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Abstract

In this article we prove conditions under which a certairapatic group cohomology space
over a finite fieldF is a faithful module for the Hecke algebra of Katz modulamisrover an
algebraic closure df. These results can e.g. be used to compute Katz modular fafrmeight
one with methods of linear algebra over
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1 Introduction

A theorem by Eichler and Shimura relates the sp8icd’; (/V), C) of cuspidal holomorphic mod-
ular forms of weightt > 2 for the groupI'; (V) for some integetN > 1 to the C-vector space
H].(D1(N),C[X,Y]i_2), whereC[X,Y];_, denotes the-vector space of homogeneous polyno-

mials of degreek — 2 in two variables. For the definition of the parabolic groupha@mology see
Sectior2. The result of Eichler and Shimura (see The@rengtthe isomorphism

Sk(rl(N)v (C) D Sk(rl(N)7 (C) = Héar(rl(N)v (C[Xv Y]k72)'

On the modular forms, as well as éf},, (I'1 (V), C[X, Y];_2), one disposes of natural Hecke opera-
tors, which are compatible with the Eichler-Shimura isopiism. An immediate consequence is the
observation thaﬂéar(l“l(N), C[X,Y]i—2) is a free module of rank for the Hecke algebr@ gener-
ated by the Hecke operators in the endomorphism ringj,6f'; (IV), C). This implies, in particular,
thatH!,.(I'1(N),C[X,Y]i_2) is a faithful T-module.

In general there is no analogue of the Eichler-Shimura isptism over finite fields. However, in
the present article we show that the above observation gliges to Katz modular forms over finite

fields in certain cases.

Let now Ty, denote théF,-Hecke algebra generated by the Hecke operators insidentiuerer-
phism ring of the cuspidal Katz modular fornsg(I'y(IV),F,) of weightk > 2 for I';(N) over the
field F,. In view of the observations from the Eichler-Shimura isopiism, two questions arise
naturally.



@) IsH., (T1(N),F,[X,Y]—2) afaithful Ty, -module?

ar

(b) IsHL, (T1(N),Fp[X,Y],_o) free of rank2 as aTr,-module?

A positive answer to Question (b) clearly implies a positweswer to Question (a).

Using p-adic Hodge theory (in particular the article [FaltingselBoi]), Edixhoven shows in The-
orem 5.2 of [EdixJussiéu] that Question (a) has a positigsvanin the weightrang2 < k < p — 1.
Emerton, Pollack and Weston were able to deduce from theafuredtal work by Wiles on Fermat's
last theorem [[Wil€s]) that Question (b) is true locally ainpes of the Hecke algebra which ase
ordinary andp-distinguished (seé¢ TEPW], Proposition 4.1.1, and the fpoddroposition 4.1.4) for
Z,-coefficients and the full cohomology (i.e. not the parabslibspace), from which the result fol-
lows for IF\,-coefficients and the full cohomology. We should, howevempout that it is not at all
clear whether a positive answer to Question (a) Eigrcoefficients implies a positive answer ovy.

In the present article we use completely different techeéqhhat were inspired by the special case
p = 2 of [EdixJussiel], Theorem 5.2. We are able to prove (seell@oyd”9) that Question (a) is
true locally atp-ordinary primes in the weight ran@e< k < p + 1.

Let us point out the following consequence, which presetitednitial motivation for this study.
If the answer to Question (a) is yes, we may comgii¢ via the Hecke operators on the finite
dimensionalF,-vector space’{éar(l“l(N), F,[X,Y]r—2). This can be done explicitly on a computer
and only requires linear algebra methods. We remark thadtrtbeledge of the Hecke algebra is very
interesting. One can, for example, try to verify whethesidiGorenstein ring. This property is often
implied when the Hecke algebra is isomorphic to a deformatiing (as e.g. inl([Wil€s]).

Techniques from [EdixJussieu], Section 4, show how Katz utevdforms of weight one oveF,
can be related to weight We observe that the corresponding local factors of the eleddebra in
weight p arep-ordinary. Hence, a consequence of our result is that metfroth F)-linear algebra
can be used for the computation of weight one modular fores Theoreri 915). The author carried
out some such calculations and reported on thern in [W-App].

It should be pointed out that if one is not interested in thekdealgebra structure, but only in
the systems of eigenvalues of Hecke eigenforms,i(T';(N),F,), one can get them directly from
Héar(Pl(N),Fp[X, Y]i_o) for all k > 2 (see e.g.[[Thedis], Proposition 4.3.1). However, there may

be more systems of eigenvalues in the parabolic group colegythan inSy(T'1(N), F,), but the
extra ones can easily be identified.

This article focusses on the use of group cohomology. Thiecawgtudied in his thesi§ [Thesis]
and the article[[W-MZS] its relation to modular symbols andeeain cohomology group on the corre-
sponding modular curve. For the grolip(N) with N > 5 all these agree.

We add some remarks on Katz modular forms. As a referenceamase[[EdixBostdn][[Kalz]
or [Diamond-Im]. ForR = C, the Katz cuspidal modular forms are precisely the holomiorpusp
forms. Under the assumptiod¢ > 5 andk > 2 one hasS;(I'1(N),Z[1/N]) ® R = Si(I'1(N), R)



for any ring R in which N is invertible. In particular, this means that any Katz foraeidF, can be
lifted to characteristic zero in the same weight and leveie Pprevious statement does not hold for
weightk = 1 in general.

Katz modular forms oveF,, for a primep play an important role in a modified version of Serre’s
conjecture on modular forms (s€e [EdixWelght]), as thei, um the one hand, gets rid of some
character lifting problems, and on the other hand, allows tmnminimize the weights of the mod-
ular forms. In particular, odd, irreducible Galois repreationsGal(Q|Q) — GLo(F,) which are
unramified ap are conjectured to correspond to Katz eigenforms of weight o

Finally, we should mention that William Stein has implengehf,-modular symbols and the
Hecke operators on them in Magma and Python. One could sayhibaarticle is about what they
compute.
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2 Parabolic group cohomology

Leto := (V') andr := (] ') be matrix classes iPSLy(Z). HenceT = 1o = ({1). As
PSLy(Z) is the free producto) (), one obtains the following special case of ayer-Vietoris
sequencewhich we state without proof (sele [HiltonStammbach], [d)22

2.1 Proposition. Let R be a ring andM a left R[PSLy(Z)]-module. Then thdlayer-Vietoris se-
guencegives the exact sequence

0 — MPSE22) L Al9) @ M) — M — HY(PSLy(Z), M) — H'((6), M) ® H' ((r), M) — 0
and for alli > 2 isomorphisms{?(PSLy(Z), M) = H'((c), M) & H'({T), M).

2.2 Corallary. Let R be a ring andl’ < PSILy(Z) be a subgroup of finite index such that all the
orders of all stabiliser group$',, for x € H are invertible inR. Then for allR[I']-modulesl” one has
HY(T,V) = M/(M© + M) with M = Coind..""*® (V) and H(T', V) = 0 for all i > 2.

