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Abstract

We propose a degenerate Allen—Cahn/Cahn—Hilliard system coupled to a quasi-
static diffusion equation to model the motion of intergranular voids. The system
can be viewed as a phase field system with an interfacial parameter . In the limit
v — 0, the phase field system models the evolution of voids by surface diffusion
and electromigration in an electrically conducting solid with a grain boundary. We
introduce a finite element approximation for the proposed system, show stability
bounds, prove convergence, and hence existence of a weak solution to this non-
linear degenerate parabolic system in two space dimensions. An iterative scheme
for solving the resulting nonlinear discrete system at each time level is introduced
and analysed, and some numerical experiments are presented. In the Appendix we
discuss the sharp interface limit of the above degenerate system as the interfacial
parameter -y tends to zero.
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1 Introduction

Small voids that form in interconnect lines in microelectronic circuits can change their
shape due to diffusion of atoms along the void surface. This surface diffusion is driven
by a diffusion potential which contains terms stemming from capillary effects, from an
electrical potential and from elastic stresses. Elastic effects are neglected in this paper
but can be incorporated (see [6]). The electric field can cause a so called “electron wind”
force and this leads to the transport of atoms which results in the migration of voids. In
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particular it can happen that voids which are initially contained in one grain (i.e. a region
with a certain orientation of the crystal lattice) of the interconnect can come into contact
with another grain (i.e. a region with a different lattice orientation). The modelling and
computation of the interaction between voids and grain boundaries is the subject of this

paper.

There are two approaches to model the evolution of coupled grain boundary/void
systems. In the classical approach interfaces (i.e. the grain boundaries and the void
surfaces) are modelled by a sharp interface, i.e. a hypersurface. A second more recent
approach models interfaces by a diffusive interfacial layer. Let us first discuss roughly the
sharp interface approach (for more details see [1] and the references therein). Here a quite
complicated system has to be studied. Along the void surface a fourth order parabolic
equation has to be solved whereas at grain boundaries a second order parabolic equation
holds. These equations are then coupled at triple junctions, where boundary conditions
such as angle conditions and flux balances have to hold. To approximate this problem
numerically is quite difficult since the topology of the interfaces can change drastically
(e.g. voids can attach to and detach from a grain boundary) and no satisfactory approach
is known to us. For example, in the paper [1] quite severe symmetry conditions are
assumed.

(17 %) =C
grain boundary
A= (_1’0) ........... .
U
material boundaries 2N
: (1, —%) =B

Figure 1: The (u,v) space X = AABC. Here A represents the void phase, B grain I, and
C grain II.

In this paper we therefore introduce a new model based on the idea of modelling the
interface by a diffusive interfacial layer (our model will be a so called phase field model).
We formulate a model for a system of two grains (we call them grain I and grain II), but
natural generalizations are possible (see e.g. [21]). Each point in space either belongs to
grain I, grain II or to the void. We now introduce a vector order parameter (or phase
field) (u,v), where the order parameter u describes whether we are in the void (u = —1)
or not (u = 1). If w = 1 (i.e. in the material), then the order parameter v describes
whether we are in grain I (v = %) or in grain II (v = If w = —1 it makes no sense
to distinguish between the grains and we set v = 0. Tﬁls means that the three points
A=(-1,0), B=(1, —%) and C = (1, %) for (u,v) are relevant to distinguish between
void, grain I and grain IT (see Figure 1). We choose i% as values for v in the grains
because this makes the closed triangular domain I with vertices A, B and C, see Figure
1, equilateral. Other values of v to distinguish the grains are possible, but these would



complicate matters slightly. Our idea now is to generalize a phase field model introduced
in [28], and studied later in [9, 8], to include grain boundaries. We make use also of ideas
in [13, 14, 15|, where a degenerate Allen—-Cahn/Cahn—Hilliard equation was studied.

The first step is to introduce the correct free energy. It is by now well established that
a Ginzburg-Landau energy

£(u,v) = /Q[%\Vu|2+%\VU|2+’Y_1\I!(U,U)] dz,

dependent on a vector-valued order parameter (u,v), for a domain 2, a parameter v >
0, which is related to the interfacial thickness, and a nonconvex free energy density ¥
can model the interfacial energy of systems having different types of interfaces, see e.g.
[2, 10, 22] and the references therein. To model the interfacial energy of our intergranular
void system we need to assume that ¥ has three global minima at the points A, B and
C. As mentioned above 7 is related to the interfacial thickness. It can be shown with the
help of formally matched asymptotic expansions or with I'-convergence methods that, as
v — 0, £ leads to a sharp interface free energy with surface energy densities (sometimes
also called surface tensions)
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where the infimum is over all p € C'([—1, 1], R?) with p(—1) =4 and p(1) = j. Again we

refer to [2, 10, 22] for more details.

To formulate equations for the time evolution of the interfaces we introduce the po-
tentials

w = g—i =—yAu+y! U,(u,v) and z= ‘;—‘2 =—yAv+y1 U, (u,v),

where g—i and ‘;—‘5 are the L2-representations of the variational derivatives of £ with respect
to u and v respectively. The equations for w and z are stated here for a smooth ¥. Later,
we will use a non-differentiable ¥ and then we have to solve a variational inequality to
compute w and z, see (1.6¢) below. The potential w is the chemical potential for the
diffusion of atoms in the void-material interfacial layer and z acts as the driving force for
the grain boundary motion. Taking into account that diffusion of atoms is also caused by
the electrical field —V¢ (see e.g. [28]), we propose that the mass flux J for the diffusion
of atoms is given as
J =7 "b(u) V[w + adg,

where « is a constant, b(u) := 1—u? is a degenerate mobility and the factor v~ takes into
account that the diffusion is enhanced in the interface, |u| < 1. The evolution equation
for u now follows from the mass balance law %—1; + V.J = 0. The unknown v models
the grain boundary and as usual we take a gradient flow dynamics, i.e. % points in the
direction of the negative gradient of £ with respect to v (see e.g. [21, 22]). Altogether we
obtain the following set of evolution equations

72— V. (b(w) VI + a g]) = (1.22)
U(y) % + 2 = 0; (1.2b)



which are coupled to the equation for the electric potential ¢

V. (c(u) Vo) = 0. (1.2¢)
Here /(vy) is a nonnegative coefficient, and later we will use the scalings £(y) = S~
and £(7) := B2, where 8 € R.y. Equation (1.2c) reduces to Laplace’s equation in the
material, and is absent in the void if we take c(u) := 1 + u. As first shown in [12], we

expect, in the case that there is no coupling to a v-equation and « = 0, that (1.2a) will
model surface diffusion in the sharp interface limit.

The resulting system couples the degenerate Cahn—Hilliard equation (1.2a) to a non-
degenerate Allen—Cahn equation (1.2b). We note that this is different from a similar set
of equations introduced by Cahn and Novick-Cohen [13], where the Allen-Cahn equation
was also degenerate. For this system, which is a model for simultaneous order-disorder
and phase separation, it was shown in [31, 32] that, under an appropriate scaling and
under certain assumptions on the interface geometry, one obtains mean curvature flow
and surface diffusion coupled at triple junctions in the sharp interface limit. We obtain
a similar sharp interface limit also for our system with a non-degenerate Allen—Cahn
equation. However, our sharp interface limit is different in some aspects, and leads to
some interesting new effects. For example, we derive a model where the grain boundary
motion is quasi-static, and another model where viscous effects appear in the surface
diffusion equation. Analogous results would follow for the doubly degenerate system
derived in [13], if one would work with the scaling used in this paper. We will discuss
the sharp interface model in the Appendix, §A. Here we will only outline the results.
The domain 2 will split into regions where (u, v) attains the values A, B and C, and into
interfacial layers separating these regions which have a thickness that is proportional to
~v. Now, depending on the scaling, we derive different geometric evolution laws for the
interfaces. Here we discuss, for ease of exposition, only the case when no coupling to the
electric field is present.

For the scaling ¢(y) := 372 we obtain that the interfaces which bound the void move
by surface diffusion, i.e.
V= —% AW

where V is the normal velocity of the interface, « is the (mean) curvature of the interface,
A, is the surface Laplacian, and M and o are constants, whose precise definitions can
be found in the Appendix. For a grain boundary, we obtain that its mean curvature is
zero. These evolution laws are coupled at triple junctions, where angle conditions, flux
conditions and continuity conditions have to hold.

If we scale the v-equation with #(vy) := 3y, we obtain for void boundaries an evolution
law which combines surface diffusion and surface attachment limited kinetics (SALK).

The evolution equation is
V=="A(-ock+BwV), (1.3)

where w is a constant. This law has been derived in [36], and has been studied in [20]. It
links the fourth order surface diffusion flow to a second order flow, which is called motion
by averaged mean curvature (see [36, 33| for details). In this context we refer also to
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work in [30] on the viscous Cahn—Hilliard equation, for which a degenerate variant would
lead to (1.3) in the sharp interface limit. For this second scaling one obtains the mean
curvature flow

BwV = ok,
as the evolution law for grain boundaries. We remark that in [31, 32] a singular limit of
an Allen-Cahn/Cahn-Hilliard system has also been analyzed using different scalings.
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Figure 2: The order parameters for a typical intergranular void. Note that A = (—1,0),
B=(1,-%)and C = (1, %)

In the recent paper [8], the following phase field model for void electromigration was
considered:

Y-V (bu)Vw+ag])=0, w=-yAu+vy T (), V.(c(u)Ve)=0 (1.4)

subject to an initial condition u°(-) € [-1,1] on » and flux boundary conditions on all
three equations. Here u(-,t) € [—1,1] C R is the conserved order parameter, where at any
time ¢ € [0, 7] u(-,t) = —1 denotes the void and u(-,t) = 1 denotes the conductor, while
the void boundary is approximated by the u(-,t) = 0 contour line inside the |u(-,t)| < 1
interfacial region. In addition, w(-,t) is the chemical potential and ¥ is a non-smooth
double obstacle potential; and hence the second equation in (1.4) is in fact a variational
inequality (see [8] for details). While, as in (1.2a—), ¢(-,t) is the electric potential,
v € Ry is the interfacial parameter, oo € R is a parameter denoting the relative strength
of the electric field, and b(u) := 1 — u? and c(u) := 1 + u are degenerate coefficients. The
authors extended the technique of formal asymptotic expansions in [12] to show that the
zero level sets of u.,, the solution to (1.4) for a fixed v > 0, converge as v — 0 to an
interface, I'(¢) with unit normal nr, evolving with normal velocity

V:—% Ask+aZA; ¢ onT(), (1.5a)

where « is the curvature of I'(¢) (positive if it is curved in the direction of nr). The
limiting electric potential, ¢(-,t), satisfies

Ag=0 inQ (t):=Q\Q (), 22=0 onl(t), (1.5b)

8np



where 7 (t) is the void with boundary I'(¢). For a discussion of different approaches to
approximate (1.5a,b), see [8]. For further details on void electromigration see e.g. [37, 18]
and the references therein.

