Stability Analysis of
Geometric Evolution Equations with

Triple Lines and Boundary Contact

DISSERTATION ZUR ERLANGUNG DES DOKTORGRADES
DER NATURWISSENSCHAFTEN (Dr. rer. nat.)
AN DER NWF I - MATHEMATIK
DER UNIVERSITAT REGENSBURG

vorgelegt von
Daniel Depner
Regensburg, April 2010



Promotionsgesuch eingereicht am 13. April 2010.
Die Arbeit wurde angeleitet von Prof. Dr. H. Garcke.

Priifungsausschuss:  Vorsitzender: Prof. Dr. B. Amann
1. Gutachter: Prof. Dr. H. Garcke
2. Gutachter: Prof. Dr. K. Deckelnick (Universitdt Magdeburg)
weiterer Priifer: Prof. Dr. G. Dolzmann
Ersatzpriifer: Prof. Dr. H. Abels



Contents

1 Introduction 1
2 Facts about Hypersurfaces 9
2.1 Differential operators and curvature terms . . . . . . . ... 9
2.2 Evolving hypersurfaces . . . . . . . . . . . . 23
2.3 Transport equation . . . . . . . .. Lo 34
2.4 Evolution of area and volume . . . . . . .. .. ... 34

3 Evolution Equations with Boundary Contact 40
3.1 Parametrization . . . . . . . ... 41
3.2 Mean curvature flow . . . . . .. ... 44
3.2.1 Resulting partial differential equation . . . . ... ... .. .. ... ... 44

3.2.2 Linearization around a stationary state . . . . ... ... ... ... ... 45

3.2.3 Conditions for linearized stability . . . . . . . ... ... .. ... ... .. 54

3.3 Volume preserving mean curvature flow . . . . . .. ... ... ... ... ... 63
3.4 Surface diffusion flow . . . . . . ..o 69
3.4.1 Linearized stability analysis . . . . . . . ... .. ... L. 71

3.4.2 Some comments on nonlinear stability . . . . ... ... ... .. ... .. 88

3.5 Examples for stability . . . . .. ... 94

4 Triple Lines with Boundary Contact 99
4.1 Mean curvature flow . . . . . ..o 100
4.1.1 Geometric properties of the flow . . . . . ... ... ... ... ... ... 101

4.1.2 Parametrization and resulting partial differential equations . . . . . . .. 105

4.1.3 Linearization around a stationary state . . . . .. .. .. ... ... ... 110

4.1.4 Conditions for linearized stability . . . . . . . . .. .. ... ... ... .. 121

4.2 Surface diffusion flow . . . . . . . ..o 128
4.2.1 Geometric properties of the flow . . . . . .. ... ... ... ... ... 129

4.2.2 Parametrization and resulting partial differential equations . . . . . . .. 134

4.2.3 Linearization around a stationary state . . . . .. .. .. ... ... ... 136

4.2.4 Conditions for linearized stability . . . . . ... ... ... ... ... .. 138



5 Appendix 154

5.1 Normal time derivative of mean curvature . . . . . . . . . . . . . . ... .. ... 154
5.2 Normal time derivative of the normal . . . . . . . . . . . . . ... ... . ... .. 159
5.3 Facts about the vector product . . . . . . . . . ... ... .. ... . ... .. 160

Bibliography 162

i



Chapter 1

Introduction

The subject of the present work is the study of geometric evolution laws for evolving hyper-
surfaces with boundary contact and triple lines. The considered hypersurfaces lie inside a fixed
bounded region and are in contact with its boundary through a 90° angle. In case of triple lines
they also meet each other with some prescribed angle conditions, see Figure 1.1 for a sketch of
the arising situations for curves in the plane.

(a) one hypersurface (b) three hypersurfaces
Figure 1.1: A sketch of the arising situations.

The geometric evolution laws that we want to consider are the mean curvature flow
V = H, (1.1)
the surface diffusion flow
V = —-AH (1.2)
and the volume preserving mean curvature flow
V = H-H. (1.3)

Here V is the normal velocity of the evolving hypersurface, H is the mean curvature, A is the
Laplace-Beltrami operator and H is the average mean curvature. Our sign convention is that
H is negative for spheres provided with outer unit normal. For a review concerning geometric
evolution equations, in particular for the mean curvature flow, we want to refer the reader to
the work of Deckelnick, Dziuk and Elliott [DDEO5].
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Mean curvature flow (1.1) was first studied by Brakke [Bra78] from a point of view of geometric
measure theory. Gage and Hamilton [GH86] showed that convex curves in the plane under
this flow shrink to round points and Grayson [Gray87] generalized this result to embedded
plane curves. Huisken [Hui84] generalized the result of [GH86] to show that convex, compact
hypersurfaces retain their convexity and become asymptotically round. Finally we mention that
this flow is the L?-gradient flow of the area functional, it is area decreasing and for curves in
the plane it is therefore also called curve shortening flow.

Surface diffusion flow (1.2) was first proposed by Mullins [Mu57] to model motion of inter-
faces where this motion is governed purely by mass diffusion within the interfaces. Davi and
Gurtin [DG90] derived the above law within rational thermodynamics and Cahn, Elliott and
Novick-Cohen [CEN96] identified it as the sharp interface limit of a Cahn-Hilliard equation with
degenerate mobility. An existence result for curves in the plane and stability of circles has been
shown by Elliott and Garcke [EG97] and this result was generalized to the higher dimensional
case by Escher, Mayer and Simonett [EMS98]. Cahn and Taylor [CT94] showed that (1.2) is
the H~!-gradient flow of the area functional and we finally mention that for closed embedded
hypersurfaces the enclosed volume is preserved and the surface area decreases in time as can be
seen for example in [EG9I7] or [EMS98].

The volume preserving mean curvature flow (1.3) was considered for example in the work of
Huisken [Hui87] and in Escher and Simonett [ES98]. The idea behind this flow is to overcome
the lack of volume conservation in the mean curvature flow by enforcing it with the help of a
nonlocal term.

We will examine the above evolution laws with boundary conditions by considering evolving
hypersurfaces I' that meet the boundary of a fixed bounded region €2 or even intersect each
other at triple lines inside of this region. In the case of the surface diffusion flow these boundary
conditions were derived by Garcke and Novick-Cohen [GNOO] as the asymptotic limit of a Cahn-
Hilliard system with a degenerate mobility matrix. At the outer boundary this yields natural
boundary conditions given by a 90° angle condition and a no-flux condition, i.e. we require at

I'noQ

I 100, (1.4)
nor - VH = 0. (1.5)

Here V is the surface gradient and ngr is the outer unit conormal of I" at boundary points. The
conditions (1.4) and (1.5) are the natural boundary conditions when viewing surface diffusion
(1.2) with outer boundary contact as the H~!-gradient flow of the area functional.

For the evolution law (1.2) for one evolving curve in the plane with boundary conditions (1.4)
and (1.5) Garcke, Ito and Kohsaka gave in [GIKO05] a linearized stability criterion for spherical
arcs resp. lines, which are the stationary states in this case. In [GIKO08] the same authors showed
nonlinear stability results for the above situation.

For the mean curvature flow (1.1), one can also consider situations where an evolving hyper-
surface is attached to an outer fixed boundary. In this case, instead of the two conditions (1.4)
and (1.5), only an angle condition has to be fulfilled. This is due to the fact that surface diffu-
sion is a fourth order and mean curvature flow is a second order geometric evolution law. For
the stability analysis for mean curvature flow (1.1) with boundary condition (1.4) we refer to
[EY93, ESY96], where the results heavily depend on maximum principles.



When we now draw our attention to the appearance of triple lines, we want to change the
considered evolution laws slightly by including some constants that allow different contact angles
between the hypersurfaces. We assume that three evolving hypersurfaces I'; either fulfill the
weighted mean curvature flow

Vi = wiHi, (1.6)
or the weighted surface diffusion flow
Vi = —m;vAH;, (1.7)

each for ¢ = 1,2, 3. Here the constants ~;, m; > 0 are the surface energy density and the mobility
of the evolving hypersurface I';. If the three evolving hypersurfaces meet at a triple line L(t),
we require that there the following conditions hold.

Z(T1(t),T2(t)) = 03, £(T2(t), T'5(t)) = 01, Z(I'3(¢),T'1(t)) = b2, (1.8)
m Hy+7v2Hy+7v3H3 =0,
mi1v1 VHy - nar, = may2 VHs - npr, = m3y3 VHs - nar, , (1.10)

where the quantity Z(I';(t),I'j(t)) denotes the angle between I';(t) and I';(t) and the angles
01,605,605 with 0 < 0; < w are related through the identity 61 + 65 + 03 = 27 and Young’s law,
which is

sinf; sinfly  sinfs

= = 1.11
m 72 73 ( )

We can show that Young’s law (1.11) is equivalent to
Y1 mer, + Y2 nar, + Y3 nary =0, (1.12)

which is the force balance at the triple line.

For the derivation of the conditions (1.8)-(1.10) at the triple line, we refer to Garcke and
Novick-Cohen [GNO0O]. The angle condition (1.8) follows from the balance of forces (1.12) at the
triple line, the second condition (1.9) follows from the continuity of chemical potentials and the
conditions (1.10) are the flux balance at the triple line L(t).

We remark that for three hypersurfaces evolving due to the weighted mean curvature flow (1.6),
only the angle condition (1.8) has to be fulfilled. In this case together with outer boundary
contact for the three evolving hypersurfaces, linearized stability was considered in Ikota and
Yanagida [IY03]. Nonlinear stability for the weighted curvature flow for curves in the plane with
triple junction and boundary contact was shown by Garcke, Kohsaka and Sevéovic [GKS09].

In the following situations there are some results on stability for surface diffusion. Let three
plane curves lie in the fixed region €2, where 92 is a rectangle, and evolve due to the weighted
surface diffusion flow (1.7) such that the outer boundary conditions (1.4) and (1.5) are fulfilled
for each curve. The three plane curves shall also have a triple junction where the conditions
(1.8)-(1.10) are fulfilled. In this case Ito and Kohsaka [IKOla] and also Escher, Garcke and
Ito [EGI03] showed global existence results when the initial curve is a small perturbation of a
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certain stationary curve. The same is true if 09 is a triangle and was shown in [IK01b] from
Ito and Kohsaka. In these cases also nonlinear stability of the stationary curve can be shown.
The above described curve situation was also considered without the special geometry of €2 in
the work of Garcke, Ito and Kohsaka [GIK10], where the authors formulate a linearized stability
criterion for stationary curves.

For numerical results we want to refer to the work of Deckelnick and Elliott [DE9S8], where the
authors considered the curve shortening flow with outer boundary contact and to Bronsard and
Wetten [BWO95], where curvature flow for a network of curves is the subject. We also want to
refer to a series of papers by Barrett, Garcke and Nirnberg. For example they considered in
[BGNO7] surface diffusion with triple lines and outer boundary contact for curves in the plane
and extended this work to the case of hypersurfaces in [BGN09]. In all cases the authors derive
numerical schemes and give also a lot of examples which indicate the stability behaviour.

The main goal in this work is the extension of the linearized stability analysis in [GIK05] and
[GIK10] from curves to hypersurfaces. In detail this means that we will consider the surface
diffusion (1.2) for one evolving hypersurface I' lying in a bounded region  such that I fulfills
the boundary conditions (1.4) and (1.5). The second important part will consist in regarding
three evolving hypersurfaces I'; lying in a bounded region 2, such that each of the I'; fulfills
(1.4) and (1.5) and such that the I'; meet at a triple line inside of €2, where the conditions
(1.8)-(1.10) hold. In both cases we generalize the necessary steps of [GIK05] and [GIK10] to the
higher dimensional setting.

The first main difference to the curve case considered in these papers is the parametrization of
the hypersurfaces, which is needed to derive partial differential equations for unknown functions
from the geometric evolution laws. In contrast to the very explicit given parametrization in
the curve case, we set up for the situation of one evolving hypersurface as described above an
abstract curvilinear coordinate system from Vogel [Vog00], that takes into account a possibly
curved outer boundary 9€). In short, we fix a stationary solution I'* and consider a mapping
U : I x (—d,d) — Q with the properties ¥(q,0) = ¢ and ¥(q,w) € 9Q for ¢ € IT*. In
the case of three evolving hypersurfaces as described above we also fix a stationary solution
I'* = U?:1 I'Y and use an explicit parametrization with two parameters w and s near the triple
line L* = OI'] = OI', = OI'; given by ¢ — ¢+ wn}(q) + st;(q), where n} is a unit normal of I'}
and t7 is a tangent vector field on I'; with support in a neighbourhood of L*, that equals the
outer unit conormal of I'} at JI'}. By introducing functions on I'*, whose values take the place
of the parameters w and s, we will denote the considered evolving hypersurfaces as graphs over
I'*, although in the literature, for example in [DDEO05], also the term parametric approach is
used.

Another difference compared to the curve case is the linearization of the arising partial differ-
ential equations. Instead of the explicit calculations in [GIKO05] we use the concept of normal
time derivative to get the linearization of mean curvature in Lemma 3.5. The treatment of the
angle conditions in Lemmata 3.7 and 4.11 is considerably harder than in the curve case. Here
we write the arising normals with the help of the cross product and use a local parametrization
for the hypersurfaces with well chosen properties at a fixed point.

It is very important that we can describe the linearized problem as in the curve case as an H " !-
gradient flow, because this is the main reason that the linearized operator is self-adjoint. Also
in the situation with triple lines we find an energy such that the system of partial differential
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equations on different hypersurfaces can be viewed as an H '-gradient flow with respect to
this energy. Then we are in a good position to apply results from spectral theory. We can
relate the asymptotic stability of the zero solution of the linearized problem to the fact that the
eigenvalues of the linearized operator are negative. Since we can describe the largest eigenvalue
with the help of a bilinear form arising due to the gradient flow structure, we can finally give a
criterion for linearized stability of the original geometric problems. The main results from this
work appear in the Theorems 3.17, 3.42, 4.21 and 4.43 and will be summarized further down in
the description of each chapter in bordered frames.

Since the above method works very fine without use of any maximum principle, we also apply
it to the case of mean curvature flow with and without triple lines and, as a corollary, to volume
preserving mean curvature flow.

The remaining part of this introduction will be a summary of the contents from the following
chapters. The second Chapter contains an overview of the used concepts from differential geo-
metry for hypersurfaces such as curvature terms, differential operators and the theorem of Gauf3
on hypersurfaces with boundary. We also introduce with great care the notion of an evolving
hypersurface. Thereby we explain the term normal velocity, give a representation of the tangent
space and consider the normal time derivative for functions resp. vector fields defined on an
evolving hypersurface. We also describe evolving hypersurfaces that arise as a graph over a
fixed reference hypersurface. Then we continue this part with the presentation of the transport
equation that gives a formula for the time derivative of a spatial integral fr(t) f in geometric
terms. Finally we use the transport equation to calculate the evolution of area and volume in an
abstract setting that is adapted to the geometry of the evolution equations that are considered
in later parts of this work. We will apply these formulas in Chapter 3 and extend them for the
evolution equations for three evolving hypersurfaces in Chapter 4.

In the third Chapter we consider the situation in which one evolving hypersurface I" stays inside
a fixed bounded region €, fulfills the boundary conditions (1.4) and (1.5) at the outer boundary
and evolves due to different area decreasing evolution laws. We give the used parametrization
that will lead to partial differential equations for functions defined on a fixed stationary reference
hypersurface I'*. Then we consider the mean curvature flow with boundary condition (1.4) and
linearize the resulting equations, which in particular involves the linearization of mean curvature
and the 90° angle condition at the outer boundary. This will lead to the following equations

{atp = App+|o*Pp i T¥,

0 = Jup—S(n*,n*)p on oI NONQ. (1.13)

* is the second fundamental form on I'*
with respect to a chosen normal n*, |¢*|? is the sum of the squared principal curvatures of I'*,
p is the outer unit normal of €, J,p is the directional derivative of p in direction of y and S
is the second fundamental form on 02 with respect to (—p). We remark that the right side
of these equations is also derived and examined with respect to stability in a time independent
formulation in the papers of Barbosa and doCarmo [BdoC84], Ros and Souam [RS97] and Vogel
[Vog00] by considering the second variation of the area functional. The reason that we regard
these equations is the desire to adapt the notion of the later Section 3.4, which is a generalization
of the work of Garcke, Ito and Kohsaka [GIKO05], also to this case of mean curvature flow and
to have therefore a common description and derivation for linearized stability of a larger class

Here Ap- is the Laplace-Beltrami operator on I'*, o
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of evolution equations. The approach to get an asymptotic stability criterion for the linearized
equation (1.13) was summarized above. We also consider results for the volume preserving mean
curvature flow, which we obtain by similar methods. The arising linear equations for surface
diffusion flow with boundary conditions (1.4) and (1.5) are given by

Owp = —Ar-(Apep+|[o*|?p) in T*,
0 = Oup—S(n*,n*)p on I NoQN, (1.14)
0 = Vr- (AF*[) + ]a*[zp) - on OI* NoN.

By using the approach as described above we get the following stability result.

The zero solution of (1.14) is asymptotically stable
I(p,p) = [pu (IVrepl? = |0*[2p?) = [op. S(n*,n*)p?
is positive for all p € H"?(I'*)\{0} with [.. p=0.

The last two parts of this chapter consist of some remarks concerning the nonlinear stability of
the considered surface diffusion problem and examples for explicit situations where we examine
the linearized stability.

In the fourth Chapter we consider the situation in which three evolving hypersurfaces I'; stay
inside a fixed bounded region 2, meet each other at a triple line inside of €2 and fulfill the
boundary conditions (1.4) and (1.5) at the outer boundary and (1.8)-(1.10) at the triple line.
In Section 4.1 we consider the mean curvature flow with outer boundary contact. In detail
we regard three evolving hypersurfaces that meet each other at a triple line, evolve due to the
weighted mean curvature flow (1.6) and fulfill the angle condition (1.8) at the triple line and the
right angle condition (1.4) at the three outer boundary parts. Here we use a parametrization
that is more explicit near the triple line than in the previous chapter. More precisely, near the
triple line we use a mapping depending on two parameters where one is responsible for a normal
direction and the other one for a tangential movement. This gives us eventually the possibility
to rewrite the geometric evolution law as a system of partial differential equations for functions
pi and p; defined on fixed stationary reference hypersurfaces I'}, that meet each other at a triple
line L* and touch the outer boundary at a right angle at S7. The linearization of these equations
leads to the following linear problem.

Opi =i (Arspi + |0} [*pi) in I,
0= (9 = S(nf,n7)) pi on 57,
0 =101 + 7202 + 71303 on L*, (1.15)

(VF;‘PZ . nal";) +a’lpl = (vFj‘P] . naf‘;) + a]p_] on L*,

where ¢ = 1, 2,3 in the first and second line, (7,7) = (1,2),(2,3) in the third line and where the
a; are defined in (4.35)-(4.37). Stability analysis with the help of spectral theory gives here the
condition



The zero solution of (1.15) is asymptotically stable
3 * 3 * %
I(p,p) = Zi:1 Vi fp;« (|VF;‘P1'|2 - |Ji |2P12) - Zi:1 Vi fS;‘ S(ni,”@')P?
3
+ 21 i [y @i P}
is positive for all 0 # p = (p1, p2, p3) with p; € HY(T})
and y1p1 +72p2 +v3p3 =0 at L*.

In Section 4.2 we consider finally the weighted surface diffusion flow (1.7) with outer boundary
contact. We use the same parametrization as in Section 4.1 and get thereby equations for
functions p; and p; whose linearization lead to the following linear problem in I'}

Oipi = —mivilhrs (Ar:pi + |07 pi) (1.16)
for i = 1,2,3 with the following boundary conditions at the outer boundary I'; N 92
0= 8upi — S(ni. 7)o,
¥ 1.17
{ 0=Vrs (Ar:pi +|ofpi) - 11, (1.17)

for ¢ = 1,2,3 and the following boundary conditions at the triple line L*

0 =91p1 + 7202 + 7303

(Vrspi - nors) + aip; = <VF3ij : naF;) +a;p;,

0=37 17 (Arspi + o7 1Ppi)

miyi (Vpr (Aprpl- + |O';k|2pi) . napr) = m;v; (Vr; <AF;Pj + |0;|2P]’) : nar;) )
where (i,7) = (1,2) and (2,3) in the second and fourth line. We proceed with stability analysis

as prescribed above and get the following result, which is a direct generalization of [GIK10] to
the higher dimensional case, as expected.

(1.18)

The zero solution of (1.16)-(1.18) is asymptotically stable
3 * 3
I(p,p) = Zi:l Yi fr; (’VFZPZ“Q — |o; ‘2912) - Zizl Yi fs; S(ni,n;) Pzz

+ iy i fpe i
is positive for all 0 # p = (p1, pa, p3) with p; € HY(I'}) such that

kﬂ%:kﬂyﬁWUJ%=ﬂﬂ%@ﬁ)wdvmern+%m=Ooan

We remark that the corresponding bilinear form without the integrals over the outer boundary
parts S also arises in the proof of the double bubble conjecture from Hutchings, Morgan, Ritoré
and Ros [HMRRO02].

At last we give in the appendix detailed proofs for the normal time derivative of mean curvature
and the unit normal and mention some facts about the vector product in R®*!, which is used
in the text to describe the arising unit normals for the linearization.
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Chapter 2

Facts about Hypersurfaces

In this chapter we will introduce our notation for hypersurfaces I', the geometric curvature
quantities on I' and the relevant differential operators up to the Gaufy’ theorem on hypersurfaces.
This means we gather together facts from textbooks as for example Amann and Escher [AE09],
Brocker [Broe92|, Jénich [Jae0l] and Spivak [Spi65]. For the differential geometry we refer
to Kiihnel [Kue06] and Eschenburg and Jost [EJ07], although there are lots of other excellent
written books on this subject.

We will also explain carefully the concept of evolving hypersurfaces, which are, roughly speak-
ing, hypersurfaces that move in time. In this case, special attention has to be given to the time
derivative, which we introduce as normal time derivative in the sense of Gurtin [Gur93]. We also
consider evolving hypersurfaces as a graph over some fixed reference hypersurface I'*. Later on,
these will be the solutions of the geometric evolution equations that we consider, and I'* will be
a stationary solution.

Finally we formulate the Transport theorem which is a formula for the time derivative of some
integrated function % fF(t) f(t,p). With the help of this formula we give equations for the
evolution of area and volume for evolving hypersurfaces that lie inside a fixed bounded region
Q c R™! and meet the boundary 0 with a right angle. These evolutions will lead to a better
understanding of some geometric properties of the considered evolution equations.

2.1 Differential operators and curvature terms

For the convenience of the reader we want to introduce in this first section basic terms concern-
ing hypersurfaces in R"*!. These include our definition of hypersurfaces with boundary, the
differential operators surface gradient, surface divergence and Laplace-Beltrami operator and
the first and second fundamental form. We also introduce important curvature terms as normal
curvature and mean curvature for later use. Finally we give a version of Gaufl’ theorem on
hypersurfaces with nonempty boundary involving a curvature term.

Definition 2.1 (Regular submanifold). Let M be a subset of R™. M is called a regular sub-
manifold of dimension m with 1 < m < n, iff for every p € M there is an open neighbourhood
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V of p in R™, an open subset U C R™ and a smooth mapping
v:U— R"
such that
(@) y(U)=MnV and v :U — ~(U) is a homeomorphism and
(13) the Jacobian matriz Dy(u) : R™ — R™ has rank m (i.e. full rank) for allu € U.
(U,~,V) is called a local representation of M around p.

We give a remark about other possibilities to describe a submanifold locally.

Remark 2.2. Additionally to the local parametrization there are equivalent formulations for the
local description of a submanifold as a graph, as a zero-level set or with the help of diffeomor-
phisms from subsets in R" ! to subsets in R™ x {0}. In most of the following explanations the
characterization with a local parametrization will suffice, but we use also the other possibilities
whenever necessary. In particular, it will be convenient to use diffeomorphisms to show the
correctness of the Definitions 2.3 and 2.7 of differentiability and the differential, the zero-level
set description in the Definition 2.32 of normal velocity and the graph representation in the
calculation 5.1 of normal time derivative of mean curvature in the appendiz.

Differentiability properties of mappings having their domain of definition respectively their
range on hypersurfaces will always be defined on the euclidian space with the help of a local
parametrization.

Definition 2.3 (Differentiability).

(1) A mapping
foMy — Mo,

where M1 C R™ My C R™ are reqular submanifolds, is called smooth, iff for every local
parametrization (U,~, V') of My the composition

foy:U— R™
18 smooth.
(13) The same definition as in (i) applies to mappings with range in an euclidian space
f:M—TR,
where M C R"™ is a regular submanifold.

In the next definition we formulate exactly our use of the term hypersurface, which in particular
includes the possibility of a nonempty boundary.

10



2.1. DIFFERENTIAL OPERATORS AND CURVATURE TERMS

Definition 2.4 (Regular hypersurface). In this work, I' C R"T! with n > 2 is called a regular
hypersurface, if I is a regular submanifold of dimension n, connected and closed as a subset of
R 1 orientable and the boundary OT of T is either empty, O = (), or is a reqular submanifold
of dimension n — 1, such that I" lies on one side of the boundary.

Analytically, this means that around every point p € OI' there exists an open neighbourhood
U C R*™1, an open set V. .C R*™ and a diffeomorphism ¢ : U — V such that

PUNT) =V (RL x {0})  with (p(p)), =0,

where (¢(p)),, is the n-th coordinate of ¢(p). In particular we want to remark the fact that here
the boundary of I' belongs to I', i.e. OI' C T.
From now on, we will call such a T’ simply hypersurface.

As an important concept we define the linearization of a hypersurface, called the tangent space.

Definition 2.5 (Tangent space). Let I' be a hypersurface and fix p € T'. The tangent space
T,I" of I' at p is then defined as

T,0 = {veR" | There exists a smooth curve c¢: I — T with ¢(0) = p, ' (0) = v,
where I = (—e,¢e), I =[0,¢e) orl = (—¢,0]} .

The halfopen intervals I in the above definition make sure that even for points on the boundary
p € O the tangent space is a subspace, which is summarized in the next remark. Although we
skip the details here, we want to note that for v € T,I' with p € OI' the following construction
also yields —v € T,I'. Indeed, let ¢ : [0,6) — T be a curve with ¢(0) = p and ¢/(0) = v. Then
the curve a : (—¢,0] — I, a(7) == ¢(—7) fulfills a(0) = ¢(0) = p and o/(0) = —/(0) = —v and
therefore —v € TpI'. That’s the reason why both intervals [0, ) and (—e¢, 0] appear in the above
definition of the tangent space.

Remark 2.6. If (U,v,V) is a local parametrization of T' around p with u = v~1(p), then one
can show that

LI = Dy(u)(R"),
or in another notation with (e1,...,e,) the standard basis of R™
T,0 = span(Dy(u)(er),..., Dy(u)(en)
B oy oy
= span <3u1 (u),..., D (u))
= span(O1y(w),...,0py(u)) .

This means in particular that T,I" is an n-dimensional subspace of R™*L. Here appears a slight
abuse of notation, since for points p € OI' the parametrization ~y is not yet defined. In this case
we consider the inverse of a diffeomorphism ¢ from Definition 2.4 and restrict it to the first n
variables to get a natural parametrization at the boundary through ~v = @fl‘Rn.

11
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Now we can introduce the differential of a mapping between hypersurfaces.

Definition 2.7 (Differential). Let f : I'y — T’y be a smooth mapping between hypersurfaces.
The differential of f at p € I'y is defined as the mapping

dpf : TpyI't — Tyl

through the following rule:
To v € T,I'y choose a smooth curve c: (—¢,e) — 'y with ¢(0) = p, ¢(0) = v and define

dpf(v) = i(f o C)(T) . c Tf(p)rg .

dr —
Analogously we define the differential of f at p in I for a mapping f : T' — Rl Then we have
dpf : T,I — R

We summarize some important properties of the differential in the next remark.

Remark 2.8. One can show that the differential is independent of the curve, is a linear mapping
between the tangent spaces and that there is a chain rule. More precisely, for mappings between
hypersurfaces f : Ty — 'y and g : I's — I's it holds that

dp(go f) = drpygodyf .

A proof of these basic statements is best done with the help of a local description of the hy-
persurfaces with diffeomorphisms and will be skipped here. O

In the next definition we introduce the directional derivative for arbitrary mappings and not
just for tangent vector fields as is done in lots of textbooks.

Definition 2.9 (Directional derivative). For a mapping f : I' — R! we define the directional
derivative of f in direction of v € T,I' through

Ouf = dpf(v) € Ty R =R .
For a tangent vector field v(p), that is a mapping v : T' — R with v(p) € T,I", we call the
mapping
Opf: T —> R! , Ouf(p) = Oup) f
also the directional derivative of f in direction of v.

To do some geometry on a hypersurface I', for example measuring the length of curves or the
angle between curves respectively tangent vectors, the concept of a Riemannian metric is crucial.
Since we have to consider pullback metrics in Lemma 3.26 and in Lemma 3.27, we introduce
this notion arbitrarily and not just as a restriction of the euclidian inner product on R**1.

12



2.1. DIFFERENTIAL OPERATORS AND CURVATURE TERMS

Definition 2.10 (Riemannian metric, first fundamental form).
(1) Let p+— g, be a mapping, where
g  LI'<xT,I' —R (2.1)

is an inner product on T,I', i.e. g, is a symmetric, positive definite bilinear form on T,I.
If additionally g, depends smoothly on its basis point p, we call g a Riemannian metric.
Here the smooth dependence of g, on p means that the representation g;; given below is
smooth with respect to every parametrization. For a local parametrization (U,~v,V') of T
around p € I' with v(u) = p we say that

a5(0) = ap(5E ). 5 w)

fori,j =1,...,n is the representation or matrixz representation of g,.

(ii) If the Riemannian metric g is simply the restriction of the euclidian inner product (.,.)
on R" to T,T, i.e.

gp = ('V)’TPI‘XTPF ’ (2'2)

we call g also the first fundamental form of I'. In this case the representation with
respect to a local parametrization as above is given through

B oy oy Oy oy
w0 = (G 5 ) = 5w 5w,
where we often replace the brackets by a dot between the vectors.

Remark 2.11. Actually, the mapping g, from point (ii) of the above Definition 2.10 can be
defined more generally for arbitrary smooth manifolds M without the surrounding space R™TT.
g 1s then also called Riemannian metric and the pair (M,g) is a Riemannian manifold.
But we will always use hypersurfaces lying in R™"1 and therefore our Definition 2.10 is justified.
The case of an inner product different than the euclidian one is important for the concept of
compatibility of mappings with the metric, which will be defined below. These mappings have nice
properties concerning the transformation of differential operators, which will become important
later.

Definition 2.12 ((local) isometry). A smooth mapping f: T — ' between hypersurfaces (T, g)
and (T, g) is called a local isometry, if for allp € T', v,w € T,T

gf(p) (dpf(v)7dpf(w)) - gp(vvw) :

If f is additionally a diffeomorphism, that is f is bijective and the inverse f~' is smooth, we
call it an isometry.

With the help of the above new scalar product on the tangent spaces we define some geometric
quantities as promised.

13
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Definition 2.13 (Length, angle, orthonormal moving frame). For a tangent vector v € T,I" we
set its length through

I

[olI* = gp(v,0)

and the angle between two tangent vectors v,w € T,I" through

Y = arccos <M> € [0,7].
[[ol[[]wll

We will often use an orthonormal basis vy, ..., v, of the tangent space T),I'. This means that
V1,...,Vy 95 a basis of the n-dimensional subspace T,I" C R™ and that gp(vi,vj) = 635 for
i, =1,...,n, where 0;; denotes the Kronecker-symbol.

Tangent vector fields v; : I' — R wv(p) € T,I' for all p € T', such that for every p € T’
the vectors vi(p),...,vn(p) form an orthonormal basis of T,I", will be called an orthonormal
moving frame of I

Guided by experience from curves, one expects that curvature of hypersurfaces results from a
change of the tangent space, respectively its one-dimensional orthogonal complement. This leads
to the following definitions of the Gaul mapping and its differential, the so-called shape operator.

Definition 2.14 (Gaufl mapping). Since we assumed that our hypersurfaces I' are oriented,
there exists a smooth normal n on I', called the Gaufs mapping

n:I'— 8",

where S™ is the n-dimensional sphere in R"*1 such that g,(n(p),v) = 0 for all v € T,I' and
In(p)l| =1 for all p € T'. We call NpI' = (TpI’)l = {w € R""|g,(w,v) = 0} the normal
space of I.

Note that T,,)S" = n(p)t = T,I", therefore we can regard the differential of the Gaufl map-
ping n as an endomorphism.

Definition 2.15 (Shape operator). The shape operator W), also called the Weingarten
map, is defined with the help of the differential of the Gaufi mapping through
W, : T,I' — T,I',  Wp(v) := —dpn(v) .

With the help of a local parametrization one can see that W, is a self-adjoint endomorphism
with respect to the first fundamental form, which means

gp(v, Wp(w)) = gp(Wp(v),w) for all v,w € T,T".

Before we proceed with our differential geometric notations, we want to mention an important
distinction between inner geometry and outer geometry on the hypersurface.

14
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The first one means terms that can be derived just with knowledge of the hypersurface as for ex-
ample the Riemannian metric, the differential and the tangent space. The second one describes
expressions, for which the knowledge of the surrounding space, R™*! in our case, is essential.
In this class we have the Gaul mapping and the so-called second fundamental form, which
describes the change of the tangent space 7),I" in dependence of p and therefore contains some
curvature information.

Definition 2.16 (Second fundamental form). The second fundamental form o, of the hy-
persurface I' at p € T' is defined as the related bilinear form with respect to g, of the shape
operator Wy, that is

op : T,I' XxT,I' — R,  op(v,w) := gp(Wp(v),w) = —gp(dpn(v), w) .

The representation or matrix representation of the second fundamental form o, with respect

to the basis g—;(u), R %(u), where (U,~,V) is a local representation of T’ around p € T with
~v(u) = p, is given by

= o (W) g2 w)

In case of g, being the restriction of the euclidian scalar product this representation equals

) = WG ) - L) = ~dn( T w) - L)
2
:_iywﬂmgngQXWMW*%&QﬁMWMJEJm
=0
2
= 03 Gy

The next step is to introduce the basic curvature terms that will be needed.

Definition 2.17 (Normal curvature). For a tangent vector v € T,I" with length ||v]|* = g,(v,v) =
1 we define the normal curvature k, of I' in direction v at p through

ro(p) = op(v,0).

Remark 2.18. If g, is the restriction of the euclidian scalar product, then one can show that the
normal curvature of I' in direction of a unit tangent vector v € T,,I" at p is the curvature of the
arclength-parametrized curve c, which arises from the intersection of I' and the plane spanned
by v and n(p), so that the name is justified.
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Proof. Let ¢ be this arclength-parametrized curve, which lies in the plane E spanned by v and
n(p) with ¢(0) = p and ¢/(0) = v. Then of course ¢’(0) also lies in the plane E and due to the
arclength-parametrization ¢”(0) - ¢/(0) = 41 (c/(¢) - c’(t))‘tzo = 0. This means that ¢(0) has no

dt
tangential part and can be given as ¢’ (0) = (¢’(0))" = (¢"(0) - n(p)) n(p). A further calculation

shows then

"(t) - nle(t) = =c(t) - %H(C(t)) = —d(t) - deyn(c'(t)) = () - Wegr (¢ (1) = o) (¢ (1), €' (1))

and therefore for t =0

(c"(O) n(p)) = op(v,v).

Since ¢”(0) - n(p) is the curvature of the plain curve, we get the claim. O

Because we know that the shape operator W), is self-adjoint, there exists an orthonormal basis
of eigenvectors, so that we can give the following definition.

Definition 2.19 (Principal curvatures, Gauf§ curvature, mean curvature). Let v1,...,v, be
an orthonormal basis of T,I' consisting of eigenvectors of Wy. The normal curvatures of I' in
direction of v; at p are called the principal curvatures k; of I' at p, that is

ki(p) = op(vi,vi) .

So the principal curvatures are defined as the eigenvalues of the shape operator W,.
The Gauf3 curvature K of I' at p is then introduced as the determinant of W,

K(p) = det(W,) = Ki-...-Kp.
Another important quantity is the mean curvature H of I' at p as the trace of W),
H(p) = trace(W,) = kKi+...+ k.

We will also need the mean curvature vector H defined as

so that H is a normal field.

Example 2.20. To illustrate our sign convention for the mean curvature, which is different
from book to book, we calculate H for the sphere S™ = {p € R"!||p|| = 1} with unit outer
normal n(p) = p. Since this is the restriction of the identity, we can derive d,n = Id for the
differential to get

Wp(v) = —dyn(v) = —v.

This means that W, equals —Id and has n eigenvalues —1. So we get H(p) = —n for the sphere
with unit normal pointing outside the unit ball.
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Next we want to introduce some differential operators on hypersurfaces. In generalization to
the usual gradient of a function we define the surface gradient.

Definition 2.21 (Surface gradient). For a smooth function f : ' — R the surface gradient
Vrf at a point p € I' is defined through

n

Vef(p) = 3 (@ v €T,T,

=1

where v1,...,v, is an orthonormal basis of T,I'. In particular this means gp(v;,vj) = 0;; and
the dependence of the surface gradient on the metric becomes apparent.

In the next remark we give some useful descriptions of the surface gradient.

Remark 2.22. FEquivalent to the above definition one could also define the surface gradient
Vrf(p) as the unique vector v(p) € T,I', such that

dpyf(w) = gp(v(p),w) forallweT,I.

With Definition 2.9 of the directional derivative we also have

ap(Vrf(p),w) = 0Oupf forallweT,I.

In a local parametrization (U,~, V) with y(u) = p of I' around p there is the following represen-
tation

Vefp) = D ¢7(w)di(f o) (u) dy(u)

1,j=1

where (g (u))w is the inverse of the matriz (gi;(u)),;-
If we can extend f : I' — R to an open neighbourhood of I' and g, is the restriction of the
euclidian scalar product, then the following formula involving the usual gradient ¥V on R"+1

Vrf(p) = (V) =Vfp) - (V) nlp) np),

is true. Here, ()T is the orthogonal projection onto T,I'. One could also use the above formula
with an arbitrary extension of f as definition for the surface gradient and observe that it depends
only on values of f on the hypersurface.

