We notice thatX together with the constant sheabn X is a ringed space. The statements
(a) and (b) are theri_[Hartshoine], Proposition 2.2 and Lerdma We should, however, point out,
that Hartshorne works with commutative rings only. But thegfis also work in the non-commutative
situation.

(c) follows from (b), as flabby resolutions can be used for poting (X, V) (see [Hartshorrie],
Proposition 2.5).
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(d) As the sheaf restricted toU is injective, it suffices to prove the statement for= X. The
injectivity of Z means that the functdiomgy , (s—anoo) (-, Z) is exact. Ford € S — 9Mod, we denote
by A the constant sheaf ol associated tal. We have

Homg _oneo(A,Z(X)) = Homgp , (5—9mo0) (4, 7)

forall A € S — Mod. As taking the constant sheaf is an exact fundiirmg_sneo (-, Z(X)) is also
exact, proving the injectivity of (X).
(e) Suppose we are given a diagram
IF

/7

A~ B

in &h (R — 9Mod). By composing with the natural injectiagil’ — 7 and putting a trivial’-action
on A and B, we obtain the commutative diagram

z
e
A~—B

in &by (R[] — Mod), sinceZ is injective. However, the image @ — 7 is contained irZ", asB
is a trivial '-module. O

LetU C X be an open set. We consider the following commutative dragrbcategories:

Shy (R — Mod)
Shx (R[] — Mod) R — Moo.
R[] — Mod

LetV € Shx (R[] — Mod). Due to Propositiol Bl 1, Grothendieck’s theorem on spestguences
(IWelibel], Theorem 5.8.3) gives rise to the two spectrauseges

HP(T, HY(U,V)) = RPTI(H(U, )T (V) (5.1)

and
HP(U,HY(I",V)) = RPTI(H"(U, )" (V), (5.2)

where we write
HI(L, V) = RY(()D)V).

This sheaf is called thgroup cohomology sheafVe now consider the following composite of edge
morphisms of the above spectral sequenceg forl

HP(I',H°(U,V)) — RP(H°(U, )" (V) — HO(U, HP(T', V)). (5.3)
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Also by [Weibel], Theorem 5.8.3, the edge morphisms are #teral maps. I/ C U is an open set,
then the restrictiones{, : V(U) — V(W) induces natural maps on each of the three objects, which
are also denoted hyes%. It can be checked that the diagram

HP(P7HO(U7 V)) - RP(HO(U7 )F)(V) - HO(U7 'HP(I" V))

U U 1%
resy, resy, resy,

HP(T, HY (W, V)) —= RP(H(W,)") (V) ——= H (W, HP (T, V))
is commutative. In other words, the edge morphiEmk 5.3 gigphisms of presheaves
(U = HP(L,HO(U,V))) — (U = RP(HO(U,)T)(V)) — HI(L, V).

We call the first presheaf ttgroup cohomology preshearfhis terminology is justified, as the sheafi-
fication coincides with the group cohomology sheaf in theesaxd interest in the present context.

5.2 Proposition. Assume thaf is of type (FP)., over R (cf. [Bierl], p. 6). The morphisms of
presheaves above become isomorphisms on the sheafificatigmarticular, for x € X one has
HYT, V), = H(T,V,)forall i € N.

Proof. It follows directly from the definition that the second mapsteafification. Indeed, let
VY — Z°* be an injective resolution. Then

HP(L,V) = ker(Z?)" — (ZP*H))/im((@H)F — (27)1)
is by definition the sheafification of
U RP(H'(U,)")(V) = ker(ZP(U)" — 271 (U)")/im(ZP~ 1 (U)" — ZP(U)").

As taking stalks is exact, we have fore X thatV, — Z? is exact in the category aR[I']-
modules. We claim that this isla-acyclic resolution of,. By Propositio 511 (d) we know that for
allU c X openZ*(U) is an injectiveR[I']-module for alli > 0, and hence thatf(T", Z¢(U)) = 0
for all ¢ > 1. Under the assumption by [Biri], Proposition 2.4, we kniattthe functor‘(T', -)
commutes with direct limits, whence, indeed,

HYD,Z!) =lim  HYT,Z(U)) =0

— Usz

forall ¢ > 1 and alli > 0, as claimed.
The particular statement follows directly. |

A spectral sequence for Hecke triangle surfaces

We assume again NotatienP.1 and wedet {H, H} andX = I'\C € {Yr, Xr}.
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We recall some facts dH that we will use in the sequel. The topology Hrextends the topology
of H and is obtained as follows. Using the action(®ft suffices to give a system of open neighbour-
hoods of the cuspo, which is provided by the sefé; = {a +ib | b > T'} for every reall’ > 0.
Clearly, the intersection with any open sefHris an open set ifi.