Proof. We first note that any non-trivially stabilised pointof H is conjugate by an element of
PSLy(Z) to eitheri or (3, whence all non-trivial stabiliser groups are of the fogier)g=! N T or

g(t)g~t NT for someg € PSLy(Z). We can apply Mackey’s formula (see elg. [W-MS]) to obtain

H'((0),Coind > @vy = T[  Hi(glo)g ' NT,V)
g€\PSL2(Z)/{o)



for all i and a similar result for. Due to the invertibility assumption the result followsrn@Ghapiro’s
lemma and Propositidn 2.1. |

LetTI" < PSLy(Z) be some subgroup of finite index. We define plagabolic group cohomology
group for theR[I']-moduleV as the kernel of the restriction map in

0— HlW(T,V) — HNI, V) =5 11 HY T N (gTg™ ), V). (2.1)
9€(T)\PSL2(Z)/T

This definition is compatible with Shapiro’s lemma, i.e. Bgan[Z1 is isomorphic to

0 — H! (PSLy(Z), M) — H*(PSLy(Z), M) == H((T), M) (2.2)

par

with M = CoindESLQ(Z)V. This also follows from Mackey’s formula (see elg. [W-MS]).

2.3 Proposition. Let R be a ring andl’ < PSLy(Z) be a subgroup of finite index such that all the
orders of all stabiliser group§’,, for = € H are invertible inR. Then for all R[I']-modulesV the
sequence

0— HL,.(D,V) - HYT,V) =5 11 HY TN (gTg™ 1), V) = Vp =0
9€(T)\PSL2(Z)/T

is exact.

Proof. Due to the assumptions we may apply Coroll@any} 2.2. The s map in Equatiof 212
thus becomes

m—(l1—o

MM + M) ™M1 - T)M,

sinceH'((T), M) = M/(1 — T)M. Using the isomorphism/ = (R[PSLy(Z)] ®r V)r, it is easy
to compute that the cokernel of this magis, theI'-coinvariants. O

3 Heckeaction

Hecke operators conceptually come from Hecke correspaedeon modular curves resp. modular
stacks. They are best described on the moduli interpretgtiee e.g.[[Diamond-Im], 3.2 and 7.3).
All Hecke operators that we will encounter come from thesgespondences. However, we will
only present in detail what the Hecke operators on group motagy look like (formally they can
be obtained from the Hecke correspondences on the modetpietation using the cohomology of
modular stacks with locally constant coefficients). Fot tha follow [Diamond-Im], 12.4.

Hecke operatorson group cohomology

Denote byMat,(Z)o the semi-group of integral x 2-matrices with non-zero determinant. Lt
be aring,a € Maty(Z), andI" a congruence subgroup Bi.»(Z). We use the notations,, :=



I'Na 'Taandl'® := T Nala~ !, where we consides—! as an element dfLy(Q). Both groups
are commensurable wifh.

Suppose that’ is an R-module with aMat,(Z)..o-(semi-group)-action. Thelecke operatofl?,
acting on group cohomology is the composite

HY(D,V) 25 BY(Te, V) e, BT, V) <2 BT, V).

We have a similar description on the parabolic subspace aticerthat the two are compatible. The
first map is the usuakestriction and the third one is the so-calledrestriction which one also finds
in the literature under the nammansfer (cf. [Brown]). We explicitly describe the second map on
non-homogeneous cocycles (€f. [Diamond-Im], p. 116):

conj, : Hl(I‘a7V) — Hl(I‘o”V)7 c (ga — @L-C(agaa_l)),

Here. is Shimura’s main involution, i.. %)" = (% ). The following formula can also be found

—C a

in [Diamond-Im], p. 116, and [Shimura], Section 8.3.

3.1 Proposition. Suppose thafal’ = [ J!" ; I'd; is a disjoint union. Then the Hecke operaffyy acts
on HY(I', V) amdH!, (T, V) by sending the non-homogeneous coeyeT, c defined by

par
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for g € I'. Herejj(i) is the index such thal—géj‘(}) el

Proof. We only have to describe the corestriction explicitly. Hoattwe notice that one has
I' = U, Tag: with ag; = &;. Furthermore the corestriction of a non-homogeneous ¢eayc
HY(T',, V) is the cocyclecores(u) uniquely given by

cores( Z g; u(gs gg

for g € I'. Combining with the explicit description of the magnj,, yields the result. O

For a positive integen, theHecke operatof, is T,, with o« = (} 2).

If I'1(N) C T C I'n(N) and the integed is coprime toN, thediamond operatord) is 7, for
any matrixa. € SLs(Z) whose reduction modul®y is (d ' 0) The diamond operator gives a group
action by(Z/NZ)*. If the level isN M with (N, M) = 1, then we can separate the diamond operator
into two parts(d) = (d)as x (d)n, corresponding t&/NMZ = 7./M7 x 7./NZ.

Hecke operators and Shapiro’slemma

For later use we need to extend hg V)-action onComdFlENﬂw)(V) to aMaty(Z)..o-semi-group

action “in the right way”. This can be achieved by the follagilemma.



3.2Lemma. Let N, M be coprime positive integers, and tbe anR[I';(N)]-module. Define the
R-module

W(M,V) :={f € Homg(R[(Z/MZ)*,V) | f((u,v)) = 0 V(u,v) S.t. (u,v) # Z/MZ}.

We equip it with the lefblaty(Z)o-(semi-group)-actior(g. f) ((u,v)) = gf((u,v)g).
Then the homomorphism
W(M, V) — Hompr, v (RC1(N)], V), f= (g9 (9-£)((0,1)))
is an isomorphism of leff'; (NV)-modules (by restricting the action aV(M,V)). In particular,
W(M, V') is isomorphic tcﬁoindgigz\@(m as a leftl’; (V)-module.

Proof. As N and M are coprime, reduction moduld/ defines a surjection frorfi; (IV) onto
SLo(Z/MZ). This implies that the map

A—(0,1)A mod M
- ey

Ly (VML (V) (Z/MZ)’

is injective, and its image is the set of the v) with Z/MZ = (u,v). From this the claimed isomor-
phism follows directly. O

3.3Lemma. Let N be a positive integer anta prime. There is the coset decomposition
Li(N) (§9) D) = JUT1(W)oa (5 5)
a b
whena runs through the integers such that> 0, (a, N) = 1, ad = [ andb through a system of
representatives ¢ /dZ. Hereo, € SLy(Z) is a matrix reducing tq aal 0) moduloN.

Proof. This is [Shimura], Proposition 3.36. O

We can now prove the compatibility of the Hecke operator$ wie isomorphism from Shapiro’s
lemma when we take thelat,(Z).p-action on the coinduced module from Lemma 3.2. A proof of
this fact in the more general, but rather heavy language alklyecompatible Hecke pairs can be
found in [Ash-Stevens] (Lemma 2.2(b)).

The Shapiro map is the isomorphism on cohomology groups

Sh: HY(T'(N), W(M,V)) — H'(T1{(NM),V)
induced by the homomorphism
WM, V)=V, fe f((0,1)).

3.4 Proposition. LetN, M be coprime positive integers, and Iétbe anR[Mat,(Z)-o|-module. For
all primesi and all integersd > 1 with (d, N) = 1 we have

T;oSh=ShoT;, and <d>NOSh:ShO<d>N



Proof. We prove the statement f@i. The proof for the diamond operator is similar.