The present paper extends the phase field model (1.4) to take into account grain
boundaries. In summary, the evolution of intergranular voids is described by the following
nonlinear degenerate parabolic system:

(P) Find functions and u, v, w, 2z, ¢ : Q x [0,7] — R such that (u(z,t),v(z,t)) € K
and for all (n(z,t),ne(x,t)) € K

7% — V. (b(u) VIw+ag)) =0 in Qr, (1.6a)
()2 +2=0 in Qr, (1.6Db)
(=7 Au+ 97" Y (u,v) —w) (1 — u)
+ (—yAv+ 7 Y, (u,v) —2) (e —v) >0 in Qp, (1.6¢)
(u(z,0),v(z,0)) = (u’(x),v°(z)) € K V2= (1,2)" €9,
Bu — p(y) Autedl = dv — on 90 x (0,T], (1.6d)
V. (c(u) Vo) =0 in Qr, (1.6e)
cu)2 =0 on 9,Qx(0,7], clu) g—f +¢=g :=x1+20n 05Q x (0,T]; (1.6f)
where T' > 0 is a fixed positive time, Qr := Q x (0,7] and Q := (—Lq, L1) X (—Lo, Lo)

is a rectangular domain in R?, representing the interconnect line, with boundary 9Q =
019 U 0,9, where 0,2 N 3, = () and

0N =0,QU0Q with 05Q:={+L} x [~Ly, Lo,

and v is the outward unit normal to 0f2; see Figure 2. Hence 0,2 is the insulated
boundary of Q, whilst the Robin boundary conditions on the ends 852 model a uniform
parallel electric field, as L1 — oo. We note that one could alternatively model this with
either (a) the Dirichlet condition ¢ = z; or (b) the Neumann condition c(u) g—f = =+2 on
05 Q. However, in deriving energy bounds for (P) it is convenient to have weak boundary
conditions; that is, Neumann or Robin conditions. The chosen Robin condition on 8;(2,
(1.6f), has the added advantage that one obtains an immediate L?(9,€2) bound on ¢ for
the degenerate elliptic equation (1.6e). In (1.6a-d), 7, £(7) € Ry and o € Ry are given
constants and

U(r,s) == {W’ 2 ii (:’ 5) € ﬁ with ¢ € C2(K), (1.7)

is an obstacle free energy which restricts (u(-,-),v
is a concave function with (A) = ¢(B) = ¥(C)

p(r,s) = —%[(T—%)2+(1—u)82+§u(7“+1)], (1.8)

where < 1 is a parameter. In addition, we define the degenerate diffusion coefficients

(-, )) € K. Here we assume that ¢ > 0

©|co

c(s) :==1+s, b(s) :=1— s> = c(s) c(—s) Vse—[1,1]. (1.9)



The variational inequality (1.6c) is obtained by taking the first variation of £ with
respect to u and v, and taking the non-smooth character of ¥ into account. The first
variation can be computed in the context of subdifferentials. We choose a characterization
of w and z in terms of variational inequalities, as it simplifies the formulation of the
discrete problem. We refer to [19, 27] for further details on subdifferentials and variational
inequalities.

The basic ingredients of our approach are some key energy estimates. Let us now
briefly in a formal way describe how we obtain these estimates. Multiplying (1.6a) by
v~ tw =71 and (1.6b) by [¢(y)] 'z = [¢(y)] 7+ % yields, after integration of the sum of
the two terms, the following free energy identity

LE(u,v) +/

. [y 1o (u) [Vw|? + [£(7)]'2%] dz = —’yla/ b(u) Vw.Vedz. (1.10)

Q
If we multiply (1.6e) by ¢ we can estimate [,b(u) Vw.V¢dz and this enables us to

control the right hand side of (1.10); leading to H'-estimates in space for the phase field
(u,v). Relating F to ¢ and G to b by the identities

c(s)F"(s)=1 and  b(s)G"(s) =1, (1.11)

and testing (1.6a) with G’(u), (1.6b) with —Aw, and adding leads to

%/Q [fyG(u)—i-@Wvﬂ dx—i—v/ﬂ [|Aul® + [Av*] dz
:—/Vu.V(’y_l\Il,u+a¢)dx—’y_l/VU.V‘II,,,dx; (1.12)
Q Q

where the term [, Vu . V¢ dz can be controlled if we test (1.6e) with F”(u). This approach
will lead to H?-estimates in space for (u,v). Discrete analogues of the above testing
procedures will lead to the main a priori estimates for our finite element discretization (see
Section 2). It is the goal of this paper to derive a finite element approximation of (P) that
is consistent with these energy estimates, which then enables us to establish convergence
in two space dimensions. In order to derive a discrete analogue of the energy estimate
(1.12), we need to extend a technique introduced in [38, 24] for deriving a discrete entropy
bound for the thin film equation. Finally, we note that a finite element approximation
of the degenerate Allen-Cahn/Cahn—Hilliard system introduced in [13] can be found in
[3]. However due to the lack of a corresponding entropy bound, convergence of that
approximation was only established in one space dimension. Finally we remark that no
uniqueness results for degenerate fourth order parabolic equations are known, and hence
no error estimates for this finite element approximation can be expected at present.

This paper is organised as follows. In Section 2 we formulate a finite element ap-
proximation of the degenerate system (P) and derive important discrete analogues of the
energy estimates (1.10) and (1.12). In Section 3 we prove convergence, and hence exis-
tence of a weak solution to the system (P) in two space dimensions. In both of the above
sections we need to substantially extend on the techniques in [8], since e.g. the discrete



analogue of (1.12) and the convergence of w on {|u| < 1} are both far more difficult to
establish; see Lemmas 2.4 and 3.2, respectively, below. This is due to the fact that the
geometry of IC leads to a far more complicated variational inequality compared to the
one studied in [8]. In Section 4 we introduce and prove convergence of a “Gauss—Seidel
type” iterative scheme for solving the nonlinear discrete system for the approximations
of (u,v,w, z) at each time level. In Section 5 we present some numerical experiments.
Finally, in the Appendix we discuss the sharp interface limit, as the interfacial parameter
v — 0, of (P).

Notation and auxiliary results

For D C R or D C R?, we adopt the standard notation for Sobolev spaces, denoting
the norm of W™9(D) (m € N, g € [1,00]) by || - ||m.qp and the semi-norm by | - |40
We extend these norms and semi-norms in the natural way to the corresponding spaces
of vector and matrix valued functions. For ¢ = 2, W™?(D) will be denoted by H™(D)
with the associated norm and semi-norm written as, respectively, || - ||, p and |- |, p. For
notational convenience, we drop the domain subscript on the above norms and semi-norms
in the case D = Q. Throughout (-,-) denotes the standard L? inner product over €. In

addition, we define m(f2) as the measure of Q and fn := ﬁ (n, 1) for all n € L}(Q).

For later purposes, we recall the following compactness results. Let X;, Xy and X3
be Banach spaces with a compact embedding X; — X, and a continuous embedding
X5 = X3. Then we have the compact embeddings

{neL’0,T;X:): & e L*(0,T; X3) } — L*(0,T; Xo) (1.13a)
and  {n€L®(0,T;X;): 2 e L*(0,T; X3) } = C([0,T]; Xo). (1.13b)

It is convenient to introduce the “inverse Laplacian” operator G : Y7 — Y5 such that

(VIGm], Vo) = (m, ). ¥ mp € H'(Q), (1.14)

where Y := {n e (H'(Q)) : (n,1) =0} and Y5 := {n € H'(Q) : (n,1) = 0}. Here and
throughout (-,-), denotes the duality pairing between (H'(Q2))" and H'(Q2). The well-
posedness of G follows from the Lax-Milgram theorem and the Poincaré inequality

nlo < C ([nls + [, 1)) ¥ neH(Q). (1.15)

We note also for future reference Young’s inequality
rsggTQ—i-Ql—asQ Vr,seR, 0eRy. (1.16)
Throughout C' denotes a generic constant independent of h, 7 and &; the mesh

and temporal discretization parameters and the regularization parameter. In addition
C(ay, -+, ar) denotes a constant depending on the arguments {a; }L_;.



2 Finite element approximation

We consider the finite element approximation of (P) under the following assumptions on
the mesh:

(A) Let Q be the rectangular domain (—Ly, L) X (—Lg, Ly). Let {T"}1s0 be a quasi-
uniform family of partitionings of 2 into disjoint open triangles o with h, := diam(o)
and h := max,cyn hy, s0 that Q = U,cr0. In addition, it is assumed that all
triangles o € T" are right-angled.

We note that the right-angled triangles assumption is not a severe constraint, as there
exist adaptive finite element codes that satisfy this requirement, see e.g. [34].
Associated with 7" is the finite element space
={x€C(Q): x|, is a polynomial of degree one V o € T"} c H'(Q).
We introduce also
K :={(m,m) € [H Q) : (m(z),n(z)) € Kae inQ} and K":=KnI[S"?.

Let J be the set of nodes of 7" and {p;};c; the coordinates of these nodes. Let {x;};cs
be the standard basis functions for S"; that is x; € S" and x;(p;) = &;; for all 4,5 € J.
The right angle constraint on the partitioning is required for our approximations of b(-)
and c(-), see (2.12a,b) and (2.8a,b) below, but one consequence is that

/in.Vde:ESO i#j, VYoeTh (2.1)

We introduce 7" : C(2) — S", the Lagrange interpolation operator, such that (7"n)(p;) =
n(p,) for all j € J. A discrete semi-inner product on C(€2) is then defined by

(1, 7m2)" = /Qﬂh(m(x) () dz = m;m(p;) na(py), (2.2)

jeJ

where m; := (1, x;) > 0. The induced discrete semi-norm is then ||, := [ (n, n)*]z, where
n € C(Q). We introduce also the projection Q" : L2(Q2) — S" defined by

@, x)" = (n,x) Vxes" (2.3)

On recalling (1.9) and (1.11), we define functions F' and G such that c(n) V[F'(n)]
= Vn and b(n) V[G’(n)] = Vn; that is,

F'(s)= - =+:= and G"(s) = ﬁ = 2 i(_s) =113. (2.4)

s 1+s

We take F, G € C*°(—1,1), such that

(=
F(s)=(1+s)log(**) + (1 -s) and  G(s) = L[F(s) + F(-9)]; (2.5)



and, for computational purposes, we replace F, G for any € € (0,1) by the regularized
functions F., G, € C*!(R) such that

Fils) i Fle—=1)+(s—e+ 1) Flle—1)+ S pre —1) s<e—1
A= F(s) s>e—1"

G.(s) :== 5 [F.(s) + F.(—s)]. (2.6)
We note for later purposes that for all s € [—1,1]

<F/(s)<e’, LF/(s)<Gls)<[@-o) ' <e . (2.7)

Similarly to the approach in [38, 24], we introduce A, : S* — [L>(Q)]**? such that
for all n* € S" and a.e. in Q

A.(n") is symmetric and positive semi-definite, (2.8a)
Ae(n®) VA" [FL(n")] = V. (2.8b)

The introduction of the matrices A, and =, , see below, is crucial for the construction of our
finite element approximation. Using an appropriate “standard” approach to approximate
c(u) and b(u), would yield a finite element approximation satisfying a discrete analogue of
(1.10), but not of (1.12). Without (1.12), one does not obtain the spatial continuity of the
limit function u in two space dimensions and hence it is not possible to prove convergence
of the resulting finite element approximation.

We now give the construction of A.. Let {e;}?_, be the orthonormal vectors in R?,
such that the j*™ component of e; is &;;, 4, 7 = 1 — 2. Given non-zero constants (,
i=1—2;let 5({¢;}7_,) be the reference open triangle in R? with vertices {p;}2_,, where
Po is the origin and p; = (;e;, i = 1 — 2. Given a 0 € T" with vertices {p;,}7_,, such
that p;, is the right-angled vertex, then there exists a rotation matrix R, and non-zero
constants {¢;}2; such that the mapping R, : T € R? — p;, + R,Z € R? maps the vertex
P; to pj;, i =0 — 2, and hence & = 5({(;}2_,) to o. For any n" € S", we then set

Ac(n") o= Ro A.(@") 5 By, (2.9)

where (%) = n"(R,Z) for all 7 € 5 and A.(7") |5 is the 2 x 2 diagonal matrix with
diagonal entries, k =1 — 2,

(P

7" (Bx) =" (P0) " () —1" (Pjo) e hio hip.
(R (7))o 1= { FET D=L Go) = P0G ) T2 03 ) if 7 (pyk#nh(pgo),

FI(@(Bo)) — Fé’(nhl(pjo)) if " (ps) = 0" (Pjo)-

| Jﬂz

(2.10)

As RT = R,!, V" = R, V", where 2 = (z1,3,)7, V = (%,%)T, T = (71,3)7
and V = (-2 oo 9 9T it easily follows that A.(n") constructed in (2.9) and (2.10) satisfies
(2.8a,b). It is this construction that requires the right angle constraint on the partitioning

T". Without this constraint, we could loose the property (2.8a) and hence the positivity of
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the |Vw|? term in the discrete analogue of (1.10). Another consequence of this constraint
is that

/Ag%%dfgo i#j, k=122 VoeT". (2.11)

g

In a similar fashion we introduce =, : S — [L>°(2)]?*2 such that for all n* € S* and
a.e. in 2

Z.(n") is symmetric and positive semi-definite, (2.12a)
Z(n") VAt iGL(n™)] = Vi (2.12b)

by extending the construction (2.9)—(2.10) for A, to =.. Similarly to (2.1), it follows from
(2.11), the above construction and (2.7) that for all n* € S”

/zg(nh) in.VdexE/Aés(ﬁh) V0. 93,d5<0 i), VoeT'.  (2.13)

Obviously, the above result also holds with =, replaced by A,.

