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Abstract

A nonlocal viscous model of phase separation is presented. It is derived from a
minimization of free energy containing a nonlocal part due to particle interaction.
In contrast to the classical Cahn-Hilliard theory with higher order terms this leads
to an evolution system of second order parabolic equations for the particle densities,
coupled by nonlocal drift and viscosity terms, which allow reasonable bounds for the
concentrations. Applying fixed-point arguments and compactness results we prove
the existence of variational solutions in standard Hilbert spaces for evolution systems.
Using the free energy as Lyapunov functional the asymptotic state of the system is
investigated and characterized by a variational principle.
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1 Introduction

Phase separation phenomena in material sciences are modeled usually by Cahn-Hillard
equation, see [5] and references therein, which is derived from a free energy functional.
Often the classical Ginzburg-Landau free energy which contains gradient terms is used
as the free energy functional. These models have been extensively analyzed, see |21] and
references therein. But inspecting Van der Waals early works, see [20], and later Cahn and
Hillard paper [4] it seems to be reasonable and even more adequate, see [10], to choose an
alternative expression for the free energy functional like

Fap(u) = / Flu)dz, (1.1)

Q
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where u denotes the local concentration of a component occupying a spatial domain 2 and
F(u) = f(u) + juw. Here f(u) is a convex function and

wia) = [ Kz = )1~ 2u(s))dy, (12)

The kernel K of the integral term (1.2) describes nonlocal or long-range interactions |5,
11, 12, 14]. Hence, the difference between local and nonlocal models consists in a different
choice of the particle interaction potential in the free energy functional. Moreover the
local free energy can be obtained as a formal limit from the nonlocal one, see [17]. In [10]
the above nonlocal free energy functional has been used to derive a nonlocal Cahn-Hillard
equation

uy = V- (uV(f'(u) + w)) =0,
where f is the convex (Information) entropy function
f(u) =ulog(u) + (1 — u)log(1 — u).
Consequently

1
1+ exp(v—w)’

f'(u) = log (ﬁ) and wu=f"1(v—w)

where f'~! is the Fermi-function, whose image is the interval [0,1]. Thus, the nonlocal
model naturally satisfies the physical requirement

0<u(z)<1, Vt>0.

and the maximum principle is available, which is not true for fourth order equations like
in the case of the local Cahn-Hillard equations.

1.1 Nonlocal viscous model

Following [10] our aim is to formulate a general nonlocal model, which also takes into
accout viscosity effects, see [19]. In the local theory this was done by adding a rate term to
the chemical potential. Now we are going to formulate this additional term in the nonlocal
philosophy, so we not only want to get nonlocality in space (1.2) but also nonlocality in
time. Hence, the chemical potential in our case is given by

~ 0F(u)

(O T+¢’ (13)

We propose two models:

Model I:

—yAY + Y =u, > 0. (1.4)
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Model II:
VAV + Y =u, v >0,

In both cases 7 is a model parameter, which is positive and guarantees the nonlocal struc-
ture of the additional term ¢ in the chemical potential (1.3). This means in Gurtin’s
language that the influence of microforces is nonlocal, but we are not able to postulate
a generalized nonlocal balance law for nonlocal microforces similar to the balance law in
Gurtin [16]. Setting v = 0 we recover the local viscous model, see [19]. Hence, our model is
a real expansion of previous existing models. From mathematical point of view the terms
—~v Aty respectively —yAt have regularizing effects. Model I will be analysed in this pa-
per. The Anlayis of Model II are left to a forthcoming paper, see [8]. Taking into account
(1.3) and (1.4) we end up with the nonlocal viscous Cahn-Hillard equation:

u—V-uVo=0, v=f(u)+w+1,
wia) = [ Klle — y(1 -~ 2u(w))dy, (15)

Q
_’YAwt—i_w:ut? Y > 07

which is complementedby suitable initial and boundary conditions.

In Section 2 we formulate the problem, general assumptions and the main theorems. The
rest of the Sections are devoted to the proof of the corresponding theorems.

2 Assumptions and main results

2.1 Statement of the problems and assumptions

Let be © C R? an open, bounded and smooth domain with boundary I' = 9 and v the
outer unit normal on I'. In the sequel, || denotes the Lebesgue measure of 2. We denote
by LP(Q), W*P(Q) for 1 < p < oo the Lesbegue spaces and Sobolev spaces of functions on
Q with the usual norms || - || o), || - lwen(o), and we write H*(Q) = W"?(Q), see [7]. For
a Banach space X we denote its dual by X*, the dual pairing between f € X*, g € X will
be denoted by (f,g). If X is a Banach space with the norm || - ||x, we denote for 7" > 0
by LP(0,7;X) (1 < p < o) the Banach space of all (equivalence classes of) Bochner
measurable functions u : (0,7) — X such that |lu(-)||x € LP(0,T). We set R} = (0, 00)
and, as already mentioned, Q7 = (0,T) x Q, I'r = (0,T) x I'. "Generic” positive constants
are denoted by C' and for u € L'(Q) we put

= ﬁ /Q w(z)dz.
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Furthermore we define following time dependent Sobolev spaces by

Vhe(0,T) = {f € L®(Qr) | Vf € L=(Q1)},
V22(0,T) :={f € L®(Qr) | Vf € L™(Qr),Af € L®(Qr)}.

So the initial-boundary value problem we want to discuss takes the form:

=uVou
N

7 N

u—V-(Vu+puVw+v))=0 inQr,

—YAY + Y =u, w=P(1—2u) in Qr,
pw-Vo=v-Viy=0 onI'p,

v- Vi =0,u(0,z) = up(x),(0,2) = o(z) = €.

N N N /N
I
S— N N

We make the following general assumptions.
(A1) f(u) =ulogu+ (1 —u)log(l —u).
(A2) The potential operator P defined by

pr— Pp= /Q/C(|w —yl)o(y)dy
satisfies
1Pplly < ryllpll e, 1 <p< oo,

where the kernel K € (R} — R') is such that

/ / Kl — y)ldedy = mo < 00, sup | Kz — yl)ldy = my < o
QJQ

(A3) The mobility p has the form

lu(u) = f”(U) -

(A4) up(x) € [0,1] a.e. in Q and Ty € (0,1).

The next assumptions concern different regularity assumptions on the data.

(B1) uy € L*®(Q) or (BY’) yp € L=(Q)N H'(Q),
(B2) vy € H(Q)  or  (B2) vy € HH(O),
(B3) Y :=Wh(Q) or (B3)Y :=W?r Q).
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Remark 1. The kernel K is chosen to be symmetric. Hence, the potential operator P
is symmetric, too. Examples for kernels K satisfying (A2) are Newton potentials, Gauss
functions and usual mollifiers, see [10].

Remark 2. A concentration-dependent mobility appeared in the original derivation of the
Cahn-Hillard equation, see 4], and a natural and thermodynamically reasonable choice is
of the form (2.5) and were considered in [6].

2.2 Main results

Due to different regularity assumptions on the initial data we formulate two different
Theorems, which will be proven separately in the next two chapters.

