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Abstract: We define a period pairing for any flat, irregular singular, rank one connection satisfying a
technical condition regarding its stationary set on a complex surface between de Rham cohomology
of the connection and a modified singular homology, the rapid decay homology. We prove that this
gives a perfect duality.

1 Introduction

Let X be a smooth quasi-projective algebraic variety over the complex numbeis badh vector bundle oK
equipped with an integrable connection
0:E—E®g Qc -

Its de Rham cohomologh jz(X; E, ) is defined as the hypercohomology of the complex
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WhereQQ‘(C denotes the sheaf ofdler p-forms onX.

In addition to these data, we can consider the analytic mankg|dssociated tX as well as the associated
analytic vector bundI&,, with holomorphic connectionly,. The hypercohomology of the resulting complex of
sheaves of holomorphic forms with valueskngives the analytic de Rham cohomology. Xfis projective, it
follows from the Poinca Lemma and Serre’s GAGA, that the algebraic and the analytic de Rham cohomology
coincide. Equivalently, i’V denotes the local system of solutions of the dual conneétifyron the dual bundle
E.., integration defines a perfect pairing

Hir(X;E,0) x Hi(Xan, &) — C (1.1)

between algebraic de Rham cohomology and singular homology with values in the local &)stem

If we start with a quasi-projective variety, which we consider to be compactified by a projective varietthe
situation is more complicated. L&t:= X \ U denote the complement which we assume to be a normal crossing
divisor. In [7], P. Deligne introduces the condition for a connection to be regular singular@lgageralizing the
well-known property for linear differential operators in one variable (Fuchs condition) and proves the comparison
isomorphism and hence the perfect duality of (1.1) under this assumption (E§erhe 11.6.2).

In the irregular singular case, the period pairing as in (1.1) is no longer perfect. The appropriate generalization
is known in dimension one only (cp. [3]). On curves, S. Bloch and H. Esnault define a modified homology, the
rapid decay homology groups!t{Xan; Ean, Jan) and obtain a perfect duality

Hir(U; E, 0) x H¥ (Xan, Egy, Oan) — C,

given by integration. The resulting periods are interesting objects by themselves (the integral representations of the
classical Bessel-functions, Gamma-function and confluent hypergeometric functions arise in this way as periods
of irregular singular rank one connections on curves) and are mysteriously related to ramification data for certain
wildly ramified ¢-adic sheaves on curves over a finite field (see e.g. [20]).

In the present paper, we want to start the investigation of the higher-dimensional case by studying the period
pairing for irregular rank one connections on complex surfaces. We work entirely in the analytic topology, the
algebraic aspect we originally have in mind will be mirrored by looking at an integrable connection on the smooth
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2 Periods for rank 1 irregular singular connections on surfaces

analytic manifoldX which is meromorphic along the normal crossing diviBoat infinity, i .e. the connection is
given as
0:E(+D) — E®gy Qg c(+D)

where we use the usual notati&{«D) for the sheaf of sections & meromorphic alond® and we skip the
subscriptanin the following.

Furthermore, we restrict ourselves to the case of line burldlegth irregular singular connections, which
we assume to bgood with respect to the divisor,vhich is defined as follows: Consider the formal connection

Li=L® ﬁﬂ(*D), Whereﬁ’;@ denotes the formal completion 6§ with respect to the stratuthof D considered,

namelyY being a smooth component Bfor a crossing-point. By a standard arguménis locally isomorphic
to the formal completion of a connection of the fosh® R, with o € & (xD) (cp. [18], Proposition 111.2.2.1),
wheree* denotes the connection on the trivial bundig given byJ1 = da (such that the local solutions are of
the forme*), andR is a regular singular connection.

Definition 1.1 The connectioiil is good with respect toD, if its formal completion locally is isomorphic to the
formal completion of €® R with a regular singular R and a local sectiane O (xD), such that the divisofa)
of a is contained in D and negative.

We thus exclude examples like = x; ™ — x, 2. Remark, that the definition means that a good connedtion
has a local formal presentation as above, locally at the poin® with coordinates;, x; with D = {x;x; = 0} or
D = {x; = 0}, such that

o =%, ™ - u(X)

with u(0) # 0. We will always assume this. Note that any rank one connection will become good after a finite
number of point blow-ups centered at pointsi@nWe will come back to the more general situation (for higher
rank connections) in a follwing paper.

We generalize the notion of rapid decay homology groups and prove that the resulting period pairing between
the meromorphic de Rham cohomology and rapid decay homology is perfect:

Theorem 1.2 Let L be a line bundle on a smooth projective complex surface KX.idfan integrable connection
which is meromorphic along the normal crossing divisocX and good with respect to D, the period pairing

Hir(X ~D;L,0) x HY(X;LY,0V) — C
is a perfect duality.

In dimension one, the Levelt-Turrittin theorem and the theory of Stokes structures allows to reduce the higher
rank case to the case of irregular singular line bundles (cp. [3]). On surfaces, there are analogous partial results
for higher rank connections due to C. Sabbah, e.g. an analogue to the Levelt-Turrittin theorem in the case of rank
less than or equal to 5. However, there are subtle differences between the one- and the two-dimensional situation,
mainly concerning the non-good situation, with interesting consequences regarding the period pairing as well. We
will come back to this in a subsequent paper.

Additionally, it turns out to be very difficult to give explicit examples of flat meromorphic connections of
higher rank due to the integrability condition imposed. Locally, a racknnection is given by its connection
matrix A = Ajdx; + Axdx with r x r-matricesA; having meromorphic functions as entries. The integrability
condition reads as

A, JdA

X1 Ixy A Al

and it is difficult to find explicit (non-trivial) meromorphic solutions to this equation (cp. the corresponding remark
in [18], p. 2). It is however possible to construct higher-rank examples by functoriality (in the categ@ry of
modules), e.g. by pushing forward an irregular singular rank one connéttion on X along some magp : X —

Y. The resulting Gauf3-Manin connection lives on the higher direct ilfRdeqr(L, ) of the de Rham complex
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on X. We will give an example, a two-dimensional generalization of the confluent hypergeometric connection, at
the end of this introduction, leading to an explicit meromorphic rank 3 connecti@.on

Examples involving line bundles, however, occur in a natural way in the framework of special functions,
more precisely the higher dimensional generalizations of well-studied special functions, such as the generalized
hypergeometrics in the sense of Gelfand and Aomoto and their confluent variants (cp. [9], [11]). For example,
any closed meromorphic 1-forie on X with poles along the normal crossing dividdrgives rise to a singular
connection on the trivial line bundle given by

O=d4+oA.

If the 1-form w depends on additional parameters, gay Z, and if o is closed as a 1-form on the product
X x Z (and hence induces an integrable connection on the trivial line bungdle), the resulting periods for the
relative connection oX satisfy the Gaul3-Manin connection gnBessel-functions and more generally confluent
hypergeometric functions occur in this way. We want to illustrate this construction with an example.

1.1 Anexample: two-dimensional confluent hypergeometrics

We fix a,b,c,x € C, with a,b, ¢ ¢ Z satisfyinga+ b+ c = —3, as well as additional parametety. Consider the
connection on the trivial line bundi€. on P2, which in affine coordinated, u;, up] € P2 reads as

D:d+(g+#+ax)du1+(£ ¢

+—tay)dw.
u l1+ui+u u l1+u+u y) e

Solutions are given by the various branches of
U (ug, Uz, X,Y) = UG - U3+ (14 Un + Up)° - expl(ax (XUs + YLp)) -

The connection above can be written(as= d + dlog,U, where dlog denotes the logarithmic derivation with
respect to the coordinates= (uz,Uy), i.e. dlogU = dlog,, U dwu +dlog,,U du,.

If we interpret the parametexsy as coordinates in the affine space and compactify with a projective plane at
infinity, i.e. we read(x,y) as the poinf1,x,y] € P?, we obtain an integrable meromorphic connectibon the
trivial line bundle oveiP? x P2, namely in affine coordinates

Uabs= d +dlogyx,)U = d+dlog,U + auidx+ audy.

Let D := {up = 0} U {1+ us + up = 0} U {[0,t3,tp] € P2} and X := P2~ D. On one-forms, the connection
0: Q% (D) — Q%(xD) reads agl(fdu +gdw) =

Jdg of a c b o

= G w0 T G T )

where we abbreviatdu := dw A du,. We claim, that dinH25(X, Ox (xD),0) = 3, a basis is given by the de
Rham classes afiu, u;du, up,du. In order to understand this, we consider the following equalitiesljlg =
H25(X; Ox (xD),0). First, we have @ O(up(1+ Uy + tp)dwy) =

= (Xt + axuz + (ax— (1+b))ur + (1+a)uz + (1+a))du, (1.2)
as well as 0= O(uy(14u + Uz)dup) =

= —(ayB + oyl + (1+b)uy + (ay — (1+a))uz + (1+b))du. (1.3)
Additionally, calculating

O((axup 4 (1+a))uz(1+ ug + Uz)dug + (atytp + (14 b))ug (1+ Uy + Up)dup) (1.4)
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induces the following equivalence HHZR:

1+b l+a
du=— d du. 15
auiuxdu y—xul u+ —xu2 u (1.5)
Evaluating higher poweraiju'z(lJr u; +u)du, i = 1,2, and similar linear combinations as in (1.4), easily proves

the claim aboutZ;.
The period pairing
H2x(X; Ox (xD),0) x H¥ (P2, 0 (+D),0) — C,

which we are going to define in the next section, produces the following kind of generalized confluent hypergeo-
metric functions orX:

F(x,y):/u1 u2 (14U +Up)C-explo(Xu + ylp)) @

C

with @ being eithedu, u;duor udu. How the topological 2-chainin P? has to be chosen, will be the main point
in the definition of the rapid decay homologhf®.