In addition to 7%, let 0 =ty < t; < ... < ty_1 < ty = T be a partitioning of [0, 7]
into possibly variable time steps 7, :=1%, —t, 1, n =1 — N. We set 7 := max,—1_,y Tp-
For any given ¢ € (0,1), we then consider the following fully practical finite element
approximation of (P):

(PA7) For n > 1 find (&7, U", VP, Wr, Z1) € [Sh]° such that (U", V") € K" and

(A (UMY V" V) +/ Q" xds = / gxds Vxesh (2.14a)
920 0202
n n—1 h
P (EE ) EUr ) VWD +a®], Vi) =0 Y x e ", (2.14D)
n n—1 h
) (EE— ) + (220" =0 Yxesh (2.14¢)

V(VUEVxi = UMY + 9 (VVE, Vixe = V1) > (W =y~ (U VAT, 0 = UE)
(28— (UL V), e = VI Y (s xe) € K, (2.144)

where g := g* = +(2+L;) on 85 Q and (U?, V%) € K" is an approximation of (u°,v°) € K,

g7 ¢

e.g. U? = 70, if u® € C(Q); and similarly V2.

Below we recall some well-known results, see e.g. [16], concerning S* for any o € T,
x,n" € 8", me{0,1}, p € [1,00] and g € (2,00] :

(I = 7")nlm < CR*™ ), Ve H(Q); (2.15)
(- 7Th)77|m,q <Chp™m 7]1,4 Vo eWwh(Q); (2.16)

/Xde < /’ﬂ'h[XQ] dz < 4/X2dx; (2.17)
[ =) dal <10 =)o < CH W 110 (219

m,o
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Finally, as we have a quasi-uniform family of partitionings, it holds that

(T = Q" < CR™™|nl1 Ve HY(Q). (2.19)

We define Y* := {n" € S" : (y",1) = 0} and introduce the “discrete Laplacian”
operator A" : S* — Y such that
(A )" = (V" Vx) ¥ xe st (2:20)

Next we introduce for all € € (0,1), ¢. : [-1,1] = [¢,2] and b, : [-1,1] = [ (2 — ¢), 1]
defined, on recalling (2.4), (2.6) and (2.7), by

ce(s) := % > F%(s) = ¢(s), be(s) := Ggl(s) > G,,l(s) =b(s). (2.21)

Then the following two lemmas follow immediately from the construction of A, and =,
see [8, Lemmas 2.2 and 2.3] for details.

LEMMA. 2.1 Let the assumptions (A) hold. Then for any given € € (0,1) the functions
A., 2.0 St — [L°°(Q)]2*2 satisfy for allnh € K, £ € R? and for all o € T"

e €& <mine.(n" (@))€ <& A(n")[o € < maxe:(n"(x)) €€ <287, (2.22a)

(2~ ) €76 < minb (1 (2) €76 < € 0], € < maxbu(n (@) €'E < €6, (2920)
" Es(nh) o & < 2¢7 As(nh) o €. (2.22¢)

LEMMA. 2.2 Let the assumptions (A) hold and let ||-|| denote the spectral norm on R2*2.

Then for any given € € (0,1) the functions A, : S* — [L®(Q)]**? and =, : S* —
[L>®(2)]2%2 are such that for all n* € K" and for all o € T"

max [|[A=(n") = c:(1") Z)(@)]| < ho [Vie=(")] o000 < ho (VD" [ ], (2.23a)
max [|[E:(1") = be(1") Z) @) < ho [V (0")] lo.00.0 < 21 [V 5], (2.23b)

where I 1s the 2 X 2 identity matriz.

We now derive discrete analogues of the energy estimates (1.10) and (1.12).

LEMMA. 2.3 Let the assumptions (A) hold and (UM', V') € K". Then for all € €
(0,1) and for all h, 7, > 0 there exists a solution (2, U, VI*, W Z") to the n-th step
of (PR™) with £UI = U, (@",UR, VI, Z1) is unique. In addition, W is unique if
there exists j € J such that U (p;) € (—1,1). Moreover, it holds that

(AU VL, VL) + 3 275 0,0 < 5 1910 0,0 (2.24)
(Ver, VU] < 2lglosn [T [FX (U )]los0 (2.25)
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and

EUNVI) + 5 (VU = U i+ V2 = VIR + e | 2215
- = n—1y13 n n— n— -
+57 T [ EUITDE VWG < EWUITL VT 4+ 507 T lglo a0, (2:262)

where
EUR V) = S UPR +7 VIR ]+ (U V) ). (2.26D)

Proof. The derivation of the existence of a unique solution ®* € S" to (2.14a), and
the bounds (2.24) and (2.25) is straightforward, and can be found in [8, Lemma 2.4].
In order to prove existence of a solution ((U", V™), W, Z") € K" x [S"]? to (2.14b—d),

we introduce, similarly to (1.14), for ¢® € K" the discrete anisotropic Green’s operator
g(’;h : Y} — Y such that

(E (") VG, Vx) = (", )" ¥ xe st (2-27)

It follows immediately from (2.22b) and (1.15) that ggh is well-posed. It follows from
(2.14b) and (2.27) that

5__

"= el — gl B (2.28)

where \" € R. Hence (2.14b—d) can be restated as: Find (U", V") € KU :=
{(x1,x2) € K" : x; — U™! € Y} and a Lagrange multiplier A" € R such that for all
(x1,x2) € K"
Y(VUR, V(x1 = UD)) + 7 {(VVZ, V(xa = V) + 9 (Gt [BE52E], xa — U2
+ L) (2 e — V)
> (= Pu (UL V) =@ + A xa = U =y (0 (U VE ), xe = V"
(2.29)

It follows from (2.29) that (U", V) € K"(U™™') is such that for all (x1,x2) € K"(U"1)

Y(VUZ, V(1 = UD)) + 7 (VV2, V(xa = V) + 7 (Gprat [BE52E—], xa = U
+8(7) (EE= xp — V)
> (= u UV = a®l o = UMY =y (U V), xe — VI (2:30)

There exists a unique (U™, V*) € K"(U™!) solving (2.30) since, on noting (2.27), this is
the Euler-Lagrange variational inequality of the strictly convex minimization problem

: Y k|2 L Y IP2 L Y| n—1\11 o h h __ prn—1y)2
o 3R 3 A+ B VG G - U

+ b — YRR (T (URTL VAT 4 a @8 ) (v, (U VY, n3>h} :

Existence of the Lagrange multiplier A" in (2.29) then follows from standard optimisation
theory, see e.g. [17]. Hence we have existence of a solution ( (U?, V.*), W2, Z) € K" x[S"]?
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to (2.14b-d). If |U"(p;)| < 1 for some j € J then 7"[1 — (U")?] # 0 and choosing

(x1,x2) = (U? £ 671 — (UM, VI + %whu — (UM)?]) in (2.29) for § > 0 sufficiently

small yields uniqueness of A" and, on noting (2.28), uniqueness of W,. Furthermore,
choosing x = 1 in (2.14b) yields {fU? = fU".

Choosing x = W/ in (2.14b), x = Z" in (2.14¢) and (x1, x2) = (U271, V1) in (2.14d)
yields that

YU = U W+ 1, (B (UPY) VIWE + @ @7, VIV = 0, (2.31a)
U (VE = VL 20 + 1 (22, 22" = 0, (2.31b)
(VUL VIUI = U) + 9 (VV, V[V = V)
> (W =y (U2 Ve ur = o)
(28 =y (U V), VT =V, (2.31c)
On noting the elementary identity
2r(r—s)=(r* =)+ (r—s)?® VrseR
it follows from (2.31a—c), (1.16), (2.22c) and the convexity of —1), recall (1.7), that
SO+ U = U = (U R+ VR + Ve = VT = (V]
+ T [[E(UFTD]2 VWG + ()] 7 | 2213
< _771 <¢,U(Uf?_1a Ven_l)a Ug - Usn_1>h - 771 <¢,v(Ug_1’ Vsn_l)= V:sn - Vsn_1>h
<y ML VR = (U V), )"
17 = n—1\13 n n—1y1% n
+y B [EUD D) VW + 207 AU )] VLG - (2:32)

Hence the desired result (2.26a) follows from (2.32), (2.26b) and (2.24). O

LEMMA. 2.4 Let the assumptions of Lemma 2.3 hold. Then it holds that
Y(G(U) = Go(UZ ), )"+ y 1 |APUZ [ + 52 [[VER + V=V = V2R
T Tn |Ahvsn|i
<e U UM+ m (VW2 VIUE = UZT]) — a(VEL, VU )
— Y VY (UL V), VUR) = v (VY (UL VT, VVE) . (2:33)
Proof. Choosing x = m*[G.(U"1)] in (2.14b), and noting (2.12b) yields that
V(U2 = UL GLUIT )" + 7o (VW] + @7, VUITT) = 0; (2.34)
while choosing x = —A"V™ in (2.14c), and noting (2.20) yields that

O TVrR 4 [Vr =V = [VETYR] = () (VR = VL =AY = 1 (W 2T, V(V;”>).
2.35
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We now extend an argument in [5, Theorem 2.3], where the authors treated the one
dimensional case of K = [—1,1]. The case K = AABC C R? studied here, requires
some special considerations. Let j € J, then for (U (p,), V*(p;)) € K we distinguish the

following cases. For ease of notation, let v, := %

(1) (UX(ps), V' (py)) € K\ OK, (i) Ul(p;) =1, VI (p;) € (—vp, ),
(tii) UZ(p;) € (=1,1), V'(pj) = 3 (Ul (p)) + 1),
(iv) UZ(pj) € (=1,1), V"(pj) = =% (UX(p;) + 1),
(v)  (UX(p)), V"(pg)) (1, vs), (vi) (UZ(p;), V¥ (ps)) = (1, —we),
(vir)  (UZ(p)), V' (pj)) = (=1,0).
In what follows, we choose ¢ > 0 sufficiently small so that the specified (x1,x2) € K can
be chosen in (2.14d). In case (i) we have on choosing (x1,x2) = (U £ dx;, V) and
(x1,x2) = (U, VI £ 6 x;), respectively, that
A = (VU V) = (W2 = (U275 VAT, x)" = 0 (2.36a)
and A = (VV",Vx;) = (28 =7 9 (U2 V), x)" = 0. (2.36b)
In case (4¢) we have on choosing (x1, x2) = (U2, V*+6 x;) and (x1, x2) = (Ul =0 x;, V),
respectively, that Agf < 0and A;/ = 0. For case (¢74) we choose (x1, x2) = (Ul+d x;, V' +
28 x;) and (x1, x2) = (UF, V" — 6 x;), respectively, so that AY + % AY =0 and A} <0.
Similarly, we obtain for case (iv), on choosing (x1,x2) = (U” + 5X], VrF ”béxj) and
(X1, x2) = (U, V" + dx;), respectively, that AY — % AY = 0 and AY > 0. In case (v)
we obtain that Ay < 0 and AY + % AY < 0; on choosing (Xl,XQ) = (UM VM = 6x;)
and (x1,x2) = (U — 6 x;, VI — %0 x;), respectively. Similarly, for case (vi) we have
that AY > 0 and AV — % AV < 0 hold; on choosing (x1,x2) = (UZ,V* 4+ §x;) and

