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Abstract

We study a diffuse interface model for the flow of two viscous incompress-
ible Newtonian fluids in a bounded domain. The fluids are assumed to be
macroscopically immiscible, but a partial mixing in a small interfacial region
is assumed in the model. Moreover, diffusion of both components is taken
into account. In contrast to previous works, we study a model for the general
case that the fluids have different densities due to Lowengrub and Truski-
novski [27]. This leads to an inhomogeneous Navier-Stokes system coupled
to a Cahn-Hilliard system, where the density of the mixture depends on the
concentration, the velocity field is no longer divergence free, and the pressure
enters the equation for the chemical potential. We prove existence of unique
strong solutions for the non-stationary system for sufficiently small times.
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1 Introduction

In this article we consider a so-called diffuse interface model for two viscous, incom-
pressible Newtonian fluids of different densities. In the model a partial mixing of
the macroscopically immiscible fluids is considered and diffusion effects are taken
into account. Such models have been successfully used to describe flows of two or
more macroscopically fluids beyond the occurrence of topological singularities of the
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2 1 INTRODUCTION

separating interface (e.g. coalescence or formation of drops). We refer to Anderson
and McFadden [8] for a review on that topic.
The model which we are considering leads to the system

pov + pv - Vv — div S(c,Dv) + Vp = —div(a(c)Ve ® Ve)  in Qr, (1.1)
Op + div(pv) =0 in Qr,
poic + pv - Ve = div(m(c) V) in Qr,
a 2 1 1
== % (4 000+ DL 1000 - a0 aivta(ive) (1

where Q7 = Q% (0,T) and 2 C R, d = 2,3, is a bounded domain with C3-boundary.
Here v and p = p(c) are the (mean) velocity and the density of the mixture of the
two fluids, p is the pressure, c is the difference of the mass concentrations of the two
fluids, and g is the chemical potential associated to ¢. Moreover,

S(e,Dv) = 2v(c)Dv + n(c) divv 1, (1.5)

where S(c,Dv) is the stress tensor, Dv = (Vv + Vv'), v(c),n(c) > 0 are two
viscosity coefficients, and m(c) > 0 is a mobility coefficient. Furthermore, ®(c) is the
homogeneous free energy density for the mixture and ¢(c) = ¥'(c).

This is a variant of the model proposed by Lowengrub and Truskinovski [27] for
an interfacial energy of the form

Buale) = [ ®(da+ [ a0

where the choice a(c) = p(c) was proposed in [27]. A derivation of the latter system
can also be found in [1, Chapter II] (in an even more general form). We note that
the term a(c)Ve ® Ve comes from an extra contribution to the stress tensor, which
models capillary forces in an interfacial region. The model is a generalization of a
well-known diffuse interface model in the case of matched densities which corresponds
to the case p(c) = const., cf. e.g. Gurtin et al. [19)].

The system is equivalent to

[Vef?

dx,

pov + pv - Vv — divS(c, Dv) + pVgo = ppoVe in Qr, (1.6)
Op +div(pv) =0 in Qr, (1.7)

poic + pv - Ve = div(m(c)Viug) in Qr, (1.8)

plio + p°p = Bp*go — a(c)% div(a(c)%Vc) + ¢(c) in Qr, (1.9)

together with
/ po(t) de = / go(t)dz =0 forallt e (0,7), (1.10)
Q Q



where 1o is the mean-value free part of u, and p is a constant (depending on time),
which is related to the mean values of the pressure and the chemical potential. Here
p and g are related by

®(c) N a(c)|Vcl? P
p 2p p

9

g:

and p = po+ii, fi = ﬁ Jondr, g = go+g, g = ﬁ J 9 dx. Details on this equivalence
can be found in [2, Section 3]. Here it is assumed that the fluids mix with zero excess
volume, cf. [27]. This implies
I 1+4+c¢ 1-c
ple) 2 2p2

where p; is the specific density of fluid j = 1,2. Hence p(c) is of the form

ple) = (1.11)

for @« > 0 and |5] < a. (More precisely, 8 = ﬁ — ﬁ,a = ﬁ - ﬁ)
We close the system by adding the boundary and initial conditions

n-vigo = (n-S(c,Dv)); +v(c)vr|yq =0 on Sr, (1.12)
8nc]39 = 871#0’69 =0 on ST, (1.13)
(v, )|t=0 = (Vo,c0) 1in £, (1.14)

where Sy = 0Q x (0,T). Le., we assume that v satisfies Navier boundary condi-
tions with some friction parameter v: R — [0, 00) and assume Neumann boundary
conditions for ¢ and p.

In the case of matched densities, i.e., p = const., f = 0, resp., results on existence
of weak solutions and well-posedness were obtained by Starovoitov [33], Boyer [10],
Liu and Shen [26], and the author [4]. The long time dynamics was studied by Gal
and Grasselli [14, 15, 16], Zhao et al. [36] and in [3, 4]. Moreover, in [11] Boyer
considered a different diffuse interface model for fluids with non-matched densities.
He proved existence of strong solutions, locally in time, and existence of global weak
solutions if the densities of the fluids are sufficiently close. In the case of general
densities, existence of weak solutions of a slightly modified system was shown in [2],
where the case of a free energy of the form

&M@:Lﬂ@m+£@&%ﬁm

with ¢ > d is considered. This is the only analytic result for the model (1.1)-(1.4) so

far known to the author. To the authors knowledge there are no numerical studies
of this model in the case 5 # 0. A simplified model was used by Lee et al. [24, 25]
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in numerical simulations. Moreover, A. and Feireisl [6] constructed weak solutions
globally in time for a corresponding diffuse interface model for compressible fluids.

In the following, we will only consider the case p(c) # const., i.e.,  # 0 and will
restrict ourselves for simplicity to the case a(c) = m(c) = 1. Moreover, we do the
following assumption:

Assumption 1.1 Let Q C R, d = 2,3, be a bounded domain with C3-boundary, let
e>0,a>0, and B # 0 such that |8] < a. Moreover, we assume v,n,v € C*(R)
such that infyeg v(s),infsern(s) > 0, infeery(s) > 0, @ € C3(R) and p € C3*(R)
such that p(s) = aiﬁs if s € [=1 —¢e9,1 4 g¢] for some g and p(s) > 0 for all
s € R. Finally, if infseg y(s) = 0, then we assume that 0 has no axis of symmetry,

cf. Appendiz for details.

Now our main result on short time existence of strong solutions is:

THEOREM 1.2 Let vo € H}(Q),co € H*(Q) with |co(z)] < 1 almost everywhere
and Opcolon = 0, d = 2,3, and let Assumption 1.1 hold. Then there is some T > 0
such that there is a unique solution v € H'(0,T; L2(Q)) N L*(0,T; H*(Q))),c €

H2(0,T; Hgl () N L2(0,T; H¥(2)) solving (1.6)-(1.9),(1.12)-(1.14).

Precise definitions of the function spaces are given in Section 2 below.

The theorem is proved by linearizing the system suitably, proving that the lin-
earized operator defines an isomorphism between certain L?-Sobolev spaces, and
applying a contraction mapping argument. To apply this general strategy it is essen-
tial to reformulate the system (1.6)-(1.9). To this end, we eliminate uo and go first
from the system. Then the principal part of the linearized system (around (v, cp))
is

dyv — div S(co, Dv) + B%V div(p, V) = £ in Qr, (1.15)
o — g tdivy = f,  in Qr, (1.16)

where ¢ &~ pc and py = p(cy), cf. Section 3 below. One of the essential steps in the
proof of the main result is the analysis of this linearized system. To this end we split
v in a divergence free part w = P,v, a gradient part VG(div v), which is determined
uniquely by g = divwv, and a lower order part, cf. Section 4 for details. A crucial
observation is that ¢/, which is related to divv via (1.16), solves a kind of damped
wave/plate equation. More precisely, ¢’ solves an equation of the form

82¢ — A(a(co)dsc) + QLBQA div(pgive) = f (1.17)

up to to lower order terms for some a(cy) > 0. In order to solve this equation we
will apply the abstract result of Chen and Triggiani [12]. — We note that the same
kind of linearized system arises in Kotschote [22], where existence of strong solutions
locally in time is proved for a compressible Navier-Stokes-Korteweg system.



