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Let k£ be a number field, fix a prime p, and let k., be some Galois extension of k such
that G = Gal (ks /k) is a p-adic Lie-group (e.g., G = Z; for some r > 1). Let S be
a finite set of primes containing all primes above p and oo, and all primes ramified in
ks /k, and let kg be the maximal S-ramified extension of k; by assumption, k., C kg. Let
GS = Gal (/{is/k’) and Goo75 = Gal (kfs/k’oo)

ks

Gs

k

Let A be a discrete Gg-module which is isomorphic to (Q,/Z,)" for some r > 1 as an
abelian group (e.g., A = Q,/Z, with trivial action, or A = E[p>], the group of p-power
torsion points of an elliptic curve E/k with good reduction outside S). We are not
assuming that G ¢ acts trivially.

Let A = Z,[[G]] be the completed group ring. For a finitely generated A-module M we
put ' ’

E'(M) = Ext)y (M, A) .
Hence E°(M) = Homy(M, A) =: M" is just the A-dual of M. This has a natural
structure of a A-module, by letting ¢ € G act via

af(m) = of(c™")m)

for f € M™, m € M. Tt is known that A is a noetherian ring (here we use that G is a
p-adic Lie group), by results of Lazard [La]. Hence M is a finitely generated A-module
again (choose a projection A™ — M; then we have an injection M+ — (A")* = A"). By
standard homological algebra, the E‘(M) are finitely generated A-modules for all i > 0
which we call the (generalzed) Iwasawa adjoints of M.

Examples

a) If G = Z,, then A = Z,[[G]] = Z,[[X]] is the classical Iwasawa algebra, and, for a
A-torsion module M, E'(M) is isomorphic to the Iwasawa adjoint, which can be
defined as

ad (M) = lim (M/a,M)"

«—
n

where (a,)nen is a sequence of elements in A such that }z@ooa” = 0 and (ay,) is prime
to the support of M for every n > 1, and where

NY =Hom (N, Q,/Z,)
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is the Pontrjagin dual of a compact Z,-module N. For any finitely generated A-
module M, E'(M)is quasi-isomorphic to Tory (M)~, where Tor, (M) is the A-torsion
submodule of M, and M~ is the ”Iwasawa twist” of a A-module M: the action of
v € G is changed to the action of y~1.

b) If G = Z,, v > 1, then the E*(M) are the standard groups considered in local
duality. By duality for the ring Z,[[G]] = Z,[[z1, ..., z,]], they can be computed in
terms of local cohomology groups (with support) or by a suitable Koszul complex.

The topic of this note is the following observation.
Theorem 1 There is a spectral sequence of finitely generated A-modules
EY4 = FEP(HY(Go,s, A)Y) = l(ﬂ HP M (Gg(K), Alp™]) = liLn HP M (Gg(K), T,A).
k',m 14

Here the limit runs through the natural numbers m and the finite extensions k' /k contained
in koo, respectively, via the natural maps H"(Gg(K'), A[p™']) — H"(Gs(K'), Alp™]) and
the corestrictions. The rightmost group is the continuous cohomology of the Tate module
T,A = lig Alp™].

Before we give the proof of a slightly more general result (cf. Theorem 11 below), we
discuss what this spectral sequence gives in more down-to-earth terms. First of all, we
always have the 5-low-terms exact sequence

infl

0 — E'H(Gus, A)Y) "5 lim H'(Gs(K), T,A)
k/
— (HY(Goos, A)Y)Y — EXAH(Gw.s, A)Y) "5 lim H2(Gs(K), T,A).

k

To say more, we consider some assumptions.
A.1 Assume that p > 2 or that k. is totally imaginary. Then

H(Go,5, A) = 0 = lim H'(Gs(K), T, A)
k/

for all r > 2.

Corollary 2 Assume that H*(G . s, A) = 0 (This is the so-called "weak Leopoldt conjec-
ture” for A. It is stated classically for A = Q,/Z,, and there are precise conjectures when
this is expected for representations coming from algebraic geometry, cf. [Ja 2]).

Then the cokernel of inf? is

ker (B'(H'(Geo,5, A)Y) =  EY(H%(Gw,s: A)Y)),
and there are isomorphisms

~

Ei(Hl(Goo,& A)V) -~ Ei+2(HO(Goo,S, A)V)

fori > 2.



