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Introduction

Fundamental objects studied in Arithmetic Geometry are schemes X of
finite type over Q. One way of obtaining interesting invariants of X is the
following: Assume X is smooth projective of pure dimension d. For each
0 < i < 2d, one can define the formal product over all primes

L(s,h'X) = [ [ det(1 — 2 ¢™* | Hy(Xg,Q)") 7",
p

where [ is a prime # p, 7, is a geometric Frobenius element at p and I, is
the inertia subgroup at p. The polynomials

det(1 — T | Hét(X@a Ql)lp)

have coefficients in Q for all [ £ p such that p is a prime of good reduction
and conjecturally this is true for all primes. Granted this, L(s, h’X) defines
a holomorphic function in s in some right half-space of the complex plane.
One expects that it can be continued meromorphically to a function on the
whole of C and therefore it makes sense to consider the values L*(n, h'X) for
an arbitrary integer n. The superscript * indicates that by value we mean
the first nonvanishing coefficient in the Laurent series expansion at s = n.
Motivated by the class number formula

bR

L(0,h° Spec K) = — , K/Q a number field
w

h = class number, w = number of roots of unity, R = regulator,

one hopes that also for higher dimensions, the analytic invariants L*(n, h*X)
are related to algebraic invariants of X. Conjectures of Beilinson [Bei85],[DS91]
tell us more precisely what we should expect for these values, at least up to a
rational number: He considers higher Chern classes, so-called regulator maps

rp : Hib (X, n) — HSH(Xg,R(n))

mot

from rational motivic cohomology into Deligne cohomology. For simplicity,

i
assume n > 5 + 1. Beilinson conjectures that

5



6 INTRODUCTION

(1) The restriction of rp to a certain Q-subspace of ”integral” elements
is an isomorphism after tensoring with R.

(2) The determinant of this isomorphism calculated relative to basis
elements in H:F1(X,n) on the left hand side and a basis in a natural
Q-structure of Deligne cohomology on the right hand side, is equal

to L*(i +1—n, hiX).

The full conjecture is only known for dim X = 0, where it is deduced from
results of Borel [Bor74] by a comparison of two regulators. The problem
for higher dimensions is that finite dimensionality of the motivic cohomol-
ogy groups involved is not known. It is however still interesting to consider
the weaker problem of finding a suitable subspace of elements of H:L (X, n)
whose determinant gives the desired L-value. Let us generalize the situation
slightly and replace X by a (pure) motive M of weight ¢ over Q which we
think of as given by a pair (X, p), where X/Q is smooth and projective and p
is a projector in a suitable ring of correspondences. For such M, we formally
set
H o (M(0)) = p, HEEL(X,m),  HB(M(n)) i= p. HEF L (X, R(n)

mot

Here, we always assume n > —+1. The weak Beilinson conjecture as formu-

lated above can now be extended to the case of motives in an obvious way
and has been proven in a number of cases, for example for motives attached
to Dirichlet characters [Bei85], Hecke characters of imaginary quadratic
fields [Den89], and Hecke cusp eigenforms of weight k£ > 2 [Bei86], [SS88],
[DS91, §5], [Gea06]. By the modularity theorem, the latter class of exam-
ples includes all elliptic curves over Q.

One can ask if this philosophy relating the complex L-function to regulators
can also be found in the p-adic world, where p is a fixed finite prime. For
this, let M be a motive over Q and for simplicity let it have good reduction
at p. One can attach to M p-adic invariants which are of algebraic nature
like its p-adic étale realization or the crystalline realization of its reduction
mod p. Conjecturally, there should also exist a p-adic analytic invariant of
M, the p-adic L-function attached to M. The p-adic L-function should be a
p-adic analytic function

L(p)(‘, M) . HOIIlCOHt(Z;)< y C;) — (Cp

on the space of p-adic characters of Z,; which is characterized by a certain
interpolation property with respect to the complex L-function. L,)(-, M) is
an important object in arithmetic and conjecturally is closely related to the
Iwasawa theory of M. The interpolation property implies that for an integer
n which is critical in the sense of Deligne, the number L, (y", M) (where
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y : Z,; — C, is the obvious inclusion) is algebraic and essentially equal to
L(n, M) divided by a period coming from the comparison of Betti and de
Rham cohomology. For a noncritical integer n, the value Ly (y", M) is much
more mysterious and is a priori just a possibly transcendental p-adic num-
ber. One can ask if it has an interpretation in terms of regulator maps as in
the case of the complex L-function. For this one needs to find a good target
space for a p-adic regulator map which is analogous to Deligne cohomology.
Deligne cohomology can be thought of as ”absolute Betti cohomology”. This
means roughly that a complex computing Deligne cohomology is obtained
from a complex computing Betti cohomology by first taking the F9-part
of the Hodge filtration and then invariants under complex conjugation, the
infinite Frobenius. (Here, taking invariants under a map v is used in the
sophisticated sense of taking the shifted mapping cone of 1 —1).) Therefore,
in order to get a p-adic analogue of Deligne cohomology, we should first
look for a p-adic Betti cohomology, i.e. a ”geometric” p-adic cohomology
theory. Betti cohomology can be considered as the cohomology which is
computed using real-analytic differential forms on X (C). A natural candi-
date for p-adic Betti cohomology is therefore Berthelot’s rigid cohomology
which is computed using p-adic analytic (overconvergent) differential forms
on the rigid analytic space associated to X, . If one takes the FO-part of the
Hodge filtration and then the Frobenius invariants of suitable rigid cohmol-
ogy complexes (this is much more complicated than we make it seem here)
one obtains rigid syntomic cohomology, which has been developed by Besser
in [Bes00]. For a finite extension K of Q, with ring of integers Og and
any smooth scheme over Ok, he defines rigid syntomic (or simply syntomic)
cohomology groups Hgyn(X ,n) with Tate twist coefficients which are inde-
pendent of auxiliary data. He also defines higher Chern classes with values
in syntomic cohomology which give a syntomic regulator map

. 7
Tsyn - Hmot

(X,n) — H' (X,n).

syn

As in Deligne cohomology one can generalize this to a motive M and obtain
a regulator map

oyl
Tsyn : H,

mot

(M) — HL (M) .

syn

The purpose of this thesis is to relate this regulator map to the p-adic
L-function of M in case M = M(f)(k + 1), where M (f) is the motive con-
structed by Scholl [Sch90] associated to a cusp newform of weight & > 2 and
[ is a natural number. We assume that f has good reduction mod p and that
p > 5. Let us furthermore assume only for this introduction that f has ratio-
nal Fourier coefficients. Our strategy for relating the p-adic L-function and
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the syntomic regulator is to imitate the proof of the complex weak Beilin-
son conjecture for M = M(f)(k+1), which consists essentially of three steps:

(1) Describe the image of specific K-theory classes Eisyot(p), (the
Eisenstein symbols) under the regulator map.

(2) Compute explicitly the cup product of these images in order to get
elements in the correct degree.

(3) Relate this product to the L-function using duality and the Rankin-
Selberg method.

In the p-adic case, step 1) has been solved by Bannai-Kings [BK]. We
build on their work and obtain step 2) as our first main result: Proposition
I1.7.1 gives an explicit description of the product of two syntomic Eisen-
stein clases in terms of p-adic modular forms. The harder part of this paper
deals with step 3). We first derive a p-adic Rankin-Selberg method in the
cyclotomic variable (Theorem V.2.1) from results of Panchishkin [Pan02],
[Pan03]. Whereas usually the term ”p-adic Rankin-Selberg method” refers
to the p-adic interpolation of complex Rankin-Selberg convolutions, we use
it in a stricter sense: Our method gives an interpretation of the p-adic L-
function also at noncritical values, namely as a rigid-analytic Petersson inner
product. Let us stress that Panchishkin’s ideas are fundamental for our ap-
proach, in fact this thesis can be taken as a cohomological interpretation of
Panchishkin’s results. We use the explicit description from step 2) and the
p-adic Rankin-Selberg method in order to relate the regulator to the p-adic
L-function.

Before stating the main theorem, let us note that for M = M(f)(k + 1),
there is a natural isomorphism

Hy, (M) = Hye(M) = rigid realization of M

syn

and we will identify both spaces. Remember that Hyg M (f) has a Frobenius
endomorphism & with characteristic polynomial

X?—ap, X+ = (X —a)(X —B), wvla)<p—1.

Because f is ordinary, v,(«) = 0 and o # (. The p-adic L-function attached
to the motive M(f) will be written L) (-, f,a,2), see chapter IV for de-
tails. For values at the n-fold power of the cyclotomic character we use the
notation L) (n, f,a,(2), this is normalized so that n = 1,...,k — 1 are the
critical integers. We denote the map deduced from 74y, by tensoring with a
finite extension F' of Q still by 7gyn.
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THEOREM .0.1. Let p > 5 be a prime and | > 0 an integer. Let
M = M(f)(k+1), where f is a cusp newform with good ordinary reduc-
tion mod p of level Ny > 4 and weight k > 2. There ewists

ke HL (M)®F, Q C F a finite extension ,

such that

Ly (=1, fr0,9) = A+ (va, egn(R)) 5, - 17

rig

where A is a nonzero algebraic number and t is the p-adic analogue of 27i.
Furthermore, (-,-)ig is the rigid duality pairing and v € HygM(f) is a
normalized Frobenius eigenvector with unit eigenvalue o, namely it satisfies:

Dvg = v, (Va,wp)=t""",
where

wy = cohomology class in HygM(f) defined by f(q)ci]q(alz)k_2 .

The theorem is an incarnation of the p-adic Beilinson conjecture as for-
mulated by Perrin-Riou [Col00, Conj.2.7] (the element v appearing there
equals our v, ). Note that in loc. cit., the conjecture is stated not in terms
of the syntomic regulator, but in terms of the étale regulator and the Bloch-
Kato exponential map which amounts to the same by the compatibility of
both regulators [Bes00, §9], [Niz97]. The constant A is explicitly calcu-
lated, cf. Corollary V.2.3. The field F' is a cyclotomic extension which we
use in order to decompose Eisenstein symbols according to Dirichlet charac-
ters. We stress that the result as such is not new: It was known to experts
that Kato’s Euler system combined with a reciprocity law of Perrin-Riou
[Kat04, Thm. 16.4.(ii)], [PR93, 2.2] and work of Gealy on étale Eisenstein
classes [Gea06, chap.10] would yield such formulas. The new content is
that the proof of Thm. 0.1 does not use Kato’s Euler System and in fact no
comparison with étale cohomology at all. It stays completely on the rigid
(or crystalline) side of p-adic Hodge theory. The main tools the proof uses
are:

e The calculation of the syntomic Eisenstein class by Bannai-Kings

[BK].

e Panchishkin’s construction of the p-adic L-function [Pan02],[Pan03].
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e The theory of p-adic modular forms as formulated by Coleman,
Hida, Katz and others.

e Hida’s ordinary projection operator on the space of p-adic modular
forms.

Note that in contrast to the complex case, the theorem makes a statement
about the honest value at — and not about the first derivative at —I. This is
because in the p-adic case, there are no complex Gamma functions involved
and therefore the p-adic L-function does not necessarily vanish at all negative
integers. The reason why we are only able to prove the result for ordinary
forms are technical problems with the spectral theory of the p-adic Hecke
operator U acting on the space of (overconvergent) p-adic modular forms:
The projection on U-eigenspaces of slope higher than 0 is not continuous in
the g-expansion topology. This makes it hard for us in this case to give an
interpretation of the measure constructed by Panchishkin [Pan02],[Pan02]
outside of the critical integers.

We conclude this introduction with a speculative remark about how the
p-adic Rankin Selberg method (Theorem V.2.1, Observation V.2.2) might
be used in order to get more information about the mysterious p-adic L-
function: The method expresses the value L, (-, f, a, ) for any integer n
(one could also take more general weight characters) as a nonzero multiple of

(wf,a y gn )rig 5

where wy ,, &, are two rigid cohomology classes defined by overconvergent
p-adic modular forms. The author hopes that, using reciprocity laws of
Coleman for p-adic differentials on curves [Col89], this might be used to
derive nonvanishing conditions for p-adic L-values, in particular at the non-
critical integers where no direct comparison with the complex L-function is
possible. However for this idea to work, one would have to understand the
behavior of the overconvergent modular forms involved near (the lifts of)
the supersingular points, which seems rather hard.

Overview

Let us explain the content of the paper in more detail: The first chapter
gives a quick review of the results of Bannai-Kings [BK], which describe
the image of the Eisenstein symbol under the syntomic regulator in terms
of p-adic modular forms.

In the second chapter we begin by defining the syntomic cup product with co-
efficients over an unramified base K. Like in [BK], we only work with partic-
ularly well-behaved spaces, namely with smooth compactifications X — X
over Ok together with an overconvergent Frobenius lift. In this situation,
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one can define syntomic cohomology using Cech resolutions [Ban00, Def
2.2], [BK, A.3] and we use a standard formula [Bes00, Lemma 3.2] in order
to define the syntomic cup product in terms of the de Rham and the rigid
cup product on the level of Cech complexes. We then define a product Lips
for the cohomology of the modular curve

1 l
Hsyn(//l, Sym' (1)) .
We show that under the standard isomorphism

H (A Sym' o (1) = HIEN(X 1+ 1)

syn
this coincides up to a sign with a product for the spaces

HALXL T +1)

syn

which is suggested by work of Scholl [DS91, §5]. This is done to ensure
that the Us-product of two syntomic Eisenstein classes is in the image of
the regulator map. We are forced to show this compatibility in a very direct
way, as we could not find a reference for a rigid syntomic Leray spectral
sequence and its behavior under cup product. The last part of the chapter
deals with the explicit computation of the product of two Eisenstein classes.
Technical problems arise because some of the p-adic Eisenstein series used
in [BK] are not overconvergent. We use work of Coleman and others on the
relationship between rigid cohomology and overconvergent modular forms
[Col95], [CGJ9I5]. We discover that certain non-overconvergent forms still
define rigid cohomology classes.

In the third chapter, we first collect some facts on Hecke operators and rigid
cohomology. We then use the rigid Poincaré duality pairing in order to de-
fine a rigid-analytic analogue [y ;s of a linear form I defined by Panchishkin
[Pan02],[Pan03] via the classical Petersson inner product. We show that
the linear forms coincide up to a nonzero p-adic number. This step is cru-
cial later on in order to give an interpretation of Panchishkin’s measure at
noncritical weights.

Chapter IV gives a reworking of Panchishkin’s [Pan02],[Pan03] construc-
tion of the p-adic L-function of f, which is adapted to our situation. One
first constructs a measure p¢ with values in the space of p-adic modular
forms, then projects onto the a-eigenspace for the U-operator, and finally
applies the linear form ;. One checks that this gives the p-adic L-function
using the Rankin-Selberg method.

In the last chapter, we find by studying congruences of g-expansions, that
after we project onto the a-eigenspace, the p-adic modular forms appearing
in the product of two Eisenstein classes are essentially the same as the ones
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gotten from evaluating s at a noncritical integer. We then use the rigid du-
ality pairing to derive a p-adic Rankin-Selberg method (Thm. V.2.1) from
the results of chapter IV. These two steps prove Cor. V.2.3 and by this, the
main theorem Thm 0.1.

It is a pleasure to thank my advisor Guido Kings for introducing me to
the p-adic point of view and for his constant help and support. I also would
like to thank Kenichi Bannai who kindly answered all my questions.

Notations and Conventions. p is always assumed to be a prime > 5.
Let Q, C K be finite and unramified. We use de Rham, rigid and rigid syn-
tomic cohomology of smooth pairs 2" = (X, X) over Ok with overconver-
gent Frobenius ¢ x with coefficients in filtered overconvergent F-isocrystals
M = (M,V,F, &) as defined in [BK, A]. Like in loc. cit. we denote these
cohomology groups by

HgR(‘%/¢ %)7 Hﬁg(%v '%)a ngn(‘%? %) :

When taking sections of the underlying coherent modules M and M., of .,
we often write .# instead of M or M,i; and whether we mean algebraic or
rigid-analytic sections is always clear from the space over which the sections
are taken. A small difference in notation with respect to [BK] is that we
denote the Frobenius structure of the coefficients .# by ®,; in order to
distinguish it from the Frobenius endomorphism ® on Hﬁg(% , ) which
is induced by ¢x and ®,;. We often call rigid syntomic cohomology simply
syntomic cohomology.

We use the following convention from [BK]: If X is a scheme over O, we
write X for its completion with respect to the special fiber and we denote
the rigid analytic space associated to this formal scheme by Xx. The rigid
analytic space associated to the generic fiber X of X is denoted by X7*.



CHAPTER 1

Syntomic Eisenstein classes

We give a quick sketch of the main result of [BK].

Before we start our discussion, let us introduce a variable T' in order to
keep track of Tate twists in rigid cohomology. Let V be a vector space
over Q, with Frobenius endomorphism. Consider the ring Q,[T, 7] with
Frobenius endomorphism
P|g, = idg,
O(T)=p 'T.
We identify the rigid Tate object Q,(j) = Q, - e;, c¢f. [Ban00, Def. 1.10

(i),(iv)], with Q, - 7Y C Q,[T, T~ ] by sending 1-¢; to T7. In the same way
we identify the twisted Frobenius vector space

V(j)
with the the space
VeT’
inside
Ve Q,T, T .

We write V - T7 instead of V @ T9. A p-adic analogue ¢ of 2mi is then given
by t := T~'. We work with T rather than with 7! because we prefer to
think in terms of geometric Frobenius weights.

Let M/Z, be the pullback to Z, of the modular curve of level I'(N),
N > 3, prime to p. If M is the smooth compacitfication of M, then .Z :=
(M, M) is a smooth pair. As M is smooth and affine, there is a Frobenius
lifting
on the level of formal schemes which overconverges on the associated rigid
spaces. We denote by X, X the universal and the universal generalized
elliptic curve over M and set

X=Xy x ooy X

where the fibre product is taken [ times. X! denotes the canonical desingu-
larization of X' constructed by Deligne. Then 27 := (X!, X!) is a smooth

13



14 I. SYNTOMIC EISENSTEIN CLASSES

pair and one can define the higher direct images [BK, A.2]
T Qp(n)

of the structure morphism
ORI
In particular, we can consider the "modular” cohomology vector space
Syn(// Sym' sV (n)), # = R'7.Q,.

The motivic cohomology constructed from algebraic K-theory has only Tate
twist coefficients. To consider the regulator map from motivic to syntomic
cohomology, one therefore needs syntomic cohomology of X! with only Tate
twists as coeffiecents. Unfortunately, the definition of rigid syntomic coho-
mology we use [BK, A] cannot be directly applied to 2~ I because there is
no obvious Frobenius lift on the formal scheme X. There are different ways
to fix this. We proceed like Bannai-Kings [BK] and define the cohomol-
ogy groups in question using Besser’s [Bes00] definition of rigid syntomic
cohomology. To make the different definition apparent in notation, we de-

note these cohomology vector spaces like in [BK] by HZ,, (X', n) and not by

syn(%l Qp(n)). To compare byn(/// Sym!#V(n)) and H:yn(Xl,n) one
needs a Leray spectral sequence in rigid syntomic cohomology for which
however there seems to be no reference. As we only need to compare

(A, Sym! V(I + 1)) with the eigenspace HZ (X' 14 1)(¢), (here €

syn syn
is as usual the character on the group ulz % S; that is the product map on ulz
and the sign character on Sj) there is a way to work around this [BK, Def.
2.7]: Assume [ > 1, otherwise the cohomology groups are equal. Both ways
of defining syntomic cohomology come with natural long exact sequences

.—>H;yn(X, n) — FOHR (X! n )—>H;1g(X n) — ...

- Hi (A Sym' " (n)) — FOHlg (4, Sym! 2" (n)) ==

syn

M, Sym' A (n)) —

rlg(
and these induce isomorphisms

HH (X 1+ 1)(e) =

Spec Z,, HFH (X! 1+ 1)(e))

Syn( rig

A, Sym! AV (1 +1)) = Spec Zp,Hrlg(.///, Sym! V(1 +1)))

syn( syn(

by [BK, Prop. 2.6]. Therefore, we can define an isomorphim

Hpy (A Sym' 2 (1 + 1)) = HEH (X' 1+ 1)(e)
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by requiring that this map makes the diagram

!
HL (A, Sym' V(1 + 1)) - HENXL T4+ 1)(e)

syn

5 -

HY,,(Spec Zy, HY, (A, Sym' 7Y (1 + 1)) —— HY,,(SpecZy, HEEN (X!, 1+ 1)(€))
commutative, where the lower map is induced by the isomorphism given

by the Leray spectral sequence and the Kiinneth map in rigid cohomology.

Note that this gives the ”"correct” map for any reasonable definition of a
rigid syntomic Leray spectral sequence, because any such definition should

be compatible with the analogous rigid spectral sequence.