Remark 1.3 It is interesting to compare (1.15)-(1.16) to the linearized system of
the Model H for the case of matched densities, i.e, (1.1)-(1.4) in the case when 5 =0
and thus p(c) = const. Then the pressure p is no longer part of (1.4), divv =0, p
can no longer be eliminated from the system, and the principal part of the linearized
system is

Ov —divS(co,Dv) +Vp=1£  in Qr,
divv =0 in Qr,
Orc + div(m(co)VAc) = fo in Qr.

Hence the linearized system is very different. In particular, the principal part for ¢ is
given by a fourth order diffusion equation with o(—div(m(c)VAc)) C (—o0, 0] for a
suitable realization. While the corresponding operator A; to (1.17) (after reduction
to a first order system, cf. Section 4) still generates an analytic semigroup, but the
spectral angle § < § can be arbitrarily close to 7 in certain situations, cf. Remark 4.3
below. Moreover, note that the Cahn-Hilliard part is decoupled from the Navier-
Stokes part on the level of the principal part of the linearized system in the case
£ = 0, which is no longer the case if 8 # 0. — We hope that the insight on the analytic
structure of the system (1.6)-(1.9) will help to create stable numerical algorithms,
which are not available so far to the best of the author’s knowledge.

The structure of the article is as follows: In Section 2 we summarize some notation
and preliminary results. The main part of the article consists of Sections 3 and 4.
First, in Section 3 the system is linearized and the contraction mapping principle
is applied on the basis of the well-posedness result Theorem 3.1 for the linearized
system. Afterwards, in Section 4 this result is proved.

2 Preliminaries

Notation: Let us fix some notation first. For a,b € R? let a ® b € R**? be defined
by (a®b);; = a;b;. Moreover, for A, B € R™¢let A: B =tr(A"B) = Zijzl aijbi ;.
In the following n will denote the exterior normal at the boundary of a sufficiently
smooth domain Q C RY. Furthermore, f, == n-f and f, := (/ —n®n)f =
f — f,n denote the normal and tangential component of a vector field f: 9Q — R,

respectively. Furthermore 0, :=n-V, V. := (I-n®n)V, and 0,, := ¢;-(I —n®n)V,

j =1,...,d, where e; denotes the j-th canonical unit vector in R%. If v e C'(Q)?,
then Vv = Dv = (9,,v;){,_, denotes its Jacobian. Moreover, if A = (a;)f,_,: Q —

R%*? is differentiable, then div A(z) := (321_, 9,,a;(x))d, for all z € Q.
If X is a Banach space and X' is its dual, then

<f7g>E<f7g>X’,X:f(g>7 fEXlugEX7

denotes the duality product. The inner product on a Hilbert space H is denoted by
(.,-)m. Moreover, we use the abbreviation (.,.)a = (., .)z2(a)-
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Function spaces: If M C R? is measurable, LI(M), 1 < g < oo denotes the usual
Lebesgue-space and ||.||, its norm. Moreover, L?(M;X) denotes its vector-valued
variant of strongly measurable g-integrable functions/essentially bounded functions,
where X is a Banach space. If M = (a,b), we write for simplicity L%(a,b; X) and
Li(a,b).

Let Q C R? be a domain. Then W (), m € Ny, 1 < g < oo, denotes the usual
Li-Sobolev space, W7, (€2) the closure of C§°(€2) in Wi (€2), W™ () = (W7,(Q))',
and W, 3"(Q) = (W*(2))". The L*-Bessel potential spaces are denoted by H*(€2),
s € R, which are defined by restriction of distributions in H*(R?) to €, cf. Triebel [35,
Section 4.2.1]. Moreover, H*(M) denotes the corresponding space on a sufficiently
smooth compact manifold M. We note that, if Q C R? is a bounded domain with
C%l-boundary, then there is an extension operator Fq which is a bounded linear
operator Eq: W"(Q) — W*(R?), 1 < p < oo for all m € N and Eqf|q = f for all
[ € W), cf. Stein [34, Chapter VI, Section 3.2]. This extension operator extends
to Eq: H*(Q) — H*(R"), which shows that H*(Q2) is a retract of H*(2). Therefore
all results on interpolation spaces of H*(R") carry over to H*(§2). We refer to Bergh
and Lofstrom [9] for basic results in interpolation theory. In the following (.,.)pq
and (.,.)p, will denote the complex and real interpolation function, respectively. In
particular, we note that

(H*(2), H* (Q))jg) = (H> (), H*'(Q2))o,2 = H*(?) (2.1)

for all # € (0,1) where s = (1 — 0)sg + 0s1, so, 1 € R.
Moreover, we define

Hy(Q)={ue H'(2)?:n ulpg =0}.

The usual Besov spaces on a domain or a sufficiently smooth manifold are denoted
by By (), By (M), resp., where s € R, 1 < p,q < oo. For the convenience of the
reader we recall that Bj,(R?) = H*(R?) for all s € R and

B;E(Rd) — B (RY) — B (RY) foralll<q < gy < oo.

p,q1 p,q2

Moreover, we have the Sobolev type embeddings

B;i’q(]R”) — B;qu(R”) if s > sp and s; — pﬁl > 50 — pﬂo,

Byl (R") < CJ(R")
for any 1 < p,q < co. Finally, due to Hanouzet [20, Théoreme 3] we have the useful

product estimate
1f 9l @ay < Cpll fll gare ay 191 11 re) (2.2)
p,1 ( )

d
forall f € BY|(R?),g € H'(R?) provided that 2 < p < oo, see also 21, Theorem 6.6].
All these results carry over to sufficiently smooth domains and d-dimensional mani-
folds.



Let I = [0,7] with 0 < T < oo or let I = [0,00) and let X be a Banach
space. Then BUC(I; X) is the Banach space of all bounded and uniformly continuous
f: I — X equipped with the supremum norm. The space of all (uniformly) Holder
continuous functions f: I — X of degree s € (0,1) is denoted by C*([0,T]; X)
normed in the standard way. Furthermore, we have the useful embedding

BUC(0,T: X1) 1 C*([0, T}: Xo) — C*0-9 (0, T X),

where 0 < 5,6 < 1 provided that || f|x < C|fIIx[If]%, for all f € XoN X;.
Finally, f € W(0,T;X), 1 < p < oo, k € Ny, if and only if f,..., % ¢

dtk
LP(0,T; X), where Cg;—,{ denotes the k-th X-valued distributional derivative of f. Fur-
thermore, we set H(0,7; X) = W} (0,T; X) and for s € (0, 1) we define H*(0,T; X) =

B;5,(0,T; X), where f € B3,(0,T; X) if and only if f € L*(0,7;X) and

1.f]

T TR ~ SOl
byaor = Wl + | [ P i <o

In the following we will use that
A - f0IE
dtdr
o Jo |t — 7[>

T T ,
< / / it — 7|2 = at dr|| f]
0 0

for all 0 < s < s’ < 1, which implies

1f1

provided that 0 < s < s’ < 1. Finally, we set for s € (0, 1)

o (0.1):x) = Co T4 f]

C+'([0,T]:X)

worx) < Cow T2 | fllew oy for all f € C*([0,T]; X) (2.3)

HE*(Sg) = L*(0, T5 H*(99)) N H3(0,T; L*(99),

where Sy = 9Q x (0,T) and  is a bounded domain with C'-boundary.
Now let Xj, X; be Banach spaces such that X; — X, densely. Then

W, (I; Xo) N LP(1; X,) — BUC(I; (Xo, X1)11,), 1<p< oo, (2.4)

continuously for I = [0,7], 0 < T < oo, and I = [0,00), c¢f. Amann [7, Chapter III,
Theorem 4.10.2].