(X1, x2) = (U — 5X],V” ””(5)(]) respectively. Finally, in case (vii) we have that
AY £ % AY > 0 hold; on choosing (x1,X2) = (Ul + 0 x5, V" = 26 x;)-

From (2.20), (2.2) and (2.1) it follows for the cases (ii), (v) and (vi) that

Ul(pj) =1 = Ul(p;) >U(p;) Vied = A'Up;) <0. (2.37a)
Similarly, in the cases (iii), (v) and (vii) it holds that
NUT = V3V2)(p)) > 0, (2.37b)
while in the cases (iv), (vi) and (vii) we have that
AMU™ +V3V.)(p;) > 0. (2.37¢)
Combining (2.36a,b) and (2.37a—c) yields for all cases (i) — (vii) that
—[AY AU (pj) + A] A"V (p;)] £ 0. (2.38)

Summing (2.38) for all j € J yields, on noting (2.36a,b), (2.20) and (2.2), that
AU+ (A
(W = (U VI, MUY — (20—, (U2, V), A
= (VW] =y " u (U7 L VN, VU +(VIZE =y (U2, V)] VIV,
(2.39)
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It follows from (2.34), (2.35), (2.7) and (2.39) that

Y(Ge(UP) = Go(UP "), D) + ym |NUP R + 52 (VR + (VR = VAT = Ve 7]
+7 7 |Ahvgn‘i
< AU = UM GLUUMN + 7 (VW — L (UR 1, V)], VU
— (Ve (UF, VT, VIV |
<y (Ur-UMLGLUUR) = GLUE)
+ 7 (VW VU —UP']) — (Ve VU
- ’771 <V,¢’u(UEn*1’ Vtc‘nil)’ VU5n> - ,y*l <v¢,v(U:’71’ V;-:nil)’ V‘/;:n> ]
Ly |UR = UP Y+ 1 (VW2 V[UR = U) — a(VEE, VU
— TV (U, V), VURY — 7 (Vg (U2, VY, YV ]

and hence the desired result (2.33). a

The results of the preceding two lemmas will now be used to derive fundamental a
priori estimates.

THEOREM. 2.1 Let the assumptions (A) hold and (U°, VL) € K". Then for all e € (0,1),

h > 0 and for all time partitions {1, }N_,, the solution {(®", U™, V", W Z™)}N_| to (Ph7)
is such that fU" = fU?, n=1— N, and

N
v max (U213 + max [VIE+y ) [ = U2+ Ve = Ve ]

n=1

+§:m[ B VR ()] 22 + ) [
< O[OS+ VAR +77 (L4 T 9B )] (2.40)

In addition
n—1
VEZ% ]

N
+vf%§:wy—wkﬁ

n=1

ClyIZIE+ V2N 97 (1 + T gl 0,0) ] (2.41)

and

N N
v max (G.(U), 1>h + ’YZTn |AhUg|121 + VZTn |Ah‘/;:n|i

n=1—-N
n=1 n=1
N
Y(GUD), 1)+ 0 Y 7 |7 [EL U [ a0
n=1

+COM [+ +e 2 [T+ VIR + 7 L+ Tlglg o) |- (242)
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Proof. Summing (2.26a) from n =1 — k yields for any k¥ < N that

k k
EUEVE) + 3> 0P —UF "+ VP =V BT+ Dl 200
n=1

n=1

k
+377 D T B (U] VI < W V) + 50y e |9l0 pin - (243)
n=1

The desired result (2.40) then follows from (2.43), (2.26b), (2.2), (2.17), (2.14c) and the
fact that (U”(p;),V(p;)) € K,V j € J,n =0 — N. Then (2.41) follows from (1.14),
(2.3), (2.14b), (2.22b,c), (2.19), (2.24) and (2.40); see [8, Theorem 2.6| for details.

Finally, summing (2.33) from n = 1 — k& and noting (1.7), (2.2), (2.17) and (2.22b)
yields for any £ < N that

k k
Y(G(UD D+ Y 7 | AU+ Y 7 |AMVE [ < 9(Ge(UD), 1)

n=1 n=1
k
+ Z [y |UZ = Uz + 1l (V2 VU ] + 77 b [l | max (U2
B 1 1
k 2 k 2
n||2 -1 = (7m—1\13 n|2 n n—12
= — 2.44
+ max V] + | < PRSI A [Z Ur U (244)
The desired result (2.42) then follows from (2.44), (2.25), (1.16), (2.40) and (2.41). O

LEMMA. 2.5 Let (u®,v°) € KN[WY(Q)]? with p > 2, and the assumptions (A) hold. On
choosing (U2, V2) = (n"u® w0 it follows that (U?,V2) € K" is such that for all h > 0

D21 + V211 + (G=(U7), 1)" < C(T). (2.45)
Proof. The desired result (2.45) follows from (2.16), (2.6) and (2.5). O

REMARK. 2.1 The approximation (P»7) of (P) requires solving for (®% U™ W™) over
the whole domain €2, due to the non-degeneracy of A.(-) and Z.(-), see (2.22a,b). For
computational speed it would be more convenient to solve for ®7 just in the conductor and
interfacial regions, U"~' > —1, and for (U”, W) just in the interfacial region, [U"!| < 1.
With this in mind, we recall Remark 2.10 in [8] and introduce the following approximation
of (P). Adopting the notation (2.9) and (2.10), let A., B, Sh — [L®(9)]2*2 such that

~

Ac(n")|oi= Ry A2(@) |5 RY and E.(i")|o:= R, E£(7") |5 RY, where

=)

R 0 if 7"(p;,) =0"(pjo) = -1
A* [ o Ik Jo ’
[AZ(") |6 ]en { [A.(M")|5]e  otherwise;

0 it 7 (pj,) = " (pjo) = +1,

Bxhy | —
and [‘—‘5(77 )‘a]kk . { [ E(ﬁh) |E]kk otherwise.

(11>
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We note that the key identities, A.(n") in (2.8a,b) replaced by A.(n") and E.(n") in
(2.12a,b) replaced by Z.(n"), still hold. We then introduce the approximation (P7) of
(P), which is the same as (P"7) but with A.(U" ) in (2.14a) replaced by A.(U"!) and
E.(U™Y) in (2.14b) replaced by =, (U™ !). As A.(-) and Z.(-) are now degenerate, exis-
tence of a solution (@2, U, V*, W, ZT) to (ﬁé”) does not appear to be trivial. However,

er Ve
this can easily be established by splitting the nodes into passive and active sets, see e.g.

[4]. Moreover, one can show that (U, V!, Z") is unique. Furthermore, one can establish

g7 g

analogues of the energy estimates (2.40) and (2.41). Unfortunately, it does not appear
possible to establish an analogue of the key energy estimate (2.42) for (P™7).

3 Convergence

Let
Ud(t) := =22t U 4 o=t 2! tE€ [ty 1,t)] n>1, (3.1a)
Ur(t) == U™, U-(t):=U""  t€ (ty_1,ta] n>1. (3.1b)

£

We note for future reference that

U -US=@t-t;)% te(ty-1,t,) n>1, (3.2)

where ¢ :=t, and t, :=t,_1. We introduce also
T(t) == Ty t € (th1,ty] m>1. (3.3)

Using the above notation, and introducing analogous notation for V., W, Z* and &/,
(P™7) can be restated as: Find (®F, (U, V.),WF,ZF) € L>(0,T;S") x C([0,T]; K") x
[L>°(0,T; S™)]? such that for all x € L>(0,T;S")

T T T
/ (A (U )V, V) dt + / / O xydsdt = / / g x dsdt, (3.4a)
0 0 9202 0 020

/OT [’Y We XY + (2 (UD) VIWS + a @], VX)] dt =0, (3.4b)
/0 ' [f(v) (%, x)" + (27, X)h} dt = 0; (3.4c)

where for a.a. t € (0,7

v [(VUF, Vxa = US]) +(VV.", Vixe = V)]
> [(WEH =y ', U, Vo), xa —UN +(Z =y (U, V), xe — V)P
\ (Xl,Xg) € Kh . (34d)

LEMMA. 3.1 Let (u°,0°) € K N [W(Q)]? with p > 2, and fu® € (=1,1). Let {T* U,
VO {m 3 ethso be such that
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(i) (U2, V0) = (n"u®, n™00);

gl) ¢

(i) Q and {T"}nso fulfil assumption (A), € € (0,1) withe — 0 as h — 0 and 7, <
Crp1<Ce®, n=2—N;

Then there exists a subsequence of {(®, U,, Vo, Wt, Z)}y,, where (®F, U, Vo, W, ZT)
solve (P™7), and functions

w € L0, T; H'(Q)) n HY(0,T; (H'(Q))"), (3.5a)

ve L®0,T; H(Q))NHY(0,T; L*(Q)  and  z€ L*(Qr); (3.5b)

such that (u(z,t),v(z,t)) € K for a.e. (z,t) € Qp, with u(-,0) = u°(-), v(-,0) = v°(-) in
L2(Q) and fu(-,t) = fu® for a.a. t € (0,T), such that as h — 0

U, U¥ - u and V., VE —v weak-* in L®(0,T; H'(Q)), (3.6a)
G — gou weakly in L*(0,T; H'(Q)), (3.6b)
B 5 2 and ZF — z weakly in L*(Qr), (3.6¢)

U, U¥* > u and V., VE—wv strongly in L*(0,T; L*(Q)), (3.7a)
E(U;)—=bu)Z and A (U;)—c(u)T strongly in L*(0,T; L*(Q)); (3.7b)

for all s € [2,00).
If in addition u® € H2(Q) with 92 =0 on 0Q and

T
o [PV andi <. (39
0
then u in addition to (3.5a) satisfies

u € L*(0,T; H*(Q)) (3.9)

and there exists a subsequence of {U.}y satisfying (3.6a,b), (3.7a,b) and as h — 0
AU, A"UF — Au weakly in L*(Qr), (3.10a)
U, UX = u weakly in L*(0, T; WY¥(2)), for any s € [2,00), (3.10b)
U, U¥* > u strongly in L*(0,T;C%¢(Q)),  for any ¢ € (0,1), (3.10c)
U, U¥ > u strongly in L*(0,T; H' (1)) . (3.10d)
Similarly, if in addition v° € H?(Q) with %—‘f = 0 on 09, then v in addition to (3.5b)

satisfies

v e L*(0,T; H*(Q)) (3.11)
and there ezists a subsequence of {V.}, satisfying (3.6a,c), (3.7a) and as h — 0
A"V, AWVE - Av weakly in L*(Qrp), (3.12a)
V., VE = weakly in L*(0,T; W (), for any s € [2,00), (3.12b)
Vo, VE S strongly in L*(0,T; C**(Q)), for any ¢ € (0,1), (3.12c)
Vo, VE = strongly in L*(0,T; H*(Q)) . (3.12d)
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Proof. Noting the definitions (3.1a,b), (3.3), the bounds in (2.24), (2.40), (2.41) and
(2.42) together with (1.15), (2.45) and our assumption (i) imply that

gl
| [A:(UD)]? V(P:”%?(QT) + ”(I);'—”%?(O,T;L%BQQ)) + ”UE(:E)H%W(O,T;Hl(Q)) + ||V€(i)||%°°(0,T;H1(Q))
1 1 N
+ ||7'2%”%2 (o,T;HL(Q)) T ||7'2%||%2 (0,T;H () T | [E:(U)]? VW+||%2(QT
G20y + 7 2 1F2 e B0y + 1B 320y + 125 320y < €, (3.132)

and
AU o) + 1AV 22, < C. (3-13b)
Furthermore, we deduce from (3.2) and (3.13a) that

|U: — UE:EH%Q(O,T;Hl(Q)) + Ve - Vi“%z (0,T;HL(Q))
< |7 %= ||L2 (o,1;H Q) T 17 %7 ||L2 ommey <CT. (3.14)

Hence on noting (3.13a), (3.14), (U.(-,t),V.(-,t)) € K", and (1.13a), with e.g. X; =
H'(Q), Xo = L*(Q) and X3 = H '(Q), we can choose a subsequence {(®F,U,, V., W,
Z7F)}n such that the convergence results (3.5a,b), (3.6a—) and (3.7a) hold. Then (3.5a,b)
and Theorem 2.1 yield, on noting (1.13b), assumption (i) and (2.16) that the subsequence
satisfies the additional initial and integral conditions.