We turn to the syntomic regulator constructed by Besser. By [Bes00], there

is a natural regulator map

Fegn : HEEH(XU T 41) — HEN XL 14+1)

mot syn

which is compatible with the de Rham regulator map. Hence we get a map
HEVWXL 1 +1) — Hy, (A, Sym' 2 (1+ 1))

which we also denote by 7gyy,. For any field /' we define

FI(Z/N)]:=={¢: (Z/N) = F}.

In case F' = C one has the Fourier transform in the first variable

N-1 .
2mimu
Prg(m,n) i= > olv,m) exp(= )
v=0

and the symplectic Fourier transform

Blmm) = 5 3 ) exp( TR

u,v

We also set

Lig.s):= Y 270

m>1

for large Re(s) and denote the meromorphic continuation of this function
by the same symbol. For any rational linear combination

¢ € Q(Z/N)] :={¢: (Z/N) — Q}
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of torsion sections which satisfies ¢(0,0) = 0 in case [ = 0, there is an element
Bisyior () € Hypot (X', 1+ 1)(e)

called an Eisenstein symbol, [BK, Def. 1.1]. In case [ = 0, we assume in
addition that ©(0,0) = 0 in order to be able to apply a g-expansion formula
of Katz [Kat76, Lemma 3.3.1]. The main result of [BK] gives an explicit
descrption of Eisé;,rr? () := reyn(Eishi2 (¢)). Before stating this, we have to
look at how elements of Hl  (.# , Sym’.#V (1+1)) can be described in general
[BK, Prop. A.16]. Essentially by definition of rigid syntomic cohomology a
class in this vector space can be represented by a pair («,n), where

nE HO(MQP,wl ® Q(logC)) ,C = Cusp
is an algebraic section and
a € HO(Mg, jTSym' 27 (1 + 1))
is a rigid section which satisfies
Va = (1—@)nig -
Here @ is the Frobenius on Mg, composed with the Frobenius of the coef-

ficients Sym'.#V (1 4 1) and Nrig 1s the rigid analytic section associated to
1. We sometimes write 7 instead of 7,j;. Because the FO part of the Hodge
filtration of Sym’.7#V (I +1) is zero, one shows that the pair (c, 1) represent-
ing the cohomology class is unique.

Now let («,n) be the pair representing Eisls;f(w). It turns out that 7 is
konwn: By compatibility of r¢y, with the de Rham regulator map rgg it is
equal to the section representing the de Rham Eisenstein class Eisifg(cp) =
rqr(Eisl 2 (¢)). This section is known to be

mot
2E1420,0 l
dq . . .
where § = — is the one-form dual to the Gauf-Manin connection and
q

arith

2E)120,, is the algebraic Eisenstein series of level I'(V) which has ¢-

expansion (at 0o)

S L1 =1, f(m,0) = (~1)F f(=m,0))+

N (dl“f(d,d’)—(—d)l+1f(—d, —d’)), f=Pi(o).
n>1 dd'=n
d,d'>0

Note that because of M(I'(N)) = M(T(N)™*™) @g Q(ux), any modular
form on M (I'(N)*) defined over Q(uy) by extension of scalars gives a
modular form on M (I'(N)) which is defined over Q. The advantage of us-
ing T'(N)**h_structures at this point lies in the fact that the fibre at p of
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M (T'(N)ith) /7 is geometrically connected and therefore a modular form of
this level is uniquely determined by its g-expansion at oo.

In case [ > 1, the de Rham part n determines the rigid part « : This is
because of the isomorphism

HY (A, Sym' Y (1 + 1)) = HY,\ (Spec Zy, HYi, (A, Sym' 2 (1 + 1))

=Ker(1 — @ : FOH} (4, Sym' " (1 + 1)) — H}, (A, Sym' 7V (1 + 1)))

from above, which on pairs («,n) is given by
(o, m) — Mrig -

In case [ = 0 the situation is hardly more complicated. From the long exact
sequence, one deduces the short exact sequence

0— Qp - Hslyn('%v Qp(l)) - I{é)yn(speC ZIbHrlig(‘%a Qp(l))) —0
in which the first map sends a constant ¢ € Q, to the pair (c,0) and the
second map is (&, n) — nrig. Thus 1 determines a up to a constant.

How can one describe a general section o« € H O(M(SI;, jTSyml%’;ivg(l +1))?
Bannai-Kings answer this question by describing the image of o under two

(injective) maps. The first map is just the map
HO (M, jTSym' 2V (1 4+ 1)) — HO(M)q,, Sym! 7V (I + 1))

which restricts an overconvergent section on the open modular curve Mg,

to a convergent section on the ordinary part of the modular curve (/\/lord)Qp.
The latter space receives a map

Mg, — (M), .

where M is the formal Zy-scheme which parametrizes trivialized elliptic
curves with level I'(/V)-structure. Recall that a trivialization of an ordinary
ellitpic E/B over a complete and separated Z,-Algebra B is given by an
isomorphism of formal groups

over B. We denote the pullback of J#V to MVQP by V. The advantage the
1

E/M
whose restriction coincides with the pullback of the differential d7'/(1+T) on

space M@p is that 2V is locally free: There is a unique element w € 2
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é; via the universal trivialization. It satisfies ®w = pw. Secondly, by work
of Dwork and Katz there is a global section u of sV which is Frobenius
invariant and satisfies Vw = u ® 4. (V is the Gaufi-Manin connection).
Obviously, Vu = 0. Because of their simple behavior under Frobenius and
the Gau-Manin connection, w,u is a basis of sV which is well suited for
solving the equation

Va=(1-2)n.
Note that we write w, u for what was written @, @ in [BK].
Having a global basis, we can write

By definition,
V(D(N),Q,) := I(Mg,,0)

is the space of Katz (p-adic) modular forms [Kat76, Chap. V]. For w € Z
there is a subspace V,,(I'(N),Q,) C V(I'(IV),Qp) of Katz modular forms
that have (p-adic) weight w [Kat76, 5.3] and one checks that a section of
the form

cuw " e HO(MVQP, Sym! V)

descends to HO((M)g, , Sym'5#") if and only if ¢ is a Katz modular form
of weight [ — 2n. One concludes that the natural pullback map

HO((M*Y)q,, Sym' ) — HO(Myg,, Sym' #")

identifies HO((M°4)q,, Sym' sV (I + 1)) with the space

l
{Z "W T e e V}_gn(F(N),Qp)} .

n=0

We can therefore describe o by determining the associated Katz modular
forms ¢,. For this one needs certain non-classical p-adic Eisenstein series.
For m > 1, r € Z, these are Katz modular forms E%),)r,@ of level F(N)arith
and weight m+r which are characterized by their g-expansion at oo which is

S S () S ) ) F(d ), f=P@)
s
pid’
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if m > 2 and
7L(_r7 f(O, m) - (_1)l+1f<07 _m))
0 Y (@) s )~ (~ay f(-d—d)), f=P@),

n>1  dd'=
d,d’>0
ptd’
in case m = 1. N
Denote by & the pullback of @ to M. The main result of [BK] can now be
stated:

THEOREM 1.0.2. (Bannai-Kings,[BK, Thm. 5.11})
Let 1 > 1. If Eisl¥2(p) = (a,n), then the Katz modular forms ¢, ,0 <n <1

syn
associated to a are given by

o2 ()
n (l _ n)'Nl +1-n,—1—n,p *
In other words,
l
Z El(-z‘,)-)l —n,—1—n gpunwl_n : TH_I :

Remark. The theorem is stated in a slightly different form in [BK]:
There, the Tate module 7 rather than its dual is used and the formula
reads:

2 n_ vi—n — —~
a= Z Nl l(—li)-)l n,—1— anng uV T € HD((MQP, Syml%”(l)) .

(In loc. cit. there is no T to be precise, but we found it helpful in order
to remember the right Frobenius action.) Here w",u" are the sections of

A dual to w,u. Let us show that both formulas are equivalent: If [, ]
denotes the relative rigid Poincaré pairing of the universal trivialized elliptic
curve over Mg,, we have (with 7o := xdx/y, where z,y are the Weierstrafl
coordinates of the universal trivialized elliptic curve given by w)
[w, ulrig = W, Nolrig = [w,Moldr = 77 ([Kat76, p.512])
We can reformulate this by saying that
v =wTl, w¥ =—uT

under the identification

H = V(1) .
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This shows the equivalence of the formulas.

Remark. The theorem stays true up to a constant if [ = 0 : In this case
one has to solve the equation

deo=2E5) ,©6

and this is established by

Cco = 2E¥21,<p .

One concludes
a = 2E£‘21#’mod Qyp -

We believe that one has the equality a = 2E§{) 117@ ”on the nose” and in the
following will use this equality in all computations in order to avoid tedious
case-by-case analysis. Our application does not depend on this assumption:
once we pair the product of two Eisenstein classes with a parabolic coho-
mology class, the contributions coming from the constants vanish for weight
reasons.

We conclude by introducing some notation. For convenience in later com-
putations, we set

DEFINITION 1.0.3.

gl+2 R EE 142
? (p) = B 189 (¢) -

for 7 € {mot, dR, syn}.

Let Q C F be a finite extension. Denote the maps deduced from
Eistt2 - Q[(z/N)?Y] — HLE V(X 1 +1),

mot mot

and

ro s HAYUX 14+ 1) — HY (4, Sym! Y (1 4 1))

mot

by tensoring with F still by the same symbols. Then for a Dirichlet charac-
ter € mod N of parity [ and F' an extension containing the values of €, set

DEFINITION 1.0.4.

—

G¢ = Pflcp6 ,
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where

_Je(m) N|n

and P, s the inverse Fourier transform in the first variable. Furthermore,
we set

By (e) = &2(9e) -

Note that ¢¢(m,n) is just €(n), but the above definition is better suited for
computing the g-expansion of the de Rham realization: One has

1
lw ® 6

ELR2(€) = Epjao(e )l

where Ej;50(€) is the Eisenstein series of level I'g(N') with Dirichlet charac-
ter € that has g-expansion

L ].—ZE Zq Z dH_l

n>1  d|n,d>0

at co. Here we mean g-expansion at the Tate curve of level I'1 (N) and not
I'(N), so there is no exponentiation ¢ — ¢~V. One easily checks that already
E! . (€) has level To(N) (and not just level T'(N) ).

mot






CHAPTER II

The product of syntomic Eisenstein classes

I1.1. Syntomic cup product with coefficients

We define a cup product in rigid syntomic cohmology with coefficients
over an unramified base.

For a finite unramified extension Q, C K, let 2" = (X, X), X—X = Dbe a
smooth pair over Ok with overconvergent Frobenius ¢x. Furthermore, let
M = 7(M ,V,F,®,) be a filtered overconvergent F- Isocrystal on Z and
U = (U;)ier a finite Zariski-open covering of X. We then have the de Rham
complex of coherent O g-modules associated to M:
DR*(M) :== M ®0, Q*(log D)
and we define
Rpp(U, M)
to be the simple complex
sC*(U,DR*(M))
associated to the Czech double complex
C*(U,DR*(M)) .
In degree n, this complex is given by
I[ M ®Q%og D)(Ti,-i,) ,
t+qg=n

where we are taking the product over all subsets of I of cardinality ¢+ 1 and
all nonnegative integers g. In order to define the syntomic cup product, we
need to define the de Rham and the rigid cup product on the level of Cech
complexes. First, we do this in the de Rham case using the definition given
in [dJ].

De Rham cup product. Let A/ be another overconvergent F-Isocrystal
on 2 and let N be the associated Og-Module with integrable connection
with logarithmic singularities around D. We are going to define a map of
complexes

tot(Rpr(U, M) @ Rpp(U,N)) = Rpr(U, M@ N)

23
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which induces the cup product
Hig(2, M) x Hip(2,N) = H (2, M & N)
on cohomology. First consider the map of complexes
tot(sC*(U, DR*(M)))®sC*(U, DR*(N)) — sC*(U, tot(DR*(M)®DR*(N)))

given as follows: If «, 3 are elements of sC*(U, DR*(M)), sC*(U, DR*(N))
in degrees n, m respectively, this map sends a ® 3 to

t

. t— r
10 i - E m=( azo 1T®/82T ‘it

r=0

where for a complex of sheaves D® on X and an element ¢ in degree d of
sC*(U, D*), we denote by &;,...;, its component in D4~*(Uy,...;,). That this is
a map of complexes is checked in [dJ]. For an explanation of the sign we
also refer to de [dJ], who refers to Deninger [Den95].

Now consider the map of complexes

sC*(U,tot(DR* (M) ® DR*(N))) — sC*(U, DR*(M ® N))
which is induced by the map of complexes of O g-modules
tot(DR*(M)® DR*(N)) — DR*(M ® N)
given by
mw; @n@wj — meOnQw; \wj
on sections. We define the de Rham cup product on 2~ with respect to
M, N and U to be the composite of the two maps described above and
denote it by the symbol U.
The Filtration F' on M induces a Filtration on DR®(M) which is given in
degree q by
F"DRY(M)=F""1M @ Q1

which in turn induces the filtration

F™sC*(U, DR*(M)) := sC*(U, F""DR®*(M))
on

Rpr(U, M) = sC*(U, DR*(M))

The cup product respects these filtrations in the sense that the image of
tot (F' R (U, M) ® FI R} (U, N)) — Rhp(U, M®N)

lands in

FHRL (UM N) .
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Rigid cup product. Let as above be U = (U;);es a finite Zariski-open
cover and put U; := U; N X.Recall that X,U; denote the completion of X, U;
with respect to the special fiber and X, U; ¢ denote the associated rigid
analytic spaces. Call the obvious inclusion

Uiy.ink — XK

jiO"'in and let
DR}y (Mig) i= Myig ® Q%

be the rigid de Rham complex [BK, A.1]. The complex
Ry, (U, M)

rig
is then defined to be the simple complex

sC* (X i, jiDRY (Miig))
associated to the Czech double complex

C*(Xrc, JED Ry (Myig)) -
The cup product

tot(Re, (U, M) @ R, (U, N)) — R, (U, M @ N)

rig rig rig

on the rigid complexes is now defined by the identical formulas used in the
de Rham case and by abuse of notation also denoted U.

Let @7, Py, Prron denote the Frobenii belonging to M, N, M @ N respec-
tively. ¢x and @y induce a o-linear endomorphism @, of R}, (U, M) and
likewise we get @9, @3 for N, M @ N respectively, where we suppress the
dependence of the ®; on U. We claim that these Frobenius endomorphisms
are compatible with the cup product in the following sense: If a, 3 denote

elements in Riig(U, M), Rﬁig(U,/\/ ) respectively, we have
PiaU P56 = ‘133(04 @] ,@) .
Going through our definition of the cup product as the composite of two

maps, we see that checking this equality amounts to showing the equalities
t

(1@ ®2) > (1) Dy, @ By =
r=0

t
S (=)D i, ® Bofi, i,
r=0
and
O3(m@n @ w; /\(,Uj> =
<I>M®N(m X Tl) &® (Z)X(wl- A wj) =

Ppr(m) @ Py (n) ® dpxwi A dxw;
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hold. (m,n are sections in some degree of DR, (Myig), DR}, (Nrig) respec-
tively.)
But these hold by the definition of ®; ® &5, @3 and P uN-

Cup product in syntomic cohomology. Consider the comparison

homomorphism
0 =0y : Rpr(U, M)— R}, (U, M)

between the de Rham and the rigid complex. Given the analogous maps for
the overconvergent F-Isocrystals N, M @ N/, we find that these comparison
maps are compatible with the above cup products in the obvious sense by
the construction of the products. (We used the same formula in the de
Rham and the rigid case.) Because we have checked that the Frobenii are
compatible with the rigid cup product, the same is true for the composition
of the comparison maps with the Frobenii

Pod: R.DR([U,A)HR:%(U,A), A= M,N,M ®N, ¢ = <I>1,(I)2,(I)3 .

To define a cup product on the complex which computes syntomic cohomol-
ogy (in the limit over all coverings)

R, (U, A) := Cone(FORY (U, A) "2’ R2, (U, A)[-1],

we use the following special case of a general homological lemma of Besser
[Bes00, Lemma 3.2 and formula (6.3)]:

LeEmMA I1.1.1. Let A?, B?, i = 1,2,3, be complexes with homomorphisms
tot(AS ® AS) — A3,

tot(B? @ By) — BS .

Furthermore, let
fis9i+ A} — B}
be homomorphisms that satisfy
fs(a1 Uaz) = fia1 U faaz and g3(by Ubg) = g1b1 U gabs .
Set
Cf .= Cone(A? "% BY[-1].

Then the formula
(bi]a1)Uc (balaz) := (b1U(yfaaz+(1—7)gaag)+(—1)"€* ((1—7) frar+yg1a1)Ubz|ay Uaz)
defines a homomorphism of complexes

tot(C? ® C3) - C3

and two such maps are homotopic for different choices of the parameter ~y.
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We apply the lemma to case
A = F'R)R(U, M), AS = F'RY (U, N), AS = FORYL (U, M @ N)

and

BI = rlg(U M) = rlg(U N) B3 rlg([U M ®N)

fi=0,9i=®;00.
and get a map of complexes
U'y,[U : tOt(R;yn(Ua M) ® ngn(UaN)) - R;yn(Uv M ®N)
DEFINITION II.1.2. The syntomic cup product
7 i+7
Ut Hyy (27, M) x HY (27 ,N) — HGH (2, M@ N)

is defined to be the map on cohomology induced by the maps U, y in the
limit over all coverings U.

From the definition we see that the syntomic cup product is compatible
with the de Rham cup product under the natural map

syn(‘% M)_)HDR(‘%- M)

Relative cup products. Let
u: ¥ -

be a proper smooth morphism of smooth pairs. Then for the relative coho-
mology sheaves

Hin(Xi/ Vi) = RMug K, Hig(2/%) = L Rt K

one has a canonical isomorphism of ij/(/)?K‘ modules
rlg(%/g) = jYO:))K ®OY HdR(XK/YK)

see [BK, A.2], [Ger07, p.8]. Like the absolute algebraic de Rham complex
0% e the relative de Rham complex QB(K Iy admits an acyclic Cech
resolution. Therefore, the relative de Rham cup prodct can be defined by
the same formulas we used above in the absolute case. This is also true for

the relative rigid complex j XQ:y /T and we obtain relative cup products

which are compatible under the above isomorphism. This will be applied to
the universal elliptic curve over a modular curve.
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I1.2. Product structures on modular cohomology groups

Let M/Z, the pullback to Z, of a modular curve of some representable
level prime to p. In this section we construct a product map

v HY (A, Sym* 250V (k +1— 1)) x HY (4, Sym' Y (14 1))

syn

— H2 (M, Sym* 2V (k+1)) .

syn

This map will later be applied to pairs of syntomic Eisenstein classes and
related to special values of p-adic L-functions. There is also a product map
on the cohomology groups Hg, (X b n)(e) defined by imitating a construc-
tion of Scholl [DS91, 5.7] in motivic cohomology. We show that both maps
coincide (up to a sign) under the isomorphisms

Hn (X n)(€) & Hyy, (A, Sym® Y (n))

syn
given by the Leray spectral sequence and the Kiinneth isomorphism. Our
reason for working entirely on the modular curve (and not on self-products
of the universal elliptic curve) is that in this setting one has the explicit for-
mulas for the syntomic Eisenstein classes given by [BK]. The comparison of
the product structures is needed to make sure that products in our sense of
syntomic Eisenstein classes still lie in the image of the regulator map. This

gives the justification for expecting a relationship between such products
and special values of p-adic L-functions.

For shorter notation, set

L = Sym"Y .

DEFINITION I1.2.1. Let £ > 2,1 > 0 be integers. The map

Unr : Higy (M, Lioyi—2(k +1— 1)) x Hi, (A, £(1+ 1))

syn

— H2 (M, Lro(k+1))

syn
is defined to be the composition of the following maps:

(1) The syntomic cup product on .# :

Hlon (M, Sroak +1— 1)) x HL (4, L1+ 1))

syn

— HZ (M, D12 @ Lk +21))
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(2) The map induced by the map of syntomic coefficients

$k+l—2 ®D% _ <%V®k+l72 ®%\/®l

given by the canonical section .%, — V%™,

(3) The map induced by the map of syntomic coefficients

IRk —2 ®1
id® ®[, ]X/M

%v®k+l_2 ® e%ﬂ\/®l

in which
[’ ]X/MU%&\/@%\/ HQp(_l)
is the duality pairing on syntomic coefficients and
[’ ]?EZ/M . e%ﬂ\/@)l ®%\/®l _ Qp(_l)
is the map
(@iai) @) (@ibi) — [ ] @i bilx/m
i
on sections.
(4) The map induced by the canonical projection

%Vk—Z _ Symk‘—2%\/ =% 5.