These confluent hypergeometric functidhsagain satisfy another partial differential equation, namely the
Gaul3-Manin equation dﬁjR derived from. The latter is defined as follows. L&t=P? denote the space for the
parametersx,y) and letr : X x Z — Z be the projection. We will keep the affine coordinaties (us, up) for the
points inX and(x,y) in Z. There is a filtration Om;xzm given by

Fil'Q% 71 = IM(7* Qe © Q) -

Now, the associated graded object fulfill$ gém*Q' 7c® QX><Z|Z’ especially dt = QxXZ\z’ the sheaf of relative

differential forms, on which the original connecndﬂhcanonlcally lives. The short exact sequences@r* —
FiIO/FiI2 — g — 0 induces the short exact sequence of de Rham complexes

0— (Qixlz‘z@)ﬂ*Q%\(c,Dabs@ 1) e (Q;(XZ\(C/FHZa Dabs) - (Q;F(XZ|Zv D) —0. (16)

The Gaul-Manin connection is by definition the connecting morphism of the associated long exact sequence of
the higher direct images, in our caSewm : H3z — H3z® Q3 z|c (note thatH3; = R?m. (Q 0)). Chasing the

XxZ|Z>
diagram (1.6) gives

k+1

Oom(Wubdu) = adx® U Lubdu+ adys ks du.

Applying (1.2), (1.3) and (1.5), we obtain the connection matrigy with respect to the basau, uidu, udu of
Haz

o] -ka 0 o] o —LP
1+b 1+b
Pom=| o| EW—o| LD |axs| 0 kb Libx gy (2.7)
(1+a)y 1+a 14a _ (4ax
0 T x(y—x) y—x O yy—) &

being one of the rather rare explicit examples of an integrable higher rank connection on a surface.

We remark, that there is a theory of generalized confluent hypergeometrics on th&spage of complex
(r+1) x (n+1)-matrices of full rank for given X r < n, defined in [11]. The starting point again is a connection
of the formd = d + dlogU for a certain class of multi-valued functiobs: P" x Z; ;1 n,1 — C with well-defined
logarithmic derivative. Actually, one also fixes a compositioa (1+Ao,...,1+4)ofn+1,i.e.5(14+A) =n+1
and requires for the solutions to be invariant under the left and right actioniGL) X Zr 11 n+1 X Hy — Zr 1041,
whereH; C GL,;1(C) denotes the subgroups of all block diagonal matrices it blocks consisting of upper

triagonal matrices with the constant ent&) along thei-th upper diagonal for = 0,..., A (the entry on the
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main diagonahék) = 0). Our example above corresponds to the chaice®, n=4 andA = (2,1,1,1) and the
restriction to the subspace of all matrices

1 0
0 x
0y

which parameterize thgeneric stratunof the double quotient GI(C)\Z35/H, (we refer to [11] and [9] for
further details).

olo|1
1/0|1 | ezss,
011

The paper is organized as follows. In section 2, we define the rapid decay homology groups for line buixdles on
and its pairing with the meromorphic de Rham cohomology. Afterwards, we reduce the problem of perfectness of
the pairing to local questions according to the canonical stratification of the normal crossing@diinsocrossing

points and smooth components. Perfectness of the resulting local pairings is proved in several steps in section 4,
completing the proof of the main theorem.

2 Rapid decay homology and the pairing with de Rham cohomology

2.1 Rapid decay homology

Let X be an-dimensional smooth projective complex manifold &d X a divisor with normal crossings (i.e. in
suitable local coordinates, ..., z, it is of the formD = {z - - -z, = 0} for some 1< k < n — such coordinates
will be calledgoodw.r.t D). We further consider a line bundleover X together with an integrable meromorphic
connection orX ~\.D with possibly irregular singularities &. In the usual notatioh (xD) for the sheaf of local
sections inL meromorphic alond, the connection then reads @s L(*D) — L ® Q'(xD). The rank one local
system of horizontal sections inon the complement := X~ D will be denoted by

Zi=kerLly S Lu®Qy) c L.

The dual connectiofl” onL" is characterized byl < e, ¢ >=< Ue, ¢ > + < e,[0V¢ > for local section of L
andg of LY. Let.#" denote the corresponding local system.

We assume that the compleméht= X~\.D is Stein, which we can always obtain by joining additional hyper-
surfaces, where the connection is not singular at all.td’hese do not affect our procedure. Then the de Rham
cohomology is given by the cohomology of the global sectiorg,ine.

HP(U;L(+D),0) = HP(... - T (L@ QY(xD)) = ML QM (D)) —...) .

The homology we are going to define will be a generalization of the usual notion of singular homology with
coefficients in a local systert’, where one considers chain complexes built from pairs of a topological chain
together with an element of the stalk #f at the barycentre of the chain. In our situation, we will have to allow
the topological chains to be able to meet the divBpwhere the local syster& := (L|y)" is not defined. To this
end, we will make the following definition:

Definition 2.1 For any x€ X, we define thatalk % of .Z to be the usual stalk of/ if x € U and to be the
coinvariants

L= (B)muy =D/ {v—ov|ve HA,0em(,y} forxeD,

where ye U is any point near x D and we are taking coinvariants w.r.t. the local monodromy actipftJ,y) —
Aut(Z)).

Now, we can define the notion of rapidly decaying topological chains in analogy to the definition by S. Bloch
and H. Esnault in [3] on curves. In the following, we denotedithe standarg-simplex with barycentre € AP
and we call a functiorf : Y — C from any subseY C U of the open complex manifold analytic, if it is the
restriction of an analytic function on an open neighborhood.of
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Definition 2.2 A rapid decay p-chain is a pair (c, &) consisting of a continuous map AP — X, such that the
pre-image c*(D) is a union of complete subsimplices/df, and an element ¢ Zew)- If c(AP) ¢ D, we require
thate € ) C L) is rapidly decayingn the following sense:

For any ye ¢(AP)N D, let e denote a local trivialization of(kD) and z, .. ., z, local coordinates at y such that
locally D = {z - - -z = 0} and that the coordinates of y fulfilyy= ... = yx = 0. With respect to the trivialization
e of L restricted to U ¢ becomes an analytic function

f:=€e:c(AP)\D—C, (z1,...,z0) — f(2) .
We require that this function has rapid decay at y, i.e. that for a#t N¥ there is a G > 0 such that
(D] <Cn-zaf™ - 7™
for all z € ¢(AP)~.D with small|zy|, ..., |z

We stress that we do not impose any decay condition on f@i$ with c(AP) C D; nevertheless we call those
pairs rapidly decaying as well.

Now, IetS'gx be the free vector-space over all singular chdifis—» X meetingD only in full subsimplices and
let Jifp“’(x; L) be theC-vector space of all maps

WZ$X—> |_|$X,

xeX

such thaty(c) = 0 for all but finitely manyc and that(c, y(c)) has rapid decay. We will write® € € Jifprd (X;L)

for the elementy which takes the value atc and zero otherwise. We remark that any elememifgf' (X;L) can
be written as a finite surf{_; ¢ ® &. The notation is justified by the fact, that it is linear in each of the entries.
There is a natural boundary map Ji/prd (X;L) — %’,{El(x; L), c®e ¥ ;(—1)cj®¢j, where the sum runs over

the faces; of c and the elements; in the stalk of.# atc(bj), with bj being the barycentre of thg" face ofAP,
are given as follows:

i) if c(bj) ¢ D, there is a unique homotopy class of paths frein) to c(bj) (e.g. induced by the linfp, b;] in
AP) ande; is defined as the analytic continuation along a representative.

ii) if c(b;) € D, we just defineg; to be the element represented#in the corresponding stalk of coinvariants
under monodromy.

It can be easily seen, thato d = 0 and that respects the support of the chains, so that we can define the rapid
decay homology as follows:

Definition 2.3 For0 C ZCY C X, put
fggd (Y, Z;L) := 0 (Y; L)/Jffprd (Z;L)+ 2259 (DNY;L)  (relative version)

and‘fgd (Y;L) = %5" (Y,0;L) for the absolute version. Thapid decay homologyis defined as the homology of
the corresponding complexes and denoted pgm Z;L) and H[)d (Y;L) respectively.

Note that we have moduled out the chains that are mapped completely agahey will not play any role in
the pairing with meromorphic differential forms as described below. Nevertheless, one has to include them a priori
into the definition of rapid decay chains in order to be able to define the boundary .nvéle also include. into
the notation to remind that the rd-homology does not depend on the local system alone, but on the connection.



Periods for rank 1 irregular singular connections on surfaces 7

2.2 The pairing and statement of the main result

Now, if we have a rapidly decaying chain® € € %”I;"(X; L") in the dual bundle (with the dual connection) and a
meromorphicp-form o € L® QP(«D), then the integral;, < €, @ > converges because the rapid decay afong

c annihilates the moderate growth of the meromorghid_et ¢c; denote the topological chain one gets by cutting
off a small tubular neighborhood with raditiaround the boundagAP from the given topological chaia Then,
forceee %,gd (X;LY) andn € L® QP~1(xD) a meromorphig — 1-form, we have thdimit Stokes formula’

/<s,Dn >=!irrg)/<£,Dn >=tlir%/<e,n >= / <egn>
'C Ct aCl ac'fD

where in the last step we used that by the given growth/decay conditions the integral over the tagesafi-
verging’ against the faces ofc contained irD vanishes.

The limit Stokes formula easily shows in the standard way that integrating a closed differential form over a
given rd-cycle (i.e. with vanishing boundary value) only depends on the de Rham class of the differential form and
the rd-homology class of the cycle. Thus, we have:

Proposition 2.4 Integration induces a well defined bilinear pairing

HE(U;L(+D), ) x HE (X;LY) — C ([a)],[C@E])H/<a),S>, @2.1)

which we call theperiod pairing of (L,0).
Our main result is the following

Theorem 2.5 On a complex surface X, the period pairing is perfect for any irregular singular line bundle which
is good with respect to D.

Remark, that for dirfiX) = 1 (and arbitrary rank) the perfectness was proved by S. Bloch and H. Esnault [3] (in
the one-dimensional case every line bundle is good). The case of arbitrary dimens{i) dir is not known in
general.