Next we define the surface divergence. For hypersurfaces (I',g) equipped with an arbitrary
Riemannian metric we need therefor the notion of covariant derivative Vv of a tangent vector
field in direction of w € T,I'. If g, is the restriction of the euclidian scalar product, the covariant
derivative reduces to orthogonal projection of the directional derivative onto the tangent space,
that is Vv = (8,v)" € T,T.
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Definition 2.23 (Surface divergence). For a smooth tangent vector field f : T' — R (which
means f(p) € T,I') on an arbitrary Riemannian hypersurface (I'y) we define the surface diver-
gence of f on I' through

dive f(p) = Vr-f(p) — igpwwf(p),w),

where v1,...,v, 5 an orthonormal basis of T,I'. If g, is the restriction of the euclidian scalar
product, this definition reduces to

divp f(p) = Z avlf Zavlf Vi .
i=1

The last line makes sense also for nontangent vector fields, i.e. arbitrary smooth mappings
f: T — R*™1. This notion will be used in Theorem 2.29, the so-called Gauf’ theorem on
hypersurfaces. We remark that even if we consider tangent vector fields, the tangential part
(avif)T from the definition does not equal the directional derivative Oy, f, in general.

As we did for the surface gradient we give some useful descriptions.

Remark 2.24. If g, is the restriction of the euclidian scalar product and (U,v,V') is a local
parametrization of I' around p with ~(u) = p, it holds

V- fp Zg (f o)(u) - 0jv(u)) -

5,j=1

If we can additionally extend f : T' — R to an open neighbourhood of T, we have the formula
as above for the surface gradient of the components f = (f1,..., fnt1) given by

Vrfilp) = Vfilp) = (Vfi(p),n(p)) n(p)
= (Dufip). . Dusrfilp)) -

With this notation we can write

n+1

Vr- f(p Zsz :

so there is a similar appearance as for the usual divergence V - f =", 0;f; in euclidian space.
As in the case of the surface gradient, one could also use the above formula with an arbitrary
extension of f as definition for the surface divergence and observe that it depends only on values
of f on the hypersurface.

Now we want to define the Laplace-Beltrami operator, which is an extension of the usual Laplace
operator ) . 0;; to hypersurfaces and will be needed for surface diffusion in later sections.

18
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Definition 2.25 (Laplace-Beltrami operator). For a smooth function f :T'— R we define the
Laplace-Beltrami operator on I' through

Arf(p) = Vr-Vrf(p).

Also for this differential operator we give some descriptions which are useful for calculations
and for a better understanding.

Remark 2.26. In a local parametrization (U,~,V) of T' around p with ~v(u) = p we have

o= 0 0 (VA 2 (S e mw)
i,j=1

S A <6¢j(f o) () = Y T (w)dk(f o 7)(U)> ;
k=1

ij=1

Arf(p) =

where g(u) = det ( (gi;(u))..) and T'%. are the Christoffel symbols given by
J ij 1

n

rhw) = Y %g’“l(U) (@gﬂ(U) + djgu(u) — 519ij(u)> -

=1

If g, is the restriction of the euclidian scalar product, we get with the help of an orthonormal
moving frame vy, ...,v, of I' the following representation

divp <i1 O, f vl-) = i&,}. (i Oy, f vi> " Vj
1= j= i=

- Z (avjavif (vi - vj) + O, f (avjvi'vj))

i,7=1
= > 00,00 f+ > 0ufd duvi-v;.
i=1 i=1 J=1

If additionally f admits an extension to an open neighbourhood of I, we see with the above
notations:

Arf(p)

Arf(p) = Y _D;(Dif(p)) .
1=1

In the next lemma we want to describe the mean curvature with the help of the introduced
differential operators and give a local representation.

Lemma 2.27. If g, is the restriction of the euclidian scalar product, the following formulas for
the mean curvature and mean curvature vector hold true.
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(i) H(p) = —Vr-n(p),

(ii) H(p) = Arid(p), in particular H(p) = Arid(p) - n(p),
where id : T' — T is the identity map on I' and Arid(p) is defined component wise through
Arf(p) == (Arfi(p));1... ., for mappings f: T — R*H1.

(791) With a local parametrization (U,~,V) of I' around p € I with v(u) = p it holds that

Ap) = J—”Zla (Vatwg” o) -

Proof. ad (i): With the help of an orthonormal basis vy, ..., v, of the tangent space T,I" we
see from our definition of the mean curvature H:

n n n

H(p) = trace(W,) =Y (Wy(ve)-v:) =Y = (dpn(vi) -vi) = = > (Oun - vi) = =Vr - n(p) .

i=1 i=1 i=1

ad (i7): We use the first two of the following product rules (the third one is given for complete-
ness). Let f,h: T — R, v: T — R""! (not necessary tangential) be smooth mappings. Then it
holds

(@) Vr(fh) = fVrh+hVrf,
) diVF(f v) = Vrf-v+ fdivro,
(¢ Ar(fh) = fAprh+2Vrf-Vrh+hArf.

ad (a): For fixed p € I let w € T,I" and a curve ¢ on I' with ¢(0) = p and ¢(0) = w as in the
definition of the differential be given. Then it holds that

(Ve(fh)(p),w) = dp(fh)(w) = %(f h)(e(T))

7=0
d d
= )] ) + 1) oer)|
dp f(w) h(p) + f(p) dph(w)
= (h(p) Vo f(p) + f(p) Vrh(p),w) ,
and since w was arbitrary the claim holds.
ad (b): For fixed p € T" let vy,...,v, be an orthonormal basis of T,I" and ¢; curves on I' with
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¢;(0) = p and ¢}(0) = v;. Then it holds that

dive(fv) = Zf’?‘v (Fo) v =S dpf o)) v = 3 - (Fu)(eilr)
=1 i=1
_ ,Zl Ef(cz(T)) . v(p) -vi)—FZf(p) <%U(Cz‘(7’))
- Zavif (v(p) - v; +Zf ) (Op,v - ;)

= Zamfwf Za 0
= o(p)- Vrf( )+ fp )dIVFU(P)-

ad (c): With the help of (a) and (b) we have

=0

)
7=0

Ar(fh) = dive(Vr(fh))
= divp(hVrf) 4+ divp(f - Vrh)

= Vrh-Vrf+h diVF(VFf) +Vrf -Vrh+ f diVF(VFh)
= hArf+2Vrf-Vrh+ fArh.

To show finally (ii), we use the obvious extension of id : I' — R"*! to all of R""! set
fi(p) = (id(p)); = pi for i =1,...,n+ 1 and proceed with the euclidian gradient V f;(p) = e; as
follows.

Arfi(p) = divr(Vrfi(p))

divr (Vfi(p) — (V fi(p),n(p)) n(p))

divr (e; — (es, n(p)) n(p))

—divr ((e;,n(p)) n(p))

= —Vr(ei,n(p)) - n(p) — (e, n(p)) divr n(p)

N——
=—H(p)

= H(p)-(n(p)); ,

where we used (i) and the fact that the term —Vr (e;,n(p)) - n(p) vanishes, since Vr (e;, n(p))
lies in T, and n(p) € N,T. So we get Arid(p) = H(p) - n(p) = H(p) and by taking the scalar
product with n(p) we arrive at H(p) = Arid(p) - n(p).

ad (#i7): With the help of (i) and the local representation of Arid(p) from Remark 2.26 we see
the last point of the lemma. O

From now on g, is always the restriction of the euclidian scalar product, unless otherwise noted.
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Definition 2.28 (Outer unit conormal). With our notation of a hypersurface I' it holds that
for p € OI' the tangent space T,0T" is (n — 1)-dimensional and T,I" is n-dimensional. Since also
T,0I' C T,I, there exists an one-dimensional subspace L such that

,I' = T,0lUL.
We can therefore choose the unique vector nar(p) in L with the following three properties.
(i) Inor(p)|l =1,
(i1) nar(p)-v =20 for all v € T,0I' and
(1ii) there exists a curve ¢ : (—e,0] — I' with ¢(0) = p and /(0) = nar(p).
nagr(p) is then called the outer unit conormal of T at p € JT.

With the above notation we can state the Gau3’ theorem for hypersurfaces I' with possibly
nonempty boundary dI'. This is an extension of the Gauf’ theorem for regions in euclidian space
to the setting of manifolds and it contains an additional term involving the mean curvature vec-
tor. This theorem will be used in the calculation of the evolution of volume in Lemmata 2.46
and 4.22.

Theorem 2.29 (Gaufy’ theorem on hypersurfaces). Let I' be a bounded hypersurface and f :
I' —» R™ ! 4 smooth mapping. Then we have

/(divrf—i—f-ﬁ) dH" = /f-nadenl.
or

r

Remark 2.30. The assumption that I' is bounded can be skipped, if one assures the existence
of the arising integrals in another way.

We also want to give the following useful expressions that are derived directly from the above
Theorem 2.29. For a tangent vector field, that is f : I' — R with f(p) € T,I' and functions
hi,hs : T — R 4t holds

(4) [divp fdH" = [ f-ngrdH" !,

(i1) Ff Arhy dH" = Bf Vrhy - ngr dH" 1,

(iid) [ (Vrhy - f +divrp fhy) dH" = Bf hi (f -nor) dH™ ! and
(iv) Ff(éphl -Vrhy + hy Arhy) dH® = Zi hi (Vrhg - ngp) dH™1 |

where the last equation is Greens formula and will be used frequently in this work for integration
by parts.
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2.2 Evolving hypersurfaces

In this section we will explain the concept of evolving hypersurfaces, i.e. hypersurfaces that
move in time. We also introduce the normal velocity and show a representation of the tangent
space. Furthermore we give our use of time derivative in this setting, the so-called normal time
derivative. The idea here is to follow the evolution of a fixed point in a specified direction
and differentiate along the arising curve, see Definition 2.36 for the details. Then we compare
the normal time derivative with a related expression and give formulas for mean curvature and
normal, which are proven in the appendix.

Finally we consider evolving hypersurfaces that arise as a graph over some fixed reference
hypersurface I'*, which is the situation that will be considered in later chapters of this work.
In this situation we give a formula for the normal velocity and write down transformation rules
from T'(t) to I'* for some differential operators.

For more information we refer the reader to Gurtin [Gur93], but we also used lecture notes
from Alt [Alt04].

Definition 2.31 (Evolving hypersurface). I' is called a (smooth) evolving hypersurface of
R L if there exists a T > 0 or T = 0o, such that

(i) T is a hypersurface of R x R"1

(ii) there exist hypersurfaces I'(t) = Ty of R"* 1 such that
r=A{(,p)|tel0,T), pel(t)}, and

(iii) the tangent spaces T(y,\I' of I' are nowhere spacelike, that is
Tl # {0} x R™ forall (t,p) €T.

Note that from now on I is an evolving hypersurface and I'(t) = Ty are hypersurfaces in R"*!
in contrast to the previous Section 2.1, where I" was a hypersurface in R"*1.
To define the normal velocity, we choose smooth unit normal fields n(t,-) : T'(t) — R™*! such
that n(t,p) is a unit normal to I'(¢) at p € I'(¢) in a way that they fit together to give a smooth
vector field n : I' — R+,

Definition 2.32 (Normal velocity). For a fized point (t,p) € I', we choose a curve
c:(t—et+e) — R

with ¢(t) € T'(1) and c(t) = p. Then we set

Vitw) = n(tp) -(r)

T=t

and call V' the normal velocity of the evolving hypersurface T at (t,p).
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Of course we have to show independence of the curve in the previous definition.

Lemma 2.33. The normal velocity V' from the above definition is independent of the chosen
curve.

Proof. Because of point (ii) of the definition of an evolving hypersurface we can describe '
locally around (¢,p) € T as the zero level set of a function h: I x D — R, (s,x) — h(s,z) where
I x D C RxR"!is an open set. That is, for some open neighbourhood W C R x R"*! of (¢, p)
it holds that

rnw = {(s,z)€IxD|h(s,z) =0}

and the function h; : D — R defined through h(x) = h(t,x) is the zero level function of T'(¢),
that is there exists an open neighbourhood W c R"*! of p € I'(t), such that

T(t)NW = {zeD|h(z)=0}.

Also the condition Vhi(x) # 0 for x € D with hy(z) = 0 is fulfilled. With a sign convention on
h the normal n(t,p) to I'(t) at p can be written as

V.h(t,p)

[Vah(t, p)l

This can be seen with the help of a local parametrization (U,~,V) of T'(t) for fixed ¢ with
v(u) = p. We observe that h(t,y(u)) = 0 and therefore by differentiating with respect to u; we
get

n(t,p)

0
Vah(t,p) - 5—v(u) = 0.

Since a%i*y(u) for i =1,...,nis a basis for T,I'(t) we see that V h(t,p) € NpI'(t). Normalizing
gives the above formula.

Now we choose a curve c as in the Definition 2.32 of normal velocity and observe that h(7,¢(7)) =
0. Differentiating with respect to 7 yields

d d
0 = Ghiretr)| = Oh(t) + Voh(tr) Jeln)
Multiplying this equation with |V h(t,p)|~! gives
vxh(t7p) . iC(T) _ 8th(tap)
Vah(tp)l dr 7, [Vah(t.p)|

where the left side equals the definition of the normal velocity V(¢,p). To summarize, we
achieved with the above construction a different representation of V' independent of the curve
and therefore showed the lemma. O

For a better understanding of evolving hypersurfaces we want to describe the tangent space
T4 p)I' with the help of tangent vectors from T,I'(t) and one other quantity.
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Lemma 2.34. For a point (t,p) € T', there holds a splitting of the tangent space Tiypl of I
More explicitly, there exists a function vr : I — R™1 such that

Tepl = {r(Loe(t,p)+(0,7)|reR, 7€ TI(t)} .
Here vp(t,p) is the uniquely determined mapping with the properties:
(i) (1,vr(t,p)) € Tupl and
(i) vr(t,p) € (T,0()" = NpI'(t) .
In particular, we see a representation of the normal space of I as
Nepl = {s(=vr-nn)(tp)|seR}.

Proof. Fix (t,p) € I'. Because of point (7ii) of the Definition 2.31 of an evolving hypersurface,
there exists a tangent vector (r,v) € Tl with r € R, v € R and r # 0. Without loss of
generality we assume r = 1.

Now we can extend (1,v) to a basis of T, ,yI', that is there exist linearly independent vectors

(L,v), (e1,w1), ... (en, wy)
in Ty ) I'. Then it holds that the definition
(i, wi) —e; (L,v) = (0,w; —egw) =: (0,7)

yields vectors (0,7;) with 7; # 0, because (1,v) and (e;,w;) are linearly independent. With this
small trick, we have a new basis of T{; ,)I" given through

(L), (0,71),...,(0,7) .

Since (0,71),...,(0,7,) are linearly independent, the subspace W := span{ry,...,7,} is an n-
dimensional subspace of R*+1.
Until now, we have the representation

Tipl = {r-Lv)+(0,7)[reR, TeW}.
With the help of the orthogonal projection P of R"*! to W we define
vr(t,p) =v—Pvec Wt

and we see that (1,vr) = (1,v) — (0, Pv) € Ty ,)[" because of the above representation. So we
can write

Tyl = {r-(Lor(t,p)+(0,7)|reR, 7€ W} .

If we now show that
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then vr is well defined and unique and fulfils point (7).
The uniqueness can be seen as follows. If we take ¢ instead of v with (1,v) and (1,9) in Ty )T
at the beginning of the proof, we see from

(0,v—0)=(1,v) — (1,0) € Tl

that v — v € W and therefore v — Pv = © — Pv. This uniqueness is the reason why we work
with vpr = v — Pv instead of the arbitrary v.
By using the decomposition

RxR"™ = {(s,v+w)|scR,veW,weW}
we write I' locally around (¢, p) with a parametrization over R x W such that
rnv = {(s,v+w)€RxR"+1|w:h(v)}

for a mapping h : W — W+ and an open neighbourhood U C R x R"*! of (¢, p).
This representation gives us the possibility to denote a basis for T(, ,1p(s,w))I" with the help of
an orthonormal basis vy, ...,v, of W through

0s(s,v + h(s,v)), Oy, (s,v 4+ h(s,v)), ..., Oy, (s,v+ h(s,0v)).
Calculating the derivatives gives
(1,05h(s,v)), (0,v1 + Oy h(s,v)), ..., (0,0, + Oy, h(s,v)) .

Due to the above representation of the tangent space at the point (t,p) = (t,w+h(t,w)) € Ty )T
for some w € W, and due to the fact that 0,,h(s, w) € W, we see that

Op;h(t,w) =0.
The above parametrization of I' leads to a parametrization of I'(¢) through
r)NU = {v+weR™ w=nhtn0)},

where U € R™*! is an open neighbourhood of p € I'(t). A basis of tangent vectors of Tp,I'(t) is
then given by

(v1 + Oy A(s,0)), ..., (Vy + Oy, h(s,v)),

where we used the above notation and get therefore that this basis equals vy, ..., Uy.
This shows that an orthonormal basis of W is also an orthonormal basis of T,I'(t) and since
they are both n-dimensional subspaces of R x R"*!, we have

T,0(t) =W .

Since this was the only missing part, we proved the lemma. O

The vector vr from the above Lemma 2.34 can be given more explicitly and gets a name, the
velocity vector.
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Lemma 2.35. The vector vr from the above Lemma 2.34 is related to the normal velocity of
Definition 2.32 by

ur(t,p) = V(t,p)n(t,p) for (t,p) €T
That’s the reason why vr is also called velocity vector.

Proof. The term V (¢, p) n(t, p) can be described with the help of a curve ¢ : (t—¢,t+¢) — R"F!
with ¢(7) € T'(7) and ¢(t) = p as:

Vienats) = (getr)

) it

).
T=t

where P+ : R"t! — N,I'(t) is the orthonormal projection onto the normal space.
On the other hand, we have vp(t,p) = P*(v), where v € R™™ such that (1,v) € T(; ;)" and
where we have seen in the previous proof that vr is independent of the choice of v.

So we have to show that ic(T)‘T:t = /(t) is such a v from above, which means

1,d(t) €
dr )
T4 »T. To this end, we just have to give a curve on I' whose derivative equals (1,c/(t)). One

possible choice is

T=t

Ei(t—et+e) — R &7)=(1,¢(r)).

For this curve ¢, it holds that é(7) € T, é(t) = (¢,p) and &'(¢) = (1, (t)). O

When we consider a function on an evolving hypersurface I' through

[T —R, (t,p)— f(t,p),

we describe values of f just at points (¢,p) with p € I'(¢), which means in particular that the
second variable depends on the first one. Since I itself is a hypersurface in R x R*!, we have
the possibilities of derivatives from the previous section 2.1 as for example directional derivatives
with respect to a tangent vector in T{; ,nI'. But if we want to differentiate separately in time
and space, we have to think about the right derivatives of such functions.

Of course, we can differentiate in space for fixed ¢, because then the function

fo=171@-):T) —R

is defined on a fixed hypersurface I'(t) and we have all concepts from 2.1 as the differential d,, f;,
the directional derivative 0, f; for a tangent vector v € T,I'(t), the surface gradient V) ft, the
divergence divp f; and the Laplace-Beltrami operator Ar f; each on I'(t).

But what is the right kind of derivative in time at a point (¢,p) € I' 7 Of course, one can not
fix p and look at small variations of ¢, because the function f is just defined for p € T'(t). So
if we vary t, we also have to vary p. The essential concept is the normal time derivative in the
sense of Gurtin [Gur93]. Therefore we consider for fixed (¢,p) € I' a curve

n:(t—et+e) — RV
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with 7(t) = p such that (7,n(7)) € I, i.e. n(r) € I'(7). Furthermore, 1 shall point in normal
direction scaled with normal velocity at every point 7(7) € I'(7), which means

n(r) = V(rn(m)n(r,n(r)) .

Then we can define the above mentioned time derivative.

Definition 2.36 (Normal time derivative). We define the normal time derivative 0°f(t,p)
at a point (t,p) € I' with the help of a curve n as above through

FItp) = i)

T=t
With the same curve and notation this definition can be extended to vector fields.

To see the existence of such a curve n as above, the independence of Definition 2.36 from this
curve and to obtain another useful representation of the normal time derivative we observe the
following lemma.

Lemma 2.37. The normal time derivative can be written with the help of a directional derivative
as follows.

°f = davnlf,

where we use the fact (1,V(t,p)n(t,p)) € Ty, from Lemmata 2.34 and 2.35. In particular
this means that the definition of 0°f is independent of the chosen curve.

Proof. Consider the directional derivative of f in direction (1, V(t,p) n(t,p)) € Tiy )T at a fixed
point (¢,p) € T', which is given by

d
0 = —
a,vn)f dgf(C(E)) Y
where ¢ : (—g9,e0) — T, (0) = (¢,p) and ¢'(0) = (1,V(¢,p)n(t,p)). Because we know from
Lemma 2.33 that this definition is independent of the curve, we specify { more detailed as
solution to the following ordinary differential equation.
Find ¢ : (—&9,€0) — R x R"! such that with an arbitrary extension of V' n

{C’(e) = (L (Vn)((e) ,
¢0) = (t,p)-

Because we know that (1,(V n)(t,p)) lies in the tangent space T(;,)I', we can deduce that a
solution fulfills {(¢) € I' (compare for example Hildebrandt [Hil03]) and in fact we don’t need
the above mentioned arbitrary extension of V n. For small g9 such a { is uniquely determined
and we use this to calculate the above directional derivative.
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With point (ii) of the Definition of an evolving hypersurface 2.31 we can divide ((¢) € T into

(e) = (ale),n(e)),

where o : (—gg,&0) — (0,T) and 1 : (—eg,0) — R with n(e) € T'(a(e)).
Because of the starting point ((0) = (¢, p) we can conclude

a(0) =t and n(0)=p
and with the expression ('(¢) = (1,(V n)(¢(g))) we arrive at
d(e) =1 and 1(e) = (Vn)(ale),n(e)) -

Then it has to hold that a(e) = ¢ + ¢ and therefore 7/(¢) = (V n)(e + t,n(e)). With the help of
the reparametrized curve 7j : (t — o, t + o) — R, 7(7) :== n(r — t), we see that

i) = n(r—t) ella(r ) =I(r) |
A(t) = n(0)=p and
W) = O = L) E+tnE)l = 1LV n)mar).

So we constructed a curve 7 as in Definition 2.36 of the normal time derivative 0°f and since
(1,m(7)) is just a shift in time for ((e) we observe at the fixed point (¢,p) € I" finally

8of(t,p) - diq—f(TJ?(T))‘T:t - digf(C(E))‘E:Q = 8(1,(\/ n))f(tap) :

Hence the proof is complete. ]

We want to calculate the normal time derivative in an instructive special case.

Lemma 2.38. Let f : R™! — R be smooth and consider the restriction f of f to an evolving
hypersurface I' through

f:T =R, (t,p)— f(p).

Then the following formula for the normal time derivative of f holds

o°f(t,p) =V(t,p) (Vf(p) n(t,p)) -

For smooth vector fields g : R — R™ and an analogue definition for § as for f we observe
the identity

9°g(t,p) = V(t,p) (Dg(p) - n(t,p)) ,

where Dg(p) is the Jacobian matriz of g. In particular for the identity map g = id it holds
0%id =V n.
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Proof. This is seen immediately with the formula from Lemma 2.37 through

O°f(t,p) = O vayupnf = O vyt f = (Vf(P) : (Vn)(t,p)) =V(t,p) (Vf(p) n(t,p)),
and the proof is done. O

We will need the following lemma for the linearization of mean curvature in later chapters.
In this lemma, we compare the normal time derivative 0°f(¢,p) with a term d%_f(T,l?(T))‘T:t,
where ¢ has the same properties as n from Definition 2.36 of the normal time derivative, but
points not necessarily in normal direction.

Lemma 2.39. For a fized point (t,p) € T let 9 : (t —e,t + &) — R with 9(7) € T'(7) and
H(t) = p. In this case it holds

LI = PR+ Vi fp) ()

T=t

where the tangential projection ()T on T,I'(t) can also be skipped due to the fact that Vrwf(tp)
lies in tangential direction. Therefore we get

4t 9(r))

d = 0°f(t,p) + Vrwf(t,p) -9 (t) .
T

T=t

Proof. With the help of the tangential projection on T,I'(t), we write the derivative ¥'(¢) of
the curve ¥ as

T
') = (V'(t)-n(t,p)) n(t,p)+ (V1))
T
= V(t,p)n(t,p)+ (V1)) ,
where the normal velocity appears by its definition.

With similar calculations as in Lemma 2.37 we write the term - f(7,9(7)) |._, as a directional
derivative and use linearity of the directional derivative to get

d °
Ef(ﬂ 79(7')) = 8(1719’(15))]0 = 8(07(19/(,5))T)f + 8(1,Vn)(t,p)f = 3(0,(19/(,5))T)f +0 f(t,p) .

T=t

It remains to show the identity

T
8(07(19/(,5))T)f = vF(t)f(t7p) : (19/(t)) .
To this end, we consider a curve « : (t —e,t +¢) — I' given through a(r) = (¢,5(7)), where
B:(t—e,t+e)— D(t) lies completely in I'(¢) and fulfills 8(¢) = p and 8'(¢) = (¢ (¢)). Such a
curve 3 can be found because (¢ (t))7) € T,I'(¢).
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Since the definition of the directional derivative is independent of the chosen curve, we can
finally conclude

d d
No,cranmy = Ef(a(T)) . = Ef(t,ﬁ(T)) ., = Vrwf(t.p)-A(7)
= vf‘(t)f(t’p) ’ (ﬂ/(t))T >
which proves the lemma. O

We proceed by giving the normal time derivatives of mean curvature and the normal. We
denote by H the function on an evolving hypersurface

H:T —R,

where H(t,p) is the mean curvature of the hypersurface I'(¢) at the point p € T'(t). We will need
the following identity

BOH(t7p) = AF(t)V(t7p) + ‘0‘2(t7p) V(t7p) ’ (23)
where |o|%(t,p) is the square of the second fundamental form of T'(t) at p € T'(¢). In terms of

principal curvatures x; of I'(¢) this is given by

n
o (tp) = Y Ki(t,p),
i=1

where k;(t,p) is the i-th principal curvature of I'(t) at p € T'(t). A proof of equation (2.3) is
given in the appendix.
For vector fields

g: T — R

we also defined the normal time derivative with the help of the same curve as for functions.
Therefore we can ask for the normal time derivative of

n:T — R
where n(t,p) is the normal of I'(t) at p € I'(¢). There is the following result
aon(t7p) - _VF(t)V(t7p) ) (24)

which is proven in the appendix.

In later chapters we will often describe evolving hypersurfaces I' = Ute[o,T){t} x I'(t) as graphs
over some fixed reference hypersurface I'* with additional properties. Here we want to introduce
this description, calculate the normal velocity and give some formulas for the transformation of
differential operators to I'*.

31



CHAPTER 2. FACTS ABOUT HYPERSURFACES

Consider a smooth mapping
®:[0,7) xI'* — R" | (t,q) — (t,q), (2.5)

where for fixed ¢t the mapping
O, T — R (t,9) — ®4(q) = D(t,q) (2.6)

is a diffeomorphism onto its image. Then we define

L@t) = {®g)|qel} (2.7)
for t € [0,7) and in this way we get an evolving hypersurface
I'i=Uepo ) {t} X T'(t) = Uep,m{t} x ©:(I7). (2.8)

In this case the normal velocity can be calculated with the help of the time derivative of ® in
the following way.

Lemma 2.40. For an evolving hypersurface given by (2.8) the normal velocity at a point (t,p) €
I' with p = ®4(q) for some q € T* reads as

V(t’p) = n(t,p) ' 8t(1)(t’ Q) :

Proof. The normal velocity for such a I' at a point (¢, p) with ®(¢,q) = (¢,p) can be calculated
in the following way. With the help of a curve on the fixed hypersurface I'*

c:(t—et+e) —TI
with é(t) = ¢ we define a curve on I'(7) through
c:(t—et+e) — R 1 ®(r,E(1)),
so that we have ¢(7) € I'(7), ¢(t) = p and
d(r) = 0®(1,&r)) + (de(r)@e)(E(7)) -
At time ¢, this gives
dt) = 0®(t,q) + (dg®:)(E (1)) ,

where the second term in the above sum lies in T,I'(t). To compute the normal velocity V (¢, p),
we use the normal n(¢,p) of I'(t) at p € I'(¢t) and derive

Viep) = nitn)- gen)|

n(t,p) - B®(t, q) + n(t,p) - (dg®:) (& (1))
n(t,p) - 0, ®(t,q) ,
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because the second term vanishes. O

With the help of the above description of an evolving hypersurface I' as a graph over the
reference hypersurface I'* we can formulate quantities on I' also on the fixed hypersurface I'*
using an induced diffeomorphism. This will be helpful in later chapters about evolution equations
on I', which we rewrite as equations on a fixed hypersurface I'* with additional properties. To
be precise with our notation, we consider the following diffeomorphism

A

$:[0,T)xT* —T, (t,q) — B(t,q) == (t,D(t,q)) . (2.9)

The fact that @ is a diffeomorphism follows from (2.5) to (2.8).
For a function

we define the according expression on [0,7") x I'* as
FrOT)xT* — R,  (tq) — f(t.q) = (f o <i>) (t,q), (2.11)

which gives f(t,q) = f(®(t,q)) = f(t, ®:(q)).

~

In the literature, the hat on ® is often omitted and the expressions

<f ° <i>) (t,q) and (fo®) (t,q) (2.12)

are identified by a slight abuse of notation. Analog transformations also hold for vector fields
g: T — R

In the last remark of this section we want to give transformation rules for some differential
operators, which will be needed in the Lemmata 3.26 and 3.27 about the linearization of surface
diffusion and the natural boundary condition. Here we equip I'* for fixed ¢ with the pull-back
metric g = (®;)* n, where 7 is just a symbol for the euclidian scalar product in R"*!, restricted
to I'(¢). This means for tangent vectors v,w € T,I'*

g(v,w) =1 (dgP¢(v),d;P(w)) = dgPi(v) - dgPi(w) . (2.13)
In this way the diffeomorphism @, from (2.6) gets an isometry
®y: (I, 9) — (T'(t),m) (2.14)

as in Definition 2.12.

Remark 2.41. With the above notation the following transformation rules for the surface gra-
dient and for the Laplace-Beltrami operator hold.

() Vr(t)f(t7p) = d;P; (Vr*f(t, q)) and

(”) AF(t)f(t’p) = Af*f(t’ Q);

where (t,p) = ®(t,q) € ' for some q € T"*.
To make sure that we do not confuse the reader, we remark again that in these formulas I'* has
a different metric than the euclidian one.
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2.3 Transport equation

In the last two sections of this chapter we focus our attention again on arbitrary evolving
hypersurfaces I' not necessarily given as a graph over some fixed reference hypersurface. In this
section we formulate the Transport theorem, which specifies the rate of change of the spatial
integral fl‘(t) f of a function defined on I'.

Therefore we need an additional expression, called the normal boundary velocity vgr, which
is a term that describes the local decrease or increase of the surface area of I'(t) due to the
tangential velocity of the boundary OI'(¢). The definition is formally the same as Definition 2.32
for the normal velocity but instead of the unit normal of I'(t) we need the outer unit conormal

of I'(t) at the boundary OI'(t).

Definition 2.42 (Normal boundary velocity). For a fized point (t,p) € 0T, i.e. p € OT'(t), let
c:(t—e,t+e) — R be a curve with c(t) = p and c(r) € OT(). Then we define the normal
boundary velocity vgr as

d
vaf(tap) = naF(tap) : _C(T) )
dr T=t
where nar(t,p) is the outer unit conormal of T'(t) at p € OT'(¢).

Remark 2.43. We must not confuse the normal boundary velocity vgr with the velocity vector
vr from Lemma 2.835. We think of var as an extension of the normal velocity V' to the boundary,
as the definition indicates. One could also call this term Vap, but we stick to the literature. As
in Lemma 2.33 one can show independence of the curve in Definition 2.42.

Finally we are able to present the promised Transport theorem.

Theorem 2.44 (Transport theorem). For a smooth function f : T' — R there holds the following
formula for the time-derivative of the spatial integral of f:

%/f(t,p)dH"(p) = /(0°f(t,p)—f(t,p)V(t,p)H(t,p)> dH"(p)
ING) ING)

+/ﬂwmmmmM@.

ar(t)

For a proof we refer to the paper [GW06] of Garcke and Wieland, where the above formula is
shown for surfaces in R? and can be extended directly to arbitrary dimensions.

2.4 Evolution of area and volume

In this last section of the chapter we consider evolving hypersurfaces I' = Ucjo1){t} x T'(2),
which lie inside a fixed bounded region Q C R™*! and meet the boundary 9Q with a right angle.
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In formulas, this reads as
I'(t) cQ, or(t) C 02 and n(t,p) - u(p) =0

for all t € [0,7] and p € OI'(t), where n(t,p) is a unit normal of I'(¢) at p € 9I'(¢) and u(p) is
the outer unit normal of Q at p € 9.

Evolving hypersurfaces of this kind will appear in the next two chapters as solutions to geo-
metric evolution equations. For a better understanding we want to know the evolution of area
and volume of these solutions and in this section we give the corresponding abstract formulas
involving the normal velocity V' and the mean curvature H. In later parts the normal velocity
is prescribed by some evolution law and we will get more explicit formulas.

We let R(t) C R™! with outer unit normal v(t) be the region surrounded by I'(t) and 952, so
that

AR(t) = T(t) UA(t) ,

where A(t) is the corresponding part of 9€). Note that we always consider embedded hyper-
surfaces, therefore no intersections of I'(t) with itself are allowed. We illustrate our notation in
Figure 2.1.

NG e

Figure 2.1: Choice of R(t).
At points p € I'(t) C OR(t) the outer unit normal of R(¢) shall equal the unit normal of I'(¢),

which means in the above notations v(t,p) = n(t, p).
Then we can show evolution equations for the surface area A(t) of I'(t) given through

A(t) = / 1dH" (2.15)

I(t)

and for the volume of R(t), also called the volume of T'(t), given by

Vol(t) = /1dx. (2.16)
R()

Remark 2.45. In the literature, for example in Grosse-Brauckmann [Gro96] one often finds a
different definition of the volume of T'(t) through

1

Vol(t) = i

/ p-n(t,p) dH™ L.
ar(t)
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We just want to remark that we have to take care of the fixed region ), where the evolving
hypersurface lies in. Therefore the definition of this remark would not make sense in our case,
since this would neglect terms appearing due to the right angle at I'(t)NOSY, which can be observed
in the proof of the following lemma.

For the convenience of the reader we present the formulas for the evolution of area and volume
with proof in our notation.

Lemma 2.46. With the above notations the following formulas for the time derivative of area
and volume hold true.

(i) GAWX) =~ [V HIH" and
(it) FVol(t) = [p V dH™.

Proof. ad (i): Due to the Transport theorem 2.44 with f = 1 we can conclude

d d
—A(t) = — 1dH" = —/ V HJH" + / vor dH" 1
dt dtr(t) r(t) ar(t) \_6’

- —/ V HdH"™
r(t)

where the normal boundary velocity vanishes due to the right angle condition. In fact it holds
for (t,p) € I with p € 9I'(t)

d
vor(t,p) = mar(t,p) - ——c(7) .
for a curve c: (t —e,t +¢) — R""! with ¢(t) = p and ¢(7) € T'(7). Since IT(7) C 9N it holds
that ¢/(t) € T,0Q and the facts ngr(t,p) € T,I'(t) and T,I'(t) L T,0Q then imply vsp(t,p) = 0.

ad (i1): For the identity on R"*!, id : R"*! — R"+! we get divid = n + 1 and therefore with
the help of Gauf3’ theorem for regions with Lipschitz boundary

n+1DVollt) = (n+1 ldx = divid(z) dx
(n+ 1) Vol(1) <+>R£ /R(t) ()

= / p-v(t,p)dH"(p)
AR(t)

z/ p-M(p)dH"(p)Jr/ p-n(t,p)dH"(p) .
A(t)

I(t)

(1) (2)
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We consider the above terms separately and get for the first one due to the Transport theorem
2.44 with f(p) = (p- u(p)) the following identity

% p - pu(p) dH" (p) :/ (OR(p - p(p)) — (p- 1(p))Va Ha) dH"(p)
A(t) A(t)

T / (b - 1(p))von dH™"
AA(t)

where Vi, H) and vy are the normal velocity, the mean curvature and the normal boundary
velocity of the evolving hypersurface A = Ui rj{t} x A(t). Here we have extended f(p) =
(p- p(p)) as in Lemma 2.38 to A through f(t,p) = f(p).

Since the hypersurfaces A(t) do not move in normal direction, we get

VAEO.

In fact, for p € A(t), we have

VA(L) = ) ()

T=t

where n, is a normal of A(¢) chosen such that na(¢,p) = u(p) € Ny0Q and ¢ : (t—e,t+e) — R
is a curve with ¢(t) = p and ¢(7) € A(7). Since A(1) C 09, we conclude ¢ (t) € T,0Q and
therefore the above scalar product np (¢, p) - ¢(t) vanishes.

The normal time derivative 03 f for f(t,p) = p- pu(p) is derived with the help of Lemma 2.38.
So we get

O} (p- u(p)) = Va(t,p) na(t,p) = 0.
Altogether this means for the first term (1) in the above formula for the volume

d

— p-p(p)dH"(p) = / (p- u(p))von dH™ 1.
dt Jaq) OA(D)

For the second term (2), we observe again with the help of the Transport theorem 2.44 the
following identity

d

G| enemare) = [ @@ ) - o)V H de)
ING) I'(t)

T / (p- n(t, p)) vor dH™ " .
ar(t)

As in (i) we get vgr = 0. For the normal time derivative of (p - n(¢,p), we observe with the help
of Lemma 2.38 and the formula (2.4) for the normal time derivative of the normal

0° (p : n(w)) = 0%d(p) - n(t,p) +p- n(t, p)
= V(t’p) n(t,p) ’ ’I’L(t,p) — D vf(t)v(tap)
V(t,p) —p-VrpV(t,p).
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CHAPTER 2. FACTS ABOUT HYPERSURFACES

Therefore we conclude for the second term (2) in the formula for the volume

d

E I (p . n(t,p)) d')‘["(p) = /F(t) (V —p- vF(t)V _ (p . n(t,p)) VH) dHn(p) )

The term in the middle can be integrated by parts with the help of Gaufl’ theorem on hyper-
surfaces 2.29 with f(p) = pV (¢,p) for fixed ¢ to get

— / p-VrgyVdH" = / divppyid V + (p-n(t,p)) V H | dH"
I(t) r@ \ ~~——~

=1

[ Vinarpane
ar(t)

The identity divpgyid = n can be seen with a local parametrization (U,~,V) of I'(t) with
~v(u) = p through

o _ ij (id o 8;
divp(, id(p) MZZIQ (u) | i(id o y)(u) -0;y(u)
= 0iy(u)
= Z 9”7 (u)gij(u) = trace(G™ - G) =n .
ij=1

For the second term (2) in the formula for the volume we get therefore

d

— (p-n(t,p)dH"(p) = (n+ 1)/ V dH" —/ (p-nor(t,p) VdH" 1.
dt Jra () aT(t)

Altogether for the derivative of volume we observe

d
—(n+1)Vol(t) = (n+1) / V dH"

T / (b - 1(p))von dHM ! — / (p- nor(t,p) V dH"™ .
OA(t) or(t)

To proceed with the proof we remark that OA(t) = OI'(t) and that u(p) = nsr(t,p) for p € I'(t)
due to the right angle condition. Furthermore we have for p € 9T'(¢)

vor(tp) = poaltp)-¢(t) and
V(t’p) = n(t,p)-a/(t),

where pga is the unit outer conormal of A at 9A, ¢ is a curve with ¢(7) € OA(7) = OI'(7) and a
is a curve with a(7) € I'(7). Since the normal velocity is independent of the chosen curve from
Lemma 2.33, we can also use c¢ instead of a. Again due to the right angle condition we observe
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2.4. EVOLUTION OF AREA AND VOLUME

that puga(t,p) = n(t,p) and so we arrive at vgp(t,p) = V(t,p) for p € OI'(t). This leads us to
the desired derivative

ivol(t) = / V dH"

and we finished the proof. O
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Chapter 3

Evolution Equations with Boundary
Contact

In this chapter we consider evolution laws for evolving hypersurfaces which lie inside a fixed
region and meet the boundary at a right angle. These laws are the mean curvature flow, the
volume preserving mean curvature flow and the surface diffusion flow. The main goal is to
extend the linearized stability analysis of Garcke, Ito and Kohsaka [GIKO05] for surface diffusion
with boundary contact for curves in R? to the case of hypersurfaces in R**+1.

