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LONG-LIVED RESONANT STATES IN PLANETARY ATOMS

K. Richter and D. Wintgen
Fakultat far Physik, Hermann-Herder-Str. 3, 7800 Freiburg, FRG

ABSTRACT

We report on a class of long-lived resonant states of doubly excited two-
electron atoms which exhibit distinct angular and radial electron correlation.
The states are characterized by a highly polarized inner electron located near the
axis between the nucleus and a dynamically localized outer electron. Classical
mechanics studies prove the stability of the corresponding classical motion and
allow for EBK-quantization to obtain semiclassical energies. The resonance states
are treated further within the framework of a single channel adiabatic approxi-
mation. The adiabatic energies as well as the semiclassical results are in good
agreement with resonance energies obtained by highly accurate solutions of the
full three-body Schrédinger equation. Approximate quantum numbers derived
from the semiclassical and from the adiabatic approach explain the nodal struc-
tures of the full quantum wavefunctions. The decay widths of the resonances turn
out to be extremely small.

I. INTRODUCTION

The non-separability of the three-body Coulomb problem becomes evident
in the case of highly doubly-excited atoms or ions, where the electron—electron
interaction is of comparable importance to the electron-ion interaction. The ef-
fect of inter-electron repulsion, i.e. electron correlation, typically leads to the
breakdown of independent particle approaches and has focused interest on the
search for approximate symmetries using collective coordinates of the three par-
ticles. Thus the structure and formation of highly correlated electronic states
is of topical interest in spectroscopy [I, 2, 3, 4] and theoretical atomic physics
(5,6, 7, 8].

Due to the intrinsic non-separability of the problem, there exists no global
classification scheme which allows an overall description of the huge variety of
doubly-excited states occurring. In this contribution we report on a novel class
9, 10] of strongly correlated electron states ( “Planetary Atom” states [11]) which
do not fit any of the known classification schemes proposed in the literature. Thf’
states are composed of a strongly polarized (inner) electron located along the ax1s
connecting the nucleus and the outer electron which is dynamically localized near
some fixed radial distance. Thus both electrons are located on the same side of the
nucleus (in contrast to “symmetric” collinear configurations with both electrons
on different sides of the nucleus which are associated with intra-shell resonances
[7, 12]). The resonance states have the following pronounced properties:
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(i) distinct angular and radial correlations,
(i) no (bound) independent particle limit (nuclear charge Z = o0),

(111) quasi-separability of the wavefunctions in collective semiclassical and mole-
cular coordinates,

(iv) extremely small (particle-) decay widths.

These states exhibit their typical features for excitiations which would correspond
to independent particle principal quantum numbers N > 5 of the inner electron.
Thus the states belong to an energy regime which is characterized by a vast
number of overlapping resonances and interacting Rydberg series.

In the following we apply classical, semiclassical and quantum mechanical
(approximate adiabatic and large-scale ab initio) methods to investigate these
states.

II. (SEMI-)CLASSICAL DYNAMICS

We first give a classical analysis of the relevant electron pair motion to get
insight into the underlying dynamical properties.

The non-relativistic Hamiltonian of a two-electron atom (or ion) with charge
Z and nuclear mass M = oo is given by (atomic units used)

2 2 1
™ T2 12

r1 and r, are the electron distances from the nucleus, and r,, is the inter—electron
distance.

We will focus on states with total angular momentum L=0. Then the motion
is confined to a fixed plane in configuration space and the Hamiltonian reduces
essentially to three (coupled) degrees of freedom.

Consider a collinear arrangement of a nucleus Z and of two electrons, both
being on the same side of the nucleus. The fundamental periodic motion of such
a configuration is a coherent oscillation of both electrons with the same frequency
but, as it turns out, with large differences in their individual radial amplitudes
and velocities as depicted in figure 1(a) for helium (Z=2): The outer electron
appears to stay nearly frozen at some fixed radial distance. The localization of
the outer electron is a pure dynamical effect due to electron correlation.