The G-orbit of everyx € H is a discrete set. That actually holds for every subgroulef O)
with O a ring of integers of a totally real number field. Indeed, asoids onH, we only need to
check it on the cusps. We have (gtz + iy)) = y/((cz + d)* + ¢*y?) for g = (2}). If g does not
stabilise the cuspo, we haver # 0, so that Infg(x +iy)) < 1/(c?y) < C~2y~! with C the smallest
non-zero modulus of an elementd This means that/; N gUr = () for anyT > 1/C. Hence, for
anyhUr N gUr = ), unlessgoo = hoo.

Next, we claim thaff is simply connected. It suffices to show that any Idogtarting and ending
in oo is contractible. We may assume that it does not pass thraugbther cusp (otherwise, we cut
the loop into several loops each one meeting only one cusm fallowing homotopy works

_ L@ jf s £0and
g:10,1] x [0,1] — H, (s,z) — s s7 f(z) # oo,
00 otherwise.

The mapy is continous, as the preimagef is [0, 1] x [0,1] N {(s, z)[Im(f(z)) > sT'}, and, thus,
is open in[0, 1] x [0, 1]. Clearly,g(0,x) is the constant path fromo to oo, whereag(1,z) = L(x)
is the loop we started with.

Denote byV the constant sheaf ab associated td” together with its natural’-action, i.e. for
an open selV C C we letV(U) = Homs(U, V') (equippingV with the discrete topology) together
with isomorphismsp, : V. — ¢,V for eachg € I" which onU are given by

HomctS(U7 V) - Homcts(gU7 V)7 f = (gu = gf(U) Vu € U)
We have thatr.V is in 6 x (R[[] — Mod).

5.3 Lemma. For any pointy € C and any sheaf € &h.(R — 9tod) there is an isomorphism

(M F )m(y) = H Fry
y€EL/Ty

of R-modules. In particularr, is an exact functor and for afl > 0
HY(C,F) =2 H(X,m.F).
Moreover, there is an isomorphism
(T V) r(y) & Coindll:yV

of R[I']-modules.

Proof. This follows from the fact that thE-orbit of anyx € C is a discrete set. O

14



5.4 Corollary. LetF € &hq(R — Mod) and supposél’(X,F) =0 forall i > 1. Then
HT, HY(X, F)) = RYH (X, )")(F)
forall ¢ > 0 and, in particular,
HYD, V)= RIH" X, ) (m, V).

Proof. The assumptions mean that the spectral seqUence 5.1 deigsneén the special case this
is true sinceH (X, m,.V) = H'(C,V) = 0 for all i > 1 by Lemmd®.B and the fact thétis simply
connected and is constant. O

5.5 Corollary. The stalk ic € X of the group cohomology sheaf!(I', 7..V) is H4(I",, V') for any
y € Cwith7(y) = x. In particular, H4(T", 7..V) is a skyscraper sheaf o for all ¢ > 1.

Proof. The groupI' is of type (FP)~. Indeed, byl[Biefi], Propositions 2.13 we know that free
products of groups of typ'P ), are of type(FP).. As finite groups are clearl§f' P ), (seelBieri],
Example 2.6), it follows thatr is. Finally, by [Bieri], Proposition 2.5, subgroups of fimitndex in
groups of typgFP)., are(FP).,, whencel is.

Thus, we may apply Propositidi b.2. The first statement ndiews from LemmasB and
Shapiro’s lemma. The special case is a consequence of thidache non-trivially stabilised points
of C for the action ofl” are discrete. O

Let us note as a consequence of the gase0 that the sheaf, (V)" is locally constant orX if
and only if Vv = V for all y € C.

5.6 Lemma. The composition of the edge morphidms 5.3for 1
HP(T,V) S RP(HY(X,)Y)(m, V) — HY (X, HP(D, 7, V)

is the restriction map from the theory of group cohomolodyemwe identify° (X, HP (T, 7, V) with
[L,ex HP(Ty,, V) for a choice ofy, € C with 7(y,) = .

Proof. In Propositior[ 5P we have seen that the composition of tlge edaps is sheafification.
This means in the case of a skyscraper sheaf that it comedfimmatural maps

Vi = (m V(X)) — (mV)s)" = Ve,

Hence, the map on the group cohomology is the restriction. O

We have now established the following theorem.

5.7 Theorem. In Notation[Z1 withC € {H,H} and X = I'\C € {Yr, Xr}, there is a spectral
sequence
HP(X,HY(T,m.V)) = HTUL, V),
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in which the edge morphisms (for> 1)
HP(T,V) — H°(X,HP(T', 7.V))
become the group theoretic restriction map under the ifieation

HYX, 1D, mV) = [[ HYT,,, V)
rxeX

for a choice ofy,, € C with 7(y,) = x.