In order to solve the linearized system in the following, we will use the following
abstract result:

THEOREM 2.1 Let A: D(A) C H — H be a generator of a bounded analytic semi-
group on a Hilbert space H and let 1 < q < oco. Then for every f € L%(0,00; H) and
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Uy € (H,D(A))l_%’q there is a unique u: [0,00) — H such that %, Au € L9(0, 00; H)

solving

du

dt()+Au(t) = f(t) forallt>0,

u(0) = wup.

Moreover, there is a constant Cy, > 0 independent of f and uy such that

i )

Proof: In the case up = 0 the statement is the main result of [13]. The general case
can be easily reduced to the case uy = 0 by subtracting a suitable extension. The
existence of such an extension follows e.g. from [7, Chapter III, Theorem 4.10.2]. =

du
dt

1—

Q=

+ | Aul| La(o,00:mr) < Cy <||fHLq(0,oo;H) + [Juoll (m,pa))
La(0,00;H)

Weak Neumann Laplace equation: In the following we assume that  C RY is
& bounded domain with C%!-boundary. Given f € L'(Q), we denote by m(f) =
|Q| fQ x) dx its mean value. Moreover, for m € R we set

L,y () = {f € LUQ) : m(f) = m}, 1<q<oc.

Then
Rfi=f=mif) = =g [ 1@)ds

is the orthogonal projection onto L%O)(Q). Furthermore, we define

Hyy = Hipy(Q) = H'(Q) N Ly (), (€ ) @) = (Ve,Vd) 12(q)
Then H (10)((2) is a Hilbert space due to Poincaré’s inequality

1f = m(N)llr@) < GlIVFr@
where 1 < p < oo. Moreover, let H(B)l = H(B)I(Q) = H(lo)(Q)'. Then the weak
Neumann-Laplace operator Ay : H(lo)(Q) — H(B)l(Q) is defined by

—(Anu, gp)Hl T (Vu, Vo) for all ¢ € H, ().

By the Lemma of Lax-Milgram, for every f € H(B)l(Q) there is a unique u € H(lo)(Q)
such that —Ayu = f. More precisely, —Ay coincides with the Riesz isomorphism
R: H(lo)(Q) — H(B)I(Q) given by

(Re, d>H<0) i = (c, d)H(lo) = (Ve,Vd) 2, c,d € H(lo)(Q).



We equip H (B)l(Q) with the inner product

(£.9)m = (VAR VA )i = (A5 F Ay ), (25)
In particular this implies the useful identity
(—An)f, g)H(—O; = (f,9)r2 for all f € H(lo)(Q),g € L%o)(Q>- (2.6)

Moreover, we embed H(lo) (Q) and L%o) (Q) into H(B)l (€2) in the standard way by defining

(e O, = [ chpla)ds  forall o € (@)
for c € L%O)(Q). This implies the useful interpolation inequality
11z = =(VAN LV )iz < a1 ey, for all f € H Q). (2.7)
Furthermore, if Ayu = f for some f € H(B)l(Q), then

||u||H<10)(Q) < HfHH(B}(Q)- (2.8)

We note that, if u € H(IO)(Q) solves Ayu = f for some f € L‘(]O)(Q), 1 <q < o,
and 99 is of class C?, then it follows from standard elliptic theory that u € W2(Q),
Au = f ae. in Q, and d,ulaq = 0 in the sense of traces. If additionally f € W, (Q)

and 9Q € C°, then u € W2(Q). Moreover,

lullwpz) < Call fllwpy — forall fe Wr(€) N LY (), k=0,1, (2.9)

(0)

with a constant C, depending only on 1 < ¢ < 00, d, k, and (2.
Finally, we define div,: L*(Q) — H ;) (Q) by
(div, f, 80>H(—0;(Q),H(10)(Q) = —(,Vo)ra  forall p € Hpp ().

Note that Ayu = div, Vu for all u € H, (Q).

Helmholtz decomposition: Recall that we have the orthogonal decomposition

LX) = L3(Q) © Ga(Q)
G2(Q) = {VpeL*(Q):pe Hj(Q)}.

Here L2(Q) is the closure of {u € C$°(2)? : divu = 0} in L*(Q)?. The Helmholtz
projection P, is the orthogonal projection onto L2(€). We note that P, f = f — Vp,
where p € H (10)(9) is the solution of the weak Neumann problem

(Vp, V) = (f, V) forall p € Cg)(2). (2.10)

We refer to Simader and Sohr [31] and Sohr [32, Chapter II, Section 2.5] for details.
We conclude this section with two technical results related to the Navier boundary
condition (1.12), which will be needed in Section 4.
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Lemma 2.2 Let Q C RY be a bounded domain with C*-boundary, k > 2. Then there
is a first order tangential differential operator A = Z?Zl a;(x)0y,, a; € C*1(09Q),
such that

(n - V), |on = Viyiu + Ayou for all u € H*(), (2.11)

where vu = & ulaq.

Proof: Since V, = (I —n®n)V, we obtain

){m:(l—n@n Z@Tjn

Jj=1

(n-V*u),lsa = (I-n®n)n-Vu

for all w € H*(Q). Since d,n-n = 30, [n]*> = 0, d,n € C*1(99) is tangential.
Therefore (2.11) is valid. |

Lemma 2.3 Let Q C R? be a bounded domain with C?-boundary, 0 < T < oo,
v € CHR) with infeeg v(s) >0, and ¢y € H*(Q), d =2, 3.

1. There is a bounded linear operator E: H2(9Q)% — H2(Q)® such that
(n-2DFa);|,, = a,, Falpa=0, divEa=0

foralla € Hz(8Q)%. Moreover, there is a constant C > 0 such that |Eallg@) <
Cllall -3 b on) for all a € Hz (9Q).

2. There is a bounded linear operator
Ep: Hi2(Sp)? — L2(0,T; HX(Q))2 N HY(0,T; L2())
such that
(n-2v(co)DEra):-|yq, = a;, Eralpo=0, divEra=0, FEral—o=0
for all a € H%’%(ST)d. Moreover, the operator norm of Er can be estimated
independently of 0 < T < oco.

Proof: To prove the first part let A = Ea € H?*(Q)% such that Alsq = 0, 0,A|s0 =
a, and [|Allg2) < Clall,3 (o) A1) < CHaHH_%(aQ) for all a € H2(0Q)%. If

Q0 =R"! x (0,00), the existence of such an extension operator E follows e.g. from
McLean [28, Lemma 3.36]. From this the result for a general bounded C?*-domain
follows by standard localization techniques.

Then we have

(n ' 2DA)T|OQ = (V’TATL + anAT)|8Q =0+ ar,
div Al = (div, A + 9,A,)|sq = 0.
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Since div A|pq = 0, div A € Hy ()N LG, (€2) and we can apply the Bogovski-Operator
B, cf. e.g. [17], to div A. Hence we obtain B(div A) € H3(Q), div B(div A) = div A,

and
|B(div A) || 20y < Cl|Alm2) < C'all 2
|B(div A)|[m1(0) < Cl|Allm@) < C'|la

3 (00)’

H™3(59)

for all a € H2(99). Therefore A := A — B(div A) has the properties stated above.