For every integet > 0 dividing [ such tha{a, N) = 1 we choose a matrix, such that it reduces
to (o, 9) moduloN. If (a, M) = 1, then we also impose that, reduces tq «," 9) modulo M. If
(a, M) # 1, then we want, = (} 9) moduloM . A simple calculation shows théd, 1) (o, (2 5) )"
equals(0, 1) if (a, M) =1resp.(0,a) if (a, M) # 1.

Lemma[3B gives explicit coset representative5 afV M )\I'y (NM) (§ 9) T'1 (N M) as a subset
of coset representatives Bf (N)\I'1 (V) (§ 9) T'1(N), namely of those witlfa, M) = 1.

Let nowe € HY(I'1(N), W(M,V)) be a cocycle. Then by Propositibn13.1 and the definition of
the Maty(Z)o-action omV (M, V') we have forg € I'; (N M)

(Sh(Tne))(g) = > 0" (e(3901)((0,1)8")),
6

where the sum runs over the above coset representativds, for) and is chosen among these
representatives such thitd ! € I'; (N M). Moreover, we have

(T (Sh(e)(g) = D 8(c(6g61)((0, 1)),
6

where now the sum only runs through the subset describeceali®ywwhat we have remarked right
above(0, 1)¢* equals(0, 1) if and only if (a, M) = 1. If (a, M) # 1, then{a) # Z/MZ, but we have
(0,1)6* = (0, a). This proves the compatibility fdf;. O

3.5 Proposition. Let NV, M be coprime positive integers, and létbe anR[Mat(Z)..|-module. For
(n, M) = 1 we define the&?[Maty(Z)o|-isomorphism

mult, : WM, V) = WM, V), [ ((u,v) — f((nu,nv))).

Then we have
(n)ar o Sh = Sh o mult,,.

Proof. Leto € SLy(Z) be a matrix reducing té~," 0) moduloM and to(} 9) moduloN. This
means in particular that € T'y(N). Hence, for a cocycle € H'(I';(N), W(M,V)) we have

o te(oge™") = c(g) + (g — (™),

so that the equalitg(cgo!) = oc(g) holds inH! (T'y(N), W(M, V)).
We can now check the claim. First we have

({n)ar o Sh)(c)(g) = o ((2-c(9))((0, 1)) = e(g)((0, 1)o).

This agrees wittl{Sh o mult,, )(¢)(g) = ¢(g)((0, n)). ]



4 Themodule Vj;_o(R)

For aringR and an integek > 2 we let
Viea(R) == Sym"*(R?)

which carries the natural leffL(Z)-action. In the sequel we will often use the following ditfet
description oft,_o(R).

4.1Lemma. Let R[X,Y], denote theR-module of homogeneous polynomials of degiee the
variablesX andY overR. The map

Sym™(R?) — R[X, Y], ()@@ (3) = (@X +bY)...(anX +b,Y)

defines an isomorphism of I&¥fat,(Z)..o-modules, when we equip the polynomials with the action
(M.P)(X,Y)=P((X,Y)M).

Proof. The map is well defined and every monomial is obviously hit. S&s"(R?) is freely
generated by the classes(@) ® --- @ (}) ® (}) ® --- @ (V), the map is in fact an isomorphism.
|

4.2 Proposition. Suppose that! is invertible in R. Then there is a perfect pairing
Va(R) x V(R) — R

of R-modules, which induces an isomorphi$ifnf R) — V,,(R)" of R[Mats(Z)o]-modules, if we
equipV,,(R)Y with the left action M.¢)(w) = ¢(M*w). If M is invertible, we theliM.¢)(w) equals
det(M)"¢(M ~1w).

Proof. One defines the perfect pairing f(R) by first constructing a perfect pairing d#?,
which we consider as column vectors. We set

R*>x R?> - R, (v,w) := det(v|w) = vjwy — vowy.

If M is a matrix inMata(Z)-o, one checks easily thah/v, w) = (v, M‘w). This pairing extends to
a pairing on the:-th tensor power oRR? by letting

<vl®"'®vn,wl®"'®wn> — </Ulawl> """ <vn>wn>o

Due to our assumption on the invertibility af, we may viewSym™(R?) as a submodule in the
n-th tensor power, and hence obtain the desired pairing. €pmently, one has the isomorphism of
R-modules

Va(R) = Va(R)Y, v (0 (v, w)),

which isMaty (Z)-equivariant for the actions considered. 0

8



4.3Lemma. Letn > 1 be aninteger. We suppose thatV is not a zero divisor iR. Thet-invariants
are V,(R)" = (X for t = (} 1) and thet'-invariants areV,,(R){*) = (y™) fort' = (4 9).

Proof. The action oft givest.(X"¢Y?) = X"~ {(NX + Y)? and consequently

i—1
(t=1.(X"Y) =) ri X IYI
j=0

with r; ; = N*=7 (1), which is not a zero divisor by assumption. Fo= 37" ; a; X" 'Y we have

n—1 n
(t — 1)$ = ZXninj( Z CLZ"I“Z‘,J‘).
=0 i=j+1

If (¢t —1).z = 0, we conclude forj = n — 1 thata,, = 0. Next, forj = n — 2 it follows that
an—1 = 0, and so on, untik; = 0. This proves the first part. The second follows from symmetry
a

4.4 Proposition. Letn > 1 be an integer.
(a) Ifn!N is not a zero divisor inR, then theR-module off'(N)-invariants V,,(R)" ) is zero.

(b) If nlisinvertible inR and NV is not a zero divisor iR, then theR-module of’(V)-coinvariants
Va(R)r() is zero.

(c) Suppose thdf is a subgroup oLy (Z) such that reduction module defines a surjectiof —
SLy(F,) (e.9.T'(N), I'1 (IV), I'g(IN) for p { N). Suppose moreover that< n < pif p > 2, and
n = 1if p = 2. Then one ha¥,,(F,)" = 0 = V,,(F,)r.

Proof. AsT'(N) contains the matricesandt’, Lemma4.B already finishes Part (a). Under the
assumptions of Part (b) Propositibnl4.2 implies a selfityado that (b) follows from (a). The only
part of (c) that is not yet covered is when the degree is p > 2. In that case we have an exact
sequence of (N)-modules

0— Vl(Fp) - Vp(Fp) - Vp—Q(Fp) — 0.

In fact, V,,(F,) is naturally isomorphic with the spa¢g considered on .11, so one can proceed as
there. It suffices to take (co-)invariants to obtain the Itesu O

Torsion-freeness and base change properties

Herremans has computed a torsion-freeness result likeolt@ving proposition in [Herremans],
Proposition 9. Here we give a short and conceptual proof difjaty more general statement. The
way of approach was suggested to the author by Bas Edixhoven.