%Vk_2(_l) )

29

Syntomic Leray-Kiinneth-maps. In the following we define Leray-

Kiinneth-isomorphisms

HE (X0 n)(e) = HY, (A, Sym® Y (n))

syn

in particular cases, namely in case syntomic cohomology is either isomorphic
to de Rham or rigid cohomology via the long exact sequence. Remember

from chapter I that for ¢ > 0 we defined an isomorphism

Hslyn(///,,,sfa(a +1)) =2 HE Y XY a4 1)(e) ,

syn
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by requiring that this map makes the diagram

Hslyn(///,za(wr 1)) _ HN (X% a+1)(eq)

syn

|= |=

HY,,(Spec Zy, HY, (M, Lo(a+ 1)) —— HY,(Spec Zp, HEF (X, a + 1)(ea))
commutative, where the vertical maps come from the long exact sequence
defining syntomic cohomology and the lower map is induced by the isomor-
phism given by the Leray spectral sequence and the Kiinneth map in rigid
cohomology. We call this isomorphism A. Furthermore, for n > a 4+ 2 we
define (by abuse of notation)

X H2 (M, ZLo(n)) — HE2(X n)(eq),

syn syn

N: HE (A, V%% (n) — Her2 (X% n),

syn syn

by the commutative diagrams

HZ,\ (M, ZLo(n)) —2— HEE2(X%n)(ca)

syn

- &

a+1 a
Hrlig(’//w’?a(n) T H : (X 7”)(@1)7

rig
and

a N a a
Hgyn(%)%\/@ (n)) — H, +2(X 7n)

syn

T T

(M, A% (n)) —— HF(X 7).

1
H, rig

rig
respectively. In the diagrams, the lower map is given by the Leray-Kiinneth
maps in rigid cohomology and the vertical maps come from the long exact
sequence relating syntomic, rigid, and de Rham cohomology. The vertical
maps are isomorphisms because of

FOHSEA(Xn) =0, n>a+2.
The definitions of the maps A, X' also work when we replace the universal
elliptic curve &~ — .# with the universal elliptic ordinary curve %y — 4,
the crucial point being that by [BK, Lemma 4.2] the natural maps

H;yn(//lo,fa(a +1)) — Hgyn(Spech, HL (My, Lo(a+ 1)),

rig
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HEEN(XG, a + 1) (ea) — Hgn(Spec Zy, Hir (X5, a + 1) (ea)

are isomorphisms.

Following [DS91, 5.7], one has the following product map on the constant-
coefficient cohomology vector spaces

HY (X% a+1)(eq).

syn
Let k> 2,1 > 0 be integers. First, we take the maps

Hk+l_1(Xk_2+l, k + l . 1) N Hk+l—1(Xk—2+2l’ k +l _ 1) ,

syn syn

Hl+1(Xl7l+ 1) N Hl+1(Xk_2+217l+ 1) ’

syn syn

induced by the projection on the first k—2+1 and last [ factors respectively.
We compose with the syntomic cup product on X*72+20 and get

HIGH (X2 el 1) (e —2) X HGH (X 1) () — HERH (XM ki)

syn syn syn

The syntomic cup product for smooth schemes over Z, (and more general
bases) without auxiliary data (compactification and Frobenius lift) is de-
fined for Tate twist coeflicients in [Bes00, §3]. In case of a smooth pair
% = (Y,Y) with overconvergent Frobenius lift, the isomorphism

Hign(Y,n) = Heg, (%, Qp(n))

syn

is compatible with the cup products, because we use the same formula as
Besser [Bes00, (6.3)] in order to define the product on the level of com-
plexes. We now compose with the map

Hk+2l (Xk_2+2l, k + 2l) N Hk+2l(Xk_2+l, k + 2l)

syn syn

induced by

id k— XA 1
k-2H Xk—277X k-2

where Ay is the diagonal of X!/M. We then compose with the syntomic
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Gysin map

e HEf 2 (XF72H k4 20) — HE(XF72 b+ 1)
given by the projection

Xk‘—?-i—l N Xk:—2
on the first k —2 coordinates. The syntomic Gysin map is defined in general
in [CCM10], but for our purposes it is enough to define it as the map that
makes the diagram

Hk+2l(Xk72+l’ k4 2[) Hk (Xk72’ k4 l)

syn syn

- -

Hig XA kg 2l) e H (X b )

commutative where py i is the rigid Gysin map, see [CCM10, Rmk. 5.8].
Finally, we compose with the projection

pr.: HE (X*2 k+1) — HE (X2 k4 1) (ep_2)

syn syn

onto the e;_o-eigenspace.

DEerINITION I1.2.2. The map

HESTH (X2 kbl —1) (o) x HEEH (X 141) (6) — HEL(XP72 k+1) (€p—2)

syn syn syn

just constructed is called Ux.
We come to the main result of this section.

THEOREM 11.2.3. The diagram

HEHNXMH=2 1= 1) (epa2) x HEGH (XL 1+ 1) (6) —— HEL(XP72k + 1) (er—2)

syn syn syn

I I

HYp (M, Lok +1— 1)) x HL (A L1 +1)  — H2 (M, Lok + 1)),

syn
in which the vertical maps are given by the Leray-Kinneth maps described

. . . Wi+1)
above, is commutative up to the sign (—1)F7=2— |

Let as before My := M4, X, := X' be the ordinary locus of M and the
universal ordinary elliptic curve respectively. Because the restriction map

HE (X*2 k4 D) (ep_n) — HE (X572 k+ 1) (er_2)

syn syn
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is isomorphic to the restriction map
HY (M, Lo (k+1)) = HY, (Mo, Lra(k+1))

it is injective and it suffices to prove the theorem for (X, M) replaced with
(X0, Mp). The latter pair has the advantage that, by lifting the canonical
subgroup, one has compatible (overconvergent) Frobenius lifts on the re-
spective formal schemes. After factoring the diagram in the theorem into
three diagrams corresponding to cup product, Gysin map and projection on
the e;_o-eigenspace, the theorem follows directly from the following result:

LEMMA 11.2.4. In the following statements, all vertical maps are given
by the Leray Kiinneth-maps defined above.

a) Let a,b > 0. The diagram
HEHN (XS, a+1)(eq) x HEENXE, b+ 1)(ey) —— HEHMT2(X 5+ g 4 b+ 2)

syn syn

I I

Hslyn('///()afa(a' + 1)) X Hslyn(%(%zb(b_‘_ 1)) — HZ (%0’%\/@(1 ® %V(@b(a’ +b+ l))

syn
in which the lower map is given by composition of the cup product on
and the map induced by the inclusion %, — V™, m = a,b, is commu-

a

tative up to the sign (—1)°.

b) The diagram

psxo(id gp_o X A )"
* ( XO XO)

HER(XE22 | 4 9)

syn

HE (X572 k4 1)

syn

I I

id®k72 ® [ , }@l
Hgyn('%ov %v®k_2+l ® ‘%ﬂ\/@l(kj + QZ)) Hs?yn('//m %V®k_2(k + l))

X/M

. . . (1=
is commutative up to the sign (—1) 2

c) The diagram
HEW(XG72 k1) = HEL(XG2 h + D)

syn

| |

Hgyn(%o,%v®k*2(k+l)) —— H2 (M, L) 5 (k+1))

syn
in which the lower map is induced by the natural projection V2 —
SymF =22V, is commutative.

PROOF.
a) Via the Kiinneth map on the coefficients, we regard HY, (4, Z.(a+1))
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as the subspace Hg  (.#, R“ﬂ&a)(@p(a—i—l))(ea) of HL (., R“7r£a)(@p(a+1)).

syn

(Here 7@ 2 — M is the a-fold self-product of 2y over .#y. An element in
HY (Mo, RV Qp(a + 1)) (e0)
is then given by a pair (ay,w;), where
wi € H'(Mq,, (m9%, ;) © /g, (log C U SS))(e)
()~( @ is the Deligne compactification, SS is the supersingular divisor) and
ar € HO(Mgh, . J' R*7"Qpla +1))(ca)
is the unique ([BK, Lemma 4.2]) solution of the differential equation
Va; = (1 - ®)w; ,
in which V, ® are the Gau3-Manin connection and Frobenius. We now de-
scribe the image of (a1, wq) under the Leray map A. Using our definition of
A above and the isomorphism between rigid and de Rham cohomology, we
first have to understand the image of w; under the de Rham Leray map
Hig (Mo,g,s R*mQya + 1))(e0) = Hig (X§ g, 0+ D<)
For this, we assume that a > 0, otherwise A is the indentity map. Because

My is étale over (the ordinary part of) the j-line, w; has the form 81 ® p
(on My,q,) where

b e H(Mog, 7T=£a)Q§(g/MO) = H(X§, Qe /nry) » 11 € Q1 yg, -

According to the construction of the Leray spectral sequence in de Rham
cohomology [KOG68], the image of 51 ® p; in

HE (X6 g,,a+1)(ea)
is the cohomology class given by the form
A By
(see [KO68, p.202]) where

P € HO(X((JI7 Q?{g/(@p)
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is a lift of §;. Because Q Mo/Qp = = 0 the term pq A 61 does not depend on the
choice of the lift. Now take a finitely indexed open affine cover of X g, and
let (U;) be the affine cover of X&Qp given by a-fold products of the former
cover. Let

; YA an
Jig...ip - uzo...zr — A40,Qp

denote the obvious inclusions of rigid analytic spaces. Consider the com-
plexes

(C;(S/Qp’dx) = SHO(XS(SH,]OQXG/Q (CL -+ 1))

(C;(S/Mo’ dX/M) = SHO(XSL&H’JTQXG/MO(G +1)).
Here the prefix s means that we take the associated simple complex of
a double complex. The complexes have compatible Frobenii ®x, ®x /s :
There is a diagram of overconvergent Frobenius lifts

]
XOA,XO

| l

My Mo, My
given by taking the quotient by lifts of the canonical subgroup [Col95,
p.336]. ¢x, induces endomorphisms of the rigid de Rham complexes, and
multiplying these by p~@~! gives the desired Frobenii. The cohmology of
the complexes is the absolute

rlg(% @+ )

and the relative rigid cohomology

HE (28 ) My, a+1) == HOOMES, TR 7V Qy(a + 1))
respectively. The algebraic differential form Aw; = p; A Bl defines a rigid
analytic form on X§", and therefore a class in C’;‘;}Q We claim that there
exists an element ag of ce, ¢/Qp which satisfies
(1) aq lifts oy € C% @ /Mo
(2) We have
dx a1 = (1 — (I)XO) Awq .
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Indeed, if
v+ Cxaynty =~ g/,
denotes the section of the cannonical projection
a a
Cxg /0, = Cxg/mo
constructed in [KO68, p.207], we set
a1 = p(ay) .

(Katz-Oda deal with the algebraic de Rham case but the same definition
works in the rigid setting.) By Lemma 5 of [KO68] (and the construction
of the Gau-Manin connection V on p.208-210) we have the identiy

dx opar=NVar) +podx a1,

but ay being a dx/pr-cocycle, the last term is zero (beware that the notation
of Katz-Oda differs from ours, for example their dx denotes the exterior and
not the total Cech differential; also the map A\ appearing on p. 209 is not
our \). We compute:

dx opar=ANVar) = A1 - Px/p)wr = (1 — Px) Ay
where the last equality follows because Frobenius compatibility implies

AD x/np(wi) = A x/pg (61 @ pn) = M@ x/nr(61) @ Pas ()

= (1) A Pxynr(B1) = Bas (1) A Bx(Br) = Bx (hwr) -

Because ¢ is a section, &1 = ¢(«1) is a lift of a;. By [BK, Lemma 4.2], any
class

(o,w) € H“‘H(,%”Oa, a+1)(e)

syn
is uniquely determined by its de Rham part w. We conclude that the pair
(a1, dwr) = (par, p1 A Br)

is the image of (a1, w;) under the Leray map.
We now consider the cup product. According to the previous section, we
have products

80t*(CXa+ /g, @ Cxa+/q,)

tot ( Xg+b/M0 (9] CX

U .
= Cxorerg,
5, Cy

61+b/MO) ngb/MO )
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given by the formula

t
(AUB)iy. =y (~1)7 98B0 Ay A By,
r=0

on Cech cocycles. These products induce the cup product and the relative
cup product on cohomology respectively. Via the projection on the first a
(rfsp. last b) coordinates, we view C;q; /0, (resp. C;(g /Qp) as subcomplex of
C Yo+ /0, We now take classes

(a1,01) = (@, 1 ® p1) € Hiyy (Mo, R*7VQya + 1)) (ca)

(a2 w2) = (a2, B2 ® pi2) € Hiyy (Mo, 7 Qp(b + 1)) 1),
and consider the diagram

HEEN(XE, a4+ 1) (ea) x HEEN(XE, b+ 1)(ep) LN HEH2(X0T a4+ b+ 2)

syn

I I

HYo (Mo, RO7EV Qpa+ 1)) (€a) X Hip (Mo, BT Qp(b + 1)) (er) ——— HZ (Mo, R 7ETVQp(a+ b+ 2))

in which the lower map is given by composition of the cup product on .#
and the relative cup product on the higher direct images. It is easily checked
that claim a) is equivalent to showing that this diagram commutes up to the
sign (—1)®. We specialize the formula for the syntomic cup product (Lemma
I1.1.1) by setting v = 1. Going first horizontal and then vertical in the dia-
gram, we find:

(a1,w1), (a2,w2) = a1 ® B2 @ p2 — (Px/mB1) ® az @ (Parpin)

= o1 U Bo] @ po — [(Px/arBr) U o] ® (Parpin)

—~—— e~

=g A (a1 U B2) — (@arpn) A (PxpfBr) Uas .
Going first vertical and then horizontal, we have:

(a1,w1), (2, wa) — (a1, 1 A gl) s (2, p2 A 52)

a1 U (2 A Ba) + (1) 0x (i A Br) U ds -

Let us note the following:
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e For a global one form p, one has u Ay = p U~ and pU~v =
(—1)e87y U 4 (this identity is on the level of complexes) . This is
easily checked using the above formula for U.

e U is associative on the level of complexes. (see [dJ].)

e For
wE Qpan g, @ € HFH (2 [ My, a+ 1), B€ HEZN 2T ) Mo, b+1),
one has

pA(aUp)=pn(@up)

because both (m) and & U 3 are lifts of arU 3.

With these remarks, we compute

a1 U (a2 A fB2) = @1 U g U fa

P

= (=12 A (@ U ) = (—1)"p2 A (U ) .

This shows that the first summands match up to the sign (—1)%. As for the
second summands, we have

Dx (1 AB1)Udn = (Pprpn A Px 1) Ud

P

= Oy A (Dx By Uda) = Opppn A (Bx/niBr U ),

because both @Xﬁl Uasg and @X/;Bl/u g lift ®x /5781 Uaz. This proves a).

b) Consider the diagram in question

PxO (idx())@,Q X AX(Z))*

Hk+2l(X(l]c—2+21’ k + 21)

syn

HE (XE2 k41

syn

I I

A5 2 @ [, 1%,

Hszyn(//lo,%v®k72+l ®¢%ﬂv®l(k+2l))

HZ, (Mo, Y2k + 1))

Using the long exact sequence relating syntomic, de Rham and rigid coho-
mology and the fact that by definition the syntomic Gysin map is compatible
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with the rigid Gysin map, we see that the diagram is isomorphic to

Ps,rig® (idX(])C,Q X AX(l))*

L[kfl+2l()((l)c72+2[7 k+ 2l)

rig Hkil(Xgiz’kJrl)

rig

I I

1 VREk—2+1 Vel id®F 2 @ [ ]
Hrig(%‘%% @ H (k+21))

®!
X/M

H}ig(.///o,%v®k*2(k +1))

Because the comparison isomorphism between rigid and de Rham cohomol-
ogy is compatible with Gysin maps, this diagram is isomorphic to

Px,dRO (idxg—2 x AX(I))*

HREAT2 (X2 ) 4 21) HENXE2 R+ 1)

I I

id®k—2 ® [ , }@l
HéR(///o, jfv®k—2+l ® jf\/@l(k; + 21))

X/M

Y (M, A2k +.1)

This diagram is already defined with Q-coeffiecients and it is enough to prove
the claim for the respective diagram of Q-vector spaces. After tensoring with

C we may realize the Gysin map on C* differential forms as integration over
the fibers

1 /

Hire @ Hjpec — C

is given by
1
(w1,wa) — — w1 A wa
21 J(cjz+rz)
The claim now follows from the fact that for C* one forms wy, ... ,wj, wi, ..., wy},
one has

! ! 1”1*1) / !
WA AW Aw=(—1)"T w AW AL AW Aw .

c¢) This is true because the Leray-Kiinneth map

HYyy (Mo, AV 2 (ke +1)) — HEN(XE2 b+ 1)

is equivariant with respect to the S;_s-action. (|
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As noted before, the construction of Llx, which was the composition of
cup-product, Gysin map and projection on the €j o-eigenspace, was just a
repetition of what is done for motivic cohomology by Scholl in [DS91]. We
can therefore ask if the regulator map is compatible with Llx. Compatibility
with the syntomic cup product is proved by Besser [Bes00, Prop. 7.7] and
compatibility with the syntomic Gysin map follows from the compatibility
of the regulator with the rigid (or, by comparison, the de Rham) Gysin
map. The regulator is compatible with pr., , because it is equivariant with
respect ot the Si_os-action. We conclude that Ux is compatible with the
regulator map and get as a corollary of the theorem:

COROLLARY 11.2.5. Let # = #(I'(N)). Under the identificaiton

H2, (A, Sym* 28V (k + 1)) = HE (X*72 %+ 1) (e4—2)
the element

Eisit (o1) Uy Eisli2 (02) € HE (A, Sym* 2 (k + 1))

is in the image of the regulator map.

The remaining part of this chapter will deal with the explicit computa-
tion of this product. Let us explain what we exactly mean by this. We have
seen that there is a product map

a o He (o Sym™ 200V (k+ 11— 1)) x Hy, (A, Sym' 27V (1 + 1))

syn

— H2 (M, Sym* 2V (k +1)) .

syn

By the long exact sequence, the latter vector space is canonically isomorphic
to

1 k—2 \Y 1 k—2 \Y,
Hyo (A, Sym™ =" (k + 1)) = Hyo (A, Sym™ =27 ) (k + 1).
This space has a natural restriction map 77 ; to
1 rd k—2 \Y
Hyo (A7, Sym™ =7 (k +1)).

It is the image of

(Eisggh (¢1), Eisg (02))
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under the above maps in the space

HY (™, Sym* 2.6 (k +1)).

that we want to describe.

DEFINITION II.2.6.

Eisl i (o1) Uy Eisg;?(@) =

Tord [Eiskﬂ(%) L Eislﬁ(%)} € Hy (™, Sym" >V (k + 1)) .

syn syn rig

The purpose of the index [ in U; is to remind us that this is not the cup
product, but rather the composition of the cup product with a map which
"integrates” over [ copies of JZV.

Using the space
Hrlig(%ord7 Symk—Q%\/) ’

we can reformulate our problem in terms of overconvergent p-adic modular
forms:

As we will review in IL.5, Coleman has shown [Col95] that there is an
isomorphism

MIJOFIMY = HE (A, SymP 2oV

where M;r denotes the space of overconvergent p-adic modular forms of
weight [ and 6 is the operator qd% on g-expansions. We can therefore ask
the following

UESTION I1.2.7. By which elements of M can we represent the coho-
k p
mology class

Eis;fytf (1) Uy Eisg;f(@) Y Al

The question will be answered in I1.7.

I1.3. The product of two Eisenstein classes

Recall the renormalization
m

m N™ .
gsyn((p) = 9 Elssyn(@)a m>2.
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According to chapter I, the syntomic cohomology class 5@;1(@1) is repre-
sented by a pair

(c1,m) -
a1 is the overconvergent rigid analytic section of SymkH_Q%V(k +1-1)
on Mg, whose pullback a1 to the space of trivialized elliptic curves /\7@1,
is given by the formula

k41-2
& = Z 1 E(p) unwk"‘l—Q—n . Tk;_H_l
1 ~ (k+1—2—n) k-l-n-l-ne .

n1 is the de Rham section of Sym* =22V (k +1—1) ® Q}, whose pullback
to Mg, is given by a single algebraic Eisenstein series, namely by the formula

1
& E w(k+l—2) ® 5 - Tk+l—1
m 7“: Y- 2) k+1,0,01
where ¢ denotes the 1- form on MQP dual to the Gauss-Manin connection.
For the sake of completeness, we also record that (ag,n2) is given in the
same way by the pair of sections

~ 1 (p) l—nrnl+1
a2 = Z (- n>!El+1fn,*1fn,902unw e

n=0
~ 1 l l+1
2 = ﬁEHZO,m"‘) Q6T .

Going through the definition of the syntomic cup product and specializing
the parameter v to v = 1, we see that the image of

[(041, 771)7 (an 772)]

under
1 k-2 1 !
Hg,, (A, Sym T (k+1-1)) x Hg,, (A, Sym AV (1+1))
= H2, (o, Sym" 25V (K + 1 — 1) @ Sym' oV (1 + 1))
is given by

(1 Umg + (=1)1®n; Uay),0) =
(a1m2 — (Pn1)az, 0).