Theorem 1. Suppose that the assumptions (A1)-(A4) and (B1)-(B3) hold. Then there
exists a unique triple of functions (u,w, ) such that u(0) = g, ¥ (0) = ¥y and

1. uwe L*(0,T; H(R), 0<u(t,z) <1 ae. in Qr,
9w € L2(0,T: H'(Q)"),

w e Y (0,T),

¥ € L*(0,T; L*(9)),

Vi € L>(0,T; H(Q)),

S v S

V,lvz)t € L2(07 T7 Hl(Q)*)7
which satify (2.1)-(2.4) in the following sense:

T

/(ut,gp)dt—i-// (Vu+ uV(w+ ) Vodzdt =0, Vo€ L*(0,T; H'(Q)),  (2.6)

0 0
T

T T
Vo) d dzd L ovdt, Ve e LX0.T-H'\(Q)), (2
vofvww t+0/9/w¢xt /<u¢>t o 0. T H\(Q), (27)

w = P(1 —2u) a.e. in Qr. (2.8)

Theorem 2. Suppose that the assumptions (A1)-(A4) and (B1’)-(B3’) hold. Then there
exists a unique triple of functions (u,w, ) such that u(0) = ug, ¥(0) = 1 and

1. uwe L*(0,T; H*(Q)), 0<u(t,x) <1 a.e inQr,
2. uy € L*(0,T; L*(Q)),
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3. we V2(0,7),
4. ¥ € L*(0, T L*(2)),
5. Vi € L=(0,T; H*(Q)),
6. Vi, € L*(0,T; L*(Q)),
which satisfy (2.1)-(2.4) in the following sense:

T T
//utgoda:dt + / / (Vu + uV(w + 1)) Vododt =0, VYo € L*(0,T; H(Q)), (2.9)
0 0 0 0

T

T T
'y/Q/Wzt-V¢dt+0/ﬂ/wgbdxdt:O/Q/ut(bda:dt,, Vo € L2(0,T; H'(Q)), (2.10)

0

w=P(1—-2u) a.e. in Q7. (2.11)
Remark 3. Note that using the testfunctions ¢ =1 and ¢ =1 in (2.6)-(2.7) we get

u(t,z) =g a.e. in [0,7T], //@U(lﬁ,x)dxdif = 0. (2.12)
0 Q

Under the assumptions of Theorem 2 we can state the following
Theorem 3. Suppose f'(ug) € L>®(Q). Then f'(u) € L>®(Qr).

Remark 4. We get from Theorem 3 that 0 < u(t,z) < 1 a.e. in Qr, provided 0 < up(z) <
1 a.e. wn Q.

The main tool for studing the global behaviour of the solution (2.9)-(2.11) for 7" — oo is
the energy estimate. Because of Theorem 3 and (A2) the function f/'(u) +w +1 =: v isin
L>*(Qr) and an admissible testfunction in (2.9) and gives the global energy estimate

2 >0

zsup/lvw(t)\zdx—i—//W!zdxdt—l—//u(uHVv\dedt§ Chs < 00. (2.13)
0 0 © 0 0

Thus we can state the following Theorem which can be proven exploiting (2.13), see [9].

Theorem 4. Let (u,w, ) be a solution of (2.9)-(2.11). Then there exist a sequence {ty
k=1,2,---} with ty, — oo for k — oo and a triplet (u*, w*, ¢¥*) such that up = u(ty), wy =

w(te), Yr = Y(t) satisfy

Ug, — u* strongly in L? and weakly in H',
wy —— wt strongly in H*,

. 2.14
v, — 0 strongly in L?, (2.14)
Vi, — Vu*  strongly in L2,
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and
*

arctan(e”"*/2) — arctan(e™""/2) strongly in H',v* = const. . (2.15)

Moreover, the following relations hold:

w = [K(e = - 2w @)y, T~ (2.16)
Q

1
ut = , v = const. (2.17)
1 + exp(w* — v*)

3 Proof of Theorem 1

3.1 Existence

The idea of existence proof is as follows: we construct regularized problems with non-
degenerate mobility functions. These regularized problems then are approximated by semi-
discrete problems, which we solve by applying the Schauder’s fixed-point principle. After
constructing suitable a priori estimates and compactness we can converge from the semi-
discrete approximation to the regularized problem. The similar procedure we repeat for
regularized problem to get uniform a priori estimates and compactness results, which finaly
give convergence to the original problem. We devide our existence proof into a sequence
of steps.

3.1.1 Regularized problems

At first we modify the moblity. We introduce a non-degenerate positive mobility pu. as
w(e) for w<e,
pe(u) =< u(u) for e<u<1l-—g¢, (3.1)
p(l—e) for uwu>1-—e.
This means that we symmetrically cut the mobility and constantly extend it to whole R.
Simillarly we regularize f”(u) and f’(u), see [9]. Furthermore we introduce the truncation

1 for u>1,
Mu:=¢ u for 0<u<l, (3.2)
0 for wu<O0,

which is necessary to be able to apply the Schauder’s fixed-point principle. Hence, we get
the truncated regularized system:
T

/(ut, dt+// (Vi + pV(w+ ) - Vodadt =0, Vo € L2(0,T: HY(Q)), (3.3)

0
T T

T
v | (Vipy, Vo) dt + Yodrdt = | (ug, ¢)dt, Vo € L*(0,T; H'(Q)), (3.4)
[z | [ |

0 0
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w = P(1 —2Iu) a.e. in Qr. (3.5)

Remark 5. We have by (A2) and (A4)
1wl o) < r3l11 = 2Mul|r2) < 73[QY. (3.6)

Remark 6. Jgj := go(w) so that Ve € (0, &)
1
Fnpe(u) = / (fg(u) + §uw) dr > —Cfp,
Q

where Cr > 0.

Proof. Using (A1), (3.1) and (3.5) we see that it depends on the choice of ¢ to ensure
that f.(u) dominates fuw. Thus, there exists an gy = go(w) so that Ve € (0,&0] this is
true. O

Existence result for the regularized problems We will denote the solution to the regularized
system (3.3)-(3.5) by (ue,we,v.). Let Ve € (0, 0] be fixed but arbitrary. The strategy of
constructing solutions to (3.3)-(3.5) is to employ a semi-discrete approximation. To this
end, let M € N be given and h := T'/M. In the sequel, we will denote by C;,i € N, positive
constants that may depend on 2, T and the initial data, but not on M or m € {1,..., M }.
For 1 < m < M, we consider the semi-discrete problem on the time level ¢ := mh for the
unknown functions v, w™, ™ : Q — R given by

%/(um —u™ N pdr+
Q
m m—1
+/ Vu™ + (U™ (% + W)] Vode =0, Ve HY(Q), (3.7)

h
Q Q

0
1
%/V(Q/)m — ™) Vedr + /wmqﬁdx = — /(um —u™ Npdr, Yo H(Q), (3.8)
0

w™ = P(1 —2ITu™) a.e. in Q. (3.9)
For 1 < m < M the system (3.7)-(3.9) is a nonlinear elliptic system. Note that v’ =
uo, ¥ = 1.
Remark 7. For ¢ = 1 and ¢ = 1 we get from (3.7)-(3.9)

u™ =7, and /Q/Jm—O, VYm e {l,...,M}.
Q
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We prove existence of approximate solutions step by step via Schauder’s fixed-point prin-
ciple.

Lemma 1. Suppose that the assumptions (A1)-(A4) and (B1)-(B3) hold. Then for every
m € {1,..., M} there exists a triple of functions (u™, w™ ™) € HY(Q) x HY(Q) x H*(Q)
satifying (3.7)-(3.9).