Finally, because of [5, Lemma 2.4], for every a € Hi2(S7)? there is some A €
L0, T; H'Y(2)) N H'(0,T; L*(Q))* such that (n-v(c)DA), |, = ar, Alimo = 0,
div Alsq = 0, Alsq = 0. Moreover, the extension can be chosen such that

Al L20.1;02) + [[ Al z10,7:22) < O||a||HZ 3 (5p)

with C independent of T'and a. Analogously to the first part div A € L2(0,T; H}(Q))%.
Hence Era := A — B(div A) € L*(0,T; H2(2))?. Moreover, due to [18, Theorem 2.5]
we also have

||B(d1V A) ||H1(07T;L2(Q)) < C“ len AHHl(O,T;H(B;(Q)) < C/||A_||H1(O7T;L2(Q)),

where C,C" > 0 are independent of T'. Altogether Er has the stated properties. m

3 Short Time Existence of Strong Solutions

In this section we prove existence of strong and unique solutions of system (1.6)-(1.10)
and (1.12)-(1.14) locally in time in the case a(c) = m(c) = 1, i.e., prove Theorem 1.2.
As noted before we will assume that 5 # 0 since in the case § = 0 the linearized
system is completely different and short time existence of strong solutions is known
in that case, cf. e.g. [4]. In this case we can eliminate the generalized pressure go
and the chemical potential p as follows:
First of all, because of (1.11), one easily calculates that

ﬁgpcc) =p+ %c = ap’. (3.1)
For the following let ¢ be a sufficiently smooth solution such that |c(¢,z)| < 1+ &,
where g9 > 0 is as in Assumption 1.1. Then (1.7) and (3.1) imply

9
Oc

= _6p2a

—Bp*(Osc +v - Ve) = —pdivv. (3.2)
Combining this with (1.8), we obtain the simple identity

divv = A uo. (3.3)
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Thus po = B1AN divv = B71G(div v) since n - Vig|ag = 0, where G(g) is defined
by

AG(g) =g in €, (3.4)
0,G(g) =0 on 02, (3.5)

and [, G(g) dz = 0. Note that this implies
VG(divv) = (I — P,)v. (3.6)

Using this and (1.9), we can eliminate go, o and p(t) from the system (1.6)-(1.9)
and obtain the equivalent system

Ov +v - Vv —p tdivS(c, Dv)
A9 (A 6(0) = Laivv)Ve - LV(iGdivy)) in Qr, (3.7)

5 5 52
pdic+ pv - Ve = B divv. in Qr, (3.8)
together with
n-vijgo = (n-S(c,Dv)); +v(c)v+|509 = Onclon =0 on St, (3.9)
(v, ¢)|t=0 = (vo, o) in Q. (3.10)

This is indeed an equivalent system since, if (v,c) solve the system above, we can
simply define gy and p(t) by the equation (1.9) and o by o = S~ 'G(divv). Then
n - Viglaq is automatically satisfied.

We will construct strong solutions by linearizing the system, proving that the
associated linear operator is an isomorphism between suitable L?-Sobolev spaces,
and applying the contraction mapping principle to prove existence and uniqueness
of the full system for sufficiently small times.

To this end, let ¢o € H' (0, Ty; HY(Q)) N L*(0, To; H3(Q) N HZ(2)) be such that
Colt=o = ¢o. The existence of such an ¢ follows from Theorem 3.1 below. Then
(3.7)-(3.10) are equivalent to

A%

u@@@_w):ﬂmq (3.11)

where for given ¢ the linear operator L(c): Xp — Y7 is defined by

dyv — divS(c, Dv) + /%av div(p™V/{)
v 0, — p~tdivv v
49 (8) = | B, + 30 m’ (¢) e xe

(v, =0
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and ¢ corresponds to pc. Here we have used V(pc) = ap?Ve and set S(c,Dv) =

20(A)DV + ii(e) div v, 5(c) = p(c) " w(e), 7i(e) = p(e) (), and F(e) = p(e) ().
Moreover, F: Xt — Yr is a non-linear mapping defined by

Fl(v7 C)
—pVv - Ve — p@téo + (9tp(c - éo)

Fe) = -8(e, V6 (divv))), +5(0) V. G(div V))m ’
(V()v 0)
Ry = SR (G- S0 i)
—|—%V(P_2Aco) —v-Vv—=Vp-S(c,Dv)

and X7 = X7 x X2,
X; = {ue H'(0,T;L*(Q)*) N L*(0,T; H*()%) : n- ujpq = 0},
X7 = {deH'(0,T;H(Q)NL*0,T; H(Q)) : ¢|i=o = 0,0 V'|gq = 0} ,
Yr = L*Qp)* x L*(0,T; H}(Q)) x {a € Hi’%(ST) La, = 0} x HY(Q) x HZ(Q),
where Hi2(Sy) := Ha(0,T; L2(09)) N L2(0,T; Hz(82)) Here [A, B] = AB — BA

denotes the commutator of two operators. The spaces X1, X2, and Yy are normed
by

HVHX% = H (@V, VQV) HL2(QT) + HV\t=oHH1(Q),
||C/||X% = H(Claatclaatvclavgcl)||L2(QT) + ||C,|t:0||H2(Q)7
IF, 9,2, vo)llve = I(E;V9)ll2@r) + all 1.4, + Vol mre) + llcollnz0)-

In order to apply the contraction mapping principle to (3.11) for sufficiently small
T > 0, it is essential that L(cp) is an isomorphism:

THEOREM 3.1 Let ¢y € H*(Q), let Ty > 0, and let Assumption 1.1 hold true.
Then L(co): Xr — Yr is an isomorphism for every 0 < T < Ty and there is a
constant C(Ty) > 0 such that

||L(CO)_1H£(YT,XT) S C(Tg) fO?” all0 < T S T(). (312)

The proof of this theorem is postponed to Section 4. The second ingredient for the
application of the contraction mapping to (3.11) is the fact that F: Xp — Yp is
locally Lipschitz continuous with arbitrarily small Lipschitz constant if 7" > 0 is
sufficiently small:

Proposition 3.2 Let R > 0 and let Assumption 1.1 be satisfied. Then there is a
constant C(T, R) > 0 such that

[ F(vi,e1) = F(va, e2)llyy < O(T, R)|[(vi — va,e1 — )|l x;
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for all (v;,c;) € Xr with ||(v;, ¢;)|x, < R and ¢jli—o = co, where j = 1,2. Moreover,
C(T,R) —0asT — 0.