4.5 Proposition. Assume that is an integral domain of characteristicsuch thatR /pR = [, for a
primep. LetN > 5 andk > 2 be integers and lef = I'; (V). Then the following statements hold:

(@) H'(I,Vi—2(R)) @ F, = H'(T, Vi_o(F,)).
(b) If k = 2, thenHY(T', Vi _2(R))[p] = 0. If k > 3, thenHY(T', Vi_2(R))[p] = Vi_a(F,p)'. In
particular, if pt N, thenH'(T', Vi, _o(R))[p] = 0forall k € {2,...,p+ 2}.
(c) Ifk=2,0rifk € {3,...,p+2}andp { N, thenH ] (T, Vi _o(R))®rF, = H], (T, Vi_(Fp)).
Proof. Let us first notice that the sequence
0 — Vi_o(R) 2 Vi_o(R) = Vi_o(F,) — 0

of R[I']-modules is exact. The associated long exact sequenBd dfcohomology gives rise to the
short exact sequence

0 — H'(T, Vi—2(R)) ® F — H'(T, Vi—a(Fp)) — HHH(T, Vioa(R))[p] — 0

for everyi > 0. Exploiting this sequence far= 1 immediately yields Part (a), since afi? of I' is
zero by Corollary ZR2. Part (b) is a direct consequence ofése: = 0 and Propositiof414.
We have the exact commutative diagram

0—— HYT, Vo_o(R)) —=— H(T, Vj_»(R)) HYT, Vj_s(F,)) —=0

! ! J

0—I1, H'(Dy, Via(R)) - TT, H(Dy: Vi-o(R) — [T, H'(Dy, Vi (F,)) —0

| o

(Ve—2(R))r (Vi—2(R))r,

where the products are taken oyee I'\PSLy(Z)/(T), andD, = I'N{gTg'). The exactness of the
first row is the contents of Parts (a) and (b). That the coluarasxact follows from Propositidn_2.3.
The zero on the right of the second row is due to the fact ihais free on one generator. That
generator is of the formg (} 7) with » | N, so thatr is invertible inF,,. The zero on the left is trivial
fork = 2and for3 < k < p+ 2itis a consequence of Lemrhal4.3. Part (c) now follows from the
snake lemma and Propositibnl4.4, which implies that theobothap is an injection. O

We mention without proof that the statements of the projmsialso hold for any congruence
subgroupl’ of level N if the orders of the stabiliser subgroups for the actiod' @n H are coprime
to p. This is for example always the caseif> 5.

5 Level raising for parabolic group cohomology

The contents of this section is already partly presentirhi8fevens]. However, in that paper the
parabolic subspace is not treated.
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Decomposition of W(p, F,) asIF,[Maty(Z)_o]-module

We will now relate theF,[Mato(Z)o]-modulesWW(p, F),) andVy(F,) for 0 < d < p — 1. The latter
are in fact precisely the simplg,[SL2(F,)]-modules.

5.1 Lemma. Evaluation of polynomials ofi2 induces an isomorphism 8%, [Maty(Z)..o]-modules
2
F,[X,Y]/(XP — X,Y? —Y) 2 T,".

Proof. We first notice thatX” — X, Y? —Y) is preserved by th&lat,(Z)o-action. The map is
well-defined because of Fermat's little theorem and the citoifity for the natural action is clear. As
the dimensions on both sides agree, it suffices to provetivigyc Let f € F,[X, Y] be a polynomial
of degree< p — 1 in both variables such that(a,b) = 0 for all a,b € F,. Then for fixeda
the polynomialf(a,Y) is identically zero, as it is zero for all the specialisations of". Hence,
consideringf as a polynomial inY” with coefficients infF,[X], it follows that all those coefficients
are identically zero for the same argument. Consequehtypolynomialf is zero as an element of
F,[X, Y] proving the claim. O

We can thus identifyV (p,F,) with {f € F,[X,Y]/(X? — X, YP —Y) | f((0,0)) = 0}. Let
Uq(F,) be the subspace consisting of polynomial classes of delgeeg0, . .. ,p — 2}, i.e. those that
satisfy f (I, ly) = 14f(z,y) for all | € F,. Note that the degree is naturally defined module 1.

It is clear that the naturdilat,(Z)o-action respects the degree. By collecting the monomials we
obtain

p—2
W(p,Fp) = €D Ua(Fy).
d=0

Furthermore, we dispose of the perfect bilinear pairing

W(p,Fp) x W(p,Fp) = Fy, (frg)= D fla,b)g(a,b).
(a,b)€F2

52Lemma. Letd,e > 0 be integers. Witlip — 1) { d or (p — 1) 1 e we have

Z a®® = 0.

(a,b)€F2

Proof. As the statement is symmetricdrande, we may suppose thgb — 1) 1 e and in particular
e # 0. Thenz(a’b)eﬁg a®b® = 3P ad( {)’;11 b¢). The latter sum, however, is zero, as one can for
instance see by choosing a generatasf I, and rewritingZ{j;l1 be = Zf;ll(ae)i. As o¢ clearly
is a zero of the polynomiak?~! — 1, it is a zero of the ponnomiaEf;ll X', sincec® # 1 using
(p—1)1e. O

If (p—1) 1 (d+e), LemmdRR implies thdt;(F,) pairs to zero wittU, (F,). Hence, the restricted
pairing Uy (Fp) x Up—1-q4(Fp) — F, is perfect for0 < d < p — 1, as the dimensions &f,_;_4(F,)

11



andUy(F,) are equal. Furthermor&,,[X, Y], pairs to zero withF,[ X, Y],_1_4. This follows from
Lemmd&.R and an easy calculation. Consequently the induaiedg

Ua(Fp)/Va(Fp) X Vp—1-a(Fp) — Fp

is perfect. LetM € Mato(Z) such that its reduction moduleis invertible. Then it is clear that
the above pairing respects the actionidf i.e. (M f, Mg) = (f,g). Consequently, we receive an
isomorphism ofF,-vector space#/;(F,,)/Va(F,) — V,—1-4(Fp)Y. Composing with the map from
Propositio 4R, we obtain an isomorphism

Ud(Fp)/Vd(Fp) = Vo—1-a(Fp).

Weight & € {2,...,p+ 1} in weight 2

We now study how the behaviour of théat,(Z)_.-action.

53Lemma. Let0 < d < p— 1 and letM € Maty(Z),o such that its reduction modulp is in
GL»(F,). Then the following diagram commutes:

0 —= Va(Fp) — Ua(Fp) — Vp1-a(Fp) —0
M.l iM. |detanytar.
0— Vd(Fp) - Ud(Fp) - Vp—l—d(Fp) —0.

Proof. This follows from the compatibilities of the two pairingstivithe group actions described
above. O

54Lemma. LetM = () and0 < d < p — 1. Then the following diagram commutes:

0 — Vy(Fp) = Ua(Fp) — Vp1-a(Fp) —0

e I Jo

0— Vd(Fp) - Ud(Fp) - Vp—l—d(Fp) — 0.

Proof. We haveM* = (g ?) A basis ofU,(F,) is given by the monomials of degreg which
correspond to the embeddingdf(FF,,), together with the monomial&*yP~1*td~iford <i < p—1.
As the latter monomials all contain at least one factoXofthey are killed by applying the matrix.

O

We hence find formulae similar to those that hold in a compgaraltuation for modular forms
of level Np (see Propositiof 8.1, resp. [Grbss], p. 475). The followRrgposition, except for the
parabolic part, is alsd [Ash-Stevéns], Theorem 3.4.

We introduce the following notation. Lét/ be anylF,-vector space on which the Hecke operators
T; and thep-part of the diamond operatots,, act. By M [d] we mean)/ with the action of the Hecke
operator?; “twisted” to bel?T; (in particularT, acts as zero). Furthermore, By(d) be denote the
subspace on whicti), acts ag? = x,,(1)¢ with y, the modp cyclotomic character.