The proof of (3.7b) can be found in the proof of Lemma 3.1 in [8]. Moreover, the proof
of the results (3.9)—(3.10b) and the result on U, in (3.10c), are also in [8, Lemma 3.1],
where they are derived from the key entropy bound (3.13b). We now establish (3.10c) for
U.". For any ¢ € (0,1), s € (1%,00) and any 5 € (7%, s) it holds on noting the compact
embedding WH¥(Q2) < C%¢(Q), (3.14) and (3.10b) that

U = Ul 2 0zic0s@ < NUe = Ul sy
1— q
< ||U: — Us:”gg(o,T;Hl(Q)) |Ue — Us:tHL?(qO,T;Wl s) = Cr2, (3.15)

where ¢ = (S( 2)) € (0,1). Combining (3.15), assumption (ii) and the established result

on U, in (3.10c) yields the desired result on UZF in (3.10c).

We now prove (3.10d). We have that

V(U = u)ll720,) < .Vu dzx dt‘
+ V(US - 7). VU dz dt‘ V(r'"u —u). VU dzdt|,  (3.16a)
QT QT
where, on noting (2.20) and (2.17),
T
V(UF —7hu) . VU dxdt‘ ‘ / (A"Uj,Uj—w"u}"dt‘
Qr 0
< C AU a7 = Pullizayy - (3160
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Combining (3.16a,b), (3.6a), (3.13b), (2.15), (3.9), (3.7a) and (3.14) yields (3.10d).

Finally, the proof of the results (3.11)-(3.12d) for V; is exactly the same as the proof
of (3.9)—(3.10d) for U.. 0

REMARK. 3.1 The conditions u® € H?(Q) with 22> = 0 on 9Q for the results (3.10a—d),
and similarly for v°, can be replaced by a restriction on 7; in terms of h, see [7, Lemma
3.1], but they are not particularly restrictive. The assumption (3.8) holds if U.(z,t) =1
for all z € 0,02 and t € [0,7], and this condition held in all our numerical experiments
provided u? = 1 on 0,12 and either L; is chosen sufficiently large or T is chosen sufficiently
small. This can be made rigorous for the approximation (P%7), see Remark 2.1, as the
degeneracy of EE leads to finite speed of propagation of the numerical material interfacial
region, |U| < 1; at each time level it can move locally at most one mesh point, see [4].
Finally, the assumption (ii) yields no real restriction on the time step size 7 in terms of h,
as the requirement ¢ — 0 when A — 0 is very weak. Note also that the positive constant
C in (ii) can be chosen arbitrarily.

From (3.13a), (2.22a,b), (2.21), (1.9) and (3.10c) we see that we can only control V&
and VW on the sets where A.(U7) and Z.(U;) are bounded below independently of
g, and hence h on noting (ii), i.e. on the sets where u > —1 and |u| < 1, respectively.
Therefore in order to construct the appropriate limits as h — 0, we introduce the following

open subsets of 2. For any & € (0,1), we define for a.a. t € (0,T)

Bs(t) = {z € Q: |u(z,1)] < 1_5} CDs(t):={zeQ:—1+6<u(zx,t)}, (3.17a)
Bs1(t) == {x € Bs(t) : [v(z,t)| < (1 +u(z,t) —90) }, (3.17b)
Bs i (t) :={z € Bs(t) : v(z,1) — Z(1 +u(a,1)) € [-25,0]}, (3.17¢)
Bs—(t) == {z € Bs(t) : v(,t) + Sz (1 +u(z,1)) € [0, ] }- (3.17d)

From (3.10c) and (3.12c) we have that there exist positive constants C,(t) such that

w(ys, t) — u(ye, )] + [v(y1,t) — v(ye, )| < Cu(t) ly1 — 3o
Vuy,y €Q foraa. te(0,T) (3.18)

As fu(-,t) = fu® € (=1,1) for a.a. t € (0,T), it follows that there exists a dy €
(0,1 — | fu°|) such that D(;O( ) D By, (t) Z 0 for a.a. t € (0,T). It immediately follows
from (3.17a-d) and (3.18) for a.a. t € (0,7) and for any 6y, d; € (0,dp) with 6; > do that
either y; € By, (t) and y, € 0By, (t) or 1y € Dy, (t) and yo € 0Dy, (t) with yo & OS2
= Cu(t) [y1 — v2|* > [u(yn, ) — u(yz, 1) > (81 — &), (3.19a)
and Y1 € B(sl,[( ) and Yo € 8B52 (t) with Yo € o0
= Cult) ly1 — 92/° > |u(y1,t) — ulys, )| + [0(y1,t) — v(ya, )] > 75 (1 = 82); (3.19b)

where 0Bj;(t), 0Ds(t) and 0Bs (t) are the boundaries of Bs(t), Ds(t) and Bs(t), respec-
tively. This implies that for a.a. t € (0,7) and any 6 € (0, &), there exists an hg(d,t) such
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that for all & < ho(d,t) there exist collections of triangles 75 ,(t) C T s(t) C Th,(t) C
T" such that

B;(t) C Bi(t) := Uperg, @ C Bs(t), Ds(t) C D) = Users 0 C Ds(t), (3.20a)
Bs1(t) C B (t) == Users, 07 € Bs 1(t). (3.20b)
Clearly, we have from (3.17a,b) that

dy < 01 < by = ho(0a,t) < ho(d1,1) .

For a.a. t € (0,T) and any fixed 6 € (0, ;5\0) where 3y := min{&y, 5}, it follows from
(3.17a-d), (3.10c), (3.12¢) and our assumption (i) of Lemma 3.1 that there exists an
ho(é t) < hg(6,t) such that for h < h0(5 t)

1-26 < |Uf(z,t)] Ya¢&Bst), [Uf(zt)<1-12 Ve Bs(t), (3.21a)

Uf(z,t) < —1+28 VagDst), —1+3<UX(z,t) VzeDst); (3.21b)
|VE(z,t)| < %(1+Ui(:v t)) V€ Bsyl(t), (3.22a)
VE(z,t) = (1 + U (x,1)) € [-22,0] Vx € Bsy(t), (3.22D)
VE(x,t) + %(1 + U (x,t)) €10, f/—‘%] Ve Bs_(t); (3.22¢)

and
e<9d. (3.23)

LEMMA. 3.2 Let all the assumptions of Lemma 3.1 hold. Then for a.a. t € (0,T) there
ezist functions

$(,t) € Higo({u(,t) > =1}), w(-,t) € Hy ({lu(, )] <1}); (3.24)

where {u(-,t) > =1} :={z € Q:u(x,t) > =1} and {|u(-,t)| < 1} :={z € Q : |u(z,?)| <
1}; such that on extracting a further subsequence from the subsequence {(®F,U,, V., W1,
ZF)}n in Lemma 3.1, it holds as h — 0 that

A(UD)VOF — Hiys—1y c(u) Vo weakly in L*(Qr), (3.25a)
E(U7) VO — Hyuj<ry b(u) Vo weakly in L*(Qr), (3.25Db)
E(U7) VW = Hyjuj<1y b(u) Vo weakly in L*(Qr); (3.25¢)

where Hius—13 and Hyu<1y are the characteristic functions of the sets {u > —1} :=
{(z,t) € Qp ru(x,t) > =1} and {|u| < 1} = {(z,t) € Qr : Ju(z,t)| < 1}, respectively.

Moreover for a.a. t € (0,7T), (u(-,1t),v(-,t)) € K and w(-,t), 2(-,t) satisfy
/ [vVu.V(n —u)+ (v u(u,v) —w) (n —u)]dz
{lu(-t)/<1}

+ /Q['va V(e —v)+ (v " u(u,v) — 2) (N —v)]dz >0
V (m,7m2) € K with supp (m —u) C {[u(-,t)| <1}.  (3.26)
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Finally if a # 0, on assuming that
u(z,t) =1 Ve foraate(0,T); (3.27)
it follows as h — 0 that
dF = ¢ weakly in L*(0,T; L*(0,9)). (3.28)
Proof. This lemma is a generalisation of Lemma 3.4 in [8]. The proof of the results
(3.24) for ¢, (3.25a,b) and (3.28) can be found there, on using the results on Ds(t) in
(3.17a), (3.20a) and (3.21b). The key difference here is the identification of w on {|u| < 1}

via the variational inequality (3.26), which is now more delicate to establish. On recalling
(3.9), (3.11) and (1.7), let

a" = —y Au+v ", (u,v), a’ = —yAv+y Y, (u,v) € LA(Qr).
For a.a. t € (0,T), we define w(-,t) on {|u(-,t)| < 1} such that

a'(- 1) = (0’ (1) — 2(51)) i (1) €[50 +u(,1),0),
w(-,t) =< a*(,t) if wv(-,t)=0, (3.29)
a'(-, 1) + 75 (, 1) — 2(,1)) i v, e AL +u, 1))
We will deduce below that for a.a. t € (0,7)
a’(-,t) = z(,t) if Ju(-,1)| < % 1+ u(-,1)). (3.30)

It follows from (3.13a) and (2.22b) that
I1Z.(U7) VW L2,y < C. (3.31)

Hence (3.31) implies that there exists a vector function f € L?(Q¢), and on extracting
a further subsequence from the subsequence {(®f,U., V., W1, ZF)}, in Lemma 3.1, it
holds as h — 0 that

S(U)VWF — f weakly in L2(Q). (3.32)

We now identify the function f.

First, we consider a fixed ¢ € (0,50). It follows from (1.9), (2.21), (2.22b), (3.21a) and
(3.13a) that for a.a. t € (0,7) and for all A < hy(0,1)

S =3 IVWE () gy = b(L = ) VW ()2 gy < 01— 2) VW ()
< [([B(UD)): VW) (L D)2 < O(1) . (3.33)

From (3.33), (3.20a), (2.22b), (3.21b) and (3.23) we have for a.a. t € (0,7) and for all
h S h0(6a t)

[Ea(U) VWD) s < max  b.(Us (@) | ([E=(U)]? VW) ()

T zeQ\Bas(t)

< O(t)bo(1 — 40) < C(t) max(46,e) < C(£)5.  (3.34)
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On noting (3.13b) we have for a.a. t € (0,7) that
(AU )0 + AV (L)l < (1) (3.35)
This yields for a.a. t € (0,T) that as h — 0
ANUF (-, t) = Au(-,t),  A"WIE(,t) = Av(-,t)  weakly in L*(Q); (3.36)

see [8, (3.18)] for detalls Recalling the notatlon (2.36a,b), we have from cases (i) AY =
AY =0, (i) Af + 5 A} =0 and (iv) Af — Z= A} = 0 in the proof of Lemma 2. 4 on
(

noting (2.20), (3.1b), (3.22a—) and (3.20b), that for a.a.t € (0,7) and for all h < ho(z, t)

W, 8) = —y AUF(,8) 47 (U2 (40, Vi (1)),
and  ZF(o8) = =y AV )+ (U (8),V (41) on Bag(t);  (3.37a)
Wi 8) £ o ZE (1) = =y AU (1) + 97 (U7 (8, Vo (1)
£ [y AV ) 4y 0 (U7 (1), Vi ()]

on Bs . (t). (3.37b)

It follows from (3.37a,b), (3.36), (3.10c), (3.12¢) and (3.6¢) for a.a. t € (0,7) that as
h—0

WXE(-,t) = a®(-,t), ZI(,t) = a’(-,t) = z(-, 1) weakly in L?(B;(t)),

WE(,t) — a"(-,t) + % (a®(-,t) — 2(-,t)) weakly in L?(B;+(t)) -

This together with (3.29) and (3.33) yields that
Wi (-,t) = w(-,t) weakly in H'(Bj;(t)). (3.38)
Combining (3.32), (3.38) and (3.7b) yields for a.a. t € (0,7T) that as h — 0

(B (U)W (1) = bu(-, 1)) V(1)  weakly in L2(Bs(t).