To this end, we first have to introduce a setting that allows us to formulate the geometric evolu-
tion laws as partial differential equations for functions defined on a fixed reference hypersurface,
which will be a stationary solution. As the parametrization for the curve situation in [GIKO05]
does not extend to the higher dimensional case, we use a curvilinear coordinate system from the
work of Vogel [Vog00] that takes into account a possible curved boundary.

Then we linearize the resulting partial differential equations and with the help of abstract
spectral theory we give a criterion for the stability of these linear equations using the positiv-
ity of some explicitly given bilinear form. An important ingredient will be to recognize the
linearizations as gradient flows, since only then we can show self-adjointness of the linearized
operator.

In the first Section 3.1 we give the representation of the evolving hypersurfaces in detail without
demanding an explicit evolution law. Therefore we can refer to this representation in later
sections.

The mean curvature flow is considered in Section 3.2, but we have to mention that a lot of
work is already done in this case. For example we refer to Ei, Sato and Yanagida [ESY96] and
to Stahl [Sta95, Sta96], whose work is based on results of Huisken [Hui84, Hui86] and others.
Our aim in this section is to do linearized stability analysis in the spirit of [GIK05], which does
not use a maximum principle and therefore can be extended to the later sections.

In the third Section 3.3 of this chapter we consider the volume preserving mean curvature flow,
for which the linearized stability analysis is a straightforward extension of the previous one.

Then in Section 3.4 we treat the surface diffusion flow for which some additional considerations
in the stability analysis have to be done. In particular we introduce the H'-inner product
and identify the linearization as an H ~!-gradient flow. We also give some remarks concerning
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3.1. PARAMETRIZATION

nonlinear stability, although we don’t formulate precise results in this case.
In the final Section 3.5 we consider specific situations where the linearized stability can be
determined.

3.1 Parametrization

In this first section of the chapter we want to introduce the setting for the considered hypersur-
faces. With the notation of Chapter 2 we want to describe evolving hypersurfaces

= |J {t} xT(t) with T(t)c R
te[0,T)

as in Definition 2.31, which evolve due to some evolution law. As in the remark after Definition
2.31 we choose a smooth unit field n : ' — S™ C R*"! such that n(t,.) : I'(t) — S™ are unit
normal fields of T'(¢). We remark that due to our basic assumptions for hypersurfaces from
Definition 2.4 these normals can be extended smoothly up to the boundary.

The hypersurfaces I'(t) shall lie inside a fixed bounded region @ C R"*! i.e. T'(t) C ©, and the
boundary OT'(t) of each of the hypersurfaces shall intersect the boundary 02 of the fixed region
at a right angle, i.e. OI'(t) C 99 and I'(t) L 9. This angle condition will be described with
the help of the unit normal n(¢) of I'(¢) and the unit outer normal p of 99 through

n(t)-u=0 on OI'(t)NoN

for all ¢t € [0, 7). Imposing also a smooth starting configuration I'g, which lies in € and fulfills
the angle condition, we will consider motions of the following type

some evolution law in I'(t) forall t>0,

corresponding boundary conditions on 9I'(t) forall ¢ >0,

I'(t)yc N for all t >0, (3.1)
ar'(t) C 09 forall t >0, '
n(t) -p=0 on OI'(t) forall t>0,

ro)=ry.

A basic assumption to formulate (3.1) as a partial differential equation for some unknown func-
tion p concerns the appearance of the hypersurfaces I'(¢), that we want to consider. We suppose
that these can be written as a graph over a fixed reference hypersurface I'* with the help of a
function

p:[0,T)xI"" —R.

The reference hypersurface I'* has to fulfill the same geometric properties as I'(¢), i.e. I'* C ,
or* € 092 and I'* L 09Q. In later sections, I'* will be a stationary solution of (3.1), i.e. it will
also fulfill the stationary evolution law and corresponding boundary conditions.

As a first step to describe the regarded hypersurfaces I'(¢), we set up a specific curvilinear
coordinate system as in the work of Vogel [Vog00], that takes into account a possible curved
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CHAPTER 3. EVOLUTION EQUATIONS WITH BOUNDARY CONTACT

boundary 0 and the fact, that the considered hypersurfaces have to stay inside €2 and their
boundary has to lie on 9f). Therefore, we postulate for small d > 0 the existence of a smooth

mapping

U:T* x (—=d,d) — Q, (¢, w) — ¥(q,w), (3.2)
such that
U(q,0)=¢q forall geT™ (3.3)
and
U(q,w) € 9 for all ¢ € OT™. (3.4)

We also assume that for every (local) parametrization ¢ : D — I'* with D C R™ open, the
mapping
(y, w) = ¥(g(y), w)

is a locally invertible map from R™*! to R"*1. At last, we choose a normal n* of I'* and impose
the condition that
aw\II(q’O) : ’I’L*(q) 75 0 for qe F*,

which means that there is some movement in normal direction. With a rescaling in the w-
coordinate we can then even assume that

0w¥(q,0)-n*(q) =1 for geI'*". (3.5)

In [Vog00] there are some examples for situations when such a curvilinear coordinate system
exists. Due to the angle condition at the boundary of I'*, we can conclude even more than (3.5)
at the boundary oI'*.

Lemma 3.1. For q € 9T'*, it holds that 0,,%¥(q,0) = n*(q).

Proof. We see that for fixed ¢ € 9I'* the curve c¢(w) := ¥(q,w) lies on the boundary 02,
and with ¢(0) = ¥(g,0) = ¢ it therefore holds 9,,¥(q,0) € T,(0€2). With the help of the angle
condition we get T,I'* L T,(0€) and so we observe that 9,¥(q,0) - v = 0 for all v € T,I'™.
So 0,V (q,0) has just a normal part, that is 0,,¥(q,0) = (0¥ (q,0) - n*(q)) n*(q). With the
rescaling condition of the normal (3.5) the claim follows. O

With the help of the mapping ¥ from (3.2) we are in a position to define the hypersurfaces,
that we want to consider. For a given smooth function

p:10,T) xT™ — (—d,d) (3.6)
we introduce the mapping
7 [0,T) xT" — Q,  @°(t,q) = U(q,p(t,q)). (3.7)
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Then we observe that for fixed ¢ due to the assumptions on ¥, the function

I —Q,  Df(q) = D (t,q) (3.8)
is a diffeomorphism onto its image. We denote this image by I',(¢), that is

Lpt) = {®/(q) | ¢TI}, (3.9)
In such a way we get an evolving hypersurface
r = |J =T,
te[0,T)
and we made sure that the hypersurfaces I',(t) always fulfill the conditions
Iy(t) cQ and 90T, (t) C 0N.

We also observe that for p = 0 it holds

Iy=o(t) =T" forall €[0,7T). (3.10)

Remark 3.2. If the hypersurfaces would be closed without boundary, it would make sense to
prescribe graphs over I'* with the help of a wvariation in normal direction. This is done for
example in the work of Escher, Mayer and Simonett [EMS98]. With the above notations they
use a mapping V of the special form

U™ x (=d,d) — R, U(qw) =q+wn*(q),

where n* is one chosen normal of I'*. For small d > 0, this mapping is a diffeomorphism onto
its image and one could set hypersurfaces T'(t) defined through

L(t) = im(q+— ¥(q,p(q,t)),

where p is a function as in (3.6). With the help of this setting the authors of [EMS98] use
center manifold theory to get a stability criterion. Due to the highly nonlinear structure of the
corresponding boundary conditions for the evolution laws, that are considered in this work, it
seems to be very difficult to generalize their approach to the setting with boundary.

The last assumption concerns the starting hypersurface I'g. We impose that it is given with
the help of a smooth function pg : I'* — R through

Lo = {¥(q,p0(q)) g €L} (3.11)

With the help of the diffeomorphisms &4, we can finally formulate (3.1) over the fixed stationary
hypersurface I'* as follows. Find p as in (3.6) as a solution to the problem of the type

some evolution law in I'™* for all t >0,

corresponding boundary conditions on OI'* for all £ > 0, (3.12)
(n-p)(®P(t,q)) =0 on I'* forall ¢ >0, '
p(0,9) = po(q) in I

Here we used the common abbreviation n(®”(t, q)) = n(®*(t,q)) = n(t, ®*(t,q)) with (¢, q) =
(t,®”(t,q)) € T a point on the evolving hypersurface, as explained in (2.12). Note that with the
definition T',(t) = ®(I'*) for a solution p of problem (3.12) the geometric properties of (3.1) are
automatically fulfilled.
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CHAPTER 3. EVOLUTION EQUATIONS WITH BOUNDARY CONTACT

3.2 Mean curvature flow

In this section we consider the mean curvature flow V' = H with the boundary conditions
described in the previous Section 3.1. We postulate the special representation of the evolving
hypersurface as a graph and formulate the geometric equation as a partial differential equation
for an unknown function p. Then we linearize this equation around a stationary state given by
p = 0 and describe the stability with the help of a bilinear form.

First we want to specify the problem in detail. In words, we want to find an evolving hyper-
surface

= |J {t}xT®t) with T(t)cR", (3.13)
tel0,T)

as in Definition 2.31, evolving due to the mean curvature flow, such that I'(¢) lies in a fixed
bounded region 2 C R"*! and the boundary OT'(t) of each of the hypersurfaces intersects the
boundary 0f2 of the fixed region at a right angle.

In formulas, the problem reads as follows. Find I as in (3.13), such that

V. = H inI(t) forall t>0,
r'e) c Q for all ¢ >0,
ort) < o0 for all ¢t >0, (3.14)
n(t)-p = 0 ondl'(t) forall t>0,
ro) = TIy.

Here V and H are the normal velocity and the mean curvature of the evolving hypersurface I,
which means that H(t) is the mean curvature of I'(t). We denote by n a vector field on I' such
that n(t,p) is a unit normal vector of I'(¢) at p € T'(t) and p is the outer unit normal of Q. T'y is
a starting hypersurface which fulfills the geometric properties I'g C €2, d'g C 92 and 'y L 0€2.

Note that the line “corresponding boundary conditions on OI'(#)” from (3.1) reduces to the
angle condition, since no additional boundary conditions are needed.

We want to determine criteria for linearized stability around a stationary solution I'* of (3.14).
This means that I'* fulfills a time-independent version of (3.14), i.e. for the mean curvature H*
of I'* it holds H* = 0 and furthermore I'* has the geometric properties I'* C €, oI'* C 92 and
fulfills the right angle condition, i.e. n* -y = 0 on JI'*, where n* is a unit normal of I'*.

The condition H* = 0 is the characterization of a minimal hypersurface. Although there
is a large amount of literature concerning the theory and examples of minimal hypersurfaces,
mostly for the case of surfaces in R3, we will not use anything aside from the vanishing of mean
curvature.

3.2.1 Resulting partial differential equation

To rewrite the geometric evolution law (3.14) as a partial differential equation for an unknown
function, we consider special solutions I' of (3.14). Therefore we fix a stationary solution I'* as
above and consider hypersurfaces I',(t) given as in Section 3.1 with the help of a function

p:[0,T) x T* — (—d, d)
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through a diffeomorphism onto its image
or T — Q
by
Iy(t) =@°(t,T7).

The details of this construction were given in Section 3.1.
The corresponding equation for p on the fixed stationary hypersurface I'* as in (3.12) reads
here

V(®P(t,q)) = H(®’(t,q)) inIT* forall t>0,
(n-p)(®P(t,q)) = 0 on OI'* forall ¢t >0, (3.15)
p(0,q) = polq) in I

As explained in (2.12), we use the common abbreviation V(®(¢,q)) = V(t,®(t,q)) and analo-
gously for H and n.
We also give equation (3.15) in terms of the mapping ¥

V(¥(g,p(t,9) = H(¥(g,p(t,q)) inT  forall ¢ >0,
(n-w)(¥(q,p(t,q)) = 0 on oI'* for all ¢t >0, (3.16)

p(0,q9) = po(q) in ',

where the dependence on p can be seen directly.

3.2.2 Linearization around a stationary state

The idea of linearized stability is the following. For a starting hypersurface I'y close to the
stationary solution I'* we consider a solution I'(¢) of a linearized version of (3.14) and try to
find criteria for the convergence of I'(¢) to I'* in some sense for t — co. By a linearized version
around I'* of some geometric evolution equation, here (3.14), we always mean the linearization
of the corresponding equation for the unknown function p, here (3.16). Since I'* corresponds to
p = 0 this means more precisely the linearization of (3.16) around p = 0. The criterion that we
will give in Theorem 3.17 yields asymptotic stability of the linearized equation by the positivity
of some bilinear form.

To get the linearization of (3.16) around p = 0, we write £p instead of p in (3.16), differentiate
with respect to € and set € = 0. This gives a linear partial differential equation for p, which will
be examined further.

Remark 3.3. Although the above explanation is exactly the usual approach to build a lineariza-
tion, we give a formally correct description with the help of the first variation. Therefore we
consider each term in the first line of (3.16) as operator

FiC®T*) - C=(T"),  pr Flp),
(omit the t-variable) and define the first variation of F at p =0 in direction p as

SF(p) = g—i(o)(p) = d%F(&p) B
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An analogous description is done for the boundary equation in the second line of (3.16). This
is the formulation that we always have in mind when building the linearization of (3.16) around
p=0.

The next steps consist in building the linearization of each term in (3.16). For the normal
velocity, we have the following formula.

Lemma 3.4. The linearization of normal velocity in (3.16) is given through the following ex-
pression for g € I'* and t >0

iV(t, U(q,ep(t,q)))

= = Op(t,q). (3.17)

e=0

Proof. From Lemma 2.40 of Chapter 2 we have the following representation of normal velocity

V(L p(t0) = ot e, plt ) - S0 o(t0)
= <n(t, (g, p(t;q))) - 0¥ (g, p(t, Q))) Fp(t, q) -

Therefore we can calculate

d

LV epna) = (6 W@ 2p(0) 0¥ 0(t,0)

=0
+ (n(t, \IJ(q,ap(t D)) - 0uV(g,2p(t.0))| _ duplt.q)
= (n(t,9(g,0)) - 0u¥(q,0)) dp(t,q)
D (n*(q) - 0,9(g,0)) Auplt, q)
= atp(t,Q),

where we used (3.5) in the last line. To see n(t, ¥(g,0)) = n*(¢) in the line before, we observe
the fact that n(t, U(q,ep(t, q))) is the normal of I'. ,(t) at W(q,ep(t,q)) € I'c,(t), so that for e = 0
the term n(t, ¥(q,0)) is the normal of I',=¢(t) at ¥(q,0) € I'y=g. With (3.3) and I',=o(t) = I'*
for all ¢t we find that n(t, ¥(q,0)) = n(t,q) = n*(q) is the normal of I'* at ¢ € I'*. O

e=0 e=0

In the next note, we show a formula for the linearization of mean curvature, which is well-known
in the literature, but we give a basic proof with the help of the abstract results from Chapter 2.

Lemma 3.5. The linearization of mean curvature in (3.16) for ¢ € I'* and t > 0 is given by

d

- H(t, % (q,2p(t,9))) = Ar-p(t,q) + |o*[*(a) p(t,q) , (3.18)

e=0

where Ar« is the Laplace-Beltrami operator on T* and |0*|? is the square of the norm of the

second fundamental form of T'*, given through |o*|* = Y"1 | (k})? with the principal curvatures

ki of I'*.
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Proof. We prove this formula by using the concept of the normal time derivative from Definition
2.36 and in particular formula (2.3) for the normal time derivative of mean curvature. We will
also need the relationship between different types of derivatives from Lemma 2.39. To use these
facts from Chapter 2 we have to change our notation slightly, since we consider derivatives with
respect to ¢ instead of ¢ as in Chapter 2. Therefore we will introduce an evolving hypersurface

r = | {exTe

e€(—¢o0,e0)

parametrized by ¢ instead of ¢ in the following way. We fix ¢ and consider for small 5 > 0 and
e € (—ep,€0) the mapping

o0 T" —Q,  ©(q) == V(g ep(t,q)),
which is a diffeomorphism onto its image and set
[(e) := im (95°).
There is a one-to-one relation between I' and T given by
f(e) = Tep(t),
so that we see that the hypersurfaces f(a) are just a renaming of the previous ones. In particular

it holds T'(0) = T',=o(t) = I*.
To calculate the normal-velocity of T at (g,p), we let p = ®;”(q) for some g € I'* and proceed

Vien) = V(e 97@) = e #7(0) - L #7(0)

= (A=, 97 (0) - 0u¥(g,2p(t,0)) ) plt.q) ,

where 7i(, p) is the normal of I'(¢) at p € I'(¢). With the fact 72(0, ¢) = n*(q), which is justified
with the same lines as n(t,q) = n*(q) in the proof of the linearization of normal velocity in
Lemma 3.4, we get for e =0

V(0,9) = (7(0,9)-0u,%(q,0) pt,q) = plt.q),

where we used (3.5).

The next point is to observe that the mean curvature of I'(¢) at p € I'(¢), denoted by H (e, p),
is due to the fact I'(c) = I'.,(t) also the mean curvature of I'c,(t) at p € I';,(t), denoted by
H (t,p). With p = ®;”(q) for some ¢ € I'* (note that ¢ is always fixed at the moment) this gives

H(e, ®:"(q)) = H(t,®:"(q)),
where H is defined on I and H on I.

So we get for the linearization of mean curvature, which we wanted to calculate,

d d ~

%H(u@ap(tafﬁ) = %H({f’@ap(t,q))-
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The right side can be expressed with the help of d O, the normal time derivative on I and another
term as follows from Lemma 2.39 with " and ¢ instead of I' and ¢ through

o ~

~ ~ . T
EHEOP@) = 8 HE07 @)+ Vi A 570 (Ve erlta) )

= Ap V(e 27 (a) +151°(e, 2"(a) Ve, 2 (a)

T
+Viey H(e, 2(0) <5w‘1’(q,6p(t, C]))) p(t,q) -

In the last equation we used formula (2.3) for the normal time derivative of mean curvature
from Chapter 2. For ¢ = 0, this gives

d~ . ~ B _
T H (e, ®7(9)) = Ar-V(0,q9) +15(0,9)V(0,q)
e=0

~ T
+VrH(0,) - (0,%(0,0)) plta)
= Apep(t,q) + 0" (q)p(t, q) + Vr-H*(q) - <8w\11(q,0))T p(t,q)
- AF*p(taQ) + |U*|2(Q)p(taQ) ;

where we used V(0,q) = p(t, q), the same relation of & and ¢ as for H and H and the fact that
H* = 0 on I'*. For later use in Section 3.4 of surface diffusion we remark that we just need
H* = const. This yields formula (3.18). O

We proceed with the linearization of the boundary condition

n(t,¥(q,p(t,q))) - n(¥(q,p(t,q))) =0  on OT" (3.19)

for t > 0 around p = 0, that is around the stationary state I'*.

To calculate this linearization at qo € OI'* and tg > 0, we choose a local parametrization of I'*
around ¢y with nice properties. More precisely, let U € R™*! be an open neighbourhood of g,
V € R*! open and ¢ : U — V a diffeomorphism from Definition 2.4, such that

pUNT") =V N (RE x {0}) with ((q0)), = 0.
We set D x {0} :==V N (R} x {0}) and let F = (go_l)‘D, ie.

F:D—T*cR"™ 2 F(z). (3.20)

This is a local parametrization extended up to the boundary around gy with F(xg) = go for
some xg € 0D. At the fixed point zy, we can demand the following properties.

(A) O01F(xo),...,0nF(x0) is an orthonormal basis of T, I'*,
(B)  01F(x0) = nar+(qo), where ngp« is the outer unit conormal of I'* at OI'* and

(C) (O1F X ... X OnF) (x9) =n*(F(x0)), where we just fix the sign.
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The third assumption (C) uses the cross product for n vectors in R"*!, which in this case due
to the orthonormality of 01 F'(x¢), ..., 0, F(x¢) lies by definition in normal direction and we just
want to fix the sign. Note that with our Definition 2.5 of the tangent space even for points
go € OI'" on the boundary the tangent space Tj,I'* is an n-dimensional subspace in contrary to
an halfspace, as considered in some literature.

With the parametrization F' of I'* we also get a parametrization of I',(t) using the diffeomor-
phism ®f : I'* — T',(t) with ® (qo) = po for pg € T'y(t), which we denote by

GiiD—Tyt),  Gila) = O(F(x)) = W(F (), p(t, F(2))).
Locally around (g, pg), the normal
n(t,p) = n(t,2(q) = nlt, ®/(F(2)))
of I'(t) is given with the help of the cross product of n vectors in R"*! through

01Gy X ... x 0,Gy 2) — 01®) x ... x 0,PF (F(z))
|01Gy X ... x 0,Gy] P x ... x 0,9 ’

n(t, o} (F(z))) =

where 0; is the partial derivative with respect to x;. For the convenience of the reader, we
summarize the used properties of the cross product in the appendix.

To calculate the linearization of the boundary condition (3.19), we need the following properties
of U at w=0.

Lemma 3.6. With the help of the parametrization F it holds for F(x) = q € T*
(i) W(F(@),0) = F(x), 39(F(x),0) = &F(x),

and for F(xz) = q € OI'* we have
(i1) OwY(F(x),0) =n*(F(x)), 0;0,Y(F(x),0) - n*(F(x)) =0.

Additionally, for the fized F(x¢) = qo € OT'™* it holds

(iid) (O x ... x 9, 0) (F(z0),0) = n*(F(x)),

i-th pos.

(1v) (81\11 XX 0¥ X... % Bn\If> (F(x0),0) = (=1)0; F(xo) and

i-th pos.
—

(v) (alxp X X B0 X ... X anxp> (F(x0),0) = (Biaw\IJ(F(mo),O) - @F(mo)) n*(F(x0)),

where i = 1,...,n in each case.

Proof. (i) follows directly from (3.3).
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The first part in (é7) is just Lemma 3.1 and the second part can be derived by the first part
and by differentiating (3.5). In fact, it holds

0 = 0 (0,(FE).0) 0 (Fw)

= 0;0,¥(F(x),0) -n"(F(z)) + 0, ¥ (F(x),0) - Oin*(F(x))
= 0,0, V(F(2),0) - n*(F(2)) + n*(F(x)) - 0" (F(x))

=0
where we used 2 (n* - 9;n*) = 9; (|n*|?) = 0.
(#i7) is achieved due to
(BT X ... x 8 0) (F(20),0) 2 (F x ... x 8, F) (o)

and the above sign convention (C) for the parametrization F' at xg.
(iv) follows from
(i)

(MY X ... X 0pV¥ X...x V) (F(x0),0) = (OF x...x(n"oF)x...x0,F)(x0)

and Lemma 5.6 in the appendix.
(v) can be shown in the following way. Due to the second part of (ii) at © = zp, we can write

6i6w\p(F($0), O) = Z <828w\I/(F(.%'0), 0) . 61F(1‘0)) alF(.%'o)
=1

because (61F(x0), ooy OnF (), n*(F(xo))> is an orthonormal basis of R**1. This gives

i-th pos.
<61\I/ X oo X 0i0p ¥ X ... % an\p> (F(x0),0)

= | QU (F(20),0) x ... x (aiaw\I/(F(xo),O) -BlF(x0)> OF (20) X ... x 8, U (F(x),0)
=1
=y <81F X % OF(zg) % ... X anF> (o) <6Z-(9w\11(F(x0),0) : alF(xo))
=1

/

— (aiaw\p(F(xo), 0) - &-F(xo)) n*(F(zo)) .
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With the help of the above notation for the normal in terms of a parametrization, we can write
the boundary condition (3.19) locally around (to,xo) through

((alq)fx...xanq)f)-(,uo<1>tp>)(F(x)) = 0. (3.21)

For the linearization of (3.19) we can therefore consider (3.21) and linearize this equation. To
proceed with a precise result, we introduce some notation that will be convenient to shorten the
calculations. We write

V(q,p(t.q)) = OV(F (), w)|y—pu,r(z)) »
that is, the derivative acts only on the first variable of W,
9uw¥(q, p(t,q)) = 0wV (F(2),p(t, F(z))) and
9ip(t,q) = 0ip(t, F(x)),

or even briefer
4V = 0;¥(q, p(t,q)), 0wV :=0u¥(q,p(t,q)) and Oip:=9;p(t,q).

Now we can show the following linearization of (3.19).

Lemma 3.7. The linearization of the angle condition (3.19) for t >0 and q € OT'* is given by

d% <n(t,\I’(q,6,0(t,q))) 'u(‘l’(q,ep(t,Q)))) .

= —Vrp(t,q) - plq) + Se(n*(q),n"(q))p(t, q) , (3.22)

where S is the second fundamental form of OQY with respect to —p. Note that n*(q) € T,00Q
because due to the angle condition for the stationary state T'* the relation n*(q) - p(q) = 0 for
q € OT'* holds true.

Proof. We calculate the linearization at a fixed point gy € OT'* and ty > 0. Using the above
notation for the parametrization F' we are led to the linearization of (3.21), i.e. we have to
calculate

d

- [ (015 x ... x 9,057) - (no 07") (F(x))} (3.23)

e=0

at the fixed point (¢, zo).
For the vector product in the above formula we do firstly some calculations without € to get

OO (F(x)) = 0, (W(F (@), plt, F(2)))) = B,¥ + 0,0 yp, (3.24)
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where we used the above short notation. Furthermore we observe

(81<I>f X ... X 8n<1>tp>
= (0 +0p0,0) X ... X (0, +0ip 0, T))

= (81\I'><...><6n\1'>

n i-th pos.
+Z@Z—p <81\I/ X ...X OV x... x@n\I/>

i=1

n i—ih\pos. jﬁ)\pos.
+Zaip8j,o<61\1'x...x Op¥ X ...x 0,0 x...x@n\I'>
i,j=1

1#]

=0
+ terms with more than two 9,V in the cross product, which also vanish

_ (61\I/><...xan\I/>+Zn:8ip<81\IJ><...x ﬁs‘x...xanxp)
=1

Inserting the last identity into (3.23) for the fixed (tg,zo) with F(xg) = qo, we can do the
following calculation

(31(1)%) % anq)i(f) . <M o Q)Z’)D) (F(ZCO))] o

(alxp X .. X anxp) (90, p(t0, 00))

- 1(¥(qo, ep(to, QO)))}

i-th pos.
—i—zai&“p(to,QQ) <81\If X ... X aw\If X ... X 8,&) (QQ,&“p(tQ,qO))
e=0

= {(61\11 X ... X 8n‘1’) (q0,ep(to,q0))
1)

n i-th pos.

+ > 0iep(to, qo) (81\1’ XX Op¥ X ... X Bn\I’> (90,€p(t0,q0)) - (¥ (qo,0))
=1

(2) e=0

d
| (009 x .. x 0,7 (q0,0) +0 | - == (W (a0, (o, 90)))
(4) e=0

3)
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We will consider the above numbered terms separately. For the first one, we calculate

d n ws
d_e(l) = Z <61\I/ X oo X OO U X ... X Bn\P) (g0, 0) p(to, q0)
e=0 k=1
S 0 (00) (010w U (F (20), 0) - 04 F (20) ) plto, o)
k=1
Therefore we get
d n
2 ) = > <3k3w\P(F($o)70) - 5kF(960)> p(to,q0) (n"(qo) - 1(qo0))
=0 Pt T/
= 0,

where we used u(¥(qo,0)) = p(go) due to (3.3) and the angle condition for I'* to conclude
n*-pu=0.
For the second term, we observe

d n i—t/h_\posA
%(2) = Zaip(to,qO) <31\I/ X oo X 6w\IJ X X 8n\I/> (F(m'o),())
e=0 i=1

3.6, (iv =
() —Zaip(to,QO)aiF(xO)

=1
= —Vrp(to,q),

where the last identity can be seen with the representation of the surface gradient in local
coordinates from Remark 2.22 due to assumption (A) for F' at the fixed zy. Taking the scalar
product with the normal yields

d
£(2)

~u(go) = —Vrep(to,q0) - 1(q0),
e=0
which is the directional derivative —d,,p(to,qo) of p in direction of the outer unit conormal j of
'™ at OI'*. Here we used the fact u(q) = ngr+(q) on OI'*, that is the outer unit normal of 2
equals the outer unit conormal of I'* at OI'* due to the angle condition.
For the remaining terms we observe

d

3 L -

= (@ X 0,0) (F(20),0) - ——p(¥ (g0, £p(to, 00)))

e=0 EZO
3.6, (i)
= n*(qo) 'a(n*(qo)p(tmqo))’u’

where the directional derivative appears by definition with the help of the curve ¢(g) = ¥(qg, ep(to, 90)),
which fulfills

cle) € 09,
C(O) = ‘I’(QOa 0) =40,
d0) = 8u%(q0,0) plto, a0) 2" 0¥ (qo)plto, ao) -
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Due to linearity of the directional derivative, we finally get

®) L@ = (0 (@) Dwayh) olton )

e=0
= S (n"(q0),7"(q0)) p(to, 90) »

where S is the second fundamental form of 9f) equipped with normal —pu, see Definition 2.16.
Note that n*(go) € 15,08 due to the angle condition for the stationary state I'*.
Altogether, the linearization of the boundary condition

n(t, ¥(q, p(t,q))) - n(¥(q,p(t,q)) = 0
at the fixed point (¢g, o) yields

d d d

0 = %(1) ) w(qo) + %(2) ) 1(qo) + (3) - %(4) »

= 0— Vr«p(to,q0) - (qo) + Sgo (7" (q0), 7" (q0)) p(to, q0) ,

Since the fixed point (tg,qo) was arbitrary, we can conclude the above linearization for every
q € OI'* and ¢ > 0, which completes the proof of Lemma 3.7. O

From the above Lemma 3.7 together with Lemmata 3.5 and 3.4 about mean curvature and
normal velocity, we get the following linearization of (3.16).

Op(t,q) = Ar«p(t,q)+|0**(q) p(t,q) inT* forall t>0,
Vrep(t,q) - pla) = S(n*,n%)(g) plt,q) on O forall t>0,  (3.25)
p(0,q) = 0 in '™,

or in abbreviated form

dp = (Ar-+|c**)p inI™ forall t>0,
0 = (0y—S(n*n*))p onodl* forall t>0, (3.26)
p(0) = 0 in T*.

Remark 3.8. For the above linearization of the right angle condition we chose the second
fundamental form S of 02 with respect to —u to have the same notation for the bilinear form
from Definition 3.9 as in the work of Ros and Souam [RS97] and Vogel [Vog00).

3.2.3 Conditions for linearized stability

In this important subsection we give conditions for the asymptotic stability of (3.26), which was
the linearization of the geometric problem mean curvature flow with outer boundary contact.
To this end we generalize the work of Garcke, Ito and Kohsaka [GIKO05], where they considered
surface diffusion flow with outer boundary contact for curves in the plane. This method, based
on spectral theory for a specific linear operator, is independent of a maximum principle and can
therefore be generalized to later sections about volume-preserving mean curvature flow, surface
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3.2. MEAN CURVATURE FLOW

diffusion flow or even to cases with triple junctions, when a coupled system of partial differential
equations does appear.

We want to give the necessary steps for this part firstly in words and formulate the result
already. At the beginning, we are going to show that the linearized problem (3.26) is the
gradient flow of a functional E(p) which is given with the help of a certain bilinear form I
through E(p) = I(p,p)/2. Then we can show that the linearized operator A, which describes
solutions of (3.26), is self-adjoint and we will study its spectrum. This spectrum will consist of
countable many eigenvalues, that can be related to the bilinear form I with the help of Courant’s
maximum-minimum principle. Finally, we can describe asymptotic stability of the zero solution
of the linearized problem (3.26) through the condition that I is positive and we achieved our
goal:

I'* is linearly asymptotically stable
1p.p) = fo (1909 = [0°[20%) dH" ~ [y S(n*,n)p? dH"!
is positive for all p € H'(I'*)\{0}.

We recall shortly the term asymptotic stability as in the book of Lunardi [Lun95]. The zero
solution of (3.26) is called stable, if for each € > 0 there is a § > 0 such that for all solutions p
of (3.26) with starting condition p(0) = po in I'* and ||po|| < ¢ the inequality ||p(¢)|| < € holds for
all ¢ > 0. It is called asymptotically stable, if it is stable and in addition lim; ., ||p(¢)|| = 0
uniformly for pp in a neighbourhood of 0. The norm ||.|| is the norm of the subspace D(A) in
our upcoming notation and will be different from section to section.

Problem (3.14), that is the mean curvature flow with outer boundary contact as a right angle
condition, can be interpreted as the L2-gradient flow of the area functional A(t), which follows
from

pwy = - / VH

from Lemma 2.46. Here we demonstrate that the linearization (3.26) can also be interpreted as
a gradient flow, which will be an important observation for our stability analysis.

Therefore we introduce the following symmetric bilinear form on H'(I'*) and the associated
energy.

Definition 3.9. For p1, po € HY(I'*) we define

I(p1,p2) = / (VF*pl - Vreps — |o*?p1 ,02) dH" — ; S(n*,n*)p1 po dH™ 1 (3.27)
I I
and the associated energy for p € HY(T'*)
1
E(p) = 3lp.p). (3.28)
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Now we can show that the linearized problem (3.26) is the L2-gradient flow of E. Here we
say that a time dependent function p with values in H!(T'*) is a solution to the gradient flow
equation to E and (.,.);2 if and only if

@p(t), )2 = —0E(p(1))(E) (3.29)

for all ¢ € H'(I'*) and all . The above derivative of F in a direction ¢ is given by I(p(t),&).
Then formula (3.29) is just a weak version of the linearized problem (3.26). In fact, if we consider
for fixed ¢ the equation

ap(t) = Arep(t) + 0" [2p(t)

for a solution p € L%(0,T; H?(I'*))N H(0,T; L*>(T*)) of (3.26), multiply this identity with some
¢ € HY(T*) , integrate over I'* and use the boundary condition, we get

ow®)€ = [ (Brpt) ¢+ o))

F*
= [ Trp0)- Trog 40 P + [ Troplt) mor ¢
* or* ———~———
=0,up(t)
= [ (Tre0) Ve - o Po)€) + [ St ntott) ¢
r* or*

= —1(p(1),$)-

Here we used integration by parts on hypersurfaces from Remark 2.30. This remark was formu-
lated for smooth functions, but by a usual approximation of Sobolev functions it also holds in
this case.

If on the other hand the equation

@ip(), &)z = —1(p(1),)

holds for all £ € H'(I'*), we get with the help of regularity theory that p(t) € H?(I'*) is a
solution of (3.26).

Now we define the corresponding linearized operator of (3.26) through

A:DA) — H
with
D(A) = {pec H*(I*)]| (8, — S(n*,n*))p=0on dr*},
{ H = L*(I), (3.30)
by
Ap = Ar-p+|o*)?p (3.31)
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for all p € D(A). With the help of the above gradient flow structure, we see that for p € D(A)
and &£ € HY(T'*) the identity

(Ap,&)z = —1(p;€) (3.32)

holds true. This implies the symmetry of the operator A.

Lemma 3.10. The operator A is symmetric with respect to the inner product (.,.)rz.

Proof. For p,& € D(A) we have

(Ap7 é.)L2 - _I(p7 g) = _1(57[)) = (‘A§7P)L2 = (pv'Ag)LQ s

so that A is symmetric. O

As in Garcke, Ito and Kohsaka [GIKO05], we need to analyze the spectrum of 4 in order to decide
on the stability behaviour of the linearized problem (3.26). This spectrum can be described with
the help of the functional I from above. In fact, if p € D(A) is an eigenfunction of A to the
eigenvalue ), it holds

A(p’ £)L2 = (Apag)L2 = _I(pag)

for all £ € HY(T).
The next important step is to show boundedness of eigenvalues of A from above. Therefore,
the following lemma is needed.

Lemma 3.11. There ezist positive constants C1 and Co such that
||P||§{1(r*) < Ci(p, P)LQ(F*) + Col(p,p)

for all p € HM2(T'*).

Proof. At first, we want to use the following inequality. For all § > 0 there exists a C5 > 0,
such that

1B orey < SIVEplZa ey + Collol 2y (3.33)
for all p € HY(I'™).
To see this inequality, assume by contradiction that there exists a § > 0, such that we can find
a sequence (fn)neny C HY(T*) with
- ~ =12
1Pnl T2y > OV pullTaey + 2l onllZo e -
In particular this means ||pn||2(sr+) > 0 and we can build p;, = (HﬁnHLg(ap))fl Pn to get

1 > 01Vrepallia ey + nllonlzzge) -
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This implies
2 1
lonllz2 ey < 0 0 asn—o0
and

1
190 plZaey < 5
Therefore p,, is bounded uniformly in H!(T'*), so a subsequence converges weakly
pn—7 in H'(IY)

to some p € HY(I'*). Due to p, — 0 in L?(I'*), we conclude p = 0. From the compact embedding
HY(T'*) — L%(0I'*) we get then the strong convergence

pn— 0 in L*(aT*) .

This is a contradiction to the fact [|pnl[z2or-) = 1 for all n € N and therefore we proved
inequality (3.33).
Now we proceed with the estimate

/ Vrepf? - / 0202 = [ S(n,n*)?
= = or*

/F* [Vrepl® - |||U*|2||L°°(F*) ||P||%2(r*) — [[S(n*, 7)o (ar+) HPH%%@F*)

I(p, p)

v

(3.33) 2 |2 2
O B\ L Py A

—0[[S(n*,n*)| L~ (or+)

V) — CallS(0* ) ooy 1912 e
= (1= 3180 n) s or) ) Ve ol
= (Il Bllie ey + Call S n) e o) ol o
By choosing § > 0 small enough, so that (1 —9||S(n*, n*)HLoo(al"*)) > 0 we get the inequality

I(p,p) + Cliplltarey = IVr-plizze)-

Adding || pH%Q(F*) gives the assertion. O

Due to the previous lemma we can show boundedness from above for the largest eigenvalue of \A.