12



5.5 Proposition. Letp be a prime,N > 5and0 < d < p — 1 integers such thap f N. We have
isomorphisms respecting the Hecke operators

H'(Ty(Np),F,)(d) = H'(Dy(N), Uy(F,)) and

Hyor(P1(ND), Fp)(d) = Hyo (D1 (N), Ug(Fy)).-

par par

Moreover, there are the exact sequences
0 — H'(T1(N), Va(Fp)) — H'(C1(N), Ua(Fp)) — H'(T1(N), Vpo1-a(Fp))[d] — 0
and

0 — Hyoo(P1(N), Va(Fp)) — Hpor(T1(N), Ua(Fp)) — Hypor (D1 (N), Vpo1-a(Fp))[d] — 0,

par par par
which respect the Hecke operators.

Proof. The first statement follows from Propositidns]3.4 3.=togr with the definition of
U4(Fp). The twisting of the Hecke action in the exact sequencesesr ¢dfom the definition of the
Hecke operators on group cohomology using Lemimds 5.8ahd 5.4

Ford = p — 1 we havelUy(F,) = Vo(Fp) @ V,—1(F,), from which the statements follow. So we
now assumeé < p — 1, in particularp # 2. For the top sequence we only need to check that it is exact
on the left and on the right. By Propositibil4.4 we h&®(I'y (N ), V,,_1_4(F,)) = 0. The H>-terms
are trivial by CorollanfZP.

The exactness of the second sequence follows from the seakead, once we have established
the exactness of

0— [I H'(De;Va) = [] H'(De,UaFp)) — [ H'(De, Vpor1-a(Fy)) — 0,
c cusps c cusps ccusps
where D, is the stabiliser group of the cugp= goo with g € SLy(Z). Hence,D. = g(£T)g~' N
'y (). This group is infinite cyclic generated lay( ) |) g~ for somer € Z dividing N (see also
the proof of Propositioi415). Hence, we ha#é(D., V4(F,)) = 0. We claim that the sequence

0— [] H'De,Va(®y) — [[ H'(De,Ua(Fp)) — [[ H(De,Vi1-a(Fp)) — 0
¢ cusps ¢ cusps ¢ cusps
is exact. It follows from Lemm&-l3 that bot®(D., V4(F,)) and H(D,, V,_1_4(F,)) are one-
dimensional. To finish the proof, it thus suffices to prove tH&(D,, U,(F,)) is (at least) of dimen-
sion2. The elements(? € Uy(F,) andY4(1 — XP~1) € Uy(F,) are invariant under". Indeed,

TY!(1- X7 = (X + V)1 - X7
d
=YL= X7+ Y ()Y - X = v - x0T,
i=1

as inUy(F,) we haveX?(1 — XP~1) = X*~1(X — XP) = 0 fori > 0. O
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6 Modular formsof weight 2 and level Np

We recall some work of Serre as explainedlin [Gross], Sestiband 8, cf. alsd [EdixWeight], Sec-
tion 6.

Let us now introduce notation that is used throughout theealeof this paper. We consider the
modular curveX;(Np) over Q,(¢,) for a primep > 2 not dividing N' > 5. It has a regular stable
model X over the ringZ,[(,], see e.g.[IKaiz-Mazlr]. Lef denote the Néron model ovér, ¢, of
Ji1(Np), the Jacobian ok (Np) overQ,(¢,). We let, following [Gross], Section 8,

L=H(X,Qx7,,))

whereQy,z (¢, is thedualising sheaf ofX' of [Deligne-Rapoport], Section 1.2. By [Gross], Equa-
tion 8.2, we have for the special fibPéFp that

- 0 _
L:=H (X]Fpa QXFP/IFP) =1L Op[cp] Fp.

On L and L the p-part (-),, of the diamond operator acts. The principal resultlothat we will
need is the following (see Propositions 8.13 and 8.1B of$&})o The notation is as in Propositionls.5.

6.1 Proposition. (Serre) Assume3 < k < p, N > 5 andp { N. Then there is an isomorphism of
IF,-vector spaces

L(k —2) = Sp(T1(N), Fp) @ Spis—k(T1(N), Fp) [k — 2]
respecting the Hecke operators. Moreover, the sequencedfdmodules
0 — Sy(T1(N),Fy)lp — 1] = Z(p — 1) = Spy1(T1(N),F,) — 0
is exact.

In our attempt to compare Hecke algebras of modular formk thibse of modular symbols in
characteristicp, we generalise the strategy of the second part of the profEdikJussieli], Theo-
rem 5.2. Hence, we wish to bring the Jacobian into the plagesit will enable us to pass from
characteristic zero geometry to characterigtic

6.2 Lemma. Under the assumptions and notations above we have isonsonghi
L= Coto(J]gp) = Coto(JEQp [p])

respecting the Hecke operators.

Proof. The first isomorphism is e.d. [EdixWeig@ht], Equati6rr.2. The second one follows from
the fact that multiplication by on J]gp induces multiplication by on the tangent space @twhich is
the zero map. Hence, the tangent spac{ecﬁtJEQp [p] is equal to the one Qf](F)p. O

14



Par abolic conomology and the p-tor sion of the Jacobian

To establish an explicit link between parabolic cohomolamd modular forms, we identify the
parabolic cohomology group fdr; (V) with F,-coefficients as the-torsion of the Jacobian of the
corresponding modular curve. Here we may view the Jacolsam@mplex abelian variety. As in
the other cases, the Hecke correspondences on the modulas give rise to Hecke operators on the
Jacobian.

6.3 Proposition. Let N > 3 be an integer, ang a prime. Then there are isomorphismsigfvector
spaces
Hpo (T1(Np), Fp) = J(C)[p] = J(@,)[p]

respecting the Hecke operators.

Proof. The second equality follows from the fact that torsion ppiate algebraic. We start with
the exacKummer sequenagf analytic sheaves oveY; (Np)

0—>,up—>Gm£>Gm—>0.
Its long exact sequence in analytic cohomology yields
0 — H'(X1(Np), pp) = H'(X1(Np),Gyn) & H'(X1(Np),Gn).

Using thatd (X (Np),G,,) = J(C), we already obtain that/! (X, (Np), u,) = J(C)[p]. AsC
contains thep-th roots of unity, we may replace the shegfby the constant she&t,. Moreover, the
groupH'(X1(Np),F,) coincides withH!, (I'1(Np),F,). This follows for example from the Leray

par

spectral sequence for the open immersiotVp) — X;(Np) (see e.g[[W-MB]). It can be checked
that the action of the Hecke operators is compatible. |
7 Heckealgebras

In this section we will compare the Hecke algebra of moduwams to that of modular symbols and
establish isomorphisms in certain cases. Whenever forgaiiwe have ankR-module M, on which
Hecke operator§,, act for alln, we let

Tr(M) := R[T,, | n € N C Endp(M),

i.e. the R-subalgebra of the endomorphism algebra generated by ttieetdperators.

The Hecke algebra of modular formsand Eichler-Shimura

We start by stating the Eichler-Shimura-Theorem.
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7.1 Theorem. (Eichler-Shimura) For £ > 2 andI" < SL»(Z) a congruence subgroup, there is an
isomorphism ofl'z (S, (T", C))-modules, th&ichler-Shimura isomorphism

Hfl)ar(r’ Vk—Q(C)) = Sk(r’ C) D Sk(ra (C)

Proof. [Diamond-Im], Theorem 2.2.2. O
We draw the following conclusion from the Eichler-ShimUraeorem.