We now work on establishing the variational inequality (3.26). For a.a. t € (0,7,
let (n1,m2) € K with n1(-) = u(-,t) + &(-) and supp & C Bss(t). For the ensuing analysis
it is necessary to prescribe the following extensions in order to control the support of a
mollified version of £, see (3.40) below. Let Q := (—=Ly, L) X (—La, L), where L; := $L..
By reflection about z; = +L;, i = 1 — 2, there exist extensions u(-,t), £ € Hl(ﬁ) and
(71, 772) € [H(Q)]? such that (7:(z), 7(x)) € K for a.e. z € Q, () = (-, 1) + &() with
supp§ C {z € Q: [u(z,t)] <1— 36}, and 7; [o= ns, u(-, ) [0= u(-, 1), o= € Applying
the standard Friedrichs mollifier to 7;, u(-,t) and &, there exist C$°(R?) functions with
their restrictions to Q satisfying

(ni”,m5”) € KN[C®@) such that ni”(-) =u®(-, 1) + £9() in C=(Q)

with 772( ) S, w00, o ul,t), €O ¢ strongly in HY(Q) as £ — oo.  (3.39)
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Moreover, there exists an £y(d) € N such that
supp &9 C Bys(t) V£ > £y(6). (3.40)
It follows that (x\?, x\) € K", where
() = UL + Ry (060 (), x5) =R (i),
and RZJ : Sh 5 Sh =1 — 2, are such that for all y € S* and for all j € J

x(p;) it |Uf(pjt) +x(pj) <1,
R 0)py) =4 1=U(ps,t) it UF(p,t)+x(p;) > 1, (3.41)
—1-Uf(ps,t) if Uf(pst) +x(pj) <-1;
and
X(p;) it [x(py)| < S0 +x7(p)),
RZ:001p) =1 =(1+x7p))  if x(p) > ﬁ(1+x§’<pj>>, (3.42)

—L0+xm) i x(py) < -0+ x4 ))
We note from (3.41), (3.20a) and (3.40) that for all £ > £4(0) and for all A < hy(26, 1)

supp ’Rl +(m helt ) c supp €@ ¢ Bs(t) . (3.43)
Moreover, it follows from (3.41), (3.42) and (3.39) that
‘Whg(ﬁ) —R1+(7rhf(£)\ < |7r ul ( t) — U+( O, (3.44a)
\whné) RU+(7Th77§£))\ < L [|7rh (e)( ) — Ut (,’t)‘h+|7rh€(£) _ij(ﬁhg(g))‘h
< Z O (1) = UF(0)]n - (3.44b)

We now choose (x1, x2) = (X§£), Xg)) in (3.4d) and analyse the subsequent terms. First,

we have from (2.20), (3.35), (3.44a) and (2.17) that UX (-, 1), x\?() and £©(-) satisfy
(VU V(D = US)) = (VU V(ahe®))| = (AU, (I - Ry ) (n"6 )"
<O "I, —US (0. (3.45)

Similarly to (3.45), we deduce from (2.20), (3.35), (3.44b) and (2.17) that V" (-, 1), x5’ (-)

and ng) (+) satisfy

(VVE V() = VD)) = (Vv V() — V) < C@) 7" u® () — UF (-, 1)]o - (3.46)
Next, it follows from (3.43), (2.17), (3.44a), (1.7), (2.18), (3.38) and (2.15) that UX(-, 1),
VA, t) W (1), xi7(-) and £O(.) satisfy
(W =™ WU, V), X = U — (W — ™M (U7, V), whe®)|
< |<W:—v—1w,u< SVO), (I =Ry (O
+ (W =y M (U, Vo), mhe®) — (W — Y, (UL, V), mhe@)h|
<ch | ([7u O 1) = U ()]0 + |79
<C@) [, = U)o+ h[€9]] . (3.47)
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Similarly, it follows from (3.44b), (2.17), (2.18), (3.13a) and (2.15) that UX(-,t), V=(-, 1),
Zx (1), Xée)(-) and née)(-) satisfy

‘(Z: - 7_117[),11([]5_7 ‘/;_)7 Xg@ - V+>h - <Z5+ - /Y_l,(/),'u(Ua_: ‘/5_)7 Whﬂz(f) - ‘/;+>‘

£

< 0 [0 0) = U2 (t)lo+ b (L + L) (3.48)

Combining (3.45)(3.48), noting (3.4d), (3.10d), (3.12d), (3.38), (3.6¢), (2.15) and letting
h — 0, we obtain, on possibly extracting another subsequence from {(®f, U, V., W,

Z3) b, that u(-, 1), v(-, 1), w(-,t), 2(-,t) and w®@(-,t), B (-) satisfy
[ e 9 = )+ (7 () = w) (0~ )] da
Bjs(t)
+ [ [y Vo. V0 =) + (v u(u,0) = 2) () — )] da > rO(t), (3.49)

where | (t)| < C |(u — u®)(-, t)]o. Letting £ — oo in (3.49), it follows from (3.39) that
U(',t), U('at)a w('at)a Z(at) and 771() S&tiSfy

/B (t)HV“ NV —u)+ (v Yu(u,v) —w) (m — u)]d

+ /Q Vo V0 — ) + (7 () — 2) (1 — )] dz > 0. (3.50)

Repeating (3.33), (3.34) and (3.37a)—(3.50) for all 6 € (0,8) yields, on recalling
(3.10c), that (3.24) for w, and (3.26) hold; and, on noting (3.34) and (3.32), the desired
result (3.25¢). In addition, we deduce the identity (3.30). Of course, the identities (3.29)
and (3.30) can be deduced from the derived variational inequality (3.26); and hence, their
omission in the statement of the Lemma. a

REMARK. 3.2 The assumption (3.27) is similar to the assumption (3.8), see Remark 3.1.
THEOREM. 3.1 Let the assumptions of Lemma 3.2 hold. Then there exists a subse-
quence of {(®F, U, V., W, Z)}p, where (dF, U, V., W, ZF) solve (PP7), and functions
(¢, u,v,w, 2) satisfying (3.5a,b), (3.9), (3.11) and (3.24). In addition, as h — 0 the fol-
lowing hold: (3.6a—c), (3.7a,b), (3.10a-d), (3.12a-d) and (3.28-d). Furthermore, we have

that (¢, u,v,w,z) fulfil u(-,0) = u’(), v(-,0) = 0°(-) in L*(Q) and fu(-,t) = Fu’ for
a.a. t € (0,T). Moreover, they satisfy for all n € L*(0,T; H(Q))

T T
/ c(u) Vqﬁ.Vnda:dt-i—/ ¢ndsdt:/ / gndsdt, (3.51a)
{u>—1} 0 922 0 0202

T
’Y/ <%:77>*dt+/ b(u) V{w+ad].Vndzdt =0, (3.51b)
0 {lul<1}

E(v)/o (%,n)dt-i—/o (zmydt = 0; (3.51¢)

26



where for a.a. t € (0,T), (u(-,t),v(-,t)) € K and w(-,t), z(-,t) satisfy
[ VeV -+ 6 (o)~ w) (- )] do
{lu(-t)|<1}

+ /Q[’va V(e —v)+ (Y u(u,v) — 2) (2 —v)]dz >0
Y (m,n2) € K with supp (n —u) C {|u(-,t)| < 1}.  (3.52)

Proof. Only (3.51a—c) need to be established, as (3.52) was established in Lemma 3.2
above. The proof of (3.51a,b) can be found in [8, Theorem 3.6], and (3.51c) is similarly
established. O

4 Solution of the discrete system

We now discuss algorithms for solving the resulting system of algebraic equations for
(®", U™, VI, WP, Z") arising at each time level from the approximation (P%7). As (2.14a)
in (P*7) is independent of (U™, V", W, Z"), we solve it first to obtain ®7; then solve
(2.14b—d) for (U, VI, W2, Z™). Solving (2.14a) is straightforward, as it is linear. Adopt-
ing the obvious notation, the system (2.14b—d) can be rewritten as: Find ( (U2, V"), W2,
Z") € K7 x [R7]? such that

YMU? + 1, AV WP =1, (4.1a)
LY MVE+ 1, MZ2 =1, (4.1Db)

(x, —UMT (yBU" = MW?) + (x, — V)T (yBY" — M Z%)
>, U s+ (x, V) Ts,  Vix,x) €K (4.1c)

where M, B and A""! are symmetric J x J matrices, J := #.J, with entries
Mij == (xi, ;)" Bij := (Vxi, VX;), AL = (B (U271 Vi, Vxg) -
We note for later use, as 23.7:1 x; = 1, that 237:1 Bi; = ;-7:1 .A%_l = 0. In addition,

r = yMU"™  —an, A" e R, ry =LY MV LR,
spi= =y TMy (UL VE) eRT, s =y P My (UL VET) eRY

where [y _(ngl,zgfl)]j = J[U];,[V2Y;). Let At = Ap — A — AL, with A,
and Ap Being the lower triangular and diagonal parts of the matrix A"~!, similarly for
B. We use this formulation in constructing our “Gauss—Seidel type” iterative method to
solve (4.1a—).
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Given ( (U™, V), W0, Zm0) € K™ x [S'?, for k > 1 find (U, VIk), Wk, Zmk)
€ K" x [S"]? such that

YMUM 47 (Ap — AL W =1y + 7 AT WEETT (4.2a)
LYMVPF + 1 M ZDF =1y, (4.2b)

(¢, —UZ)" (v (Bp = Bp) UP* = MW + (x, — V)" (v (Bp — Br) V* — M Z2)

> (x, UM (s +yBL U + (x, — V)T (s, + 7 BL V)V (x,x,) € K7
(4.2¢)

The above is the natural extension of the iterative method in [8] for solving the corre-
sponding nonlinear algebraic system arising from the corresponding finite element ap-
proximation of (1.4). Below, we prove convergence of (4.2a—c) for our nonlinear system
(2.14b-d) using an energy method.

THEOREM. 4.1 Let the assumptions (A) hold. Then for (U™°, V2O), W0 Zm0) € KM x
[S™)? the sequence ((UMF, VIFk) Wk Z0k), <o generated by the algorithm (4.2a—) satis-
fies

U2 = U2 le =0, [[E(Uz )2 V(WE = WER)]o — 0, (4.3a
IV = V|, =0, and |Z"—ZM|, =0 as k — oc. (4.3b)

Proof. The proof is similar to the proof of Theorem 4.1 in [8]. Let E* := U™ — U™*

Fr=Vr—V™ PP =W — WP and Q* := Z — Z*. Now subtracting (Z.Za) from
(4.1a) and testing the resulting equation with P* yields
YL MEF + 7, [P (Ap — Ap) P = 7 [PF]T AL PP (4.4a)
and similarly it follows from subtracting (4.2b) from (4.1b) that
() [ @) MEF + 7, [Q " MQF =0. (4.4b)

Choosing (x1,x2) = (UX*, V™*) in (4.1¢) and (x1, x2) = (U2, V?) in (4.2c) yields

& ) —£

— v [[E*]" (Bp — Bp) E* + [EM" (Bp — BL) F* | + [E*]" M P*
+ [Ek]TMQk Z —y [[Ek]TBEEkfl + [Ek]TB%ﬂEkfl} . (4'5)

Combining (4.4a,b) and (4.5) yields that

v [[E"" (Bp — Br) EF + [F*]" (Bp — Br) ¥ ]
+ 7 [P (Ap — Ar) B* + ()] 1 [Q'TT M Q"]
S ,}/2 [[Ek]T B%’ Ekfl + [Ek]T B%“ Ekfl} +7, [Bk]T Ag kal. (46)
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We now split the diagonal matrix Ap := Ap, + Ap,, where (Ap, )i := — Z’ ! Art a

(Ap,)ii := — ,Hl Al ' = A — (Ap,)s, on noting that A" '1 = 0. Then, on notlng
from (2.13) that (.AL)” > 0, we have that