2.3 The irregularity pairing

Let j : U := X~\D — X denote the inclusion. In addition to the de Rham cohomoldgy(U;L(xD)) of mero-
morphic sections, we will also have to consider the de Rham cohomologyJoakowing essential singularities
as well. We will denote the corresponding sheaves by

Lmero:=L(¥D) and Less:= j«(L|u) -
Note, that the de Rham cohomology of the connection inducégd@pairs classically with the singular homology
H*(U;.2") of U with coefficients in the restricted local syste#fi'|,. LetC.(U;.#") denote the corresponding
singular chain complex. Consider the short exact sequence of de Rham complekes on
0 — DR(Lmero) — DR(Lesg — DR(Less/[ ) — O
as well as the following sequence of complexes of abelian groups
0—C.(U; %) — ¢9X;LY) — €9 (X,U;LY) —0,

whose exactness is obvious.
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Now, for € LEswith Dw € LRt andc® € € %{,ﬂ‘rl

(X) with dc € Cp(X~.D) +Cp(D), we define
< [o],[c® €] >::/<£,Dw>— / <gm> .
c dc-D

This gives a well-defined pairingjg(Less/ |60 X Hi1(X,U) — C, which fits into the long exact sequences
induced:

Hé);l(Lmero) — HdpR(LeSS/Lmero) — H([j)R(LESQ — H(’;R(Lmero) — ...

(X;LY) — HU

rd
..— H i,

S (X,U;LY)  — HpU;2Y) — Hgd(x;LV) — ...

We want to fix the given connectidil.(xD), ) and dropLY and.#" in the notation of the rd-homology groups
from now on. We will refer to the pairing above as tiregularity pairing . Note, that the de Rham complex of
|—ess/|_mero coincides up to a shift of degrees with the irregularity complex introduced by Z. Mebkhout (cp. [17]).

3 Localization according to stratification of the divisor

From now on, we concentrate on the case(@in= 2. In this section, we want to reduce the question of perfectness
of the irregularity pairing in two steps. The first one, being rather standard, reduces to the local situation according
to an open covering of the divisor. This leaves us with the task to study two different local situations, namely with
D being of the formD = {x; = 0} or D = {x3x; = 0} in suitable local coordinates. In order to understand the
situation at a crossing point, we will further split the pairing into one concentrating at the crossing point and one
determining the contribution of the connection along the two local components meeting at O.

If % denotes an open covering ¥f we have two cohomological spectral sequences, the first one considered
being

: 0y -
qu =H p(%“%pdqR(Less/Lmero)) = HcliaRq(X' Less/l—mero) )

where#Zk(Less/| . ...) denotes the preshedf — Hiy(U’,Less/| ... ). In the same way, one has a homological

spectral sequence involving the sheafified rapid decay corffifexTo define the latter, we contruct the shegf
of rapid decay cochains as the sheaf associated to the présheaHom(%(U’,U’\.D;D),C) and let

¢ = A ome (€5, C)
be its dual sheaf. We consider the dual (cohomological) spectral sequence

EPY = Hp(%,63")” — HY!

4 (X, X~D;D)" .

Obviously, the pairing above induces a morphism between these two spectral sequences. In order to prove perfect-
ness of (2.1), we therefore can do so for the local situation. i.e. a suitable open covering. For small enough open
U’, we thus have to consider two cases, the one at a crossing point and the one at a smoottDpoliust we

can assume, thatis a small bi-disX = A = D? x D? ¢ C? andD reads as either the smooth divigde= {x; = 0}

or the union of two coordinate planB&s= {x;x, = 0} with crossing point0,0).

3.1 Distinguishing the contribution of the local strata

3.1.1 The local (co-)homology groups at a crossing-point

We consider the second case from above X.e= A a small bi-disc around the crossing-poirg @ = {X;x = 0} in
suitable local coordinates. We wrile= D1 UD> for the two local componentB), = {x, =0}. Letj, :A\D, — A
denote the inclusion for = 1,2. We will write L} for the subsheaf dfss:= Less® QP defined as

LY = jv.j;(L(+xD) @ QP) ,
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so that a local section of L} is an analyticp-form with values inL defined on the complement &, which is
meromorphic alon@_, ~. 0 and arbitrary alon@®,. One might think of the function /&, - exp(1/z) as a typical

example of an element ihcl’. The given connectiofl, being meromorphic, obviously carrié$ to LE+1 and
therefore gives the following complex of sheavesfon

DR(L,): 0— 105 1Pt

In the same way, we Writ€fhero := Lmero® QP. Now L1 N Ly = Lmero and we have the following short exact
sequence

0« DR(LeSS/L1+ LZ) — DR(LESS/Lmero) - DR(Ll/'—meroEB LZ/Lmero) <0

of complexes of sheaves supportedidnwhere the map at the right is given byi] + [12] — [n1+ 12]. It gives
rise to the long exact cohomology sequence

< HEe (Less/ Ly + L) — Hir (Less/ Linerd) — €D HiR (5 /Linero) < -+ (3.1)
i=1,2

which is the long exact sequence we are going to pair with the corresponding sequence of rapid decay homology.
As for the rapid decay homology groups, an easy argument using the subdivision morphism shﬁw%(mat

D1) + €19 (A\Dy) = €/9(A~0) and €4 (A~ D1) N €4 (AND,) = €' (VD). It follows that the following

sequence is exact:

0— /9 (A,A\D;D) — P €/*(A,AND;;D) — €/ (A,A\0;D) — 0.
i=1,2

Here the first map is given Hyt| — [a] 4[] and the second one bg| + [B] — [ — B]. The corresponding long
exact homology sequence reads as

... = HY(A,AND;D) — @ H (A,ANDi; D) — H(A,AN0;D) — ... (3.2)
i=12

The members of the latter may be rewritten in the following form, where we refraft, to the boundaryV, of
a small tubular neighborhodd, of Dy, i.e. if A reads as the product of two didc= D? x D? in local coordinates,
oV will be 9y = St x D2,

Lemma 3.1 There are natural isomorphisms{f{A, A Dy;D) = H{?(V,,0V,;D) for v = 1,2 and HY (A, A
0;D) = HY(A,0A;D).

Proof: This follows easily by excision with the help of the subdivision morphisohd~ id, on the complex of
rapidly decaying cycles, as well as the observation that one can chose retractsof B.gto the boundaryV,
respecting the rapid decay condition on the cyclese.

a
With these isomorphisms, the exact sequence (3.2) reads as
... = H(A,A\D;D) — € H (V1,0Vi;D) — HY (A, 0A;D) — ... (3.3)

i=12

Our aim in this section is to define a pairing between the long exact sequences (3.1) and (3.3), that is a bilinear
pairing of their members, such that the obvious diagrams all commute.
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3.1.2 Definition of the pairings
In perfect analogy to the case of the complex(DRy itself, one defines for given
) oeLbwithOoelli, and ii)coe e €™ (Vi) with dce €' (Vi) + ¢ (D):

<w,c®e>::/<£,Dw>— / <Em> . (3.4)
c 8ch1

We remark, that the first integral exists,[@® € LRk is meromorphic alon@® and therefore pairs with the rapidly

decayingc® €. In the same way the second integral converges, beccalqesef is meromorphic alon@, — 0 and
€ decreases rapidly a& — D possibly approache3,.

Again, by using the limit-Stokes formula, one easily observes that (3.4) induces a weII—definedlﬁﬁi\;ﬂhg/
o) X Hrd (Vy,dV,;D) — C, which fits into the long exact sequence:

Lmer p+1
= HiR (Lmerd) —  Hig(bv/Lpnerd HiR(LY) — Her(Lmero) — ...
.= HO, (D) — H9,(W,0W;D) — HE(ANDy;Ds) — HE(AD) —...

Returning to the long exact sequences (3.1) and (3.3), which we want to relate to each other, we now prove
compatibility of the pairings defined so far:

Lemma 3.2 The maps

HdpR(Less/Lmero) — H(?R(Ll/l-mero) ® HER(LZ/Lmero)

Hgil(A,A\D;D) — Hrgil(vl,avl;Dl)@H;gl(vz,avz;Dz)

are compatible with the pairings between the groups in the columns of the above diagram.

Proof: Suppose we hava, € LP with On € LAk andc® e € %441(8) with d(c@ €) € €3¢ (A~D) + % (D).
Now, we can assume (by subdivision) that the topological chalecomposes as a sum= c¢; + Cp, such that
cv @ € 64 (Vy,dVy; D) with vanishingd (c, @ &) (mod 4 (9Vy) + %5 (D)). Restricting the section of .2
to ¢, does not affect its rapid decay properties.

The diagram above reads(ag + 12 < [n1] + [12] in the top row andc® €] — [c1 @ €] + [c2® €] in the bottom
row and we have to prove that [n1 + 12],[c® €] >=< [n1],[C1 ® €] > + < [12],[C2 ® €] >. Now, we consider
the decompositio = ¢; + ¢, and observe, that, "Dy = 0, the sectiore is rapidly decreasing a$ possibly
approache®; and thatn; € Lf is meromorphic alon®2 — 0, so that we can apply the 'limit Stokes formula’ and
obtain

/<8,Dn1>— / <£,Dn1>:/<£,Dn1>— / <eg dni> .
c dc—D C1 dci—D
The same argument appliesdg n, instead ofcy, 111 proving the assertion.
a

In the next step, we define a pairihﬁ’,{,l(Less/Ll +Ly) X H{)‘il(A, dA;D) — C. To this end, let there be given
) o e LB with Dw =: 1+ 12 € LP+ L and

i) cwee G, (8)withd(cae) e 6 (aD)+E5 (D).