Proof. 1. Our proof is based on the application of Schauder’s fixed-point principle. Let

m € {1,..., M} be fixed but arbitrary, and assume that the data (u™~! ¢™!) are known
and given. Now for a given u™ € L? we consider the auziliary linear problems

/V(Tmum) - Vpdx + % /’Knumgodx = /gQgpdx, Vo € H'(), (3.10)
Q Q Q
/V@/}m -Veodx + h /wmgbdx = /glgbdx, Vo € H'(Q), (3.11)
Q K Q Q
where
/glgbd:): = %/(um gbdx+/V¢m L. Vode, Vo e H'(Q), (3.12)
/QQSOCZSU
Q
m—1
/,LL&‘ (w —|—2w +@/Jm) -Vgpdx+%/77n_1um_lapdm,w0 € H'(Q). (3.13)
Q Q

The existence and uniqueness theory of (3.10)-(3.11) is standard and can be found in
[7]. The strategy is to convert the integral expression in (3.10)-(3.13) into linear- and
bilinearforms and use the Lax-Milgram Theorem. From [15], Corollary 2.2.2.4, respectively,
we find that for a given u™ € L? and consequently a given g; € L?(€2) in (3.12) the linear
equation (3.11) admits a unique solution ¥™ € H?*(Q). Setting w™ = P(1 — 2Ilu™) €
H'(Q), we find (3.9). Finally again from [15], Corollary 2.2.2.4, respectively, we conclude
that for a given gy € L?(Q2) (3.10) admits a unique solution 7,,u™ € H*(Q).

2. Thus, we have properly defined a fixed-point operator T, : L*(Q2) — L*(Q2). We
can apply Schauder’s theorem, if we are able to prove, that 7, : L?(Q) — L*(Q) is
completely continuous and 7,,[B] C B hold true for a closed ball B C L*()) with a radius
depending only on the data of the problem.

3. Let ¥v™ € H?*(Q) be a solution of (3.11). We obtain using ¢™ as a testfunction in
(3.11)

h 1
/|vwm|2d:c + / ™ *de < > /(um — )Yy + /wm—l - Vymdz.
Q Q Q Q



3 PROOF OF THEOREM 1 10

Applying Young’s inequality in the form

l/( ¢mdx<—/|u — 12dx+—/|¢m| dz, (3.14)

v

and using the Poincaré inequality for the last term in (3.14) by choosing € = 2¢, /7, where
¢, is the Poincaré constant, we finally conclude

/|w Pde + 2 /|¢ 2de C§/|um—um112dx+2/|wm1\2dx. (3.15)

Q Q Q Q

4. Let T,u™ € H'Y(Q) be a solution of (3.10). Applying the admissible test function
o =Tpu™ € HY(Q) in (3.10) and Young’s inequality we get

1 . 1 . w™ +wm ! .
ﬁ/|77nu Pde < é_l/ pe(u™)V (——f—@b )
Q Q

2
E/V w™ + wm Y |?
43 2
)

1
+a7 / [T ™ P d. (3.16)
Q

dx+—/|T_ 2 dg

IN

2 m
dx+5/lv¢ 1 da
Q

Using (3.6) we obtain by the estimates (3.15), (3.16)

hr2|Q| .
fp ||V@/)m e + 1 Tmoau™ 122

2h m—1 2h m||2
+ EHU ||L2(Q) + EHU 7200

||77num||%2(n)

That means, we have HTmumH%Q(Q) < A for all u™ € L3(9), if we choose h so that
1—h/8=:1/8> 0 and fix radius A > 0 by

_hBralQ|
42

2%h8

?Hum 1HL2(Q)

N = me Nz + Bl T—au™ L2
Hence, we get 7,[B] C B for a closed ball B := {u™ € L*(Q) : |u"||12() < A}
5. To show the continuity of T, let {u*}ien C L*(Q) be a sequence such that

lim;o0 [|uf* — u™||L2(0) = 0. For every i € N there exists a uniquely determined solu-
tion T u™ € H'(Q) of the problem (3.10)-(3.13). Because 7,,u™ € H'(Q) is a solution of
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the problem (3.10), for every i € N it follows

/V (Tl u™) - Vdr+
1
e / (Tost? = Ty = [ (2 = )pde, Vo € (@), (317)
Q
h
m_ymyade = | (grs — HY(Q). (3.
/v ). Vdz + 7Q/(wl ™) bda Q/(gm g)bdz, Vo€ H(Q), (3.18)
where
Q/ (9o1 — g)pde = % Q/ ™) bda % Q/ (@ — e

+ [ V(@ =y Vedr, VYo € HY(Q), (3.19)

SE

and

w™ + wm

[a—getr = [ -ty (U ) Vs

—w™) - Vpdz

_l’_
—
5
=
=
<
S
=3

pe(w )V (w" ™ —w™ ) - Vipdo

_|_

PV — ") - Vipds

(T = T u™ Ypdw, Vo € HY(Q).  (3.20)

+

+
bl'—‘b\ P ®

=

2

=

2

Using in (3.18) the testfunction ¢ = (Y — ™) € H?(Q2) we find that

/|v )P+ 2 /W o s = [(ga = 90w — 6o

Q
Similar calculations like in (3.15) give
m 8¢ - 8Cp 11 _
V@™ =™z <7p!|u U™ [0 + 7—27’HU1~ B 710 (3.21)

+ 2V =" ) T2 (3.22)
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where ¢, is the Poincaré constant.
Applying ¢ = T,ul® — T,u™ € H(Q) as a testfunction in (3.17) we get

1
/ IV (Tl — Tru™)|2da + 7 /|’Tmuzm — Tout™|*dx
Q Q

- / (go3 — go) (Tt — Trutl™)d.
Q
Young’s inequality gives

2

dx

m

m_].
%/\%UT — Tou™|*dx §4/ )(Ms(um) — pe(ui"))V <% - wm)
J Q

8 / e (W)Y (] — w™)2da
e / e (W)Y (@ — W™ e

w8 [l vy - v

= ]1+Ig+]3—|—]4.
Each summand will be analyzed separately: Because of the continuity of II we get
I < 8fjw]" — me%{l(Q) < 2[[P(Tlu;" — Hum)||§{1(m < 207"3““? - Um”%?(g)-

The summand I3 can be trated in a similar way like I. For Iy we use the estimate (3.22). In
the limit process i — oo the expression (pe(u™)— e (ul™)) tends pointwise to zero, because
of the Lipschitz continuity of «™ + p.(u™) and the convergence lim; o ||uf" —u™||12(q) = 0.
Hence applying Lebesgue’s theorem [ tends to zero. The convergence of I5-1, follows from
the boundedness of ji.(uj") and the convergence lim;_,o ||u]* — u™||r2() = 0.