Proof This comes from A.1 and the following picture of the spectral sequence

q

Corollary 3 Assume that H°(Gw 5, A) = 0. Then

(a)
lim H'(Gs(k'), T,A) = H' (Goo, 5, A)Y)F
k/

(b) There is an exact sequence

0 — E'(H' (G5, A)¥) — lim HX(Gs(K), T)A)
k/

= (H*(Coo,s, A)')" = B (H'(Goo,5, A)Y) = 0
(¢) There are isomorphisms
E'(H*(Gu. 5, A)Y) — E?(H' (G 5, A)Y)

fori>1.

Proof In this case, the spectral sequence looks like

2 X X X X X
1 X X X X X
N /A /) A} /A
U U U U U




Corollary 4 Assume that G is a p-adic Lie group of dimension 1 (equivalently: an open
subgroup is = 7Z,). Then E'(—) =0 fori > 3. Let

B =im (inf?: B*(H%(Gw,s, A)Y) — lim H*(Gs(k'), T,A4))
kl

Then B is finite, and there is an exact sequence

0 — E'(H'Gws, A)Y) — lim H2Gs(K), T,A)/B — (HGw,s. A)Y)*
kl

— E*(H' (G5, A)Y) — 0,

and
El(H2(G0075, A)v) =0= E2(H2(GOO7S, A)V) ,

i.e., (H*(Goo,s, A)V is a projective A-module.

Proof Quite generally, for a p-adic Lie group G of dimension n one has ved,(G) = n for
the virtual cohomological p-dimension of G, and hence E'(—) = 0 for ¢ > n+1, cf. [Ja 3].
The finiteness of E?(M) (for a finitely generated A-module M) in our case is well-known,
cf. [Ja 3]. The remaining claims follow from the following shape of the spectral sequence:

Lemma 5 Assume that G is a p-adic Lie group of dimension n (e.g., G contains an open
subgroup = 7). Then E'(H°(Gw,s, A)Y) =0 fori#mn, n+ 1.

(a) If H*(Gwo, 5, A) is divisible (e.g., if Goo,s acts trivially on A), then

- “ 0 for i#mn
E'(H(Gx,s, A) )—{ Hom (D, H(Gs g, A)), for i=n,

where D is the dualising module for G(D = Q,/Z, if G = Z,,).
(b) If H(Gw. s, A) is finite, then

i 10 vy 0 for i1£n+1
E(H (Goo,S7 A) )_{ Hom (HU(Goo,S, A), D)V for i=n+1



Proof This is well-known, cf. [Ja 3].

Corollary 6 Let G is a p-adic Lie group of dimension 2 (e.g., G contains an open subgroup
> ZZ). If G, s acts trivially on A, then there are exact sequences

0 — lim HY(Gs(K), T,A) — (H (Goo 5, A)¥)T
k/

— T,A ™ lim H¥(Gs(K), T,A)
k/

and
0— El(Hl(GOO’S, A)V) — 1(121 HZ(Gs(]{?’), TpA) .
% /im inf
= (H(Gx,5, A))" = B (H'(Gee,s, A)7) = 0,
an 1somorphism

EI(HQ(GOO,Sa A)\/) ; Eg(Hl(GOO,Sa A)\/)’

and one has
EQ(H2(GOO,S, A)V) =0 = E3<H2<Goo7s, A)V).

Proof The spectral sequence looks like

2 X X X
1 X X X
S 0

2 3

Corollary 7 Let G be a p-adic Lie group of dimension 2 (So E'(=) =0 fori > 4). If
H(Gw. s, A) is finite, then

lim HY(Gs(K), T,A) = (H (G5, A)')T .
k,/

If
dy' : EY(HY (G5, A)Y) — E3(H°(Gw.5, A)Y)

1s the differential of the spectral sequence in the theorem, then one has an exact sequence

0 — kerdy' — lim H*(Gs(K), T,A) —
kl

— ker(dy*: (H*(Guo,5, A)Y)Y = E*(H (G5, A)Y)) — coker dy' — 0,
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an 1somorphism

ENH*(Goo,s, A)Y) = E°(H'(Gx,s, A)Y),

and the vanishing

E*(H*(Goo.5, A)Y) = 0 = E*(H*(Gwo.s, A)Y) .