The significance of a periodic orbit for the corresponding quantized system
depends essentially on the structure of the classical phase space in the vicinity of
the orbit [13]. The periodic trajectory of figure 1(a) is linearly stable with respect
to variations in the initial conditions. This is demonstrated in figure 1(b), which
shows the resulting regular motion of the electrons when they are initially in a
slightly off-collinear arrangement. The inner electron then moves on perturbed
Kepler ellipses around the nucleus, while the outer electron remains trapped at
large radial distances following the slow angular precession of the inner electron.
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Figure 1: The radial extents of the electrons for (a) the periodic trajectory, and
(b) a nonperiodic but regular trajectory in its neighborhood.

The localization of the outer electron rests upon the inter-electron repulsion for
small distances of the electrons and upon the asymptotical dominance of the
nuclear attraction. A careful analysis of the classical mechanics reveals that
the fundamental periodic mode is embedded in a fully six-dimensional island
of stability in classical phase space. This implies the near-integrability of the
three-body Coulomb problem for asymmetric configurations as shown in fig. 1.

A semiclassical treatment of the classical motion suggests the existence of a
Rydberg series of resonances converging to the three—particle breakup threshold
[14].

S.n:?

(ntz+2(k+m +(+3)0)?

S5*=1.49150 is the (scaled) action of the periodic orbit of figure 1 for helium.
~41=0.46164 and y2=0.06765 are the classical winding numbers. The Rydberg se-
ries is characterized by three quantum numbers n, k, [ which are to be interpreted
as nodal excitations along the orbit (n) and along the two directions perpendicu-
lar to the orbit, the bending degree of freedom (k) and the motion perpendicular
to the orbit preserving collinearity (I). The semiclassical quantum numbers n, k
and [ reflect the approximate separability of the associated semiclassical wave-
functions in the local coordinates parallel and perpendicular to the periodic orbit.

(2)

Eow = -

III. ADIABATIC APPROXIMATION

A striking property of the classical periodic orbit of figure 1 is the large dif-
ference in the electronic velocities. This indicates that an adiabatic quantum
mechanical treatment similar to the Born-Oppenheimer (BO) approximation in
molecular physics should be applicable. We use the axis r; between the nucleus
and the outer electron as adiabatic coordinate. A detailed description of our
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adiabatic method can be found in Ref. [10].

As a first step the Schrédinger equation has to be solved for the inner electron
in the field of the two fixed Coulomb centers with charges Z and —1 and distance
R = r;. As is well known from molecular physics [15] this Schrodinger equation
is separable in prolate spheroidal coordinates A, u, which for our coordinates read

r2 + 7112 _Tr2—Ti

R i B = R ‘ (3)

The resulting molecular orbital (MO) eigenfunctions ¢ for the inner electron sepa-
rate in prolate spheroidal coordinates, ¢(A, y; R) = &n, ()7, (). (The azimuthal
quantum number m of the MO functions is zero for L = 0.) The function &,,())
has elliptical nodal surfaces  with the nucleus and the outer electron as foci.
The function 7,,(u) possesses a corresponding hyperbolic nodal structure. The
nodal quantum numbers n, and n, are conserved for arbitrary parameter R. In
the limit of large R (equivalent to the separated atom limit in molecular physics)
the quantum numbers n) and n, coincide with parabolic coordinate quantum
numbers n, and n; [7]. The effect of the outer electron is then to produce an
electric field which is nearly constant over the spatial range experienced by the
inner electron. Thus the inner wavefunctions merely become Stark-like states of
the remaining Het ion.

The quantum analogue of the asymmetric (collinear) classical configuration
of figure 1 consists of an inner electron in a molecular type state of maximal
polarization along the axis R. For a principal hydrogenic quantum number N =
ny+n,+1 of the inner electron this implies ny = 0 (minimal off-radial excitation)
and n, = N — 1 (maximal number of nodes along R).