6. Bacause of 7,,[L*(Q)] € H'(Q2) and the completely continuous embedding of H*(£2)
into L?(Q2), the fixed-point map 7y, : L*(Q) — L*(Q) is completely continuous. Having
in mind the first step of the proof, Schauder’s fixed-point theorem yields a solution u™ €
H'(Q)N B of the equation Tu™ = u™. Setting w™ = P(1 —Iu™) € H(Q), we have found
a solution (u™,w™, ™) € HY(Q) x HY(Q) x H*(Q) of the problem (3.7)-(3.9). O
In order to prove convergence of the semi-discrete problem (3.7)-(3.9) to the regularized
problems (3.3)-(3.5) we need to derive (uniformly in m) a priori estimates. The key estimate
is the following energy estimate in its discrete form

Lemma 2. (Discrete energy estimate) Let (u™, w™,¢™) be solution of (3.7)-(3.9) for every
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% i V(™ — Wn_l)”%?(n) + % 1§ii>§\4||v¢k||%2(n) + i h||¢m||%2(g) (3.23)
m=1 - m=1
+ i h/Que(um)Nvadx <C (324)
m=1
and
f: h/Q (Vu™*dz < Cy(T). (3.25)
m=1

Proof. 1. Because of Lemma 1 the testfunction ¢ = v™ = fl(u™)+ me’Twm_l +y™ e H'(Q)
is admissible in (3.7) and we find

w™ + wmfl

%/Q(Um —u™) (fé(um) t t wm) dx + /Q pe(u™)| Vo™ 2dz = 0.

We will estimate the first summand term by term.
2. The first term can be estimated as follows

1 m m— /()M 1 m m—
3 [ == 4 [ ) - e,

where we have used the convexity of f.(u), see (Al).
3. In order to estimate the second term we use the symmetry of P, see Remark 1.

1 m m—1 wm+wm—1 _ 1 1 m m—1 m m—1
h/ﬂ(u u )( 5 )dx—h/§24{(u +u" ) (W™ —w™)

1 1
+ (u™ — ™) (W™ 4+ w™ ) e = E/ i{umwm —u™ ™ Y da.
0

4. For the third term we use the testfunction ¢ = ™ € H?*(2) in (3.8) to get

%/ﬂ(um —um " dr = %/ﬂvwm — ™) - VYTde + /Q ™ P da.

The above estimates give
IV — 6 Bagey + o 199" Baay = el 76 ey + ™ s

1
+/ ,ug(um)|va|2dz + E [FNL,E(um) — FNL’E(umil)} < 0. (326)
Q
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We multiply (3.26) by h and sum both sides from m = 1 to m = k, where 1 < k < M.
Using Remark 6 we conclude

2 1<k<M

M M

’7 m— Y m

5 ZHVW — " N2 + 5 max [|[VYF|Taq) + Z MY™ 720
m=1

m=1

+Zh/ ™| Vo™ 2dr < O,

where Cy := Fnp(uo) — Fnr(u™) 4+ 2| VY32

Defining w™ := WJFTW + 9™ we have the following estimate

fe(um)

_/(f”( AR ‘;Eﬂ;) dz (3.27)
Q

1
> / (2|vum|2 - Z|vwm|2> dz,
Q

where we have used Young’s inequality and the fact that f”(u™) > 4. We multiply (3.27)
by h and sum both sides from m =1 to m =k, where 1 < k < M, to get

k
1
Cr>> h/ (2|vum|2 - Z|vwm|2) dr,
m=1 Q

where () is the constant in (3.23). The definition of W™, (A2), (B4) and (3.23), (3.6) give

M
3 h/ Vum 2dz < Co(T),
m=1 Q

/ b (™) V(™) + )P = / (fé’(u’")\wm!? OV Vi 4 ‘W’”'Q) i
Q Q

where Cy(T') := {T2|Q| + 4r3 + Jmax ||V¢k||L2 Q)} + % H

Lemma 3. Let (u™,w™, ™) be solution of (3.7)-(3.9) for every m € {1,..., M}. Then

1<k<M

Proof. 1. Because of Lemma 1 Ay™ € L?(Q), thus an admissible testfunction in (3.8)

1 m _  m—1 m m|2 l m __ ,m—1 m —
h/ﬂA(w y )A¢dm+/g|vw|dx+h/g(u WY Az = 0.
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2. Applying the testfunction —u™ /v in (3.8) we have

1 / 1 1
— [ A@™ =" D" dr — = / P"u"dr + — | (v — ™) umde = 0.

3. We use the identity
/ ((um — U™ AY™ + (AY™ — Azﬁm_l)um) dx
Q
= / u™ A" dx — / u" A + / ((u™ = um™ Y (Ap™ — Ayp™1)) d,
Q

Q Q

and Young’s inequality in the following way

2 m m— m m— 1 m m— m m—
§/Q(u —u™ ) (AY™ — AY™ T dr < ;HU —u" ML) + 1AY™ — AP [,
2 mA m 2 m||2 1 A m||2

5 J u" AYTdr < ¥Hu 1 72(0) + 5“ V|72 (0

and get

s
4 - 6 2
[AY*] 7210y + 5 Z hIVY™ 1220y =31 A¢°|1 72 1) + ¥’|“0H%2(Q) + ;Hu‘“H%am
m=1

k k
1 m 2 m
+ 3 Z h{[Vu H%Q(Q) + 3 Z hlly H%%Q)
v m=1 v m=1
5
+ 7 Z h\|um\|i2(9)-
m=1

where we have summed both sides from m = 1 to m = k, (1 < k < M). The energy
estimate (3.23) and (3.25) give (3.28). O

To indicate the dependence on M, we denote for any M € N the solutions of (3.7)-(3.9)
by (ufy, wiy, ¥75;). We define the piecewise linear

Upg(z,t) = u™ + ! _hmh(um —u™ 1) for t € [(m — 1)h, mh), (3.29)
Dl t) = w7+ T gy for € ((m — 1), m (3.30)
as well as the constant interpolates
tp(z,t) =u™  for te[(m—1)h,mhl, (3.31)
b ) = T o e [(m— 1) mb), (3.32)

2
Unr(z,t) =™  for t € [(m — 1)h,mh], (3.33)
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for 1 < m < M. With these notations we obtain

T
//'letcpdxdt—l—
0 Q

+ //(vaM + 11 (i )V (s + 0ag)) - Vpdadt = 0, Vo € L0, T; HY(Q))  (3.34)

T T T
v 0/ Q/ Vihary - Voda di + 0/ Q/ Prrd dudt = 0/ Q/ fnrepdadt, Vo € L*0,T: H ().

We again get like in Remark 3 using ¢ = 1 and ¢ =1 in (3.34)

a(t) = T, /T/lﬁ(x)dxdt = 0. (3.35)

By virtue of the energy estimate (3.23),

M T
v e v ; ;
§§ V(™ = 1)||%z(g>+§0§1t1§TIIWM(t)II%z<Q)+//IwMIQd:vdt
m=1 ==
0 (3.36)

T
+//%@WW%WMﬁ§Q,
0 Q
where @y := f(itar) + Was + s Using (3.35) and the generalized Poincaré inequality we
find from (3.25) that
liiasll 20,71 (0y) < Ca(VT).

Moreover we find from (3.34) and (3.36)

St~

T
/’IlM7tg0d.CEdt < //ua(aM)Vf)M-chdxdt
Q 0 Q

1/2

T vz o
1
< 5 //,ug(fLMHVT)MFdxdt //|Vg@|2dxdt (3.37)
0 Q 0 O

T 1/2
g% //WWM&
0 Q
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for all ¢ € L*(0,T; H'(Q)). We get

T 0 .