Proof: Let Fy(v,c) = —pv - Ve and let F3(v,c) = —0ip(c — ¢p). For F'(v,c) =
(Fi(v,c), Fy(v,c)) we will show that

| F'(v1, e1) = F'(va, ca) lroriz2 @pixmr @) < C0, R, To)l[(Vi —va, 1 —ca) | x, (3.13)

for all 0 < T" < Ty and for some p > 2. (Note that the third component of F is
constant.) Then the statement of the proposition for these terms follows from the
estimate

1_1
1fll20rx) < T2 7 || fllzro.:x),

where X is an arbitrary Banach space. In order to estimate the terms involving c,
we use that

el e o,7;m20)) < Cllelx2 (3.14)

due to (2.4) and (2.1), where C' is independent of T > 0. Since H?(Q) is an algebra
with respect to pointwise multiplication, we have F(c) € L*°(0,T; H*(Q))) for all
F e C3R), c € X2, as well as

1F(c1) = Flea)ll om0y < C(R, F)ller = eallxz (3.15)
for all ¢; € X2 with lejllxz j =1,2. Hence
IV (p(er)2p(c1) — plea) 2 d(ea)) s o)) < C(R, b, p)ller — ealxz2
for all ¢; € X7 with [|ljl|x2 < R, j = 1,2. Moreover,

|G (div V)| 2o, ;m2()) < CllVIzeorm1@) < ClIVIx

for constants C, C" independent of T' > 0 due to (2.9) and (2.4). Since the product of
Lipschitz continuous functions is again Lipschitz continuous, it is sufficient to verify
that all the products appearing in F'(v, ¢) are well-defined, which is done as follows:

HG(diVV)VCHL‘”(O,T;LQ(Q)) < CHG<diVV)HL‘X’(O,T;H?(Q))HCHLW(O,T;H?(Q)) < C(R)
IV(p™ G(divv)) | ceriz@) < CIG(div V)| eraz@plle™ s orm@) < C(R)
v Vvlore) < VIeeors@)IVVilaomew)
1 1
< OOV E= o, @p IV VI 202,180y < C'(R)
IVp™" - S(e,DV) | sz < CIUVe Hlisorzo)ll(v(e), n(e)| r=@nlVVlLior.c)
1 1
lpv - vCHL“((LT;HI(Q)) < CHVHL‘l(O,T;Bg’l(Q)) ||VT(C)||L°°(0,T;H1)
1 1
< O||V||z2(O,T;H2)”VH[Q/OO(O,T;Hl)||vr(c>||L°°(0,T;H1)
< C(R),
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for all (v,c) € Xy with ||(v,¢)|lx, < R, where 1'(c) = p(c) and we have used (2.2)
and
3
(H'(Q), H*(Q))11 = B31(Q) = B;,(9).
In order to estimate V([p~2,div]Vc), we use that V[p~2,div][Ve = -V (Vp~2-Vc) =
V2p~2.Vc+ Vp~2 - Ve and

Cllpllzeeor;m2@plI Vel zao,r;e @)

V202 - Vel psomiz@) <
< C(R)|IVell20m:m2 00 | Vel Lo om0 < C'(R)

1 1
due to || f|lze) < CHfHB% o < C'[ fll7 ]l f |72 The same estimate holds true for
2,1

Vp~2-VZ2c. Hence (3.13) holds with p = 4.

Furthermore, we estimate F3(v,c) as follows

[(p(c1) — plea))Dicoll 207,11 ()
~ ~ ~ ~ 1

< Clipler) - P(C2)||Lw(O,T;Bg(12(Q))||3t00||L2(0,T;H1(Q)) < O(R,G)T4[er — eallxz

[(Dep(er) — Oip(cz))(er — o)l 20,101 (2)
N ~ ~ ~ 1

< Clap(er) = dplea)llzmmnller = Coll poo o ypiizy < C(R, Q)T e = 2| xz

10ep(c2)(er = c2)| 20,7501 0
~ 1
< Cllowp(e)lL2o,r:m @) ller — C2||Loo(07T;B§(12(Q)) < O(R,G)T4[er — eallxz

since

[~

X2 < C2([0,T]; HY(Q)) N L™(0,T; HX(Q)) — C5([0,T]; Hi(Q)), (3.16)

3
HE(Q) — 32271(9), and (Cl — Cg)lt:() = (Cl — 50)|t:0 =0.

Finally, it remains to estimate the third component of F(v,c). To this end we
use that

|(n - V2G(divv),||
|(n - V2G(divv)

L2(0,T;H% (6Q)) = C1||V||L2(O,T;H2(Q))

THHl(O,T;H’%(aQ)) = C”V”Hl(O,T;L?(Q))

for all v € X} since (n- V2G(divv)), = Ayyv for some first order tangential differ-
ential operator A, cf. Lemma 2.2. Hence

|(n - V2G(div V>>T||L2(07T;H%(8Q))

1 . 1
< TH|(n- V2G(divv)| [ < CT vl

BUC([0,T};H? (59

for all v € X} due to (2.4) and

I(n - V2G(div v),| < T7||(n- V2G(divv)]| ) < OT3 vl

HE(0,T;L2(69)) o} (0.17:22 (09
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due to (2.3) and since BUC([0,T]; H*) N C=2([0,T); H~2) < C3([0,T]; L?) because
of || fllzz < C||f]|1§_[1||f||27%. Together we have

. 1
|(n - VQG(dIV V)THH%I’%(ST) < (T2 ||V||X%
By the same arguments one shows that
. 1
[(VGWiv V)l b s, < CT IV

Moreover, using (3.16), [1£9],3 ) < CI1flay, 019113 e 85 well a5 || Fgllz2(om <
1 s omy 9l < CF L3 ooy 191143 gy OB Obtains

1) = He2)al 3 o s

1 ~
< CTH|(er) = el ot ooy 19 oo enrd oy

+CT||(9(er) — D(e2))|

CF((0,7];B, (09)) lall 4 (0,T5L2(5))

and therefore

|(Z(c1) — 5(02))a||Hi7%(5T)

< C(R,0)Ti|le; — s (3.17)

el

BUC(0,T};H>(©))nC’2 (0,71 ()1 2 (57)

for all a € Hi2(Sy) and ¢; € X2 with lejllxz < R and ¢jli=o = co, j = 1,2.
Combining these estimates, we obtain

|(7(ci)n - VEG(div vy)), — (P(cz)n - VEG(div vy)),||

GERICH
< I((@(er) = Plea)n - VG (divva))ell g g
Hl@ea)n - V2G(divivi = va) 1 s
< CRTH (Ivi = vallxy + e = allxz)
for all u; = (vj,¢;) € Xp with ||u;|lx, < R and ¢jli=0 = ¢, j = 1,2 since

|(Vv,v) HHi,%(ST) < C[v[|xy- In the same way one can estimate (c1)(VG(div vy ), —

F(e2)(VG(div va),|gq, which proves the necessary estimate of the third component
of F.
Altogether this proves the proposition. [ |

Combining Theorem 3.1 and Proposition 3.2, we are now able to prove our main
result.
Proof of Theorem 1.2: First of all, let ¢y € X7 be such that [Collx2 < C"[[coll 2
for some fixed constant C’ > 0 and let

R = max (C"|leoll 2, [15(G0) L™ (¢0) F(0) | x7.)



17
where S is defined below. We will construct a solution in Bg(0) C Xy for sufficiently
small 0 < T' < 1 with the aid of the contraction mapping principle. If

¢1, ¢ € Br(0) € BUC([0,T); H*(Q) N C=(0, T; H(Q)) =: X2,
0 < T <1 with ¢1|4=0 = ¢2]4=0, we conclude
[L(c1)u = Licz)ully,

< C <||§(01,DV) — g(CQ,DV)HLQ(O’T;Hl) + “g(cl,Dv) — g(CQ,DV)‘BQHH% L)
! T

+ 1 ((er) = Ale2)V0aall 1.4 g, + 105(e) ™ = ﬁ(CQ)_Q)VC'IILQ(o,T;m))

IN

¢ (HC1 — 2|l eimy lIVIxs + 16(c1) ™ = ple) 2l o,rm) IV | 201281 )

Hlpter) ™ = ple) oy ¢ |2 rins)

L4([O,T};B§,1>>
1
< CRT (ller = eall g gy + ler = eall o ) lullxs-

1 1
< C(R) (T4 ler = eall gz lullxr + T3 ler = c2llBucoryas 1€

where u = (v, ) € X with |9 = 0. Here we have used that

1£gllmz@) < € (11153, @ lgllmz@) + 1z llgllzy, o )

and have used (3.17). Hence there is some 0 < Ty < 1 such that

1
[1L(c)u = Lico)ully, < MHUHXT forall 0 <T <Tp, [cllxz2 <R

1 .
[L(er)u = Lico)ully, < MHUHXT for all 0 < T < Ty, [l¢jllxz < R,j = 1,2,

since ¢ € X2. This implies that L(c): Y — Xy is invertible and NL() Ml eovpxr) <
3C(1) <2C(1) as well as
IL(e1) ™ = Lle2) ooy xn)
< AC)?NL(er) = Llea)lleixryr) < C(R)TE]|er — callx.

