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Abstract

We prove existence of weak solutions for a diffuse interface model for the flow of two
viscous incompressible Newtonian fluids in a bounded domain in two and three space dimen-
sions. In contrast to previous works, we study a new model recently developed by Abels,
Garcke, and Griin for fluids with different densities, which leads to a solenoidal velocity field.
The model is given by a non-homogeneous Navier-Stokes system with a modified convective
term coupled to a Cahn-Hilliard system. The density of the mixture depends on an order
parameter.
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1 Introduction

A fundamental problem in fluid dynamics involves changes in topology of interfaces between
immiscible or partially miscible fluids. Topological transitions such as pinch off and reconnection
of fluid interfaces are important features of many systems and strongly affect the flow. Classical
models based on sharp interface approaches typically fail to describe these phenomena. In
recent years, diffuse interface models turned out to be a promising approach to describe such
phenomena. In this approach, an order parameter is introduced which allows for a mixing in an
interfacial zone. Therefore the sharp interface is replaced by a thin interfacial layer in which the
order parameter, which can be a concentration, rapidly changes its value. Often these diffuse
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interface models (also called phase field models) allow for local entropy or free energy inequalities
and in such situations they can be called thermodynamically consistent. It can be justified in
some cases that sharp interface models are recovered in the limit when the interfacial thickness
goes to zero. We refer to Lowengrub and Truskinovsky [LT98], Abels, Garcke and Griin [AGG11]
for a result using formally matched asymptotic expansions and Abels and Roger [AR09] for a
first analytic result. The diffuse interface approach is hence an attractive approach to model
and to numerically simulate fluid interfaces.

In the literature, diffuse interface models are well established for two-phase flows of lig-
uids with identical (“matched”) densities, see Hohenberg and Halperin or Gurtin et al. [HH77,
GPV96]. In contrast, when the densities are different, several approaches have been discussed in
the literature. Lowengrub and Truskinovsky [LT98] derived quasi-incompressible models, where
the corresponding velocity field is not divergence free. On the other hand, Ding et al. [DSS07]
proposed a model with solenoidal fluid velocities which is not known to be thermodynamically
consistent. Only recently Abels, Garcke and Griin, see [AGG11] derived a thermodynamically
consistent diffuse interface model for two phase flow with different densities. It is the goal of
this paper to show existence of weak solutions for this new model.

More precisely, we consider the following system of Navier-Stokes/Cahn-Hilliard type:

A (pv) + div(v @ (pv + J)) — div(2n(p)Dv) + Vp = — div(a(p) Ve ® V) in Q,

divv =0 in Q,
dp+v - Ve =div(m(p)Vu) in Q,

v AL .
p=V(p)+d(p) div (a(p)Ve) in Q,

where J = —@m(g@)v,u, Q =2 x(0,00), and Q C R, d = 2,3, is a sufficiently smooth
bounded domain. We close the system with the boundary and initial conditions

vign =0 on 09 x (0, 00),
Inploa = Onptlog =0 on 99 x (0, 00),
(v, #) =0 = (vo,p0) ~ in,

where 9,, = n -V and n denotes the exterior norm at 9. Here v and p = p(p) are the (mean)
velocity and the density of the mixture of the two fluids, p is the pressure, ¢ is an order parameter
related to the concentrations of the two fluids, and p is the chemical potential associated to ¢.
Moreover, Dv = (Vv + VvT), n(p) > 0 is a viscosity coefficient, and m(yp) > 0 is a (non-
degenerate) mobility coefficient. Furthermore, W(y) is the homogeneous free energy density for
the mixture and the (total) free energy of the system is given by

/Q (CM)'V;P + W(w)) dz,

for some positive coefficient a(yp).
An important aspect of our contribution is that we consider a class of singular free energies,
which includes the homogeneous free energy of the so-called regular solution models used by



Cahn and Hilliard [CH58]:

U(e) = (1t o+ o)+ (11— )~ 2 pe1 (1.1)

2 2
where 0 < 0 < 6.. Mathematically, these singular free energies ensure that the order parameter
stays in the physically reasonable interval, which is [—1,1] if ¢ is the difference of volume
fractions of both fluids. But this leads to singular terms in the equation for the chemical
potential. In order to deal with these terms we apply techniques, which were developed in Abels
and Wilke [AWO07] and applied in Abels [Abe09b] to the model for matched densities.