. | Upre(z, t)pddt|

[@nr el L2072 = sup Jo Jo < Gs.
©EL2(0,T;H(Q)) H‘PHLQ(O,T;HI(Q))

Thus, we find

T T
/ / Vb - Vodadt| < / / lipg o pdadt
0 Q 0 Q
T 1/2 T 1/2
+ //|@Z3M|2d:)sdt //|gb|2d:)sdt
0 Q 0 Q

<Cs ”¢||%2(0,T;H1(Q))’

(3.38)

and we find
IVl o) < Ca. sup A0 (0] < Call).

In addition, (3.25), (3.29) and (3.31) imply that

M

T
D IVugy — Vg 72y — 0 as M — oo

HV@M - VﬁMH%Q(O,T;L%Q)) - 3_M
m=1

We also get from (3.29), (3.31) and Remark 7 that

M
y N T mme
||UM - U'MH%Q(O,T;L?(Q)) = 3_M Z ||UM — Uy 1”%2(9) —0as M — oc.
m=1

We obtain using the generalized Poincaré inequality the following convergence
||ZVLM — fLM||L2(07T;H1(Q)) —0as M — oo. (339)

Moreover we have with Remark 7
T M
[9ar = dnrllieorazy = 337 2 W5 = U4 i) =0,
m=1
and by (3.30), (3.33) and (3.23), as M — oo

||VQ/VJM — V@;MHLOO(O,T;LQ(Q)) = Imax ||V¢ATZ - V@Dﬁ_l”[lz(g) — 0. (340)

0<t<T
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In conclusion, there are functions , i, ¥, lﬁt, such that for M — oo, possibly after selecting
subsequences,

Uny — U weakly in L*0,T; H()),
Uns — U weakly in L?(0,T; H'(Q2)*),
Y — %) weakly in L*0,T; L*Q)), (3.41)
Vi — Vi weakly-star in L®(0,T; H(Q)),
Ve — Vi weakly in L2(0,T; HY(Q)").

Taking (3.39) and (3.40) into account, we see that & = @ and ¢ = ¢). It follows from (3.41)
that we may pass to the limit as M — oo in (3.34). The convergence of the linear terms
in (3.34) are standard. We take a closer look on the convergence of the nonlinear term

/ / (W)Y (w0 + )~ e () ¥ (wrr + Yar)) - Vip dclt

= [ [ (et = el Vw4 ) Vi (3.42)
0 Q

+
O\ﬂ

/ e (us)V [(w — war) + (0 — par)] - Vip drdl.

Because of the Lipschitz continuity of p. and the compactness results in (3.41) the first
term on the right hand side converges to zero. The second term converges to zero again by
taking into account (3.41). Now we have proved the existence of solutions to the reqularized
problems (3.3)-(3.5).

3.1.2 Existence result for the original problem

Our aim is now to show the existence for the original problem (2.6)-(2.8) by showing the
convergence of ¢ — 0. To do this we need a priori estimates uniformly in the regularization
parameter £. Our starting point will again be the energy estimate.
We denote the solutions of the regularized problem by (u.,we,1.).

Lemma 4. (energy estimate) There exists an £y, see Remark 6, such that for all0 < € < g
the following estimate holds with constants C7, Cy independent of €:

50@%/|V¢S )| dx—i—//|¢5| dxdiH—//u6 ue )|V |*dzdt < Cf, (3.43)

T

/ / V. 2dzdt < Cs, (3.44)

0 Q
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Proof. 1. The function v, = f/(u.) + w. +¢. € L*(0,T; H'(Q)) is a valid testfunction in
(3.3). Therefore we obtain

(Opue, fl(ue) + we + e )d pe (ue)| Ve Pddt (3.45)
/ 7

for almost all ¢ € [0, 7). To prove this we define steklov averaged functions
t
uen(t, 7) = % / ue(r, 3)dr, (3.46)
t=h
where we set u.(t, ) = up(z) when ¢t < 0. From [18] it follows that u., converge strongly

to u. in L?(0,T; H'(2)). Because of (A2), (B3) and the continuity of f! it is easily proven
that

W, — W, strongly in  L%*(0,T; H(Q)), (3.47)
Pl — fl(u) stongly i L2075 H(Q)). '
We define g.p, := fI},(uen) + Wen, and vep, := gep, + Y. By Lemma 5 we have
Vo — Vb, strongly in  L*(0,T; L*(€)). (3.48)

Furthermore, we can show Ouu., — Owu. strongly in L*(0,T; H'(Q)*). For any ¢ €
L*(0,T; H()) we have

|<8tu€h—8tu€,g0)|:% /</ (O (7) — Byuc(£))dr, go> dt

We have
max [[ue(ue(t + )Vt + ) — e (ue () Ve (1) | 2@
< r}&ax [t (u=(t + 8)) = pe(ue (1)) Vet + )| r2Qr)

+C max 19 (t + 5) — g-(O) | 20,711 ()
+C max [[Vix(t +5) — Vi ()| 207220
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The first part of the right hand side tends as h — 0 pointwise to zero, because of the

Lipschitz continuity of u. +— p.(u.) and the convergence

_max |ue(t +5) = ue(t)|lL2(0r) = 0 as  h—0.

The second and the third part follow from (3.47) and (3.48). It follows that
Oputep, — Owu.  strongly in L*(0,T; H'(Q)%).

Using dyu.y, € L*(0,T; L*(Q)), we have for almost all ¢ € [0, T
¢ t

/<atu€h7 fé(ush) + Wep, + ¢€h>dt - //atu€h<fgl(ush) + Wep, + ¢€h)dwdt
Q

0 0

t
1 1
= 8t // (fs(ush) —+ éushwsh + 5‘V¢€h|2> dxdt
0 Q

t

—l—//wah\zd:vdt
0 0

2

= / (fa(uah(t)) + lwsh(t)weh(t) + %|wgh(t)|2) dxdt
Q

t
1 1
+/ <fs(uo)+éuowo+§|v”¢o!2) d:Udt—i—//Wsthxdt.
Q 0 0

Passing to the limit (h \, 0) in this equation, where we apply the convergence properties

of ug, proved above, and using Remark 6, (3.45) we obtain for almost all ¢

t t

1
/§|V1/)8h(t)|2+//|@Z)€h|2dmdt+//yg(u5)|Vv5|2dxdt
Q 0 Q 0 Q

1
< Fnpe(uo) + / §\Vwo|2dxdt < Cs.
)

The proof of (3.44) is similar to the proof in the discrete case (3.25).

O

We get further a priori estimates for d;u. and V). in a similar way to the discrete

case (3.37) and (3.38). Moreover we have

Lemma 5. There exists an €y, see Remark 6, such that for all 0 < ¢ < gg the following

estimate holds with a constant C, independent of €:

2
nax [|AYe][L20) < Cu.