Lemma 3.12. Let A be an eigenvalue of A. Then the following inequality holds
(3.34)
where C and Cy are the positive constants of the above Lemma 5.11.
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Proof. Let p € D(A) be an eigenvector corresponding to the eigenvalue A, which in particular
means p # 0. This implies

)\([),p)LQ = (‘Apap)LQ = —I(p,p) :

If we now assume that A > %, we would have

o 311 1

0 = I(p,p) + A(p,p)p2 > 10, p) + = (0, P) 2 = = lolli ooy
Cy Cy
> 0,
which is a contradiction. O

The next step is to show that A is self-adjoint with respect to the L%inner product (.,.)z2.
This will be done without explicit work with the adjoint A*, but with a property, that implies
the equivalence of symmetry and self-adjointness. For this abstract theorem we refer to the
book of Weidmann [Weid76]. Due to Lemma 3.10, which shows symmetry of A, we then proved
self-adjointness.

Lemma 3.13. The operator A is self-adjoint with respect to the L*-inner product.
Proof. We use the following theorem of operator theory. If there exists a A € R, such that
im (\d—A) = L*T%),
the properties symmetry and self-adjointness of A are equivalent, see [Weid76].
So we have to show that there exists a A € R, such that for a given f € L?(I'*) there exists a
p € D(A) with

A—Ap = f on I,

that is

(*) _AF*[) - ‘U*Pp—i_ )\p = f on F* 9
(Op — S(n*,n*))p 0 on OI'*.

The weak formulation of () is given through the following problem. For given f € L?(T'*) find
a p € HY(T'*) such that

Voo Vo= [ o Ppoid [ pu- [ swraew = [ fu
I'* I'* I'* I'*

ar*

for all ¢p € H'(I'*). When we define the left side of the above equation as a bilinear form a(p, v)
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with a : H(I'*) x H'(I'*) — R we conclude the following inequalities. For p € H'(I'*) it holds
a(p,p) = I(p,p) +/F Ap°
1 2 G / 2 2
> = - = + [ A
G ol 71 o R S

IR TR Cy 2
= o+ (=g [

1
el

v

where the last inequality can be achieved by choosing A large enough, such that A— g—; is positive.

The above inequality shows coercivity of a for large A and as in the theory of elliptic operators
in R™ one can show that the above problem (%) has a unique solution p € H'(I'*), see Aubin
[Aub82]. Regularity theory for elliptic partial differential equations on manifolds, which is due
to the fact that differentiability is a local property roughly is the same as on open sets in R",
shows p € H%(I'*). The boundary condition 8,p — S(n*,n*)p = 0 on OT* is then fulfilled in a
strong sense.

Altogether we found a solution p € D(A) of A\p — Ap = f on I'*. With the above explanation,
we proved self-adjointness of A. O

As next point we want to give a first criterion for stability of (3.25) around the zero solution.

Theorem 3.14.
(i) The spectrum of A consists of countable many real eigenvalues.
(i1) The initial value problem (3.25) is solvable for initial data in H = L*(T'*).

(7it) The zero solution of (3.25) is asymptotically stable if and only if the largest eigenvalue of
A is negative, in short notation o(A) < 0.

Proof. ad (i): For A > % we have shown surjectivity of

(Md—A): DA — H

in the proof of the last Lemma 3.13.
With the identity

oMd—A) = A—o(A)

for the spectrum, together with the fact that pu < % for every p € o(A) from Lemma 3.12, we
see that there exists no eigenvalue zero of A\ld— A. For a linear operator this means in particular
that it is injective.

Continuity of the resolvent

(Md—A)"': H— D(A)
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can be seen by observing that
Md=A) (N)=p & Md=A)(p)=f,

which means that p solves the elliptic partial differential equation (x) from the proof of Lemma
3.13. So a standard inequality for solutions of elliptic partial differential equations

ol < (If1ee

gives the desired continuity.
Since the embedding D(A) — L? is compact, we get a compact operator

(Md—A)"':H—H.

Together with the self-adjointness of A from Lemma 3.13, we get the claim (¢) with the help of
an abstract theorem of operator theory, for example we refer to the book of Kato [Kat95].
ad (i7) and (i77): Existence and stability of the problem

Find p(t) € D(A), such that dp(t) = A(p(t))

can be treated with the theory of analytic semigroups as is done for example, in the book of
Lunardi [Lun95]. We just show that .4 generates an analytic semigroup.

Firstly, we know that for w € R the operator A := A — wId is self-adjoint, since from Lemma
3.13 the operator A has this property. Second, we can show that A is dissipative, which means
that

(Ap,p)r2 <0  forall pe D(A).
In fact, this can be seen with the help of Lemma 3.11 through

(Ap.p)rz = (Ap,p)r2 —w(p,p)p2
= _I(p7 P) - w(ﬂ? p)L2

1 Cq
~ ol + (G ) ol
< 0,

IN

where the last inequality can be achieved by choosing w large enough. Now we use an abstract
theorem from [Weid76], which states that a linear, densely defined, self-adjoint and dissipative
operator is in particular sectorial and therefore generates an analytic semigroup 7'(t). For com-
pleteness we mention finally that S(t) := e“!T'(t) is the analytic semigroup with generator A. [J]

As a characterization of the eigenvalues of A, we can directly generalize a result of [GIKO05],
where the authors used the classical Courant’s maximum-minimum principle from [CH68].

Lemma 3.15. Let
ALZ> A > A3 2> ...

be the eigenvalues of A (taken multiplicity into account).
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(i) For all n € N, the following description of the eigenvalues holds

I
An = inf sup —M ,
WeSn pemfoy (P, P)12
I
—Ap = sup inf (0, )

WeS,_1 peW\{0} (p,p)r2

where Xy, is the collection of n-dimensional subspaces of HY2(T'*) and W is the orthogonal
complement with respect to the (.,.)r2- inner product.

(13) The eigenvalues Ny, depend continuously on S(n*,n*) and |o*| in the L*°-norm.

Proof. The first part follows with the help Courant’s maximum-minimum principle from [CH68|
and the second part follows due to the structure of I, which is

I(,O,p) _ /F* (|VF*P 2 |0_*|2p2) dH"™ — /ar* S(n*,n*)p2 danl .

Since the generation of the infimum and supremum in (i) preserves continuity, we see the con-
tinuous dependence of Ay, to ||o*||pec(r+) and [[S(n*, n*)|| peo (ar+)- O

Remark 3.16. For the largest eigenvalue \1 of A we have the description

Alp.p) (3.35)

-\ = min
peHL(TN\{0} (P, p)p2

which can be seen directly from the second description of A1 in Lemma 3.15 through —\1 =
SUpw ex, inf e 11 {0y (2(55’:)2 and Yo = {0} and therefore W+ = HY(I'*). The fact that the

minimum is attained also follows from the classical work Courant and Hilbert [CH68].

From Theorem 3.14 we have asymptotic stability of the linearized problem (3.25) if and only
if Ay < 0. This leads to the following main conclusion.

Theorem 3.17. The linearized problem (3.25) is asymptotically stable if and only if

I(p,p) > 0

for all p € HY(T*)\{0}, where

I(p,p) _ \/IW (‘VF*P‘Q - ‘O'*‘QPQ) dH™ — - S(TL*,TL*)[)Q dHn—l )
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3.3 Volume preserving mean curvature flow

Let us consider here the so called volume preserving mean curvature flow with outer boundary
contact, which is a direct generalization of the previous Section 3.2. With the same notations
as before, we assume the special representation of the evolving hypersurface as a graph from
Section 3.1 and linearize the resulting equation. For the stability analysis we can then refer to
the last section, where we used methods that are also applicable in this case.

With the same notations as in the section of the mean curvature flow we consider here the
problem of finding an evolving hypersurface

r= |J {t}xT@) with T(t)c R, (3.36)
te[0,T)

as in Definition 2.31, evolving due to the volume preserving mean curvature flow, such that I'(¢)
lies in a fixed bounded region 2 C R"*! and the boundary OI'(t) of each of the hypersurfaces
intersects the boundary 90X of the fixed region at a right angle.

In formulas, the problem reads as follows. Find I as in (3.36), such that

V = H—-H inT(t) forall t>0,
e c Q for all t >0,
ar(t) c o0 for all ¢t >0, (3.37)
n(t)-p = 0 on OI'(t) forall t >0,
r@0) = .

Here V, H, n and u are the normal velocity, the mean curvature, a unit normal of the evolving
hypersurface I and the outer unit normal to 02 as explained in Sections 3.1 and 3.2.
H is the mean value of mean curvature, that is

H(t) = HdH" . (3.38)
I'(t)

T’y is a given starting surface, which lies in 2 and intersects the boundary 0f2 at a right angle.
We observe that stationary surfaces of this flow satisfy H = H, so they are hypersurfaces with
constant mean curvature, so-called H-hypersurfaces.

With the notations of Section 2.4 for area A(t) and volume Vol(t) of I'(¢) , we can justify the
name of the flow in (3.37).

Lemma 3.18. For a solution I' of the flow (3.37) the following estimates hold true
(i) LA(t)<0 and
(i1) LVol(t)=0.

Therefore the flow is area minimizing and also volume preserving, as the name of the flow already
indicated.
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Proof. ad (i): With the result of Lemma 2.46 we get

Dawy = —/ VHdH”:—/ (H — ) H dH"
dt () ()

2
1
= — H?dH"™ + —— / HdH"
/r(t) IT'(t)| ( (1)
< 0,

where the last inequality follows from the Cauchy-Schwarz inequality. In fact, we have

2
< HldH") < </ H%lH”) (/ 12dH"> = |T(t)] H?*dH™.
I'(t) I'(t) I'(t) I'(t)

ad (7i): Again with the result of Lemma 2.46, we get

ivoza):/ va":/ (H — ) dH" = 0
dt () r(t)

and the proof is finished. O

As in the previous Section 3.2 we consider special solutions I" of (3.37). Recalling the notation,
we fix a stationary solution I'* of (3.37) and consider hypersurfaces I',(t) given as in Section 3.1
with the help of a function

p:10,T) xI'™ — (—d,d)
through a diffeomorphism onto its image
or T — Q
by
Iy(t) =@°(t,T7).

For the details we refer again to Section 3.1.
The corresponding equation to (3.12) for p on the fixed stationary hypersurface I'* is given
through

V(¥(q,p(t.q) = H(¥(g,p(tq))—H(p,t) inI* forall t>0,
(n-p) (¥(g,p(tq) = 0 on oI'* for all ¢t >0, (3.39)
p(0,q) = polq) in T*.

Here the dependence of the mean value of mean curvature H on p reads as follows

Hpt) = f Ha,
P
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3.3. VOLUME PRESERVING MEAN CURVATURE FLOW

such that this is an additional nonlocal term compared to mean curvature flow.

For the linearization of (3.39) around p = 0, which is our notation for linearization of (3.37)
around the given stationary state I'*, we can use the results and notation of the previous sec-
tion. In particular, we use the linearization of normal velocity, mean curvature and the angle
condition. For the mean value of mean curvature, we have the following result.

Lemma 3.19. The linearization of the mean value of mean curvature is given through

d—
—H(&’p,t)

de - ][F(AF*P(t7q) + 102 (q)p(t, q)) dH™.

*

e=0

Proof. For fixed ¢, we use the mapping from the proof of the linearization of mean curvature
in Lemma 3.5 in the previous section

T - Q g (q) = ¥(q,ep(t,q)),

where ¢ is small. This mapping is a diffeomorphism onto its image and we get evolving hyper-
surfaces in € through I'(¢) = im(®.,) = I'c,(t) and in particular I'(0) = I'j=o(t) = I'*. With this
notation, we can write the mean value of mean curvature as

-1
Hept) = { Hlt,p)dH" = / Lane / H(t, p) dH”
Lep(t) Tep() Tep()

-1
( /~ 1dH"> ( | H(e,p) dH") :
T(e) T(e)

where H (e, p) denotes the mean curvature of I'() at p € I'(¢), which is due to ['(¢) = I'cp(t) for
fixed t really the same as the mean curvature H(t,p) of I'.y(t) at p € I'c,(t). We just use this
notation to describe an evolving hypersurface in €.

For the derivative with respect to £ at £¢ = 0 we calculate with Lemma 2.46

L rae

i Jr = —/* V(0,p) H(0,q) dH" = —/*p(up)H*(p) dH"

e=0
= —H*/ p(t,p) dH™,

where we used the result ‘N/(O, p) = p(t,p) from the proof of Lemma 3.5 from the previous section
and the fact, that the mean curvature H* of the stationary surface I'* is a constant.

Furthermore we get with the help of the Transport theorem 2.44 and the formula (2.3) for the
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normal time derivative for mean curvature

d ~ ~0 ~ ~ ~ ~
d_ _ H(E,p)dH” = /~ (a H(&’,p)—H(E,p)V(é’,p)H(&’,p)) dH"
€ JT(e) T(e)
+ | f[(e,p)vaf(a,p)danl
oT'(e)
= [ (3 7En + pPEnTED)
T'(e)
— | H(e,p)V(e,p)H(e,p)dH" + [ H(e,p)vple,p) dH" .
') ot ()

For € = 0 we get as in the proof of Lemma 2.46 the identity vgr-(0,p) = 0 due to the 90° angle
condition, which gives

d ~
— H(e,p)dH"
de I~‘(5) ( )

= [ Arpltn) + 10"t p)ott.) a1 = ()" / plt, p) dH"

e=0 :

Altogether, we get for the linearization of the mean value of mean curvature

= d% ( /f (€)1dH"> <f(€)fl(6,p)d7f"> B
B (fp31)2 (/ 1 Up (Apep+ [o*?p) — (H*)? /p p}
L)

F@rpt 1) = (9 Lo+ (17 4o
= f(Brp+ o)

-1

d —
" Hep. t
R (ep,t)

*

Here we omitted the volume form dH™ for reasons of shortness. O

So together with the results of the previous section we get for the linearization of (3.39) around
the stationary hypersurface I'* represented through p = 0 the following equations.

op = Arep+o*Pp—Fp(Apep+|o*?p) inT*  forall t >0,
0 (O — S(n*,n*)) p on gI'* for all ¢t >0, (3.40)
p(0,q) = 0 in '™

We give a remark concerning a term in the linearization of the mean value of mean curvature.
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Remark 3.20. It is also possible to write the term fF*Ap*p as

1 1
Ar«p = —/ Vor«p- p = == S(n*,n")p.
r* T Jp- 1T Jar-

A solvability condition for solutions of the linearized problem (3.40) gives here [, p = 0.

Lemma 3.21. Solutions of the linearized problem (3.40) fulfill

/,odH" = 0. (3.41)

Proof. Integrating the first line in (3.40) gives

t t
// <Ap*p+]0*]2p—][(Ap*p—l—la*]zp)) aHr = / ypdH™
0 * I'* o JI'*

where the left side equals 0 and the right side gives

t t
/ OpdH" = /at/ de”:/ p(t,q)dH"—/ p(0,q) dH™ .
0 Jr 0 * = I+
| S ——

=0

Together we get

/,o(t,q)dH" = 0 forallt,

which shows the claim. O

We introduce the same bilinear form on H2(I'*) as in the previous chapter

I(p1, p2) = / (Vrep1 - Veeps = [0 Pprp2) dH" — [ S(n*,n*)pipg dH"! (3.42)
for p1,p2 € HY(I'*).
Due to the solvability condition, we introduce the space

Vo= H\T){p]| fr.p=0). (3.43)

and supply it with the L?-inner product.
In analogy to the previous section, we want to show that the linearized problem (3.40) is the
L?-gradient flow of the functional E(p) := 11(p, p) defined on V', which means exactly the iden-

-2
tity stated in the next lemma.
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Lemma 3.22. The time dependent function p with values in V is a solution of the linearized
equation (3.40) if and only if

@p(t),8) 2 = —0E(p(t))(E)
holds for all £ € V' and all t and if p(0,q) = 0 is fulfilled on T'*.

Proof. At first we remark the identity OE(p(t))(§) = I(p(t),€).
Now let p be a solution of (3.40). From Lemma 3.21 we get p(t) € V. We multiply the first
line in (3.40) with £ € V' and integrate over I'* to get

ows = [ (drpelofpe) = [ f(ArprloP) e

=0

F*

= —1(pt),€),

where the last equality follows with the same calculation as in the case of mean curvature flow.

On the other hand, let p(¢) € V fulfill the identity

(p(),8) 2 = —OE(p(1))(€)

for all £ € V and all £. In detail, this gives

)¢ = [ (Ve Vbt oo + [ St (3.44)

=

for all ¢ € HY(I'*) with Jr- & = 0. Regularity theory for weak solutions of (3.44) leads to
p € H?(I'*). After integration by parts, we observe

ow)e = [ (Arpcrloog) = [ @ug-saranpe.  (349)

F*
First we consider ¢ € H} (I'*) with [i.. £ = 0 and get with the help of the fundamental lemma
Bip(t) = Arp+[o*[Pp+At) onT*,
where A(t) = — f.(Ar=p + [0*[?p) + .0ip(t). Here, the integral over d;p vanishes due to

1 1
— | Op(t) = =0 t)=0,
o7 o 470 = t/p*””

=0

because p(t) € V. So the terms in (3.45) simplify to
0 = 20 [ &= [ (-5 n) ¢ (3.46)
=0
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for all ¢ € HY(I'*) with fl‘* & = 0. Since the values of £ on JI'* are arbitrary, we observe again
with the help of the fundamental lemma

Oup — S(n*,n*)p on OI'*.
Altogether, this means that p is a solution of (3.40) and we proved the lemma. g

Similarly as in the section about mean curvature flow we introduce the linearized operator of
(3.40) through

A:DA) — H
with

{ D(A) = {peH**T*)| (8, — S(n*,n*)) p=0o0ndI'* and [..p=0},
H - 1),

Ap = App+|o*’p - ][1‘ (Arp + \U*‘Qp) dH"™.

For this operator, we can show as in the previous Section 3.2, that A is symmetric, self-
adjoint with respect to the L?-inner product, the spectrum consists of a countable system of
real eigenvalues, the initial value problem (3.40) is solvable for initial data in H and the zero
solution is an asymptotically stable solution of (3.40) if and only if the largest eigenvalue of A
is negative.

Finally we get the following description of linearized stability.

Corollary 3.23. The linearized problem (3.40) is asymptotically stable if and only if

I(p,p) > 0

for all p € HY(T*)\{0} with [..p=0, where

[(p,p) _ \/IW (‘VF*P‘Q _ ‘O'*‘QPQ) dH™ — - S(TL*,TL*)[)Q dHn—l )

3.4 Surface diffusion flow

In this section we consider a fourth order geometric evolution equation, the well-known surface
diffusion, in our case with boundary conditions as described in Section 3.1. As in the previous
two sections we introduce a specific setting for the considered evolving hypersurface, linearize
the resulting partial differential equation around a stationary state and analyze the stability of
the linearized problem with the help of spectral theory. This section is a direct generalization
of the paper of Garcke, Ito and Kohsaka [GIK05] about surface diffusion with boundary contact
for curves in the plane to hypersurfaces, although we need another parametrization as described
in Section 3.1.
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We also want to give some remarks concerning the nonlinear stability as is described in the
work of Garcke, Ito and Kohsaka [GIKO08] for the curve case, which we do in Subsection 3.4.2.

To specify the problem in detail, we use the same notation as in the last two sections. So we
want to find an evolving hypersurface

I= |J {t}xT®) with T(t)cR", (3.47)
tel0,T)

as in Definition 2.31, evolving due to the surface diffusion flow, such that I'(¢) lies in a fixed
bounded region 2 C R and the boundary OI'(t) of each of the hypersurfaces intersects the
boundary 052 of the fixed region at a right angle.

In formulas, the problem reads as follows. Find I as in (3.47), such that

V. = —ApyH inl(t) forall t>0,
VrwH -nor(t) = 0 on JI'(t) for all t >0,
r'e < Q forall t >0,
ar) c o0 for all ¢t >0, (3.48)
nt)-p = 0 on OI'(t) forall ¢t >0,
r@0) = .

Here V, H, n, nyp(t) and p are the normal velocity, the mean curvature, a unit normal of the
evolving hypersurface I', the outer unit conormal of I'(¢) at OI'(¢) and the outer unit normal to
OS). V() is the surface gradient and A the Laplace-Beltrami operator on I'(t). T'g is a given
starting surface, which lies in 2 and intersects the boundary 92 at a right angle.

As in the Section 3.3 of volume-preserving mean curvature flow the area A(t) and volume Vol(t)
as described in Section 2.4 of a solution I'(t) of (3.48) are decreasing and preserved.

Lemma 3.24. For a solution I' of the flow (3.48) the following estimates hold true
(7) %A(t) <0 and
(i1) LVol(t)=0.

Therefore the flow is area minimizing and also volume preserving.

Proof. ad (i): With the result of Lemma 2.46 and the formula for integration by parts from
Remark 2.30 we get

Law = - / VHIH" = [ Apg H HdH"®
dt () ()
() OT(t) e
=0

ad (7i): Again with the result of Lemma 2.46 and the formula for integration by parts, we get

d
ZVol(t) = / VM = - / ArpHdH" = | VpgH - nor(t)dH™ = 0.
dt 0 () ar(t)
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This shows the assertions. O

We observe in the next lemma that stationary surfaces of the flow (3.48) satisfy H = const, so
they are hypersurfaces with constant mean curvature, so-called H-hypersurfaces.

Lemma 3.25. Stationary surfaces of the flow (3.48) are H-hypersurfaces, that is they have
constant mean curvature H.

Proof. Let I'* be a stationary surface of (3.48), that is I'* lies in €, intersects 92 at a right
angle and fulfills the surface diffusion equation (3.48) with V' = 0, so that we have

Ar«H* = 0 inT*
and
Ve«H*-pp = 0 ondl™.

Here we used the fact ngr« = p due to the right angle condition. From a calculation due to the
integration by parts formula from Remark 2.30

0 = ApH*H*dH" = — | VpH* - VpeH* dH" + | Ve H* - pdH"!
I'* I'* or=

= — | |Vr-H*]? dH"
I‘*

we get the equality V- H* = 0 on I'*. With the representation
n
Vr-H*(p) =) 0 H(p)7
i=1

for an orthonormal basis 7y, ..., 7, of T,I'* we get 0., H* = 0 for any tangent vector 7; € T),I'*.
This is true because every unit tangent vector can be extended to an orthonormal basis.

For a given pg € I'" we set A = {p € I'" | H*(p) = H*(po)} and with standard analysis
arguments we show that A is nonempty, open and closed in the relative topology of I'*. Since
our general assumption says that I'* is connected, we conclude A = I'* and therefore H* is a
constant. O

3.4.1 Linearized stability analysis

From now on let I'* be a stationary hypersurface of (3.48), i.e. I'* lies in €2, intersects 02 at a
right angle, fulfills the natural boundary condition Vp+H* - ngr = Vp«H* - ;p = 0 on 9I'* and
the surface diffusion equation with V' = 0, which is

Ap«H* = 0 in I'".

Here H* is the mean curvature of I'*.
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As in the introductory section of this chapter we introduce a specific curvilinear coordinate
system, such that the surfaces I'(t) = I',(t) can be described with the help of a function

p:[0,T) xI'™ — (—d,d)
as graphs over the fixed stationary surface I'*. We recall the notation
L R (_dad) —Q ) (Q7w) = \Il(q,w) )

such that ¥(q,0) = ¢ for all ¢ € T, ¥(q,w) € 99 for all ¢ € IT'™* and 9,,¥(q,0) - n*(¢q) = 1 for
all ¢ € I'*, where n* is a unit normal to I'*. Then we built the mapping

Or:[0,T) x I — Q, ®P(t,q) := V(q, p(t,q)) ,
which is a diffeomorphism onto its image for fixed ¢ and we defined hypersurfaces
Lp(t) = {®"(t,q)[qeT™}.

The corresponding equation to surface diffusion (3.48) written for p on the fixed hypersurface
I'* is given here through

V(¥(q,p(t,q)) = —Ar‘p(t)H( (q, (t,q))) inI™ forall t >0,
0 = (va(t H -ngr ) (Y(g q))) on oI'* forall t >0, (3.49)
0 = (n(t)-u) (Y(g,pt, ))) on oI'* for all ¢t >0,
p(0,q) = polq) in '™

As in Section 3.2 for mean curvature flow and as explained in (2.12) we use the common abbre-
viation V(¥ (¢, p(t,q))) = V(t,V(t, p(t,q))) and analogously for H and n. We also assume as in
the previous sections that the starting hypersurface I'g is given through

Lo ={¥(¢,p0(q)) | g €T"}.

For the linearization of (3.49) it will be useful to transform the surface gradient Vr ;) and the
Laplace-Beltrami operator Ar ;) on I',(t) to the fixed stationary hypersurface I'*. To this end,
we equip I'* with the pull-back metric g := (®f)" 7, where 7 is a symbol for the euclidian scalar
product in R™*!. This means for v, w € T, that

g(v,w) =1 (d, @) (), dg®f (w)) = (dg®f (v) - dyf (w) ) .

From Remark 2.41 we obtain then with p = ®/(¢) = U (¢, p(t,q)) € T,(t) for some ¢ € T'* the
following formulas.

Ar, iy H(U(t,p(t,q)) = ALH,(t,q) and (3.50)
Vi, H (b p(La) = d,0f (VR H(tq)) . (3.51)
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where we use ﬁIp(t, q) = H(¥(t,p(t,q))) and we indicated with an index p on V%, and AP, that
these differential operators depend on the function p. Therefore we will also have to differentiate
these operators when building the linearization of (3.49).

For the linearization of (3.49) around p = 0, which means around the given stationary state
I, we can use the results and notation of Section 3.2. In particular, we use the linearization of
normal velocity and mean curvature from Lemma 3.4 and 3.5.

Lemma 3.26. The linearization of the surface diffusion equation from (3.49)

V(\I’(t7 p(tv Q))) = _AFp(t)H(\Il(ta p(t7 q)))

around the stationary state represented through p =0 is given by

Oip(t,q) = —Ar- (Apep(t,q) + 0" (0)p(t,q)) |
where g € I'™ and t > 0.

Proof. The linerization of normal velocity

V(W (teplt,a)

= atp(t’ q)
e=0

follows as in Lemma 3.4.
We write the Laplace-Beltrami operator of mean curvature with the help of formula (3.50) as

A, HW (o) = ~Ap (H,(tq) .

Then we observe that for p = 0 due to ®Y = id

r+ the identity
AO* — AF*

holds, where Arx is the Laplace-Beltrami operator of I'* with respect to the restriction of the
euclidian scalar product. We also have

Hy = H*,

where H™ is the constant mean curvature of I'* due to Lemma 3.25. Therefore we get with a
similar calculation as in the work of Escher, Mayer and Simonett [EMS98]

d
N
de =T

~ d
Hy= —A%
=0 de ™ T

d

e=0

AzmY)| =o.

=0 e=0
Finally, this gives for the right side of the surface diffusion equation

d ~ d ~
— (-A¥H, = — —A¥ H* — Ap« | —H,
de ( T Ep(ta Q)) o 2T - r (de 5p(t7 Q)

= —Ar« (Ar*p(t7Q) + ’U*(Q)Pp(tv q)) )

)
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where we used the linearization of mean curvature from Lemma 3.5. O

The next point is to linearize the natural boundary condition.

Lemma 3.27. The linearization of the natural boundary condition from (3.49)

0 = (va(t)H . napp(t)) (\I’(q,p(taQ)))

around the stationary state represented through p =0 is given by
0 = Ve (Arp(ta) + 0" Po(t,0)) - nla)

= Oy (Ar*p(t,q) + 1o (@) p(t, Q)) 7
where g € OT™* and t > 0.

Proof. With the help of formula (3.51) we can correlate the surface gradient on I',(¢) and on
I'* equipped with the pull-back metric (®f)" n via

Ve, H(¥(gp(t,9) = dg®f (V?*ﬁp(W)> :
where p = ®7(q) = ¥(q, p(t,q)) € Tp(t). We observe for p =0
naro(t) (Y(g,0)) = nar=(q) = p(q)
and
Vo H(¥(q,0)) = Vr-H* =0,

where we used the angle condition in the first equation and the fact that I'* is an H-surface
from Lemma 3.25.
Then we can conclude for the linearization

d

d
e (Vrsp(t)H : nargp(t)> (¥(g,ep(t,q)))

= 0+ d_e (Vpsp(t)H(\I’(Qaep(taQ)))) "U(Q)

e=0

=(x)
and the term (%) can be calculated with an analogue argumentation as for the Laplace-Beltrami
operator in the proof of Lemma 3.26 as follows

d _
() = = [@e) (Vo) _
d d N
= (4, ®")|  (Vr-H")+dg®) ( — (Vi Hey(t
de(q t)gzo( FO )+ q t<d€< T 6p(7q)>> o
= =Id
d ~ -
= —VH& Hy(t, Vi« —H,,(t,
de ' T —o ot,q) + Vr de ep(t: ) .
d (cp o o
= (V)] Ve (Breptq) + 107 (@) plta)

=0 e=0
= Vr- (Ar-p(t,q) + 0% (@) 0(t,9))
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where we used <I>? = id|r~, i.e. dqq)? = Id|qu<, and the linearization of mean curvature from
Lemma 3.5. U

So together with the results of the previous section about the linearization of the angle condition
in Lemma 3.7 we get for the linearization of (3.49) around p = 0 the following equations.

Op = —Ars (Ap*p + |O'*|2p) inT™ forall t>0,

0 = (0,—Sn*n")p on oI'* for all t >0,

0 = 9u(Ar<p+|o**p) on OI'* forall ¢t >0,
p(0,q) = 0 in I'*.

(3.52)

Note that as in the previous sections S is the second fundamental form of 002 with respect to
the inwards pointing unit normal (—u) of © and due to the angle condition for the stationary
hypersurface I' the unit normal n* of I'* fulfills n(p) € 7,002 on 9Q NI'*, so that the term
S(n*,n*) does make sense.

A solvability condition for solutions of the linearized problem (3.52) gives here as in Section
3.3 for the volume preserving mean curvature flow fr* p=0.

Lemma 3.28. Solutions of the linearized problem (3.52) fulfill

/pd'H" = 0.

Proof. Integrating the first equation in (3.52) gives with the help of partial integration by
Remark 2.30

t t t
/ / dp =/ —Arp- (Apep + [o**p) =/ / —Vr- (Arep +|0*[Pp) - p=0.
0 * 0 JI'* 0 Jor+

For the time derivative we also have

[ Lo [ o oo [ asn

so that we showed the assertion. O

To derive conditions for stability of the zero solution of the linearized problem (3.52) we proceed
in an analogue way as in the previous sections. First, we show that (3.52) can be interpreted
as a gradient flow with respect to an energy F given by a symmetric bilinear form 7. Then we
relate the eigenvalues of the linearized operator with respect to (3.52) to the positivity of the
bilinear form to achieve the following result.

I'* is linearly asymptotically stable

1prp) = fo (Vrepl = [0°120%) = fope S(0%, %)
is positive for all p € HY2(I'*)\{0} with [ p=0.
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Here we generalize directly the work of Garcke, Ito and Kohsaka [GIK05] from curves to higher
dimensions. Since the problem (3.52) will be a gradient flow with respect to the H~!-inner
product, we give its definition. We denote by (.,.) the duality pairing between the dual space
(Hl(F*))/ and H'(T'*) and we define the space H~1(I'*) by

HT) = {pe (H'T) | {p,1) =0} . (3.53)

Definition 3.29. We say that u, € H (T'*) with [, u, =0 for a given v € H-*(T*) is a weak
solution of

—Aprsu, = v inl™*,
{ Vst -ngr = 0 on OI'* | (3.54)
if and only if u, satisfies
(v,§) = Vst - V=
F*
for all ¢ € HY(T™).
For p; € H-Y(I'"), i = 1,2, we introduce the inner product
(pl,pg)fl = Vr*um -Vr*um s (3.55)

F*

called the H~-inner product, where up, is defined as the weak solution of (3.54) with respect
to p;. This makes H~(T'*) to a Hilbertspace and we also introduce the notation for the corre-
sponding norm

-1 =/(p;p)_y  for pe H'(I*).
By definition, we have the identity

(p1,p2)_1 = (p1,up,) (3.56)

for p; € H=1(T*).
For further use we also introduce the notation

Vo= {peH%wM p:o},
F*

so that V is a subspace of H(I').

Remark 3.30. We remark that in the literature the space Hl;tl(I’*) is usually defined as the
dual space Hy, (T*) == V'. Forv € H;;}(T*) the duality pairing (v, &) would then be defined just
for functions & € HY(I'*) with the constraint Jp- &€ = 0. But this functional v € Hl;tl (T™*) can be
extended naturally to all of HY(I'*) by (v,1) = 0. Together with this extension, the dual space
H,.M(T*) then equals our definition of H1(T'*).
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We also define as in the previous section a symmetric bilinear form on H'(I'*) and the corre-
sponding energy. The definition equals the one from Definition 3.9, but we state it again for
easy readability.

Definition 3.31. For p1,py € HY(T'*) we define
I(p1,p2) = / (Vrep1 - Viepa — [0 *p1 p2) —/ S(n*,n*)p1 p2 (3.57)
* BI“*
and the associated energy for p € HY(T*) by

Bp) = 1(pn). (3.59)

The next point is to show that the linearized problem (3.52) is the gradient flow of E with
respect to the H~!-inner product (.,.) ;. This means that a solution p of (3.52) fulfils

@ep,§) 1 = —OE(p(1))(E)

for all ¢ € H(T™*) with [.. & = 0. Here, dE(p(t))(§) denotes the derivative of E at p(t) in
direction of £. Because of the definition of F via the bilinear form I, this derivative is given by

IE(p(1))(E) = 1(p(t),E)-

To simplify notation, we introduce the following time independent problem.

Definition 3.32. For a given v € H™Y(I'*) we say that p € H*(I'™*) with [..p = 0 is a weak
solution of the boundary value problem

vo= _AF* (Ar*p+ ‘O'*‘2p) mn P*,
0 = Oup—S(n*,n%)p on OI'* | (3.59)
0 = V= (Apep+|o*[*p) -ngr- on oI,

if and only if p satisfies
(v,§) = g Vs (Arp + |0**p) - V=€
for all € € HY(T*) and
0 = Oup—Sn*,n*)p ondl'™.

In the case that v € L?(I'*) with fr* v = 0, we obtain from elliptic regularity theory on manifolds
that v = —Ap+ (Ar-p + [0*|?p) is fulfilled almost everywhere on I'* and V- (Apsp + |0*[?p) -
nar+ = 0 is fulfilled almost everywhere on oI'*.

The fact that the linearized problem is the gradient flow of E with respect to the H '-inner
product follows from the next lemma.
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Lemma 3.33. Let v € H *(I'™*) and p € H'(I'*) with [..p = 0 be given. Then p is a weak
solution of (3.59) if and only if

(076)71 = _I(p7 g)
holds for all ¢ € HY(T'*) with fr&=0.

Proof. The proof of [GIKO05] directly generalizes to the higher dimensional situation. For the
convenience of the reader, we give the details.

Let p € H3(T'*) with [;.. p = 0 be a weak solution of (3.59). By (3.56) and Definition 3.32, we
deduce for £ € H'(I'*) with ... £ = 0 the identities

(0,81 = (v,ug)

== VF* (Ar*p—{— |0'*|2p) -Vp*u§.
F*

Here, ug € H'(I'™*) is the weak solution of (3.54) for the given ¢ € H'(I'*). Then, by virtue of
(Ap*p + |o*[*p) € H'(I'*) we see from the definition of the weak solution ug with (Ap-p + |o*[*p)
as testfunction

/va* (Arp + 0™ [p) - Viwug = /F(AF*P+|U*|2P)5

This is true since the right side in (3.54) lies in this case in the function space H'(I'*) instead

of (H 1(F*)) and therefore we can give the duality pairing as integral.
Now we conclude with integration by parts.

(0,6, = / (Arep + 0"2p) €

- (Vrep- Tre€ — 0" [2p) /VF*P nore €
F*

- (Vrep- Vet — [0 [2p€) + /Snn)pf
F*

where we used the boundary condition Vr«p - ngr« = dyp = S(n*,n*)p on I'* for p.
Conversely, assume that p € H'(I'*) with Jr- p = 0 satisfies

(Ua 5)71 = —I(p, g)

for all £ € HY(I'*) with [i.. £ = 0. Now we choose £ = —Arp-7 for a given function n € H*(I'*)
with Vr«n-ngr« = 0 on 0I'*. From Definition 3.29 we can write n = u¢ and with (3.56) it holds

<’U,77> = (U,g)_lz—l(p,f)
- _/ (VF*P'VF*§—!U*!2P§)+/ S(n*,n*)p€
I ar*

= /* (Vp*p. VF*(AF*U) — ’o’*‘Qp (Ap*n)) + - S(n*jn*)p (Ap*n) .
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Since v € (H 1(I’*)), we deduce from the above identity and elliptic regularity theory that
p € H3(T'*). Integration by parts gives then

(v,m) = —/* (Apsp Apsn — V= (lo*[*p) - V=)

+/ Vrep - ngr- Ar=n —|o**p Vren - ngr- —=S(n*,n*)p Ar-n
ar* T’

= / V- (AF*PHU*!QP)'VF*??—/ Ar«p Vr«n - nor-
r* or+ T’

+/ (Oup — S(n*,n")p) Arn

or+*

= [ Ve @rp o) Vet [ @S0 Aren
= ar*

To show that p is a weak solution of (3.59), we choose for a given test function ¢ € H*(I'*) a
sequence 1, € H3(T'*) with V«n, - ngr+ = 0 and Ap«n,, = 0 each on I'* such that

M — @ in HYI*) .

For such 7, we get from the last equation

2
<U’77n> = V- (AF*/O+|U*| P) “Vpsn, +0,
F*

where the left side converges to (v, ¢) and the right side to [i.. V= (Ap«p + [0*[*p) - V=g due
to the convergence 1, — ¢ in H'(T'*). So we conclude

(v, @) = F*Vr* (Ar=p+ |0*[’p) - V=

for arbitrary ¢ € H'(I'*). Inserting this into the last equation for 1 finally gives
0 = [ (=St Arn

for all n € H3(I'*) with Vr«n - ngr- = 0 on dT'*. Since Ar«n is arbitrary on I'*, we conclude
with the fundamental lemma

Oup —S(n*,n")p=0  onoI'*.