Proof The spectral sequence looks like

2 X X X
1 X X X
S 0
1 2 3

Remark In the situation of Corollary 5, one has an exact sequence up to finite modules:

0 — E'(H (Gu,s, A)Y) — lim H*(Gs(K), T,A)
k/

— (H*(Gu,5, A)V)T — EB*(H (G5, A)Y) — 0.

Corollary 8 Let G be a p-adic Lie group of dimension > 2. Then

(H'(Goe,s, A)Y) = lim HY(Gs(K), T,A)
k.l

Proof The first three columns of the spectral sequence look like

2 X X
1 X X
S 0
1 2




We will now prove Theorem 1, by proving a somewhat more general result. For any
profinite group G, let A(G) = Z,[[G]] be the completed group ring over Z,, and let
Mg = Mg, be the category of discrete (left) A(G)-modules. These are the discrete
G-modules A which are p-primary torsion abelian groups. For such a module A, its
Pontrjagin dual AY = Hom(A,Q,/Z,) is a compact A(G)-module. In fact, Pontrjagin
duality gives an anti-equivalence between M and the category Cq = Cg, of compact
(right) A(G)-modules.

Let MY be the category of inverse systems
(An) ...—>A3HA2—>A1

in Mg as in [Ja 1]. Denote by H’ (G, (A,)) the continuous cohomology of such a system

and recall that one has an exact sequence for each i

0 — lim'" H (G, A,) — H
—

cont

in which the lim'-term vanishes if the groups H""'(G, A,,) are finite for all n (cf. loc.
cit.).

Definition 9 For a closed subgroup H < G and a discrete G-module A in Mg define the
relative cohomology H™ (G, H; A) as the value at A of the m-th derived functor of the left
exact functor (with Ab being the category of abelian groups)

HY(G, H; =): Mg — Ab
A — limHY(U, A),
H
U
where U runs through all open subgroups U C G containing H, and the transition maps
are the corestriction maps. For an inverse system (A,) of modules in Mg define the
continuous relative cohomology H (G, H; (A.)) as the value at (A,) of the m-th right
deriwative of the functor

He G, Hy =) Mg — Ab
(An) — bLimlim H(U, A,),

— —
nouU

where the limit over U 1is as before, and the limit over n is induced by the transition maps
An+1 — An

Lemma 10 If G/H has a countable basis of neighbourhoods of identity, i.e., if there is a
countable family U, of open subgroup, H < U, < G, with DUV = H, and if, in addition,
HY(U, A,,) is finite for all these U and all n, then

Proof In general, by deriving the inverse limit lim , one gets a Grothendieck spectral
b
n,U

EY? = RPlim HY(U, A,) = Higf (G, H: (4,)).

cont
n,U

sequence



If the limit is over a countable family, then RP 1(21 = (0forp > 1, and R! @1 has the usual
n,U n,U
description ([Ja 1]). If, in addition, all H4(U, A,,) are finite, then R lim HY(U, A,) =0,
n,U
and we get the claimed isomorphisms.

Now we come to the spectral sequence in theorem 1. Any module A in Mg gives rise
to two inverse systems, viz., the system (A[p"]), where the transition maps A[p"™'| —
A[p"] are induced by multiplication with p in A, and the system (A/p"), where the
transition maps are induced by the identity of A. For reasons explained later, denote by
HZ% (G, H; RT,A) the value at A of the m-th derived functor of the left exact functor

F: A lim lim H°(U, Ap")
n U

where U runs through all open subgroups U C G containing H, and the transition maps
are the corestriction maps and those coming from A[p"*!] — A[p"], respectively. If H is
a normal subgroup, then we may restrict to normal open subgroups U < G containing H
in the above inverse limit, and the limit is a (left) A(G/H)-module in a natural way.

Theorem 11 Let H be a closed subgroup of a profinite group G, and let A be a discrete
A(G)-module.

(a) There are short exact sequences

0— H"

cont

(G, H; (A]p"])) — H,

cont

(G, H; RT,A) — H, ((G, H; (A/p")) — 0.