Moreover, we can choose Ty so small that [|c[xz < R and cli=g = co implies [c —
0

collcoigyy < €0 since X7 — Cs5([0,Tp); C°(Q)), where 4 is as in Assumption 1.1.
Then |c(z,t)| < 1+ forall 0 <t < T,z € Q.
Hence we can write (3.7)-(3.10) as a fixed point equation
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where S(c): Xp — Xr is defined by

v/ v/ o 0
50 (2) = (e va) =50+ (3):
In order to estimate S(c), we use

Al \— Al \— 1
1(A(e) ™" = ple2) ez < CRTHler — callxa iz

if [lcjllx2. < R, which can be shown using that X7 — C1([0,T); 33/2(Q)) and ¢ —
C2lt=0 = |1=0 = 0. Moreover, we have

10u((pler) ™ = /3(02)_1)C/)||L2(QT)
< [lplen) ™ = ple2) N0 2@y + 1(0(pler) ™ = ple2) ™) [l r2or)
< C(R) < le1 — C2||BUC([0,T};C’(§))||C/||X% + (|01 — 02)||L2(QT)||C/||BUC([0,T];C(§))>
< CRTH e = eall 1z

provided that [|¢;|x2 < R and ¢1 — cali=o = ¢/|;=9 = 0. Here we have used that

”d”BUC([o,T} ) < CT ildl] . 320 < C'T ||d||X2

C(0,7);B
for all d € X2 with d|;—o = 0. Altogether this implies
15(e1) = S(e2)lleixg xr) < C(R)TH e — 2l xz

provided that [|¢;|x2 < R and ¢1 — ¢2]i=o = 0, where X% ={(,d) € Xr: |j=0 = 0}.
Therefore we get

1S(c1) L™ (er) = Se2) L H(ea) | covp xn)
< NS (e)lleaxml| L7 er) = L7 eo) |l eovp,xa

+[[S(er) = Sea)ll eix,xm 1L (e2) ey xr)
< CRTHer = ool xz,

where Y = {(f, g,a, vy, c}) € Yr : ¢y = 0}. — Note that L(c)"*(Y}) = X2. — Because
of Proposition 3.2, we have

1S (1) L1 (er) Fur) — S(ca) L™ (c2) F (us) | xy
15 (c) L™ (ex) = S(e2) LM (el v e IF (un) vy + CllF (ur) — F(ug)l x,

1
C(R)T7|jur — us| xy + C(T, R)||ur — | xp < ||U1 — s x;

IN

IN
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for all sufficiently small 0 < 7' < Tj and all u; = (v;,¢;) € X with [|u;]|x, < R and
¢jli=o0 = ¢o. Moreover,

1S(e) L™ () F (u) | x,
< IS L™ () F(u) — S(Go) L™ (E0) F(0)|lxy + 1S (G0) L™ (G0) F(0) 1 x,
< !
- 2
for all ||u||x, < R. Hence by the contraction mapping principle there is a unique
solution u = (v, ¢) of (3.7)-(3.10) with |ju||x, < R.
Thus we have proved that for every vy € H}(Q),co € H?*(Q) there are some
T, R > 0 such that the system (3.7)-(3.10) has a unique solution (v,c¢) € X with
|(v,0)[lx, < R. In order to show that there is only one solution (v,c) € Xr
of (3.7)-(3.10), let (v',¢') € Xr be a second solution of (3.7)-(3.10) and let R =
max (R, ||(v/,)|lx,). Then by the arguments above there is some 7" € (0,7 such
that (3.7)-(3.10) has a unique solution (v”,¢”) € Xy (on the time interval (0,7"))
with [|(v",¢")||x,, < R. Hence (v,¢)|orm = (V/, )]0y = (v",¢"). Repeating this
argument finitely many times (with a shift in time), we conclude that (v,c) = (v/, )
on the full time interval (0, 7). |

R
Jullx, +5 < R

4 Linearized System — Proof of Theorem 3.1

In this section we will show unique solvability of the linear system

v — divS(co, DV) + ;—av div(p~'Ve) = f; in Qr, (4.1)
O — B tdivv = f, in Qr, (4.2)

(- S(co, D(Pv))r + 7(co) (Pov), =2 on Sr, (4.3)
n-vligo = 0yclog =0 on St, (4.4)

(v, )|i=0 = (vo,cp) inQ, (4.5)

where (fy, f2,a,vo,c)) € Yr, (v,d) € Xp, and X7, Yr are as in Section 3.
First of all, we can reduce to the case a = 0 by subtracting from v some w € X1

such that (n-S(co, Dw)), +F(co)w, o = 27 Wli—o = 0, divw = 0, w|sqg = 0. The
Q

existence of such a w € X1}, depending continuously on a € H i’%(ST)d with a,, =0,
follows directly from Lemma 2.3. For the following let

Tou= (n-S(co,Du)), + (co)u, . for all u € H*(Q)%.

Now we will reformulate the system above in an appropriate way assuming that
(v,c) € Xp. Since (4.2) depends only on div v, we will use the Helmholtz decompo-
sition to decompose v. More precisely, using L*(Q)4 = L2(Q) & G»(9) and applying
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P, and (I — P,) to (4.1), we obtain that (4.1) is equivalent to

dyw — P, divS(co, Dw) — P, divS(co, V?G(divv)) = P,fi, (4.6)
A,VG(divv) — (I — P,) divS(co, Dv) + iﬁv div(psiVe) = (I — P)fi, (4.7)
«

where w = P,v and v = w + VG(divv) and G is defined by (3.4)-(3.5). In the
following let g = divv.
In order to determine the principal part of (4.6), we use that

P, divS(c, V2G(divv)) = P, div (20(co) V?G(div v)) + P,V (ij(co) div v)
P,V div ((20(c))VG(divv)) — P, div(2VD(cy) ® VG(divv))
= —P,div(2VD(cy) ® VG(divv)) = Byg. (4.8)

Moreover, testing (4.7) with Vi, where ¢ € C§°(0, T} H(lo)(Q)), one sees that (4.7) is
equivalent to

(9. 9) 1200121 — (div S(co, D), w) o
£ . _ -
+@(v div(py*VE), Vo)o, = (I — P)f1, V)o,

for all p € C§°(0,T; H (10)(9)), where we have used again the orthogonal decomposi-

tion L2(Q)¢ = L2(Q) @ Go(Q2) and the fact that g = div,v € HY(0,T; H(B)I(Q)) if

v € X}. Moreover, we note that

div S(co, V2G(div v)) = div(20(co) V2G(div v)) + V(7i(co)g)
20(co) Vg + V(7i(co)g) + 2(Vi(cp)) - VEG(divv)
= V((20(co) +7i(co))g) + 2(VE(co)) - VG (divv) — (2VE(co))g.