In the case of matched densities, i.e., p1 = p2, J = 0, the model reduces to the well-known
model of matched densities discussed in Hohenberg and Halperin [HH77]. In this case existence of
weak solutions and well-posedness were obtained by Starovoitov [Sta97], Boyer [Boy99], Liu and
Shen [LS03], and Abels [Abe09b]. Moreover, Boyer [Boy01] considered a diffuse interface model
for fluids with non-matched densities, which is different from our model. He proved existence
of strong solutions, locally in time, and existence of global weak solutions if the densities of the
fluids are sufficiently close. First analytic results for the model by Lowengrub and Truskinovsky
were obtained in [Abe09a, Abell]. For more information on diffuse interface models for two
phase flows of incompressible fluids we refer to Abels, Garcke and Griin [AGG11].

The structure of the article is as follows: In Section 2 we summarize some notation and
preliminary results. Then, in Section 3, we reformulate our system suitably, define weak solutions
and state our main result on existence of weak solutions. In Section 4 we approximate our
system with the aid of an implicit time discretization and prove existence of solutions for the
latter system with the help of the Leray-Schauder principle. Afterwards we pass to the limit in
Section 5 and prove our main result on existence for the Cahn-Hilliard/Navier-Stokes system.
Here in particular the compactness of the velocity and the attainment of the initial data for
the velocity are non-standard. Finally, in the appendix we discuss the corresponding results on
existence of weak solutions for a similar model, which was derived in Abels, Garcke and Griin

[AGG10] before.

2 Preliminaries
We denote a @ b = (aibj)gjzl for a,b € R? and Agym = 3(A+ AT) for a matrix A € R> If X
is a Banach space and X' is its dual, then

<fvg>E<fvg>X’,X:f(g)7 fGX/,QEX,

denotes the duality product. We write X << Y if X is compactly embedded into Y. Moreover,
if H is a Hilbert space, (-,-)g denotes its inner product. Moreover, we use the abbreviation

(o) = ()2

Function spaces: If M C R? is measurable, L9 (M), 1 < g < oo denotes the usual Lebesgue-
space and ||.||; its norm. Moreover, LY(M;X) denotes the set of all strongly measurable g-
integrable functions/essentially bounded functions, where X is a Banach space. If M = (a,b),
we write for simplicity L%(a,b; X) and L4(a,b). Furthermore, f € LI ([0,00); X) if and only if

loc



f € LY0,T; X) for every T > 0. Moreover, LY, (]0,00); X) denotes the uniformly local variant

uloc

of L9(0, 00; X) consisting of all strongly measurable f: [0,00) — X such that

£l

uloc

x) =sup |fllr 1.x) < 00.
([0,00);X) o (al a(t,t+1;X)

If T < oo, weset LT ([0,T); X) := L0, T; X).

uloc

Recall that, if X is a Banach space with the Radon-Nikodym property, then
LIY(M;X) = L (M; X") for every 1 < ¢ < o0

by means of the duality product (f,g) = [,,(f(x),9(z))x xdz for f € LY (M;X"), g €
LY (M; X). If X is reflexive or X' is separable, then X has the Radon-Nikodym property,
cf. Diestel and Uhl [DU77].

Moreover, we recall the Lemma of Aubin-Lions: If Xy << X; < X5 are Banach spaces,
1<p<oo,1<g<oo,and I C R is a bounded interval, then

{v € LP(I; Xy) : % € Lq(I;XQ)} e LP(I; X7). (2.1)

See J.-L. Lions [Lio69] for the case ¢ > 1 and Simon [Sim87] or Roubi¢ek [Rou90] for ¢ = 1.