This shows that p is a weak solution of (3.59) and concludes the proof. O

The next steps consist in showing that the linearized operator is self-adjoint and to study its
spectrum. This linearized operator corresponding to (3.52) is given by

A:D(A) — H,
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with
{Dwo:={peH%Wngm—smtm»p=0maWamhmp=0L (3.60)
H = {pe(H\™) | {p,1) =0} ‘
by
<Ams>:1AWVF*@wa+waﬂ%»-vp<. (3.61)

Then we can relate the boundary value problem (3.59) to the problem of finding a p € D(A)
with

Ap=v.
By Lemma 3.33 we also have for all £ € H*(I'*) with [..£=0

(Ap’ 5)—1 = —I(p,f) .

Lemma 3.34. The operator A is symmetric with respect to the inner product (.,.)_;.

Proof. For p,& € D(A) we have

(Ap, &)1 = —1(p,§) = —1(&,p) = (A, p)_; = (p, A)

so that A is symmetric. O

As in Section 3.2, we want to analyze the spectrum of A to decide on the stability behaviour of
the linearized problem (3.52). This spectrum is related to the functional I with the help of the
inner product (.,.)_;. In fact, for an eigenfunction p € D(A) to the eigenvalue X of A, it holds

AP &)y = (Ap, &)y = —1(p,€)
for all £ € HY(I'*) with [, £ = 0.

The next point is to show boundedness of eigenvalues of A from above. Therefore we need the
following two lemmata.

Lemma 3.35. For all § > 0 there exists a Cs > 0, such that for all functions p € V the
inequality

1oBzorey < V0ol 2y + Cs lIol12

holds.
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Proof. Assume by contradiction that there exists § > 0 such that we can find a sequence
(Pn)peny C V such that

PnllZ2or-y > 31V pullZee) + 7 l15nll2y -

In particular we observe ||py | 12(gr+) > 0 for all n € N. Therefore, we get for the scaled functions
— p— ~1 . . — -2 . .
pn = n ([lPnll2or+-)) by multiplying with (||pp|lr2or+)) ~ the inequality
1> 8V pulae + o2,
This implies
[

1
[on 1<E—>0 as n — 00

and

1
IV pnll72 ey < 5

Since [r. pn = 0, we conclude from Poincaré’s inequality that p,, is bounded uniformly in H LHT).
Therefore it converges weakly for a subsequence

pn—7 in H'(I)

to some p € H*(I'*). Due to

*

0= (pn 1) g2 — (7, 1) 12 = / 7

we observe fF* p = 0. Furthermore from the compact embedding

{,0 € HY(T™) p= 0} — H-NT™)

|

r
we see the strong convergence p, — p in H~1(I'*). By uniqueness of the limit and ||p,|| -1 — 0
we get finally p = 0. So we have

pn—0  in HY(T*).
By another compact embedding H*(I'*) < L?(9T*) we see p, — 0 in L?(0T*), which at last

contradicts the fact ||pn|z2gr+) = 1 for all n € N. O

Lemma 3.36. There exist positive constants C1 and Cy, such that

ol ey < Cillpl2y + C2Ilp, p)

forallpeV.
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Proof. With an analogue argumentation as in the previous lemma we get the following inequal-
ity. For all § > 0 there exists a Cs > 0, such that

o7z < OlIVPplZze + Cs ol

holds for all p € V. For this inequality we just need the compact embedding H!(I'*) — L?(I'*)
instead of H'(I'*) < L?(0T'*). Now we obtain with the help of the above inequality and Lemma
3.35

o) = [ 9rol= [ 0Pt [ s
> Vel Zoey = o™ Plles ey - ol172 ey = 180, 0*) | Lo ar=) - 1172 (om0
> <1 — 01 HS(n*an*)HLw(aF*)> NIV pll72 ey = Mo Pllzoe ey - ol 72 ey
—[|S(n*, n*) | oo o+ - Coy P17 1
> <1 —61[|S(n*, n”)|| oo (ar+) — 92 H|0*|2HLOO(F*)) |IVrep |%2(I‘*)

= (o Pllzse(re) Csa + 1S (", 0l oo o) C, ) - ol

With the help of the Poincaré inequality on V and by choosing §; and d» small enough, we get
the assertion. O

With the previous two lemmata we can show boundedness from above for the largest eigenvalue

of A.

Lemma 3.37. Let A be an eigenvalue of A. Then the following inequality holds

where C1 and Cy are the positive constants of the above Lemma 3.36.

Proof. Let p € D(A) be an eigenvector to the eigenvalue A\, which in particular means p # 0.
It holds

Ap.p)_y = (Ap,p)_y = —1(p,p)-

Assuming that A > g—;, we would have

1 1
0 = L(p.p) +Mp.p) 1 > Lo p) + 5 (o0) 1 2 Nl o
2 2
> 0,
which is a contradiction. O
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Now we are able to show that A is self-adjoint with respect to the (.,.)_; inner product. As
in Section 3.2 of mean curvature flow, we proceed with a property that implies the equivalence
of symmetry and self-adjointness from [Weid76]. Since we know from Lemma 3.34 that A is
symmetric, this will provide us even with self-adjointness.

Lemma 3.38. The operator A is self-adjoint with respect to the (.,.)_; inner product.
Proof. We use the following theorem of operator theory. If there exists an w € R, such that
imwld—A) = H YI),

the properties symmetry and self-adjointness of A are equivalent, see for example [Weid76].
So we have to show that there exists an w € R, such that for given f € H~!(I'*) there exists a
p € D(A) with

wp—Ap = f.
This means that p € H3(T'*) is a weak solution of the boundary value problem
Ar« (Arp+[o*Pp) +wp = [ in T*,

Oup — S(n*,n*)p 0 on OT'*, (3.62)
Vi« (Ap=p+ |0*|?p) -nor- = 0 on OI*.

The weak formulation consists in finding a p € H3(T'*) with d,p — S(n*,n*)p = 0 on dI'* and

[ Vo @rpt o) Trg o [ o6 = (19
for all £ € HY(T'*). Due to (f,1) = 0, inserting £ = 1 in this equation yields Jr- p =0, so that a
solution p really belongs to D(A).

To obtain such a solution p, we use the minimization problem

1 * * w :

F) = [ (Fre? =10 Pe) = [ S0rw) o+ S lolPy— [ app — min
under all p € H'(I'*) with [.. p = 0. Here, uy € H'(I'*) is the weak solution of (3.54) with
respect to f € H-H(T).

F is coercive if and only if

F
liminf # > 0.
HPHHI(F*)"OO HpHHl(F*)
peV

Since for the linear term in F' it holds that

-2 ||P||L2 r*
\(upumm) / Ufp\suuﬂmm-—Q( L0 as [lpllg e — oo,
I'* ||p||H1(F*)
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the coercivity condition is equivalent to

1 * * * w
3 [ Vel = 1o ) = [ st 2+ S0Py = Clolingey
I'* or*

for all p € V for some C' > 0.
With the definition of the bilinear form I this reads as

1 w

2P p) + 5 o2 > Cllpln e -

To show this inequality for arbitrary p € V', we proceed with the help of Lemma 3.36 for w > %,
where C7 and Cy are the positive constants from Lemma 3.36.

1 w 1 Cl w
Z7 Y02, > — ol — —L 1|2 w2
5100+ 5100y = 50 ol = o oI+ 5 ol
1 2 1 Cl 2
— 56 Wl + 3 (0= &) ol
1 2
2 20, HPHHl(F*) )
where we used w — & > 0 in the last inequality. This shows coercivity. To apply an abstract
Ca

existence theorem for the minimization problem from, for example the book of Jost [Jo98], it is
now enough to show that the corresponding bilinear form

1 N 1 w
B(p1,p2) = 5/ (Vrep1 - Vrepa — [0**p1p2) — 5/ S(n*,n")p1p2 + 5 (b1, p2)
r* ar=
is bounded on bounded sets in V x V. To this end, we use the boundedness of |o*|? and S(n*,n*)
since we assumed that I'* is smooth enough and we remark that for the last term with the help
of the Cauchy-Schwarz inequality and the continuous embedding V < H~Y(T*) for py,p2 € V
it holds

|(p1:p2) 1| < llprllzr-2 o) - loall -1 oey < C llpallar ey - Norll s -
Therefore there exists a unique minimizer p € V of F on V. Since V is a subspace, this minimizer

is characterized by the first variation of F' through

d
0 = £F(ﬁ+6v)

e=0

= / (VF*ﬁ-VF*U—|0’*|2ﬁ’0)— S(n*,n*)ﬁv+w(ﬁ,v)_1—/ usv,

*

or*

where v € V is arbitrary. By the Definition of u; in (3.54) and the identity (3.56), we observe
that w (p,v)_; = w (v,up) = w [ upv. Since in the above equation the testfunctions v have to
fulfill the constraint [.. v = 0, the identity is the weak version of the boundary value problem

— *|2 — _ . *
{ —(App+0*°p) +wuz + A = wuy in I'*, (3.63)

Oup—S(n*,n*)p = 0 on OI'".
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Here the Lagrange-multiplier A is given through

1
A = - (/ (\a*\Zﬁ—wuﬁ—i-uf)—i-
T \Jr-

s<n*,n*>ﬁ> .

or+

Since u; and uy are in H'(I'™*), we obtain from elliptic regularity theory that p € H3(I'™).
Therefore we can differentiate the first line in (3.63) and take the L2-inner product with V«&
for some arbitrary ¢ € H(T'*) to obtain

_ % (Ap*ﬁ+|0*|2p) vr*g—{—w/ VF*UﬁVF*é_:/ VF*Uf-VF*g.
I+ I I+

With the Definition of the weak solutions uz and uy from (3.54) we finally get

- [ e (@rpPp) - Ve v [ pE= [ (10

for all £ € H'(I'*). So together with the boundary condition from (3.63), we found a p € D(A)
with

wp—Ap = [,

provided w > %, where C7 and Cy are the positive constants from Lemma 3.36. O

For the following theorem, the characterization of the eigenvalues of A and the asymptotic
stability of the linearized problem (3.52) in terms of the positivity of the bilinear form I, we
could in principle refer to Section 3.2 about mean curvature flow and advise the reader to do the
necessary modifications. But we want to keep this section as complete as possible and therefore
we give the remaining proofs for linearized stability analysis in detail.

The next point is to give a stability criterion for the zero solution of the linearized operator A.

Theorem 3.39.
(i) The spectrum of A consists of countable many real eigenvalues.
(i1) The initial value problem (3.52) is solvable for initial data in H~1(T'*).

(7it) The zero solution of (3.52) is asymptotically stable if and only if the largest eigenvalue of
A is negative, in short notation o(A) < 0.

Proof. ad (i). We want to show that for some A € R, the operator (A\I — A)™' : H — H exists
and is compact.
For A > %, where C7 and Cs the positive constants from Lemma 3.36 we showed surjectivity

of
ANM—-A:DA) — H
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in the last Lemma 3.38. Since every eigenvalue u € o(A) fulfills p < % from Lemma 3.37, we
see from the identity

oA —A)=X-0(A)

for the spectrum that there exists no eigenvalue zero of A I — A provided \ > g—; For a linear
operator this means in particular that it is injective.
Continuity of the resolvent

A —-A)' H— DA

for A > % can be seen by observing that

MN-A(N=p & A=A ) =f,

which means that p € D(A) is a weak solution for the boundary value problem (3.62) with
w = A. Solutions of this problem fulfill an inequality

ol gssy < Cllflla-10+)

which gives continuity of the resolvent. Since the embedding D(A) — H~}(I'*) is compact, we
get by composition a compact operator

MN-A'H—H,

provided A > % Together with the self-adjointness of A from Lemma 3.38, we get the claim

(¢) with the help of an abstract operator theorem from the book of Kato [Kat95].
ad (i) and (4i7). Existence and stability of the problem

Find p(t) € D(A), such that 9;p(t) = A(t)

can be treated with the theory of analytic semigroups as, for example, in the book of Lunardi
[Lun95]. We just show that A generates an analytic semigroup.

On the one hand, we know that for w € R the operator A=A—wlis self-adjoint, since
from Lemma 3.38 the operator A has this property. On the other hand, we can show that A s
dissipative, which means that

(Ap,p)—1 <0  forall p € D(A).
In fact, this can be seen with the help of Lemmata 3.33 and 3.36.
(Ap,p)r = (Ap,p)y—w (p,p) 4

—1(p,p) —w (p,p)_4

—@HPHHI(F*)JF o, v ol Lz

IN

IN

0,
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where the last inequality can be achieved by choosing w large enough. Now we use an abstract
theorem of [Weid76] which states that a linear, densely defined, self-adjoint and dissipative
operator is in particular sectorial and therefore generates an analytic semigroup 7'(¢). For com-
pleteness we mention finally that S(t) := e“!T'(¢) is the analytic semigroup with generator A. [J

The next lemma, which follows with classical arguments from Courant and Hilbert [CH68],
gets together eigenvalues of A and properties of the bilinear form I. The lemma is essentially
the same as in Section 3.2 of mean curvature flow, we just have to replace the L?-inner product
with (.,.)_;.

Lemma 3.40. Let
AM>A> A3 >

be the eigenvalues of A (taken multiplicity into account).

(1) For alln € N, the following description of the eigenvalues holds

I
An = inf sup —M,
WeSn1 pewnfoy (P, P)-1

I
A, = sup  inf L)

WeSn_1 peW\{0} (p,p)-1

where ¥, is the collection of n-dimensional subspaces of V' and W+ is the orthogonal
complement with respect to the (.,.)—1 inner product.

(13) The eigenvalues A, depend continuously on S(n*,n*) and |0*| in the L*°-norm.

Proof. The first part follows with the help Courant’s maximum-minimum principle from [CH68|
and the second part follows due to the structure of I,
o) = [ (VeoP~lo"Pet) et~ [ sty e,
I orx

from which the continuous dependence can be seen directly. O

As before in Section 3.2 of the mean curvature flow, we can describe the eigenvalue A; in the
above lemma more explicitly.

Remark 3.41. For the largest eigenvalue \i of A we have the description

A = omin 2P (3.64)
peV\{0} (s p)—1

From Theorem 3.39 we have asymptotic stability of the linearized equation (3.52) if and only
if A\; < 0. This leads to the following main conclusion.
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Theorem 3.42. The linearized equation (3.52) is asymptotically stable if and only if

I(p,p) > 0
for all p € V\{0}, where

I(p.p) = /F (IVrep

2 ’O'*’2p2) dH" — S(TL*,TL*)[)Q dHn—l )
or=

3.4.2 Some comments on nonlinear stability

In this short subsection we want to give some comments on nonlinear stability of surface diffusion
equation with boundary contact (3.48). This is the task of deriving stability results directly for
the highly nonlinear problem (3.49). Given a stationary solution I'* of (3.48), which is linearly
stable in the sense of Theorem 3.42, we say that I'* is nonlinear stable provided that a solution
I'(t) of (3.48) with starting configuration I'g close to I'* in a suitable sense, converges to I'* also
in a suitable sense.

This problem was considered in the curve case by Garcke, Ito and Kohsaka [GIK08] and for
closed hypersurfaces in higher dimensions without outer boundary contact by Escher, Mayer
and Simonett in [EMS98]. In [EMS98] the authors use the concept of central manifolds, which
is hard to apply in our case due to the highly nonlinear boundary condition. In this direction
we also mention the work of Huisken (among lots of others [Hui84| and [Hui86]), who considered
mean curvature flow for closed hypersurfaces and the work of Stahl [Sta95] and [Sta96], who
extended the results of Huisken to the case of outer fixed boundary contact. Although their
work is primarily concerned with the description of arising singularities, they use formulas for
evolution of, for example, mean curvature and the second fundamental form, that are closely
related to our case. We just remark that in the last two cases the authors use the maximum
principle, which is not available for surface diffusion.

Therefore we propose to handle the nonlinear stability by a generalization of [GIKO08|, which
is based on strong a-priori estimates and semigroup theory. We will give here some of the
extensions of [GIKO08] to the higher dimensional case, which are interesting on their own.

With the help of the results from the previous Section 3.4, we can derive an evolution equation
for mean curvature.

Lemma 3.43. Let T' be a smooth solution of surface diffusion with boundary contact (3.48) i.e.
with the notations from Section 3.4 it holds I'(t) C Q, OI'(t) C 0Q and for t > 0

V= —Ap(t)H m F(t)
with boundary conditions

{ Z(D(t),00) =% on OI'(t),
VrwH -ngrg =0

Then we have the following evolution of mean curvature for t > 0
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3.4. SURFACE DIFFUSION FLOW

and on the boundary

{ (Op —S(n,n)) AppyH =0 on O'(t),
VrwH - nar@y =0 on OT'(t).

Proof. The evolution of mean curvature is seen immediately with the result 0°H = Ap,)V +
|o|2V in formula (2.3) and the evolution V = —ArpH.
For the second part we write the angle condition as

’I’L(t,p) ’ ,U,(p) =0 on ar(t)’

for all ¢ > 0, where n(t, p) is a unit normal to I'(t) at p € I'(¢) and p is the outer unit normal of
0f2. With the formula 0°n = —Vp)V from (2.4) and analogue calculations as in Lemma 2.38
we see

0 = 0°(n-p)
= n-p+n-0°u
= V)V -p+n-Vdyu(n)
= =VrpV -p+VS(n,n)
— (9~ S(n,m) (=V)
= (Ou—S(n,n)) ArpH .

Note that S is our notation for the second fundamental form of 92 with respect to the inwards
pointing unit normal (—pu) of Q. O

Now we derive basic evolution formulas for area, fF(t) H? and fF(t) Ve H 2.

Lemma 3.44. Let I' be a smooth solution of (3.48) as in the previous lemma. Then we have

. d / 2
i — 1=— Vi H|™, 3.65
I R L (3.65)
iy dl 2 1.3 2
(17) —= H* = ArpyH — H” +|o|* | V - S(n,n)HV, (3.66)
dt2 Jpw (t) 2 aT(t)
(4ii) 4 l|v H|? :/ Loe (IVrwH?) —1/ Vo H|*VH (3.67)
dt (t) 2 I'(t) (t) 2 I'(t) 2 (t) I'(t) ' :
Proof. (i) follows directly from Lemma 2.46 and the surface diffusion V' = —Ap)H with
integration by parts

; Lve=] J 2
2 1=— vH= AppnH-H = — Vi H|? .
dt Jr) r(t) vy r(t) Vet

For (i7) we use the Transport theorem 2.44 for f = %HQ, the formula for V' = —Ar H on the
boundary from the previous Lemma 3.43 and the vanishing of the normal boundary velocity
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var = 0 due to the right angle condition as in the proof of Lemma 2.46.

il/ H? = Hoem -2 [ mwvael H? varq
dt2 Jpy) () 2 Jre 2 Jort) =~
=0

1
I'(t) I'(t)

= — Vi H - VrgV +/ H (V) V - nar))
() () e

—S(nn)V
1
+/ wPVH——/ vV H?
r() 2 Jr

- AppyHV — / (Ve H - nar@) V — / S(n,n)V H
L) O (1) N —— ar(t)
=0

1
+/ wPVH——/ vV H?
I(t) 2 Jre)

1
— / (Ap(t)H—i— lo|> H — §H3> v —/ S(n,n)V H.
ING) ar(t)

To see (iii), we just have to apply the Transport theorem 2.44 for f = %]Vp(t)H |2 to derive

d

1 1 1
— |V H? = / —9° (V Hw711—/ |V HIPVH
p F(t)2| re H| o 2 (Vra riH) F(t)2| r H|
1
—|—/ |V H? var .
o 5 Vo | var

As in the proof of Lemma 2.46 we get the vanishing of the normal boundary velocity vgr = 0
due to the right angle condition. O

We give a remark concerning identity (3.67).

Remark 3.45. Of course the term fF(t) %60 (|Vp(t)H|2) in the evolution formula for fl‘(t) %|Vp(t)H

is not satisfactory. We give some local calculations which lead at least to an estimate.

The problem with the term %8" (]VF(t)H\Q) = VpwH - O°VpyH is that the normal time
derivative and the surface gradient do not commute with each other, which leads to
VrwH - 0° (Vp(t)H) = VrwH - Vry) (0°H) + other terms
= VrpH - Vg (Ap(t)V + |O'|2V) + other terms.
Locally we can give the missing terms as follows. Let v1{,...,v, be an orthonormal moving

frame of I'(t), i.e. for all p € T'(t) the vectors vi(p),...,v,(p) form an orthonormal basis of
T,I'(t) and therefore the vectors (0,v1(p)), ..., (0,vn(p)) form an orthonormal basis of T(; T,
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see Definition 2.13 from Chapter 2. With the normal time derivative 9° given as directional
derivative in direction of (1,Vn) € T4p)l" from Lemma 2.37 this gives us the possibility to write

FVrmH = 9uvn (Z (Q0.0) H) (O,W)>
=1

= Z (0,vn) 900 H) (0,v:) +Z (00,00 H) O1,vn)(0,v;)
i—1 i=1

= Y (O0.0)00,vmH) (0,0)+ > (Oa.va, 0w H) (0,v:)
i=1 =1

+ Z (80,00 H) 01,vn)(0,v:) .

i=1
Here we used the Lie derivative, which is given through
[v, W] == Jpyw — v

for tangent vector fields v, w, i.e. v,w : ' — R x R™* with v(¢,p), w(t,p) € Tyl
Taking this term in the scalar product with Vp)H, one can find inequalities for the terms

involving the local basis and get at least an inequality for the evolution % fF(t) |Vp(t)H 2.
Integration by parts yields then

1
/ 58°!Vp(t)Hl2 = —/ ArpyH Argy)V — / ArpH |o|? V + other terms
T(t) T(t) T(t)

+ VrwH - norgy (ArV + |oV)
OT(£) N e
-0

= / V AppV + / |o|? V? + other terms
(1) (1)

= —/ ]VF(t)V\Q + / |o[* V2 + other terms
L) I(t)

+ / V (Ve V- nar)) -
aT(t) ’

=—S(n,n)V
By collecting the terms we get
d 1
G |osivrant = = ([ viovE- [ jePvie [ s
tJre) 2 r(t) T(t) ar(t)
1
—= / \Vp(t)H\Q V' H + other terms.
2 Jra
Of course here is a lot of work to be done to get an exact result. (0O)
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The next lemma assures uniqueness of a geometric problem for hypersurfaces I' given by the
parametrization of Section 3.1. In the case of fixed boundary, there is a similar proof in Grosse-
Brauckmann [Gro96].

Lemma 3.46. Let I'* be a stationary solution of (3.48) such that the bilinear form I from
Theorem 3.42 is positive and let I be hypersurfaces given with the help of the parametrization
from Section 3.1 through

[=T7={®"(q)|q T}, (3.68)

where p : ' — R is independent of time t.
Then there exists a C%-neighbourhood of T* such that p = 0 (i.e. T'*) is the unique solution of
the problem

H=H, /I,00) = g Vol(T') = Vol(T'™*). (3.69)

Here, H = +-H is the mean value of mean curvature and the volume Vol(T) is calculated as in
Section 2.4. Furthermore, C?-neighbourhood of T'* means hypersurfaces T given as above with
small ||p|| 2 (p+y-norm.

Proof. We want to make use of the following abstract implicit function theorem, see the book
of Zeidler [Zeid86]. Suppose that

(i) X,Y,Z are real Banach spaces, U = U(xzg,y0) C X x Y is an open neighbourhood of
(xo,y0) € X xY and F : U — Z fulfills F(xg,y0) = 0.

(i1) F, exists as partial Fréchet derivative on U and F,(zo,y0) : Y — Z is bijective.
(#4i) F and F, are continuous at (zo, o).

Then there exist rg, 7 > 0, such that for every z € X satisfying ||x — z¢|| < 79, there is exactly
one y(z) € Y for which ||y(x) — yol| < and F(z,y(x)) = 0.
We use this theorem for

X = {pe€ CQ(F*) | p = const},
y = {pec%r*)\ p:o} |
I_‘*
7z = {p c CoUr) | p= 0} x CO(0r*) and
I_‘*
— T
Flm,u) = (H— H, £(09,T) — 5) :

where the mean curvature H and the average mean curvature H are computed for the hypersur-
face I' = I'” that we get from (3.68) with p = u + m. Also the expression Z(99Q,T") is the angle
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3.4. SURFACE DIFFUSION FLOW

between the outer boundary and I'. Since I'* corresponds to p = 0 and is a stationary solution
of (3.48), we have F(0,0) = 0. The partial derivative 9,F(0,0) : Y — Z is given by

d
F = —F
0 F(0,0)v e (0,ev)

and can be computed with the methods from Subsection 3.4.1 as

1
] /F* (Apv + |J*|2v) , Opv — S(n*,n*)v) .

Due to the fact that the bilinear form I from Theorem 3.42 is positive, Holder regularity theory
implies that 0, F(0,0) is invertible. It is also true that F' and 9, F are continuous at (0,0).
Hence, for m € X small, we find exactly one u(m) € Y such that

F(m,u(m)) =0.

e=0

OuF(0,0)v = <Ap*v+|0*|2v—

Now we define
pm =u(m) +m

for small m and let I'"™ = I'’m be the hypersurface from (3.68) given with the help of the
parametrization from Section 3.1. With the derivative of volume from Section 2.4 we can
conclude

Vol(T™) = Vol(I'*) + /F* (u(m) +m) + o([lu(m) + m|c2(r+))

= Vol(I"™) +m [I™| + o([Ju(m) + ml|c2(r+)) -
By a contradiction argument we get therefore for m # 0
|Vol(T'"™) — Vol(T'*)| # 0, (3.70)

if [[(m,u(m))|c2(r+y is small enough.
To finish the proof, we assume the existence of a solution p of (3.69) with [|p||c2 -y small.
With the splitting p = v+ m with m =p and u = p — p, where

_ 1 /
pP==] P
IT*| Jr-

we see that F(m,u) = 0. Due to the volume-preserving property and (3.70), we obtain that
m = 0 and w = 0, which implies p = 0 and proves the lemma. U

We want to give some comments on the remaining work to show an analogous result for non-
linear stability as in Garcke, Ito and Kohsaka [GIK08]. When imitating the steps from [GIKO08],
one has to prove at first a local existence result for the higher-dimensional case. Then one has to
control higher derivatives fF(t) \Vl@(t)H |2 to get the estimates of mean curvature in the adequate
norm. This should lead to the strong a-priori estimates to show a unique global-in-time existence
result. With the help of the above Lemma 3.46 a method similar to the one used in Elliott and
Garcke [EG97] should yield nonlinear stability.

At last we mention that this approach contains of course a lot of work that is not done in this
dissertation and is therefore left for future work.
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3.5 Examples for stability

In this section, we consider explicit given situations for the geometry. This means we will specify
a region €) together with a hypersurface I'* lying inside €2 and touching the boundary at a right
angle. I'* will be a stationary solution and we want to determine a characteristic behaviour
concerning the linearized stability of I'*. Firstly we consider an example for surface diffusion
with outer boundary contact.

For a,c > 0 we let

2 2 2

T Y z
Q={(z,y,2) eR}| S+ +5S <1
{(xyz) ‘ag a2 2 }

be surrounded by the ellipsoid

2 2 2

o Yy 2
A parametrization of E is given by
f:[0,7] x[0,2r] — E,  f(u,v) = (asinucosv,asinusinv, ccosu).

We consider a stationary solution I'* of the surface diffusion equation (3.48) given by
I* = {(z,y,0) e R®|2? +¢* < a?}.
I'* is a circle in the (x,y)-plane lying inside the ellipsoid E with boundary
or* = {(z,y,0) e R®| 22 +¢* = a?}
= {/(G.0) v e 0.2},

that touches F at a right angle.
To decide on linearized stability of I'*, we have to examine due to Theorem 3.42 the positivity

of

Io.p) = [ (Frepl? =" Pe) = [ S(0"on)?

I'* orx
for all p € H'(I'*)\{0} with [;.. p = 0. Here, |o*|? is the squared norm of the second fundamental
form o* of I'*, given by |0*|? = (k%)2+ (x3)2. Since I'* is a flat disc, we observe that the principal
curvatures x} vanish and therefore |0*|2 = 0. S is the second fundamental form of 92 = F with
respect to the inwards pointing unit normal (—u) of 2, which is given at ¢ = f(u,v) € E with
the help of the cross product through

(6) = (o) = DL 20T 1
PR = I _|8uf><8vf|_\/a200s2u+0281n2u

(csinwucosv, csinusinv, acosu) ,

where we used

Ouf(u,v) = (acosucosv,acosusinv, —csinu) and

Opf(u,v) = (—asinusinv,asinucosv,0) .
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At points ¢ € OT'* N E, that is at ¢ = f(3,v), this leads to
i

wu(q) = ,u(g,v) = (cos v, sinv,0) .

The corresponding matrix representation of S, i.e. h;j(u,v) = (—p(u,v),0;; f(u,v)) for i,j €
{1,2} is then given by
1
Va2 cos?u + 2sin®u
asinu(—csinu) + (acos u)(—ccosu) 0
0 asinu(—csinu)

(hij(%”))?,j:l =

which can be calculated for rotational surfaces as in the book of Kiihnel [Kue06], for example.
At points ¢ € OT* N E, that is at ¢ = f(5,v), we get

(hij(g7v))ij:1 = (8 2)

With the above formula for the normal to E, we see that the normal n* = (0,0,1) is or-
thogonal to p and therefore n* € T, E for ¢ € oI'* N E. Writing n* = (a1, ag) in the basis

(0uf(5,0),0uf(5,v)) at a point ¢ = f(5,v) yields
o 1 E E
n = _Cauf(2’v)+06vf(2?v)a

so that a1 = —% and ap = 0. Finally we can calculate at a point ¢ = f(5,v) € OI*NE

2
* % § : T 1 ™ a
S(’I’L ,n ) = 2 1aiajhij(§,v) = §h11(§,v) = 0_2 .
7/7]:

With this results the bilinear form from Theorem 3.42 reduces to
a
o) = [ el =5 [ 2 (3.71)
T C or*

To determine the minimum of I we proceed in an analogue manner as in Courant and Hilbert
[CH68]. By using the fact that I'* is a flat disc in R® with radius @ > 0, we can replace the
bilinear form (3.71) by the following one.

a

I(p,p) = / \VP\Q——Q/ , (3.72)
B, (0) €™ JOB,(0)

where B, (0) is the ball in R? with center 0 and radius a > 0, and p € H'(B,(0)) with fBa(O) p=0.

Note that V is the usual gradient in R%2. We can simplify the bilinear form (3.72) further by
introducing polar coordinates (r,9) to get

Hew) = [ " I ((8r<p)2+%(8w)2>rdrdﬂ—3 / T (a0 add,  (373)

c2
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where ¢ = p oI for polar coordinates II(r,9) with ¢ € H'((0,27) x (0,a)) and fo% Jo er=0.
Here we used the transformation rule |Vp|? = (0,¢)? + % (9g¢)*.
If we now want to solve the minimum problem

2
I(p,¢) — min, ¢ € HY((0,2r) x (0,a)) and /0 /0 er=0, (3.74)

we can assume for ¢ a Fourier series expansion as

o0

o(r,9) = —fo +Z [fn(7) cos(n?) + gn(r) sin(nd)] , (3.75)

for functions fy, f, and g,. Due to the volume constraint we observe that foa fo(r)rdr=0. At
the boundary of B,(0), formula (3.75) gives for r = a

o0

o(a, V) = —fo +Z fn(a) cos(nd) + gn(a)sin(nd)] .

Differentiating (3.75) with respect to r and ¢, inserting it into formula (3.73) for I(y,¢) and
using the orthogonality of the trigonometric functions, we deduce the following expression for I.

I(p,p) = w/oa( é(r))2rdr+ﬂ'i/oa (( 1/1(7'))2+:—z(fn(7“))2>7“dr

2

0 a n2 a
w130 [ (6000 + 55001 i = Gt (3.76)

n=1
CL2 >
_CQWZ(fn(a) WZ 9n
n=1

a a2

| st rdr = S (ol — min, (3.7)
a n2 CL2

/0 ((f,'L(7°))2 + T—Q(fn(r))2> rdr — C—Q(fn(a))2 — min for n € N, (3.78)
a n2 a2

/0 <(gé(r))2 + ﬁ(gn(r)f) rdr — C—2(gn(a))2 — min for n € N. (3.79)

The first line (3.77) can be minimized at once by fj = 0, and therefore fo(r) = ¢ for some
constant ¢. Due to the constraint [ fo(r)rdr = 0, we observe fo(r) = 0 and in particular
fo(a) = 0. So the first line will yield the minimal value 0.

For n > 0, we must have f,,(0) = 0, otherwise the function :f—j(fn(r))Qr = nTQ(fn(T’))Q from (3.76)
would have a pole at r = 0 that is not integrable. Therefore we can write the integral in (3.78)
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as follows.
[ (07 + B ) e

_ /Oa <f;_;fn)2rdr+/oa2nfnfgdr

= /Oa <frlz - ﬁfn)QTdr +n(fn(a))27

r

so that the above minimum problem for f, reads as

u 2
/o (fﬁ - ;fn)zrdr + <n - Z—2> (fu(a))® — min for n € N.

The minimum is attained if f, — 2 f, = 0, which gives f,(r) = ¢, for some constant c,. The
minimal value is then given by
2
a
(%)l

2
Analogous calculations for g, yield finally the minimal value of I given by
7Y (0= % ) (Ul + (@) (3.80)
n=1

With this minimal value we can give the following result about linear stability of I'*.

Lemma 3.47. With the above notations we get the following result for T'*.
(i) If ¢ > a, T is linearly asymptotically stable.
(7i) If c < a, I'* is linearly asymptotically instable.

Proof. Due to Theorem 3.42 we have asymptotic stability of I'* if and only if I(p,p) > 0 for
all p € HY(I'*) with [i.. p = 0, where I is given here as in (3.71). With the help of the above
remarks, we calculated the minimum of I in (3.80), where f,,(a) and g, (a) are arbitrary values.

If ¢ > a, we see that (n — ‘Z—;) > <1 — %) > 0 and the above minimal value is positive.

If on the other hand ¢ < a, we choose fi(a) = gi(a) = 3 and f,(a) = gn(a) =0 for n > 1, so
that the above minimal value simplifies to

1 a’ <0
™ — —= .
02

This yields the proof. O
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Lemma 3.48. When we consider with the above notations the flat disc I'* lying inside of an
hyperboloid instead of an ellipsoid, we remark briefly that in this case an inequality

S(n*,n*) <c¢ <0

holds for some constant cq < 0. Together with |c*|> = 0, this gives for the bilinear form

I(p,p) = | [Ve?= [ S(n*,n")p’
I'* or*
> /\vw\mcor/ E
I'* or*
—
>0
> CllplZge

where the last inequality holds due to the Poincaré inequality on H*(I'*) N {p| Jrep = 0}
Therefore in this case linearized stability for I'* holds without any conditions as in the previous
Lemma 3.47.

Lemma 3.49. For the mean curvature flow we want to give the following abstract short example.
When we have a bound of the form

S(n*,n*) > ¢y >0,

which is connected to strict convexity of 2, we use the lack of the integral constraint in Theorem
8.17, and insert constant functions p = ¢ into the bilinear form I to get

I(c,c) = - |J*|2+ S(n*,n*)
= ar*a,_/
>co
>0
< 0

So in this case we have linear instability for I'*.

The last lemma is already known in the literature and can be found for example in the paper
of Ei, Sato and Yanagida [ESY96].
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Chapter 4

Triple Lines with Boundary Contact

In this chapter we will extend the previous one by considering instead of one now three evolving
hypersurfaces, which lie inside a fixed region, meet the outer boundary at a right angle and get
together at a triple line, where also some angle conditions have to be fulfilled. The hypersurfaces
will evolve due to the mean curvature and the surface diffusion flow, each flow considered in one
section of the chapter. As before we give some basic geometric properties of the regarded flows
concerning the evolution of area and volume and the properties of stationary states.

In analogy to the previous chapter the main goal here is to do linearized stability analysis. To
this end we extend the work of Garcke, Ito and Kohsaka [GIK10], where the authors consider
surface diffusion with triple junctions for curves in the plane, to the present case of hypersurfaces
in R"*1. A similar approach was considered by the authors in [GIK09], where they derived the
linearized problem through the second variation of an energy functional, but we will stick to the
style in [GIK10].

As in the previous chapter we first have to introduce a setting that allows us to formulate the
geometric evolution laws as partial differential equations for functions defined on fixed reference
hypersurfaces, which will be stationary solutions. Then we linearize the arising equations and
with the help of spectral theory we formulate a criterion for asymptotic stability through the
positivity of some bilinear form. As in the previous chapter it will be important to identify the
linearized equations as gradient flows.

In the first Section 4.1 we consider the mean curvature flow with outer boundary contact, which
means that three hypersurfaces evolve due to the mean curvature flow, meet each other at a
triple line with some prescribed angles and touch the outer boundary at a right angle. For this
situation we use a parametrization that is a coupling of the one from Section 3.1 for an evolution
equation for one hypersurface near the outer boundary and a more explicit one near the triple
line. More precisely, this mapping near the triple line will depend on two parameters where one
is responsible for a normal direction and the other one for a tangential movement.

In the second Section 4.2 of this chapter we consider the surface diffusion flow with outer bound-
ary contact and a triple line for three evolving hypersurfaces. Since this is a fourth order flow, we
get more boundary conditions than in the previous section but for the formulation of the result-
ing partial differential equations for unknown functions, we can use the same parametrization
as in Section 4.1.
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Although the linearized stability analysis in both sections gets more complicated than in Chap-
ter 3 for one evolving hypersurface, it is strongly influenced by it. This is done in the same way
as the paper [GIK10] depends on the stability analysis in [GIKO05].

4.1 Mean curvature flow

In this first section of the chapter about triple lines with outer boundary contact we consider
mean curvature flow with prescribed angle conditions at the triple line and a right angle condition
at the outer boundary. We formulate the problem in detail, give some geometric properties and
derive with the help of a more explicit parametrization than in Chapter 3 near the triple line
the linearized problem for three functions p;, ¢ = 1,2, 3. Then we proceed with stability analysis
for this linearized problem, where we have to take care of the three different hypersurfaces in
this case, of course.
So we consider here the following problem. Seek for three evolving hypersurfaces

Di= (J {t} xTy(t) with Dy(t) c R, (4.1)
tel0,T)

as in Definition 2.31, moving due to the mean curvature flow weighted with surface energy
densities v; > 0, i = 1,2,3, such that I';(¢) lies in a fixed bounded region Q C R™*! and the
following decomposition is fulfilled. The boundary OT';(¢) shall be a disjoint union of two parts

ali(t) = L;(t) USi(t), (4.2)
such that
L(t) = Li(t) = La(t) = Ls(!) (4.3)

is an (n — 1)-dimensional manifold, called triple line, and the other parts represent the sections
with the outer fixed boundary 0f2, i.e.