We havedA = 9V, U dVs. By subdivision we can decomposas the sunt = c; + ¢, with dc, NdA C dV,,. With
these choices, we defimgn, n2,c1®€,0,Q¢€) =

::'Z(—l)i+1(/<£,Dni>— / <em>)+ / <em> . (3.5)
e G 96NIA-D 9(dc1Nacy) D

A few words should be said about this definition:
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i) Integrability of 0 ensures that & 00w = Ony + On and thereforédn; = —0ns € Lf’lm L’z”l = LR
This shows convergence of the first and third integral in (3.5, iagapidly decaying.

i) v € LY is meromorphic along_., \. 0 and therefore< &,1, > can be integrated over the chaig, not
meetingD,, hence the second and fourth integral in (3.5) converge.

iii) dcyNdc, consist of the subsimplices that arose in the chosen decompositioa of + co, which we equip
with the orientation induced froro;. These simplices are either fully containedAr.D or in D. In the
last integral in (3.5) we integrate over the first type completely containéthid, hence the integral is
well-defined.

Lemma 3.3 Mapping([o],[c® €]) — o(n1,m2,C1® €,C2® €) gives a well-defined pairing
Hé)rz,l(l-ess/Ll_FLz) X H{J(il(A, dA;D) — C.

Proof: Let o := a(n1,M2,c1® €,C,® €) and Ietctl,ct2 denote the simplices if we cut off a small tube of radius
from D, so thatc! converges ta; fort — 0. Thene is the limitt — O of the sum of the integrals as in (3.5) the
cut-off ¢ instead oft;. We decomposéc =y +v{ + ', wherey! C dA, {' denotes the simplices ofc} N dc,
not running completely int® andv! the simplices ofct running completely int® for t — 0, all of them taken
with their natural orientations induced froo(especiallyS* carries different orientations viewed as parichfor
c). The simplices 06! = again decompose into those containedinD for all t and those running intD. The
first type will be denoted by', the second type by'. Applying the usual Stokes formula to the integrals ogjer
gives

/.<Dni,s>— / <M, €>= /.<ni7s>+(—1)i /.<ni,s>,
J .

c‘l acf—D vl gt
ando = |imt*>()(fvi<n1,8>*fv£<n2,8>+fct<nl+n2,8>+fyt <w,e>). Now, 11 + 12 = Ow and the Stokes
formula gives

a:tlin?)(/<n1,e>—/<n2,£>+/<w,e>). (3.6)
t t

vi vh vt

With this presentation oft independence of the choices made is easily shown. If&m= 11+ 12 = n] +n; are
two different choices, it follows that, — nj = 15 — 12 € L} NLY = LRero and hence the rapid decayoimplies
thatfvit <n—n,e>=0.

If @ =0modLy + Ly, sayo = @ + ap € LY + L), one can takeji := Oy and obtains that = 0, since
dv! consists ofvt and some simplices running inB-.0, let us denote them ky!. Then

Iirrg) <Dw1,e>:!in?)(/<w1,s>+/<w1,e>):!irrg)/<w1,£>,

t—

v v it vt

the last equality following from the rapid decay ®fand the at worst meromorphic behaviorof in the limit
process involved. Taking care of the orientations (that are all induced by the opgivés thaio = 0 in this case.
The cases = Q or the corresponding cases to show independence of the choices of the rapid decay chains are
similar and omitted here.
a

3.1.3 Compatibility with the long exact sequences

We now want to show that the pairings defined in the last section commute with the mappings of the long exact
sequences (3.1) and (3.3). The first step toward this has already been done in Lemma 3.2.
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First, we take a more precise look at the rd-homology sequence (3.3). In it we find the following mapping, the
first row of the diagram:

HIY,(Vi,0Vi;D) & HM9,(V,,0V;;D)  —  HIY, (A 9A;D)
N I = (3.7)
Hi9,(8,AND1;D1) & HI,(A,0ND2Dz) —  HI,(A,AN0D) .
[C1® &1] + [C2 ® &) — [a®e]—[c®e)]

The vertical mapping at the right hand side is defined by 'capping effatMore precisely, let® € € ‘K‘;‘il(A).

By subdivision, we can decompose the topological cledamo a sumc = €+ y such that = cN A and we have

HIY 1 (A,AN0;D) — H, (A, 0A;D), [c® €] — [C® €]. Now suppose we havea e LB with Do = ny+ 13 €

LY +L5 (and therefore alsdin, = —0n; € LRerd) andc, @ &y € %511(%) with d(c, @ &y) € %g,d(avv) +<5r§d(D).
We decompose, = C, + ¥ as before. Them, "D, = 0 and the ’limit Stokes formula’

/<£1,Dn1>=—/ <ég,Une>=— / < €,M2>
n n dn—D1
tells us that i _ _
/<£v,Dnv>— / < &y, My >= / <&y, 0ny > — / < E&y,My > . (3.8)

Cy 9cy—Dy & 98, —Dy

Lemma 3.4 The maps in the diagram

_1
HdpR(Ll/Lmero) & H(?R(LZ/Lmero) — Hig (Less/Ly + L)

HI% ) (V1,0Vi;D1) @H ) (V2,0Va; D) —  HIY,(A,94;D)

are compatible with the given pairings.
Proof: With the notation introduced right above the lemma, the diagram maps the given elements-dg,] —
[0] and[c1 ® &1] + [ R &) — [C1 R €1] — [€2® &]. The desired equation (o], [C1 ® €] > — < [0], [ ® &) >=<
[m),[ca®@e1] > + < [n2], [c2 ® €] > follows directly from the definitions using (3.8).

O
It remains to prove

Lemma 3.5 The maps in the diagram

—1 —1
Hir (Less/Ly+1,) —— Hig (Lesy/Liero)

Hi9,(A,0AD)  —  HE(A,A\D;D)

are compatible with the given pairings.
Proof: We compute the connecting morphiswin the long exact sequence induced by
0— %/ (A,AND;D) — P €!(D,A\D;;D) — €% (A,A~0;D) — 0.

i=1,2
If we write (%y)p := €50 (ANDy) + 64(D) and % == 64 (A), we have? [ (AN0) + %5 (D) = (%1)p+ (62)p
and%”[gd (AND) +<5F§d(D) = (%1)pN (%2)p. Therefore the homological yoga to determipéc ® €]) for a given
chainc® e € € with d(c® €) € (61 + €2)p-1 reads:

Cleve(C/e)y  — (C/a+%)p —0

1 1
0— (C/aanele1 — (/)10 /61 — (C/6r+%)p1 —0
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wherec® € makes its way through this diagram as follows (to be read from the upper right to the lower left corner):

0+ [-c®e| — [c®ég]
! ! (3.9)
0 [—a(C]_@S)} — [—8(C1®8)}+[—8(Cl®8)] — 0.

Here we decomposed the topological chaiCy(A) into the sunc = ¢; + ¢, with dc, € A\D,,. It follows, that
0+[-d(cee)=[-d(a@e)+[-d(ci®e) € (C/%5)p-10(C/%)p-1-

Now, leto € L be given such thalm € Liero To keep notation, we lef; := 0o € Lhero C LP. Suppose
we started in (3.9) above withg € € %,;d (A) such thavc C %gil(aA) +‘55‘11(D)- Then we have to consider the
diagram

Hggl(Less/Ll_i_Lz) — H(?F;l(LESS/LmerO) (@] — (@]
X X
Hii,(8,08D)  —  HE(A,AND;D) coe — [-d(ci®e)].

Starting with the left hand side we obtain

<[], [coe >Z a(n1,0,c10e,c,08) = — / <EMi>+ / <g,0>=<[w],[-d(c1®¢€)] >,
dciNdA-D d(dcyiNdcy)—D

which is the right hand side.

3.2 The Localization Lemma
In the section above, we have constructed a pairing between the long exact sequences (3.1) and (3.3). It fol-
lows, that in order to prove perfectness of the irregularity pairing, it suffices to do Slﬂcﬁgrl—ess/Ll_F Lp) X

H;ﬂl(& dAD)—C andHc?l;l(Lv/Lmero) X ngil(v"’avv; Dy) —C.

Now, consider the short exact sequence of de Rham complexes

0 DR(Less/| ; +1,) « DR(Less/,) — DR(L1/| 00 < O (3.10)

where the mapping is defined via the isomorphlsfryﬁLpnemi LY+ LS/LP, which follows fromLy NLY = Liero

In the same manner we have a short exact sequence of complexes 02f rd-chains:
0 — €' (A\D2,A\D;D) — €9 (A,A\D1; D) — €'%(A,AN0;D) — 0. (3.12)

Excision and retraction to the boundary again induces a natural isomormﬁm\ D2,A\D;D) = H,E,d (V1N
D3, dVi;D). Again, for given

) @ € LEswith Dw € LY and
i) coeeEp(VinDy) with dc € Cp_1(9Vi\D3) +Cp_1(D).
we define
< |o],[c® €] >Z:/<£,D(D> - / <€ 0>,
c Bcl—Dl

where the first integral exists, becawusdoes not intersedd, andJw is meromorphic alon®;, and the second
one does, adc— D lies in X~.D. With the same arguments already used several times above one shows that this
gives indeed a well-defined pairing of the long exact sequences corresponding to (3.10) and (3.11).
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We have thus reduced the problem of perfectness of the period pairing at a crossing-point to the perfectness
of a pairing involving (co-)homology groups supported at the crossing-point 0 and a pairing involving groups
supported on the complemedt. {0}. Together with the considerations at the beginning of this section, we have
now achieved the Localization Lemma, which we will state using the following notion:

Definition 3.6 We say that the rank connection(L,O) on X, singular along D, satisfidecal perfectness if
there is an open covering’ of the tubular neighborhood V of D consisting of small enough bi-discich that
the following holds:

i) for each local situation B= D1 = {X; = 0} C A, the pairing

HD (0 Less/ Lpperg) ¥ H{)d (A,AND1;D;) — C is perfect, and

ii) for each local situation D= {x;x2 = 0} C A, the pairings
HiR (B Less/L,) x HI(AND_.,,AND;D) — C,
(v=1,2),and
Hi " (8 Lesy/Ly 1 Lp) x Hfl1(A,A\DiD) — C,
are perfect.
Lemma 3.7 Let X be of dimensiodim(X) = 2 and(L,0) be an integrable meromorphic rarikconnection on X

with singularities along the normal crossing divisor D. Then the period pairifig(H; L (D), 0) x H{)d (X;LV) —
Cis perfect if and only ifL, ) satisfies local perfectness.