J J
[PF" AT PP = ZP’“Z (AL PF7H <5 30D (Aw)is (P + (PF)]

i=1 j=1
J J
= 33 (Ap)u (PE? + 13 (Apy)s; (P2 (47)
=1 j=1

Combining (4.6), (4.7) and a similar argument for B, on noting (2.1), yields that
v [[EM"BE* + [E]"Bo, B" + [E*"BE" + [E*"Bp, F* |
+ 7 [Ty [QF M QF + [PFT A PE+ [P Ap, P*]
<2 [[E*)Bp, E¥' + [F*TBp, F¥'] + 1, [P Ap, PP (4.8)
Therefore, we have that {72 ([E*]” Bp, E¥ + [F*|"Bp, F*) + 7,,[P*]T Ap, P* }1>0 is a

decreasing sequence. Since it is bounded below the sequence has a limit. Combining this
and (4.8) yields that

|Ugn_ ‘Van_ven’k‘l_)o’ |Zen_Zg,k|h_)O7
and |[E.(UP D] V(W = W )|o >0 as k — oo (4.9)

Furthermore, multiplying (4.2a) with 17 := (1,..., 1), noting that A"~'1 = 0 and recall-
ing the splitting of A"~! yields that

(UM =0 ) = 1 LTA (WA = W) = 7, 1T Ap, (W2 — W)
= Tn lTADl Bk — Tn lTADl Bk_l — 0 ; (410)
where we have again used the fact that {7, [P*]T Ap, P* }s>0 has a limit. Combining

(4.9), (4.10), (2.2) and (1.15) yields the desired result (4.3a). Similarly, multiplying
(4.2b) with 17 := (1,...,1), yields, on noting (4.9), that

y) (V2P -Vt W =~ 1T M2 —r 1T M2 ask — . (4.11)
The desired result (4.3b) then follows from (4.11), (4.1b), (4.9), (2.2) and (1.15). a

We note that (4.2a—c) can be solved explicitly for j = 1 — J. In particular, let
~1 =, +Tn (Ang’k + A%’E?,kfl)’ f2 =y, gl =5, +’Y(BL Unk +BT Unkfl) and

r
5% == sy+y (BL V™ 4+ BY V™). Then ([U™*);, [V™*];) is the solution of: Find (U;,V;) €
KC such that

(X1 = Uj) (C1U; = b1) + (x2 = Vj) (C2V; —b2) >0V (x1,x2) €K, (4.12)
A1 =2
Where Cl = ’Y(BJ] + N_Zfl] 1 ) 02 — ’)/BJ] —+ ’Y)MJJ and b1 = + th];lj T, bg ::3? + i—i
Clearly, the unique solution to (4.12) is
(U, Vi) = Pr(g:s &)
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where P¢(z1,z9) is the orthogonal projection of the point z = (z1,22)" € R? onto K
with respect to the R? inner product (p, ¢)c := p"C g, with C = (0010(2)) The projection
y = Pg(z) can be computed as follows.

1. If z € K, then y = z, else

2. Ifzy>1theny:= (1,max{—%,min{x2, %}})T, else

3. If 25 > 0 then v := (2, %)T, else v := (2, —%)T.
L L0

' lolle
5. y := (=1,0)" + min{max{«, 0},1} v.

Hence the solution of (4.2a—c) is for j=1— J

~1 n—1=1 ~2 ~2
n,k] n,k1 \ — pC M T+ Aj 5 T;+7n 55
([Qe ]Ja [Ke ]J) - PIC <’Y[ij]2+Tn’YA;Lj_1 Bj; 7 Uv) Mjj+v7n Bjj (4'133‘)
=1 n,k =2 n,k
nky T =Y My [UDF) nky B —l(y) My V"5
and  [W2]; = =——%=—,  [22%); = T (4.13b)

We note that when using the approximation (ﬁé”), see Remark 2.1, there exist j with
A;‘j’l = 0. For those j, (4.13a,b) is modified as follows:
Ut (pj) = =1 = ([U2*);, V2*]) = (-1,0) (4.14a)
241 82

Uan_l(pj) =1 = ([Q?’k]ﬁ [K?’k]]') = (17 max{—%, min{%7 Wm}}) ) (414b)

where in both cases [Z™*]; is then defined as in (4.13b). We note that as .A]”-j_l =0,
[W™k]; is not defined and not required.

5 Numerical results

Throughout this section, we use (1.8) for ¢ in (1.7), and for the initial data u° to (P)
choose a circular void with radius R € Ry and centre y € R?; that is,

-1 r(z) < R-— %“
W(@) = poly, B 7) = { sin("E=E ) r(a) — Bl < %, where r(z) = o — ], (5.1)
1 r(r) > R+ %“

where 6, := (1 — %)’% v is the interfacial thickness of u°. For the initial profile v°, on
letting 8, := (1 — )2 v, we choose
-1 g — 1 < =%
W(2) = 75 [u®(@) + 1 pu(y; 2),  where py,(y;2) := sin(¥527) |y —m| <&, (5.2)
1 yi— i > %
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Figure 3: (y = 5=, @ = 0) Comparison between computed solution (red) and true solution
(blue). The final triangulation is shown on the right.

for a vertical (i = 1) and a horizontal (i = 2) grain boundary, respectively. Note that
the interfacial thickness of u’ and v° is in line with the asymptotics of the phase field
approach, see (A.2) and (A.1). Unless stated otherwise, we will always use the scaling
£(y) :=~* and set e = 107°.

For the iterative algorithm (4.2a—) we set, for n > 1, (UM V0 Wl 7n0) =
(ur—t,vr=twnst zn=h) where (U2, V0) = (nMuf, hvo) and W9 = —y AU+
Y (U2, VO)] 20 = —y AVO + 4L 74, (U2, V2)]; and adopted the stopping crite-
rion

max { |U* — VIR — VIR oo b < o,

with tol = 1077, and then setting (U?, V*, W2, Z1) = (UMF, Vok Wik 70k,

Throughout the given domain Q = (—Ly, L) X(—Lo, L) is partitioned into right-
angled isosceles triangles. Here we assume that L; and L, are integer multiples of L,
where L := min{L;, Ly}. On using the adaptive finite element code Alberta 1.2, see [34],
we implemented the same mesh refinement strategy as in [8]. In particular, to improve
efficiency we use the approximation (ﬁé”), see Remark 2.1 and (4.14a,b). Now we have to
solve for (U", W) only in the interfacial region, |[U"!| < 1, while the solution (V*, Z")
has to be found where U"' > —1. However, the evolution will concentrate inside the
two interfacial regions |U" 1| <land |U" =1, |V < 5. Hence we use a refined

mesh with mesh size hy = Z;fL in these interfacial regions, and a coarser mesh of mesh

22L

size h, = away from the interfaces. Here Ny and N, are parameters, see 8, §5]. We

note that as long as the ratio % is kept fixed through a convergence experiment with
h — 0, then the quasi- umformlty assumption in (A) will not be violated. Furthermore,

we choose Ny such that there are always approximately 8 mesh points across the interface

3f

in each direction. In particular, for y > 0 it will always hold that Ay < ~v 7, whereas

for ;1 < 0 we ensure that h; < 2 ‘[ (1- u)’% v

For our first experiments we choose ;= 0 in (1.8). That means, that the function
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¥ is symmetric with respect to the three vertices A, B and C of K. In particular, the
surface energies associated with the three different interfaces will be the same, and hence
we should observe a 120° degree contact angle at triple junctions between the void and the
two grains. In order to check the accuracy of our approximation, we compare the evolution
of an initially circular void between two horizontally aligned grains with the true steady
state solution. It was shown by [25] that the true solution for the void boundary consists
of four symmetric branches, where one branch is given by

Ty = f(x1) == —a cos O + (a® — x%)% for 1 € [—a sin#, 0]. (5.3)

Here a = ( > with A = 7 R? being the total area of the void and 26 = 2T being

so=ezs)) e
the contact angle between grains and void. We chose the following parameters for (P%7)
Ly =Ly =0.5,v= ﬁ, a=0,T=10"2 7, =7 =5 x 1078 For the initial profile we
chose (5.1) and (5.2) with ¢ = 2, y = (0,0), R = 0.25. The refinement parameters were
Ny = 256 and N, = 2. The comparison between true solution and the numerically steady
state can be seen in Figure 3, where we also include a detailed plot at a triple junction and
a plot of the mesh at time ¢ = 7T". One can see that the true solution and our computation
are almost graphically indistinguishable. A short remark on the way we plot the solution
(U, Vz) is due. In our figures we show the zero level sets of the function p(U., V:) to
visualize the void boundary, where p(y) := max{|y — A|> — |y — B, |y — A|* — |y — C|?}.
In addition, we give the zero contour line of V, where U, > 0, in order to show the grain
boundaries.

In a further experiment, we investigated the evolution of a circular void when it at-
taches to a vertical grain boundary. To this end, we set the following parameters for
(Phm). Ly =1, Ly = 0.5, v = ﬁ, a=5mT=0012, 7, =7 =5 x 1078 For the
initial profile we chose (5.1) and (5.2) with i = 1, y = (0,0), R = 0.25. The refinement
parameters were Ny = 256 and N, = 32. The evolution is shown in Figure 4. We can
observe that once the void has attached to the grain boundary, it settles into a steady

shape inside the grain boundary, which then drifts through the conductor.

We include also an experiment that produces a travelling wave solution in the absence
of electromigration, first mentioned in [29] (see also [26]). For the initial profile we chose
a straight horizontal line for u°, as described by p;, in (5.2) with y = (0,0), and a straight
line with a segment of a circle for v9, i.e. (5.2) with p;, replaced by

pe(y + (Oa R): R; 37) 1 <,
P (Y5 ) 12 Y

pe(y, s x) == {

with y = (—0.3,-0.3), R = 0.25. The refinement parameters were N; = 256 and N, = 2.
We used the scaling £(y) = B with 8 € {1, 5;-} and used the following parameters for

(Ph7): Ly =1, Ly =05,y = s a=0aswellas T =014, 7, =7=5x10%for g =1

and T=26x1073, 7, =7=5x 1078 for B = ﬁ. The evolution is shown in Figure 5.
We note that the travelling wave solutions reported in [29, 26] are for a limiting motion
that differs slightly from our sharp interface limit (A.13). In particular, there the material

boundaries move by surface diffusion, whereas here, in the limit v — 0, we obtain that
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Figure 5: (y = ﬁ, a = 0) Solution (U, V) at times ¢ = 0, 0.02, 0.06, 0.1, 0.14 for
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1
247

they evolve by a combination of surface diffusion and surface attachment limited kinetics,
see (1.3).

5.1 Different scalings

In this subsection, we provide numerical simulations that highlight the difference between
the two scalings £(y) = 7 and £(y) = 72 and their respective sharp interface limit, as
discussed in the Appendix. We conducted the following convergence experiments for the
evolution of a circular void in a vertical grain boundary under the influence of electromigra-
tion. We repeated the same experiment with decreasing values of v, i.e. v = 00—, 5=, 5=
In particular, we set Ly = Ly, = 0.5, T = 4x 103, 7, = 7 = 288 (ym)?% x 107,
e = 48ym x 10°° and used the appropriate refinement parameters N; = 221
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Figure 6: 5m) Solution (U, V.) at times t = 0, T =4 x 1072 for v = -, v = 7=

(o
and v = 4#

Figure 7: (o = 5m) Solution (U, V;) at times t = 0, 0.04, T = 0.056 for v = 55—, v = 5=
1

and v = .

N, = %. Considerations using formal asymptotic expansions, see (A.12), yield that

in the sharp interface limit the grain boundaries have zero curvature and a 90° degree
contact angle with the boundary. This can be observed in the convergence experiment,
where for v getting smaller the grain boundaries get closer and closer to straight lines.