Here, by abuse of notation, we do not distinguish between the de Rham
section 7n; and its associated rigid analytic section. The section

—

ai12
in

I'(Mg,, Sym =256V (k +1 — 1) @ Sym' 2V (1 + 1))
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is given by
k+1—2 1 )
P ktl—2—nrk+l—1 o Lpltl
2 1= 2= )l okt 1on - 1ono Bl 2.0, TTTTeWTT @0

n=0
and the section

(1) v
is given by a similar formula.
In order to compute U, we have to compute the image of (a1m2 — (Pn1)az, 0)
under

pu He (A, Sym™ 250 (k+1-1)@Sym! Y (1+1)) — HZ,, (A, Sym" 2 (k+1))

syn
where p; is the map induced by
Z'd@k:—Z ® ['7 ']®l . <%\/IC*H*Q ® %Vl _ %Vk*Q(_l)

and the fact that Sym™ is a direct summand of (-)®™. Equivalently, we have
to compute the image of ajn2 — ag(Pn1) under the analogous map in rigid
cohomology

pu s HYy (o, Sym™ =252V (k+1-1)@Sym 2 (141)) — HY, (A, Sym* 25 (k+1)) .

In order to lighten notation, let us still write AV for its pullback AV to
Ma

p*

Now consider the section

unwk+l—2—n

of Sym*T=2#V . The splitting
Symk—i-l—szoV N %V®k+l—2
maps it to

u 1€S8
w i¢S

Wk+1—2—n)
K:n(—k n) Z

k+1—2) V1 Q- QVgt1—2, Ui:{

Sc{l,...k+1—2}
#S=n

! is mapped to w®!. The image of

®I

In the same way, the section w
rQw

under

id®k—2 ® ['7 ']®l . <%\/k+l*2 & %Vl N %Vk‘*Q(_l)
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is given by

nl(k+1—2—n)! 5

(k+l—2)' Ul@"'vk_Z'[Uk—law]"'[vk+l_2,CL)].

Sc{l,... k+1—2}
#S=n
Projecting on
Sym* 2.2V (1),
we get the section
k—2
(n—l) ul k—2—(n—1) | (_Tfl)l — (_1)l (TZL)

(") (")

unflwk72f(nfl) . Tl

With this formula, we get that p;(a172) equals

(_ 1)l k+1—2 (n)
Z ( ! EW El+2707<p2un—lwks—2—(n—l)®6‘T—Z‘Tk+2l

k+1—2 _ 9 _ | Tk+l—-1-—n,—1-n,p
( ; ) Al = kE+1—2—n)! 1
and therefore we have

ProrosiTioN I1.3.1.

pl(a’ﬁﬁ
k—2 n—+l
(—1)! (") (») k—2— k-t
= (k+l—2) T Z (k—2— n)yEkp—l—n,—l—l—n,wlEl+270,w2“nw "®6-TH
l " n=0 ’

We now turn to the computation of p;((®n;)az). Recall that the Frobe-
nius @ on a section is given by the composition of the Frobenius on the space
of trivialized elliptic curves ¢ with the Frobenius on the coefficients which
we call @ in the following. If Frob denotes the endomorphism of M which
induces ¢ — ¢? on g-expansions [BK, 4.3], we have ¢ = (Frob ® o) in case
M = M(I'(N)) and ¢ = Frob if M = M(I'1(N)). By definition of w, u, T we
have the identities

1
v =pw, ®u=u, T ="-T,
p

and because, on the Tate curve, § = %, we also have

¢ = po.
As a result, we compute that

‘I)(Ek+l,0,<p1 wk+l—2 ® 5 - Tk+l—1)

_ ¢* (Ek—l—l,ﬂ,(pl) wk—i—l—? ®6 - Tk—l-l—l ,



I1.4. RIGID COHOMOLOGY AND OVERCONVERGENT MODULAR FORMS 45

thus

P

(Pm)as

k+1—2 k+1—1 l—n_pl+1
)!¢*(Ek+l’07‘P1)El(i)l—n,—l—n,cpgw 2@ TR outwt T

l
1
:;(zn)!(kﬂz

As before, we need to know the image s’ of a section u"w!™™ under the
splitting
Sym' Y — V%
and then apply
Z-d®k—2 ® [ ']®l . e%p\/l~c+172 ®%\/l _ %\/ka(il)
to the section w® =2 ® x/. But because of [w, w] = 0, this can only be

nonzero if n = [. In this case, w®*t1=2 ® x’ is simply mapped to wF—2 T,
As a result, we get:

ProrosiTiON I1.3.2.

pi((Pn1)oe) =

1 " (p) k—2 ket
i ? Brnoe) BilZ g @6 T

Let us remark that later on, we will only be interested in the projection
of this element onto a certain eigenspace, and we will also show that this
projection of p;((®n;)ae) differs from the one of p;(n1a2) only by a constant
factor.

I1.4. Rigid cohomology and overconvergent modular forms

We will start with generalities about the rigid cohomology of open
curves. Let
be a smooth pair over SpecZ, that has relative dimension one and let

C—-U=7Z1UZ
be two disjoint divisors with Zs nonempty. Put W := U U Z; and denote by
I1 :U@p — U&E, Jo: WQp — W&T

the standard inclusions. Furthermore let .¥ = (L, V, F, ®) be an admissible
filtered overconvergent F-Isocrystal on % . Assume that Ug,, Cq, and (L, V)
are already defined over a number field. (This condition ensures that the
comparison map between de Rham and rigid cohomology with coefficients
is an isomorphism.) Then it follows from the main result of [BC94] that
both

HT(US, ¢ ® Dy, yon)
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and
H'T(Wg 7]2$®Q(W yan (log Z1))
are isomorphic to
Hyo(% . 2) .

(Note that because Zs is nonempty, U and W are affine.) We can express
this in words by saying that rigid cohomology can be computed by either
demanding logarithmic singularities or overconvergence at each divisor.
Applying the above to the situation

C=M,U=M",

(Remember that p > 5 and that M°™? is the nonzero locus of the rational
algebraic Eisenstein series E,_1)

= Cusps (we abbreviate it by C' in the following),

we get that there is a diagram

(T, " 142 © (106 C) o Hp, MG AL & by o
VHgg( ord ,an ;ﬁf) VHgg( ord ,an 13) I‘lg

The value of this is that we can represent Hrllg as a quotient of a smaller

space. Note that in case the coefficients . are Sym* 2.V (k + 1), the
sections py(a1m2), pr(maz), which from our definition lie in

Hrolg(Mord anhhg Q Q )

even lie in
ord,an

Hgg(M@

b2 @0 1og O)) .

This can be seen from the explicit formulas for these sections, in which all
terms are defined at the cusp, except for the term & which has a pole of
order one.

DEFINITION I1.4.1. Let k € Z.

M = HO,(M"™, jiwb 2 @ Q' (log C))

is called the space of overconvergent p-adic modular forms of weight k.

The inclusion

M SN Hr()lg(Mord an7j1[wk—2 ® Ql)
can be thought of the inclusion of overconvergent p-adic modular forms of
weight k, which are holomorphic at the cups, into the space of such forms
that are only meromorphic at the cusps. We often write f for an element

fuwh 2@ 6 of M].
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I1.5. A theorem of Coleman

From now on in this chapter, M denotes the pullback to Z, of the mod-
ular curve of level I'1(N), where (N,p) =1 and N > 4. Also all Eisenstein

classes Eisg,(¢) appearing are understood to have level T'y (V). This re-

striction is unessential but has a couple of advantages for our exposition:
We can directly refer to results which are only treated for level I'; (N) and
not for I'(N) [Col95], [CGJ95]. Furthermore, we do not have to distin-
guish between the derivations 6, N0 (cf. [Kat76]) and between the different
Frobenii Frob, Frob ® o. For our applications to p-adic L-values, the level
I'1(N) case is enough. However one can check that the results we refer to in
order to prove the product formula for the Eisenstein classes stay true for
level T'(N).

In this section we briefly recall a result of Coleman, which says that the
cohomology vector space

Hrlig(//lord, Sym"*~2.#V)
can be written as a quotient of certain spaces of p-adic modular forms.

The operators F and U. Using the Frobenius on Xo/Mg = X /Mord
given by taking the quotient by the canonical subgroup, one can define an
Endomorphism

F: M — M/
which on g-expansions is given by
(Ff)(q) = f(d")

([Col95, §3]). Therefore F is the restriction of the Frobenius Operator on
the space of Katz modular forms that we have called ¢* in section II.3.
There is also an analogue

vt oot
U: M} — M/

of the classical U,-Operator which is defined essentially as the trace of F
(see [Col95, §3]) and is normalized such that it maps

00
Z anqn
n=0

to
o0

Z anp q" .
n=0

One checks UF = id.
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The operator 6. Recall that on the space V := V(I'1(NV),Q,) of Katz
modular forms, there is a derivation

0.V -V

which shifts weight by two and on g-expansions is given by

o0 o0
E anq"HE nanq" ,
n=0 n=0

see for example [Kat76, Lemma 5.8.1]. This is in contrast to the case of
classical modular forms, in which the derivation ¢ - d/dq destroys modular-
ity. However, 6 does not preserve overconvergence: In [CGJ95], Coleman,
Gouvea and Jochnowitz were able to show that if f is a overconvergent mod-
ular form of nonzero weight k, then 0(f) will not be overconvergent. It is
therefore surprising that we have the

ProrosITION IL5.1. (Coleman), [Col95, Prop. 4.3] Let k > 2 be an
integer and let f € Mztk' Then 0*=1(f) is again overconvergent, i.e. an
element of M,Z

Here is an example which illustrates this phenomenon. For k& > 3 con-
sider the Eisenstein series

(p)E szlkn

n=1dd'=n
pin

It is of weight 2 — k and overconvergent because we can write

(p)Eép)kO (1-F)PE,

where

(k=1 >
(p)E2ik,0 _ Cp( 5 ) +Z Z dlfk qn

n=1dd' =n
ptd

is overconvergent by [Col97, Bl] (the essential input is Hida’s ordinary
projection and the fact that (») Ey_jp is fixed by U). Note that F' preserves
overconvergence by [Gou88|. We find

oo

gk—1 (» Eépko szlkkln_z d/kln:(p)El(:g
n=1dd' =n =1dd'=n
pin p‘\’n

and this last Eisenstein series is algebraic, therefore overconvergent.

We can now state:

THEOREM I1.5.2. (Coleman), [Col95, Thm. 5.4] The map
L jsSym* 2.V @ O (log C))

+ 0 ,57ord,an
M, — Hng(M@
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given by the inclusion
W22 Ql(log C) — Sym* 2.2 @ Q' (log ©)
of sheaves induces an isomorphism

M} /OF MY, s HE (2, SymF oY)

and the endomorphism F on left hand side corresponds to zﬁfb on the right
hand side, where ® denotes the cohomological Tigid Frobenius.

I1.6. Rigid cohomology and non-overconvergent forms
In order to have more flexibility in representing elements of
HY (a0 Symt =)

we now want to explain how we can associate cohomology classes to p-adic
modular forms that are ”"mildly non-overconvergent”.

We start by explicating why 6 does not preserve overconvergence in more
detail. Consider the g-expansion

1-24> () d)q",

n=1 d|n

the so-called Ramanujan series. A classical holomorphic modular form with
this g-expansion does not exist, but there is such a Katz modular form @
(also called Ey or P) [Kat73, A 2.4] of weight 2. On p-adic test objects
(E/B,¢) = (ordinary elliptic curve, trivialization) it can be defined as the
”direction of the unit root subspace:”

[7]0, U]rig
Q( / ’ </7) [w’ u]rig [7’0’ U’]I‘lg
where w = p*(dT/(14T)), no = zdzx/dy ,u is the unique Frobenius invariant
section of Hrlig(E) such that [w,u)yg =T and = = z(w),y = y(w) are the
usual meromorphic sections determined by w = dz/y and the equation
y® = 4a° — gow — g3.

(The index 0 of ng is just for distinguishing it from the de Rham section n
of the syntomic Eisenstein class (a,7)). From this definition we deduce the
equality

. Q
u = mw+m

of sections of ¥ on the space of trivialized elliptic curves. @ is related to
the #-operator in the following way: For k > 0, there exists a derivation

O Mg — Mg+2,
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which increases weight by two and is given by the formula

Q
onf =0f kS,
see [Col95, Proof of Prop. 4.3]. The proof of the non-overconvergence of 6
now proceeds in three steps. First, one proves that () is not overconvergent
by cohomological considerations and a result of Serre on congruences of
classical modular forms [CGJ95, Theorem 1, Lemma 4]. Coleman et al.
define the ring

DEFINITION I1.6.1.

M =P

kEZ

They show that if ) would satisfy a monic polynomial equation over M,
it would itself be overconvergent, [CGJ95, Cor.7]. Finally one applies the
above formula for J; to conclude that an overconvergent form of nonzero
weight is mapped to a non-overconvergent form by 6. Therefore the non-
overconvergence of 6 is essentially equivalent to that of Q.

An interesting consequence of the non-overconvergence of () is that a section

B e (Mg, Sym" 2" © Q' (log C)), k > 3
of the form
f=fuwh?"®6,1<n<k-2,

will not be overconvergent if f # 0, even if f is overconvergent, because of

_Q
U = 12w+770.

This poses a problem as, by definition of rigid cohomology, only overcon-
vergent sections represent cohomology classes. For the term p;(a;n2) which
appeared in our computation of the product of two Eisenstein classes, this
means that although we know that the sum

(—1)! — ) (») k—2 K+
n —z—MN

(k+lf2)l| Z (k‘ -2 Tl)' Ek—l—n,—l—l—mcpl El+2,07@2u w ®@6-T

l : ’

n=0

is overconvergent, the single terms will be not in general, and as a result we
cannot consider this to be a sum of cohomology classes. Even in the Term

(p) k—2 K+l
Ek—l,—l—l,@lEl+2707§02w ® 5 T
in which w*~2 does not destroy overconvergence, the coefficient function

(»)
Ek*l,*l*l,@l El+2707302

is in general not overconvergent, as the following argument shows: Let k > 3,
take for example

—

@1 := P g
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where
1 N|m
0 else

WO(ma n) = {

(This gives us an Eisenstein series E,(f_)l -1 of level I'1(N) with trivial
Dirichlet character, the essential point b76ing7that it is a U-eigenform with
unit eigenvalue.)

and put, for m < —2,

C*(_m) m .n

B =24 Y D @) g
n>1dd'=n
pfd’

which obviously is equal to

®) Eppi10 = @(2—771) + Z Z d™ q" .

n>1dd' =n
pid

The constant term is the Kubota-Leopoldt p-adic L-function which is not
important here. Then one checks that on g-expansions

EY (q) =05 2EP L (¢V) = 0*2 PE__1100(¢Y)

k—1,—1—1,p1
and, as stated in the prevoius section, the Eisenstein series

PE 4 1190

is overconvergent by Hida’s theory of the ordinary projection. In the case
k = 3 this already shows that

0" 2WE ;100

cannot be overconvergent and in fact this is true for all £ > 3 by a lemma
which we will state in a minute.
How do we cope with this problem? We will show that sections of the form

fwk_2 Q6

do represent cohomology classes, as long as their degree as polynomials in
@ over the ring of overconvergent modular forms is small enough (is < k —2
to be precise). This will then be applied to our Eisenstein sections. We will
also deal with sections of the form

fu"w* 2" 28 n>1

in a similar way.
Consider the ring MT[Q] of polynomials in Q over MT, which we regad as a
subring of the ring of Katz modular forms. Denote by

MI[Ql
the subspace of M1[Q] of forms of weight I and by

M[QI!
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the subspace of M[Q]; which consists of forms which are polynomials in @Q
of degree less or equal to d. We write deg(f) for the degree in @, and w(f)
for the weight of a form. The next lemma tells us how the degree changes
when we apply 6.

LEMMA I1.6.2. a) Let f € M'[Q]g. If deg(f) # k, then

deg(0f) = deg(f) + 1.
If deg(f) = k, then
deg(0f) < deg(f) .

b) Let f € MT[Q] be of degree d and let

f=Q% + (terms of degree < d—1), fy € M,I_% )
Then

0f = (constant) - Q11 fo + (terms of degree < d) ,
where the constant may or may not be zero depending on d =k or d # k.

PROOF. Part a) is [CGJ95, Prop.11]. Both a) and b) follow from the
formula (see[CGJ95, p.33])
d
0(GQ") = 0h21(G)Q" — S GE4Q + —GQd“

where G € M, 11_2 4 and Ejy is the algebraic Eisenstein series of weight 4 and
level Sla(Z). It can be verified by direct calculation. O

We apply part a) of the lemma to
0' VE_j_1190,i>0
and find that
deg(0F 2 PWE_ ;. 100) =k —2,
therefore it is not overconvergent for k > 3, but at least we have

0" 2P E 4 1 190) Erro0,, € MIQIEF 2.

We can in fact argue the same way for any choice of the coeffient function ¢ :
One extends coefficients, decomposes 1 according to Dirichlet characters
and writes

(p)
Byt -i-1,00

as a linear combination of p-adic Eisenstein series
B (@) =023 NEP L (a)(d) () =1,
where we have l
Ui (06)) = Xi(P) B (x0)

and the y; are Dirichlet characters of conductor prime to p. Therefore
EI(CPJ 1 —l—1,p, Can be written as 652k with h overconvergent and we get

<k—2
El(cpf)l,flfl,cpl Ei20,00 € MT[Q]
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for all 1.
Another consequence of the previous lemma is that 8 maps the space
<k-2
MT [Q]E72
into
<k-2
MIQIE" .

The next proposition is the key in relating non-overconvergent forms to rigid
cohomology.

PrROPOSITION 11.6.3. The inclusion
<k-2
M c MT[QE
mduces an isomorphism

Ml = MY QISR /eM QIR

PROOF. Injectivity: Let f € M,I,
f=10g
where g € M T[Q]Eﬁ; 2 According to the previous lemma this implies that
deg(g) = k — 2. Let
g = goQ" 2 + (terms of lower degree) ,0 # go € MzT—k )

Denote by w(j) the weight of a modular form j. There is an 0 <i < k — 2
such that

deg(6'g0) = w(6'go) ,
because otherwise, by the previous lemma, deg(6%gg) would strictly increase
for 0 <4 < k — 1 contradicting deg(@k_lgo)‘: 0. Let ¢ be the smallest such
number. By this minimality, we have deg(6gy) = ¢ and

deg(6'go) = w(6'go)
becomes

1=21+2—k.

Hence i = k — 2 and we conclude that

deg(6% ?go) =k — 2,

By the previous lemma, 8 2¢gy has as degree k — 2 term goQ* 2 times
a constant, which we now know to be nonzero. Therefore there exists a
nonzero constant ¢ such that

deg(g — 0 2g0) < k—2.

If h = g—c#*2gy is nonzero, then its weight k—2 is different from its degree
and thus deg(6h) > deg(h) > 0. But this contradicts

Oh = 0g — 0 gy = f — 0 1gp, which is overconvergent.
Therefore h = 0, i.e.
0% 2cgy = ¢ ,and finally 6* 1cgy = f.
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Surjectivity: Let f € MJF[CQ],?C_2 be of degree d with highest term Q% fy and
put w = w( fp). We show that modulo 6 it is in the image of M. ,i by induction
on d. If d = 0 there is nothing to prove. If d > 0 we have by definition of d
that
2d+w==k.
Assume that
w(@™ fo) = deg(Q" fo) -
This implies
2d—2+w=d-1,
hence we get that d = k£ — 1, a contradiction to d < k — 2. Therefore,
Q%1 fy has different weight and degree and thus, by the previous lemma,
the highest term of 8(Q%'fy) is equal to Q%fy times a nonzero constant.
We get a constant ¢ such that

f=ef(Q" fo)
has degree < d — 1 and are done by induction hypothesis. ([

We get as a corollary that via the isomorhisms

HY (A Sym*=2¢Y) = M j0F =My, = MYQIE 2 /oMY QIER,?

every element of M T[Q]Ek —2 represents a cohomology class. This allows us
to associate a cohomology class to the "highest term” appearing in p;(a1n2),
which is

P By 1 1101 Er42,00,w0" 208 = (0F 2 OB 1190.0,) Eii2,0,,w" 24 .
Next we want to deal with sections of the form

gu'WF 28 n>1

and in fact we will show that their contribution is zero on the level of co-
homology. For this purpose we will formally define a vector space which
contains sections of this kind and will then show that this space is isomor-
phic to

HYy (0, Sym" 22V .
As cocycles, we take the vector Z space spanned by the set
k—2

{fnu”w’“‘“@é:w(fn) =k—2n,0<n<k—2,deg(fy) < {k |
—1l—n

inside the space of only convergent sections
——ord _
I'(Myg, ,Sym* 22" @ Q' (log C)) .
Similarly, Y is defined to be the space spanned by the set
{fnu"wk_Q_” cw(fn) =k—2-2n,deg(fn) <k—2—-n,0<n< k:—2}

inside o
(Mg, ,Sym*2.2V) .

n=2~0
n>1

}
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The Gau3-Manin connection V induces a map
VY —2Z
given by
Viuwh 2" = 0f "2 0 6 + (k—2—n)f u k2l g

and using Lemma 4.1, this is easily seen to be well-defined. Finally we define
T to be the subspace

{(09)" 20019 MTQIFH?}

of
d
(Mg, ,Sym" 2" @ Q' (log C))
and put
B:=(VY)+T.
The ”virtual cohomology group” H, is then defined as the quotient
Z/B .