4 Local perfectness

In any of the local situations above, consider the formal connettieal ﬁiW(*D)’ whereﬁm denotes the

formal completion of0’x with respect to the stratuivi of D considered, namely being a smooth component of
D or a crossing-point. By assumption (Definition 1.l), is isomorphic to the formal completion of a connection
of the forme® ® R, with ar(x) := x; ™x, "u(x) such thau(0) # 0 andR a regular singular connection. It follows
that(L,0)|a itself is isomorphic te* ® R (sinceL ® e~ ¢ is necessarily regular singular).

4.1 Local pairing supported on a crossing-point

We consider the local situation ii) of Definition 3.6, i&is a small bi-disc around the crossing-point @.

4.1.1 Local rd-homology

We introduce the following notions (after chosing fixed local coordinates) in the situation of a connection of the
form e* @ Rwith a(x) := X, "X, "2u(x) with u(0) # 0 andR a regular singular connection.

Definition 4.1 TheStokes directionsof € ® R at0 are the elements of

To:={(V1,B2) | —M 1 — mpd. +argu(0)) € (g, 37”)} crn}0)zstxst.

TheStokes bisectorsare the bisector$o := Uy, v,)cz, R €% x RT €% C C2,

We now calculate the local rapid decay homology groups at a crossing point. In the following, we will abbreviate
HI9(Y,9) ;= H!9(Y,dY;L) and in the same way for the rapid decay ch&ti§(Y,d) for anyY C A.



Periods for rank 1 irregular singular connections on surfaces 15

Proposition 4.2 In the situation above, we have
H9(A,9) = H, (AN Gg,dAUD) ,
where the right hand side denotes the usual singular homology group.

Proof: We first observe, that we have a natural homomorphism
H. (Y NS0,dYUD) — H(Y, ) (4.1)

for anyY C A, sincee® is rapidly decaying along any simplex contained in the Stokes region. We claim, that this
is an isomorphism foy = A.

Now, both sides of the morphism (4.1) can be embedded in Mayer-Vietoris sequences by decofasing
bisectors in as follows. Le&; =i, S(vi) andA; = U}L; S(uj) be a decomposition of the disc into closed sectors
S(vi) andS(y;), where thev; andy; are intervals irst, cyclically ordered, such thay! ;v = St = UJLy bj. We
denote by

[0, pit1] == Aip1:=S(vi)NS(viy1) and  [0,Qj 1] == Kju1 == S(pj) NS(Wj11)
the common lines of two consecutive sectors. We assume that the intersagtiop;) N &g is either empty
or connected. The decompositidn= Uj“:lAl x S(uj) =: UT‘lej gives rise to the following Mayer-Vietoris
sequence witljj .= Z;NZ;:

m
0—¢19(0,0) —PE4Z,) — P €Zj.0)
=1 1<i<j<m
Because o¥;jx = Ay x (S(ui) N S(uj) NS(uk)) = A1 x 0 C D, this sequences reduces to a short exact sequence

(recall that in the definition of the rapid decaying chains, we have moduled out all chains contaijeahich we
obtain the following long exact sequence of rapid decay homology groups:

m
H9(A,0) — @ HYN(Zj,9) — PHE(Z,9) — HP(A,9) — ... (4.2)

1<i<j<m i=1

The same holds for the left hand side of (4.1) and thus (4.1) induces a natural morphism between these long exact
sequences.

In a similar way, we fixj and consider the decomposition®f x () := Z := Z; according to the decompo-
sition of A; from above:

Z =0 xS(u) = | S(v) x Sk -

i=1
LetBi := S(vi) x S(u). The analogous Mayer-Vietoris sequence of#f&-groups is again short exact Bg :=
Bi N Bj N By C D) and therefore gives rise to the following exact Mayer-Vietoris sequence:

m
—H91(Z,0) — @ HY(Bk,9) —» PHI(B,9) = H(Z,9) — ..., (4.3)
1<i<k<n i=1
together with a map form the corresponding MV-sequencélf¢Z N Sp,dZUD). Observe that

B, OxSu)cb forl|i—k|>2 ndZ. — A x0CD forli—j|>2
K= AigaxSu)  fork=i+1 U7 Arxx forj=i+1

We keepj fixed and decompost; x k = (JiL; S(vi) x k for k = ;. This leads to the Mayer-Vietoris sequence

m
o H8(Zij1,0) — D HIY (G, 9,D) — PHM(C,9) — ... (4.4)
1

1<k<l<n k=
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whereCy := S(v) x k and thusCy := CyNC = gkXXKKC D ]:8: I‘kz_ll‘flz

the left hand side of (4.1). The proposition now follows from the following lemma:

. The similar assertion holds for

Lemma 4.3 There are natural isomorphisms

) HYAxk9) — H.((AxK)NGod(AxK)UD) and
i) HY(Sv)xx,d) — H.((S(v)xK)NGp,d(S(v)xk)UD).

Proof: Recall that(L,) = e* ® R for somea = X; "X, "2u(x) with u(0,0) # 0 . We start with the proof for i).
We claim, that ifA x k ¢ &g, then there is no rapidly decaying cha&i® £ approaching 0 insidé x x, which is
not entirely contained iD. For, letl = [0,€%1] andx = [0,€72] and suppose that= e*™ is rapidly decaying as
x varies inc, it follows that

expl(|xa| ™ |xz| "™ ju(x)| - cof —my 1 — mpdz +arg(u(x)))) < Crm|xa|V[xe|™

for x € c. But then—m 91 — mpdz +arg(u(x)) € (r/2,3r/2) for x small enough and therefofe, 92) € Zo and,
because of the properties of the chosen decomposition with respect to the Stokes bisectorépfinsllyc 2o,
thusA x k¥ C &g. ForA x k C &g, however, the assertion is clear.

In order to prove part ii), considéS(v) x k) N Sp, which is either empty or connected by assumption. Let
v=:[£,&]  Stand let¢ be the direction of the lin, i.e. k = [0,€%] ¢ C. Then(S(v) x k) NSy is the union of
the radii with directions contained ifv x {{}) N3y C S' x St, with 3 being the Stokes directions. Letbe the
intervalp := vNZo. If p is empty orp = v the assertion is clear. Otherwise, assumeghat/é,n] C [£,&'] = v.
Let A be the radius with directio, so that we now haveé x k C Go. If h: [0,1] x (v x {{}) — (v x{{}) denotes
the linear retraction of to {{}, i.e. h(t,(x,{)) = (1 —t)x+1&, ), then

H:[0,1] x (S(v) x k) — (S(V) x k), (t, (r1€*,r2€%)) — (r1&"tx¢) o)

retractsS(v) x k to A x k¥ C &g. We claim, thaH preserves the rapid decay condition. To prove this, consider a
curvey: [0,1] — S(v) x k with y~1(D) = 0, such that = e*® is rapidly decaying along. We have to show that

e then is rapidly decaying along all the cureét,.)oy,t € [0,1]. Lety(s) = (r1(s)€®, ra(s)é®). From the rapid
decay ofe alongy, it is clear that the direction of at the pointy(0) € D is in the closure of the Stokes-directions,
i.e. (0(0),) € Zo. But then, the direction of the transposed curg, .) o y at the point (t, y(0)) by construction

lies inZp, whences is rapidly decaying along this curve. Thii$,induces isomorphisms

HI9(S(V) x k,0) 2 HY(A x k,0) 2 H, (A x ¥) N Sp,d) = H,((S(V) x k) N1S0,9) .

a
The proposition now follows immediately using the 5-lemma applied to the morphism (4.1) induces on the

various Mayer-Vietoris sequences above ((4.2) — (4.4)).
a

Computing the singular homology groups appearing in the proposition, we obtain the following

Theorem 4.4 For a rank1 connection L with formal modefex R, we have

0 for x=21lorx>4
dimH™(A,9) =
(my,mp) for x=2or3,

whereo = x; ™%, ™ - U (X) With Uy (0) # 0 and (m,n) denotes the greatest common divisor of two non-negative
integers mn. Note, that the homology groups in deg@eeill play no role here.
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Proof: The subspace of the Stokes directidiasc St x St of o are homotopy equivalent to a torus knot of type
(mg, my), which we denote by?". Let%Z C A be the union of the radial sheets with directionsif a radial sheet

being the product of the two radii in each direction, then the homology group to be computed is isomorphic to
H.(Z,dAUD). Now, consider a decompositidn= | JS(vi) x S(u;) in bisectors as above, where we assume that
the intersection 06, with any bisector has at most one connected component. Now observe that for twb radii
andx and a secto§(v) one has homotopy equivalences

(Axx)/gpup~S and (IxSV))/gauD=~S . (4.5)

Starting with this observation, we can make our way through the various Mayer-Vietoris sequences induced from
the decomposition oA in direct analogy to the sequences (4.2) — (4.4). One easily deduces that the homology
groups to be computed vanish in degree 1 and greater than or equal to 4. As for the remaining d8grees 2
one sees that the one-dimensional contributions coming Hgf8?) = C via (4.5) distinguish each other as long

as they come from points on the torus kn#t (i.e. the endpoint ot x k or any direction of som&(v) x k
respectively) that belong to the same connected component of the torus knot. A careful book-keeping thus gives
the desired result for, andHs, the integergm;, my) being the number of connected components of the torus
knot. (Another way to look at it, is to cut the torus along the ketand to use a Mayer-Vietoris argument to

see that the dimension of the homology groups in question are given as the dimension of the analogous homology
groups in the special case = 1 = mp, which is easily seen to be 1, times the number of connected components

of the torus knot’Z", namely(mg, my)).
O

4.1.2 Local de Rham cohomology

We are now going to compute the local de Rham cohomoldgpyfLess/L1 4 L2) at the crossing point, where the
rank one connectiob has the formal moded® @ Rwith @ = x; "X, ™ - Ug (X1, X2) With U (0,0) # O.