7.2 Corollary. In the situation of Theorefn1.1 we have natural ring isom@@pis
Tz(Sk(I,C)) = Tz (H} (T, Vi—2(Z)) /torsion).

Proof. The freeZ-module H!, (T, Vi_2(Z))/torsion is a Z-structure in theC-vector space

par

Héar(F,Vk_Q((C)). Any Z-structure gives an isomorphic Hecke algebra. Finally,ofém[Z1 im-

plies that the Hecke algebra &éf’,.(I', Vi—»(C)) is isomorphic to the Hecke algebra §£(T', C).
]

The formula in this corollary is the reason why many peopkfgrto factor out the torsion of
modular symbols.

7.3 Proposition. Let N > 5, k > 2 integers and 1 N a prime. Then we have
Tz (Sk(T1(N), €)) @z Fp = Tr, (Se(T1(N), Fy)).

Proof. By [Diamond-Im], Theorem 12.3.2, there is no differencewssn Katz modular forms
overF, and those that are reductions of classical modular formsaqexpansion is irZ[1/N], i.e.

Sk(T'1(N), Z[1/N]) @z /N Fp = Sk(T1(N),Fp).
Hence, thej-expansion principle gives the two perfect pairings
Tz(Sk(T1(N),C)) @z Z[1/N] x Sp(T1(N), Z[1/N]) — Z[1/N], (T, f) = ar(Tf)

and
Tr, (Sk(T1(N),Fp)) x Sp(T1(N), Fp) — Fp, (T, f) = ar(T'f).

Tensoring the first one with,, allows us to compare it to the second one, from which the sitipa
follows. O

7.4 Corallary. Letp be a prime andV > 5,2 < k < p + 2 integers s.tp { N. Then sending the
operator7; to 7; for all primes! defines a surjectivé&,-algebra homomorphism

Tr, (Sk(T1(N),Fp)) = Tr, (Hpar (C1(N), Vi—a(Fy))).
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Proof. From Corollary[ZP we obtain becausesforsion-freeness (Propositign¥.5) an isomor-
phism of[F,-algebras

Tz (Sk(T1(N),C)) @ F, = Tz (HL (C1(N), Vi_a(Z2))) @z F.

By Propositior. ZI3 the term on the left hand side is equaltg(S, (I'1 (V) F,,)) so that it suffices to
have a surjection

Tz (Hpar (T1(N), Via(Z))) ® Fp — Tr,, (Hpar (L1(NV), Vi—2(F)))
which follows from Propositiof4l5. Indeed, the isomorpiis

Hyoo(T1(N), Viea(Z)) @ By = HY, (T1(N), Vo (Fy))

par par

is compatible with Hecke operators, and allows one to defim@@omorphism from the Hecke algebra
on the left hand term to the one on the right hand term, whicaut®matically surjective by the
definition of the Hecke algebra. O

7.5 Proposition. Let N > 1, k > 2 be integers and< a field. If the characteristic o isp > 0,
then we assumg t N. Furthermore, leff';(N) < T < G < SLy(Z) be subgroups and : G g
I'\G — R* a character such that(—1) = (—~1)* if —1 € G. Denote byT the K-Hecke algebra of

Si(T', K) and byT, the K-Hecke algebra ob (G, ¢, K'). Furthermore, let
I=((0)—¢€d) |06 €T\G)<T.
ThenT /I and T, are isomorphicK -algebras.

Proof. As we work with Katz modular forms (for that we need the candip 1 V), we dispose
of the g-expansion principle. Hence we have isomorphisms respettie Hecke actiofT,)V =
Sk(G,e, K) = TV[I] = (T/I)", whence the proposition follows. O

Comparing Hecke algebras over F,

7.6 Proposition. Let N > 5 be an integerp t N a prime and) < d < p — 1 an integer. There exists
a surjectionTy, (HL,.(T'1 (Np),Fp)(d)) — Tr,(L(d)) such that the diagram d,-algebras

par

Tr, (L(d))
/
Tz(S2(T1(Np),C)(d)) @ F,
\
TFp (Héar(rl(Np)7 FP)(d))

commutes. All maps are uniguely determined by sending tbhkersperatorT; to T; for all primes I.
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Proof. Let us first remark how the diagonal arrows are made. The l@mercomes from the
isomorphism (see Propositibn¥.5)

Hyor(P1(ND), Z) @ Fp & Hpo(T1(Np), Fp).

par

The upper one is due to the fact thats a lattice inS2(I'; (Np, C)), using arguments as in Corol-
lary[Z2. As the order af’; is invertible inF,,, we can everywhere pass to the eigencomponents of the
action of thep-part of the diamond operata),,.

We obtain the vertical arrow by showing that the kernel of ldweer diagonal map is contained
in the kernel of the upper diagonal map. In other words, wéshibw that if a Hecke operatdr in
Tz(S2(T'1(Np),C)(d)) ® F, acts as zero ofl},.(I'1 (Np), F,)(d), then it acts as zero ab(d).

So assume thaf acts as zero o}, (I'1(Np),F,)(d). By Propositio 68, it acts as zero on
J@p (Q,)[p)(d), hence on]@p [p](d), asJg, [p] is reduced. But then it also acts as zerofgn,;[p](d),
as it acts as zero on the generic fibre using that is flat overZ,[¢,] ([BLR], Lemma 7.3.2, ag is
semi-abelian). But consequently, it also acts as zero osgteeial fibreJr, [p](d), whence also on the

cotangent spac@otO(J]gp [p])(d). Now LemmdE&P finishes the proof. O

7.7 Theorem. Letp be a prime an® < k < p+ 1, N > 5 integers such that + N. We write for
short TPar Vb .= Ty (HL, (T1(N), Viea(Fp))), TNk .= Tp (S,(T1(N),F,)) and similarly

par

for the twisted ones. Then there is the commutative diagrfaiiy-algebras

Tg, (L(k — 2)) — Tmod Nk x  mod,Np+3—k,[k~2]

T | !

P]vaar,Np,Q - o Tpar,N,k % Tpar,N,p—i—?)—k,[k—Q]‘

The vertical arrows are obtained from Propositibnl7.6 re€orollary [Z4, and the horizontal ones
from Propositio &1l and Propositidn %.5. The vertical amoare surjective. I2 < k < p, then the
upper horizontal arrow is injective.

Proof. The commutativity is clear, dg; is sent tal; x 7T; along the horizontal arrows, arfd is
sent toT; along the vertical arrows for all primds The surjectivity of the vertical arrows has been
proved at the places cited above. The injectivity of the uypenomorphism is the fact that(k — 2)
is the direct sum ob,(I'1 (), F,) andS, 3, (I'1(N),Fp) [k = 2],if 2 < k < p. O

7.8 Corallary. Let2 < k <p+ 1, N > 5such thatp { N. Let be a maximal ideal of the Hecke
algebraTz(S2(I'1 (Np), C)(d)) ® F,, which is not in the support of, 51 (I'\(N),F,). Then we
have an isomorphism

Tr, (Sk(T1(N), Fp)yp) = Tr, (Hpor C1(N), Viea (Fp)) ).