Sz(t) = oI, (t) nos. (4.4)

Note our implicit assumption that L(t) does not intersect 0f.
In formulas, we have to find hypersurfaces as in (4.1)-(4.4), such that

Vi = ~H; in Tyt) forall t>0 for 1 =1,2,3,
Z([y(t),000) = § on S;(t) forall t>0,i=1,23,
Z(T1(t),Ta(t)) = 03 on L(t) forall t>0, (4.5)
Z(Do(t),T3(t)) = 61 on L(t) forall t>0, '
Z(T3(t),T1(t)) = 69 on L(t) forall t>0,
r;(0) = 1Y for i =1,2,3.

Here I'Y, i = 1,2,3 are given starting hypersurfaces, which fulfill (4.2)-(4.4) and the angle
conditions from (4.5). V; and H; are the normal velocity and mean curvature of I'; as defined in
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Chapter 2. 61,605 and 03 are given contact angles with 0 < 6; < w, which fulfill 81 + 05 + 03 = 27
and Young’s law

sinf; sinfy  sinfs

il 72 73

(4.6)

With the help of the outer unit conormals ngp,) of T';(t) at 9I';i(t) we can write the angle
conditions at the triple line through the requirement that

nory(t) " Mora(r) = cosbs,
Nory(t) " Norsy = cosor, (4.7)
Nors(t) " Nory (1) = cosba.

Due to the condition 61 + 62 + 03 = 27 and to the claim (4.3) that the three hypersurfaces meet
at one triple line, two of the above angle conditions already imply the third one.

4.1.1 Geometric properties of the flow

In this subsection we want to give some basic properties of the flow (4.5). These properties will
be an equivalence between Young’s law and a balance of forces, a property of the normals and
conormals of the arising hypersurfaces, decreasing of area and properties of stationary states.

The first point is to show an equivalence of the angle conditions (4.7) and Young’s law (4.6) to
a balance of forces given by

Y1700, (1) + YaNary(r) + V3Nar,e =0 on L(t). (4.8)

Therefore it is important to observe that the three vectors ngr, (1), nar, ) and nar,() all lie in
a two-dimensional space, namely the orthogonal complement of the tangent space of L(t), i.e.

nor,) (p) € (TL(t)" .

Since L(t) is an (n — 1)-dimensional submanifold of R"*!, this orthogonal complement is in fact
a two-dimensional space.

Lemma 4.1. Let 01, 02 and 03 be given contact angles for the conormals ngr, ) as in (4.7) with
0<6; <mand 01 + 03 + 03 = 2m. Then there holds an equivalence between Young’s law (4.6)
and the balance of forces (4.8).

Proof. First, let Young’s law be fulfilled. From the angle condition ngr, ;)" nar, ) = cos 3 # £1,
we see that ngr, ;) and ngr, () are linearly independent vectors and hence are a basis in the two-
dimensional space (TpL(t))J‘. Since the three vectors ngr,(;), ¢ = 1,2, 3 all lie in this space, we
can show instead of the identity (4.8) the two scalar identities

{ Y1 (nary () - nory ) + 72 (Rara(e) - nory ) + 73 (Rarse - noryy) = 0 and
Y1 (nary ) - mars) + 72 (Nars@) - norsw ) + 73 (Rarg - norsy) = 0.
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With the help of the angle conditions (4.7) this reads also as

(_ﬁ)+<—ﬁ> cosfl3 = cosfy and

73 3
_m _ 2 —
( %)00893—1—( 73) = cosb.

Now Young’s law gives the identities 22 = 8201 apq 22 — sinfe g4 that we have to show
v3 sin 03 Y3 sin 03

<—Sin61)—|—<—sme2)00593 = cosfy and

sin 03 sin 03
—sin0 ) oy + (—S002) = cosd
sin 03 3 sin 03 1-

Multiplying with sin f3 and rearranging the terms gives

—sinf; = cosfysinfz + sinfs cosfs  and
—sinfly = cos#qsinfz + sinfq cosbs.

Finally, we observe —sin 6y = —sin(2m — 6y —03) = — sin(— (02 +63)) = sin(f2 + 03) (analogously
for —sin#y), and the above identities are addition theorems, which hold true.

On the other hand, let the balance of forces (4.8) be true. Since the three vectors nar, ),
i =1,2,3 lie in a two-dimensional space, (4.8) implies that the three vectors YIMATy (1) V2MOTs (1)
and y3ngr, () can be arranged to give a triangle in this two-dimensional space. The angles in
this triangle are labelled through (4.7) and the law of sines gives exactly Young’s law (4.6). O

With the help of the following construction we choose a direction of the normals n;(t) of T';(t).

Remark 4.2. With the same argument as above for the outer unit conormals, we see that at
the triple line L(t) even the vectors

+n1(t), nor, ), £na(t), noryw), £n3(t), norye

all lie in a two-dimensional space, namely the orthogonal complement of the tangent space of

L(t).

We choose unit normals n;(t) of I';(¢) in an appropriate direction through the requirement that
the angle between ngr, ;) and n;(t) increases by 7/2 compared to the angle between nar, () and
nar;(t), 1-e. we have the following formulas

n;i(t) -n;(t) = cosby, (4.9)
napi(t) : napj @t = COS Qk y (4.10)
nar, ) - nj(t) = cos(O + g) = —sinfy, (4.11)

each on L(t) and for (7,7,k) = (1,2,3),(2,3,1) and (3,1,2). To be precise we require formula
(4.11) at a fixed point of L(t), extend the normals by continuity to all of I';(t) and observe
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Iy

n2
n3

I's m L'y

Figure 4.1: The choice of the normals.

the validity of (4.11) on all of L(¢) again by continuity. See Figure 4.1 for a sketch in the
two-dimensional situation for curves near the triple line.
With an analogue version of Lemma 4.1 we can write instead of (4.8) also

yini(t) + yane(t) + y3ns(t) =0  on L(t). (4.12)

In the next lemma we show a decreasing of the weighted total area.

Lemma 4.3. For evolving hypersurfaces which move according to weighted mean curvature flow
and fulfill the angle conditions from (4.5), the weighted total area

3
A) = D), (413)
=1

with A;(t) = [ 1dH", decreases in time t.
Li(t)

Proof. With the proof of the formula for the derivative of area from Lemma 2.46, we see

d
CA(t) = — / Vi H; dH" + / vor, dH"! + / vor, dH" !,
dt T S:(0°~” L(t)

where the normal boundary velocity vgr, at the outer boundary S;(¢) vanishes due to the right
angle condition as in Lemma 2.46. Therefore we observe for the weighted total area

3 3
d
—A(t = — E 'Yi/ VZHZd'Hn—i- E 'yi/ VT, dHn_l.
dt () i=1 Ii(t) i=1 L(t)

For the normal boundary velocities at the triple line, we observe

for p € OL(t),

d
var, (t,p) = ner, (t,p) - Eci(T)

T=t
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where ¢; : (t —e,t +¢) — R are curves with ¢;(7) € 9T;(7) and ¢;(t) = p. Since we require
L(t) = 0I'1(t) = OT'9(t) = OI'3(t), and since the definition of normal boundary velocity is
independent of the curve, we can take one curve for all three hypersurfaces I';, that is we get

d
var; (t:p) = nor (t,p) - ——¢(7)

T=t

Plugging this into the derivative of the weighted total area and using V; = ~v; H;, we can deduce

3 3
d d
—At) = — %2/ H? dH"—i—/ Yinar, () - ——c(T dH" !
dt ®) ZZ1 s (t) L(t)izl O dr ( )T:t
—_——
=0 from (4.8)
3
B Sy
i=1 Fi(t)
< 0.
This shows the lemma. O

As in the case for one hypersurface we want to describe I';(t) with the help of functions p; :
[0,T) x I'f — R as graphs over some fixed stationary solution of (4.5). This means we fix three
hypersurfaces I';, which lie in 2, and the boundary has a decomposition 0I'; = L} U S}, such
that the three hypersurfaces meet at a triple line L* = L} = L5 = L3 and the other parts are
sections with the outer fixed boundary, i.e. S} = oI'; N ON.

These hypersurfaces shall fulfill the angle conditions and the mean curvature equations from
(4.5) with V; = 0. As above we can show that the outer unit conormals ngrs of I'; at OI'; fulfill

_ *
Mners + yenory +vsnor; =0 on L7,

and we introduce notation, such that the unit normals n} of I'; emerge from ngrs by the
requirement that nars - n; = cos(f + 7/2) and fulfill

mny +y2ny +y3n3 =0  on L*.
For these stationary solutions the following lemma holds.
Lemma 4.4. Stationary hypersurfaces as above are minimal hypersurfaces, i.e. they fulfill
H! =0, and the identity
VMhngre + V2hnpps + V3kng, =0 on L

holds true, where fin,.. = J;(napr,napr) is the normal curvature of I' in direction of nor:-
Remember that o is our notation for the second fundamental form of I'} with respect to the unit
normal n;.
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Proof. The fact H = 0 follows directly from the mean curvature equations with V; = 0.
For ¢ € L*, we can decompose the tangent space T,I'’ with the help of the outer unit conormal
nors of I'Y at L* into

T,I; = TyL" Uspan{ngr:}.

Therefore we can complete ngrs to an orthonormal basis {napj,tl, ooytp1} of T,I'f with the
help of suitable vectors t1,...,t,—1 € T, L*. Note that we choose for every i = 1,2,3 the same
set of vectors t1,...,%,—1. Since the mean curvature H;" is the trace of the Weingarten map, see
Definition 2.19, we obtain the identity

n—1

wH; = o} (nors,nars) + % Y o7 (b, 1) (4.14)
j=1

With the above result about I'] being a minimal hypersurface and with our notation of normal
curvature, we can write this as

n—1

0 = Vifingrs —i—’inUf(tj,tj).
j=1

Summing over ¢ = 1,2, 3 gives for the second term

3 n—1 n—1 3 n—1 3
IR BIAUNSEED S) SEL RIS Y <Z> et
i=1  j=1 j=11i=1 j=1 =1
~—_—
=0 on L*

where the last zero appears due to the fact that ¢; is a tangent vector of L*. For the normal
curvatures in direction ngrs this gives finally

*
V1hngps +72“"ar; +’yg/<;n8F§ =0 on L

and we finished the proof. O

4.1.2 Parametrization and resulting partial differential equations

In this subsection we want to introduce the considered parametrization, which is more explicit
near the triple line than in the previous Chapter 3. We will describe the considered evolving
hypersurfaces as graphs over fixed stationary reference hypersurfaces and give a remark about
our formulation for the condition that the arising evolving hypersurfaces meet at a triple line.
Finally we formulate the emerging equations for the unknown functions, that will be linearized
in the next part.

To describe the considered hypersurfaces I';(t), we will use the representation from Section 3.1
near the fixed boundary 92 and an explicit mapping near the triple line L*, and finally compose
them with the help of a cut-off function.
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So for i =1,2,3 and small £, > 0 let
U, : T x (—g,6) — Q,  (qw) — ¥(q,w) (4.15)

be a mapping from Section 3.1 with W;(q,0) = ¢ for all ¢ € T'}, U;(q,w) € 0Q for all ¢ €
oIy NoQ = Sf and 0,,¥;(q,0) - nf(¢q) =1 for all ¢ € T},

Also let Z; be a mapping given through

Z;:TF x (—g,e) x (—=0,0) — R (4.16)
(qw,s) =  Zi(gw,s):=q+wni(q) +sti(q),

where ¢ = 1,2,3 and t] is a tangent vector field on I'; with support in a neighbourhood of
L7, which equals the outer unit conormal ngrs at L. More precisely we choose an open set

U C R™1, such that U is a neighbourhood of the triple line L* and set U; := U N I'Y. Then we
require for ¢ that

0 for ¢ € TX\U;,
ti(q) =4 €T, for qeU;, (4.17)
nor:(q) for g € L}.

Now we choose a neighbourhood of L* given by some small tube By.(L*) around L*, where
27 > 0 such that By, (L*) is compactly included in €2, i.e. By, (L*) C Q. Since our decomposition
of OI'} assured that L* C Q, such a neighbourhood can be found.

An additional assumption is now that the evolution of the triple line shall always stay inside the
neighbourhood Bs,(L*), in particular the triple line will never touch the outer fixed boundary
0. To this end, we choose a smooth cut-off function n € C*°(Q2), such that

{ 1, zeB(L*),

M) =0 | 2ecQ\Ba(LY).

For ¢+ = 1,2,3 and functions
pi 1 10,T) xT'y — R and
Wi [0,T) x L* — R

with |p;| < & and |p;] <, we define the mappings ®; = ®7""" (we often omit the superscript
(pi, i) for shortness) for i = 1,2, 3 through

&, :[0,T) x 7 — Q,
®4(t, q) == n(q) Zi(q, pi(t,q), pi(t, pri(q))) + (1 —n(q)) Yil(g, pi(t, q)) (4.18)

Here pr; : I} — L} is some kind of projection on L}, which we define as follows. We let V' C R*+1
be an open set such that U from the above definition of the tangent vector field ¢; is compactly
embedded in V', i.e. U CC V and set V; := V NI';. If V is a small enough neighbourhood of L*,

we define the projection pr; through

u for g€V,

pr;(q) :{ A\ (4.19)
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Here ¢ is some fixed point on L} and u = pr;(g) is the unique point on L, that is mapped to
q with the geodesic line «;(s) on I'f with

;(0) =u and  (0) = nar+(q) .

Note that we need this projection just inside of the small neighbourhood V of L*, because it
is used in the product p;(t, pr;(¢)) t; (¢), where the second term is 0 outside of the even smaller
neighbourhood U of L*.

We also set for fixed ¢ as above

(@) : TF — R™ . (®)i(q) = ®ilt,q)

which is a diffeomorphism onto its image if € and § are small enough. Finally we define new
hypersurfaces through

Lpins () = {(®i)e(q)[q €T7}. (4.20)
We observe that for p; = 0 and p; = 0 the resulting hypersurface is simply I'p,=0, y,=0(t) = I';
for every t.

The condition that the new hypersurfaces meet in one triple line L(t), can now be formulated
through

Di(t,q) = Pa(t,q) = P3(t,q) for g€ L*(= L] = L5 = L3) (4.21)

for all ¢ > 0.
For the new hypersurfaces I';(t) :== T, ,, (t) there exists also a decomposition of the boundary
Jl';(t) through

ol(t) = Ly(t) U S;(t),

where S;(t) = OL';(t) N 0N and from (4.21) we can identify the other parts L;(t) = O';(t)\Si(t)
to one compact (n — 1)-dimensional submanifold

L(t) = L1(t) = La(t) = Ls(t).
Note that (4.21) can be formulated as

Zl(tapl(t7q)7ul(t7Q)) = ZQ(t7p2(t7 Q),/LQ(t,q)) = Z3(t7p3(t7q)7u3(t7 Q)) for g€ L*,

since the cut-off function 7 equals 1 at the triple line L* and the projections give pr;(¢) = g.
The last identity can also be written as

* * * *
PNy + punars = pang + penory = p3n3 + pgnagry  on L7
Since on L* the six vectors
* * *
nl 9 naf’{ 9 n2 9 nar; 9 7’L3 9 nal‘g
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lie in the two-dimensional space (TqL*)J‘, the equations
(131 = (I)Q and (I)Q = (I)g on L*

(the third one is then automatically fulfilled) lead to 4 conditions, namely 2 in each case. There-
fore it is reasonable to try to find 4 equivalent conditions to (4.21), which is done in the next
lemma.

Lemma 4.5. Equivalent to the equations
‘131 = (I)Q and (132 = (I)g on L* (4.22)

are the following conditions, which describe an identity for the weighted sum of the p; and a
linear dependence of u; to all of the p; on L* given through

(1) yp1+72p2+73p3 =0 on L*,

) . ) (4.23)
(i)  wi= 3 (cjpj —ckpr) on L.

for (i,5,k) = (1,2,3),(2,3,1) and (3,1,2) and where s; = sinb; and ¢; = cos 0.

Proof. At first let (4.22) be fulfilled. We omit the variables and remark that due to (4.22) also
the condition &3 = ®4 is fulfilled on L*, which leads then to the identities

piny + pingr: = pjn; + fijnors on L* (4.24)
for (i,7) = (1,2),(2,3) and (3,1).
Putting a function o on L* through
= pIn] + pangry = pans + penery = P3ns + [3Nor;

we obtain « - n} = p; for i = 1,2,3. Thus Young’s law (4.6) respectively the balance of forces
(4.8) for the stationary hypersurfaces I'} gives on L*

3 3 3
Y vipi =) ila-ni)=a- Y yni =0,
———
=0

To derive (i), we take the scalar product with ngr: in (4.24) to get

pi (nf - nars) +pi (nors - nor=) = pj (0 - nors) +pj (nar; -nar;f)
~~ ~~ d S————r ———
=0 =1 =—sin b =cos 0,

for triples (4, j, k) = (1,2,3),(2,3,1) and (3, 1,2), where we used the angle conditions. With the
abbreviation ¢; = cos6; and s; = sin 6; this leads to the three equations

p1 = pH2C3 — pP253,
M2 = H3C1 — pP3S1,
H3 = H1C2 — p1S52.
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Solving this linear equations with respect to u; leads to the following dependence

(1 —cicac3)p; = — (crCisjpi + sppj + crsipr)
for (i,7,k) = (1,2,3),(2,3,1) and (3,1,2). Further, (i) and Young’s law (4.6) imply
1 2 2
(1 —creoe3)p; = o (sksi — cci(s)) ) pj + (ck(si) — ckcisjsk) Pk -
7
With the following observation from the addition theorems for the angle functions

S8 — ckci(sj)Q = —¢j(1 — ¢icjei) and ck(si)Q — cr6isjsk = (1l — cicjey)

we are led to (ii).
To derive the remaining part of the lemma, some linear algebra is needed. We fix p € L* and
formulate (4.22) with the help of the matrix

A = 71;{ —n§ 0 na[‘*{ —na[‘g 0
B 0 5 3 0
Ny —Ng nory  —Nor;

and the vector (p,,U,) = (p17P2=P3=M17ﬂ2=M3) through

(p,p) fulfill (4.22) < A <Z> =0+ (p,p) €Eker A.

Since &1 = ®5 and 5 = P53 on L* are each identities for linear combinations of the vectors
ni, My, N3, NoTY, Ty, Nory, which lie in a two-dimensional space, the image of A has at most
dimension four. From the fact that the first, the third, the fourth and the sixth column in A are
linearly independent, we see that in fact dim(imA) = 4. This leads to dim(ker A) =6 — 4 = 2.
Now we observe that (4.23) can be written with the help of the matrix

M o2 3 000
0 -2 —& 1 g 0
B = s1 51
a0 -8 0 10
2 52
C1 c2
~4 e 9 00 1

through
(p, ) fulfill (4.23) <> B <Z> =0 <= (p, ) €ker B.

Since the third, the fourth, the fifth and the sixth column of B are linearly independent, we see
that the rank of B, i.e. the dimension of the image of B, is four. The rank formula leads to
dim(ker B) =6 — 4 = 2.

With the above calculations we showed ker A C ker B, and since both kernels have dimension
two, we conclude ker A = ker B, which gives the desired equivalence of the lemma. O
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Remark 4.6. With analogue calculations as in the last proof, i.e. taking the scalar product of
o with ngr: and of (4.24) with n}, we get the following equations

i) yipr+yape + 33 =0 on L*,
{ (( ) (4.25)

i) pi= o (cjuj —cepr)  on L*.
for (i3, k) = (1,2,3),(2,3,1) and (3,1,2).

From now on, we always assume condition (4.21) and write equation (4.5) over the fixed sta-
tionary hypersurfaces I'], I'; and I'; as partial differential equations for u; and p; as follows.

Vi(®i(t,q)) = Hi(®i(t,q)) in I'} foral t>0, i=1,23,
(ni - p) (®i(t,q)) = 0 on S forall t>0, i=1,2,3,
n1(P1(t,q)) - no(P2(t,q)) = cosbs on L* forall t>0, (4.26)
na2(Pa(t, q) - n3(P3(t,q)) = cosby on L* forall ¢t>0,
(pi(0,9), 1i(0,9)) = (p, 1) in I7, i=123,

where n;(®;(t,q)) are the normals of I'y, ,,, (t) at ®;(t,q), i is the outer unit normal of 2 at 92
and we assume that the surfaces I'{ from (4.5) are given through

TP = {Wi(q, p(q), 113 (pri(9))) | ¢ € 5} . (4.27)

As explained in (2.12), we use the abbreviation V;(®;(¢,q)) = V;(t, ®;(t,q)) and analogously for
H; and n;.

Due to the condition 6 4+ 05 + 83 = 27 and the fact, that the hypersurfaces all meet at a triple
line at their boundary, which follows from (4.21), the third angle condition

(n3o®3)-(nyo®y)(t,qg) = cosby on L* (4.28)

is automatically fulfilled and we omit it from now on. The equation (4.26) gives a second order
system of partial differential equations for the functions (p1, i1, p2, t2, 3, 143)-

4.1.3 Linearization around a stationary state

As in the previous Chapter 3 we mean by the linearization of mean curvature flow (4.5) around
stationary hypersurfaces I'], I's, IT'j always the linearization of (4.26) around (p;, p;) = (0,0)
for : = 1,2,3. To obtain this linearization we consider the terms separately, write p; and ep;
instead of p; and u; for i = 1,2, 3, differentiate with respect to € and set € = 0 in the resulting
equations. In this way, we get a system of three linear partial differential equations for the
functions (p1, p1, p2, 2, p3, p3), which are coupled through the boundary conditions.

Remark 4.7. As in Remark 3.3 from Chapter 3 we just state that a formally correct description
of the linearization is given with the help of the first variation for each term in (4.26). Therefore
we consider each of the terms in the first line in (4.26) as operator

F;, : C®(I7) x C°(aT}) — C™(I'}),

110



4.1. MEAN CURVATURE FLOW

(omit the t-variable) and define the first variation of F at (p;, p;) = (0,0) as

oOF d
6F (pi, i) = W(M)(Pi,ui) = d—eF(fsz‘,Wi)
75 M1 e=0

For the linearization of the boundary conditions, which make sure a coupling of the equations,
we would have to define the mapping as

Fij: CP(T7) x C(T;) x C(T;) x C*(aT';) — C(L"),
for (i,7) = (1,2) and (2,3) and define an analogue first variation.
For building the linearization of each term in (4.26), we can use results of the previous Chapter

3 with the exception of the angle conditions at the triple line.

Lemma 4.8. The linearization of the mean curvature equations
Vi(t, ®i(t,q)) = viHi(t, ®i(t,q)  in I7
around the stationary state represented through (p;, p;) = (0,0) are given by
Owpi =i (Arspi + o [pi)  in T}

Proof. The linearization of the normal velocities

e=0

d
£Vi(t, Wi(q,epi(t,q), epi(t, pri(q)))

follows from Lemma 3.4 in the previous chapter. Since we have a special parametrization in this
part, we can also use the following observations.
We calculate for the normal velocities with the help of Lemma 2.40

Vi(t7 q)i(t7 Q)) = ni(tv (I)i(tv Q)) : at@i@? q)
= mlt,®i(t,0) - 01 (a4 pilt. @) (@) + pult,prila) £(@))
= ni(t, ®i(t, ) - ni(q) Opi(t, @) + nalt, i(t, q)) - 7 (q) i (t, prs(a)) -

For the linearization, this gives

d - d
— V. EPirEMi — Y1/ . * . R *
ZV e )| = TV (bt et a) i@ +enton() @)
= ni(t, ) -ni(q) dpi(t,q) + nilt, q) - 7 (q) ppui(t, pry(q))
=1 =0
= atpz(t7q)a

where we used the fact that for ¢ € I'} it holds n;(t, ¢) = n!(q).
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For the linearization of mean curvature H; we know from Lemma 3.5 that

d

SH(L )| = Arplt ) + o P am(ta).

e=0

To be precise, we have to mention that in this case we consider two functions (p;, ;) instead of
one as in the parametrization for Lemma 3.5. But anyhow the calculations generalize directly, the
only thing that could cause problems is the calculation of the normal velocity for the considered
evolving hypersurface I; with parameter ¢ instead of ¢ given by

Ti(e) = {(@7), (@) g € T} .
Therefore we do this detail explicitly.

V (e, (@57, (@) = 7 (e, (257H), () -
= ﬁ(e’(q)fpiﬁm)t(q))

& (@), (a)
(o1, )03 (a) + it P, 0)) £ (0)

which gives for e =0

i (@)
(9))

V(0,q) = 7(0,q) (pi(t,q)n}(q) + pi(t,pry(q))t
n;(q) - (pi(t,q)n; (q) + pa(t, pri(q)) t;
= pilt,q).

Since this coincides with the result from Lemma 3.5, we finished the proof. U

Remark 4.9. For the linearization of mean curvature we get in fact from the calculations in
Lemma 3.5 from Chapter 3 the identity

d - %
%Hl(t? (I)jpl,e‘ul(taQ)) = AF:‘pl(taQ) + |0i |2(taQ)pl(t’Q)
e=0

T
50>

If we would consider reference hypersurfaces I'f, which are not necessary stationary, the last
term would not vanish because the mean curvature is then in general neither zero nor constant.

d -
+Vr:H;(q) - <%‘b§p“%(ta q)

In any case, with the special parametrization ®; of this chapter, we can even calculate the last
term through
T
€=0>

T
(dicp (t.0) 620) - (di (q+ £pilt @) w3 (@) + epua(t, pry(a)) £ (a)

— (it (@) + @) ()
= ui(t,pry(q)) ti (q),
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so that we get
d ..
22 Hilt, @77 (1t q) o= Arspi(t,q) + o7 [P (t,Q)pi(t, q) + VrrHi(q) - it pri(q)) 7 (q) -
e=
Note that in this case the linearization of mean curvature also depends on the functions p;. This
observation will be important in future work for a local existence result.

The next step is to linearize the angle conditions from (4.26), which were given through
ni(t, @1 (t, q)) - n,(t, @?j’“j (t,q)) =cosf  on L* (4.29)

for all ¢ > 0, where (i,7,k) = (1,2,3) or (2,3,1). To calculate the linearization at a fixed point
qo € L*(= L} = L3 = L}) for t > 0, we choose as in the linearization of the angle condition
(3.19) from Section 3.2 a suitable local parametrization F; of L} as in (3.20) with nice properties
at a fixed point. So we are able to claim for a local parametrization

F: D —T7,  x- F(x) (4.30)
with Fz(xf)) = qo for some xé € 0D; the following assumptions.
(A) O Fi(zd),...,0nF;(x}) is an orthonormal basis of T, I'},
(B)  oF(z}) = nars(qo), where ngr+ is the outer unit conormal of I'; at L} and
(C)  (O1F; X ... X OpF;) (x}) = n} (Fy(xf)), where we just fix the sign.

These properties are the same as for the parametrization (3.20) in Section 3.2, where we cal-
culated the linearization of the right angle condition, and can always be achieved at a fixed
point.

To calculate the linearization of the boundary conditions (4.29), we need the following proper-
ties.

Lemma 4.10. With the help of the parametrizations F; it holds for F;(x) =q € I'}
(1) Wi(Fi(x),0,0) = Fi(z),
(i1) 0;V;(F;(x),0,0) = 0jF;(z), 0,V;(F;(x),0,0) = nf(Fi(z)),
05V (Fi(z),0,0) = t;(Fi(x)).
Additionally, for the fized point F;(z}) = qo € L* it holds

I-th pos.

(iii) (alpi X ...xnfoF; X...x anﬂ> (x) = (=1)8,Fi(x}),

I-th pos.
(iv) | O1F; x ... x O, (nfoF;) x ... X 6nF,~) (zf)
~ (atu o B0 ) () (n o F) (o),
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I-th pos.

(v) (61E X ... % t/o\F X ... X anFi> (z) = ((t; o) - 81Fi> (zh) (nfo Ey)(x}),

I-th pos.

(vi) alﬂx...xalEO\Fi) X ... X OBy | (2})

— (om0 ) () (0 o B ab) ~ (300670 F) -t ) () Ao
Proof. Parts (i) and (i) follow directly from the definition of ¥;, which was given by
Vi(g,w,8) = g +w-ni(q) +s-17(q).

Part (i77) now follows from assumption (C) for F; and Lemma 5.6 in the appendix.
For the remaining parts we observe at the fixed point

ti(q0) - i (q0) =0,
(01 (nf o Fy) - (n} o Fy)) (x5) =0,

and that the vectors 0y Fy (), . .., On F;(2}), n} (qo) form an orthonormal basis of R" 1. Therefore
we have the following representations

tiq) = (tfoFy)(z) = <(t%k o F;) - 3sz‘> (z) ORFi(zh),
k=1
amia) = O (n}oF)(xh) = (amn;foﬂ-)-am-) (eh) OFi(xh) and
k=1
autz(w) = 4 (7o F) (xh)
= > (@t o F) ) (ah) k)
k=1

T (al (tto ) - (nf o F») (eh) (nf o F) (a).

To see (iv), we use the above representations and the properties of the vector product, which
are summarized in the appendix to get

1-th pos.
(81E X...x 0 (nfokF;) x... x@nFZ) (zh)

n I-th pos.
= Z (81 (n; o F}) - 8kFi> (xf)) (81E~ X ...X OF; x...x 6nﬂ> (mé)
k=1

=0k1(n}oFy)

— (Ao r)-an) ) (o F) (eh).
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For (v), we proceed analogously to get

1-th pos.
(81E~><...>< tro F; x...x@nF,) (h)

n 1-th pos.
= Z <(tf o F;) - BkFZ) (h) <31F,~ X...x OpF; x...X 6nFZ-> (z})
k=1

:5kl(ZZOFi)
_ ((t: o F). aze) (&) (n} o F}) (o).

Finally, we have the following identity, which shows (vi).

I-th pos.
(61E- X...x O (tFoF;) x... xanFZ) (566)

n 1-th pos.
= Z<61(t;‘oﬂ)-6kFi> (zh) <81E-><...>< O F; x...xanfy)(xg)
k=1

=0k (n: oF3)

1-th pos.
+ (al (t' o F)- (nfoFi)> () <81E- X ...x (nFoFy) x...x 8nFZ->(:cé)

(=Dok;
- (al (1o F) - aze) (h) (nf o F) () - <<9z (tto F)- n> (eh) OUF ()
O

Now we are in a position to derive the linearization of the angle condition (4.29) at the triple
junction.

Lemma 4.11. The linearization of
ni(t, L1 (t, q)) - nj(t, @?j’”j (t,q)) = cosb on L*
around (p, ) = (0,0), where p = (p1, p2,p3) and p = (p1, p2, 13), is given through
anarr pi + Fongps i = anar; pj + Rngps Hj O L, (4.31)

where Fnops = 0 (nap;«,nap:) is the normal curvature of I'Y in direction nors. Equivalently, we
can write this equation as

1 1
On g Pi + — (cjnnaﬂ — cknnar*> Pi = Onpu Pj + — <ck"€"ar* — cmnaﬂ) pj on L*, (4.32)
i S; J k J Sj k i

where (i,7,k) = (1,2,3), (2,3,1) or (3,1,2), s; = sinb; and ¢; = cos ;.
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Proof. We show the linearization at a fixed point gg € L* for ty > 0 and choose parametrizations
F; as in (4.30) with properties (A)-(C) at the fixed point F;(z}) = qo.
Using the diffeomorphism (®;); : Iy — I, ,, (t) we also get a parametrization of I', ,, (t), which
we denote by

Gi:Di —Tpp,(t),  Gilz) = ®i(t, Fi(2)).

Then the normal n; of I', ,,(t) at p = ®;(t,q) € Iy, 1, (t) for some ¢ € '}, is given with the help
of the cross product of n vectors in R"*! through

hGi(z) x ... X 0,GL(x)

T 101G (x) X ... x O GL(@)] (4.33)

ni(t,p) = ni(t, ®:i(t, q)) = ni(t, Gi(z))

For some properties of the vector product, we refer to the appendix.
A calculation of the partial derivative 9,G%(x) gives

G (x) = OFi(x) + dpi(t, Fi(x)) ni (Fi(x)) + pilt, Fi(x)) o (Fi(x))
+ O, Fi(2)) 87 (Fi(z)) + pi(t, Fi(z)) Oit; (F ()
= OF; + Oipini + pi Om; + Oypity + pi Ot

where we omitted variables for reasons of shortness.
Now we consider the numerator of n;(t, Gi(z)) from (4.33).

n
X (O F; + Oipi nj + piOyng + Oy t; + i Oity)
=1

0GE x ... x 0,G!

1-th pos.
—~

= (81Fi><...><6nFi)+Z(91pi<81Fi><...>< ny x...x@nFZ)
=1

n 1-th pos.
+Zpi <81FZ- X...X On! X...X 8nFZ->

=1

n 1-th pos.
+Z@lui<alﬂx...x t x...x@nF,)
=1

n l—ih\pos
+Z'“i (61FZ- X...oxX oOtf x...X 8nFZ->
=1

+ quadratic terms in p; and u; ,

where the quadratic terms are not written down explicitly, because they will not give a contri-
bution to the linearization. Cubic or higher order terms in p; and u; do not appear, because the
vector product will always vanish for such expressions.

With the help of the results from Lemma 4.10 for the parametrization, we can proceed at the
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fixed point gg € L* for ty > 0 as follows.

01G; X ... x 0,G; — quadratic terms from above

n n n
= i =Y OpiOFi+ Y pi (O] - OF) i+ i (t - OF;) n;
=1 =1 =1
n
=Y wi(Oit; -ni) OF,
=1

= (1 + i (O OF) + Y O (1 - OFy) + > i (Ot '31Fi)> n;

=1 =1 =1
n n
=Y Opi OF; =Y i (Oit; - nj) OF,;
=1 =1
= Ri(pi, i) s

where we use the abbreviation R; to get a better view for the linearization.
So we want to linearize the relation
Ri(pi, i) Ri(pj, 15)
| Ri(pi, i)l | R;(pjs 115)]|

= cosb (4.34)

around (p;, pi;) = (0,0).
Replacing p; and p; by €p; and eu; and setting

Qi(e) = Ri(epi,epi)

we have to compute the term

d < Qi(e) Qj(@)
1Qi(e)]  1Q;(e)]

de e=0

We see the identity
Qi(0) = R;(0p;,0u;) = Ri(0,0) = n;
and can therefore calculate abstractly

d ( @-(e)) |Q:(0)] Q;(0) = Qi(0) & (1Qi(e)])],_,
de \ |Qi(e)]

=0 1Qi(0)]?
iy o.m Qi0) - Q(0)
= Qj(0) — Qi(0) 0.0
= Qi(0) —nj (Qi(0) - n)
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where we used the projection on the tangent space of '} given by (y) =y — (y - n}) n}.
With the relation Q}(0) = d%_Ri(spi, 5/”)‘5:0 and with the definition of R we see

T n n
(Qi(0))" = (d%Rz‘(ePi,&Mi) 0) = =Y 0piOF; — iy (it} -n}) OF; .
e= 1=1 =1
Therefore, we get
a ( Qi(e) Qe >
de \|Qi(e)] 1Q;(e)l /.=
/ Q,(0) Qi(0) / T
- 20\ Rz (00
QO Tos00m T o ()
= (— > i OF; — iy (At} - ) 31Fi> -
=1 =1

+nj - <_ Y00 OF) — g Y (At ) 8le> .
=1 =1

At this moment we use the assumption (B) that 0;F; equals the outer unit conormal nor: at
the fixed point x{. Because of the orthogonality of 61 F;,...,d,F; from assumption (B), we can
conclude that the tangent vectors 0o F;, .. ., 0, F; are all perpendicular to ngr:. Of course, they
are also perpendicular to the normal n}, everything at the fixed point ¢o = F’ (566) € L*, which
means

L n; and

02F¢,---,8nﬂ{ 1 nar: -

From Remark 4.2 we also know that the vectors
* * *
ny, nar’f , Ng, nar; , N3, nal‘g

all lie in a two-dimensional space, namely the space which is orthogonal to the tangent space of

L*. So we can write n*

7 as a linear combination of n; and ngr:, that is
7

n; € span{n;,nar:} .

Therefore in the above linearization of the angle conditions the scalar products involving 02 F;, . . . ,
OnF; and also 0oF), ..., 0, F; all cancel out and the following terms remain

_i(Qi(e) _ Qj(é‘))
de \|Qi(e)| 1Q;(e)]

e=0
81,%' OF; + i (6175;( . ’I’LZ() 61FZ> . ’I’L; + 7”L;k . (81,0]' 81FJ + 1 (81@ . nj) 81Fj)

= (31/72‘ nor: + pi (1t - ny) ”ar;f) “nj+ng <51Pj nors + p; (Ot - 1) narj)
= (Oups + i (Dt} - ) (nars - n3) + (Bupy + y (Ont] - ) (nap; n) .
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Due to the angle conditions for the stationary reference hypersurfaces I'}, it holds that one of
the terms (nap; nj) and <nap; nf) is sin 0 and the other one is —sin . Since sin 6 # 0,
cancelling provides for the linearization of the angle condition

O1pi + pi (O1t; -ni) = Oip;j + pj (6175; : nj)

for (i,7) = (1,2) and (2, 3).
In geometric terms, the derivative 9 here is a directional derivative in direction of the conormal,
which follows from assumption (B), so we get

O1pi = Onyre pi = Vrrpi - nor: and

*
1

* * * *
(Oity -nj) = <an31—~2< nor; nz) = =nr; * Ongre i = 0 (Nor;,N0T;) = s

where o7 is the second fundamental form of I'; with respect to n; and k.. is the normal

curvature of I'] in direction of the conormal nar:.
The linearization of the angle condition then reads as follows

8n3r\2< Pi + ’%napz Hi = 8n3F;§ Pj + ﬂnc’)l"}f iy

for (,7) = (1,2) and (2, 3).
To derive (4.32) from this identity, we use (4.23),(i7) from Lemma 4.5 to get

1 1
87131“26 Pi + I{nar? S_Z (c,]p_] - Ck‘pk‘) = 8”@1"; p_] + I{nar‘;ﬁ g (Ck‘pk‘ - CZpl)

for (i,7,k) = (1,2,3), (2,3,1) and (3,1,2). Now we take into account Young’s law (4.6) and
(4.23),(7) from Lemma 4.5 to observe

1 ( ) 1 <Cj CL )
—\Gpj —Ckpr) = — | TViPi — 7 VkPk
S; iPi Yi \Sj I Sk
1 Cj CL
= ” <3j Vipj Tt . (vipi +'7jpj)>

1 (c ci  Ck
= = (—wi + <—? + —> wj)
Vi \ Sk Sj Sk

1 1 Sj Cj CL
= —Cpit —Sk— |+ —|pj
Sk Sk S; Sj Sk

=(%)
1

= (ckpi — pj)

where we used 01 + 03 + 03 = 27 and an addition theorem to calculate

skSi (cjsp +cs;)  cosOjsinby +cosbysinf;  sin(0; +6p)  sin(2m — 6;)

() = - -

555k sin 6; sin 6; sin 6;
= —1.
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By an analogous argument, we also have

1 1
- (Ckpk - Cipi) = - (Pi - Ckﬂj) .
Sj Sk

Plugging these two identities into the linearization of the angle condition gives
1 1
8”81“5 Pi Tt Engpe — (ckpi — pj) = 8”81"*. Pj T+ Engps — (pi — ckpy) -
i i Sk J Jj Sk
Arranging the terms of p; on one side and these of p; on the other side, finally leads to
1 1
a"ar;‘ pi+ S_k (C/f'%"ar; - ’{"ar;) pi = a"ar;f pj + 5 <’{"arj - Ck%"ar;) Pj -

Using Lemma 4.4 for the stationary hypersurfaces and Young’s law (4.6), we derive

 ( ) = e (ot +wn)
— ek - K = — K LK - —kK
Sk nory nar;f ViSk Vi nar;ﬁ v nar;; Sk nar;ﬁ
Ck < n ) 1
= ———(u~ Vik - ="
ViSi i "ar;f nary Sk "ar;f
Ck
= - CkSj + 8i) Bnyre — —Knrs
SES; ( J l) ”arj S nary
1 Ck
= — CrSi — (Sickp + SkCi)) K — —K
Sksi( J ( J J)) "ar;f S nary
1
= S_z < jﬂnar;ﬁ - ck’%nar;g) )
where we used the addition theorem s; = — (s;cx, + skcj). An analogous calculation gives
1 1
5 (’%"arg - ckﬁ"ar;) = g (ck"%narz - ciﬁ"ar;) :
Plugging this into the above equation leads to
1 1
8”81“5 pi+ — <Cj’{"ar* - Ck%"ar*) pPi = 8”81"*. pj+ — (C/f'%"ar* - Ciﬁ”arf) Pj s
i Si J k J 8] k i

which is the assertion (4.32).