Since the shedfess/L1 + Ly has support at the origin, it is sufficient to consider the stalk at 0. We will keep the
same notatiolhess L1 andLy but in the following think of these as the stalks. The main result of this section is the
following

Theorem 4.5 In the situation above, we have

0 for x#0,1

dimHa‘R(Less/Ll_|_|_2) =
(mg,mp) for x=0,1

Proof: The regular singular part does not give any contributiohdﬁ/L1+ L, SO that we can omit it. Since
Uy (0) # 0, we can locally transform the connection by multiplication witjt and obtain a new connectidd
whose induced compléaésg/ul +L is quasi-isomorphic to the analogous complexdbr Therefore we can also

omit the factorg (x) and takex = x; ™x, 2. We then have to consider the following complex

Less/Ll +Ly 2, Less/Ll +L,® Less/Ll +Ly Y, Less/Ll + Ly
with

Ju m
— — Xt
3X1 1

. dm  dmwy
v(o, o) = I O

u I
—— —mx; ™x,™ ) and

—1,-mp
X, “u
2 ’ 8x2

e(u) = (
+mpx; ™™ oy — mo ™, M a,
1. Step:If we let
Kun = { Z fuxixh € Li+ Lo | fly =0fork<Mandl <N} C Ly +Lo,
klezZ
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it follows thatKy 1 — K m, my+1® K my+1m, — K_2m_2m,. Consider the following diagram with exact
rows:

0 0 0
l
0 — Litla/k,, - Less/Ky 4 — lesy/l; 41, — O
| l
Lyt LZ/K—ml.,—szrl LeSS/K—ml‘—szrl LeSS/Ll + Lo
0 — @ — ® — T — 0 (4.6)
Lit LZ/K—m1+1.—mg LESS/K—mﬁl.fmz Less/Ly + Ly

0 — Li+ LZ/K72m1,72mz — LESS/K72m1,72m2 — |—es:s/|_1 +L, — 0

!
0 0 0

where the vertical arrows are induced by the connediioWe denote the columns of this diagram &S, .#” and
2, so that the diagram reads as the short exact sequence?§ — 7 — ¢ — 0.

Lemma 4.6 The first column¥” of (4.6)is acyclic.

Proof: We denote the maps iy andy respectively. To show that k@) = 0, consider an element= 5 fixx,
in the kernel. This is equivalent to

Kfict —my fimy 14m, = 0= 1) — M fipmy 14m, fork < —my andl < —mp. 4.7)

Now, u € L1 + Ly, so thatfy = 0 if both k andl are sufficiently negative and successive application of (4.7) gives
uec K171.

Next, consider(g,h) € ker(y), i.e. g—)?l — g—)?z + mpx; tag — myx; tath € Kooy —om,. By definition, there are
numbersN,M with g,h € K_u _n. We want to solvep(f) = (g,h). To this end, letfy := 0 for all kI with

k< —-M+m+1and < —-N+my+1, but(k,1) # (—M +m, —N +mp). The desired equation fdrinduces the
necessary equality of

1 1
fMtm,—N+mp = *ﬂngflﬁN = *@th,fol .

Now, ¥(g,h) = 0 reads as

(K+ D1 — (T 4+ 1)k +1 + MpOktmy |+mp+1 — Mkmy+114m, =0 (4.8)

for k < —2m; andl < —2m,. We can choose representatives with= 0 fork > —m or | > —m, + 1, and
hg=0fork>-m+1orl > —np. We can assume théd > nmy +1 andN > m; + 1. Using (4.8) fork =
—M —my, | = —N —nmp gives the desired equalityog_m—1, N = Mh_u —n—1 and therefore the well-definedness
of f-Mim,—Ntmy-

In the same manner, we can solve the equadiin-my fi,m, |+m, = k—1, Successively and get the coefficients
for the remaining indices iA:= {(k, 1)k < 1| <1}~ {(k )|k <—-M+my,| < —-N+mp}. We obtain

b k—my (k—my)---(k—rmj)
kl = —ngkfmlfl,lfmz - 7191<72m171,|7m2 —...— mrl” Ok—rmy,|—rmy

with r := max{ -, 2.}, From this it follows thatf := 3 (|)ca flaX{X, € L1+ L2 solves pi((f)) = g where pi

is the projection to the first direct summand. The same computations give a sdiution + L for the second
direct summand, i.e. pf@(f)) = h. Usingy/(g, h) = 0 as above, we easily see that the above calculations give the

same coefficient§ = fy, so that we have found ahe L; + L, with ¢(f) = (g,h).
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To see the surjectivity af, letue La+L2 /k omy.2m, D€ Given, represented loye K_y _n for suitableM, N.
Leth:=0. We then have to find whose coefficients satlsfy

=19 + MoOktmy 1+m, = U fork < —2mg andl < —2mp + 1. (4.9

Especially,lgx = MpQk4my 1+m, for k < —M andl < —N —1, so that we can takgy := 0 fork < —M +my and
| < =N+ mp+ 1. Successively solving (4.9), it follows that

1 | —mp (I—mp)--- (I —am)
ki = ——Uk—my,I- + ——Uk—2my |- +.+ Uk—amy,| -
g mp M mp+1 m% 2my,| —2mp+1 3“ amy,| —amp+1

forfz max{li, %}. One obtains a solutiogpe K—M+m1,—N+mz+1/K_ml’_mz+l and hence the desired surjectivity
of .

a
2. Step:In order to calculate the cohomology |<-)éss/|_1 + Ly, We thus have to do so for the middle columi of
(4.6). After transformatiory — xi’l fori=1,2, we have to consider the following complex

0— 2 25 XML g g syt e B2t 2metd 5o Lo (4.10)

where.7# denotes the ring of power-series in two variables which converge in the entire complex(lafibe
maps are given as follows. Defifan := {3 >0 XX, € 7 | fig =0 if k> M andl > N}. Thenx}! x) .7 =
2 /By @and we put

m +1 +1
D(u):=— (G 5 + muxq™ ™G2U, 3G 9L 4 moxy™ 52 U)MOdPoy m, 1Py 1.m,
29 P)
E(wy, @) = X2 ai)f +x§ 9| Mpxoat Ly — myxgotwp mod Pomy om, -

Claim 1: dimkerD = (myg, mp).
Consider an element= ¥ o U XX, € 5. Thenu € kerD translates into the following condition on the power
series coefficients:

KUt + Myl _my 1—m, = 0 and [Uki 4+ MUk |—m, =0 (4.12)

for all k> m andl > mp. It follows that foru to be in the kernel oD, it is necessary that its non-vanishing
coefficientsuy lie on the lineZ := {(k,1) € Ng x Np | Im; = kmp}. Moreover, choosing values for the coefficients
Uy on this line in the region & k < my, 0 < | < n, gives an element € kerD by means of (4.11) (the convergence
of the solution so obtained is easily seen). Claim 1 follows as the #thimtersects the integer latticé x Z in
exactly (mg, mp) points in this region.

Claim 2: dimcokerkE = 0.

Let 1 € xixa~2.57 be given. We have to fintwy, wp) € x,o0 177 @ xoa =17 such that

d 2y _
—x2 8?:2 +x§a—l +mpxoa Yoy —mxpotwp =1 . (4.12)
We let @, be arbitrary and writew, = exp(— lex2 ) - p with an elemenp € J# yet to be determined. Then
(1, wp) solves (4.12) if and only if

g—)’:l = exp(X]xy?) - X 2 (x g— + mMpXoe Lo — n) :
The right hand side defines an element’#i which can be integrated ix; direction, so that such p exists,
proving Claim 2.
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3. Step:We prove that the complex given in (4.10) has vanishing Euler characteristic. To this end, consider the
following diagram with exact rows:

0 — 0 — H — H — 0
! D D

0 — Pym-1®Pmy-1m, — HoH — xa X oxalnr — 0. (4.13)
! lE lE

0 — Pomy 2m, — H — X1Xoa L — 0

To complete this step, we prove the following

Lemma 4.7 The operator
E: Pnim-1®Pm-1m — Pomy2m,

is Fredholm with index-1. More precisely, one hagimkerE) = d + 2 anddimcokefE) = d + 3, where d:=
(my, my) denotes the greatest common divisor g@fand m.

Proof: We first calculate the dimension of the cokernel. Lets 3y uaXX, € Pomy om,. We have to solve
E(g,h) = u. In terms of the coefficients in Laurent series expansions this reads as

Vi = —(k—1)h_q) + (1 — 1)k j—1 4+ MpGk—my 1 —my—1 — Mhk_m, —11-m, =0 (4.14)

for all (k,I) € A, whereA = {(k,]) € Ngx Np | k< 2my orl < 2mp}. Observe that in most cases either the first
two or the last two summands vanish,gas= hy; = 0 for indicesk,| ¢ A. There are several different cases of pairs
(k,I) € Ato be considered:

i) (k<morl<nmp)and(k>0and > 0): then (4.14) for the paitk,|) and the paifk+m,| +nmp) gives
(k—1)hq1) 4+ (I = 1)gk—1 = U and — mehy_ 1| + MpGi |1 = Uiy I+my, -
ii) k=0andl > 0: Then (4.14) givesy) = (I —1)do)—1 = Uo, Wiy l+m, =
= — (Mg — Dhmy 1mp 1 + (M2 41— 1)Gmy mpt1 -1+ M2G0) -1 = Unmy o
andyam, 2mp+1 = M2Gmy, my+1—1 — MMy —1 my 41 = U2my 2mp 41 -
i) k> 0andl = 0: in analogy to the case ii), this giveg o = —(K— 1)hc_10 = Uk 0, Vim+km, =
= —(M+K—LD)hm1k-1m, + (M2 — 1) Gmy 1 kmp—1 — Mhk—1.0 = Umy 1k m,
and yam +k2m, = MGy +kmp—1 — M1Pmy 1k—1,m, = Uzmy +k 2mp+1 -
iv) (k1) =(0,0): Gives the equationgo = 0.
v) (k1) e {(m,m),(2m,2mp)}: Then (4.14) gives

Ymy,m, = —(m — l)hmrl«mz + (Mg — 1)gm1,mzfl = Umy,mp and
Yoy 2mp = —Mihmy—1.my + MoGmy my—1 = Uzmy 2m, -

By some simple matrix calculations one sees that case i) gidedimensional contribution to cokgg) if m; # my

and a(d — 1)-dimensional contribution ifm = my; cases ii) and iii) each give a one-dimensional contribution.
Case iv) contributes with a one-dimensional subspace, whereas case v) adds another dinrepsiarnzifand no
contribution formy = mp. Summing everything up, gives the result

dimcoke(E) =d+3
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as claimed above. We remark that the convergence of the solutions we obtain by the combinatorics of the Laurent
coefficients above is an easy exercise.