Explicit description of certain conomology groups on Heckdriangle surfaces

We keep assuming Notatidn P.1. L¥tbe a sheaf ofR-modules onYy. From the Leray spectral
sequence associatedjto Yr — X we get the exact sequence

0 — HY(Xr,j.V) — H'(Yr,V) — H(Xr, R'j.V) — H*(Xr, V) — H*(Yr,V).  (5.4)

The parabolic cohomology group (foYt and V) is image of the magii(Yr,V) — H'(Yr, V). It
is denoted b;HIiar(Yp, V). Moreover, we calH’(Xr, R'j,V) theboundary cohomology group (for
Yr andV).

5.8 Proposition. There is the natural isomorphism Bﬁmoduleﬂiéar(Yp, V) = HY(Xr,5.)).

Proof. We consider the exact sequence of sheaveXen
0— 5V —4V—-C—0,

in which C' is defined as the cokernel. It is a skyscraper sheaf, as itlyssoipported on the cusps.
Hence,H!(Xr, C) = 0 and the long exact sequence associated to the short exaeheeqf sheaves
above yields that the upper map is surjective in the comrvatdtagram

Hcl(Yrv V) - Hl(XFu]*V)

T~

Hl(YF’V),

in which the vertical map comes from the Leray sequence Eap&i4. As it is injective, the propo-
sition follows. O

We can now prove the principal result of this section.

5.9 Theorem. Recall that we are assuming Notatién]2.1. Lt denote the coinduced module
Coind§ (V). The following explicit descriptions hold:

H' (Yp, (mV)T) 2 M/ (MY + M)

and
HY (Ve (m )T 2 ker (M/(M + MDY 225 M/(1 - T)M).

par
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Proof. We first use that any non-trivially stabilised poinbf H is conjugate by some € G to
eitheri, ¢, or co. The respective stabiliser groups &@fg= (o), Go¢, = (1) andG = (T'). Hence,
from Mackey's formula (CorollarfZ]15) we obtain

[T #7(ry,, V) = H?((0), M) ® H((7), M)
zE€YD
and
[T B2y, V) = HP((0), M) ® HP((7), M) @ HP((T), M),
zeXp
where againy, € H with 7(y,) = .
From the spectral sequence from Theofem 5.7 we now obtaiextnet sequences

0— H'(Yr,(mV)") — H'(T,V) — H'((0), M) & H'({r), M)
and
0— H'(Xr,(mV)") — H'(T,V) — H'((0), M) & H'((7), M) & H'((T), M).

Using Propositio 518 and comparing with the Mayer-Viet@xact sequence (Proposit[on]2.2) yields
the theorem. O

5.10 Remark. A study of the homology of modular curves (as Riemann swfdoe a subgroup
I' < PSL»(Z) =: G of finite index has been carried out by Merel In_[MerelHecla$o in order to
compute modular forms. His resuli [MerelHekcke], Propasité,

Hy(Xr,cusps, R) = ]\4/(]\4<‘7> + M<T>)

with M = Coind¥ (V) andcusps = I'\G(c0) is a special case of ours, as one can see as follows.

The general duality theorem (s€e [Dbld], Proposition VAIR; note that in this cas€ech coho-
mology coincides with singular cohomology (see €.g. [DdRipposition VII1.6.12)) gives an isomor-
phismH, (Xt, cusps, R) = H'(Yr, R), so that we may apply Theoréml5.9.

5.11 Remark. The spectral sequence from Theollem 5.7 has a geometrigiatation in terms of
analytic modular stacks (see [Thesis], 11.3). Due to th&kla€suitable references for stacks we avoid
their use here and just state the result:

There is an analytic stack, denot@d\H] together with a projection in the category of analytic
stacksf : [['\H] — Yr. The projection mag : H — [I"\H] allows one to define the she@t.V)" on
the analytic stacks, in analogy to the above treatment. Enieed functor cohomology for the functor
taking global sections coincides with that of group cohargy] i.e.

H'([D\H], (g.V)") = H'(L, V).

The spectral sequence from Theofenh 5.Tfer H can be identified with the Leray spectral sequence
associated to the projection mgp
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6 Computation of modular forms

In this section we sketch how the modular symbols formalisw also the presented cohomology
groups can be used for the computation of modular forms.

Comparison

We start by comparing the various objects discussed so far.