Let Q € R? be a domain. Then W (), m € Ny, 1 < g < oo, denotes the usual L-Sobolev
space, W5(Q) the closure of CG°(€2) in W*(2), W, ™(Q) = (W7 (), and W () =
(W7 ()" The L?-Bessel potential spaces are denoted by H*(Q2), s € R, which are defined by
restriction of distributions in H*(R%) to , cf. Triebel [Tri78, Section 4.2.1]. We note that, if
Q c R is a bounded domain with C%!-boundary, then there is an extension operator Fq which
is a bounded linear operator Eq: W"(£2) — W;,”(]Rd), 1<p<ooforalmeNand Eqflqg=f
for all f € W;(2), cf. Stein [St70, Chapter VI, Section 3.2]. This extension operator extends
to Eq: H*(Q) — H*(R?), which shows that H*(Q) is a retract of H*(R?). Therefore all results
on interpolation spaces of H*(R?) carry over to H*(1Q).

Given f € L'(Q2), we denote by fq = ﬁ Jo f(x) dx its mean value. Moreover, for m € R we
set

q
Lim)

Then for f € L?(2) we observe that

(Q) :={f € LYQ) : fo =m}, 1<g¢<oo.

1
Pf =1 -fo=1- o [ 1@)ds
€2 Ja
is the orthogonal projection onto L%O)(Q). Furthermore, we define
H{yy = Hp)(Q) = H'(Q) N L) (%), (c, d)H(lo)(Q) = (Ve, Vd) r2(q)-

Then H (10)(9) is a Hilbert space due to Poincaré’s inequality.

Spaces of solenoidal vector-fields: For a bounded domain Q2 C R? we denote by 55 () in
the following the space of all divergence free vector fields in C5°(92)¢ and L2() is its closure in



the L2-norm. The corresponding Helmholtz projection is denoted by P,, cf. e.g. Sohr [Soh01].
We note that P,f = f — Vp, where p € W} (Q) N L%O)(Q) is the solution of the weak Neumann
problem

(Vp,Vo)a = (f,Ve) forall p € C(Q). (2.2)

Spaces of continuous vector-fields: In the following let I = [0,7] with 0 < T < oo
or let I = [0,00) if T = oo and let X be a Banach space. Then BC(I;X) is the Ba-
nach space of all bounded and continuous f: I — X equipped with the supremum norm and
BUC(I; X) is the subspace of all bounded and uniformly continuous functions. Moreover,
we define BC,,(I; X) as the topological vector space of all bounded and weakly continuous
functions f: I — X. By C§°(0,7;X) we denote the vector space of all smooth functions
f:(0,7) — X with supp f CC (0,7). Finally, f € WI}(O,T; X), 1 < p < oo, if and only
if f, 2—’; € LP(0,T; X), where ’;—{ denotes the vector-valued distributional derivative of f. Fur-
thermore, W;uloc([o, o0); X) is defined by replacing LP(0,T; X) by L%, ([0,00); X) and we set

uloc
HY0,T;X) =W3(0,T;X) and HY__([0,00); X) := W21,uloc([0’ 00); X). Finally, we note:

Lemma 2.1. Let X,Y be two Banach spaces such that Y — X and X' < Y’ densely. Then
L>*(;Y)NBUC(I; X) — BCy(1;Y).
For a proof, see e.g. Abels [Abe09a].

Embedding results for interpolation couples: Let (X, X;) be a compatible couple of
Banach spaces, i.e., there is a Hausdorff topological vector space Z such that Xg, X1 — Z,
cf. Bergh and Lofstrom [BL76], and let (.,.)i and (.,.)s,r, € € [0,1],1 < 7 < oo, denote the
complex and real interpolation functor, respectively. If in addition X; < X densely, then for
all1 <p< oo

W, (0,T; Xo) N LP(0,T; X1) — BUC(I; (Xo, X1)1-1,) (2.3)

continuously, cf. Amann [Ama95, Chapter III, Theorem 4.10.2]. From this one immediately

gets
Wg},uloc([ov T); XO) nL;

uloc

([0,7);X1) = BUC(I: (X0, X1)y_1,) - (2.4)

A result related to energy inequalities: The following lemma will be useful for passing to
the limit in energy inequalities.