PropoOSITION I1.6.4. The map

MQIF* — z,

f—fu 206

induces an isomorphism
MT[ ]<k Q/HMT[ ]<k 2 i} H
PROOF. By defintition of H,, OMT [Q]Ef; 2 maps to zero. Next we show

Injectivity: For this, let f € Mt [Q]Ek_Q and assume that

k—2
fuh 206 =(0g) " 22d+ V(Z gnu"WhT2T)
n=0
where
geMiQ <k:2 Zgn nk=2-ny ¢y
We have
k—2
Zg u™w k—2— n - (Ggo)wk_Q ®6+Zhnunwk—2—n®5
n=1

for certain h,,. Linear independence implies that

J =109+ 0g0
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and we are done.
Surjectivity: Let

k—2
z= Z fau"W* TN @5z
n=0
be given. Because for 1 < n < k — 2 we have

V(fn unflwkf2fn+1)

=0f,u" W g 5+ (k—=2—-n+1)f, uWOFTr e

we see that (note that k —2 —n + 1 # 0) there exists an h € MT [Q]Eff

such that
2= fow" 2 ®8+ (Ah) w2 ®§ (modulo VY) .
Thus,
2= fow2® 6 (modulo VY + T,
which is clearly in the image. (]

Consider the natural maps

——ord,an ——ord

i : (Mg ™", jiSym* 2.2V 20! (log C)) — T(Mgy. , Sym" 22V 90! (log C))

——ord

i F(Mg:’an,j;Symk_2%V) — F(MQP , Symk_2<7fv)

which restrict overconvergent sections to convergent sections.

LEMMA I1.6.5. i has image in Z and i’ has image in'Y.
PROOF. An overconvergent section s of
Sym* 2.2V ® Q! (log ©))
over ﬂgj can be written as

k—2
s=> fangw" @0, foe M, .
n=0
After restricting to a convergent section, we can use the section u of J#V
and apply the identity
Q
=u+ —w
o + 19
in order to expand

fn ngwk_g_” ®6 = fn(u-+ %w)”wk_Q_" ® 0
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in terms of the basis elements u"w 27" ® 6. It is a sum of terms of the
form
(const.) - Q™ fn WMk g 5 0<m<n .

Because of
deg(Q"fo) <m<m+(k—2-n)=k—2—(n—m),
s lies in Z. The identical argument shows the claim for 7’. ([

As the Gaufi-Manin connection commutes with restricting sections, ¢
induces a map
HY (7, Sym" 2V — H,
which we also denote by i. We finally come to the main result of this section:
THEOREM I1.6.6.
1: Hrlig(//lord, Symk_2jf\/) — H,
is an tsomorphism.

ProoF. Consider the diagram

Miovg . —— MIQIEF 2 joMTQIE";?
Hrlig(//lord,Symk%%v) . H,

in which the vertical maps are given by
frlfet? @4

and the top map is induced by inclusion. It is clearly commutative and ¢ is
an isomorphism because the other three maps are. U

I1.7. A formula for the product of two Eisenstein classes
With notation as in the previous section, let us check that the element

pi(aam) - T+
of
LM, Sym* 22" © Q' (log C))
actually lies in Z : We have already seen that

(p)
Bl i1

= 0"2h . h overconvergent
and the identical argument (decomposition according to Dirichlet characters

and applying Hida’s ordinary projection) shows that

(p)
Ekflfn,flflfn,apl

for 1 <n <k —2. It follows that

(p)
deg(Ekpflfn,flflfn,apl

= 0*=27"h | h overconvergent

)<k—2—-n<k—-1—-n
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which is what we wanted to show. This observation and the theorem give
us the justification to regard

pi(agm) - T~ =
(_1)l — (an) (p) k—2
n —4Z—N
<k+l—2> T Z (k—2— n),Ek_1_n,_l_1_n,@1El+2,o,¢2u w ® 9
l *n=0 ’

as a sum of rigid cohomology classes by considering each term as an element
in H,. It is clear from the formula for V that all terms of the form

fu'wfF 28, n>1,

have cohomology class zero (see the surjectivity argument in the proof of
Prop. 11.6.4.) Therefore we get that (writing [s] for the cohomology class of
a section s):

i) T4 = [ g

E
We bring this together with our earlier computation of the element p;((Pn1)a2)
in Prop. I1.3.2 and conclude:

El+2707¢2 wk_2 (4 5] .

ProrosiTION I1.7.1. Under the identification
Hpy (', Sym" =2 o2Y) = MYQIF 2 /0 MT[QIFE,

the class
EX 1) Uy E 2 (o) - T7H

syn syn

is represented by the p-adic modular form

(=1)! (p) 1 (p)
(k; + l . 2)] Ek—l,—l—l,golEl+2,07<P2 - (k: + l _ 2)' F(Ek“!‘laO:SDl)El,—l—l,(pQ .

Note that this does not fully answer our initial question which asked by
which overconvergent p-adic modular form we could represent the product,
because only the second term is overconvergent. However, the proof of
surjectivity of the isomorphism

_ ~ <k-2 <k—2
M{/0F M = MYQIEE? /oM TQIFE,
gives an algorithm for obtaining such an overconvergent modular form in

k — 2 steps. Also note that the issue of non-overconvergence does not arise
in the case k = 2.



CHAPTER III

The rigid realization of modular motives

The purpose of this chapter is to introduce the rigid realization

Hyig(M(f))
of the Grothendieck motive
M(f)

associated to a Hecke Eigenform f of level prime to p, and to introduce
certain cohomological linear forms that will be used later on. We apologize in
advance to the reader that our convention for defining (the rigid realization
of) the motive M(f) is dual to the common one, for example the one used
in [Sch90]. This has the disadvantage that the Frobenius endomorphism of
H.ig M(f) has characteristic polynomial

X2 —apX +P(p)p*!
instead of

X% —apX + ¢ (p)p" .
The reasons we still define it this way are twofold: First of all we can use
classical Hecke operators instead of their transpose. Secondly, with our defi-
nition the differential form fw*~2® 4 defines a class in HyigM(f) and not in
HyigM(f). Both of this will make it more convenient for us to adapt certain
constructions and computations of Panshishkin in the sequel. We remark
that our normalization of the Hecke operators coincides with the one used
in [DFGO04].

Denote by
m: X —>M

the pullback to Z, of the universal elliptic curve with level I'; (N )-structure,
N >4, (N,p) = 1. As has already become clear in the previous sections,
the study of p-adic modular forms of weight k is closely related to the study
of the cohomology vector space

Hrlig(//lord,Symk_QleQp(l)) )

This motivates the following discussion of basic properties of this space such
as duality, weight decomposition and Hecke operators. All of this is well-
known but we include it for lack of reference.

59
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II1.1. Rigid cohomology and Hecke operators

Duality. We begin by introducing cohomology with compact support.
We intend no general theory and stick to the case of curves with locally free
coefficients in which things are particularly convenient. Let

u = (U,0)

be a smooth pair over SpecZ, which has relative dimension one. Let %
have an overconvergent Frobenius ¢ and denote by

Z=0C-U

the complement. The sheaf of ideals I(Z) of Z is a coherent sheaf of O¢-
modules. We define

I
to be the filtered overconvergent F-Isocrystal on % given by the 4-tuple
1(Z <
(I(Z) , d (exterior differential) , F"™ = (2) m=0 , id) .
0 m >0

Let A be a filtered overconvergent F-Isocrystal on % which is locally free
which means that this is true for the underlying coherent O¢c-module.

DEFINITION II1.1.1.
H (U, N)

¢, rig

is defined as

Hzlg(%a‘/‘/(gf) )
and called rigid cohomology of % with coefficients in .4 with compact
support.

We define de Rham cohomology with compact support
var(%, ) = H. 4z (Ug,,N)

in the same way.
If A is another filtered overconvergent F-Isocrystal which is locally free,
the rigid cup product gives a pairing
Hif (U, M) < HY (U N @5) = H (UM N DT
Hence by definition we get
U: H (%, M) x H’

rig c,rig

(U, N)— HY (U, M@ N)

c, rig

and similarly for the de Rham vector spaces. Now assume that all of
Ug,,Cq,, (N, V), (M,Vyr) are already defined over a number field. This
implies a certain p-adic monodromy condition which ensures that we have

comparison isomorphisms betweeen de Rham and rigid cohomology with
coefficients, cf. [BC94].
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THEOREM III1.1.2.

a) The pairings
U Hig(Ug,, M) x HZ i (Ug,, M") — HZ 4z (U,Qy(0))

U: HY (%, M) x H (U, M) — H? (% ,Q,(0)) ,

rig ¢, rig ¢, rig

induced by the cup product are perfect and compatible with the comparison
isomorphism from de Rham to rigid cohomology.
b) There is an isomorphism ("the trace map”)

2 =
tr: Hc,rig(%7QP(0)> - QP(_I)
which is compatible with the Frobenius structure and respects the Q-structure

coming from rational de Rham cohomology.

Proor. Compatiblity of the pairing with the comparison isomorphisms
follows from the compatiblity of the usual (=non-compactly supported) cup
product with coefficients with the comparison isomorphisms. The pairing is
nondegenerate because this is true in the de Rham case.

The rigid trace map is defined as composition of the comparison isomorphism
with the the de Rham trace map, see [Ber97, Prop. 2.1,2.6] for details.
Therefore it respects the de Rham Q-structure. It commutes with Frobenius
structure by [Tsu99, (6.2)]. O

We now apply this to the case
U =M = (Mord,M), coefficients = Sym* 2.7V .

Let us first compute the dual of

&L = Sym* 2V .
Recall that there was a perfect pairng

HY @AY — Qp(—1)
of filtered overconvergent F-isocrystals which induces a perfect pairing
Sym* 2V @ Sym* 2V — Q2 — k) .
We conclude that
LV L(k-2).

COROLLARY III.1.3.
The cup product induces a perfect pairing

U: HL (#°, L) x HE (M, 2) — Q,(1— k) .

rig ¢, rig
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Parabolic cohomology. Let
k=2 (X-ka X—ka)

where X*~2 is the pullback to Zy, of the desingularization constructed by
Deligne and let € be the projector constructed by Scholl. The rigid parabolic
cohomology group H,ig is defined as

Hyg := H 1 (272,Q,)(e) .

and, following [BK, 2.2], there is a short exact sequence

0— Hyg — Hi (M, L) — HY,(Isom, Qy(1 — k))*2) — 0
where the rightmost term is non-canonically isomorphic to
Hroig(Cusp,Qp(l —k)).

We now want to identify H,, as a direct summand of
H (M, L) .

ProrosiTiON I11.1.4. There is a decomposition

Hi (A", L) = Hyg ® R
of Frobenius modules, where R has Frobenius weight 2 if k = 2, and is a
direct sum of Fobenius modules having weight 2k — 2 and k for k > 2.

PROOF. Let us first remark that in order to define rigid cohomology,
one needs less data than a smooth pair

2 =(X,X)
and a filtered overconvergent F-isocrystal
N = (N,V,F,®).
In fact, one has rigid cohomology groups

Hﬁig (Ya 9)
for any scheme Y of finite type over F, with coefliecients .# in a suitable

category

Isoc! (Y/Q)
which only depends on Y and not on (the existence of) a smooth lift. Fur-
thermore there is a natural isomorphism

Hi (%W/’/) = Hgig(X]Fp"/Vrig) :

rig
(Here, A is the object of Isoc!(Y/Q,) defined by ”analytification” of the
coherent O g-module N.)
In rigid cohomology one has most of the usual cohomological formalism,
in particular an excision sequence and Poincaré duality, see [Ked06a] and
[Ked06b]. We apply the excision sequence in the case

X =Mp,, U= Mﬂd, Z = S8 (the supersingular divisor) ,.# = Z;
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and get the exact sequence

H;”S,rig(MFp?ﬁig) - Hrlg(MFwD%ig) - Hrllg(Mordaﬁig) -

- HgS,rig(Mva"%ig) - Hﬁg(Mvaﬂig) .
The sequence is Frobenius-equivariant by [Tsu99, Prop.2.1.1]. The last
term is zero by comparison with de Rham cohomology and the fact that
Mg, is affine. The first term is zero by rigid Poincaré duality [Ked06a,

Thm. 1.2.3]. Also by Poincaré duality we conclude that
H%’S,rig(Mszig) SS, "%lg( )) :

That this isomorphism is Frobenius compatible follows from [Tsu99, (6.2)].
We deduce the exact sequence

0— Hrllg(M]Fp?"%”ig) - Hrllg(Mord?"%ig) rlg(SS ﬂlg( )) —0

Recall that we also have

0 — Hig — H}y(Mp,, Zig) — Hi(Cusp, Qp(1 —k)) — 0.

The claim now follows from the fact that parabolic cohomology has Frobe-
nius weight k — 1, whereas

rlg(Cusp,(@p(l —k)) and HY (S8, Lig(—1))

rig
have weights 2k — 2 and k respectively. O

Il
Hyy(

We conclude by duality that there is a direct sum composition
c rlg(‘%ord -’iﬂ) = H1 ® H»

where H; has weight £ — 1 and is dual to ﬁrig and Hs has weights 0 and
k — 2. On the other hand, because of
k ~ 17k
Hrlg 1(5{']€ 27@1?)\/ Hrlgl('%'k 27Qp)(k - 1) 9

the injection

Hiig — Hrllg(///,f)
induces a surjection .
O L) — Hyig
and for weight and dimension reasons, this map identifies H; with ﬁrig. We
get:

C Il
. xig

COROLLARY III.1.5. The cup-product pairing
()t Hy (Y L) x HE (07, L) — Qup(1 — k)

rig c,rig

induces a nondegenerate self—duality
() grig x Hyig — Qp(1 — k) .
and is compatible with Frobenius, i.e.

(a p-adic analogue of the Petersson inner product.)
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Hecke Operators. We come to Hecke operators and their behavior
under duality. Denote by 7 : X — M the pullback to Z, of the universal
generalized elliptic curve with I'1 (V) level structure. We collect most of
what we need in the following theorem.

THEOREM IIL.1.6. For a prime l, lJ(N,ithere exist finite flat correspon-
dences Ty a1, (I)p on M and T x, (I)x on X which are compatible with the
structure morphism

7: X - M
and which satisfy the following properties :

1) The correspondences restrict to correspondences on M, M gnd X, X°M9,
2) The induced operators Ty, (I)on the cohomology vector spaces

Hl (%7$)7 Hl (%ord’g)’ f{rig

rig c, rig
respect the decompositions

Hi (M, L) = Hyg® R, H} (M, L) = Hyg ® RY

rig
and in particular induce operators on Hg.

3) The operators Ty, (1), 11 N commute with each other.
4) Let

9]
denote the cohomology class associated to a section
g2 @6
m
———ord

Mf = BO(Mg )™, jlw=% © 0 (0g 0))

via the (surjective) map

HO((MGH™, jTwh 2 © Q1 (log C)) — Hiy(M,2L) .
Then:
a) for It Np
T’l [g] = [T’l,cl g]
and
(D) 9] = [(Dar g,

Vg € M,I ,where T} o1, (l)a1 are the Hecke Operators on p-adic modular forms
which extend the classical Hecke Operators on algebraic modular forms [Gou88,
chap.2].

b) In case | = p, one has

Ty (9] = [Tpa gl, (p) [9] = [(p)a d]
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for all classical forms g of level T'1(N). Furthermore, one has the formula
(Eichler-Shimura relation,)

Tplg] = [Ug] + @[(p)g]

for any g € M,i
5) Ti, (I) commute with the endomorphisms ® and U on each of

Hl (%’g)’ Hl (%ord’ozp)7 f{rig

rig ¢, rig
for each 1, 1t N. (including p).
6) With respect to the pairing

() Hyg (A, L) x He g (M, L) — Qp(1— k),

we have the formulas

(Tir, ) = (e, (1) "' Ti3)
(D, B) = (a, (H'0) -

Note that
Hrlig(%ordwé/ﬂ) = Hrlig('%(rl(N))ordag)
has the remarkable property that the Hecke Operators T, and U = U, are

defined on it, whereas on the classical space
Hpeqi(M(T'1(n))(C) , Sym* 1Y)
only T, or U is defined, depending on ptn or p | n.

Proor. Over Q,, define Tjps,T; x to be the transpose of the corre-
spondences defined in [Sch90, §4]. The claimed Z,-integrality and in fact
Z-integrality follows from [Con07, Thm. 1.2.2]. If (X, ) denotes the uni-
versal generalilzed elliptic curve with level I'; (N)-structure «, the diamond
correspondence (or morphism) (I)s is defined as the classifying map asso-
ciated to (X ,1-«) and (I)x as the pullback of (I)y; via 7. That the corre-
spondences restrict to the open and the ordinary locus is easily seen from
their interpretation in terms of moduli problems. To prove claim 4 a), one
applies the modular definition of the Hecke correpondences to the universal
elliptic curve over ./\/lorj, where as usual M denotes the p-adic completion of
M, see [Gou88, I1.1.1]. The first statement in 4 b) follows in the same way
with M&fpd replaced by Mg, . In order to prove the second statement in 4 b),
it is enough to check this formula on overconvergent p-adic modular forms,
and even on their g-expansions. Take an elliptic curve E/B over a p-adic
ring B which is flat over Z, . Tensoring with Q, we get an elliptic curve
Eq, / Bq, that has étale p-torsion. One applies this to the Tate curve at oo,
and standard computations with Tate curves as in [Kat73, 1.11] show the
desired formula. The induced operators on cohomology respect the decom-
positions in 2) because they respect weights. The claims on commutativity
of the operators are well-known. To prove 6), it is enough to check this on
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rational de Rham cohomology. After tensoring with C we find that the de
Rham pairing is a constant multiple of the corresponding betti paring. We
are thus reduced to the case of the classical Petersson inner product, where
the claimed identities are well-known. O

As mentioned in the beginning of this chapter, our convention for the Hecke
operators is dual to the one used in [Sch90]. Therefore the same is true for
our Eichler-Shimura relation and the one in [Sch90, 4.2.2]. It is however
the same used in [DFGO04], see p. 684.
Let K be an extension of Q,. Via the diamond operators, the spaces

HY (#(T1(N) L))o K, H i, (#(T1(N)", 2) @ K, Hyg ® K

rig ¢, rig

receive a (Z/N)*-action.

DEeFinITION II1.1.7. For a Dirichlet character ¢y mod N, we denote the
respective -eigenspaces by

Hi (A (N, )", L)@ K, H (M (N, ), L)@ K, (Hyg @ K)? .

This notation only makes sense if K contains the values of ¢ and when
we use it we will always assume this to be the case. Next, we renormalize
the duality pairing:

DEFINITION III.1.8.
1
( 9 )I‘lg T [FO(N) . FI(N)] ( Y )
If the level is not clear from the context, we will sometimes write (-, -)rig7 N
for (-, )rig-

We deduce perfect pairings

(s i + Hiiy (M (N, )™, LYRK x H. i (M (N,), L)@ K — K(1-k)

rig c

(s Irig : (Hrig @ K)? x (Hyy @ K)¥ — K(1— k),

where K(m) := Qp(m) ® K is the one-dimensional vector space K with
Frobenius = multiplication by p~™. (-, -)rg is normalized in such a way
that in case 1 = 1, it gives the duality pairing of level T'g(IV).



III.1. RIGID COHOMOLOGY AND HECKE OPERATORS 67

Rigid realization of M(f). Let f be a classical cusp newform of level
I'o(N¢), pt Ny with character 1 and g-expansion

f(Q):Zanqn-

n>1

We fix an embedding Q — C, which does not appear in our notation. Via
this embedding, we set K := Qp(an,n > 1)(= Qp(an,n > 1, ¢)). According
to [Sch90], the following definition makes sense:

DEFINITION II1.1.9. Hyig(M(f)) is defined to be the (two dimensional)
K-eigenspace of Hyjz ® K for the operators T, (l), | { N with eigenvalues
ar, (1) respectively.

Because the Hecke operators commute with ®, the vector space H,ig(M (f))

inherits a Frobenius structure which is still denoted ®. We sometimes write
®;, Uy to emphasize the domain of these endomorphisms.
By transposition of Hecke operators, the field generated by the Fourier coef-
ficients of f inherits a conjugation automorphism which we denote by a — a.
It is the identity iff the field is totally real and has order two iff the field is
CM. Consider the modular form f. It has g-expansion

JF (q) = Z an q"
n>1
and is a Hecke eigenform having as eigenvalues the conjugate eigenvalues of
f. By definition of the conjugation, we have

ProrosiTioN II1.1.10. The p-adic Petersson inner product induces a
perfect K -linear pairing

('7 ')rig : HrigM( ) X HrigM(f> — K(l - ]C) .