To compute the dimension of k&) we proceed in a similar manner, looking at the cases i) — v) above with
u=0. Again, one easily sees that case i) give-dimensional subspaceiify; # mp and a(d — 1)-dimensional
one formy = my, cases ii) and iii) each add one dimension, case iv) gives no contribution()kand case v)
contributes with a one-dimensional subspacenipe= n, and gives no solution famy # mp. Hence, we have

dimkerE)=d+2,

from which the lemma follows.
a
We are left with the task to calculate the index of the complex given by the middle column of (4.13). To this
end, again consider the following diagram with exact rows:

0 - -, A — 0 — 0
D ID !

0 — waow % wew — e o |n — 0 (4.15)
|E |E LA

0 - i H — K [xexe.n - 0

whereA(wr, wp) = ¢ 52 43352 modxdxg.#”. Obviously, kefA) is theC-span of(0,1),(0,%2), (1,0), (x1,0)

and cokefA) = span-{1,x1,X2,x1%2}. It follows that dimkefA) = dimcokefA) = 4 and the Euler characteristic

of the first and the second column of (4.15) coincide. Thus vanishing of the Euler-characteristic of (4.10) follows
from

Lemma 4.8 The Euler-characteristic dd— 7 o H DA 5% — 0 equalsl.

Proof: Decompose the operators as follows:

d

D'u= ((TxlaTXZ)JF(lelmrerzn{mZXTng]zil))u and (4.16)
0w Jdw _ _
E' (0, ) = (a—xl - szl) + (myx™ 1xg‘2a)2— MpX; " Xo 2 Yo) . (4.17)

For anyR > 0, consider the spac&%‘l’k” of all holomorphic functions oBg x Dg that are of typ&k with respect
to the variablex; on Dr x Dgr, WhereDg C C denotes the open disc around 0 with radRiandDg its closure.

The complex to be considered induces a comﬁg)%) L Bg)’l) <) BS’O) £ Bg)’O). The decompositions (4.16)

and (4.17) are decompositions of complexes in the sense that taking either the first terms in (4.16) and (4.17) or
the second terms again give a complex. The second terms in (4.16) and (4.17) consist of compact operators and
so the Euler-characteristic remains unchanged if one omits these terms by Vasilescu’s generalization of the well-
known compact perturbation theorem for Fredholm operators (cp. [21] and [22]). The Euler-characteristic of the
unperturbed complex is easily seen to be 1, the only contribution coming from the constant functions being the
kernel of(aixl, 8%(2) and the lemma follows by taking the linlR — . Compare with [16], Theorem 1.4 for the
analogous arguments in the one-dimensional case.

a
This lemma completes the proof of Theorem 4.5.

a



22 Periods for rank 1 irregular singular connections on surfaces

4.1.3 Non-degeneracy from the left

Finally, we will prove non-degeneracy of the local pairing at a crossing-point from the left. Note that perfectness
from the left is better accessible than perfectness from the right, the reason lying in the difficulty of constructing
sufficiently good ’test formsw € LessWith Ow € L1 + Lo, whereas 'test cycle€ ® € are easier to handle. The
arguments used in the proof are similar to the one-dimensional case of [3].

Theorem 4.9 The pairing
Hir(Less/Ly + Lp) x HiY5(A,00;D) - C, p=0,1,
is non-degenerate from the left, i.e<if{w],[c® €] >= 0for all [c® €], then[w] = 0.

Proof: We start with the casp = 0. Let[w] € Hix(Less/L; + L,) be given. Let be a basis of ande" denote
the dual basis af#V. Thenw can be written as = a- € with an analytic functiora and

Ow=¢e¢oda=exn +e@n € Li+L},

wheree denotes a meromorphic local basislof We have to show thate € L9 +L9. Letc be the radial sheet
¢ =[0,p1] x [0, pz] C A= D? x D?, with p= (p1, p2) € A
First, consider the case thande" are sections of? +LJ in the notation used before. Since

da=<Ow,e’" >=<ee’ > 1,

with 7 = 11+ 1y, it follows thatda € &9 + 69, hence als@ and thereforeae € L9 + L9, where as before)
denotes the-forms meromorphic alonB..,, and arbitrary alon@®,,.
Next, assume that” is rapidly decaying along. Then by assumption

aple(p) = (< @' > e)(p) = ([ <Ome’ >+ [ <me’>- [ <me’>)e'(p), (418)
c dc,—D dcp—D

with the decompositions=c;+c; anddw =1n1+1n2 € L%+ L% as in the definition of the pairing, see Lemma
3.3. Now,On2 = —0On1 = e® p with a meromorphic two-fornp. With these notations, one has

/<Dn2,sV >:/<e,ev>p.
Cc C

In local coordinates, the sectiar is asymptotically equal to exp-kx, m1X£ ™) times a meromorphic section of
£V, Therefore, in order to understand the first term in (4.18) we have to study the behavior of

—my - _m -
PR e k4 1"Zmz-xflxz’rzdxldxz
[0, p1] %[0, p2]

for (p1, p2) — (0,0) and some,r, € Z. Similar to [3] in one variable, substituting variablgs= xi’l, g = pfl
andu; =y; — q;, the latter integral reads as

/‘ / UMD . (1 4 gp)" 2 (Up + )2 2du dp
00

with a polynomialf with positive coefficients. This integral has at worst moderate growthj;agz) — (0, ), so
that its contribution vanishes modulg + L.
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In a similar manner, the second summand in (4.18)

evp'/ <nu,e’ >= / <ee'>m)-e'(p
P dc—D ! ({pl}x[ova] )-€(e)

leads us to study the integral
P2

e [t ot (o) de
0
for p1 — 0 with arbitraryn. As before, this has at most moderate growth for fipedindp; — 0 and thus lies in
Lo. The same argument shows that the third term in (4.18) vanishes miodulofollows, thatae lies in L9 + L9
provided that" is rapidly decaying along.
It remains to consider the case, wheteis rapidly increasing along, i.e. the radial sheetdoes not lie in any
Stokes bisector belonging &'. Thene is rapidly decaying along. Again, by

Ow=e®dac Li+L}

it follows thate @ dac L1 +L3. If we write € = y - e with the analytic functiony, this reads agdac 0} + 0%,
ie.
Jda da
Yo © 02+ 069 and Y3 € 09+ 05 . (4.19)
Now, v has rapid decay alongby assumption. In order to prove that (4.19) induges € ﬁer 09, we have to
show that for any two functiong, a in the variablegxs,x2) such that has rapid decay and

da .
98—)(i e 094+ 0%fori=1,2,
it follows thatga e ﬁ‘f+ ﬁg. We apply the mean value theorem at a positionx,) after choosing a fixed point
g = (g1,0q2) with 0 < || < |g| in order to find a point = (r1,rz) in between such that

g(x)a(x) = g(x) - (a(a) + ( 2. %az(f))' GD) ’

X

whereh = (hy,hy) :== g—x. By (4.19), we can find functiong, € ¢ such thatg(x)a(x) = g(x)a(q) + % .
(ea(r) + @2(r)). Now, g(x) is rapidly decaying aé,x2) — (0,0) alongc, so that there is no growth contribution
coming from the first term. As for the second term, the functperinas moderate growth ixp-direction and thus
for fixed x; andry,
Sl <Culra M <Gl

proving moderate growth of the second ternxjrdirection also. The same argument applies for the third term,
provinggac 69+ 69.

Next, we consider the pairintijg(Less/L; + L,) x Hi(A,0A;D) — C, i.e. the casep=1. We have the
following Mayer-Vietoris sequence for the de Rham cohomologyf= Less/|_l + L, as well as the dual of the
corresponding sequence in rapid decay homology (see (4.2))

®s
®s

0— Hig(r X(0);.27) Her(Tij+15#)  —

la LB Ly l
0= HI@9)"  — @HIZj9)" — ©HIZ9) —  HiBY <0

HOR(Tj;#) — HY(n Y0);.) —0

Il
a8
Il
[iN

D3
3

Il
[
Il
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according to the decomposition of the torts(0) = Ty with Tj = S' x pj whereS! decomposes into small
enough intervals aS! = Uﬁnzluj. The radial sheets with directions Ti are denoted by; as before, i.e.

e + v +d2
Z ._le’ﬂz)eTjRoe' 1xR{EZNA.

Again, Tij ;= TN T; andZjj := Z;NZj. The vertical arrows are induced from the local pairing. The arguments
above show thaB andy are injective. Additionally, our knowledge about the dimensions of the (co-)homology
groups involved (Theorem 4.4 and Theorem 4.5) then induceytimsurjective, hence is injective by the 5-

lemma. This proves perfectness from the leftjior 1.
a

4.2 Local pairing at a crossing-point involving one direction

To complete the investigation of the situation at a crossing poibt @fe have to consider the pairing involving the
contributions from the one-dimensional local stratdofLet A denote a small bi-disc around the crossing point
(0,0) € D, where we chose local coordinates such that {x;x, = 0} = D; UD». We prove the following

Theorem 4.10 The local pairing
Hir H(A; Less/L,) x HIY (AND2,AND; D) — C (4.20)
for the local contribution of the connection along Bt the crossing point is perfect.