Lemma 2.2. Let E: [0,T) — [0,00), 0 < T < 00, be a lower semi-continuous function and let
D: (0,T) — [0,00) be an integrable function. Then

T T
PO+ [ BO 0> [ Dol i (25)
holds for all p € Wi (0,T) with o(T) =0 and ¢ > 0 if and only if
E(t) + /t D(r)dr < E(s) (2.6)

holds for all s <t <T and almost all 0 < s < T including s = 0.

For a proof, we refer to Abels [Abe09a].



3 Existence of weak solutions

In this section we prove an existence result for weak solutions of the following Navier-Stokes/
Cahn-Hilliard system for a situation with different densities. The complete system is given by

A, (pv) + div(pv ® v) — div(2n(p)Dv) + Vp + div(v @ J)

= —div(a(p)Ve @ Vo) in Q, (3.1)
divv=0 in Q,
Op+ v - Vo =div(m(e)Vpu) in Q, (3.3)
p= () + ()0 v ) V) nQ (4)
V|8Q =0 on S, (3.5)
Inploa = Onpilog =0 on S, (3.6)
(v, @) [e=0 = (vo, ¥0) in Q, (3.7)
where J = —'%;ﬁlm(@)v;t. To simplify the presentation we set & = ¢ = 1, but the result

will also be true for general 6, € > 0. In the above formulation and in the following, we use
the abbreviations for space-time cylinders Qs = Q X (s,1), Qr = Q) and Q = Q(0,00)
and analogously for the boundary Sy, = 9 x (s,t), St = Sgs) and S = S(g ). Equation
(3.5) is the no-slip boundary condition for viscous fluids, n is the exterior unit normal on 0%,
Onttlon = 0 means that there is no mass flux of the components through the boundary, and
Onelan = 0 describes a contact angle of 7/2 of the diffused interface and the boundary of the
domain.
We reformulate the first line suitably. To this end, we first calculate

2
—div(a(¢)Ve @ Vo) = —div(a(p)Ve)Ve — a(p)V (V;o! ) :

Multiplying (3.4) with Ve using ¥'(¢)Ve = V (¥(p)) and d/(¢)Ve = V (a(p)) then leads to
the following identity

2
—div(a(e)Ve)Ve = uVe — V(¥ (p)) — V (a(p)) ’V;0| ’

which gives

2
~div(a(¢) Ve & V) = uVp — V(¥(g) — V (a«o) Ald ) |

With a new pressure g = p + ¥(¢) + a(@)% we replace (3.1) by

9, (pv) + div(pv ® v) — div(2n(0)Dv) + Vg + div(v ® J) = uVe . (3.17)



3.1 Assumptions and definition of weak solutions

In the following we summarize the assumptions needed to formulate the notion of a weak solution
of (3.1)-(3.7) and an existence result.

Assumption 3.1. We assume that Q C R%, d = 2,3, is a bounded domain with smooth boundary
and additionally we impose the following conditions.

(1) The constitutive relation between density and phase field is given by p(p) = %(51 + p2) +
3(P2 — p1)y as derived in Abels, Garcke and Grin [AGG11], where p; > 0 are the specific
constant mass densities of the unmized fluids and ¢ is the difference of the volume fractions
of the fluids.

(ii) We assume a,m € CL(R), n € C°(R) and 0 < mgy < a(s),m(s),n(s) < K for given
constants mg, K > 0.

(iii) For the homogeneous free energy density ¥ we assume that ¥ € C([—1,1]) N C?((—1,1))
such that

lim ¥'(s) = —co, lim¥'(s) =00, U"(s)>—k for somer €R. (3.8)

s——1 s—1

(iv) Additionally we impose the condition that limg_, 1 % = +00.