(3.49)
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Proof. 1. We again make use of (3.46). We apply the admissible testfunction —Ay, €
L*(Q) in (3.4) and get

1d
V/th/mwshl dl“dtJr//ngth&?dtJr//@uehAwshd:cdt_o

0 Q 0

for almost all ¢ € [0, T].
2. We obtain by using —u.,/7v as a testfunction in (3.4)

//@V%h Vugpdzdt — —//@bghuahdxdt—i— / /|u5h| dxdt =0

for almost all ¢ € [0,7]. We find after standard calculations similar to the discrete case by
passing to the limit (h \,0)

W

T
8
max [ Ay (t)|72q) +—/|!V¢s\|%z(mdf :3|IA¢5(0)H%2(9>+;HUE(O)H%Q(Q)
0

0<t<T
2 r 2 r
C
5 [ Wbt + =2 [ 190 it
0 0

By (3.43) and (3.44) we obtain (3.49). Thus we have as ¢ — 0

)

Ue — weakly in L?(0,T; H'()),
ou. — Ou  weakly in L2(0,T; H'(Q)*),
(8 — weakly in L*0,7T;L*()), (3.50)
V. — Vi  weakly-star in L>(0,T; H}(Q)),
Voup. — Vb  weakly in L2(0,T; H'(2)*),

and by (A2) w. — w in L*(0,T; H'(Q)), so that as ¢ — 0 we may pass to the limit
n (3.3)-(3.5). The convergence of the linear terms in (3.3)-(3.5) are standard. We take a
closer look on the convergence of the nonlinear term

/T/ (w+ 1) = pe(ue) V(we + tc)) - Vo dadt

_f/’ — ()Y (w + ) - Vep dadt (3.51)

0

T
+//ue u)V [(w —w.) + (¢ — )] - Vo dadt.
0 Q
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Using the fact that for all z € R
u(z) = pe(z)l < sup |u(z)] — 0, as e—0,
1-22%21

it follows that p. — p uniformly and the first term on the right hand side tends to zero.
The convergence of the second term is a standard consequence of the compactness result

(3.50). O

Now we have shown that the problem (2.6), (2.7) and (3.5) has a solution. The next step
is to overcome the truncation in (3.5) and to show that that the solution to the truncated
problem is also a solution to thze original problem. The rest of the proof is formulated as

Proposition 1. Let (u,w, 1) be solution of the problem (2.6)-(2.8) then
0<u(t,z) <1, a.e inQr. (3.52)

Proof. Using in (2.6) the admissible testfunctions u® := min(u,0) and «® := min(1 — u, 0)
we get

T T
1
5/|u°(t)|2da:+//|Vu°|2dxdt+//u(u)V(w+w)-Vuoda:dt:O.
QO 0 Q 0 @

where o € {e,0}. Because of p(u)Vu® = 0 for o € {e, 0} the last term vanishes and we get

T
1 1
0= 5/\uo(t)|2dx+//|Vu°|2da:dt2 5/yu"(t)y?dgc,
Q 0 Q Q
that means u°(t,z) = 0 a.e. in Qrp, hence 1 > u(t,x) > 0 a.e. in Qr. O

Hence, by Proposition 1 we have u € L>*(Q7) and (A2) provides w € V*°(0,T).

3.2 Uniqueness

Let (u;,w;,1;), i € {1,2} be solutions to (2.6)-(2.8). We define u = uy — ug,w =
wy; — we and ¥ = P; — 1hy. Our aim is to derive a Gronwall type inequality for wu,w
and 1 to prove for the uniqueness. Now (u,w, ) fulfill

T T
/(ut,g}) dt + //VU - Vdzdt (3.53)
0 0 0

+

k“‘~>ﬂ

/(N(U1)V(w1 +1h1) — p(ug)V(ws + 1)) - Vipdadt = 0,%p € L*(0,T; H'(Q)),
Q

T T

(Vi V) dt + / / odrdt = / (s, @) dt, Vo € L2(0,T; H'(Q)), (3.54)
Q

0 0

v

oa“‘\;ﬂ o
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w = P(—2u) a.e. in Q. (3.55)

Testing (3.53) by v and ¢ and (3.54) by ¢ we find

t t
1
ety + [ 1Vl == [ [ tur) = w2 Vs + 1) - Vuda
0 0 Q

¢ ¢
—//u(uz)Vw-Vudx—//u(m)Vzﬁ-Vudxdt
0 O 0 Q
¢ ¢ ¢

=: /I5dt+/16dt+/[7dt.

0 0 0

and

t t
g
Ve ey + [ [laayde+ [ [ utun)| Vo Pz
0 0 Q

= —/t/(u(ul) — pluz))V(wi + 1) - Vip dz

—O/Q/Vu-dex—o/g/u(UQ)Vw-Vibdx

t

[8dt+/[9dt+/1'10dt.

0 0

o\“

We will estimate the I;,i € {1,...,6} separately. Because of the Lipschitz continuity of u
we get by using Holder’s inequality

|I5] < C’lg/|u] |Vwy| |Vul| dz + Cu/‘ﬂ’ V| |[Vul da
Q Q

< Oollull 2 VWil L) [ Vull 2y + Crallullzs) Vil sy VUl L2@),  (3.56)

where (5 is the Lipschitz constant. For the first term on the right hand side we get using
(A2) and (B3)

Crallull 2 [[Vwi||ze @) [[Vullz2@@) < Cusllullz2q) [|Vullz2q
< % 01361

< Sz + 51V Ul
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where we have used for the last operation Young’s inequality. The Gagliardo-Nirenberg
inequality for dim(2) = 3 and Sobolev embedding theorem give for the second term in
(3.56)

Cuallull ooy 1Vl ooy 1Vull2 < Cullull gy 1Vl @) IVl 55,

C’15 301562
< Sy

IVullZz @),

where we have used Young’s inequality for the last row. Finally we find

013 015 C’13 301562
1= (52 22 Bl + (G + 2522 ) Il

4eq

Young’s inequality and (3.55) together with (A2) and (B3) give

1
Is| < r3llullizq) + EHVUH%Q(Q)

1
[I7] < ||V¢||%2(Q) + @HVU“%?(Q)

Furthermore we get
51 < Cua [ ful [Vl [Vl da + Cu [ Jul (93] V] d
Q Q

< Crellull L2 Vw1 || oo (@) [ V|| 20y + Crellull s VU1l Lo IV 220

where Cg is the Lipschitz constant. For the first term we get by using (A2), (B3) and
Young’s inequality

Cir Cn
Crsllullal| Veor ]l o) VY ll20) < 5 lullzz )

= IVeIIZ2 )
The Gagliardo-Nirenberg inequality for dim(€2) = 3 and Sobolev embedding theorem give
for the second term

1 2 1/2
Chsllull ooy 1Vl IVl 20) < Chsllull 5 oy IVl ! 2o VY2

< Cis

018
< Pl ||L2

01863

IValliz@ + 5 IV L2

where we have applied Young’s inequality for the last estimates. Thus, we get

C C Cise C C
= (G 52 iy + 52Tl + (G4 G2 ) IVl (35)
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Using Holder’s inequality and (A2) and (B3) we get
2 1 2
[lo] <2([VY|l720) + gHVU”LZ(Q),

3 1
|T10] < EZHUH%Z(Q) + §||V¢||%2(Q)’

Finally we conclude

N | —

t t
1) ) + VO] + vlersavca) [ IVt + [ 101
0 0

t t t
1 s + / / ()| Vb2t < Croler, €2, €5) / il 2t + Conlen, €2, 5) / N
0 Q 0 0

where v(ey, €2, €3) := 1 — Ci361/2 — 3C1562/4 — Cigez/4 — 13/43. Choose €;,i = 1,2, 3, so
that v > 0 Gronwall’s Lemma gives the uniqueness.

4 Proof of Theorem 2

4.1 Existence

Unlike the proof of Theorem 1 we here will not only apply the regularization and truncation
(3.1) and (3.2), but also we will use a biharmonic regularization of the i-equation.