Proof. The assumption means th@s, s_,(I'1(V),F,)[k — 2]) = 0. Because of Corol-
lary [Z2 we know thafp3 is not in the support ofi}, (I'1(N), Vp11-(Fp))[k — 2] either, whence

par
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(Har(C1(N), Vo1 —i(Fp)) [k — 2])s = 0. Hence, the sequences of Proposifion 5.5[and 6.1 localised

atB give isomorphismeTs, (L(k — 2)), = Tyt F and TH™P? = TH™M*. Hence, also the
vertical maps in the localisation gt of the diagram of Theoreli 1.7 are isomorphisms. O

79Corollary. Let2 < k < p+ 1, N > 5 such thatp t+ N. Letd be a maximal ideal of
Tr, (Sk(T'1(N),F,)) corresponding to a normalised eigenforfne Sy (I'y(NV),F,) which isordi-
nary, i.e.a,(f) # 0. Then we have an isomorphism

Tr, (Sk(T1(N), Fp)gp) = Tr, (Hpor (C1(N), Vioa (Fp)) o).

Proof. As the operatof/), always acts as zero &),;3_,(I'1 (N),F,)[k — 2] the maximal ideafd
cannot be in the support 6f,,5_;(I'1 (N),F,)[k—2], whence we are in the situation of Coroll&ryl7.8.
]

7.10 Remark. In contrast to Propositiofi 6l 1 the exact sequence of Prdjpodh.3 is in general non-
split for d = k — 2 with 2 < k < p. However, it is split fork = 2.

8 Action through characters

In this section we shall extend the results fréim(/V) to I'g(/V) together with a character of the
quotient groud'o(N)/T'1(N) = (Z/NZ)*.
Let us for the sequel of this section make the following agstion.

8.1 Assumption. Letp > 5 be a prime and¥ a finite field of characteristip or K = F,. Suppose,
moreover, that we are given integérand N with3 < k < p+2andpt N. LetA =T((N)/T'1(N).

It acts onH!(T';(N),-), the parabolic subspace and ¢f(I'; (IV), K) through the diamond opera-
tors. Furthermore, let be a character of the form : T'o(V) g I'o(N)/T1(N) — K*. Denote
by K¢ the K[I'o(N)]-module which is a copy d& with action throughe . We writeV,¢_,, for the
K[Ig(N)]-moduleV,_o(K) @ K€. Finally, let G be the group witi';(N) < G < I'¢(N) such
that G/T'1 (N) = A,, thep-Sylow subgroup oA.

8.2 Lemma. Under the Assumptidn 8.1 bofli! (I'y (N), Vi,—2(K)) and H., (T1(N), Vi—2(K)) are
coinducedK [A,]-modules.

Proof. We writeV = Vj,_o(K) andI := I'; (V). The Hochschild-Serre spectral sequence (in the
notation from [Milné], Appendix B, we use the exact sequehBe— E.' — E>°) gives the exact
sequence

ker (H*(G,V) — H°(A,, H*(T,V))) — HY(A,, H(T,V)) — H*(A,, H(T,V)),

whenceH!(A,, HY(T', V¢ _,)) is zero by Corollar{2]2 and Propositibn}.4.
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From Propositiol.2]3 it follows taking,-cohomology that the sequence

0— H!

par

V)& = BN,V 2 (0 T HAOn(gTg ™), V)™
g€(T)\PSL2(Z)/T

— HY (A, H (T, V) — 0

par

is exact. It can be checked (using thadoes not divide the ramification indices of the cusps) that th
first three terms are

0— Hpw(G, V) — HY(G,V) 11 HYG N {gTg™h),V) -0,
ge(T)\PSL2(Z)/G

where the zero on the right is again a consequence of Prapd2i0. HenceHéar(Ap, HYT,VE L))
is zero.

Finally, from H*(A,, -) = 0 we get by [NSW], Proposition 1.7.3(ii) th&* (T, V}_»(K)) and its
parabolic subspace are coinduc&g-modules. O

8.3 Lemma. Under the Assumptidn 8.1 we have thatI'; (NV), K) is a coinduceds [A,]-module.

Proof. For the notation in this proof we follow_[EdixBoston], p. 2220 and the proof of
Lemma 1.9. We lel’ :=T';(N).

The projectionr : Xt — X is a Galois cover with group\,, of proper K'-schemes. Indeed,
for the open part this ig [Deligne-Rapogort], VI.2.7. Moveg the ramification index of the cusps
divides IV, whence the cusps are unramified ip-axtension.

The Hochschild-Serre spectral sequence gives an injection

0 — HY(A,, H(Xp, 7*w®*(—cusps))) — H' (X, w®"(—cusps)).

Using Serre duality and the Kodaira-Spencer isomorphisse [Beligne-Rapopdrt], VI.4.5.2) we
obtain

Hl(Xg,w@)k(—cusps)) S’éD HO(Xg, Qe (w®k(—cusps))v)v Kés HO(Xg,w@)Q_k)V
which is zero, since the degree ©F%>~* is negative (ag > 3). The mapr is étale and we have
HO(Xp, m*w®k(—cusps)) = Si(T, K), from which H'(A,, S,(T', K)) = 0 follows. The proof is
finished as in the previous lemma. O

8.4 Theorem. We keep the Assumptibnls.1.
If HL, (T1(N),Vi_2(K)) is a faithful Ty (Sy(T'1(N), K))-module, then !

par par

a faithful T (Sk(T'1 (N), €, K))-module.

(To(N), Vi_y) is

Proof. We claim thatNa := > 5.4 6 € K[A] induces isomorphisms
(Sk(T, K) @K K9)a — (S(T, K) @k K)» (8.3)
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and
Hyoo(T, Vi 9)a — H)

par par(rv Vk:572)A' (84)
We note that? ! (", Vi _o(K)) ®x K¢ = HY(T', V£ _,), since the characterrestricted tdl" is trivial.

From Lemmag§8]2 arld 8.3 we obtain tt{(T", K) andHéar(F, V¢ ,) are coinduced\,-modules.
This implies the claim by an elementary calculation.

Dualising Equatiol 83 gives an isomorphism

(T(Sk(T, K)) © K°) , ™2 (T(Sk(T, K)) © K2,

which in particular yields the implication

T(> @™o =0 = Tel, (8.5)
0EA
wherel is the ideal defined in Propositign¥.5. In view of that prapos, we only need to show that
if T acts as zero ol (G, Vi ,), thenT isin 1.
The Hochschild-Serre spectral sequence yigld$l', V¢ ,)» = HY(G, V¢ ,), since(Vi_,)! is
zero by Proposition414.
Let nowT be a Hecke operator. Then we have

T H'G,Vig) =T H'(I, Vi ,)"
= TNa-HYD,VE )a = T(Y e(8)718) - HY(T, Viea(K)
dEA
Suppose that this is zero. Then the assumed faithfulned@smp(}" ;. A €(6) 1 (6)) = 0, which by
Equatiorf8b implie§ € I, as required. O

8.5 Remark. If k = 2, then the statements hold “outside the Eisenstein” pare Efsenstein part is
the subspace on which the Hecke algebra acts via a systergesfveilues that does not belong to an
irreducible Galois representation (see elg. [Thesis], beas 4.4.3 and 3.3.16).