DEFINITION III.1.11. Denote by w; the image of the differential form
fubF 206 e HO (MY, w2 @ Ol log O)) — Hiz(MP, L)
under the comparison isomorphism

Hip (Mg, L) = HY (Y, .2) 0 K .

wy even belongs to the subspace ﬁrig ® K. According to our normalization
of the Hecke operators,

Tiwr =aqwy, (Hwr=1v{)ws.
Therefore, wy € HyigM(f).
Denote by «, 3 the roots of the p-th Hecke polynomial

X? —apX +¢(p)p* .
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We enlarge K by requiring that «, 3 € K. From now on, we assume that
a and B are different. This is known for k = 2 and for £ > 2 would follow
from the Tate conjecture on algebraic cycles, see[EC98]. The condition will
be automatic later on because we will assume f to be ordinary. (This means
that one of the roots is a p-adic unit.)

LEmMA II1.1.12. The endomorphism ® 7 of HyigM(f) has characteristic
polynomial
X? - apX + ¢(p)pk71 .

PROOF. From the Eichler-Shimura relation, we have
U]% ~T,U; + (p)pFt =0
on HyigM(f). Because of

the claim follows. O

COROLLARY III.1.13.
a) The elements

(@F— Bws, (PF—a)wy
of HrigM(f) are eigenvectors for @ ; with eigenvalues o, 5 respectively.
b) HyigM (f) is spanned by
{Prwrwy}.
c) We have:
((bf_wfwa)rig 0.
PROOF. a) is clear and b) follows form a) and a # (. For c) note that
one has
(W, wi)rig = 0
by compatibility with the de Rham pairing and the fact that both forms are
holomorphic. But the pairing is nondegenerate, so
(Prwr,wihig # 0.
O

We conclude this section by defining a cohomology class which will be
used to construct a certain linear form in the sequel.

DEFINITION 1IL.1.14. wy , is defined as the image of
(@7 — Blwy
in
I—Icl7 rig(%ord> j)

under the inclusion

Hyig = Hyg ® RY = H (", 2) .
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II1.2. Classical and p-adic modular forms
We introduce some notation for spaces of modular forms. Assum N > 4.

DEeFINITION II1.2.1.
a) For any extension K of Q, define

M (Ty(N,p), K) := H*(M(T'1(N,p))k,w* 200 (log C)) = M(I'1(N,p), Q)®K ,

where I'1 (N, p) :=T'1(N)NT(p). If K is a subfield of C, this coincides with
the classical space of modular forms of level I'; (N, p) which are defined over
K.
b) For a finite extension K of Q,, denote by

MI(Ty(N), K)
the space

HY((M(Ty(N)g)™, i1 2 © Q' (log ©)) ©q, K

of overconvergent modular forms of weight k, level I'1 (V) and coefficients in
K.
c) Let

V/(T1(N), Q) € H(Mq,. O)

be the space of Katz modular forms that are holomorphic at the cusps and
VI(T1(N), Q) = H (M (D1(N))g, "> © 0! (log )

the subspace of weight k& Katz modular forms. For a finite extension K of
Qp, we define
V/(FI(N>1 K) = V/(FI(N)v Qp) ® K,

V/(T1(N), K) = V{(T1(N), Q) ® K.

d) All of the above spaces have a (Z/N)-action via the diamond operators
and for F' or K containing the values of a Dirichlet character ¢y mod N we
denote the 1)-eigenspaces by

Mk(NPJ w? F)7 Mk(Np7w7K)7 MII(N7 /(/}7 K)? VI(N7¢7K)7 Vlé(NJw?K)

respectively.

Following Coleman [Col95], we will now describe an important map from
classical forms of level I'1(IV,p) to overconvergent forms of level I';(N).
Recall that the moduli problem I’y (IV, p) has a model

M(I'1(N,p))
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over Zjy, (sometimes called Katz-Mazur model) which, following [Con07],
parametrizes isomorphism classes of generalized elliptic curves E/B with
level T'; (N)-structure together with a finite flat subgroup scheme of E*™/B
of rank p. The formal scheme

M(Ty (V)

parametrizes isomorphism classes pairs (E/B, ) of generalized ordinary el-
liptic curves E over p-adically complete Z,-schemes B, together with a level
I'1(N)-structure a. By completeness of B, it is possible to uniquely lift the
Frobenius kernel of EISF?, and get the so called canonical T'y(p) structure

Bean : HC E/B .

Furthermore, this lifting overconverges in the sense that it can also be done
for elliptic curves with Hasse invariant close to a unit. The construction
commutes with base change. See [Kat73, Thm 3.1]. Now let

(X,a x 3)

denote the universal generalized elliptic curve over M (T'1(N,p)) with level
structure and let
(X, a)

denote the analogous object over M(T'1(N)). We apply the previous in the
case

B = M(I'(N))™, (B,a) = (X
and deduce a cartesian diagram
ord

(X7, a X Bean) ——  (X,axpf)

l |

M(T1(N) —— M(T1(N,p)) .

From this, we get a diagram of ringed spaces (recall that for a formal scheme
Y, we denote by ())q, the associated rigid analytic space)

—5ord

(X, ax 5can)<@p - (Y,a X /B)Qp

l |

MT(N)g?  —— MT1(N.p)g, -

By the overconvergence of the lifting construction, we can extend the hori-
zontal maps to strict neighborhoods of

—5ord

(X , 00 X /ﬁcan)(@p

|

M(D (V)9
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inside

(?7 QX ﬂcan)Qp

M(T1(N))g, ,
and by taking higher direct images we eventually get the commutative dia-

gram

My (Ty(N,p), K) — —— M} (T1(N), K)

|

Hig(M(T1(N,p))k, L) —— HJ,

(L (N))", L) @ K .

(Remember .Z = Sym*~2.#".) Here, the vertical maps are as usual induced
by the obvious inclusion

wh=2 — Sym* 2.7 .
ProposiTiON II1.2.2. The map
My(T1(N,p), K) = MI(T'1(N), K)

induced by lifing the Frobenius kernel is the identity on q-erpansions. In
particular it is injective and equivariant with respect to the classical Up,-
operator on the left hand side and the p-adic U-operator on the right hand
side.

PROOF. The Tate curve at oo in M (N, p) has as level I'y(p)-structure
the roots of unity
tp C Gm/q -
But this lifts the Frobenius kernel. O

Using the modular definition of Hecke operators, it is furthermore not
hard to see that:

ProrosiTiON II1.2.3. The commutative diagram induced by lifting the
Frobenius kernel

My(Ty(N,p),K) — —— M](Ty(N), K)

|

Hig(M(Dy(N,p)k, L) —— H}

rig(%(rl(N))ord,g) RK .

is equivariant with respect to the Hecke operators Ty, (1), 1t Np.

Via the I'; (N) part of the level structure, the spaces

My(T1(N,p), K), Hip (M (T1(N, p)) i, £
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have a (Z/N)*-action. By taking 1-eigenspaces, we deduce the diagram
My(Np, ), K)  —— M(N, ¢, K)

! |

HéR(M(vaw)Kag) - Hrlig(%(N7w)ord7$) ®K .

ITL.3. Definition of the linear form [y,

Let us first explain the purpose of the following sections. In [Pan02],
[Pan03], Panchishkin constructs the p-adic L-function of a Hecke eigenform.
This is done in two steps: First, he defines a p-adic measure with values in
certain spaces of modular forms which is essentially given by products of
Fisenstein series. Then, he applies a linear form which is defined as taking
the (classical) Petersson inner product of a modular form with a cusp form
coming from the eigenform. The idea of using a suitable linear form for
p-adic interpolation already goes back to Hida [Hid85]. Panchishkin uses
algebraic Eisenstein series in order to get the p-adic L-function at critical
values. Our goal is to explain the p-adic L-function at noncritical values and
we will need non-classical p-adic Eisenstein series for this. We will also want
to apply a duality pairing to (products of) these Eisentein series. However,
in order to have cohomology classes associated to these non-classical series,
we use rigid cohomology and the rigid duality pairing instead of the de
Rham analogues. In the following we define a linear form I ;; on modular
forms whose construction uses rigid duality.

We fix some Notation:

N is an integer prime to p and f is a normalized Hecke cusp eigenform of
primitive level Ny dividing N. Let K be a finite extension containing all
Fourier coefficients of f as well as the roots «, 3 of the p-th Hecke polyno-
mial.

Recall the finite dimensional K-vector space My (Np, 1, K) of classical mod-
ular forms. It comes with an action of the U, = U-operator. We define

My(Np, ¢, K)*
to be the generalized eigenspace
U Ker(U — a)"
with respect to a. Consider the projection
7N, Mu(Np,, K) — My(Nyp, b, K)
which is adjoint to the inclusion

Mk(NfP,¢7K) C Mk(Np,T,Z),K)
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w.r.t. the Petersson inner product and denote the induced map
Mk(va '¢7 K)a - Mk(pr7 1% K>a

by the same symbol W%f. Lifting the Frobenius kernel gave us a map

My (Nyp, v, K) — MI(Ny, 9, K)
and thus we get a map

My(Nyp,p, K) — H (M (Ny,00), L) @ K

which we call
g—lgl-
Recall the rigid duality pairing (or p-adic Petersson inner product)

('a ')rig : ];Icl7 rig(‘%(Nf7 775)01“(17DE/ﬂ)(g}’(><}Ir1ig('/[(]\[f> ,¢)ord’ "g’ﬂ)@K - K(l_k)

of level Ny. Finally, we need the cohomology class
Wi € He (M (Np, )™, L)@ K

C

defined in the previous section. We are now ready to define /.
DEFINITION TII1.3.1. The linear form
lfrig : Mp(Np,p, K)* — K(1 —k)
is defined as
9 (Wi [T, 9Drig N, -

I11.4. Panchishkin’s linear form ly

We introduce (a slight modification of) what is called [t , in [Pan03].
To emphasize that this construction is analogous to that of [y, it would
be natural to define [; in terms of the duality pairing in algebraic de Rham
cohomology. We chose to stick to the classical Petersson inner product
because it is more convenient in later computations.
We begin with some notation. f is like in the previous section, in particular
a # (. Let M be an integer prime to p and 1 a Dirichlet character mod M.
Set as before For

g, h e Mk(Mpvv Q/)a C)

denote by

_ dxdy
(g, B arpe = / ghy" 2

Fo(Mp¥)\H

the Petersson inner product of level I'o(Mp"”). We also use the common
notation

_ at +0b b
Gy = (det V)*2(cr +d)F g < ) .y = [CCL d] € Gla(R)*.

ct+d
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Consider the following ”modifications” of f:

for=f—BFf=f(r)—Bf(pr)

. 0 -1
0= Fopws W =Winp) = [ o} '

Nyp
Then
fo, 1° € Sk(Nyp,,C)
and
Ufo=afo,
U0 = af°

where U* is adjoint to U with respect to (-, ), . Therefore

<f07 Ug>pr =« <f07g>pr
for any g. One also checks that

<f07T’lg>pr =q <foag>pr

for any [ : I { Ngp. Because f is a Ny-newform and Eisenstein series are
orthogonal to cusp forms, we conclude that

(foa.g>pr =0

for all g which are not Ny (cusp-)newforms. The space of Ng-newforms
has a basis of eigenforms for the Tj, I f Nyp. But because of (f°,Tig)n,p =
a <f0,g>pr, one has (f°, g) = 0 except possibly for

g €span{f, Ff} .

Now
span{ f, F'f} = span{fo, f1}
where
fi=f—-aFf.
because o # 3. From
Ufi =08f

we conclude that
(f° fi)np =0.

But the Petersson inner product is nondegenerate and therefore
(f%, fo)nsp # 0.

Finally, note that fy, f; are defined over the number field E := Q((ay)n, ).
We deduce from the discussion:
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ProOPOSITION I11.4.1. Let E := Q((an)n, ). Then the rule
<f07 g>pr

oy IR
<f07 f0>pr
defines a nondegenerate linear form
Iy : My(Nyp,9,E) — E .

Now let K = Qp((an)n, @) (remember that we fixed an embedding Q —
C,) . Denote by ly ® K the linear form deduced from I by extension of
scalars. Remember that N is an integer prime to p which is divided by Ny.
Also recall the basis element T of the Frobenius vector space

K(1).
DEFINITION II1.4.2. The linear form
ly: Mp(Np,y, K)* — K(1 - k)
is defined as
ly:=T"%F ;K)o ﬂ‘%f .
IT1.5. Comparison of the linear forms.

Here we show that Iy and [f ., only differ by a nonzero p-adic number
which is the p-adic analogue of the real number (f, f), the Petersson inner
product. We set

Pet), := (CI)W]?, wf )rig TFHle K.

We will see in a minute that this is nonzero.

ProprosITION IIL5.1. The linear forms Iy, ly g satisfy

lf,rig =dp- lf
where
dy,=(1- é) Pet
P o P
1S nonzero.

PROOF. By the definition of both maps, it is enough to show the claim
for N = Ny. Abbreviate [ := [} ,is. We claim that [ satisfies

lig(Tig) = ai big(9), lhig(Ug) = o big(g)
for I, I { N¢p and any g : Using the definition

lrig(g) = (wf,a ) [g])rig
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we compute:

(wf,a ’ [Tl g])rig = (<l>_11—‘lwf’a ’ [9])rig = ¢(l) C_Ll(wf,a > {g])rig =aq (wf,a ) [g])rig
and
(wf,a ; UlgDrig = (@ Wi [9)rig = @ (wf,a s [9Drig -

Therefore, by identical reasoning as in the previous section, we deduce that
lvig vanishes on all Tj-eigenforms except fo. This implies that [y, is a constant
multiple of [y, i.e.

lig = dp -1y

for some d,, € K. Because of l(fo) =1-T**,
Lig(fo) = dp, - T .

Recall that fy was defined as f — BF f. Because of the formula

D[g] = p" ' [Fy]
we conclude that

and compute

Lig(fo) = (Wrq s (1— % D) wihig = (Pwi — Bwr, (1 —BU Hwy)ig

p
((I)UJJF — ﬁw]? s (U - B)wf)rig .
Furthermore,
(Pws = Bwy, (U — Bwy)rig
= a(q)wf — ﬁwf , Wf)rig — ﬁ(@wf — ﬁwf , Wf)rig
= (a = B)(Pws , wfhig = (a — B) Pety, - Tk

where in the last step we used that two holomorphic forms pair to zero. This
proves the claimed formula for dp. It remains to show that d,, is not zero.
The first factor is nonzero because a # 8 and (®wy , wy)rig is nonzero by
Corollary 1.11 c). O



CHAPTER IV

Panchishkin’s measure

To a large extent this chapter reviews Panchishkin’s [Pan02], [Pan03]
construction of the p-adic L-function attached to a normalized Hecke eigen-
form using Eisenstein series. The differences are as follows: Whereas Pan-
chishkin’s main focus is on the case of positive slope, i.e. v,(c) > 0, we only
need the easier ordinary case in which this method already goes back to Hida
[Hid85]. A more subtle difference is the following: In [Pan03], a certain
auxiliary Dirichlet character £ is used and chosen to have conductor p. This
character corresponds to the choice of a complex period. However when one
tries to relate the p-adic L-function to Eisenstein classes, the complex period
appearing in the formulas turns out to be dependent on the specific choice
of our Eisenstein classes. Because we can only deal with Eisenstein classes
having conductor prime to p, we therefore have to redo Panchishkin’s con-
struction for a character £ having conductor prime to p. This changes the
precise formula for the critical L-values by a finite product of Euler factors
and some additional elementary factors. Finally, whereas Panchishkin is
able to only use classical modular forms in his construction, we extend the
target of the Eisenstein measure used in [Pan02] and [Pan03] to the (huge)
space of Katz modular forms (of some fixed weight and level). This space
has the advantage of being a a Banach space in the g-expansion topology.
Because v,(a) = 0, by work of Hida [Hid86] there is a projection operator
o onto the generalized a-eigenspace for the U-operator which is continuous
in the g-expansion topology. This fact will eventually allow us to evaluate
the p-adic L-function at noncritical values.

In everythig that follows, N denotes an integer prime to p.

IV.1. Review of p-adic measures

We review some notation and facts from the language of p-adic measures
closely following [Pan02, §1]. Let F' be an extension of @, which is complete
with respect to a valuation | - | extending | - |, on Q,. For example, F' = C,
or a finite extension of Q,. Let M denote a natural number prime to p. We
will need the abelian group

Y = lim(Z/Mp")*

v

with its profinite topology. We also define
LC(Y,F):={¢:Y — F, locally constant} .

77
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It is a normed vector space with norm

= max|p(x)| .
1l == maxe ()]

DEFINITION IV.1.1. Let B be a normed vector space over F' with ul-
trametric norm | - |g. A distribution g on Y with values in B is a linear
map

w:LC(Y,F)— B.
1 is called measure if it is bounded, i.e. if for every ¢ one has

l(@)|B < Cllel|

for a constant C' independent of .

For a distribution
p:LC(Y,F)— B
denote by
p(a+ (Mp"))
the value of p on the characteristic function of the set a + (Mp"). u defines
a system of elements of B

p(a+ (Mp”)), v >0, a € (Z/Mp")*,
which is compatible in the sense that
S uld + (Mp'th) = pla+ (MpY)) v > 0.

a (Mperl):
a'=a (p")

Conversely it is straightforward that any such compatible system defines a
distribution. The distribution is bounded iff

pla+ (Mp*))

is bounded independently of v and a. This is because the norm on B is
nonarchimedean. Consider the space

€ (Y,F):={¢:Y — F, continuous}
which is a Banach space under the max-norm (Y is compact) and which has
LC(Y, F)

as dense subspace. If B a normed space which is even a Banach space one
shows that

PRrOPOSITION IV.1.2. A measure
w:LC(Y,F)— B.
extends uniquely to a bounded linear map
uw:¢Y,F)— B.

We denote the extension by the same letter and also call it a measure.
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IV.2. Convolution of Eisenstein measures

In this section we again follow Panchishkin and define a distribution on
7. with values in spaces of classical modular forms. This distribution is
essentially given by products of classical Eisenstein series. It turns out to be
bounded and therefore extends to a functional from ¢'(Z), F) to the space
of Katz modular forms of some weight and level. For later purposes, we
evaluate this measure at powers of the cyclotomic character.

We need the existence of certain Eisenstein series.

ProrosiTioN 1V.2.1. Let £ be a nontrivial Dirichlet character modulo
N and let a + (Np¥), b+ (p¥) denote residue classes in (Z/Np®)*,(Z/p")*
respectively. Then there exist classical Eisenstein series Ep,(£,0)y, Em(a)y,
of weight m > 1 and level T'1(Np®) (if v > 1) which have q-expansions

Dpz1 4" an E(dsgn(d)d™ Tt v >1

=)
Em(&,b)v (q) =
Zn21 q" Zd|n &(d)sgn(d)d™ ! v =0.

ot

and, if m # 2,

LNp(l —m,a)+ anl Y dln Sgn(d)dm*1 v > 1.
d=a (Np")
Em(a)y (q) =

Lnp(L=m)+32,514" > dm sgn(d)d™! v =0.
(d,Np)=1

PROOF. We use a standard basis for the space of Eisenstein series of
level T'y(+), [DS05, Thm. 4.5.2,Thm. 4.6.2, Thm. 4.8.1]. In the notation
of Diamond-Shurman, for two primitive Dirichlet characters y, x’ satisfying
xx'(=1) = (=1)" of level Ny, N,s and a natural number ¢, there is an
Fisenstein series

/ n m=L  n
B =0(X) - Ll —m,x) +2) 5 D x(dx'(5)d" g™,
n>1d|n,d>0

of level I'y(Ny N, t) and Nebentypus xx’ where

o(x) = {(1) Y=t

else
and m # 2 in case Y = X’ = 1. For convenience, let us define E,’%l Xt £6 be zero
if xx’ has the "wrong” parity m — 1. We can produce such Eisenstein series
even when the Dirichlet characters are not primitve [Hid85, §7] : Let x, x’ be
characters mod N, and mod N,/ respectively, satisfying xx'(—1) = (—1)™
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and having associated primitive characters xo,x( of conductor NXoang
respectively. We set

Epti= 3 Z Ot o (t) B

‘N t’|
X0 NX6

where p is the Moebius function and get an Eisenstein series
B = 6() L1 —mo) +2Y 3 M (g
n>1 djn,d>0
of level I'g(Ny N,/) and Nebentypus xx’ where

sy =11 T =M=t
0 else

and m # 2 in case x and x’ are 1 mod N,, mod N, respectively. Again,

we define Eﬁ‘r: X140 be zero if xX has the wrong parity. To prove the first
statement, we set

P(0°) En(&,b)0 = Y X(b) EXST +E(=1)(=1)™ Y x(=b) B!
xmodp? xmodp?

in case v > 1 where the sums are taken over all Dirichlet characters mod p".
The n-th Fourier coefficient of this sum is then zero if n = 0 and for n > 1
is equal to

2 b Y E@xtyam

xmodp? d|n,d>0
x(=1)=¢(=1)(-1)™

IGCD'S B Y e an

xmodp? d|n,d>0
x(—D)=¢(-1)(-1)™

= 2 X0 3 e@nd!

xmodp? d|n,d>0

HEEDEDT Y D) Y @G

xmodp? d|n d>0

which proves the claim, because >, .4, X(b) X is ¢(p") times the charac-
teristic function of the set b + (p¥). As for v = 0, we set

En(&0)0:= > En(&bh

be(z/p)*
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In order to prove the second statement, we set

P(ND*) Ep(a)y = Y X(a) ERXt+(=1)™ > x(—a) ER¥!
xmodNp? xmod Np?

in case v > 1 and

Em(a)o:= Y. Em(a):.

a€(Z/Np)*

Two Eisenstein measures. As before, we denote by
the space of classical modular forms of weight m and level L. We set

Mm(Fl(Npoo)7K) = %Mm(rl(va)vK) :

This injects naturally into V/(I'; (N), K), the space of Katz modular forms of
tame level I'1 (IV) with coefficients in K. It is the inclusion of a p-adic normed
vector space into a p-adic Banach space when we take the max |- |,-norm on
g-expansions on both spaces.