4.1.1 Regularized problems

For the system (2.9)-(2.11) we consider for (¢,0 > 0) the regularized system

T T
/ / wnpdndt + / / (Vi + 1V (w + ) - Vipdadt = 0, Vg € L2(0,T: H'(Q), (4.1)
0 Q 0 Q

T T T
5 O/ Q/ A Apdadt + O/ Q/ Vi - Vedt + 0/ Q/ podudt —
T
_ 0/ Q/ wédrdt Vo € L2(0,T: HA(S)), (4.2)

w = P(1—2ITu) a.e. in Q. (4.3)

where HZ(Q) := {¢ € H*(Q)| v-V¢ = 0on 00} a dense subset of H!(Q), so that the
choice of the testfunction space is consistent if we take J “\, 0.
By analogous arguments similar to the previous section we can prove following
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Lemma 6. (existence) There exists an €y, see Remark 6, such that for all 0 < e < gy and
for all 6 > 0 there exist

1) wuse € L*(0,T; H*(Q2)) 2) Qs € L*(0,T; L*(Q)),
3) ws. € L2(0,T; HX(2)) 4) tse € L*(0,T5 L2(),
5) Vs € L®(0,T; H*(Q)) 6) 0,;Vise € L*(0,T; L*(Q)),
which satisfy (4.1)-(4.3)
For Proof, see [9].

4.1.2 Existence result of the original problem

To get rid of the regularizations we need a priori estimates, which will be proven as the
next step.

Lemma 7. (energy estimate) There exists an gy, see Remark 6, such that for all0 < € < g
and for all 6 > 0 the following estimates hold with constants Csg, Csg independent of € and
0:

/ e oyt + 3 amivs [ (02 / el oo

+ / e (15.2) Vs o Pderdt < Ci,

Q

St~

and

T
/‘/‘VUSPd.ﬁIZ’dtSng, (45)
0 Q

where vs. = fl(us:) + Wse + Vse.

Proof. 'The proof is similar to the proof of Lemma 4. Because of sufficient regularity of
the function vs. € L*(0,T; H*(2)) we here don’t make use of steklov averaging.

Lemma 8. (A priori estimates) There exists an €q, see Remark 6, such that for all0 < e <
g9 and for all o > 0 the following estimate holds with positive constant Cyg, Cag, Cs1, Cs2, Cs3
independent of € and §:

T
a) Ofgta<XT||A77/}5a||Lz < Clyo b) 0f||AU5,s||%2(Q)dt < Cis,
T
f 10ruse )12yt < Cst d) [ |VOse|®dt < Csa,
0

e) max [VAY;.|72q) < Css,

0<t<T
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Proof. of a) Similar to the proof of Lemma 5 without steklov averaging.
Proof. of b) 1. Because of Lemma (6) —Au,. is an admissible testfunction in (4.1). Using
the chain rule we get after partial integration in (4.1)

V5. (6)] 200y Vit (O0) e / NP

T
0//,u Us e vu5e (’w6s+w5€)Au55d$dt (46)

T
//,us ués szs +w6€)Au6sdxdt
Q

2. Using Hélder’s inequality we get

s S/\|Vu5,sHL3(Q) IV (wse + Vo)l oy 1AUs el L2(0)dt

<C / Vs laoy s + sl oy 1805 2ot
where we have used the embedding H?(2) € H%(Q) in the last step. The Gagliardo-
Nirenberg inequality for dim(€2) = 3
1/2 1 2
Vsl < Coll Vtse g | Ause |1

gives
s < Ca [ Vs [y s+ el 180y
We obtain using (A2), (B3’) and a)
s < Ci / Vsl sl d
Young’s inequality together with (4.5) gives

1
]15 S 044 + Z/HAU&‘SH%dt
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3. For the second term in (4.6) we get

Is < / 1A (e + 5] 2acey / |Aus 220

< Cys + §\|AU6,EH%2(Q)

where we have used (A2), (B3’) and a).
Proof. of ¢) 1. Because of Lemma (6) dus. € L*(0,T; L*(€2)), thus an admissible testfuc-
tion in (4.1). Again using the chain rule we get after partial integration

/ 10015.e 1| 2@ dt+ | Vatse (D) | L2 () — IVt (0) 720

T
_ / / 1 (5. VsV (ws.e + 5. )Dyus odadt o
0

T
+//,ua(u&g)A(w(g,a+1/)5,€)8tu(;78dxdt
0 Q

5117 + ]18-

2. Using Holder’s inequality and again the embedding H?(Q2) C H'*(Q2), p € [1, 6], we get
L7 < / [Vusellra) IV(wse + ¥se)ll oy [10iusellr2o)dt
Cur / sl s + sl ay 10uisell ooyt
Assumption (A2), (B3’) and (4.6) gives

Ii7 < C48/HU6,8||H2(Q) Hatu@EHLQ(Q) dt.

Applying Young’s inequality together with b) we find that

1
L7 < Cy + 1 / ||8tu5,6||%2(ﬂ)dt
0
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3. Young’s inequality gives for the second right term of (4.7)

T

T
1
i < [ wse + Vst + 7 [ 10utseleqod
0

0

By (A2), (B3’) and a) we get

1
Iig < Cso + Z/”atu&s”%?(sz)dt
0

Proof. of d) 1. Testing (4.2) by the admissible testfunction 0;15. we find

T

o J

S A¢s(t) Hiz(m—gllﬁtﬁa,e(m IZ20) + 7/ IV 0tbs.e |72y Ot
0

. (4.8)

1 1
+ 55Oy — M5Ol = [ [ Bus.Buts.doct

0 Q

2. Using Young’s inequality together with Poincaré inequality for the right hand side of
(4.8) we get

o d
1A Ol — 51805 (0) 20y / 190052 1320

1 1
+ 5502y — 5 19-(0) ooy < / 10 3 0y

Using ¢) we get d)
Proof. of €) 1. To prove this we use again the steklov averaging technique (3.46). We use
the admissible testfunction —A2s., in (4.2) and get after partial integration:

t
7
5/||A2¢6,ah||2L2(g)dt+ §||VA¢6,ah(t)||2L2(Q) Jr/||A¢6,ah||2L2(Q)al75
0

t

I//atu5,shA2¢5,shd$dt+%HVA%,eh(O)H%%Q)v

0 Q

for almost all ¢ € [0, 7.
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2. We obtain applying the testfunction Awug.p/7v in (4.2)

t t t
) 1
—//A22/)5’5hAU5’€hdIdt—//Aaﬂﬂ(;,ghAu(g,shdxdt—l-—//w575hAU57Ehd$dt
7 0 Q 0 Q 7 0 Q

t

= / / OpusenAusepdrdt,
Q

0

(4.10)

for almost all ¢ € [0, T7.
3. Because of the steklov averaging A20,1s., € L?(0,T; L?(2)) and by partial integration
we get for (4.10)

t t t
) 1
5 / / A5 enAus epdadt — / / A28t¢5,5hu6,shdxdt+§ / / Vsen - Vusepdaodt
0 O 0 QO 0 O

t
://@u(;’ghAu(gvahdmdt,
0 Q

for almost all ¢ € [0,7]. Using the formula for partial integration in time

(4.11)

t
/N%M@mawm—/Nwﬂwmamm://A%meMMt
Q 0 Q

Q
t

+//A%M@WMMM
Q

0

for almost all ¢t € 0,77, we find

t t
v 1
5/ [A% 501172 At + §HVAw5,€h(t)”%2(Q) + / [ AYs e |72 dt + ;HVU&EhG)H%Q(Q)
0 0