If H is a normal subgroup, then these are exact sequences of A(G/H )-modules.

(b) Let H' be a normal subgroup of G, with H C H. There is a spectral sequence

By = H,,(G/H',H/H'; RT,H(H', A)) = H,i (G, H; RT,A).

If H is a normal subgroup, too, this is a spectral sequence of A(G/H)-modules.

(¢c) If H is a normal subgroup of G, then for every discrete A(G)-module A one has
canonical isomorphisms of A(G/H)-modules

H™(G, H; RT,A) = Butfie, (A, A(G/H))

for all m >0, where A(G/H) is regarded as a A(G)-module via the ring homomor-
phism A(G) — A(G/H). More precisely, the §-functor

MG — MOdA(G/H) y A~ (Hm(G, H; RZPA) | m > 0)
18 canonically isomorphic to the d-functor
Mg — Modygmy , A ~ (Batiig)(AY,M(G/H)) | m >0).

Here and in the following, the Ext-groups Extyc)(—,—) are taken in the category
Cq of compact A(G)-modules. We note that these Ext-groups are A(G)-modules,
but not necessarily compact.



(d) In particular, let H be a normal subgroup of G, and let G = G/H. If A is a discrete
A(G)-module, then one has a spectral sequence of A(G)-modules

cont

B} = Bath ) (H'(H, A)',MG)) = HIjH(G. H; RL,A) = Extig (A, A(9)).

Before we give the proof of Theorem 11, we note that it implies Theorem 1. In fact, we
apply Theorem 11 to G = Gg and H = G g. If A is a Gg-module of cofinite type as in
Theorem 1, then A/p™ = 0 and A[p"] is finite, for all n. Moreover, H*(U, B) is known to
be finite for all open subgroups U < G and all finite U-modules B. By (a) and Lemma
10 we deduce

Hi (Gs, Goos; RT,A) = lim H™(U, A[p"]) = lim H™(Gs(K'), Alp"]) ,

n,U n,k’

where k' runs through all finite subextensions of k. /k. Moreover, one has canonical
isomorphisms

lim H™ (U, A[p")) = H™(U.T,A)

where the latter group is continuous cochain group cohomology, cf. [Ja 1|. By applying
Theorem 11 (d) we thus get the desired spectral sequence. Finally, H™(H, A)Y is a finitely
generated A(G)-module for all m > 0, so that the initial terms of the spectral sequence
are finitely generated A(G)-modules as well, and so are the limit terms. In fact, let N be
the kernel of the homomorphism Gg — Aut(A) given by the action of G on A, and let
H' = HN N. Then G/H' is a p-adic analytic Lie group, since G/H and G/N are. It is
well-known that H™(H’, Q,/Z,) is a cofinitely generated discrete A(G/H')-module for all
m > 0; hence the same is true for H™(H', A) = H™(H',Q,/Z,) ® T,A. The claim then
follows from the Hochschild-Serre spectral sequence HP(H/H', H1(H', A)) = HP™1(H, A).

Proof of Theorem 11 (a): We can write F' as the composition of the two left exact
functors

T,: Mg — Mg
A~ (A]p"])
and
Heon (G, Hy =) - Mg — Ab
(Ap) ~ limlim H(U, A,),
@ T

where U runs through all open (normal) subgroups of G containing H. Because T, maps
injectives to HY (G, H; —)-acyclics we get a spectral sequence

EP = HP

cont

. + .
(G, H; R'T,A) = H'4(G, H; RT,A) .

cont

From the snake lemma one immediately gets

(A/pmA) q=1
q _
RIPA_{ 0 g>1

and hence short exact sequences

0— H"

cont

(G, H; T,A) — H

cont

(G, H; RT,A) — H" (G, H; Rlsz) —0.

cont
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This shows (a) and also explains the notation for R"F. In fact, H7, (G, H; RT,A) is the
hypercohomology with respect to Hg, (G, H; —) of a complex RT,A in M} computing
the RZIPA.