Remark 3.2. (i) An example for U is given by

U(s)==(1+s) In1+s)+(1—s)In(l—1s))— 332, s e [-1,1], (3.9)

N

where a,b > 0. We note that ¥ is convex if and only if a > b.

(ii) The Assumption 3.1 (iv) is needed to reformulate the model to apply results from the theory
of subdifferentials.

(7i1) As the solution ¢ will lie in the interval [—1,1], we only need the functions a,m,n on
this interval. We then extend the functions a,m,n to the whole of R such that (ii) in
Assumption 8.1 is fulfilled.

Now we can define a weak solution of problem (3.1)-(3.7).

Definition 3.3. Let T € (0,00] and set either I = [0,00) if T = o0 or I = [0,T] if T < o0,
vo € L2(Q) and po € HY(Q) with |¢o| < 1 almost everywhere in . If in addition Assumption
3.1 holds we call the triple (v, e, u) with the properties

v € BO,(I; L3(Q)) N L*(0,T; Hy ()7)
¢ € BCy(I; H' () N Ly, (I HA(Q), W(p) € L2y, (1; L1 (9)),

uloc uloc

(
peL?, (I; HY(Q)) with Ve L*(0,T;L*(Q))

uloc



a weak solution of (3.1)-(3.7), if the following conditions are satisfied.

(0, 0) g, + (div(pv @ V), $)g, + (20(2) DV, D), — ((v 2 T), Vb

Qr
= (uWVe,¥)g, (3.10)
Jor all ¥ € [C3°(Q x (0,T))]* with divep =0,
— (o, 3t€)QT +(v- Ve, C)QT = —(m(p)V, VC)QT (3.11)

for all ¢ € C5°((0,T); CH(Q)),
[Vel*

w="(p)+d(p) 5 div (a(¢)Ve) almost everywhere in Qr and (3.12)
(Vs @)1= = (Vo, 0) - (3.13)
Moreover,
Bule@.vO) + [ 20()[DvPdar)+ [ mlo)VaPd(e.7)
Q(st) Q1)
< Eiot((s), v(s)) (3.14)

for allt € [s,00) and almost all s € [0,00) has to hold (including s = 0). The total energy Eyoy
is the sum of the kinetic and the free energy, see (3.16).

3.2 Existence theorem

Our main result of this work is the following existence theorem for weak solutions.

Theorem 3.4. Let Assumption 3.1 hold, vo € L2(Q), ¢o € HY(Q) with |po] < 1 almost
everywhere and §, po dx € (—=1,1). Then there exists a weak solution (v, ¢, ) of (3.1)-(3.7) in
the sense of Definition 3.3.

In order to prove the theorem, we reformulate line (3.12) to an equivalent equation. Therefore
we introduce the function A(s) := [ \/a(7)dr for s > 0. Then A'(s) = y/a(s) and

V|2
2

—Va(p) AA(p) = d'(¢)

resulting from a straightforward calculation.
With this notation (3.12) reduces to

—div (a(p) Vo)

1= () — v/a(p) AA(p). (3.15)

We also rewrite the free energy with the help of A to

Efree(p) = /Q (‘11(90) + W) dz .



The kinetic energy is given by Fyi, (¢, v fQ P ® dr and the total energy as the sum of the
kinetic and free energy

2 2
Bu(0) = Biin(.0) + B = [ pl-aot [ (w4 T4 e a9

The next step is to rewrite (3.15) with the help of a subdifferential. To this end, we set [a, b] :=
A([—1,1]) and define a reparametrized potential ¥ through

U:R-R, Ur):= { V(AT () if v elab), (3.17)

+00 else.