A=
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— i Born-Oppenheimer
3 . potential surfaces for
O —0.04F the MO states (of he-
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Figure 2 shows the series of Born-Oppenheimer potential curves

Z
Unina(R) = €un,(R) — 5 (4)
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for all-helium MO states belonging to the N=7 8-manifolds. &a,,,(R) denotes
the energy eigenvalue of the two-center Hamiltonian. The potential curves for
fixed N are labeled by ny and n, = N — njy — 1 with n, running from zero
(upper curve) to .V — 1 (lower curve). As can be seen the upper potential curve
of each .V-manifold (in which the inner electron is maximally polarized along
the axis r1) develops a broad potential well at R = 100 a.u. in figure 2. It is
this minimum in the radial potential which leads to bounded vibrational motion
of the outer electron. The solution of the radial Schrédinger equation for the
outer electron in the BO potentials (4) yields the total energy of the three-
body complex and (radial) wavefunctions for the motion of the outer electron.
The wavefunctions of the vibrational motion of the slow electron in the outer
potential well of the upper potential curves exhibit oscillator-like character. They
are localized in the region of the outer potential minimum in close correspondence
with the localized vibrational motion of the trapped ‘classical’ electron in figure
1(b). The (adiabatic) potential barrier corresponds to the dynamical barrier
appearing in the classical solution and it prevents the outer electron from reaching
the region around the nucleus.

For large R each MO manifold merges into a Stark multiplet as was discussed
above and which can be seen explicitly in figure 2. The degree of polarization
of the inner electron depends on .V and ny. Only those MO curves in figure 2
which are related asymptotically to the Stark states of maximal orientation along
the “field axis” R show a potential well. For ny = 0 and V > 6 the Born-
Oppenheimer potentials show a minimum sufficiently pronounced to allow for
quantized vibrational states. Below this value the off-radial extent of the inner
electron MO wavefunction is too large. For the same reason wavefunctions with
one or more nodal excitations perpendicular to R (ny # 0) do not support a
potential minimum in figure 2. In general the occurrence of minima in the Born-
Oppenheimer potentials is not restricted to MO states with ny=0. If N is large
enough (i.e. NV > 16 in the case of helium), the polarization of an inner-electron
state with one off-radial node (n\=1) is strong enough to produce a potential
well in the adiabatic potential.

For non-vanishing total angular momentum L the entire rotational energy of
the three-body system leads to an additional raising of the adiabatic potential
barrier and to a shift of the minima towards larger R. However, the overall
structure is not affected.

Calculated energies for doubly excited states obtained within this single chan-
nel adiabatic approximation are compared with exact results in section V.

IV. AB INITIO CALCULATIONS

In this section we describe our numerical method to solve the Schrédinger
equation for highly doubly—-excited electron states. A full solution of this Schrédin-
ger equation is a non-trivial problem. Here we use a transformation of the
Schrédinger equation into perimetric coordinates {16, 17]. We obtain resonance
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positions and resonance widths within near-machine precision even for highly
excited states [9]. This allows us to check very accurately the predictions of the
classical, semiclassical and adiabatic approximations described in the previous
sections.

Using perimetric coordinates defined as (16 17]

T=ri+r;—Ti2 3 Y=Tri—T2+T12 5 =T+ T2+T (5)
the Hamiltonian (1) for L=0 reads (with (z1, z2, z3) defined as (z,y, z))

1 3.0 ;] Z VA 1
H= — Pz, y,z)—— - . (6
(z+y)z+2)(y+=) .-;1 ozr; ¥ (z.y )8xj z+y :c+:+y+z (6)

The P‘-(]~3) are polynomials of degree 3 and can be found, e.g., in Ref. [18]. We
expand each degree of freedom in a complete Sturmian basis set and (anti-)
symmetrize the product functions. In this representation all the matrix elements
are of simple analytical form. Their calculation requires mostly integer arithmetic
and is fast and accurate. In addition, selection rules guarantee that most of them
vanish. The resulting matrix equation is of banded, sparse structure and allows
for efficient diagonalization.