(b): If H is a normal subgroup, we can regard the functor F' as a functor from Mg to the
category Mody /) of A(G/H)-modules. On the other hand, we can also write F as the
composition of the left exact functors

H°(H,=): Mg — Mgy , A~ A"
and

F: Mg/m — Modycmy . B lim lim H°(U/H, B[p"|) = H"(G/H,{1}; RT,B).
n U/H

(Note that U/H runs through all open (normal) subgroups of G/H.) This immediately
gives the spectral sequence in (b).

(c): We claim that the functor F' is isomorphic to the functor

MG — MOdA(G/H)
Bt HOHIA(G)(BV,A(G/H)).

In fact, writing Homyg)(—, —) for the homomorphism groups of compact A(G)-modules,
we have (cf. [Ja 3] p. 179)

Homae)(BY, A(G/H)) = lim Hom ) (B, Z,|G/U])
U
= lim l%n Homeont(H(U, B)Y, Z/p"Z)
_ . . 0 nl\V 7
== 1(1%11 1%1 Homcont(H (Uu B[p ]) ) Z/p Z)
= lim lim H°(U, B[p"]),
T
where U runs through all open subgroups of GG containing H, and hence

Home)(BY, A(G/H)) = H(G, H; RT,B).

Since taking Pontrjagin duals is an exact functor Mg — Cg taking injectives to projec-
tives, the derived functors of the functor B ~» Hom s (B, A(G/H)) are the functors
B~ Extf\(G)(BV, A(G/H)), and we get (c). Finally, by applying (b) for H' = H and
(c) for H = {1} we get (d).

Let us note that the proof of theorem 11 gives the following Z/p™-analogue (by 'omitting
the inverse limits over n’). For a profinite group G let A,(G) = A(G)/p" = Z/p"[|G]] be
the completed group ring over Z/p".

Theorem 12 Let H and H' be normal subgroups of a profinite group G, with H' C H,
and let A be a discrete A,,(G)-module.

(a) There is a spectral sequence of A,(G/H )-modules
EVY = HP(G/H',H/H'; H'(H', A)) = H"*(G, H; A).

10



(b) On the category of discrete A,,(G)-modules the 0-functor A ~ (H™(G, H; A) | m >
0) with values in the category of A,,(G/H )-modules is canonically isomorphic to the
d-functor A ~ (Ext}l o (AY, Ay (G/H)) | m > 0), where the Ext-groups are taken
in the category of compact A, (G)-modules.

(¢) In particular, if G = G/H, and A is a discrete A, (G)-module, then one has a
spectral sequence of A, (G)-modules

Y = Eut} g (H'(H, A)",Au(G)) = H'(G, H; A) = Eutl/{;, (A", AG)).

Corollary 13 With the notations as for Theorem 1, let A be a finite A,,(Gs)-module, and
A, = A(G). Then there is a spectral sequence of finitely generated A,-modules

By = Ext) (H(Guois, )Y, A) = lim HPY(Gs(K), A) = Ext}!{; (A, A,),
k;/
where k' runs through the finite subextensions k'/k of koo /k.

q
(Gs)

On the other hand, Theorem 1 also has the following counterpart for finite modules.

Theorem 14 With notations as for Theorem 1, let A be a finite p-primary Gs-module,
of exponent p". Then there is a spectral sequence
K . — 71
EY = Exth (H1(Goo 5, A)Y,A) = lz(r_n HP Y Gg(K), A) = Extit?cs)(AV,An),
k’
where, in the inverse limit, k' runs through the finite extension k' of k inside ko, and the
transition maps are the corestrictions.

Proof As in the proof of Theorem 1, Theorem 11 (d) applies to G = Gg and H = G s.
But now the inverse system (A[p"]) is Mittag-Leffler-zero in the sense of [Ja 1]: if the
exponent of A is p?, then the transition maps A[p"*? — A[p"] are zero. This implies that
H (Gs, (A]p"])) = 0 for all m > 0, cf. [Ja 1]. On the other hand it is clear that the
system (A/p") is essentially constant (A/p™ = A for n > d). From Theorem 11 (a) and
Lemma 10 we immediately get

H? (Gs,Gu.5; RT,A) = H™ 1 (Gg,Goos; (A/p")) = l(iin HPT Y (Gg(K), A),

cont
k,/

and hence the claim, by applying Theorem 12 (b) in addition.
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