PRrOPOSITION IV.2.2. Let K be a finite extension of Q, that contains
the values of £ There is a unique measure i1, ON Z; with values n
My (T1(Np>), K), which is given on subsets of the form a + (p) C Z)
by

Em (g’ a)’U
ProOF. It is clear that u; defines a distribution. It is bounded because
all Fourier coefficients are algebraic integers. O

We need a second Eisenstein measure, this time on Z v = lim (Z/Np")*.
p, —v

PRrOPOSITION IV.2.3. There is a unique measure (12, On Z;N with val-
ues in My, (T (Np>), K), which is given on subsets of the form a+ (Np®) C
Z;N, v >0, by

Son>1q"Y.  gn sgu(d)d™t v >1
pin d=a (Np®)

St 'S a sen(dd™ v =0
pin

d|
(d,N)=1
Here, F' denotes the Frobenius operator (Fg)(q) = g(qP).

PROOF. Again the distribution property is clear and boundedness fol-
lows from integrality of the coefficients. O
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We remark that for our applications we could also work with the Eisen-
stein distribution given by E,,(a),. However the constant term of the cor-
responding Fourier expansion is the Kubota-Leopoldt pseudo-measure, (the
Mellin transform of) which has a pole at x = 1. This introduces unnecessary

complications. Working with E,(f;)(a)v or En(a), will in the end only differ

by one Euler factor.

From now on, we will fix our coefficient field K : As in the previous chapter
f is a normalized cusp newform of weight k with character v which has
level Ny prime to p. Let  be a nontrival Dirichlet character of conductor
N¢ prime to p and set N :=lem(Ny, N¢). We set (via our fixed embedding
Q—=GCp)

K = Qp((an)n, ) -

We use the following convention for p-adic measures:

Convention. If i is a K-valued measure and y is a Dirichlet character
mod p”, we denote by p(x) the value at x of the measure u® K(x) obtained
from g by an extension of coefficients to K (x).

We come to the main goal of this section.

PROPOSITION 1V.2.4. There is a unique measure ji on Z; with values
in My (T'1(Np>), K) which is given on subsets of the form a+ (p”) C Z, by

v 1 ¢ v v
pla+(p¥)) :== 1 Z YE(b) pk—1(ab+ (p¥)) - 2,1 (b + (Np”))

be(Z/Np¥)*

1 _

=1 > VOBl ab) Bi(b)u
be(Z/Np¥)*
Here, ab is the product of a with the reduction of b mod p*. For a Dirichlet
character x mod p,v > 0, one has
1

B0 = 5 k100 21 (BEX)

= Ep_1(&,x) E£p) (¥&€x)

where
> o1 @ Ydinas0 £(d) x(5) dF 2, Ex(—1) = (=)
E1(¢,x) (9) = Pt
0 else
and
n n n Ev(d) . 1) = (—1)kL
E@(ﬁ’&)((]): Zmznlq Ddinds0 YEX() . Ex(=1) = (1) .

0 else
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Furthermore the values of i even lie in

Mk(FO(NpOO)>waK) = %Mk(NpUﬂv/%K) :

PRrOOF. Checking the distribution property is completely formal: Write
1 1 ~
pla)o = gpnp-1(a+(p), pa(a) = gpza(a+ (NpY)), e:=9¢.

We now have (let v > 0)

Soopd+ @)= > > ) pa(a'b)us pa(b)usa

a/(pv+1): a/(pv"'l): bE(Z/Np“‘H)X
a'=a(p?) a'=a(p")
= Y e pp®ora( Y ml(a'b)er)
be(Z/va+1)>< a/(pv+l):
a/'Za(p")

= Z €(b) p2(b)y+1 p1(alb])y (here [b] denotes the reduction mod p*)
be(Z/Npv+t)>

= Y elbo) mlabo)y Y p2(b)ets
bo€(Z/Npv)* be(Z/Npvtl)X
b=bo(p")

= 3 () pa(b)y pa(ab), = pla+ (pY))
be(Z/Npv)*

The distribution is bounded because all Fourier coefficients are algebraic
integers. For a Dirichlet character y with values in K we have

po) =7 > x@) D wd) mp—1(ab+ (")) p2a(b+ (NpY)) .
a€(Z/pv)* be(Z/Npv)*
Interchanging summation and substituting ab~! for a we get
1 v 1 c~, v
5( Z x(a) p1g-1(a+(p"))) 5( Z YEX(b) p2,1(b+ (Np)))
a€(Z/p®)* be(Z/Np¥)*

and the claim follows. It remains to show the level condition and it is enough
to prove this after we extend coefficients. Consider the residue class a+ (p¥),
v > 1 and assume that K contains the values of all Dirichlet characters mod
p¥. Then the characteristic function of a + (p”) is a linear combination of
Dirichlet characters, namely

1
o) Z)Z(G)X ;
X

the sum taken over all Dirichlet characters mod p. Therefore it is enough
to show that

B 1(&,x) BV (vEx) € My(Np™, ), K) .
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for all x mod p? of parity &£(—1)(—1)¥~1. This follows from
2E,1(&x) = E;zf’_gil € My_1(Np”,&x, K)
and
2 B (WEX) = (1 = F)BPY! € Mi(Np"™ 0, K)

where we have used notation from the proof of Prop. IV.2.1. ([

The natural inclusion

Mk(NpOO7¢7K) — V,(NawaK)

factors throught the space V}/(N,, K) of Katz modular forms that have (p-
adic) weight k. As this is a closed subspace of the Banach space V'(N, ¢, K),
it is itself a Banach space and we conclude:

COROLLARY 1V.2.5. There exists a unique continuous linear functional
(2, K) = Vi(N,9, K)
whose restriction to LO(Z,, K) is equal to p.

DEFINITION IV.2.6. The functional in the previous corollary will be de-
noted by .

Important examples of continuous functions are integer powers of the
indentity

"7y - K,a—a",nel.

Let us to evaluate ¢ at these. For this recall certain special cases of Eisen-
stein series of possibly negative weight defined by Katz in [Kat76, §6.11] and
similar Eisenstein series defined in [BK, Def.5.5]. We only need those that
have a Dirichlet character e modulo N as coefficient function (and therefore
have tame level I'o(N) with character €) and that have no constant term.
We use the following notation: (e has parity a + b)

E{’ =Y q" ) e(d)d 1(d)b,a21,b€Z

n>1  d|n,d>0
]

WEN (@)= "q" Y e(d)yd* 1(d)b, W€Z bel
1;?1 d|n,d>0

Unfortunately this convention looks non-symmetric on g-expansions in ¢ and

b. Its advantage is that the above modular forms have weight a + b.
We extend this notation to an arbitrary continuous character

XLy — K x(=1) =e(=1)(-1)"",
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and let (p)E,(f,)X(e) be the p-adic Eisenstein series (of weight m - x) with ¢-
expansion

§ :q § : dm 1 (d)7
n>1 d\nd>0
pin

Analogously for () E>(<p zn(e) If no confusion can arise, we abbreviate the char-
acter xy y" by x + n.

With these conventions, we have

ne(x) = Ex1(6,x) EP (0€x) = B, (€) - PEY) ((1€)

for a Dirichlet character x of correct parity. We now evaluate the measure
e at powers of the cyclotomic character.

y" 2y — K, a—a”.
PROPOSITION IV.2.7. Let n € Z. If £(—1) = (=1)*=17" then

ne(y™) = EX) (€)- DEP (08) .

Proor. Take a continuous function
N2y — K

which is congruent to ™ mod pY and constant mod p¥. Then by the same
convolution trick as in the proof of IV.2.4 (interchanging summation and
using a substitution) we conclude that

ne() = B (€) - WEP, (1€ mod p* .

The claim follows after we let v tend to infinity. O

Note that when [ > 0 is a natural number s.t. £(—1) = (—1)**, we get

U&(y_l_l) = E](g:)177171(£) : (p)El(ié,O(wg)

and this looks similar to one of of the terms that showed up in the compu-
tation of the product of two Eisenstein symbols of weight k& + [ and [ 4+ 2
respectively.
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Remark. With the identical arguments as in this section one can also
construct a measure v¢ which on y_l_l is equal to

OEPD, (&) PED), o(vE) .

This measure has an obvious symmetry which is particularly striking when
k = 2. We chose to work with p¢ instead because it is closer to what we
get from the Eisenstein symbol. However we will introduce a projection
operator 7, in the next section and after composing with it, both measures
become equal.

Secondly, as was already remarked above when we defined po , one also has
the option of defining a functional which has the value

ey ™) = By (8 P Brpso(v),

) By 400(1p€) = W +Y > Wy dt
n>1d|n,d>0
ptd
on y~'~!. This has the disadvantage of only giving a pseudo-measure. In
our application, we will eventually compose our measure with the projection
operator 7, and then evalute the projection against a modular form coming
from the cusp form f. The resulting number one gets for the pseudo-measure
and p¢ only differ by the Euler factor

k—2

(1—¢mP—).

(This is nonzero, by considering p-adic absloute values for k£ > 2 and complex
absolute values for k = 2.)

IV.3. Hida’s ordinary projection

We briefly state a well-known variant of a theorem of Hida [Hid85,
Prop. 4.1] which enables one to "go back” from the (infinite-dimensional)
space of Katz modular forms to the finite-dimensional subspace of classical
forms, as long as one is only interested in slope-0 eigenforms.

Let k > 2 be an integer, K := Qp((an)n, o, ) as before. Recall that there is
a natural inclusion

My(T1 (N, p), K) = M{(D1(N), K) = V{(['1(N), K) .
This induces
M(Ty(N,p), K)* = Vi(T1(N), K)*
and
Mi(Np, ¥, K)* — Vi(N, ¢, K)*

on the generalized a-eigenspaces for the U-operator.
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THEOREM 1V.3.1. (Hida) Let o have valuation 0, i.e. be a p-adic unit.
a) There exists a linear idempotent

Tt VI(N, b, K) = VI(N, 1, K)*

which is the identity on V(N,¢, K)* and is continuous in the g-expansion
topology.

b)The natural inclusion
Mk'(Np7w7 K)a — Vk:(Na ¢7 K)a
is an isomorphism. In other words every Katz modular form of weight k > 2

and slope zero s classical.

PROOF. a) follows from [Gou88, top of p.69] and [Gou88, Prop. II
4.1].
b): This is a direct consequence of [Hid85, Prop.4.1]. O

COROLLARY IV.3.2. The composition Pg i= T O jig gives a continuous
linear map

e C(ZX, K) — My(Np,, K)* .

The same is of course true for the "symmetric measure” v¢ from the
Remark after Prop. IV.2.7. As mentioned in the previous section, one has
the

OBSERVATION 1V.3.3.

pe = vg .

PRrROOF. It is enough to show this on Dirichlet charcters x mod p¥, v > 1.

Put

9=FEr-1(§,x), h= Egp) (€x)
and note that
P E,1(&x) = (1—E@p*?F)g .
Then
VE(0) = ma (1= €@ 2F)g - 1]

= U lnoU [(1= (Pt 2 F)g - 4]

=U'maUlg - h] = g (x)

using U(Fg-h)=g-(Uh), Uh=0. O
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IV.4. Relation to the p-adic L-function

In this section we relate p¢ to the p-adic L-function attached to a p-
ordinary Hecke eigenform f of tame conductor. We proceed exactly like
Panchishkin in [Pan03], the only difference being that our £ has different
conductor and that we use two different tame levels Ny and N. In this
method, one composes the measure p¢ with a (continuous) linear form .
Then one shows that the resulting measure evaluated at Dirichlet characters
gives twists of the critical values of L(f,-) . The key point is that the inter-
polation has already been done at the level of p-adic modular forms and as a
result the congruences between twists of critical values are automatic. Note
that, strictly speaking, s o T only will give "half” of the p-adic L-function
in the sense that it vanishes on Dirichlet characters of the wrong parity. To
fix this, one could choose two auxiliary characters &, & of different parity
and add up Iy o M? andl; o ,u?,. However we will not pursue this point of
view, because there is no obvious benefit from it for the formulation of our
main results. We will get back to the parity issue at the end of this section.

As before, K = Q,((an)n, @, §). Remember that we regard Q as a subfield
of C, by the choice of an embedding which does not appear in our notation.
(We will sometimes use an embedding Q@ — C but the statements will be
independent of this choice.) Let x be a Dirichlet character of conductor p?,
v > 1, which satisfies x¢(—1) = (=1)*~1. Our goal is to show that

Ly o pg(x)

equals L(f, x, 1) divided by a transcendental period, up to a certain algebraic
factor. This will be done in two steps: First we show that the above term
equals a Rankin convolution and then we have to unfold this convolution
explicitly, including the bad Euler factors. For two modular forms

fl _ Za/(n)qn’ g/ _ Zb/(n)qn
n>1 n>1

we define

DNp(57 flv gl)
to be the meromorphic continuation of what for large Re(s) is given by

Lnp(2s+2—k—1L9&x) > _a' ()t (n)n™* .
n>1

Set,

N
N :=—.

Ny
The following computations are like in [Pan03] but we present most of the
details for the reader’s convenience.
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PROPOSITION 1V .4.1. [Pan03, Prop. 7.3]. We have the equality

Dyp(k—1,1",9")
7Tk<f07 f0>

lpoug(x) = ec-A-a v - NF2. LTk

where ~
f/ = VNfO = fO(NT)v gl - Ek_1(§7X)|Wva+1 ’

A\ = i2k71272k+2p(’u+1)(k72)/2(va+1)l/21—1(k . 1) ’ ee = (1 _
and

(£°, fo) = (f°, fo)nyp = / 10 fo ykdzjgy
Lo (Nyp)\H

is the unnormalized Petersson inner product on M(I'o(Nsp))(C).

In the statement of the theorem we seperated the constant A\ for easier
comparison with Panchishkin’s result, in which the constant is called T.

PROOF. By definition, /¢ o M?(X) is equal to

(/0. 7N, 0 malgh®))

LTk,
<f07 f0>pr
where o
9=Eia(&x), h? =B WE).
Set o
h = Ey(1€x) .
We have

WP = (1 —F)h, Ug=¢&(p)pt2?,

and from this we deduce that

Ta(gh!?)) = (1 — &(p)p"2U N malgh) .

(U is invertible on the generalized a-eigenspace.) Hence,

(07N, 0 7a(gh®))
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=) <f0777%f o 7rOt(gh)>]\7fp = € <f077T]]\\;f ° ﬂa(gh»NfP .
Furthermore,
<f07 W%f © Wa(gh»pr = <f07 ﬂ—a(gh»Np

= (fo, U "mU"(gh)) np

o™ (%, maU" (gh))np = o~ (f°, U” (gh)) np

_ a—vpv(k’—l)<vaO’gh>va+l )

Now
<vaoygh>Np“+1 = <(va0)\WNpu+1 ) (gh)|WNpu+1 >Np”+1

and
v 0 _ . —vk/2 £0
(F f )‘Wva+1 _p f pv 0 O _1 .
0 1)|Np'tt 0
By definition of fO (ch.III §4) this equals

P (fo)a s

where
a0 1] 0 0 —1] _ [-Np*H! 0
T [Ngp O] |0 1] |Npttt 0| T 0 —Nyp Tt

and the last matrix acts like

We conclude that
(va0)|Wva+1 = (_l)kp_vkm(ﬁ)kﬂ VN(fO) .

As a result:

a —v v — AT <V~(..f_0) ) glh,>N v+l —
lpoug(x) = o "(=1)kp *2D(N)k/2 2N 0 oo ik,
) P
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where
I I _ N
9 = Era(& 0wy en = E1@E) W, e -

Now it follows by precisely the same Rankin-Selberg argument as on p.604
of [Pan03] that

<VN(.]?0> ’ g,h,>Np”+1 = W_k )\p—v(k’/Q—l) DNZ?(k -1 f,a g/) )

where

f'=Vifo.

This proves the claim. ([

In order to relate Dyp(k—1, f/, ¢') to special values of the L-function of
f, we now have to determine the Fourier coefficients of f/ and ¢’ explicitly
and then use a general lemma of Shimura on Euler products.
We first turn to the Eisenstein series ¢.

LEMMA IV.4.2. ¢ has q-expansion
(—1)+1 N Nl D) Z JJVT Z dk 2
¢ P
n>1 n,d>

PRrROOF. We prove the following: Let [ > 1. For nontrivial Dirichlet char-
acters x, & of relatively prime conductors u, v which satisfy x&(—1) = (1)},
one has the formula

[ dd’
> et )

d>0,d'>0

= (-Dr b wr GG Y x(dEd)d g

d>0,d'>0

for the Atkin-Lehner involution on Eisenstein series. The claim follows from
this once we specialize to u = p¥, v = N¢ and observe that

0 —1]_[ 0 -1][xp O
va—H 0l Nf pv 0 0 1] -
Let us now prove the formula in case [ > 3: According to [Kat76, 3.2.5,
3.3.1, 3.4.1], the Eisenstein series

(uv)!(1 —1)! $ x(m) - £(n)

(—2mi)t -2 a0 (mot + n)!
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has Fourier expansion = g-expansion at co on I'j (uv) (this is different from
the g-expansion at oo on I'(uv) because we do not multiply 7 by uv)

3" Guol€,d) - x(d)d g o

d,d’>0

where
uv—1

uv f d Z § exp 7td)

We claim that

GUU (ga d)

Indeed, if u 1 d we have

uv—1 .
= 2
>ty exp(Std) = > &(a) exp(~—td)
t=0 a(v) t(uv):
t=a(v)
and ) )

Z exp(—td) = exp(—la/d) exp(ﬂtd)
t(uv): t(uv): uo
t=a(v) t=0(v)

Ui , e~ 2mi
= exp(—ad'd) - exp(—tvd) =0 (d’ is any lift of @ mod uv ) .
U — uv
Ifu|d,
_d _d ~ d

Guv(gu d) = Guy (&, w u) = u- Gy(§, E) =u-G(§) f(a) .
We conclude that

l - 1! - d dd
(( 273! Z rsﬂw7'+n =u- G- Z g(u) (d/)dl 1
(m, n)#o d,d'>0
uld
Z é— d/ dl 1 dd
d,d’'>0
Hence,
vt (1 —1)! x(m) /
(—2mi)lG(€) - 2 (e (mm' + n)t d>§>0
We now compute
X(m) ) g(nz 0 . — (UU)Z/Q (UUT)_Z Z X(m)l g(n)
(m,n)#0 (m’UT T n) ‘ y } (m,n)#0 (mv(——) + n)l
7 w0 ’ uvT
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— ) Y : x(m)-&(n) (w20 x(-1) Y M

o (T + uonT)! e (unt +m)!

By the same computation as above,

u'(l = 1)! . Mf (N F( N\ gl—1 dd
(—2mi)t-2- G(x) (m%):#o (unt +m)l d,dz';oX(d) d)dq

and the claimed formula follows from this and the identities

G GO =v, G =¢&-1)G().

In case | = 1,2 the same argument works: The Eisenstein series with the
right Fourier expansion is the limit of the function defined by the real ana-
lytic series

x(m) - &(n)
(mzn):#o (mot + n)tmot + n|?s

as s — 0. The action of the Atkin-Lehner involution can be computed on
this series for Re(s) sufficiently large to make the sum converge absolutely,
and one obtains the claimed identity by letting s approach zero. ([

We move on to the promised lemma on Euler products, see [Pan03,
p.607f], [Shi76, Lemma 1].