9 Application to weight one modular forms

Edixhoven explains i [EdixJussieu], Section 4, how wewte Katz modular forms over finite fields
of characteristigp can be computed from the knowledge of the Hecke algebra aftivgimodular
forms over the same field. We shall quickly recall that.

Let F be a finite field of prime characteristjcor IF_p and fix a levelN > 1 with p f N and a
charactek : (Z/NZ)* — F* with ¢(—1) = (—1)*. We have two injections df-vector spaces

F,A : Sl(rl(N),E,F) — Sp(rl(N),E,F),

given ong-expansions by, (Ag) = an(g) anda,(Fg) = a,,(g) (With a,(Fg) = 0if p { n), which
are compatible with all Hecke operatdfsfor primesi # p. The former comes from thiErobenius
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and the latter is multiplication by thidasse invariant One hasTlgp)F =A andAngl) = TZSP)A +
e(p)F, where we have indicated the weight as a superscript (sefeeigJussiel], Equation 4.1.2).

Let T(*) be the Hecke algebra ovErof weight k for a fixed levelN and a fixed character We
will also indicate the weight of Hecke operators by supépssr We denote byl () theF,-subalgebra
of T() generated by all Hecke operatdr§” for p  n.

9.1 Proposition. (a) There is a homomorphisi®, called aderivation which ong-expansions is
given bya, (0 f) = na,(f) such that the sequence

0— Sl(rl(N)7€7F) i Sp(rl(N)7€7F) & P+2(P1(N)767F)
is exact.

(b) Supposg € S1(I'1(N),¢,F) such thata, (f) = 0 for all n with p t n. Thenf = 0. In particular
ASl(Fl(N), E,F) N FSl(Fl(N), E,F) = 0.

(c) The Hecke algebra™®) in weight one can be generated by ﬁlil), wherel runs through the
primes different frorp.

(d) The weight one Hecke algebf!) is the algebra generated by th&)-action on the module
T®) /AP,

Proof. (a) The main theorem df [KaizDerivation] gives taking Galimvariants the exact sequence
F A8
0— Sl(Fl(N), €, F) — Sp(Fl(N), €, F) — S2p+1(F1(N), €, F)

However, as explained il [EdixJussieu], Section 4, the ené@.S,(I'1 (N), ¢, ) in weight2p + 1
can be divided by the Hasse invariant, whence the weightdtaased.

(b) The condition implies by looking atexpansions thatl® f = 0, whence by Part (3) of Katz’
theoremf comes from a lower weight than but below there is just theform (see alsd[EdixJussieu],
Proposition 4.4).

(c) Itis enough to show thd@(” is linearly dependent on the span ofEﬂl) for p f n. If it were
not, then there would be a modular form of weigtgatisfyinga,,(f) = 0 for p t n, buta,(f) # 0,
contradicting (b).

(d) Dualising the exact sequence in (a) yields th&t /A®) andT(™) are isomorphic asi(®-
modules, which implies the claim. O

9.2 Proposition. Let N > 1 andk > 2 be integers such that 1 N, IF|F, a finite extension and let
¢:(Z/NZ)* — F* be a character withe(—1) = (—1)". Set

l|N,l prime

k) k)

(a) Then the Hecke operatoilg(k), TQ( ey T,i o generateT(®) as anF-vector space.
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(b) TheF-algebraA® can already be generated as &rvector space by the set
{7\ | ptn, n<(p+2)B}.

Proof. (a) This follows from the proof of [EdixJussieu], Propoaiti4.2.

(b) Assume that sonﬂ%gf) for m > (p + 2)B andp {1 m is linearly independent of the operators
in the set of the assertion. This means that there is a mofhrtar f € S,(I';(N), ¢, F) satisfying
an(f) =0foralln < (p+2)B, buta,,(f) # 0. One gets.,(0f) = 0foralln < (p+ 2)B, but
anm (0 f) # 0. This contradicts (a). O

9.3 Remark. If we work withI'; (V') and no character, the numbét above has to be replaced by

N? 1
!
B=gr 1l a=g)

l|N,l prime

9.4 Proposition. LetV C S,(T'1(N),¢, F) be the eigenspace of a system of eigenvalues for the oper-
atorsTl(p) for all primes! # p

If the system of eigenvalues does not come from a weight onetftenV” is at most of dimension
one. Conversely, if there is a normalised weight one eigenfowith that system of eigenvalues for
Tl(l) for all primesi # p, thenV = (Ag, Fg) and that space i2-dimensional. On itfzgp) acts with
eigenvalues: ande(p)u~! satisfyingu + e(p)u~! = a,(g). In particular, the eigenforms in weighpt
which come from weight one are ordinary.

Proof. We choose a normalised eigenfoyfitior all operators. If is at leas-dimensional, then
we haveV = Ff & {h | an(h) = 0 Vp { n}. As aformh in the right summand is annihilated 163,
it is equal toF'g for some formg of weight one by Propositidn 9.1 (a). By Part (b) of that prsifion
we know that(Ag, F'g) is 2-dimensional. IfVV were more thar2-dimensional, then there would be
two different modular forms in weight, which are eigenforms for aﬂl’l(l) with [ # p. This, however,
contradicts Part (c).

Assume now thal’ is 2-dimensional. Any normalised eigenforfne V for all Hecke operators
in weightp has to be of the formilg + ;.Fg for someyu € F. The eigenvalue dI}Ep) on f is thep-th
coefficient, hence: = a,(g) + 1, asa,(Fg) = a1(g) = 1. Now we have

(ap(9) + p)(Ag + uFg) = TP (Ag + pFg) = TP Ag + pAg
= ATMg—e(p)Fg+pAg= (ap(g) + 1) Ag — e(p)Fy,

which implies—e(p) = (a,(g) + ) = u? —ua,(g) by looking at thep-th coefficient. From this one
obtains the claim om. O

9.5Theorem. Let N > 5 an integer ang be a prime not dividingV.

(a) The Hecke algebra ¢, (I';(IV),F,) can be computed using the fifgt+ 2) B’ Hecke operators
on H},, (T1(N), Vs (F)).

par
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(b) Assume > 5 and lete : (Z/NZ)* — F* be a character. The Hecke algebra$f(I'; (IV), €, F)p)
can be computed using the figt+ 2) B Hecke operators o}, (T'1(N), V< o(F)).

par p—
The numbers3 resp. B’ were defined in Propositidn 9.2 and Rem@arK 9.3.

Proof. Corollary[Z9 implies that the ordinary part &, (I'i(N),F,) is a faithful module for
the ordinary part of the Hecke algebra of weighKatz modular forms oveF,. So that part of
the Hecke algebra can be computed using the Hecke opeftors , 7,z on HY,.(I'1 (N), F) (see
Propositior.@.R(a)). From Propositibn.4 we know that thade of the weight one forms in weight
under the Hasse invariant and Frobenius lies in the ordiparty Propositiofi:912(b) implies thakt®)
can be computed by the Hecke operators indicated there. Nowécke algebra of weight one Katz
modular forms ori*; (V) without a character can be computed as described in PragdSifl (d).

Under the extra assumption the same arguments holds alkawiharacter using Theordm18.4

O
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