To proceed, we abbreviate for reasons of shortness the following terms on L*.

1

a1 = — | Co K « —C3K *
1 51 ( 2 Rngrs 3 nap3> )
1
a9 = — (c3kp.n —ClLEn. .| and
2 59 ( 3 nary 1 nar*1>
1

as ‘= ClKp.w —ClLK >
3 83( nory nory
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We remind the Definition 2.17 of normal curvature f,, .. through f,, . = o} (nap; , nap;), where
i i

o; is the second fundamental form of I'] with respect to n;.
When we now consider two angle conditions for (7, j, k) = (1,2,3) and (2,3, 1) in the previous

Lemma 4.11, we get the following short identities for the linearization on L*.
anapf p1+aipr = (9narg p2+azpr = an3F§ p3 +azps. (4.38)

Finally the linearization of the right angle condition at the outer boundary S} can be adressed
directly to Lemma 3.7 because on S} the parametrization fulfills

and equals therefore the curvilinear coordinate system from Chapter 3.
Altogether, we get for the linearization of (4.26) the following linear system of partial differential
equations for (p;, p;), i = 1,2,3, which fulfill (4.21).

dipi =i (Ar:pi + o Ppi)  in T, (4.39)
with boundary conditions on S} given through
(Op = S(ng,ni))pi = 0 (4.40)

and boundary conditions on L* given through

mp1+ 202 + v3p3 =0
(4.41)

a"ar*f p1t+aypr = 8narE p2 +ag pa = anar; p3 +as ps.

Note that the functions p; do not appear in this partial differential equation and can be calcu-
lated through the algebraic equations from Lemma 4.5.

4.1.4 Conditions for linearized stability

In this section we want to give a condition for the linearized stability of the mean curvature flow
(4.5) with a triple line and outer boundary contact around a stationary state I'*. With our choice
of parametrization this means that we consider the linearized equation (4.39) together with the
linearized boundary conditions (4.40) and (4.41) and examine the stability of the zero solution.
To this end, we use the ideas of Garcke, Ito and Kohsaka [GIK10], where they considered surface
diffusion with triple lines and outer boundary contact for curves in the plane. We modify this
work to the present case of mean curvature flow with triple junction with outer boundary contact
for hypersurfaces in R”*1. The necessary steps are similar to the linearized stability analysis
from Section 3.2 but we have to take care of three different hypersurfaces and the equations on
the triple line.

In generalization of Section 3.2 for the case of one hypersurface with outer boundary contact
we get the following equivalence.
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I'* is linearly asymptotically stable
L(p,p) = Y231 % Jpe (IVrepil® = |07 207) = Sy i fs S(nf,mf) 7
+ 3 v Jp-aip}
is positive for all 0 # p = (p1, p2, p3) with p; € HY(T)
and y1p1 + Y2p2 + v3p3 =0 at L*.

To achieve this goal, we proceed analogously as in Section 3.2 by describing problem (4.39)-
(4.41) as the L2-gradient flow of an energy defined with the help of a bilinear form I from
Definition 4.12. Then we analyze the spectrum of the linearized operator corresponding to
(4.39)-(4.41) and get a connection between the eigenvalues of A and the bilinear form I.

Definition 4.12. We use the following abbreviations for function spaces. For k € Ny we set
(omit the integrability value p = 2)

HF = HNMTY) x HMT3) x HY (),
W o= {=(6,6,8) eH &+ +E =0 at L'} and
Z = {€=(4,88) e H Imb+n&+73&=0 at L*} .

Observe that we assume in this section OI'; = L* and that for k = 0 the convention is HO =
L2(I]) x LA(T'3) x L*(I'3).
We define a bilinear form for p = (p1, p2, p3) and n = (n1,72,7n3) in H' through

3 3
I(p,m) = Z%/ (Vrspi - Ve — o712 pimi) dH" — Z%/ S(ny,nf) pini dH"
i=1 JI7 i=1 U5

3
+Z%/ azpin; dH" 1,
=1 L
and the associated energy for p € H' by

Bp) = 4T(pn).

Here the a; are given by (4.35)-(4.37). We say that a time dependent function p with values in
H! is a solution of the L?-gradient flow equation to E if and only if

@ep(t), )2 = —IE(p(t))(€)

for all € € H' and all t > 0. Here we use the L*-inner product component-wise, i.e.

3

(Oip(1),€) 2 = Z(atpz‘(t)7§i)L27

i=1
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and we observe that

The next lemma shows that the linearized problem (4.39) and (4.41) is the L%-gradient flow of E.

Lemma 4.13. The function p = (p1, p2, p3) € L*(0,T; H*)NHY(0,T; H®) is a solution to (4.39)
with boundary conditions (4.40) at the outer boundary S} and (4.41) at the triple line L* for all
t >0, if and only if p € L*(0,T; Z) N H'(0,T; H") and

@ep(t),8) 2 = —1(p(1),€)
for all& € Z and allt > 0.

Proof. If p € H? is a solution of (4.39) -(4.41), we omit the time variable ¢ and test with a
€= (&1,82,83) € Z to get with integration by parts and (4.39)

3

00,812 = Y (9pin&i) o
i=1
= Z’Yz/ AF*PZ&@ + ‘Uz ’ ngz)
= _Zr}/@/ VF*/OZ VF*& |Uz| ngz +Z%/ VF*PZ nar*)ﬁ'

= _Z%/ VF*Pz vl‘*&z ’Uz’ ngz +271/ Vr*ﬂz nory +azpz) gz

(%)

_g%/ azpz§z+2%/ (Vrepi- 1) &

S( n;, T)Pz

= —I(p,g) :

For () we use the boundary condition (4.41) and Z?:l vi& =0 for £ € Z at L* to achieve

3
Z%/ (Vrspi - nors + aipi) & = / (Vrip1 - nors + aipr) Z%’&' = 0.
L i=1
=0
If on the other hand p € L2(0,T; Z)NH(0,T; H°) fulfills (9p(t), &) 12 = —1(p(t), &) forall € € Z,
regularity theory gives us d;p € L0, T} HY) and p € L%(0,T; H?). Therefore we can do the above
calculation backwards and use the fundamental lemma to get that p is indeed a solution of (4.39)
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with the boundary conditions (4.40) at the outer boundary S} and (4.41) at the triple line L*. O

Let us now define the corresponding linearized operator to (4.39) and (4.41) through

A:D(A) — HO
with
D(A) = {peH?|p satisfies (4.40) at S} and (4.41) at L*} (4.42)
by
Ap = ((Ap)y, (Ap)y, (Ap)z) . where (Ap); =i (Ar:pi + |07 i) (4.43)

for all p = (p1, p2,p3) € D(A).
The linearized problem (4.39) and (4.41) is then related to the problem in finding a time
dependent function p € L(0,T;D(A)) N H'(0,T;H°) with

ap = Ap.

From now on we skip the variable ¢, so that by Definition 4.12 and Lemma 4.13 we also have
for all p € D(A) and £ € Z the identity

(“Ap7§)L2 - _I([),f) .

This gives us the opportunity to show symmetry of A in a simple way as before in Section 3.2.

Lemma 4.14. The operator A is symmetric with respect to the L?-inner product. Therefore it
has real eigenvalues.

Proof. Exactly the same as in Lemma 3.10. g
The next point is to describe the spectrum of A. Therefore we have to generalize the inequality

from Lemma 3.11 to the present case of a triple line, so that we get as a corollary an upper
bound for the eigenvalues of A. We introduce the following notation for p = (p1, pa, p3) € HE.

1
3 2
lpllgge = <Z\|pzllfm> : (4.44)
1=1

which denotes a norm on H*.

Lemma 4.15. There exist positive constants C1 and Co such that

lpllza < CillplFo + CoI(p, p) (4.45)

for all p € H'.
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Proof. We will use inequality (3.33) from Lemma 3.11, which in this case with three hypersur-
faces reads as follows. For all § > 0 there exists a Cs > 0, such that

10il32rsy < 81V pill3ages) + Collpilliages (4.46)

for all p; € Hl(I’;‘), 1 =1,2,3. In fact, we get tree different constants Cg, but we can take the
largest one and call it Cy.
Now we proceed with the estimate

3 3 3
I(p,p) = Z’Y/F (IVrepil® = o7 2 07) +Z%/L am?—Z%/S* S(n},n})p?
=1 i =1 =1 i

7

3 3 3
= ’YZ Hvrjpiuiz(r;) - mz HPiH%%F;) - MZ HpiH%Q(aF;‘) )
i=1 i=1 i=1
where we set
v = min{y;|i=1,2,3},
m = max{|||0;‘|2||Loo(F;) i=1,2,3} and
M = max{|[yiaillL=(r:); 177, ni) L ors) 1= 1,2,3} .

We use (4.46) to get

I(p,p) = (v— 5M)HVF;P1‘H%2(F;) — (m+ CéM)HPiH%%F;‘) :
By choosing § > 0 so small that (y — dM) > 0, we derive for some constants ¢,C > 0 the
inequality

cllpilZeqsy + CLpip) = IVrspillTaqrs -

Adding ||ps]|32 (rs) to both sides and summing over i = 1,2,3 gives the assertion with some
positive constants C7 and Cs. O

With the help of the previous lemma we are able to show boundedness from above for the
eigenvalues of A.

Lemma 4.16. Let A be an eigenvalue from A. Then the following inequality holds.

C
< = )
e

where C and Cy are the positive constants of the previous Lemma 4.15.

A

Proof. With the help of the previous Lemma 4.15 the proof is exactly the same as in Lemma
3.12. O

The next step is to show that A is self-adjoint with respect to the L2-inner product, which

will be done as in the previous chapter in Lemma 3.13 with the help of a property that implies
equivalence of symmetry and self-adjointness.
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Lemma 4.17. The operator A is self-adjoint with respect to the L?>-inner product.

Proof. We use the following theorem of operator theory. If there exists an w € R, such that
imwld—A) = H°,

then the properties symmetry and self-adjointness are equivalent, see for example the book of
Weidmann [Weid76].

So we have to show that there exists an w € R such that for given f € H there exists a
p € D(A) with

wp—Ap = f.
In detail, this means
(0 + S(n,n))pi =0 on §,i=1,2,3,
1p2 + Y202 + 7303 =0 on L*, (4.47)
(Vrsp1 - nors) +a1pr = (Vrypz - nory) + azps
= (VF§/)3 : n(’)Fg) + azps on L*.

With analogue calculations as in Lemma 4.13 we get the weak formulation of (4.47) through the
following problem. For given f € H° find a p € Z, i.e. p € H' and v1p1 + Yop2 + 13p3 = 0 on
L*, such that

I(ﬂﬂb) +W(P,7/))L2 = (fa¢)L2

for all » € W, i.e. ¢ € H' and 91 + 12 + 13 = 0 on L*. With the help of Lemma 4.15 and 4.16
we can show with the same calculation as in Lemma 3.13 that the left side defines a coercive
bilinear form for large w € R.

The fundamental theorem of Lax-Milgram gives then a unique weak solution p € Z. Since
f € HY, regularity theory leads to p € H? and to the remaining boundary condition in (4.47).
So we found an w € R and a p € D(A), such that

wp—Ap = f.

Therefore we can apply the above theorem from operator theory and conclude from the symme-
try of Lemma 4.14 even the self-adjointness of A. O

With the help of the previous results we are able to apply standard theory of self-adjoint
operators and the theory of semigroups to get the following theorem.

Theorem 4.18.
(i) The spectrum of A consists of countable many real eigenvalues.

(ii) The initial value problem (4.39)-(4.41) is solvable for given initial data in H.
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(#i1) The zero solution of the linearized problem (4.39)-(4.41) is asymptotically stable if and
only if the largest eigenvalue of A is negative.

Proof. With the same abstract arguments as in the proof of Lemma 3.14 we can show the
assertions with the help of Lemma 4.16 and Lemma 4.17. L.

The next lemma relates eigenvalues of A to the bilinear form I, so that we can formulate our
linearized stability criterion.
Lemma 4.19. Let
AM>A> A3 >
be the eigenvalues of A (taken into account the multiplicity).

(i) For all n € N, the following description of the eigenvalues of A holds.

I
An = inf sup —M,
WeSno1 pemnfoy (P, P)r2
I
—~Ap = sup inf )

wes, 1 peWL\{0} (p’ p)L2 ’

where %, is the collection of n-dimensional subspaces of Z and W is the orthogonal
complement with respect to the L?-inner product.

(it) The eigenvalues N, depend continuously on kn,.. and |o}| in the L -norm.

Proof. As in Lemma 3.15, for the first part we just refer to the classical work of Courant and
Hilbert [CH68]. The second part follows directly from the structure of I. O

In the next remark the largest eigenvalue of A is described more explicitly.

Remark 4.20. For the largest eigenvalue A\ of A we have the description

I
I A (Y

4.48
pe2\{0} (p,p)r2’ (4.48)

which can be seen directly from the second description of A1 in Lemma 4.19 through —\1 =
Suppex, Inf pepy 1\ {0} (i)(zspl and Yo = 0 and therefore W+ = Z. The fact that the minimum is
P

attained also follows from the classical work of Courant and Hilbert [CHGS].

From Theorem 4.18 we have asymptotic stability of the linearized problem (4.39)-(4.41) if and
only if \; < 0. This leads to the following main conclusion.
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Theorem 4.21. The linearized problem (4.39)-(4.41) is asymptotically stable if and only if

I(p,p) > 0
for all p € Z\{0}, where

3 3
Hoo) = Yo [ (el = oot a3 [ Statnitane
=1 i i=1 i
3
—i—Z%/ aiprdH™ L.
i=1 L

4.2 Surface diffusion flow

In this last section we want to complete our considerations with the surface diffusion flow with
triple lines and outer boundary contact with a fixed bounded region. As in the previous Section
4.1 we formulate the problem in detail, give some geometric properties and derive the linearized
problem for functions p;, i = 1,2,3. We use the same parametrization from (4.18) as in the
previous section. Then we proceed with stability analysis as in Section 3.4 for the emerging
linear fourth-order system of partial differential equations.

So we want to find three evolving hypersurfaces I'; = ;e {t} x I's(t) with I';(t) C R as in
Definition 2.31, moving due to the surface diffusion flow, such that I';(¢) lies in a fixed bounded
region  C R""! and the decomposition (4.2)-(4.4) is fulfilled. This means that the boundary
can be seperated disjointly into 0T';(t) = L;(t) U S;(t), such that L(t) = Li(t) = La(t) = Ls(t) is
a triple line and the other parts S;(¢) = OI';(t) N 0N represent the sections with the outer fixed
boundary. Note our implicit assumption that L(¢) does not intersect 9f2.

In formulas, we have to find hypersurfaces as in (4.1)-(4.4) which fulfill the following surface
diffusion equation in I';(¢)

V. = _mi'YiAFi(t)Hia (4'49)
where the positive constants ; and m; are the surface energy density and the mobility of the
interface I';(t).

At the outer boundary S;(t), we require as in the case of one hypersurface in Section 3.4 the
following right angle and natural boundary conditions.

Z(Ty(t),000) = 7,
4.50

{ Ve Hi-noryy = 0. ( )
At the triple line L(t), we require the following conditions

Z(T1(t), T2(t)) =03, Z(Ta(t),I3(t)) =61, £(I's3(t),I1(t)) = 02,
y1Hy +v2Hy +v3H3 =0, (4.51)
minVr, ) Hi - nor, (1) = m272Vrym Ha - nor, ) = m3y3Vr, ) Hs - nary ) -

The first condition denotes angles between the hypersurfaces at the triple line, where we require
as in the previous section 0 < 6; < m, 01 + 63 + 03 = 27 and Young’s law (4.6). The second
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condition follows from the continuity of the chemical potentials and the third conditions are
the flux balance at the triple junction. We refer to Garcke and Novick-Cohen [GNOO] for the
derivation of the above model in the planar case. For reasons of shortness we will omit the
starting configuration in this section.

As in Lemma 4.1 of the previous section, we can show the following balance of forces at the
triple line due to the angle conditions and Young’s law,

YN, (¢) T Y2Mar,(t) T V3Ners) = 0.

Also Remark 4.2 and the corresponding equations (4.9)-(4.12) are fulfilled, see Figure 4.2 for a
sketch in the curve case.

Sa

SS 51

Figure 4.2: The choice of the normals.

4.2.1 Geometric properties of the flow

Here we want to show the properties area decreasing and volume preserving for surface diffusion
(4.49)-(4.51). Therefore we have to generalize the calculations from Lemma 2.46 about evolution
of area and volume in case of one hypersurface lying in a fixed bounded region to the present
situation for three hypersurfaces that get together at a triple line. After this we will give
properties for stationary states of (4.49)-(4.51).

Lemma 4.22. Solutions I';(t) of the surface diffusion equation (4.49) which fulfill the boundary
conditions (4.50) and (4.51), decrease the weighted total area

3
A(t) = 'yi/ 1dH"
izl (1)

and preserve the enclosed volumes. With ;;(t) defined as the region in Q bounded by I';(t),
I'(t) and 09 for (i,7) = (1,2), (2,3), (3,1), see Figure 4.3, this means in detail

d

— 1de = 0.
dt Joy, )

Proof. Similar calculations as in Lemma 4.3 from the previous section lead to

3 3 3

d

—A(t) = — %-/ Vi H; dH"+/ ~ivor, AH" ! + %‘/ vor, dH" .
dt ®) ; i (t) L(t); ZZ:; Si(t)
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Figure 4.3: The definition of €);;.

The second term vanishes as in the proof of Lemma 4.3 due to Young’s law and the angle
conditions and for the third term we can argue in the same way as in Lemma 2.46 in Chapter
2, where we saw vgr;, = 0 due to the right angle at the fixed boundary. So we get by using the
surface diffusion equation V; = —vy;m; Ar, ) H;

3
d § : 2 n
EA(t) = - A / ) % mzAFl(t)Hl . HZ dH

3
= —Z%sz‘/ Ve, Hil” dH" +Z%mz/ (Ve Hi - noryy) HidH" "
=1 i

i=1 ory(t)

For the second term, we observe

Z%mz/ Vs Hi - nory ) Hi dH"
8Ty (¢)

= Z/L mi (V@ Hi - nor, ) ~viHi dH™ 1+Z%mz/s() (Ve Hi - norw) HidH"™!
i=1 i(t

=0

= /L()Tm (Vo Hi - nor, @) Z%H dH"
¢ =1
———
=0

= 0,

where we used the boundary conditions (4.50) and (4.51). Therefore it holds

3
d
—A(t) = -— ’yfml/ Vr. HZ'QdHn_l
7AO = ~otm [ FroHd

< 0.
For the volume preservation we first claim that

d

dt Qi (1) Li(t) (1)
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To see this identity, we proceed analogously to Lemma 2.46 from Chapter 2 to get

(n—i—l)/Q (t)ldm:/Q

Here v is the outer unit normal of §;;(¢) and with our choice of the normals of the hypersurfaces
it equals ¥ = p on A(t), which describes as in Lemma 2.46 the part of the boundary of €, that
coincides with 0€;;(t), v = —n; on I';(t) and v = n; on I';(t). Therefore we can decompose the
above boundary integral into

divid doe = / p-v(t,p)dH" .
() 9%2i;5(t)

iJ iJ

/ p-v(t,p) = / p-u(p)dH"—/ p-m(t,p)dH"Jr/ p-nj(t,p)dH" .
0945 (t) A(t) Ty(t)

L't

ey 2) ®3)

As in Lemma 2.46 we get for the first term

d

— p-u(p)dH"Z/ (p- u(p)) vop dH™ 1,
dt Jae) AA(D)

where the other terms from the Transport theorem 2.44 vanish due to the fact that the normal
velocity of A is zero. For the second and third term (2) and (3) from above can also use the
calculations from Lemma 2.46 to get for [ =i, j

d

ol mtp) AR = (1) / VidH" + / (0 mu(t. p)) vr, (t, p) AH""
dt Jr ) Iy(t) ary(t)

[ e, ) Vit p
or(t)

With the decompositions

OA(t) = Si(t)US
OTi(t) = Si(t)UL(t) and
al‘j(t) = Sj(f)UL

we get then for the derivative of the volume the following formula

(n+1)i/1dx _ —(n+1)/ v;dHn+(n+1)/ v, dHe
dt Jo,; @) Ti(t) T;(t)

" / (p- p)) von (t.p) AH"1 + / (p - 1(0)) von (£, p) A"
Si(t) S;(t)

+/ (p - nar, (t,p)) Vi(t,p) dH" —/ (p - nor, (t,p)) Vj(t, p) dH"
Si(t) S;(t)
+ / (p- nor, (£, p)) Vi(t, p) dH = / (p- nor, (t.p)) Vi (t,p) A1
L(t) L(t)
/

(p : ni(tap)) Vor; (t,p) dHnil + / (p * Ny (t’p)) UaFj (t,p) dHnil .

®) L(t)
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Due to the choice of the normals n;, on S;(t) there holds vgy = —V; and we can proceed as in
Lemma 2.46 to see that the integrals over S;(t) and S;(t) vanish. This leads us to

(n+1)i/1dx _ —(n+1)/ de"+(n+1)/ v, dH”
dt Jo,; ) 0 r;(t)
+/ (p- nor, (t,p)) Vi(t,p) dH" ! —/ (p- nar, (t,p)) Vj(t,p) dH" !

L(t) L(t)

- / (p- nalt, ) vor, (t,p) AH" ! + / (0 5(t,9) vor, (1, p) A1
L(t) L(t)

To see that the integrals over the triple line L(t) vanish, we first recall from Remark 4.2 that the
vectors nj, nj, nar,, nar; at the point (¢, p) all lie in the two-dimensional subspace U = (TpL(t))l.
Then let D be the orthogonal matrix that assigns the chosen unit normal to the outer unit
conormal, that is at L(t) the following formulas hold

= Dnyr, , nj = Dngr; , —ner, = Dn; and —ngr; = Dn;.
Due to the orthogonality condition DT = D~! we can conclude

p-ni=p-(Dnear,) = (D 'p) - ner, ,
p-ngr, =p- (—Dn;) = — (D" 'p) - n;,
and analogously

p-n; = (Dilp) “nar; and p - nor; = — (Dilp) ‘n
This gives for the considered integrals over the triple line L(t)

1
n + 1 L(t)

(D™'p) - ((ni V; + mor, var,) — (nj V; + nar, var,)) dH" .

As in the proof of Lemma 2.46 we can calculate the velocities with the help of the same curve
c(t) € L(1) with ¢(t) = p € L(t) through

Vi=mn;-d(t), Vy=mn;-c(t), var, = nor, - ¢(t) and vgr; = nar, - ¢ ().
Therefore we can write

n; Vi + nar, var, = n; - (n, . c/(t)) + nar, (napi . c/(t)) = Pd(t) and
n; Vi +nar, var, = n; - (nj - (t)) +nar, (nar, - ¢(t)) = P(t),

where P denotes the projection onto the two-dimensional subspace U. With this observation
the above integral over L(t) vanishes and we proved the formula (4.52).
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With equation (4.49) and integration by parts we can conclude further from (4.52)

d
—_— / 1dx = / mz%AF,(t)Hz dHn - / mjryjAFj(t)Hj dHn
dt Joi ) ri(t) r5(1)
= / miiVr,wHi - nor, dH" ! —/ m;v;Vr, @ Hj - nor, dH" !
ar; (1) ar; (t)

= miY; Vr,Hi - nar, dH" ! — / miy; Vi, Hj - nor, dH" !

Si(t) S5()
=0 =0
+/ (mz%Vri(t)Hz-naFi —mﬂjvrj(t)Hj-narj) dH™!
L(t)
=0
= 0,
where we used the boundary conditions (4.50) on S;(t) and S;(t) and (4.51) on L(t). O

As in the previous parts of this work we fix a stationary solution of the above problem (4.49)-
(4.51). This means we consider three hypersurfaces I'f, which lie in €2, and the boundary
has a decomposition OI'; = L U S}, such that the three hypersurfaces meet at a triple line
L* = L7 = L5 = L3 and the other parts are sections with the outer fixed boundary, i.e.
S¥ = 0I'y N 0N. TI'f shall fulfill the surface diffusion equation (4.49) with V; = 0, the condi-
tions (4.50) at S} and (4.51) at the triple line L*. We choose the normals n} of I'f so that
yni + vens + y3n5 = 0, as we did in the previous section. We can show similar to the surface
diffusion equation for one hypersurface from Section 3.4 that I'] has constant mean curvature.

Lemma 4.23. Stationary solutions as described above have constant mean curvature and fulfill
the identity

*
'YIKnaFI +72K/n81—\§ +’73K/n61—\§ - 0 on L
as i Lemma 4.4.

Proof. We proceed as in Lemma 3.25 to get from Ar‘r H} =0, where H; is the mean curvature
of I'7, that

0 = [ Avwm == [ VeHPe [ (Ve ) 1
I r: or:
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Multiplying this equation with mi%? > 0 and summing gives

3 3
0 = _Zmi%?/ \Verf\2+ZmiVi2/ (Vrs H -nor:) Hf
i=1 i L

i=1

3
+Zmi%’2/s (Vr: Hf -nor:) Hf
P ——

=0
3 3

= _Zmi%?/ \Verf\QJFZ/ miy; (Vs Hy - nors) viH;
i=1 s i=17L"
3 3

= —Zmﬂ?/ |VF;H¢*|2+/ mam (Vg Hi -norg) Y wilH;
i=1 ry L* =1

=0

3

= =Y me? [ VP
i=1 Iy

Therefore we get the equality Vr+H; = 0 on I'} and the same argumentation as in Lemma 3.25
applies to give the claim of constant mean curvature.

To show the identity for the normal curvatures, we use the same notations and calculations as
in Lemma 4.4 to get

n—1

viH = Vikingps —i—’inUf(tj,tj) .
j=1

Now we use the second equation v H +vy2Hs + v3H5 = 0 on L* from (4.51) for the stationary
hypersurfaces to get

3 3 n—1
0 = Z’ymnarr + Z% Za;(tj,tj) .
i=1 =1 j=1

As in the proof of Lemma 4.4 we can show that the second term is zero and therefore get the
claim ViFnors + V2Rnors + V3Kngrs = 0. ]

4.2.2 Parametrization and resulting partial differential equations

To formulate partial differential equations from the geometric evolution equation (4.49)-(4.51),
we use the same parametrization of the hypersurfaces I';(t) over some fixed stationary state I'*
of (4.49)-(4.51) as in the previous section. This means that for i = 1,2,3 and functions

pi :[0,T) xT7 — R and

Wi [0,T) x L* — R
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with |p;| < & and |p;] <, we define the mappings ®; = ®7""" (we often omit the superscript
(pi, i) for shortness) through

®,:[0,7)xI7 — Q,
i(t,q) := n(q) Zi(q, pi(t, q), 1i(t, pri(q))) + (L —n(q)) ¥ilq, pi(t, q))

for i = 1,2,3, where pr; : I'' — OI'} is the projection as in the previous section given through
the construction in (4.19). As in the previous Section 4.1 this projection will be used just in a
small neighbourhood around the triple line L*. The mappings Z; and ¥; are defined in (4.15)
and (4.16).

We also set for fixed ¢ as in the previous parts the diffeomorphisms onto their images

(@i)e : T — €, (®i)i(q) := Pilt, q), (4.53)
and finally define new surfaces through
Lo () = {(®i)i(g) g €T} (4.54)

As in the previous section we formulate the condition, that the evolution of the triple line L*
results still in a triple line, through the requirement that

Di(t,q) = Pa(t,q) = P3(t,q) for g€ L*(= L] = L5 =L3). (4.55)

For the new hypersurfaces I';(t) := I'y, ,,,(t) there exists also a decomposition of the boundary
OI';(t) through OT';(t) = L;(t) U Si(t), where S;(t) = OI';(t) N 0Q and from (4.55) we can
identify the other parts L;(t) = 9T';(t)\Si(t) to one compact (n — 1)-dimensional submanifold
L(t) = Li(t) = La(t) = Ls(t).

From now on, we always assume condition (4.55) and write the surface diffusion equation
(4.49) and the boundary conditions (4.50) and (4.51) over the fixed stationary hypersurfaces I'}
to get partial differential equations for p; and pu;, ¢ = 1,2,3. This gives for the surface diffusion
equations in I'}

Vi(®i(t,q) = —mivilr,)Hi(®(t,q)), (4.56)

for the boundary equations on S}

{ (ni - 1) (®a(t.q)) = 0, (4.57)
V.o Hi(®i(t,q)) - nor, ) (Pi(t,q)) = 0,

and for the boundary equations at the triple line L*

n1(P1(t,q)) - na(P2(t, q)) = cosbs,

na(Pa(t,q)) - n3(Ps(t,q)) = cos by,

Y1 H1(P1(t, q)) + v2Ha(P2(t, q)) +v3H3(P3(t,q)) =0,
m11 Ve, Hi(P1(t, q)) - nor, ) (P1(t, )

= maY2Vr,5) H2(P2(t, ¢)) - nory s (Pa(t, 9))

= m373 V) H3(P3(t, ) - nory ) (Ps(t, 9)) -

(4.58)

\
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As in the previous section, see (4.27), we also match the starting condition and use the abbrevi-
ation V;(®;(t,q)) = Vi(t, ®;(t,q)), analogously for H; and n; as explained in (2.12). We omitted
the third angle condition because under our assumptions it is automatically fulfilled, compare
(4.28).

4.2.3 Linearization around a stationary state

The next step is to give the linearization of (4.56), (4.57) and (4.58) around (p;, pi) = (0,0),
which is our interpretation of the linearization of (4.49)-(4.51) around a stationary state given
by I'l, I'; and I';. Therefore we consider the terms separately and observe that most of the
necessary work is already done.

In fact, by putting together the calculations of Lemma 3.4 and of Lemma 4.8 for the normal
velocity, we get as expected

d ..
Vi@ (tg)| = Gipilta)
€ e=0
Furthermore the geometric argumentation from Lemma 3.5 and Lemma 3.26 also applies in this
case and gives us the linearization for the Laplace-Beltrami operator of mean curvature.
To deal with the linearization of the boundary conditions in (4.57), we just have to observe

that on S; the parametrization fulfills

Mt q) = Wy(t, pilt, ) (4.59)

and equals therefore the curvilinear coordinate system from Chapter 3. Therefore it is possible
to apply Lemma 3.7 and Lemma 3.27, which gives us the desired linearization.

In fact, for Lemma 3.27 we do not need the identity (4.59), the calculations there hold also
for the parametrization in this section. We just have to replace the outer unit normal p of the
fixed region € with the outer unit conormal ngrs of I'Y. These two were the same in that case
due to the right angle between I'; and the outer fixed boundary. So we get the linearization of
the third condition in (4.58). Together with Lemma 4.11 about the linearization of the angle
conditions at the triple line and with Lemma 4.8 for the mean curvature we get the linearization
of all terms in the boundary conditions of (4.58) at the triple line L*.

Altogether we obtain the linearized problem for i = 1,2,3 and ¢t > 0

Orpi = —mivirs (Arzpi +|of[Pps)  in T (4.60)

with the boundary conditions on S}

(0u — S(nf,n3) pi = 0, .
{aumrwiom?m) 0, (4.61)

and the boundary conditions on the triple line L*

711+ Y2p2 +y3p3 =0,
8”51“’1‘ p1+aipr = a"ar; P2+ az p2 = 8nar§ p3 + as ps3,
Y1 (Arsp1 + |0512p1) + 72 (Argp2 + |05 p2) + 73 (Arzps + o3]%p3) =0, (4.62)
M17195p (Argp1 +lot?p1) = M2Y20n 51 (Argp2 + 03] p2)
= M3730n,rs (Arzps + |o3]?ps) -
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We recall some notations. o} is the second fundamental form of I' with respect to n; and
\aﬂQ =y, /i? is its squared norm given through the squared sum of the principal curvatures.
1 is the outer unit normal of 2 and S is the second fundamental form of 02 with respect to
the inwards pointing normal (—u) of Q. Due to the right angle condition at the outer fixed
boundary the normal n} of I'} lies in the tangent space of 02 and can therefore be inserted in
S. Finally, the terms a; are the abbreviations given by (4.35), (4.36) and (4.37).

Remark 4.24. The above system of partial differential equations is just a problem for p;. The
functions p; are then given by the linear dependence from Lemma 4.5 through

1 *
pi = —(¢pj—cepr) on L7

7

We remark that this is the case because we linearize around a stationary solution and would not
be true any more if the linearization is around an arbitrary hypersurface satisfying the boundary
conditions.

As in Section 3.4 for surface diffusion with boundary contact for one hypersurface without
triple junction there holds a solvability condition.

Lemma 4.25. Solutions of the linearized problem (4.60) with boundary conditions (4.61) and

(4.62) fulfill
/IP1:/3P2:/§P3-

Proof. Observe that through a linearization around (p;, p;) = (0,0), the starting condition for
the linearized problem, that we omitted for reasons of shortness, is (p;);_, = 0. So we can do
the analogue calculation as in Lemma 3.28 to get

t t
/ pi = / Opi = / / —mivilrs (Ap:pi + |of ;)
r: o Jrs o Jrs

t
= / / —my; (Vrs (Arsp; + o5 1% s) - nar;)
o Jors

t t
= /0 /* —m;7; (VFT (Al‘;‘pi + ‘U;‘Qpi) : ,U) +/0 / —Mm;Y; (V[‘r (AF;‘pi + ‘U;‘Qpi) . nan‘)

=0 due to (4.61)
t
- / / —mim (Vry (Arypr + |07 p1) - nory)
O *

where the last identity follows with the help of the boundary condition (4.62). This gives the
same value for fﬁ pi for all ¢ = 1,23 and the claim is shown. U
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4.2.4 Conditions for linearized stability

As in Section 3.4 for one hypersurface we want to describe linearized stability of the stationary
solution T'* of (4.49)-(4.51), i.e. with our parametrization stability of the zero solution of the
linearized problem (4.60)-(4.62) through the requirement that some bilinear form is positive.
Garcke, Ito and Kohsaka [GIK10] generalized their own paper [GIKO05] for surface diffusion flow
for one curve to the case of three curves meeting at a triple point. In an analogue way we will
generalize here the case of surface diffusion flow for one hypersurface from Section 3.4 to the
case of three hypersurfaces meeting at a triple line.

To recall the approach, we will show that the linearized problem (4.60) - (4.62) can be inter-
preted as a gradient flow with respect to an energy E given by a symmetric bilinear form I.
Then we relate the eigenvalues of the solution operator corresponding to the linearized problem
to the positivity of the bilinear form I to achieve the following result for a stationary solution
= U§:1 I of problem (4.60)-(4.62).

I'* is linearly asymptotically stable
3 " 3
I(p,p) = Y1 fr; (’VFZM“Q — |o} ’293) — D i1 i fs; S(nj,n;) Pzz

+ 3%y ai P}
is positive for all 0 # p = (p1, pa, p3) with p; € H(I'}) such that

Jrs p1=Jrs P2 = Jrs p3 and y1p1+72p2 +73p3 =0 on L.

The following abbreviations for function spaces resp. dual spaces will be useful. For £ € N, we
set (omit the integrability value p = 2)

HY = HNTT) x H¥I3) x HHT3),
<H’“), — (Hk(F’lk)>,>< (Hk(l“z))/x (Hk(l“;))/,
v = {(51,52,§3>6H1r§1+§2+§3:0 on L* and /*51:/*52:/*53},

Y o= {(&.6,&)€H |G +&+E=0on L*},
UIZ/F 022/*03},

3
Here (.,.) is the duality pairing between the dual space (H' (I’;‘)), and the Sobolev space H(I'}).
We will also denote the duality pairing between w = (wy,ws,w3) € H~! and u = (uy, ug,u3) €
H! with the same symbol, i.e.

& = {(01,02,03) € H' | mv1 + 72v2 + 7303 = 0 on L* and /
r

* *
1 2

wl:{mmwmemWmeqm@:m@}

(w,u> = <U)1,’LL2> + <w2,UQ> + <w3,U3> .
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We will show that the linearized problem (4.60) - (4.62) is a gradient flow with respect to the
H~! inner product. Therefore we have to generalize Definition 3.29 from Section 3.4 to the
present case of three hypersurfaces.

Definition 4.26. We say that u¥ = (u¥,u¥,u¥) € Y for a given w = (w1, w2, ws) € H~ ' is a
weak solution of

—miAp:fuf’ = W; m P’ik (Z = 1, 2,3) s
uf +uy +ug’ =0 on L*, (4.63)
m1Vrsuy - nagrs = maVryuy - nory = m3Vryug -ngry;  on L™, '
Vp:u}” . napz’f =0 on S: (Z = 1, 2, 3),
if and only if v € Y satisfies
3
(w,&) = > my / Vrsud - V& (4.64)
i=1 rs

for all § = (&1,&,83) € V.

For later use we show in the next lemma that the above weak formulation (4.64) can also be
written with the help of testfunctions from the larger space ) instead of ).