LEMMA IV.4.3. Consider two formal Dirichlet series with Fuler products

F=Y An)n= =[] [(1 - aga™*)1 —alg™] ",

n>1 q

G =" B = [T [0~ B )1~ B ]

n>1 q

and let M(F), M(G) two positive integers. If we put
D = ged(M(F), M(G)) , M'(F) = M(F)/D , M'(G) = M(G)/D

t =ordy(M'(G)) ,t' = ordy(M'(F)) ,
then the Euler product of

n

glA(MT(lF)) B(MnG)> nt (Afdin, AG):=0)

is given by

(M(F)M(G)/D)~ [T X5 (s)/Ya(s) ,

q
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where
(1 — o, B804, qt M'(F)M'(G),

A(q) — B(q)aq f]q_s t =ordy(M'(G)) =1,

Ag") — Alg" M) B(g)agagq™
X;(S) = —f—A(qt_Q)(aqoz;)Qﬂqﬁ;q_% q2 | M'(G),

B(q) — A(q)BeByq* t' = ordy(M'(F)) =1,

B(q") ~ B(¢" ) A(g) By~
(+B (0" ) (B0 g0 . | M'(F),

Yo(s) = (1= agheq ") (1 — agByq")(1 — agBq ") (1 — agBq ) -

Let

L(s, f'q') := Za’(n)b’(n)n_S .

n>1
Then o
Dny(s, f'g") = Lnp(2s +2 — k —1,96x) L(s, f'g)
and
L(s,f'g) =) a <N> *—pY a ( ) ne.

n>1 n>1

If we set

_ =N _
B(n)i= Y i) a2,
d|n,d>0
we can write

(@)= G 37 BOY (NN = G 3B )i

n>1 n>1

where
Gy = (-DFINT NS T G)G(E) -
We therefore have to compute the Euler product of

Ry = Z a<]%)B(pNn/N§)ns

n>1

Ry:=Y a<]\l;p>B(pN7N§)ns .

n>1

and of
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In the case of Ry, we set

F=fG=> B(n)n* M(F)=N(=N/N;), M(G) = pN/N¢

n>1

in the above lemma, which implies

D =1,M'(F) = N,M'(G) = pN/N¢, (remember N = lem(N;, N))

In the case of Ry, we set

F=f G=)Y B(n)n™", M(F)=pN, M(G)=pN/N;

n>1

in the above lemma, which implies

D =p, M'(F) =N, M'(G) = N/N¢.

Therefore, according to the lemma, both Dirichlet series have the same Euler
factor

Xq(s)/Yq(s)

for ¢ # p. For ¢ = p, denote the respective Euler factors by
Xp1(8)/Yp(s), Xpa(s)/Yp(s) .

Plugging into the formulas of the lemma, one has

Xp1(s) = ap — E(p)p* 1,

X;’2(8) — ]. .
We conclude that

L(s,f'g) = Gu <N%f>—s (rq[ 1/Yy(s) (gxxs)) (ap—0E(p)p" ')

=6 (V0 (TT1/%) ( I1 X3(5)) (o — ().
Furthermore we have .

TTx5(s) = x(WN)(N)F2,
qlN
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and o
IT x50 = JT (@ = wex(e)g™ %)
qtNp qtNp
= Lnp(2s — 2k + 3,¢&x) !
Finally,

H1/y L(s—k+2 f,%) - L(s, f,£) .

Collecting the above and specializing at s = k — 1, we have:
PRroproSITION IV .4.4.
DNp(k - 1a f,a gl) =

G, <N§§f>1—’f XN (=€) ( [T Xg=1) L0, £.X0)-Lk=1, £,)
q|N/N¢

Together with Prop. 4.1, this implies the main result of this chapter:

THEOREM 1V.4.5. Let x be a Dirichlet character with conductor p*,
v >1 and such that x&(—1) = (=1)F1.

We have the equality
lpopg(x) =

E(p)ph2 VE(p)\ _, ~ v _ Lk—1,f,§T(k—1) _
=R (1807 (VEOY ¢y o0 x>.( L M) ey

where

R=a« g(_1)271€+2 N*kJrQ (Nf)gf N{ k 1< H X* -1 )
q|N/N¢

is an algebraic constant which does not depend on x. Here, N = N/Ny and

ag — (X(0)a"* + £()¥ () t:= ordy(N/N¢) =



IV.4. RELATION TO THE p-ADIC L-FUNCTION 97

Consider the nonvanishing condition

on . This condition is automatic for £ > 3 [Shi76, top of p.800]. For k = 2,
such £ (nontrivial, with (Ng,p) = 1) always exist due to a result of Shimura
[Shi77, Thm.2 and Rmk. on p.213]. If the condition L(k — 1, f, &) # 0
is satisfied, the theorem says that Iy o u? is 7almost” a constant multiple
of the p-adic L-function, or rather its plus or minus part depending on &.
To make this statement more precise, we recall the exact definition of the
p-adic L-function attached to f, « and the choice of a complex period. We
content ourselves with evaluating the p-adic L-function at characters of p-
power conductor.

The p-adic L-function of f. Fix a sign § € {+1}. By work of Manin,
there exists a nonzero complex number QJ_, (unique up to multiplication by
an algebraic number) such that

L(1, f,x)/Q

is algebraic for any primitive Dirichlet character y mod pY, v > 1, which
satisfies x(—1) = (—1)*6. One even has a unique measure

,u(f,a,ng) : %(Z;,Cp) — Cp

which has the property that for a primitive Dirichlet character x mod p?,
v > 1, one has

I
|
—_
~—
x>
(=%

Gx)a™ L(L, £,x) /9% x(-1)

'u,(f,og,ng)(X) = {O x(=1) = (_1)k+15 :

Compare with [Col00, Prop.1.15], [Kat04, Rmk.16.3(1)] .

DEFINITION IV.4.6. Let
€: Z;; — C,

be any continuous character (i.e. of possibly infinite conductor) and let
e(—1) = (=1)*§ for some § € 1. Choose an QJ_ as above. Then the p-adic
L-function of f evaluated at € is defined as

L(p)(67 f7 «, ng) = :u(f7 «, ng)(e) N

Note that the function

L(p)(') I a, ng) : Homcom(Z;,(C;) - Cp
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is not the whole p-adic L-function, but only the dé-part of it. One could
choose two periods Q. = (2%, Q) of different parity and define

L(p)('a fa «, QOO) = L(p)(7 fa «, Q;) + L(p)(v fa «, Q;o) .
As mentioned in the introduction to this section we will not pursue this,
because we think that in the formulation of our main theorem, Cor.V.2.3,

it is more natural to fix one parity.

We want to use the above definition of the p-adic L-function in order to
reformulate the theorem. For this, choose £ such that L(k—1, f,£) # 0 and

define ) B
0 = (( L(k—1,f,&)T(k—1) )

—2mi)k - G(€) - ik - (£O, fo)

(It is a plus or minus period depending on £(—1) = —1 or &(—1) = 1.)
Denote the extension of [ o pg to a C,-valued measure by the same symbol.
Then with the above notation we have:

COROLLARY IV.4.7. Let
X:Zy = Cp XE(=1) = (-1)*
be a (continuous) character. Then

L St
(6

) <1 B iﬁf(P)) X(N) Ly (x, £, Q) - T,

l & =R
foﬂg(X) ( o

In other words,

W) (1 _ W) ((]\7)—() * #(Lﬁ a, Q{)) . Tl_k,

lrong=R(1-
foHe o

where (]\7)_(') denotes the measure which is given on characters by

X = X(N) .
(Note that N s prime to p.) Here, the symbol "x” denotes the convolution
of measures.



CHAPTER V

The main theorem

In this chapter we prove our main theorems (Cor.V.2.3, Thm.0.1) which
relate syntomic Eisenstein classes to the values of the p-adic L-function of f
at noncritical integers. The connection will be established using the measure
u?. We already know from the previous chapter that ,ug‘ is essentially the
p-adic L-function after composing with a suitable linear form coming from
f. On the other hand, for [ > 0, ug (y~'=1) (here y is the identity on Zy )isa
product of two p-adic Eisenstein series. This, together with the comparison
of the two linear forms [yl i, will prove Thm. V.2.1, a p-adic Rankin-
Selberg method. The product equals one of the two terms appearing in the
computation of the product of two Eisenstein classes. It will turn out to also
be equal to the other term up to a constant. This proves Corollary V.2.3
and Theorem 0.1.

V.1. Euler factors and the a-projection

In the previous chapters, we already have used a variety of different
(p-adic) Eisenstein series

Egy, EY), VB, O ED)

where the left (right) superscript (p) refers to the divisibility condition p { d
(p1 %) in the g-coefficients of the Eisenstein series. The next lemma says that
when we consider 7, of certain products of these Eisenstein series, removing
or adding a superscript corresponds to adding or removing an Euler factor.

LEmMMA V.1.1. Let ¥, & be Dirichlet characters mod N with & nontrivial
and let I, k > 2 be integers satisfying £(—1) = (=1)F. Let a denote a
nonzero eigenvalue of the U-operator and write 1/U for the inverse of U on
the generalized a-eigenspace. Then

Ta [(p) E,i’l)l,_z_l (&) (p)Ez(%,owg)}

T) T [El(fpf)l,flfl(f) -El+2,0(ﬂ)§_)] '

99
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b)
ma [P EL) () VED_ (v9)]

PROOF. a) Plugging the character y~!~! into the equality of measures
(see Observation IV.3.3)
HE =g

we conclude that

Now let ~
9:=E 1), hi= Fiyao(9),
Pp = (1 — €(p)p"t F)h, PpP) .= (1 - F)Pp

With this notation we have to show that

maly (O00) ) = (1= SOPDY (SO gy

Note that

We compute

malg (PR®) =7, 19 (1 F)(Ph)]

. E(p)pk“2> g (Ph)],

using the ”projection formula”

U((Ff1) f2) = f1(Ufa) .
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Repeating the argument, we pull out the second factor. The proof of b)
proceeds the same way once one notes that

UEP,  (4€) = pe(p) B, (48) .
O

We will use the above lemma to relate one of the two terms appearing
in the formula for the cup product of two Eisenstein classes to the measure
,u?. The following proposition will be used to relate the two terms to each
other.

ProposiTIiON V.1.2. With notation as above, we have the equality

Ta| DB, (€ PED, ()] = (-1 ma | DB, (€)W, (v)

PROOF. Set
g =PEP, (&) PEL, (@), g=PEP (&) PEP,_ (yE).

The g-expansions of these elements are given by

=30 Y (X e (X via) d)

n>1 ni+ne=n  di|n; da|na
pini,pina d1>0 ds>0
_ n k+1—1
=S Y (X s dt ) (X wEd) ()
n>1  nitne=n dy|n da|nz
pini,pin2 d1>0 d2>0

Now for v > 0 we have

:an Z (nglde(Zl ll)<z¢§d2dl+l>

n>1 ni+ne=p®n dj|n; da|n2
pini,ptne di1>0 dy>0

:an Z n2 l+1<Z§ dk+l_1>'<z¢§ )
n>1  nitne=p’n di|ny da|na

pfn1,l?)m2 d1>0 do>0

Because of ptny and p t na,

(R2)7 o (TR (TR YT gy iod
ny ny n2 ’

and hence

U(g1)(q) = (—1)""1 U (g2)(q) mod p*.
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Let m be an arbitrary positve integer. As 7, is continuous in the g-expansion
topology, there exists a v for which

To(U(g1)) = (1) 74 (U*(g2)) mod p™ ,
thus
U'nma(g1) = (—1)"H U’mo(g2) mod p™ .

U is invertible on the generalized a-eigenspace, but need not be semisimple.
It has a decomposition

U=a+ N

where N is nilpotent, say N¢*1 = 0. Furthermore, N is p-integral because
U is.
From

(@+N) ' =al(1+ g)fl — o L. (1 — (E> 4ot (—1)d<ﬁ)d>

(@ o

and the fact that o is a p-adic unit we conclude that U~! is p-integral. This
implies

Tal(g1) = (1) 74(g2) mod p™

for arbitrary m and thus both sides are equal. U

Set
M [Qlp == MY (T1(N), K)[Qlm

see I1.6 for a definition of this space, which is a subspace of V| (I'1(N), K)
and which is stable under the U-operator [CGJ95, Cor. 9]. The U-operator
also acts on the cohomology vector spaces

Hrlig(%ord(rl(N))"’%) ® K ) L = SYmk_Q%”v )

by writing

Hyy (4 (T1(N)), 2) @ K
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as the quotient of spaces of modular forms (see 11.6)
MYQIE" /oM [QIFE,?

and letting the action of U descend to the quotient. By this definition of
the action of U on cohomology, the natural map

MYQIFF? — Hi (™ (Ty(N)), 2)

is tautologically U-equivariant. Because of the formulae UF = id and ® =
p*~1F, U induces the Verschiebung on the level of cohomology. From the
U-equvariance, we deduce:

LEMMA V.1.3. Let g € ]\T’[Q]/%k_2 and let [g] denote its cohomology

class in H]}ig(//lord(Fl(N)),f) ® K. Furthermore, let

ot MYQIEF? — (MYQIF*),

T - Hygg (47 (T1(N)), 2) @ K — (Hgy (A (T1(N)),.2) ® K)*

be the projections on the generalized a-eigenspaces for U. Then

Talgl = [mag] -

The lemma gives the justification for using the symbol 7, instead of .

V.2. Proof of the main theorem

Before stating the first theorem, we recall the setup:

We let
[ = Z anq"
n>1
be a Hecke eigenform which has weight k£ > 2, is primitive of level I'g(Ny),
Ny > 4, p{ Ny and has character ¢». We furthermore require f to be p-
ordinary with respect to our chosen embedding Q — C,p, which means that
there exists a root a of the p-th Hecke polynomial

X? —apX + ()t = (X —a)(X - p)

which is a p-adic unit. Finally, £ is a nontrivial Dirichlet character of con-
ductor N¢ prime to p and N := lem(Nyf, N¢). In the following we always

require that L(k — 1, f,£) # 0 is satisfied and as discussed in the previous
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chapter such ¢ exist. As in the previous chapter, K = Q,((ap)n, a,§). Set
N = N . Recall from chapter III that f defines a cohomology class

wﬁa:q)wf ﬁwf S crlg(%ord(Nfadj)vwg)@K

and that the rigid cup product induces a nondegenerate pairing (-, -)rig :

crlg(%ord(Nf w) )®KXH1

rlg(%ord(vadj)vg)®K4’K(1*k‘) .

Also, recall from chapter IV the p-adic L-function
L p)(Xv fra, ng)

evaluated at a character x : Z; — C; of parity x(—1) = (—1)%6. If y denotes
the inclusion

X X
Zp —>(Cp,

we set
Ly (m, f,0,93) = Ly (y™ ", fra, ) € K

for an integer m of parity (—1)™~! = (—1)* 6. The shift by one corresponds
to the fact that in the definition of the p-adic L-function we interpolate at
the critical value s = 1.
For any [ € Z with £(—1) = (—1)**! consider the cohomology class
(WEP, (&) PED, (w)]
in
Hip (AN 9), L) K .

Applying the projection

ﬂ-%f rlg(%ord(N 1/}) ) ® K — Hrllg

(a0 (Np,0),.2) © K
(the adjoint for (-,-).ig to the natural map
crlg(%ord(Nfaw)>°§/ﬂ) ® K — H(}rlg(%ord(N7QZ)7$) ® K )>

we get the class

N, [PEP, . (€) PED, 4é)



V.2. PROOF OF THE MAIN THEOREM 105

of level I'g(N¢) and character 1.

THEOREM V.2.1. Let | € Z satisfy £(—1) = (—1)**. The element

(“rar o, [P 1@ PED O] ), € KO —h)

is equal to
A~Petp . L(p)(—l,f,a,Qg) -Tl_k 5

where A is the algebraic number

(1 B @) (1_ E(p)p“) (1 B W) (V) R,

« « «

R=ag(-12M? N2 (Vs (Vg (T Xg k- 1)),
q|N/Neg

and Pet), is the nonzero p-adic number

(Pwp,wphig- TV ' €K .

Note that T1~* can be thought of as a number inside C,[T, T~!] instead of
merely a vector in K (1 — k). From this viewpoint, ¢ := T~! is the p-adic
analogue of 2mi and the number (®wr,wy)rig T'=* is the p-adic analogue of

the complex number (f, f) (2mi)*~1, which appears in the complex period
attached to an eigenform.

PROOF. Because of
<I>wf7a =QWf,
and the fact that U and ® are adjoint with respect to (-, -)rig, one has

(9o o [VB 10©) PED 0] )

rig

= (wjf,a y Mo © W%f {(p)Ezgp—)L—l—l(@ ' (p)El(ﬁ)ZOwg)} >rig

= (wﬁa ) WJ]\fo {”a ((p)El(cp—)l,—l_1(§> ® El(i)zowf))] )

rig
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By §2 of chapter IV and the definition of I s, this is equal to
lf,rig(M?(y_l_l)) .

From chapter III, §5 we know that

rig =yl dy= (1= §>Petp
Therefore,
(“ra- o, DB 1@ PED O] ) = dp g™ )
and the theorem follows after applying Corollary 4.7. of chapter IV. O

Note that if Hq‘N/Ng X;(k —1) # 0, the number A is nonzero. This is

of course the case if Ny | N¢ because then N = N¢. The theorem can
be thought of as a p-adic Rankin-Selberg method: Usually the term p-adic
Rankin-Selberg convolution is used for p-adic functions that interpolate spe-
cial values of classical complex Rankin-Selberg convolutions. In this sense,

1
Lpsig © 15 = = Ly 0 5, * Homeom (Z;, C5) — Cp
P

is a p-adic R.-S. convolution as was shown in the previous chapter. The
content of the theorem is that if we replace the de Rham pairing by a p-adic
(i.e. rigid-analytic) pairing, the interpretation as a Rankin-Selberg integral
in which a cusp form is paired with the product of two Eisenstein series
extends to integers were there is no interpolation.

Another way of rephrasing the theorem is to say that a ”universal p-adic L-
function” for ordinary eigenforms is given by the product of two Eisenstein
series. Proposition V.1.2 leads to the following observation which we find
interesting but which will not be used in the sequel.

OBSERVATION V.2.2. In the situation of Theorem V.2.1., one can replace
(p)E;(f_)1,_z_1(§) : (p)Ez(ﬁ)z,owa
by
+(® )E;(ci)l o) - 0 Egpzz 1 (€)

which is overconvergent.
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Theorem 2.1 allows us to relate the product of syntomic Eisenstein
classes to the p-adic L-function. For nonnegative [ recall the class

B (€) U B (v6)
in
HY (" (Np, ), L(k+1) ® K
that was defined in chapter II and note that (-, ) induces a pairing
H} o (O (Np, ), L) K x HYy (MY (Np,p, Z(k+1) 9K — K(1+1) .

rig

which we also denote by (-, *)rig-

COROLLARY V.2.3. Let | be a nonnegative integer satisfying £(—1) =
(—=1)**!. The element

(wra. =, [ES @ UESR@O]) € KO+
is equal to

Ap - Pet), - L(p)(—l, f,a, Qg) kan ,

where Ag is the algebraic number

=gy (-0 () (- )
R=a (-2 2 N2 (N (V) (T X -1))

q|N/Ne¢
and Pety, is the nonzero p-adic number
(P Wy, Wf)rig TR
ProOF. According to 11.7.1,
ESiH(©) U ELGZ (4€)
equals

Tt L (p) 3 (p)
m[(*l) By 18 Eiyao(€) — (F Egti0(8)) By 1(¢§)]
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Set
Z:= (wpar 7, |V 0O VD @] ) T
It follows from Lemma V.1.1. a) that

<Wfa , Ter [E,(g?)l (8- El+2,0(¢€)] )rig h

k—2

_ (1 _&p

a

k+1—-1

-1 -1
) (1- %) 7z
o
As for the second term, one has

(wfa , 7TNf [(F Eit10()) Ef’,’ll_l(wg)} ) T

rig

= (7 wpa . U, [(F Braol@) BP0 ] ) T

— VE(p) (Wf,a , W]]\V/f {Ekﬂ,o(f)Eiﬂlq(w@} ) T

« rig

By Lemma 1.1b) and Proposition 1.2 this equals

k+1—1

11 YE(p) PE(p)\ P(p)pF Tty -
ComEEA-EE) (-TE—) 2
Collecting the above yields

(re =¥, [t O U etizw0) )

rig

- 4:1112)! (1_w(p)z;’“+’1>—1 p Kl_ﬁ(p)ozj’“2>—1+<1_w£(p)>—1 VE(p)

A short computation shows that

o SN - v
[(1—5(]))5> + (1_¢§OEP)) ¢§OEP)] — (1 - £(<p)zk2) _ (1>w§a(m>

and the Corollary follows after plugging in for Z the formula of Theorem
2.1. O
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Proof of Thm 0.1. Let us deduce Theorem 0.1 from the Corollary.
For this we first fix [ € Z and then make our choice of the character £ : Take
an arbitrary character e of conductor Ny. According to [Shi77, Rmk.p.213
] there exists a character § of conductor Ng¢,, prime to p - Ny and of par-
ity &(—1) = e(=1)(=1)** which satisfies L(k — 1, f,e&) # 0. Therefore,
§ := €{p is a character of conductor divided by N and prime to p. Shimura’s
method even gives infinitely many such characters and we can and will as-
sume that £ #£ 1 in case [ = 0. For such £ the algebraic number Ag in V.2.3
does not vanish. A quick computation shows that

WFg

V=
Pet,,

satisfies
(1) , wf)rig = Tlik = tkil .

Therefore v equals v, from the statement of Theorem 0.1 and the claim
follows directly from V.2.3. Note that all choices of periods QF (of the same
parity) differ by a nonzero algebraic number and therefore we can choose ¢
in order to prove the theorem.
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