Hence

(divS(eo, DVG(9)), Vip) = —(An(alco)o): &)ty + (B2g: @)ty

where a(co) = 20(cp) + 7(co) and By is defined by the equation.
Therefore we can reformulate (4.2)-(4.7) with a = 0 more abstractly as

f2
Ou+ Au+Bu = |div,(I - F,)f | = f (4.9)
Pafl
o
ulimo = | g0 | = uo (4.10)

Wo
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where u = (¢, g, w)?, gy = div vy, vo = wg + VG(go), and

_ Ay A (@.9)"
A = ( 0 —PgdiVS(Co,DW)>< v /)

A= (LAN(d(i)VpO4V~) —A_zf(_al(]cjg)'))’

af
0 0
A2W = ( . LS ) s Bu = ng
— div, (div S(co, Dw)) _Big

and the domains of A, B are defined as
D(A) = D(B) = {(c’,g,W)T (d,g) € D(A)),w € H*(Q)*NL2(Q) : Tow= O} ,
D(A) = (H(Q)NHZ(Q) x Hiy(0).
We consider A and B as unbounded operators on

H=H x L3(Q) where H; = H'(Q) x Hg ().

For the following analysis it will be crucial that B; and By are of lower order
compared to A. More precisely, we have:

Lemma 4.1 Let s € (3,1] and ¢g € H*(Q). Then there are constants C(cy),
C'(co,s) > 0 such that

| B1gllz2) < C'(s,c0)ll9]
||B29||H(;]§(Q) < C(co)

H5(Q) (4.11)
a3
for all g € H(lo)(Q), where By, By are as above.
Proof: By the definition of By and (4.8), we have
1Bigllz) = [P divS(co, DVG(9))]l 120y
< CIVIm @ IVG(9)llm+se) < Cls; co)llgl

for every s > 1 since ¢g € H*(Q), Ay": H*(Q) — H**(Q) for all s € [0,1] due to
(2.9), and || fg|lm < Csl|fllm=llgllm if s > &.
Finally, By satisfies

HBQQHH(—O;(Q) < 2|[(Vi(cn)) - VEG(g) — Vir(co)gll oo
C'IVeoll s llgllzs) < Cleo)

H(Q)

Hs

IN

a3 0
due to (2.9). |

Because of the triangle structure of A, it is sufficient to prove that —A; and
P,(divS(cy, -)) generate analytic semigroups in order to have the same for —A.
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Lemma 4.2 Let A; and Hy be as above. Then —A; generates a bounded analytic
semigroup. Moreover, ||A1(c, 9)T g, + |m(c)] is equivalent to || gl + || || ms -

Proof: Let Hy = H(lo)(Q) X H(B)I(Q) Then A; leaves Hj invariant. We first show

that —A;|p, generates an analytic semigroup. To this end we use that
0 B € L
—Ay|g, = ( A g ) ,  where A = a_ﬁAN div(py*V-), B = —Apn(a(cp)-).
Here D(A) = H*(Q) N HE(Q) N H;,) (Q), D(B) = H;, (). Without loss of generality
let 8 = 1. (Otherwise replace A; by 8A;.) Because of [12, Theorem 1.1], —A;|g,

generates an analytic semigroup on H, provided that the following conditions are
satisfied:

H1 A, B are positive self-adjoint operators on H (5)1 (Q) with dense domains D(A),

D(B). A has a compact resolvent.

H2 D(Az) = D(B) and there are constants 0 < p; < ps < oo such that pjAz <
B < pAs.

! is an exponentially

We note that, if these conditions are satisfied, then e=“4lHo
decreasing semigroup of contractions on Hy equipped with the norm of D(A%) X
H (_O)I(Q) In particular, A; is invertible.

Let us verify the conditions above. First of all, A, B are positive and symmetric

since

po VY, Vv) 1 = (u, Av)

af .., _ af
(Au,v) -1 = - (le(pO 4Vu),v)L2(Q) = ( =

(BUI,UI)H(—O; = (a(co)u',v") 2 = (u’,Bv’)H(—O;
for all u,v € D(A), v',v" € D(B), where we have used (2.6). Moreover, with the
aid of the Lemma of Lax-Milgram and standard elliptic regularity theory one easily
shows that A and B are invertible. Hence A, B are self-adjoint. In order to verify
H2, we use that there are constants ¢y, Cy > 0 such that

of

co(Vu, Vu) 120y < (Au, u) -1 = — (py *Vu, Vu)

_ < 2
© - ~ CO(VU, VU)L Q)

L*(Q)
since p,* is bounded above and below, where

(Vu,Vu)rz = —(Ayu,u)pz = ((—AN)2U,U)H<—O§ = HANUHZ(_O;

Hence ¢o(—An)? < A < Cy(—Ay)? in H(B)I(Q) This implies that there are ¢y, ¢ > 0

1 1 1
(=B = all(=Ax)ul g < lAMull = (A )

1
< el(-An)Hul g = eal(~Bx)u )y
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A3 < ep(—Ay). [23,

because of [23, Chapter I, Corollary 7.1]. Thus ¢;(—Ay) < A
= D(—Ay). Moreover, we

Chapter I, Corollary 7.1] also implies D(A2) = H(lo)(Q)
have that there are c3, ¢y > 0 such that

Cg(—ANU,U)H(O; = c3(u,u)2 < (a(co)_lu,u)Lz = (Bu,u)H(O; < y(—Apnu, u)H(O;

for all u € H (10)(9). Combining this with the previous estimates, we obtain p; A2 <

B < pgA% for some 0 < p; < py < 0.

Hence we have proved H1-H2 and conclude that —A;|g, generates a bounded
analytic semigroup on Hy. Moreover, Hy = Hy® {(0,m) : m € R} and A;(I — Py) =
(I — Py)A; = 0. Therefore there is some § € (3, 7) such that A\ + A;: D(A;) — H,;
is invertible for all A € 5. Moreover, the resolvent estimate ||(A + A1) ™|z < I%I
for all A € 35 follows from the corresponding estimate for A;|g,. Therefore —A;
generates a bounded analytic semigroup on H;.

The equivalence of norms follows from the invertibility of A;|g, and the bound-

edness of A;: (H*(Q) N HR(Q)) x H,) () — Hi. u

Remark 4.3 As shown above there is some 0 > 7 such that X5 C p(—A1). In the
special case that 7 = vy, = 19, and py = 1 are constant, we have a(cy) = 2vy + no
and o(—A;) consists of the eigenvalues

2
€ : ; , a2y +
)\i = _Iunei’u‘)’ 67‘0 = —K+ Z\/l — 52’ K = M
af €
provided that 0 < k < 1, where pu, are the eigenvalues of AyA, cf. [12, Lemma A.1].
Note that § < 6 < mand § — § as k — 0. Hence > 7 above can be arbitrarily
close to § in certain situations.

Because of the triangular structure of A, we conclude from the latter lemma:

Proposition 4.4 —A generates a bounded analytic semigroup on H. Moreover,
[ Aullir + |[ull# is equivalent to [|wl|nz + ||gllu + [lc]| s, where u = (', g, w)".

Proof: Let A,.v = A,(c))v = —P, divS(co,Dv) = —P, div(s(co)Dv) for all v €
D(A,) = {ue H*(Q)'NL2(Q): T;u=0}. Then —A,(co): D(A,) C L2(Q) —
L2(€)) generates a bounded analytic C°-semigroup because of Theorem A.1 below.
Moreover, A, is invertible and ||Av||2 ) is equivalent to ||v||g2(q) because of [4,
Lemma 4]. Hence there is some § > % such that (A4 A)~" exists for all A € X5 and

1 _ ( A+A)T —(A+A) AN+ A ) |

(A+4)” 0 (A4 A )

Using
‘)\l”()\ + A,y)ilug([%) + ”A,y()\ + A,Y)ilHE(Lg) S Cg fOI‘ all )\ € 25
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we conclude that

[As(A + A)) " |, ClA+ A,) ol 2

<
< CNA N+ AT 200) < Ol 20y

for all £, € L2(Q2), A € X5. Therefore we easily obtain

C
[+ A < o uniformly in \ € Y.