Proof: We omitA from the notation of de Rham cohomology. Recall thdtas the elementary modet @ R,
whereoa(x) = x; " - u(x) with u(0) # 0.
We now prove the analogue of Theorem 4.4, namely

Proposition 4.11 In the situation above, we have

_— o~ J O forx>3

Proof: We have theStokes directionsin 7~1(D) = S' x D}

%= {(9,%2) € 7710, xp) | —mu By +argu(0,xp)) € (g’ g)} ’

whereD; := D10, and the fibration btokes sectorswhich reads in local coordinates as

1= |J RYE"™x{x}.
(01.%2)€21

Note, that one may regar®; as a subset of the disc bundle associated to the normal bDhdIE; ) of D' in X,
which we identify withA~\.D-. In each fiber ove(0,xz) € D7 it is determined by the Stokes sectorstfi.e. the
sectors, where* has rapid decay for; — O.

DecomposingS' into small enough intervals and therehy D- into the corresponding fibration by sectors,
we can apply Mayer-Vietoris sequences in the same way as we did in the proof of Proposition 4.2. With the same
arguments as before, the statement analogous to Proposition 4.2 follows, namely a decomposition as ordinary
singular homology groups:

H!9(A\D2,A~D;D) = H, (V1N &1,dV; UD) ,

where&, denotes the fibration by Stokes sectors correspondiaQ émdV; denotes a small tubular neighborhood
of Df :=D1\.0.
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It remains to show, that

0 forx >3

m, forx=12 (4.21)

dim H*(V]_ Ny, 8V1U D; D) = {
The topological situation looks as follows. Consider the fib&(D; )x of the normal disc bundle dp; at
some poink:= (0,x) € D;. We denote byy* C DN(D;)y the Stokes sectors inside this disc, i.e. the intersection
0% =Z{NDN(Dy )x. Now, we can retract the tubular neighborha4df D to the trivial bundle with base space
being a circleSt aroundD, and with fiberDN(D])x, as well as the Stokes sectarg in this fiber to the union of
my, radii, one for each Stokes sector. Now, we have to identify all points in the bous®lags well as those iD.
In the fiberDN(D7’)x, this result in a wedge ofi circles, and we finally are left with a trivial bundle over the circle
St with fiber the wedge/m, St, where we still have to identify the 'zero’-secti@ x {pt} C DJ, {pt} being the
base point of the wedge of tims, circles. Thus,
~ q q
H.(V*NZ¢, 0V, UD) = H, ((S X n\és )/(Stx {pt}) -
Using the Kinneth isomorphism and the effect of collapsing the oneSlell { pt}, one easily sees that the latter
singular homology spaces obviously have the desired dimensions as in (4.21).
O
Next, we calculate the dimension of the corresponding de Rham cohomology groups from the pairing (4.20):

Proposition 4.12 In the situation from above, we have

. 0 forx#0,1
dimHgg(Lesy/L,) = { m  forx i 0,1.

Proof: As before, the regular singular p&tgives no contribution to the dimension, so that we can assume it is
trivial. Again, we writear = x; ™ - Uy (X) With U, (0) # 0. After a local transformation byg?, we can assume
Uy, = 1. We thus have to consider the complex

Less/ Lo 2, Less/ L,® Less/ ) Y, Less/ Lo

with
au _m—1 au (9602 —m—1 (9(1)1
=(=—— — == - 4.22
(p(U) (8x1 mx u, axz)andl//(wlawz) BX]_ mx 02 dan ( )
Now, let & denote the ring of holomorphic germs in one variablat 0 and9t denote the meromorphic
germs. Letp : f//sm — ﬁ/gm be the map induced form the one-variable connediitn=z™1dz i.e. p(f) =

f'(z) —mz ™ 1f(z). Consider the diagram

f e om 5 7 /om > g
1 LB Ly !
f(x) € |—ess/|_2 2, Less/|_2 @ |—ess/|_2 > (g(x),0).

We claim, thatf induces an isomorphism of the kernels of the horizontal arrows. To this end, coosider
¥ij UijXx3. Thenumod.; € kerg if and only if
Jdu Jdu

nooou . P |
i) 9% ‘nely and i e mx Ul

are both meromorphic ir -direction. Assume thap = 3> _n 3 nijxilxé, then by i) it follows that

Uij+1= ni,j forall j#-1,

j+1
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especiallyy j =0forall j 0 and alli < —N. LetU:= ¥ _p Ui X x e Lo, then
j 2i>-N2jUijX %

u(xq,X2) — U(xq, X2) = z Ui ox1 (x1) €im(B) .
i<—N
Now, [u] = [B(w)] € Less/|, and obviously{u] € kerg <> [w] € kerp. From the computation of the one-variable
case ([16]), we deduce dimker= dimkerp = m.
Next, we want to computel?(Less/| ,) = 0, i.e. for givenn € Less We have to find @y, @) € Less® Lessand
v € Ly, such that

We can do so by setting; := 0. Writing @, = e . f, we obtain a solution if and only % = exIm(n +v),
which is a question of vanishing of the residuejrdirection (i.e. the residue of the function in the variakldor
fixed x2). A simple calculation shows that this can be achieved by

i —mk-1
N Z M-mk-1, - X% ™
]

el,.

It remains to prove that diidjg(Less/|,) = m. Consider an elementw;, w,)] € ker(y /|m . We can write
=73, (x1) -xg and then find soma € Lgsssuch thatg—;’2 =Y jx-13; (xl)xz. Modulo im(¢) We may therefore
assume tha, = a(x1) - X, *. We write ; in the formay = 5 bj(x1)x5. Sincewy, w,] € ker(y), there exists an
n € L, written asn = 3 1j(xq) -%J, such that

dwp

210
FE —mx " Vo= n+8x

which reads aga’(x1) —mx; ™ ta(xy) )%t = ¥ (1 (x1) + (j +1)b; (xl)) . It follows thatbj(x;) = J+117,( 1) €
<M for any j # —1, so that moduld.», we may again assume that = (xl)x2 with b(x1) :=b_1(x1). Further-
more the functiora(x;) must satisfy

a () —mx ™ ta(xi) = n_1(x1) € M.
It follows that%T‘“l2 —mx ™y, € Ly and thus

2 dop  dap

—b(x1)%;“ = 8xz 8601 xl a)zfneLz.

But thenw; € L, and we have obtained
Har(Less/L,) = {[(0,a(x0)x V)] | & (x1) —mxg ™ ta(xy) € M} .

From the theory in the case of one variable, we know that its dimensioragswe wanted to prove.
a
Thus, we have proved that the (co-)homology spaces in (4.20) have the same dimension. It remains to prove
perfectness from one side:

Proposition 4.13 The local pairing(4.20)is non-degenerate from the left, i.e. assuminfw], [c® €] >= 0 for
all [c®g], then[w] = 0.

Proof: The proof uses literally the same arguments as the one for the corresponding statement for the pairing at a
crossing-point including both directiol¥y andD, (Theorem 4.9) and is therefore omitted here.

O
The proposition completes the proof of Theorem 4.10.

a
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4.3 Local pairing at a smooth point

It remains to study the local pairing at a smooth poinDofi.e. we may now assume that in local coordinates
D := D3 = {x; = 0} and we have to consider a small bi-dfs@around the smooth poiri0,0) € D. Our task is to
prove perfectness of the local pairing

HiR(D,AND1;D1) x Hi 3 (A; Less/| e — C (4.23)
Theorem 4.14 The pairing(4.23)is perfect.

Proof: The proves of the following propositions is very similar to the proves of Proposition 4.11, 4.12 and 4.13,
we will only briefly mention on the necessary changes.d%b R be the elementary model with(x) = x; ™u(x)
as before.

0 forx>2

Proposition 4.15 One hasdimH! (A, A~D1;D;) = { m, fors—1

Proof: As in Proposition 4.12, the rapid decay homology groups decomposes as the ordinary singular homology
groups of the Stokes regions in the tubular neighborhod} pf.e. the normal disc bundle & modulo boundary

and basid;. Here, the topological situation is even simpler as before, as we can retract the base of the bundle,
namelyD1, to a point and end up with the Stokes radii in the fiber over a chosen (@iat) € D;. Modulo
boundary and modulo base poiqgthis is just the wedge ohy, circles. Thus

dimH!®(A,A\Dy;Dy) = dimH,.(\/S") .

Mgy
m
Proposition 4.16 One hasdimH;(A; Less/| 1 or0) = { ?na Ig: I fg

Proof: The proof for degree 0 and 2 is nearly literally the same as in Proposition 4.11: We have to consider

Less/l-mero l} Less/l-mero@ LeSS/LmeI'O l) Less/l-mero

with ¢ and v defined as in (4.22). Now, we proceed in the same way considering the Laurent expansions. In
the case here, these expansions have no polar pgridimection, but the arguments used for degree 0 and 2 still
remain valid and give the desired result.

The non-existence of polar partsésdirection, however, induces vanishingtif(Less/| ., Let[(o1, wp)] €
ker(y). Now, @, has no polar part in-direction, hence no residue xa (with fixed x1), so that

9 _
8x2 = ®2
has a solution ithess Therefore, modulo the image @f we can assume thak = 0. But thenw; has to fulfill the
equation
8(01

==Y ni(xa)x
J; j(X1)%;

aXZ

for somen € Lmero, i-€. With meromorphic functiong;. But this forcesw; to be meromorphic also, hence

[((Dl, wZ)] =0¢ H&R(Less/Lmero)'
O

Proposition 4.17 The pairing(4.23)is non-degenerate from the left.
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Proof: The proof uses the same arguments as in Theorem 4.9 and is therefore omitted here.

a
We thus have proved local perfectness in all three situations to be considered (cp. Definition 3.6). This finally
completes the proof of the main result (Theorem 2.5).
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