6.1 Theorem. We assume Notatidn 2.1. The following sequences are exact:

@ 0— H' (Y, (mV)") —» HY(T,V) = [Ley, H' Ty, V),

TEYT

(0) 0 — HL, (O, (mV)Y) = HL (T, V) = [oey, HH(Ty,, V),

par par
©) [Toery. (Ve /Nr,, V) = Mg(T,V) — H' (Yr, (m.V)") — 0,
@) [leevs (Vtw /Np, V) — CMg(T,V) — HL, (Y7, (mV)F) — 0,
where for allz € Yr we have chosen, € H such thatr(y,) = «.

Proof. This follows TheoremE&l 7. 3.9 ahd 3.5, making an identificabetween the induced and
the coinduced module. O

6.2 Corollary. We use the Notation 2.1 witR = Z. TheZ-modulesH'(I', V), H*(Yr, (m.V)")
and Mz (I", V') only differ by torsion. The same statement holds forthoduIesHéar(F, V),
H (Yr,(mV)') andCMz(T, V).

par

6.3 Corollary. We assume Notatidn 2.1 and suppose that the ordér,aé invertible in R for all
x € H. Then there are isomorphisms

HYT, V)= HY(Yp, (m, V)1 = MR(D,V)

and
Héar(rv V) = Héar(yrv (W*K)F) = CMR(P7 V)

The statements hold, in particular, for the grolip(/V) with N > 4.

Proof. This follows from Theorerii6l1. For the last part we use thateuthe conditionV > 4
all Ty (N), are trivial. O

We should not fail to recall the following well-known fact3.he groupl'o(N)/(£1) can only
contain stabiliser groups of orderor 3. It contains no stabiliser of even order if and onlyNfis
divisible by a primeg which is3 modulo4 or by 4. Furthermore, it does not contain any stabiliser
of order3 if and only if V is divisible by a prime; which is2 modulo3 or by 9 (for a proof see e.g.
[Thesis]). Let us also mention that there are techniquesdomputing the torsion of the objects above
explicitly, see e.gl[Thedis], Proposition 2.4.8, and [W].
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Eichler-Shimura

The following theorem, originally by Eichler and Shimurayalid for any Fuchsian group of the first
kind with parabolic elements (s€e [Knopp], Theorem A, amddiscussion there).

6.4 Theorem. Assume Notation d.1. Lét> 2 be an integer andC[X, Y];_o be theC-vector space
of homogeneous polynomials of degfee- 2. Then there is an isomorphism, tRgéchler-Shimura
isomorphism

Hpoo (D, CIX, Y]p—2) = Si(T) @ Si (),

whereSy(T") is the space of holomorphic weigkhcusp forms fol".

Computing modular forms

If the group in question is a congruence subgrouplof(Z) there is a theory of Hecke operators
on modular forms and on the cohomology groups studied abbive.Eichler-Shimura isomorphism
(Theoren &) is compatible with the Hecke action ($ee [[iadalni], Theorem 12.2.2). This has
the following well-known consequence.

6.5 Corollary. Letk > 2andN > 1 be integers and considér = I'y(N) (or I' = I'; (N)).
TheZ-algebraT generated by the Hecke operators inside the endomorphiggrofitheC-vector
space of cusp formS;(I") of weightk for I' equals theZ-algebra generated by the Hecke opera-
tors Ty, T, ..., T for B = YETT,n ) pime(1 + 1) (resp. B = 2E T, v ) ime(1 — %)) in the
endomorphism ring of either of thg-vector spaceﬂéar(l“, Q[X,Y]k—2), CMo(I',Q[X,Y])_2) Or
Héar(Y[‘, (m:Q[X,Y]r_2)"). HereQ[X, Y];_ denotes the homogeneous polynomials of delgre

over the rationals.

Proof. Since the coefficients are in a field, the (parabolic) groupoomlogy ofI" is equal to
that of I'/((£1) N I"). Itis clear that theC-vector space‘léar(F,C[X, Y]ix—2) contains the natural
Q-structureH !, (T, Q[X,Y],—2). Any Q-structure, however, gives an isomorphic Hecke algebra.
Due to Corollany[&R any of the other two modules may be usmsal, Finally, the Eichler-Shimura
isomorphism (Theoreiln8.4) implies that the Hecke aIgeerﬂgt(F, C[X,Y]k—2) is isomorphic to
the Hecke algebra of(I"). The boundsB are usually calledturm bounds For a proof that they
suffice see e.gl |EdixJussleu], Proposition 4.2. O

Because of the isomorphism

¢’_’Zn2 1 (Tn)g"™

Homgz(T,C) Sk(T),

the knowledge of the Hecke algebra is equivalent to the kedge of the modular forms. We use the
Fourier expansions of the modular forms at the standard andgghe usual conventiapn= e for
T e H.
The article [W] describes cases in which one may Hgg, (I', F[X, Y]),_2) with a finite fieldsF
if one wants to compute Katz modular forms ofer
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