Hence —A generates a bounded analytic C%-semigroup. Finally, the equivalence of
norms can be easily shown using the resolvent identity above for A = 1 and the
corresponding statement in Lemma 4.2. [ |

Corollary 4.5 Let ¢g € H*(Q)). Then A + B generates an analytic C°-semigroup.
Moreover, ||[(A + B)ullg + ||ullg is equivalent to [|[wlgz + ||gllar + |lcllgs, where
u=(c,g,w)" € D(A).

Proof: The corollary follows from the fact that for every € > 0 there is a constant
C. > 0 such that
1Bulle < ellAullg + Cellulla

for all u € D(A) and a standard result from semigroup theory, cf. e.g. [30, Chapter
3, Theorem 2.1]. The latter estimate follows from

1 3 1 7
Bulln < Cleo)lgl ) < Cleollglaeyall ey < Ceolglyr o lolince
o1
< Cleo)llAul|jllully < ellAulla + Ce(co)llullm
for every & > 0, where u = (c,g,w) and we have used Lemma 4.1, Hi(Q) =

(L*(9), H'(92))2 5, and (2.7). n

Lemma 4.6 Let A, D(A), H be defined as above. Then
(D(A), H) 1, = Hy(Q) x Ly () x (H ()N Lz(2)).

Proof: We only need to show that

(H(lo)(Q)aH(B)l(Q»%,z = L%o)(Q)a
(H*(Q) NH(Q), H' (Q)1, = H(Q),
(D(A,), Le ()1, = H(Q'N L),

where D(A4,) = {u € H*(Q)?N L2(Q) : T,u = 0}. The first equality follows
from H, (Q) = PyH'(Q), L{))(Q) = RL*(Q), H () = PyH'(Q) and [35, Sec-
tion 1.2.4, Theorem]. The second identity is proved using that H3*(Q) N H%(Q) =
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(1 —AxN)TTHYQ), HY(Q) = (1 — Ay)"LHYQ), and HZ(Q) = (1 — Ay)"LLA(Q).
The third identity follows from Lemma A.2, below. [

Proof of Theorem 3.1: As seen at the beginning of Section 4 we can assume
without loss of generality that a = 0. Let (fy, f,0,vo,¢) € Yy and f € L?(0,T; H)
be defined as in (4.9) and extend f by zero for ¢ > T. Moreover, let gy = div vy,
wo = P,vy, and let ug be as in (4.10).

Applying Theorem 2.1 there is a unique solution u of

Wy b Aut) + But) = F(H), >0,

dt
u(0) = wup

and
| @es, (A+ By 20,05 < € (I 200,00 + uoll o, )

Using that ||u|z20.m:mm < C(To) ([10eull r20,m:m) + |uollr) for any fixed 0 < Tjy < oo,
we obtain that u restricted to (0,7") satisfies

I, Oty (A+ By 207 < C(To) (1l 2o + uoll o, )

uniformly in 0 < 7" < Ty and (f,up). Hence u = (¢, g,w) solves (4.2)-(4.7) with
G(divv) = Ay'g. Therefore (v, ) with v = w + VAL'g solves (4.1)-(4.5), which
implies

o (2)- (2

The estimate of (v,d) € Xp, the continuity of L(cy)™': Y7 — Xr follows from the
estimate above and the equivalence of norms stated in Corollary 4.5. [

A Stokes Operator with Navier Boundary Condi-
tions

In this appendix we summarize some results for the Stokes operator with variable
viscosity in the case of Navier boundary conditions. More detailed information can
be found in [1, Chapter 5].

We consider

A, (e): D(A,(c)) C L2(Q) = Li(Q): v A, (c)v := — Py div(2v(c) Dv),
where ¢ € W (), ¢ > d, and

D(A,(c)) = {ue H*(Q)*NLLQ) : 2n - v(c)Du), + y(c)u, =0}.
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Here we assume that ¢ € W (Q) for some ¢ > d, v € C'(R) with 0 < 7(s) < oo for
all s € R, and Q C R?, d = 2,3, is a bounded domains with C*-boundary. — We note
that H*(2) — W, () for some ¢ > d if d = 2,3. — If inf,er y(s) = 0 we assume
additionally that © does not have an axis of symmetry, i.e., R = {0}, where

R={veH(Q) :v(z)=a+bAxabcR’} if d=3, (A.1)

R= {VEH}L(Q) v(x) :a—l—b(;m) ,aGRQ,bGR} if d = 2. (A.2)
1

In this case we have the Korn inequality
IVl < C||Dv|| 2 for all v.€ H}(Q), (A.3)

cf. Necas [29, Theorem 3.5] for the case d = 3. If d = 2, the inequality follows
from the three dimensional estimate by extending v € H!(Q)? to v(zy, 29, 23) =
(V1<I1, x2>7v2(‘r17 Iz), O>T S H&L<Q X (_17 1))

Because of

—(div(2v(c)DV), W)r2) = (2v(c)Dv,DW)r2q) + (Y(C)V, W)r2090) (A.4)
= —(v,div(2v(c)DW) 12(0)

for all v,w € D(A,(c)), A,(c) is a symmetric operator. Moreover, if inf,eg y(s) = 0,
then v(s) > 1y > 0 and (A.3) implies

—(div(2v(c)DV), V) 2() > CO||V||%I1(Q) for all v € D(A,)

for some ¢y > 0. If vy := infser y(s) > 0, then one obtains
—(div(2v (DY), V) r2(0) 2 C(0) (IDVIEaq0y + [V I200 ) = C'G0) IVl
because of ||| z1(q) < C||Dw||12(q) for any w € H}(Q)%. Furthermore, we have:

THEOREM A.1 Let ¢ € W;(Q), ¢ > d. Then A,(c) is a positive self-adjoint
operator on L2(Q).

Proof: First of all, A,(c): D(A,) — L2(Q) is invertible because of the following
arguments: By the Lemma of Lax-Milgram for every f € L2(f2) there is a unique
v € H(Q) N L2(Q) such that

(2v(c)Dv,DW) 12(0) + (Y(€)V, W) r2(80) = (£, W) 120 for all w € D(A4,).

Since v(¢)v|gg € H2(0Q)?, there is some u € H2(Q)? N HL(Q)4 N L2(Q) such that
(n-2v(c)Du), = —7y(c)v]sq due to Lemma 2.3. By Gaufl’ theorem we obtain that
vV =V + u solves

(2v(c)DV,DW) 2(0) = (f — div(2vDu), W) 2(q) for all w € D(A,).
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Because of [1, Theorem 5.2.3], we conclude that v € H?*(Q)?, which yields v €
H?*(Q)?. Since A,(c) is symmetric due to (A.4), A, (c) is self-adjoint. |

Finally, we need:

Lemma A.2 Let v: R — [0,00) be continuously differentiable, ¢ € W, (2) for some
q > d, and assume that ) possesses no azis of symmetry if infseg v(s) = 0. Then

(Lo(9), D(A,))1 , = H'(Q) N Lo(Q).

%’
Proof: We use that A, (c) is an invertible, self-adjoint and positive operator on
L2(€)). Hence we can use Theorem 2.1 to conclude that for every ug € H'(Q)NL2 ()
there is some u € H*(0, 00; L2(2)) N L*(0, 00; D(A,) such that ul;—o = ug. Thus

(L3(Q), D(4;)1 2 2 H(Q) N L(Q)

by the trace method of real interpolation. But the converse inclusion holds since
for every u € H'(0,00; L2(2)) N L?(0,00; D(A,)) we obviously have ug = uli—¢ €
HY Q)N L2(Q) because of (L* (), H*())1, = H'(Q) and (2.4). u
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