See Figure 6, where we plot the results for v = and v =

1
1277 T= 2471' 487T

The same experiment for the scaling £(v) := 7 leads to a dramatically different evo-
lution, as this now models surface diffusion combined with surface attachment limited
kinetics (SALK), see (A.13). For the new scaling, we repeated the previous experiment
on a slightly larger domain €2 in order to see more of the ensuing evolution. We used
the following parameters: L; = 1, Ly = 0.5, T = 0.056, 7, = 7 = 1152 (y7)? x 107,
e =48~y 7 x 107° and used the appropriate refinement parameters Ny = Q 717” N, = %.
In Figure 7 one can see that the void detaches from the grain boundary. Note also the

very good agreement between the results as 7 is decreased.

5.2 Different contact angles

In this subsection, we report on contact angles for the triple junction that are different
from the symmetric case %” Since different contact angles are observed in practice, this is
an important and desirable feature of our phase field model. In order to achieve different
triple junction angles, we have to choose the obstacle potential ¥, see (1.7), such that the
grain and material boundaries have different surface energies. To this end, we use (1.8)
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with p # 0.

Assume we are given the ratio of the surface energies for the grain and material
boundaries g—g, where we have adopted the notation of the Appendix, see (A.9). Then
this angle law, where 0® = ¢ is the surface energy of the material boundary and o* is
the surface energy of the grain boundary, yields that

04 =2 arccos(% %)
Using (A.4) we compute for p € (=2, 2) that
Ograin __ 27[’(17[1)% _ 1—p 1
;mat N g'/r 1*%)% - 2(ﬁ)2 : (54)

In the derivation of (A.4) it is assumed that the first order solution to the variational
inequality (1.6c) leads after a suitable rescaling to a minimizer in (1.1). However it
is not straightforward to establish this rigorously. In any case, one can also compute
the above ratio numerically. To this end, one splits the domain 2 into two pure phases
i,j € {A, B,C}, with a vertically or horizontally aligned straight phase boundary between
them. Using this setup for the initial profiles of (u°,v°), one computes the evolution of
(ﬁ’s”) until a steady state has been reached. This resulting standing wave will then
approximate the energy minimizing profile in (1.1), and hence provides a numerical value
for the energy density o.

For the case p = %, we computed the different surface energies for the grain and

material boundaries in this way and obtained a ratio % ~ 0.758, i.e. almost exactly
the value % derived from (5.4). This suggests a triple junction with angles 135° and
twice 112.5°, which is confirmed by the numerical results shown in Figure 8, where we

have used the same parameters as for Figure 3. Note that the true steady state solution
is again defined by (5.3).

Next, we computed the different surface energies for the grain and material boundaries
numerically for the case y = —1 and obtained a ratio % ~ 1.26, i.e. almost exactly

the value (%)% derived from (5.4). This suggests a triple junction with degrees 102° and
twice 129°. This is confirmed by the numerical results shown in Figure 8, where we used

the same parameters for (ﬁé”) as before, except v = %.

A Formal asymptotic expansions

In this appendix we discuss the sharp interface limit of (1.6a—f) when v — 0. To identify
the limit three different types of expansions have to be used. In regions where either a
grain or the void is present we use an outer expansion. Close to interfaces separating either
a void and a grain or two grains an inner expansion is used. A third type of expansion has
to be performed at a triple junction. All these expansions have to be matched. We refer
to [10, 23, 31, 22] for details on the method of formally matched asymptotic expansions for
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Figure 8: (y = 5, p = 5 (left) and v = %, @ = —1 (right)) Comparison between
computed solution (dashed) and true solution (solid) for #4 = 135° and 4 = 102°,

respectively.

systems with triple junctions, and we state here only the results if one applies the method
to our system. However, it should be noted that the above references only consider smooth
potentials. Therefore we have to be particularly careful with the asymptotics at triple
junctions with our obstacle potential, as we have to deal with a variational inequality as
opposed to an equation.

The equations for the outer expansion imply that the vector (u,v) attains to leading
order one of the values A, B, C. That is, in the sharp interface limit (u,v) will be either
A, B or C and there are interfaces separating these regions. For the electric potential ¢
we obtain that it solves Laplace’s equation in the regions where (u,v) is either B or C.

Now the inner expansion has to be used to determine the governing equations on the
interface. There are three interfaces (curves in two dimensions) for which we seek these
laws. Let 'V = (I'(t));>o with either (i,j) = (4, B), (B,C) or (C,A) be a smooth
evolving curve, describing an interface between regions occupied by 7 and j.

As usual in the theory of formally matched asymptotic expansions for phase field
systems one introduces new coordinates (p, s). Here s is an arclength parameter along the
interface and p = y~'d is a rescaled signed distance where d(z,t) is the signed distance of
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a point x to I'¥(¢) being positive if z belongs to phase j. In the following we will suppress
indices the 77 if no confusion arises.

Considering (1.6c), we obtain that the leading order solution, which we denote by
(ug, vo), has the following structure. At a grain boundary, ['B¢, with

lim (ug, vo)(p) = B = (1, —%) and lim (ug, vo)(p) = C = (1, %) ,

p—+—00 p—00

we obtain that (ug,v9) = (1,7) with

1 if p>pg::271riu,
u(p) = {sin(3 2) it |p| <py, (A1)
-1 if p<—p,
is a solution. A simple computation yields that we have to require p € (—2, %) in order to

make sure that (ug, vg) solves the variational inequality. Similarly, at a material boundary,
48 with

lim (ug,vo)(p) = A =(-1,0) and lim (ug, v0)(p) = B = (1, —%) ,
p—>—00 pP—00
we obtain that (uo,vo) = (@, —HT;_‘) with
1 it p>pp = \/If“,
w(p) = {sin3 £) i |ol < (A2)
-1 if p<—ppn

is to leading order a solution of the variational inequality (1.6¢). The solution of the

material boundary C'A is then given, through symmetry, as (ug, vo)(p) = (4, 1+T;)(—p)

For later use we compute the interfacial energy

o0

o= / ) [5((8p10)” + (Bpv0)?) + W (ug, o) ] dp = / [ (B,u0)? + (8,v0)%] dp

—0o0

=2 /_Z \/(apuo)2 + (9pv0)? \/% W (ug, vo) dp (A.3)

of the solutions (ug,v) above. The formula (A.3) coincides with o in (1.1) if (ug, o),
upon rescaling, is not only a stationary point but in fact the minimum in (1.1), see [35].
Numerical computations indicate that (ug,vo) is indeed the minimizer in (1.1). For the
solutions (ug,v9) = (1, ) at the grain boundary, and (ug, vo) = (4, il%]) at the material
boundary we obtain that

1
and Omat = 27 (1—4)2, (A.4)

N

Tgrain = 37 (1= 1)

respectively.
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To derive equations for the grain boundary and the void boundaries, a solvability
condition for the first order equation in (1.6¢c) has to be used (see [11, 23] for similar
approaches). If we employ this approach in our context, we obtain, depending on the
scaling in (1.6b), for the grain boundary that

k=0 if £(y):=87 and BwV =0k if L(y):=PL7; (A.5)

where w = [ (9,00)*dp = Ograin = 27 (1 — ,u)%, on recalling (A.3)-(A.4). Obviously,
the factors w and o cancel in (A.5). However, for later developments, concerning triple
junctions, we do not remove them.Let us remark on the scaling £(y) := ~% In order
to derive an asymptotic expansion around a sharp interface solution we require zero
curvature, k = 0, of the grain boundaries. Finally we point out that (1.6b) degenerates
on grain boundaries, i.e. we obtain %—;‘ = 0, and (1.6e) has no interfacial structure on grain
boundaries since c(ug) is constant. In order to derive the governing equation for the void
boundary we have to use an approach introduced in [12]. There the authors showed that

the diffusion equation (1.6a) gives
-V [UO]g =M 855(’11)0 + a QSO)? (A6)

where [ug)] denotes the jump across the interface I'Y (the value for p — oo minus the
value for p — —oc0) and M := [ b(uo(p)) dp = pm = 7 (4 — )2 . Exploiting (1.6b)
and the variational inequality gives to the order O(1) on recalling (A.3),

ok =[ullwy if £(v):=pB~ and ok =[ugllwy+BwV if £(y):=Br;
(A7)
where w = [ (0,v0)* dp = 1 Omar = 5 (1 — %)%.
For the material interfaces (i,j) = (A, B), (C, A), and the grain interface (B, C), we
derive from (A.5), (A.6) and (A.7) for the scaling #(v) := [~ that
—2VAB = MAB 9, (wi® + a¢yB) and 2w + BwABVAB = oAB AB (A.8a)
2V = MO 9, (wS? + a ¢§4) and —2w§4 + fwCAVIA = 94 k04 (A.8D)

BLL)BC VBC — O'BC I{BC' (ASC)

)

where, on recalling (A.4), we have that

=
o[

wPC = 0" = 0ggin = 27 (1 — )2, MAB = MO =q(4—p) 2,
1
4w = 4w =0 =0 =0 = 2 (1 = )2,
The evolution laws (A.8a,b) for the material interfaces combine surface diffusion and
surface attachment limited kinetics (SALK), which was discussed in [36]; see also [20].

If we choose the scaling £(v) := 3+ instead of £() := 8~ in the evolution equation
(1.6b) we derive from (A.6), (A.5) and (A.7) that

A AB AB A A A CA CA A A
VA = M 5 (k" +ag)?), VO = Mo (5wt — agf?),

oBC kB¢ = 0.
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Therefore under this scaling the evolution of the void interface is given by surface dif-
fusion, see [12], whereas the grain boundaries have zero mean curvature, i.e. they are in
equilibrium. It remains to derive the equations at a triple junction. From now on, we
will always denote by superscripts A, B and C quantities that are defined on the inter-
faces BC, CA and AB, respectively. Using the approach in [10], where an asymptotic
expansion close to the triple junction was considered, we obtain that

— i i
0= E o' T,

ie{A,B,C}

where 7, 72 and 7 are the tangents to the interfaces at the triple junction all pointing

away from the triple junction. This is the force balance at the triple junction and a simple
computation shows that the above identity is equivalent to Young’s law,
sing*  sinf®  sinf“

~ = - (A.9)

oB o€’

o

where 04, P and A are the angles that the regions A, B and C form at the triple
junction. Using the ideas in [31, 23] we can also derive a flux balance condition

MO 0,(w§ + a¢§) + MPo,(wf +agf) =0 (A.10)
at the triple junction.

It remains to determine an additional condition at the triple junction, which is related
to the fact that the chemical potential is continuous. In fact, similarly to [31, 23|, we
obtain that at the triple junction

w§ = wf. (A.11)

We remark that the choice of scaling £(y) := 8 or 8+? does not effect the conditions
(A.9), (A.10) and (A.11) at the triple junction, as the equation (1.6b) was not used to
derive them. Of course, under the scaling £(7) := 8+? we deduce from (A.7) and (A.11)
that at the triple junction
o0 KkY = —oB K5,

Finally, when an interface meets the external boundary, further boundary conditions have
to hold which can be derived as in [23, 31]. We include these conditions in the summary
below.

To summarize we obtain, depending on the scaling in (1.6b), the following two sharp
interface problems. In both cases we obtain that at a triple junction the identities (A.9),
(A.10) and (A.11) have to hold for w and ¢. When an interface meets an external
boundary a 90° angle condition has to hold. In addition, at points where the material
boundary intersects 92, we have d,(w® + a¢’) = 0 for i € {B,C}. Firstly, the scaling
£(7) == B~? leads to

Ve = 20, (5 kO +agd)  onIC,
VB = MPH (kP —a¢P) onTP, (A.12)
0 = &4 on I'4,
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Whilst for the scaling ¢(7) := 3+, we obtain that

+2V¢ = MO, (w'+ag¢’)  onl'forie{B,C},
BuwiVt = o'k + 2w on I for i € {B,C}, (A.13)
BuwAyAt = oAk on I'4;

where in the 4+ option we take the top for = B and the bottom for : = C. Furthermore,
in both cases the limiting electric potential satisfies

Ap=0 in Q\QA(t), =0 on I'’Urc

where Q4(t) is the void with boundary I'B U T'C.
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