We use the method of complex rotation [19, 20] to calculate accurate positions
and decay widths of the autoionizing two-electron resonances. To give an estimate
of the energy region covered by our calculations we note that doubly excited
intra-shell resonances with N ranging from 6 to 18 cover this energy region.
We diagonalize matrices up to dimensions of approximately 7000 to obtain an
accuracy of the complex energies of at least 10 significant digits.

V. RESULTS

In table 1 we summarize our results for the energies of the resonant states (' S®
and 35°¢) which are described by the set of MO quantum numbers (ny,n,,¢) =
(n,0,0). The table gives the (numerically) exact results of the quantum calcula-
tions as well as the approximate values E,. predicted by the simple semiclassical
formula (2) and the approximate values Ego obtained by solving the adiabatic
single-channel equations with the adiabatic potentials supporting a minimum at
large R (n > 5). States with n < 6 may be called precursors, since they possess
a character that transforms smoothly into that of the high excited states.

As can be seen from table 1 the simple semiclassical formula is superior to
the more elaborate adiabatic calculations in predicting accurately the quantum
energies. The errors of the semiclassical energies are below 1% for all resonances
(except the low lying n = 2 state of the 1.S® subspace) and below 0.1% for states
with n > 7.

Compared to energy eigenvalues, a direct examination of the nodal structure
of the associated wavefunctions is a more stringent test of the different approxi-
mations. Figure 3(a) depicts the probability distribution of the wavefunction for
the (6,0,0) state of the principal series in the (© = 0)-plane (O represents the
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Table 1: Energies of the (n,0,0) configurations obtained by full quantum solutions
(singlet and triplet states respectively), the semiclassical triple Rydberg formula
(2) (Eset), and the single channel adiabatic approximation (Epo). In addition
the total decay widths obtained from complex rotation are given. (The numbers

are truncated, not rounded).

—E (5]

T2 (59

—E (°5)

r'/2(35°)

E scl

Ego

-1 O G e W3

© W

10

0.257 371 609
0.141 064 156
0.089 570 804
0.062 053 538
0.045 538 667
0.034 842 642

0.022 284 587
0.018 411 9385
0.015 468 259
0.013 178 121
0.011 361 442
0.009 396 121

0.000 010 564
0.000 011 739
0.000 002 024
0.000 000 560
0.000 000 202
0.000 000 368
0.000 001 184
0.000 000 525
0.000 000 058
0.000 000 023

" 0.000 000 022

0.000 000 014
0.000 000 004

0.249 964 615
0.140 083 483
0.089 467 826
0.062 041 278
0.045 539 242
0.034 843 857
0.027 519 289
0.022 283 665
0.018 411 896
0.015 468 265
0.013 178 140
0.011 361 444
0.009 896 120

0.000 006 789
0.000 004 409
0.000 000 179
0.000 000 033
0.000 000 376
0.000 000 143
0.000 000 022
0.000 000 035
0.000 000 030
0.000 000 019
0.000 000 010
0.000 000 005
0.000 000 002

0.247 923
0.139 351
0.089 144
0.061 887
0.045 458
0.034 798
0.027 491
0.022 265
0.018 400
0.015 460
0.013 172
0.011 357
0.009 893

0.045 956
0.035 109
0.027 612
0.022 413
0.018 507
0.015 341
0.013 235
0.011 406
0.009 932