1
—+ 21V AU Ol + Vs Oy ~ [ VAUsa(0) - Tusealtda (4.12)
Q

t t
) 1
+/VA¢5,eh(0)'Vua,eh(o)dif— ;//Azwé,ahAué,ahdxdt‘{';//vwé,ah'vu&ehdxdta
0 0 O 0 0
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for almost all ¢ € [0,7]. Using Young’s inequality in the form
5 ¢ ¢ 5 ¢
;//AQ%,ahAUa,ahCMdt < 5/||A2¢5,ah|’%2(9)dt+?/“A“&&hni%mdt’
0 0 0 0

1
[ V8salt) - Tusatide < TNV A1) ey + I Tusa®) e
Q

t t t
1 1 1
;//vwé,ah'vu67ahd$dt < %/Hvdjé,ah”%%m +%/Hvu6,ah”%2(ﬂ)y
0 Q 0 0

for almost all ¢ € [0, 7], we get from (4.12)

t
4 1
IV A5 en 120y + S / 1A 5.enll72 0y At =3IV Ao en(0) | 220 + ;IIVw,ah(O)Ilizm)
0

t
40
5 [ NAusalf o
0

t t
2 2
+?/”V¢6,ah”%2(9)dt+?/Hvu&ahH%Q(Q
0 0

for almost all ¢ € [0, 7). Passing to the limit (h \, 0) we obtain

t
4 1
IV ADs 7200 + 5 / A5 |72y dt =3IV A5 (0)[|72(0) + ¥||VU5,E(O)||%2(Q)
0

t
40
g TR
0

! t
2 2
* ? / ||V¢6’6||%2(Q)dt + ? / HVU&EH%Q(Q)d
0 0

for almost all ¢ € [0,7]. The estimates (4.4), (4.5) and a) give e).

Remark 8. Because of Lemma & we have

2
Jax, Vsl < Css.

and by the Sobolev embedding Theorem for dim(£2) = 3 we get

iy < Css.
ax Vsl oo () < Css

31

Jdt,

(4.13)
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By Lemma 8 We have as 6,6 — 0

Us e — u weakly in L*0,T; H*()),

Owuse  — O weakly in L*0,T; L*Q)),

Vs, — weakly in L2(0,T; L*(9)), (4.14)
Vs —> Vi weakly-star in L®(0,T; H*()),

Vous. — Vb,  weakly in LZ(O,T,LQ( ))s

and by (A2) ws. — w in L*(0,T; H*(Q2)), so that as 6,6 — 0 we may pass to the limit
n (4.1)-(4.3). The convergence of the linear terms in (4.1)-(4.3) are standard. We take a
closer look on the convergence of the nonlinear term. First we prove as § — 0 the passage
to the limit of the nonlinear term

//(NE(UE)V(U)E +1be) — pe(use)V(wse +5e)) - Vo dadt
= [ [ et - petes ) e + ) - Voo

T
+ pe(us )V [(we — wse) + (Ve — s.e)] - Vo dadt.
/]

We follow the same argument as in (3.42) and skip here the details of the proof. Now we
are able to prove the passage to the limit as ¢ — 0

//(Me(ue)v(ws + we) - Na(u&s)v(wé,s + ¢6,6>> : VQO dxdt
! T
// Me ue — He uéz—:))V(we =+ 1/’5) -V drdt
0 Q
T

+ pe(Use)V [(we — wse) + (Ve — Ys)] - Vo dadt.
ff

Here we use arguments as in (3.51) to justify this passage. Furthermore we get by Propo-
sition 1 that u € L>®(Qr) and from (A2) we end up with w € V**°(0,T). We also skip
here the proof of the uniqueness, which is similar to the corresponding proof in Chapter 3.

5 Proof of Theorem 3

In this chapter we will prove a separation result for u in Theorem 2. For this we will use
the Moser iteration technique in the form of Alikakos [1] to establish the separation result.
The key point is a proper choice of testfunctions.
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Proof. We use here ideas close to [1] and [10]|. Denote by
z:=f(u) =v—(w+).

We introduce 1
7)== ()
and have
N — ] ) = XP(=2) 1
0'(z) = u(l —u) = L+exp(—2))2  f"(u)’
o"(2) = (exp(—=z) — 1) exp(—2)
(1+exp(—2))*

Becauce of (A2), (B3’) we have

o'(z) <0 ifz>0 (5.1)
o'(z) >0 ifz2<0 5.2)
Using (5.1) and testing (2.9) with (see [10])
zik_l
Y = O_,(Z)7 k Z ]-7 s :maX(OV‘Z)?
and taking into account
ok _ 1 ZkV "
Vo = ( 0)/Z+ © %szi =— {(2’“ —1)23 7°Vz a”gov,z} :
00(2) ok _1 1 d ok
ot LT TR gr
we get
1 d 2k k 2k 2 7
ST zi dx + Vo-{(2" = 1)zy “Vz—0"¢Vz}dr = 0. (5.3)
{z>0} {z>0}

We expand the integrand of the second integral in the form
S=[Vz+V(w+v)|- {(Qk — 1)V — a”gOVz}
—(2F — 1)zik_2 {IV2P+V(w+1) - Vz} —o"(2)e {|Vz]" + V(w+ ) - Vz}.
Because of (5.1) we can estimate using Young’s inequality

5 22 = )2 {IV3P - S0V + DP + T3

~ 0" {193 = SV + 9P + 1195 ).



5 PROOF OF THEOREM 3 34

We find with the choise k = 1/2

1
2
AV (w+ )

1
S 25(2’f — 1)V —

1 O_//(Z)
4 0'(z)

(25 = )22 2|V (w + )

Because of

we obtain

1 _ 1 _
§ 252"~ D) Ve = S (2~ DA V(w4 ¢)

1 o
—;lzi "V (w+ )%

Because of assumption (A2), (B3’) and (4.13) we obtain

S >

C C
(2% — 1)zik_2|Vz|2 _ T54(21<; —1) 2b—2 54 k-1

Z+ 4+

N | —

Taking into account

AV (2P

k_
2LV = (k2

we finally get from the identity (5.3)

1d 2(2F — 1 —1
zikdx < - (—)/]V(zik )|*dx

2k dt (2F)2
Q Q
4
s (5.4)

e /{2(2k — 1)zik_2 + zik_l}dx.
Q

For k = 1 we obtain from (5.4), the embedding L? C L' and by integration with respect
tot

t
1 1 1
§/z+(t)2dx+§/wz+(t)\2dxg §/z+(0)2dx+% 2|Qtl+//zidx
0 0 0 0

Q

Recalling that 2z, (0) = max(0, f'(ug)) € L>*(2) we conclude from Gronwall’s Lemma

|24l oo 0,02y < K,
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where K is a positive constant, which depends on T'. Consequently we find
241l oo o,meny < K. (5.5)

Applying now the Thorem 3.1 in [1| we obtain the L> estimate for z,. Analogously, from
(5.2) we get an L™ estimate for z_ by using the testfunction

z_ = —min(0, 2).

Acknowledgment. The author wishes to thank Herbert Gajewski for many fruiteful
discussions.
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