Lemma 4.27. FEquation (4.64) can be written equivalently with testfunctions £ € Y instead of
Y. In detail this means for w € H™' and u® € Y the equivalence between the following two
equations

(1) (w,§&) = 25’:1 mz‘VF;uqf . Vr;{i forallé €)Y and
(i) <wu§> = Z?:l minjugj . szgi for all EG )~/

Proof. The inclusion Y C Y leads to the implication (i) = (i). L
For the other implication let & = (&1,&2,&3) € Y be given, i.e. & € HY(I'?) and & + & + &3 =0
on L*. We want to find constants (¢, cg, ¢3), such that

E=(E-c)=(G—c,&o—cn83—c3) € V.
This means, we have to find constants ¢ = (cy, c2, ¢3) such that
c1+c+ec3=0 and
i (S1=e1) = o (=) = iy (S =)

We formulate these conditions as a linear system of three equations for the unknowns (c1, ¢, c3)
and observe that the corresponding matrix

1 1 1
M o= |-ri T3 o
0 I3l [T
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is invertible due to
det M = |I5| - T3] + [T ] - [T5] + [T3] - [T5] > 0.

Therefore we can find ¢ with the above properties and £ = E — ¢ fulfills £ € Y and can be used
as a testfunction in (7) to get

<w,g— C> = imivp;«u?’ V&,
i=1

where the constant on the right side has vanished. Due to (wy,1) = (wg,1) = (w3, 1) the left
side can be written as

<w,g—c> = <w,§> —i(wi,q) = <w,§> - (w1,1>Zci = <w,g>
i=1

i=1
——
=0

and we proved (ii). O

Since the problem (4.63) is a bit unusual due to the different domains of definition I'}, we want
to show equivalence of strong and weak solutions in the smooth case.

Lemma 4.28. Let w € H~' be smooth, so that we can assume (w,&) = Zg’zl fﬁ w; & for the
duality pairing. Then u* € Y is a smooth solution of (4.63) then and only then when u™ € Y is
smooth and fulfills (4.64).

Proof. Let u* € Y be a smooth solution of (4.63). By testing with £ € ), we get with the help
of integration by parts

3
=1 i
3
- Z/*(_mzAF*uz ) &i
i=1 i
3 3
= Zmz/ Vs, VF*gi_Zmi/* (Vrsui” - nors) &
=1 =1 i -0
3
_Zmz/ (Vesui? - nory) &
i—1
3 3
= Zmz/ Vrsug - Ve —/ my (Vrsuf - norx) Z&
= i . i=
i=1 1
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Conversely, let u* € Y be smooth and fulfill (4.64) for testfunctions £ € ,’)NJ, which is possible
due to Lemma 4.27. Integration by parts gives then

3 3
Z/ wi & = Zmz/ Vs - Vs
i=1 /T i=1 i
3 3
= _Zmi/ AF;‘U;U&"FZmi/ (Vrsui - nars) &
i=1 L3 i=1 L

3

—|—Zmi/* (Vpru;“” -napr) 52
i=1

Therefore it holds
3

0 = Z/ (wi + miArsu’) &
=1 i
Ty 3
+Z/L m; (Vrsu” - nrs) & + Z/ m; (Vrzui - nary) &
i=1 =175

for all ¢ € HY(T'}) with & + & + & =0 on L*.

By setting two of the & constantly equal to zero and using zero boundary conditions for the
remaining one, we get with the help of the fundamental lemma w; = —miApj ui’ on I'}. Since §&;
Is arbitrary at S;, we also get the boundary condition Vr:u;" - ngrs = 0 at 57, remaining with
the identity

3
i=1 7L

Here we use &1 4+ & + €3 =0 at L* to get
m1VpTu§U “nory = mQVpgug “Nory = m3Vp§u§” NPTy at L*.

Altogether we showed that u" is a strong solution of (4.63). O

The next step is to show a Poincaré-type inequality for functions in £ resp. in ). Therefore
we use the notation for p = (p1, p2, p3)

3 1/2 3 1/2
ol = (Z rrpi\\%m)) and  [|Vr-p]| = (Z \\Vrzﬂi\\%2(r;)> . (465)
i=1 =1
Lemma 4.29. There exists a constant C' > 0, such that

ol < CVr-p

holds for all p = (p1, p2,p3) € &.
The statement is also true for functions p = (p1,p2,p3) € V.
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Proof. We argument by contradiction and assume that we can find a sequence (p"), oy € &,
such that

15" > 7 [[Vr- ] -

In particular, this gives ||p"|| > 0 and normalizing p" = W%ll leads to a sequence p" € £ with
o] =1 and

1>n|[Vp-p"|.
For the components, we get the bound

2

3 3
HP?HL?(F;) < Z HP?HLQ(F;) <3 Z ”P?H%?(r;f) = \/§Hp"H =V3.
j=1 j=1
For the surface gradient of the components, we observe the convergence

3
[Vr:pi |2y < V3|V p™|| < in — 0 for n — oco.

Therefore, we can deduce the weak convergence p? — C; in H1(I'}) for constants C; € R. The
Rellich embedding theorem gives

P — C; in LA(T}) for n — oc.

Furthermore, the integral condition fFT p1= fF; p2 = fF§ p3 leads to |I'}|-Cy = [T'5]-Cy = |I'5]-Cs,
so that we can conclude that the constants C; all have the same sign.

Finally, the boundary condition v;p} + y2p5 + y3p5 = 0 on L* gives 71C1 + 12C2 + 13C5 = 0
and therefore C1 = Cy = C3 = 0. More precisely, we have to use the compact embedding
HY(T?) — L%(9r%) here.

But this is a contradiction to ||p"| =1 for all n € N. O

Now we can show unique existence of a weak solution from problem (4.63).

Lemma 4.30. For each w € H™!, there exists a unique weak solution u* € Y of problem (4.63).

Proof. We set
3
B(u,§) = Zmz/ Vrsu; - Vreé;
i=1 ry

for u,& € Y. Since from Lemma 4.29 a Poincaré-type inequality holds for all u € ), the bilinear
form B is continuous and coercive on ). From the Lax-Milgram theorem we get then for a given
w € H~! the existence of a unique v € Y such that

B(u®,§) = (w,§) .
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This means that v € Y is a weak solution of (4.63). O

Now we are able to define the H~!-inner product.

Definition 4.31. For v,w € H~!' we define the inner product

3
- v w
(v,w)_; = g mi/ Vrsug - Vesu”
*
i=1 I

where v’ = (uf,u$,ul), v = (u,uy,uf) € Y are the weak solutions of (4.63) for given
v = (v1,v2,03), w = (wy, ws, w3) € H™ .
We also define the corresponding norm

[oll-1 = /(v,0) 4
for v e H™! and remark that the identity

(U7w)71 = <Uauw>
holds for all u,w € H™L.

In an analogous manner as in the previous chapter we define a symmetric bilinear form and an
energy on H'.

Definition 4.32. For p = (p1, p2,p3) and n = (n1,n2,13) in H' we define

3 3
I(p,n) = > i /F (Vrepi Vesni — |of Ppimi) dH™ — Z/ %S (nf,nf)pimy dH" !
i=1 i i=1 """

3
+Y /L viaipini AH" !
i=1

and the associated energy for p € H' by

1
E(p) = S1(p,p).
We remind that a; are the abbreviations from (4.35)-(4.37).

Now we want to show that the linearized problem (4.60) - (4.62) is the gradient flow of E with
respect to the H~! inner product (., .)_4. Analogously as in the previous chapter this means
that a solution p of the linearized problem fulfills

(atp’ 5)—1 = —I(,O,ﬁ)
for all £ € £.

We introduce the following time independent problem.
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Definition 4.33. For a given w = (w1, wa,w3) € H~1 we say that p = (p1, p2, p3) € H® with
fFT p1 = fFS p2 = frg p3 s a weak solution of the boundary value problem
wi = —miyAr: (Arspi + o [ps) in T, (4.66)

with the boundary conditions (4.61) on S} and the boundary conditions (4.62) on the triple line
L*, if and only if p satisfies

e = Y men / Vis (Arzpi 107 Pps) - Vst (467)

i=1

for all £ = (&1,&2,&3) € YV and fulfills the boundary conditions
(0, — S(niyni)ps = 0 (168)

17"

on S} and

mp1 + Yep2 +v3p3 =10,
Ongps P1 + 191 = Onyry p2 + 2 p2 = Onppe p3 + a3 3, (4.69)

7 (AF*Pl + [0F1?p1) + 72 (Argp2 + o3| P2) +73 (Arzps + |05%p3) = 0
on the triple line L*.

The next lemma shows the above claim regarding the gradient flow structure.

Lemma 4.34. Let w = (wy,ws,w3) € K™t and p = (p1,p2, p3) € € be given. Then p is a weak
solution of (4.66) if and only if

(w, &)y = —1(p;§)
forall £ € E.

Proof. Let p € £ be a weak solution of (4.66). Due to ¢ € & C H™! through (¢, u) =
25’:1 fﬁ & u; for u € H! we get from Definition 4.31

(w, ), = <w,u§>.

Using u € Y as a testfunction in the weak formulation of (4.66), we observe
’ 3
<w,u5> = Zmz%/ VI‘Z (Arjpi + ’Uﬂzpi) . Vrguf — Zml VF;‘Gi ) Vrjuf,
= H i=1 ¥

where we defined for shortness ©; = ~; (A[‘:ﬁ i + ]aﬁ%i). The third boundary condition on
L* from problem (4.66) yields ©1 + ©2 + O3 = 0 on L*. Due to Lemma 4.27 we can use
© = (01,02,03) as a testfunction in (4.64) to get

3 3

Z §Z@z = Zm’ ij@i-szuf.
r*

=1 i =1 i
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Here we used the inclusion & € £ € H~! through (¢, ©) Yo fl‘* & ©
Thus we can conclude with integration by parts

3
(w,§)_; = Z/*&%' (AF;‘M+|0;‘F|2P¢)
3
= —Z%/ (Vrs&i - Ve pi — \Uf\QSiPi)+ZVi/ *&' (Vrspi - nors)
= _Z%/ VF*& VF*PZ |Jz| 5sz +Z%/ 5@ nar*l)z
+Z%‘/ &i Oupi -
=1 757

Using v1€1 + 72&2 + v3€3 = 0 at L* for £ € £ and the third boundary condition on L* for the
weak solution p of (4.66), we get

3 3 3
Z%‘/ §i Onyre i = Z%/ &i (anawpiJraz‘Pi) —Z%‘/ ai & pi
=1 JL* ' =1 L ' =1 L

3 3
= /L <<9nawf,01 + al/)l) Z%fz‘ —Z% /L a; & pi
i—1

From the first boundary condition on S} for the weak solution p of (4.66) we get

3
Z%/ -0 wPi = Z%‘ & - S(ni,n)pi .
i=1 /5
Altogether, we arrive at

(w7 5)71 = —I(p, g)

for all £ € £.
Conversely, assume that p € & satisfies (w,&)_1 = —I(p, &) for all € € £. Now let ( € H3NY
be a given function with

m1 (Vi€ - nors) = ma (VryCa - nory) = ms (VryCs - nor;) on L*, (4.70)
(VF;‘ G- nar;f) =0 on S and (4.71)
’ylmlA[‘*{ Cl + '}’QmQA[‘g CQ + ’)/3m3Ap§ Cg =0 on L*. (4.72)
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With the help the abbreviation mAp«( = (mlApIQ,mgAp; Cg,mgApggg) we set £ := mAp«(.
Then we get through condition (4.72) and an observation analogously to Lemma 4.25 the prop-
erty & € € for &, so that we can plug it into the assumption in this part of the proof. Since ( is a
solution of problem (4.63) for the right side &, we see with our above notation that ¢ = u¢ and
from Definition 4.31 we get —I(p,§) = (w,€)_; = (w, (). This leads to the following equation

<’U), <> = —I(p, 5)

= I(pamAF*C)
3

= me/ (Vrspi - Vs ArsG — |07 [?ps Ar: Gi)

—Zmz%/ S(n ,OZAF*CH-ZTRZ% /L ai pi Ars G .

=1

Since w € H™!, we obtain from regularity theory that p € H>. Then we can integrate by parts
to see

(w,¢) = —Zmz%/ (Arspi Ar=G — Vs (lo71%p:) - Ve Gi)
+ Zmz%/ (Vrepi - nors) ArsG — o7 [pi (VG- nors))
3
- me/ S(ni,ng) pi ArsGi + /L > mivia; pi Ars(;
i=1
= —Zmz%/ (Arspi Ar=¢ — Vs (107 17p:) - Ve Gi)
+Zmz%/ upz S(njanj)pz) AF:CZ

3
+ Z miY; / ((%m pi + a; Pi) ArsGi =Y mi / |05 12pi (VG - nar)
i—1 L ' ory —_—

i=1
=0 on S7

= me/ Vrs (Arepi + 07 pi) - Vs

i=1

+me / (Ouor — S(n,n3) pi) ArsG
+Zmz‘%/* <8nar;pi + ai Pz‘) Ars¢
—me/ (Ar:pi + |07 1?pi) (VreGi - morr) -
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For a given testfunction 7 € ) we choose a sequence " = (07,75, 1%) € H3 N Y with

VF* ’I’Lar* =0 on 8F;k,
Arsnft =0 on JI'7 and
Nt —n in H'.

From the last equation, with {( = 1™ we observe

<w777 Zmz’)’z/ VF* AF*PZ + ’Uz’ pz) vf*m .
=1

Due to the convergence " — 7 in H!, we get

<w 77 Zmz’ﬁ/ VF* AF*P2+ ’Uz’ pl) Vr*m
i=1

for arbitrary n € ). Inserting this into the last equation for ¢ leads to the following boundary
integrals

Z mz%/ Oupi — S(ni,ni) pi) Ar:G + Z mz%/ (8n81~; pi + a; pz‘) Ar:G;

=1

- Zm17z/ Af*pz + ‘Uz ‘ pl) (sz‘Cz ’ ﬂarj)

for all ¢ with the properties (4.70)-(4.72).
Since Ar:(; is arbitrary at S}, we get 0y,p; —S(n;,n})p; = 0 at S;. Moreover, from the boundary
conditions (4.70) and (4.72) at L* for the testfunctions ¢, we are led to

1 (Argp1 + |07Pp1) + 72 (Argpa + [05%p2) + 73 (Argps +[03[°p3) =0 and
Ongps P1 + 191 = Ongpy p2 + 2 p2 = On s p3 + a3 3

at the triple line L*.
Altogether we showed that p € £ is a weak solution of problem (4.66). g

We define the linearized operator corresponding to the linearized problem (4.60) - (4.62) through
A:D(A) — H?
with

D(A) = {p = (p1,p2,p3) € H> | p satisfies (4.68) on S} and (4.69) on L*,

and / p1 = / p2 = / p3} (4.73)
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by
3
(Ap,&) = me /r Vr: (Arep; + |07 pi) - Vied (4.74)
=1 i

for all p € D(A) and € € H.
The boundary value problem (4.66) is then related to the problem in finding a p € D(A) with

Ap = w.
By Lemma 4.34, we observe for all £ € £ the identity
(Ap, &)y = —1(p, ).

With this property we can show symmetry of A.

Lemma 4.35. The operator A is symmetric with respect to the inner product (.,.)_;.

Proof. Exactly the same as in Lemma 3.34. g

To study the spectrum of A as in the previous chapter, we need the analogue inequalities of
Lemmata 3.35 and 3.36 to get as a corollary an upper bound for the eigenvalues of A.

Lemma 4.36. For all § > 0 there exists a Cs > 0, such that for all p = (p1,p2,p3) € € and
each 1 =1,2,3 the inequality

* + Csllpl2y

HPiH%Q(arj) < || Vr=p

holds, where we used the ||.|—1-norm on H~=! from Definition 4.32 and the Definition of ||Vr+pl||
from (4.65).

Proof. With the help of the Poincaré-type inequality from Lemma 4.29 we can apply a similar
argument as in the proof of Lemma 3.35 for the case of one hypersurface without a triple line.
Thus we omit it. 0

Lemma 4.37. There exist positive constants C1 and Cy, such that
IVe-pl? < Cillpl2y + Cal(p, p)

forallpe&.

Proof. Using the previous Lemma 4.36 and the Poincaré-type inequality from Lemma 4.29 we
again just refer to a similar argument in the proof of Lemma 3.35. U
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Lemma 4.38. The largest eigenvalue of A is bounded from above by %, where C1 and Cy are
the positive constants from Lemma 4.37.

Proof. Exactly the same as in Lemma 3.37. 0

Now we are able to show self-adjointness of A. As in Lemma 3.38 of Section 3.4 we show a
property that implies equivalence of symmetry and self-adjointness and then cite Lemma 4.35.

Lemma 4.39. The operator A is self-adjoint with respect to the (.,.)_; inner product.

Proof. The proof is formally the same as in Lemma 3.38, we just have to take care of the
additional boundary conditions at the triple line, which will be done in the next steps.

We use the following theorem of operator theory from the book of Weidmann [Weid76]. If there
exists an w € R, such that

im(wld—A) = H!,

then the properties symmetry and self-adjointness of A are equivalent.
So we have to show that there exists an w € R such that for a given f € H~! there exists a
p € D(A) with

wp—Ap = f.
This means that p is a weak solution of the boundary value problem

Ap: (Apspi+ |07 Ppi) +wpi = f i T},
p satisfies (4.61) on S},
p satisfies (4.62) on L*.

In detail the weak solution consists in finding a p € H?® with the boundary condition (4.68) on

Sy and (4.69) on the triple line L* such that

3

-> (mm /r Vs (Arspi + |07 Ppi) - Vi _w/rj Pz‘&') = (/6

i=1

holds for all £ € Y. As in Lemma 4.25 such a weak solution fulfills fF’{ p1 = fFS pa = ng p3, SO
that p € D(A).
To get a solution, we use the minimizing problem

3
1 .
Fp) =5 1)+ olplf) = 3 [l — min
1= 7

for all p € £, where uf € ) is the weak solution of (4.63) with respect to f € H~'. With the help
of Lemma 4.37 we can show with an analogue argumentation as in the proof of Lemma 3.38 that
F is coercive on & for large w, so that the minimizing problem has a solution p = (p;, s, P3) € &,
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when w is large enough.
Taking the first variation of F' we get

1(p,v) +w (P, v) Z/u v;

for all v € £. By the Definition of u? € ) as weak solution of (4.63) with respect top € £ C H~!
and Definition 4.31 we observe that

3
w(P,v)_ =w(v,u’) = Z/* u? v;
1=1 i

for all v € €.
So the above first variation is the weak version of the boundary value problem

—i (Arsps + 0t 120s) +wul + ¢ = uf in T'%,
p satisfies the first condition in (4.61) on SF, (4.75)
p satisfies the first and second condition in (4.62) on L*.

Here ¢; are constants as in the proof of Lemma 4.27 that appear due to the condition fFT v =

fF; Vg = fF; vy for the testfunctions. This constants are generalized Lagrange-multipliers when
compared to the proof of Lemma 3.38.

Since u? and u/ lie in H', regularity theory gives us 7 € H® and the fact that the identities in
(4.75) hold pointwise. Summing the first line in (4.75) leads to the third condition in (4.62),
since Z?=1 ci =0, Z?=1 uiﬁ =0 and Z?=1 uzf = 0, where the last two identities hold on L* due
to u?, uf € Y. We arrive at

—me / Vi (Ars; + o 25;) - vmewmz / Vosul - Vs,

Vr*uf V&

Moo

where we differentiated the first line in (4.75) and tested with m;Vr+&; for § = (§1,62,83) € V.
With the Definition (4.64) of the weak solutions u” and u/ we can rewrite the last equation to

3 3 3
= mi /F Vs (Arsp; + |07 1p;) - V& + Zw/r pi&i = Z/r (fir &)
=1 i =1 i =1 i

=58

for all £ € Y. So we found a p € D(A) with
wp—Ap = f
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4.2. SURFACE DIFFUSION FLOW

for w large enough, which was remaining to get the assertion. O

With the help of the previous results we are able to apply standard theory of self-adjoint op-
erators and the theory of semigroups to get the following theorem.
Theorem 4.40.
(i) The spectrum of A consists of countable many real eigenvalues.
(i1) The initial value problem (4.60) - (4.62) is solvable for given initial data in H~".

(#i1) The zero solution of the linearized problem (4.60) - (4.62) is asymptotically stable if and
only if the largest eigenvalue of A is negative.

Proof. With the same abstract arguments as in the proof of Lemma 3.39 we can show the
assertions with the help of Lemma 4.38 and Lemma 4.39. L.

The next lemma relates eigenvalues of A to the bilinear form I, so that we can formulate our
linearized stability criterion.

Lemma 4.41. Let
AM>A> A3 >0
be the eigenvalues of A (taken into account the multiplicity).

(i) For all n € N, the following description of the eigenvalues of A holds.

I
A = inf sup —M )
WeSn pemnfoy (P, P)-1
I
—Ap = sup inf (0, )

WeSn_1 peW {0} (psp)-1"

where %, is the collection of n-dimensional subspaces of €& and W is the orthogonal
complement with respect to the (.,.)_1- inner product.

(t7) The eigenvalues A\, depend continuously on S(n},n;), Fngrs and |of| in the L*-norm.

Proof. As in Lemma 3.40, for the first part we just refer to the classical work of Courant and
Hilbert [CH68]. The second part follows directly from the structure of I. O

As in the previous parts of this work, we describe the largest eigenvalue in the above lemma
more explicitly.
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CHAPTER 4. TRIPLE LINES WITH BOUNDARY CONTACT

Lemma 4.42. For the largest eigenvalue A\ of A we have the description

N = o LeP)

4.76
pe\{0}  (p,p)-1 (4.76)

which can be seen directly from the second description of A1 in Lemma 4.41 through —A1 =
Supyex, Inf ey 1\ (o3 (I[Ep[;)pzl and Yo = 0 and therefore W+ = £. The fact that the minimum is
attained also follows from the classical work of Courant and Hilbert [CH68].

From Theorem 4.40 we have asymptotic stability of the linearized problem (4.60) - (4.62) if
and only if Ay < 0. This leads to the following main conclusion of the final section.

Theorem 4.43. The linearized problem (4.60) - (4.62) is asymptotically stable if and only if

I(p,p) > 0O

for all p € E\{0}, where

Z%/ (Vs pil? — [o3[20) dren - Z%/ St i) p? dp!

" 2 39m—1 72 2 39m—1
+ / oo \C2Bngns = C3kinge | PT AR 4 C3hngrs — Clbngp. ) P2 AH
* 1 2 3 L* 82 1

3 _
+/ gl (cy@nar? — CQ“”@F;) pg dH™ L.

For this time we wrote out the corresponding terms for the abbreviations a;.

To complete the considered evolution laws, we want to describe in the following extensive
corollary the linearized stability of volume preserving mean curvature flow with outer boundary
contact and triple lines.

Corollary 4.44. We consider the problem of finding three evolving hypersurfaces as in (4.1)
which lie inside a fized bounded region Q C R ! and whose boundaries allow the decomposition
(4.2)-(4.4) in a triple line L(t) and in an outer part S;(t). The hypersurfaces shall evolve due
to weighted volume preserving mean curvature flow in G;(t)

Vi = ~i(Hi—H;),
with the following right angle condition at the outer boundary S;(t)
/(Ti(t),00) = g
and the following angle conditions at the triple line L(t) for angles 0; as above
Z(Ty(t),Ta(t) =03, £(T2(t),T3(t) = 01, L(Ts(t),T1(t) = 6.
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With the help of the parametrization of this section we can formulate the above evolution law
as partial differential equations for functions p; on I';, where I' are stationary solutions. Lin-
earization of these equations leads to the following linear problem.

Opi = (Arzpi + |07 1?pi) — e (Arzpi + |07 i) in T,
0=0upi —S(ni,n;)p; on Sf,
0 =v1p1 + 7202 +V3p3 on L*,

5n6FTP1 +aip = anaps p2 +az p2 = 3naF§ p3+azpz on L*.

Here we use the abbreviations a; from (4.35)-(4.37) and we observe that a sovability condition
as in Lemma 4.25 gives here the conditions fﬁ pi; = 0. Stability analysis as in this and the

previous section leads to the following linearized stability criterion for the stationary solution
=, T

'™ is linearly asymptotically stable
3 ¥ 3
I(p,p) = Y1 fr; (’VFZM“Q = |o} ’293) — D i i fs; S(nj,n;) Pzz

+ 3%y ai P}
is positive for all 0 # p = (p1, p2, p3) with p; € HY(T}) such that

Jrs i =0 and y1p1 +72p2 + 7303 =0 on L*.

Remark 4.45. As an example for stability results with the help of the above bilinear form, we
want to refer to the well-known proof of the double bubble conjecture from Hutchings, Morgan,
Ritoré and Ros [HMRRO0Z2], where the authors used the above bilinear form without the outer
boundary part to show instability of the so-called nonstandard double bubble.
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Chapter 5
Appendix

In the appendix of this work, we present detailed proofs of the normal time derivative of mean
curvature and the Gaufi mapping, i.e. the normal for an evolving hypersurface. Although these
formulas are known in the literature, for example in Ecker [Eck04] or Rosenberg [Ros93], the
authors consider mainly the case when the evolving hypersurfaces are given with the help of a
fixed reference hypersurface as in Section 3.1. Since we want to use these formulas also in the
calculation of the evolution of area and volume in Section 2.4, we have to consider the general
case for an arbitrary evolving hypersurface.

Finally we want to define the vector product in R**!, that is used for the linearization of the
angle conditions, and give some important properties.

5.1 Normal time derivative of mean curvature

Although the following formula is known, we give a proof of the normal time derivative of mean
curvature of an evolving hypersurface. The literature is very short in this case and for the con-
venience of the reader here are the details.

Lemma 5.1. With the notation of Chapter 2 the following formula for the normal time deriva-
tive of mean curvature for an evolving hypersurface holds.

OCH(t,p) = ArgV(tp)+V(t,p) ) ~(tp), (5.1)
i=1

where the sum is often written as |o|?, the square of the second fundamental form.

Proof. We show the assertion at a fixed point (¢g,pg) € I' and choose coordinates with nice
properties at this point. Firstly, we can always achieve with the help of a suitable rotation that
the normal equals the direction e, that is

n(to,po) = (0,...,0,1) e R"*1,
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Note that all relevant terms like H, V' and x; will not change values for the rotated surface.
Locally around (tg,pg) € I we describe I as a graph, that is, there exists an open neighbourhood
W C R x R"! of (t9,pp) and an open set I x A C R x R”, such that with a function

p:IxA—R, (t,z) — @(t,x)
we have a local parametrization of I' given through
P:IxA—TNW, (tz)— (tz, ot x)).

Because of point (ii) of the Definition 2.31 of an evolving hypersurface it also holds that for
fixed t € I the mapping

o A—TH)NU, x+— (z,0(t,x))

is a local parametrization of I'(¢) for some neighbourhood U C R"*! of p.
With the help of this graph representation there holds the formula for the normal at (¢,p) =
®(t,x) € ' NW through

1
1+ Vet a

because (01®¢(x),...,0,P(x)) is a basis of T,I'(t) and

n(t,p)

)‘2 (—ngo(t,m), 1) = ﬂ(t,:ﬂ) (_vm@(t’x)’ 1) ’

9j®i(x) - (=Vap(t,x), 1) = (e, jp(t, ) - (=Vap(t, ), 1) = =0;p(t, ) + 9jp(t, 2) = 0

for j=1,...,n and (ey,...,e,) the standard basis of R".
Therefore at the fixed point (tg, po) = ®(to, o) the following identity

(0,...,0,1) = n(to, po) = B(to, v0) (—Vap(to, zo), 1)

holds, so that we see
Vap(to,x0) = 0. (5.2)
From this last equation we also observe
B(to, o) =1, 0fB(to,x0) =0 and V. B(tg,z9) =0, (5.3)

where the last two identities arise through a direct calculation of 9;8 and V3. For fixed t, we
can write the first fundamental form of T'(¢) locally as

(gij); () = (0i®Pe(x),0;Pe(t,2)) = bij + Dip(t, @) Djp(t, ) ,
where ®,(z) = p € T'(t). At the point x, we get therefore with (5.2)
(9i5)y, (T0) = Gij -
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With the calculation

Ok (9ij), () = OkOsp(t, ) 0jp(t, ) + O;p(t, ) O0;jp(t, x)

we also see the vanishing of the Christoffel symbols from Remark 2.26 at the point zg
to

where we used equation (5.2).

For an arbitrary smooth function f : I'(t) — R we set f : A — R defined through f(z) :=
f(®4(x)) and conclude at the point pg = Py, (o) with the local representation of the Laplace-
Beltrami operator from Remark 2.26 it holds that

Arg f(po) = ”21 9" (x0) (3@'(]‘ ° @y, )(wo) — ;F?j(:ﬂo) O(f o <1>to)(:vo)>
= 51’]‘ =0

= Z 9;0; f (o)
=1

= Ax?(xo) )

where the Laplace operator in the last term is the usual one in euclidian space. In particular,
we get for the normal velocity with the same notation as for f

ArpyVi(t,p) = AV (L, ). (5.4)

Now we use the following representation for mean curvature, when the surface is given as a
graph which can be found for example in the book of Gilbarg and Trudinger [GT98].

H(t,p) = H(®(t z))

o g ) 8“0(15,1’)
=20 ( T |w<t,x>|2>

i=1

= Y %(dip(t,z) B(t,x)) (5.5)
i=1

= Ayo(t,z) B(t,x) + Vep(t,x) - Vi B(t, x),

where (t,p) = ®(t,z) € T.
For the normal velocity we calculate with the help of Lemma 2.40

Vit,p) = V(2(t,z))

9 ®i(z) - n(t, p)

O (z, (L, 7)) - (=Vaip(t,z),1) B(t,x)
(0,...,0,0p(t,2)) - (=Vaip(t, x), 1) B(¢,z)
= Ot z) B(t,z),
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where p = ®;(x) € I'(t) and the last term denotes the function V (t,x) from above.
To derive 9°H (tg,po), let y : (tg — &,tg + &) — R™*! be a curve with y(ty) = po and

{ y(r) e T(r),
y'(r) = Vi(ny(r)n(r,y(r)).

With the above formulas for the normal and normal velocity we see

y,(T) - (%(p(T, C(T)) ﬁz (7—7 C(T)) (—thp(T, C(T))7 1) :

On the other hand it has to hold, due to the graph representation,

y(r) = Or(c(r)) = (e(7), ¢(7,¢(7)))

with a curve ¢ : (tg —e,tp +€) — A, c(to) = xo with Py, (x¢) = po, so that
Y5 = (), Bplt, () + Vagplt,e(r)) - (7)) -
Comparing the two representations of y'(7) at the point 7 = ¢y together with (5.2) yields
d(ty) = 0. (5.6)

Finally we get the following identity for the normal-time derivative of mean curvature

FHUpp) = CH(ry()

T=tg

% [B(7, (7)) Bap(r, (7)) + Vo B(7,¢(7)) - Vaip(7, ¢(7))]

= 9iB(to, z0) Arep(to, x0) + Veb(to, zo) - ¢ (to) Ap(to, zo)
+B(to, z0) D Arp(to, To) + B(to, T0) Valap(to, zo) - ¢ (to)
+0:VaS(to, xo) - Vap(to, 20) + hessy B(to, 20)(c (to)) - Vap(to, 20)
+V2B(to, o) - 9 Vep(to, o) + Vaf(to, 2o) - hess, @(to, z0)(c (to))
= 0 Azp(to, o),

T=to

because all terms except one vanish due to (5.2), (5.3) and (5.6).
Another calculation for the normal velocity gives with the help of (5.4) and (5.2)

ApwyV(to,po) = Ag (B(to, o) Orp(to, o))
= AyB(to, x0) dep(to, To) + 2V B(to, zo) - VaOip(to, o)
+B(to, zo) A0y p(to, o)
= AyB(to, w0) dp(to, mo) + ArOip(to, o) -

The last two expressions together with V(tg, pg) = Orp(to, zo) lead to
0°H (to,po) = ArpwV(to,po) — AzB(to, o) V(to, po), (5.7)
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so that the remaining work is to find the right expression for A,3(tg, o). To this end, a direct
calculation gives

N

08(tx) = 3 (1+1Vap(t,2)) 2 0, (1+[ailt,2)P)
= —B3(t,z) Vaop(t,z) - Vodip(t, x)

and

6222 (t’ :C) = _3B2 (t’ x) 8iﬂ(t’ :C) vmgp(t, :C) : vmai@(t’ x)
—3(t,x) (0iVap(t, ) - Vadip(t, z) + Vap(t, x) - i Va0ip(t,z))

so that at the point (tg,z¢) we can conclude with (5.3) and (5.2)

0% B(to, x0) = —|Vadigl*(to, x0) -
This gives eventually
n n 9
Ay B(to, x0) = Z@%ﬂ(to,ﬂ?o) = - Z (5%80) (to, xo) -
i=1 ij=1

Without loss of generality we can now choose suitable coordinates in the tangent space, that is
we write the hypersurface as a graph with respect to a basis (w1, ..., wy,n), where (wy, ..., wy,)
is a basis of the tangent space Tp,I'(to) and n(to,po) = (0,...,0,1) as in the beginning of the
proof. This gives us the possibility to denote the hessian hess, p(to,zo) as a diagonal matrix,
at least at the fixed point (to,zg).

Then we get

n

AyB(to, w0) = —Z:(faz'%'ﬂﬂ(lﬁo’%o))2

i=1
n
= Z “?(to,ﬂfo) )

i=1

where the last identity can be seen for example in [GT98].
Putting together the last equation with (5.7) we arrive at

0°H(tg,po) = Ar(t)V(to,Po)+V(t0,po)zf<zz(t0,po)
=1

and we proved the lemma. O
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5.2 Normal time derivative of the normal

Lemma 5.2. With the notation from Chapter 2 the following formula for the normal time
derivative of the normal for an evolving hypersurface holds

8On(t,p) = _VF(t)V(tap)' (58)

Proof. As in the above Lemma 5.1, we show the claim at a fixed point (tg,pp) € I" and use
the same coordinates. Firstly, we do a transformation of the gradient as we did for the Laplace-
Beltrami operator in the previous proof. So let f : I'(t) — R be an arbitrary smooth function
and define f : A — R through f(x) := f(®:(x)). Then we see with the local representation of
the gradient from Remark 2.22 that

Vrwfp) = Zg 0; (f o ®y) (x) 0;®4(x)

1,J= 1

:Za fo®,) (z)d;®(x)

= Z@f (e, 0;p(t, ))

= < Z@ f(z) Oip(t x)) .
At the point (tg,po) = P(to, zo), we get with the help of (5.2)

Vi f(o) = (Vaf(z0),0) .
This gives for the normal velocity V (¢,p) = B(t, x) Oyp(t, z) at the point (tg, po) = ®(to,x0)
VirgV(tospo) = (Vi (BOkp) (to, 7o), 0)

(
(VzfB(to, w0) Orp(to, xo) + B(to, 20) 0:Vap(to, x0),0)
= (&fvm(p(thxO)?O) 5

which is seen with the help of (5.3).
To calculate the normal-time derivative of the normal, we consider a curve as in the previous
proof and get with the formula n(t,p) = B(¢,z) (—=Vze(t,x),1) the following identities.

Onlto,p) = - [Blrelr) (~Vap(re(m). 1))

= 0B(to,x0) (—Vap(to,x0),1) + Vaf(to, z0) - ¢ (to) (=Vap(to, o), 1)

+B(to, z0) (—0:Vap(to, o), 0) + B(to, o) <Z 9iVap(to, xo) 'Cl(to)ez’,f))

i=1

- (_v$atgp(t07x0)70) 9
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where all terms except one vanish due to (5.3) and (5.6). Putting together the above two for-
mulas gives the desired claim. O

5.3 Facts about the vector product

The vector product in R"*! extends the cross product of two vectors in R3. It assigns n vectors
v1,...,0, in R a new vector v; x ... X v,, which is perpendicular to each v; and its length
equals the volume of the parallelotope spanned by vy, ..., v, in R*"1. Since the vector product
in R™*! isn’t that common in literature, we gather together some facts that are used in this
work. Of course, one can find them also in some textbooks on analysis and algebra, for example
[Fi02] and [Koe03].

At first, we give two definitions of the vector product of n vectors in R™*!, which are, despite
the fact they are equivalent, good to know.

Definition 5.3 (Vector product, version 1). Let v1,...,v, € R"". Then we define the vector
product as

n+1
v XXy = > (=1) det(4y) e (5.9)
=1

where e1,...,e,11 is the standard basis of R"™1 A € M(n x (n+ 1),R) is the matriz, which
consists of the vectors vi,...,v, as columns,

A = <v1 ...vn>}n+1mws

and A; results from A by deleting the i-th row. So vi X ... X vy, s a formal development of

n columns

V2

€1

€2
det ) vi|va| ...l vy

€n+1
with respect to the first column.

An equivalent definition is the following one.

Definition 5.4 (Vector product, version 2). Let vy,...,v, € R*"1. Define the function ¢ :
R™t1 S R through
w> .

Un,

p(w) = det (

160



5.3. FACTS ABOUT THE VECTOR PRODUCT

Then ¢ is linear and therefore there exists a unique vector z € R"1, such that
(w, 2)gns1 = p(w)  for all we R™.

This z is then called vector product of vy, ...,v, and denoted by vy X ... X v,.

In the next lemma, we quote the used properties of the vector product.

Lemma 5.5 (Properties of the vector product).

(i) The vector product is linear in each component and alternating.
(1i) v1 X ... X v, is orthogonal to each of the vectors vi,...,v,.
1) v1 X ... X vy, =05 vy,...,v, are linearly dependent.
Yy aep
() Ifvy,...,v, are linearly independent, then (v, ..., vy, v1X. .. Xvy,) has positive orientation.
(v) o1 % ... xv,| = +/det(gij) with g;j = v; -v;. This means that [v1 X ... X vy| is the volume

of the parallelotope spanned by v1,...,v,.

The above definitions and the statements from the lemma can be found in [Fi02] or [Koe03],
whereas the next statement, that we use in the linearization of the angle condition, would be a
small exercise, that we give with proof.

Lemma 5.6. Let vq,...,v, be an orthonormal system in R™"L that is vi,...,v, are linearly
independent and v; - v; = 0;;. With z := vy X ... X v, it holds that

(I-th pos.)

vV X...X 2z X..xwv, = (1. (5.10)
Proof. Since vy, ..., vn, 2 form an orthonormal basis of R"*!, we see with properties from the
above lemma that
(I-th pos.)
v X ... X z X...Xv, = au,

where o« = +1. Now we calculate

).

where the last determinant is greater than 0 due to Lemma 5.5, (iv). Therefore we conclude

lef. 5.
a:a(vl-vl):vl-z(e:“det (v1

vl) = (—1)det <v1

z

B Uy Un,

a = (-1)

and finished the proof. O
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