angle between the electronic radial vectors). This corresponds to the collinear
arrangement of the electrons. The off-collinear part of the probability density,
not shown here, decreases exponentially indicating a zero point motion in the
O-bending degree of freedom. The zero point motion is expressed by the as-
signment ny = 0 within the MO description respectively. The coordinate r; (r;)
denotes the radial distance of the outer (inner) electron. The outer electron prob-
ability is strongly localized in the region r; = 120 a.u., reflecting the dynamical
localization of the “frozen” electron. Note also the large differences in the radial
extents r;. The nodal excitations are all directed along the periodic orbit of fig. 1,
which is a nearly straight line along the radius of the frozen outer electron indi-
cated by an arrow in the figure. Recalling the typical quadratic spacing of nodal
lines in Coulombic systems, we achieve nearly constant nodal distances by using
quadratically scaled axes as done in figure 3(d). The number of nodes along the
orbit is n = 6 in agreement with the semiclassical predictions. The wavefunction
does not show any off-orbit excitations, which agrees with the semiclassical local
coordinate classification (n, k,!) = (6,0,0).

Within the MO description the wavefunction is characterized as follows: The
inner electron is maximally polarized along the nucleus-frozen electron-axis R
(ny = 0,n, = 6) while the outer electron is in its vibrational ground state (¢ = 0)
of the effective potential well. Note the absence of nodal lines in r; for the exact
wavefunction in figure 3(a). Thus the wavefunction reveals the equivalence of the
semiclassical quantum number n and the MO quantum number n,,.
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Figure 3: Conditional probability densities of (n,0,!) states in helium for n=6.
The angle © between r; and r; is fixed to ©=0. The axes have a linear (left part)
and a quadratic scale (right part), respectively. Shown are [=0 (a.d), I=1 (b,e),
and I=2 (c,f). Note the asymmetry in the scales of the axes. Only the parts
r1>ry are shown. The full wavefunction is symmetric in r; and rs.
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The semiclassical triple Rydberg formula (2) suggests the existence of quan-
tum states with nodal excitations transverse to the periodic orbit (labeled by ),
which preserves the collinear character of the motion. Such configurations are
shown in figure 3 for I =1 (b,e) and [ = 2 (c,f). In the adiabatic MO description
such excitations in r; = R represent vibrational levels of the outer electron. It
follows that the quantum numbers [ in the semiclassical and ¢ in the molecular
classification scheme are identical.

Up to now we investigated the (radial) vibrational mode of the outer elec-
tron described by the quantum number [, i.e. excitations within the collinear ar-
rangement of the electrons. We now focus on the structure of the inner electron
wavefunction. In the adiabatic treatment the dynamics decouples into motion of
the outer electron (vibrational R-motion) and of the inner electron, which for
fixed R separates in prolate spheroidal coordinates A, u. To test these predictions
we compare in figure 4 the probability densities of a two—center MO wavefunc-
tion of helium obtained within the adiabatic approach with the corresponding
ab initio three-dimensional quantum wavefunction for fixed distances R of the
outer electron. The figure then depicts the conditional probability for finding the
inner electron in the coordinate space relative to the axis R. We choose R as the
classical expectation value for the radial distance of the outer electron along the
classical periodic orbit of figure 1(a).

Part (a) of the figure 4 indeed shows that the inner electron wavefunction is of
Stark-type character with maximal polarization along the axis between nucleus
and outer electron. The state exhibits no off-radial excitations and is described
by n, = 6,7, = 0 in the MO classification scheme. A comparison of part (a)
and (b) exhibits the close similarity of the approximate adiabatic and the full
quantum wavefunction. This proves the validity of the adiabatic approximation
and reveals the quasi-separability of the full quantum wavefunctions in molecular
orbital coordinates. Asshown in Ref. [10] full quantum wavefunctions with ny # 0
approximately separate in MO coordinates, too.

Finally, we focus on the correspondence between the classical and the quantum
dynamics by showing in figure 5 a combined plot of the inner and outer electronic
densities, which images the charge distribution of the entire two electron atom. A
global space filling charge distribution is obtained by an overall rotation around
the center of mass (nucleus). The probability density of the outer electron of the
state (6,0,0) is obtained in analogy to figure 4 by drawing a cut through the full
wavefunction at a fixed radial distance r, of the inner electron. The wavefunction
of the outer electron (left hand side of figure 5) appears as the bump far away from
the nucleus Z. It just resembles the ground state oscillator-like wavefunction
(I = 0) in the outer well of the BO-potential and turns out to be extremely
non-hydrogenic. The inner wavefunction is taken from figure 4(b). These states
exhibit strong electron correlation: Radial correlation leads to the oscillator-
like wavefunction of the outer electron, angular correlation is visible from the
polarized inner MO type wavefunction which is a coherent superposition of all
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(@)

(b)

Figure 4: Conditional probability densities for the inner electron with respect to
the fixed axis R between the nucleus and the outer electron. The (ny,n,,€) =
(6,0,0) state obtained from the solution of the two—center Schrodinger equation
within the Born-Oppenheimer approach (a) is compared with the corresponding
ab initio quantum wavefunction (b). The position of the nucleus (Z(= 2)) is
indicated in parts (a) and (b), (Part (a) from Ref. [20]).

single-particle angular momenta ;. A comparison with the quasiperiodic classical
motion shown in figure 5(b) illustrates the classical-quantal correspondence of the
electron-pair motion.

There are in principal two mechanisms which lead to decay of the planetary
configurations described in the preceding sections: radiative and non-radiative
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-100

Figure 5: Image of the charge distribution of the helium atom in the (6,0,0)
state, part (a). The right part is the probability distribution of the inner electron
at fixed radial distance R of the outer electron; the left part is the probability for
the outer electron at fixed inner electron radius r,. The fixed values were chosen
as the classical outer turning points of the electrons. Part (b) shows a typical
classical trajectory of the two electrons. The trajectory is confined to a torus in
phase space. The position of the nucleus (Z) is indicated in part (a).

decay. We will focus on non-radiative particle decay, i.e. autoionization of the res-
onances. Since the classical motion corresponding to the quantum states is stable
(see figure 1) they are classically bound. However, in analogy to the (semiclassi-
cal) penetration through a “static” potential barrier these states can autoionize
semiclassically by “dynamical” tunneling [22], but the decay widths for such pro-
cesses decrease exponentially with the nodal excitation along the orbit {10].
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In table 1 we summarize the widths of the 'S¢ and 35 resonances with quan-
tum numbers (n,0,0). They were calculated fully quantum mechanically using
the complex rotation method (section IV). The imaginary parts are extremely
small. The widths I'/2 indeed decrease exponentially with increasing nodal ex-
citation n ~ 1/y/—F, InI'/2 ~ —0.71 n, although they fluctuate rather strongly
around the average trend. Thus the resonances appear as bound states in the
continuum in the limit of large excitation even though the number of open chan-
nels increases tremendously with increasing energy (more than 100 channels are
open for the n = 14 state!).

VI. CONCLUSION

In the present work we have studied properties of a certain class of correlated
resonant states of two-electron atoms and ions of highly doubly-excited elec-
trons. The problem has been investigated from several different points of view
— classically, semiclassically and quantum mechanically (both exactly and in an
adiabatic approach). Summarizing the results we have established a classifica-
tion of these resonant states in terms of semiclassical quantum numbers (n, k, )
associated with local coordinates of the periodic orbit and the MO set (n,,ny,?)
associated with molecular-type coordinates, which (locally) are identical. The
exact wavefunctions of the problem show quasi-separable behaviour in these co-
ordinates. The corresponding underlying dynamical symmetry appears due to
the distinct electron correlation. Energies calculated within the two approximate
approaches reproduce the exact quantum results quite accurately.

The resonant states possess extremely small widths which decrease exponen-
tially with increasing excitation.

An alternative approach would be to look for similar configurations in other
three-body systems. It is immediately obvious from the classical analysis that the
dynamically localized outer electron can be replaced by heavy negatively charged
particles (such as kaons K~ or antiprotons p) without changing inner electron
dynamics essentially. Indeed, the present mechanism has been proposed as a
trap for anti-particles [23] and unexpectedly long-lived states have been found
experimentally in such systems recently [24].
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