This ¥ fulfills analogous assumptions as ¥, that is ¥ € C°([a, b]) N C2((a, b)) and

lim U(r) = —00, limU¥(r) =+oo, U'(r)>—F forall r € (a,b) (3.18)
r—a r—b
for some k € R. Here Assumption 3.1 (w) is needed. We define \Ilo(r) = U(r ) + 512 to get a

convex function Wy. In particular it holds ¥/(r) = \116( )—Fr and W/ (A(s)) = Ui (A(s)) —RA(s)
for s € [—1,1]. Furthermore we observe W(A(s)) = ¥(s) for s € [—1,1] and therefore ¥'(s) =

U'(A(s)) - /a(s), in particular (a(s))_% LW (s) = U'(A(s)).
This notation leads to a reformulation of (3.15) to

(a()) "2 p+ RA(p) = Th(A(9)) — AA(). (3.19)

Now we use a result from Abels and Wilke [AW07] for the energy E: L*(Q) — R with domain
domE ={u € H(Q)|a <u<b ae.} given by

= { 5 Jo IVul? dz + [, Uo(u)dzr for u e domFE,

B(u) = +o0 else. (3:20)

From Theorem 3.12.8 in [Abe07], which is a variant of Theorem 4.3 in [AWO07], the domain of
definition of the subgradient OF is given by
D(AE) = {u € H*(Q) | ¥y(u) € L*(Q), Ug(uw)|Vul* € LY(Q), dyulaq = 0}

and for u € D(AE) it holds that E(u) = —Au + W)(u). Furthermore there holds the estimate
Julle + 1= + [ B Tulo) ds < C (I0BIE + = +1) . (321

Analogously we define the energy E : L?(Q) — R with domain domE = {p € H}(Q) | —1 <
¢ <1 a.e.} given by

2
E(p) = { 3 Jo IVl dx + [ Wo(p)dr for uwedomE,

+00 else. (322)



Here it holds that D(OE) = {¢ € H?(Q) | ¥ (p) € L2(Q), Vi (0)|Ve|? € L1(Q), Onplon = 0}.

One can show that that A(y) € D(OF) if and only if ¢ € D(JF) and therefore we get for
u = A(p) with ¢ € D(OF) the identity

OB(A(p)) = —AA(p) + Ti(A(p)) - (3.23)
This leads finally to the reformulation of (3.12) as
1 ~ ~
(a(p)) "2 p+FA(p) = OE(A()) - (3.24)
The fact that the right hand side equals the subgradient of E at the point A(p) will be of

importance in the following analysis.
With the above notation we can rewrite the free energy as

2 ~ 2
Efree(@):/gij((»p)dx‘i‘/gwgpﬂd$:/Q\I/(A(<,0))dx+/Qm42(SO)‘dx

; VAP, [ F
|t de+ [ FEEar— [ LAt
E(

( 2
R 2
Alp)) = S I1A@)I[72 -
We summarize the reformulation of problem (3.1)-(3.7):

A (pv) + div(pv @ v) — div(2n(¢)Dv) + Vg + div(v ® J) = uVe in Q, (3.25)
divv =20 in @, (3.26)

O+ v - Vo =div(m(e)Vu) in @, (3.27)
(a(¢9) ™2 i+ FA(p) = Ty(A(p)) — AA(p) in Q, (3.28)
vloa =0 on S, (3.29)

Inploa = Onplog =0 on S, (3.30)
(v, 9) lt=0 = (Vo, ¥o) in Q, (3.31)

where J = —h;Q’hm(go)V,u.

4 Implicit time discretization

4.1 Definition of the time-discrete problem

In order to prove Theorem 3.4, we use an implicit time discretization. To this end, let h = % for
N e Nand vy € Lg(Q), Yr € Hl(Q) with \I//((pk) € L2(Q) and pp = %(ﬁl + ﬁg) + %(,52 — ﬁl)gok
be given. We construct (v, ¢, 1) = (Vigt1, Pk+1, tk+1) as solution of the following non-linear
system, where

J=Jp = —ﬁQEﬁlm(%)VﬂkH = _ﬁzgﬁlm(%)v“'

10



Find (v, ¢, 1) with v € H}(Q)4N L2(Q), ¢ € D(OFE) and p € H2(Q) = {u € H3(Q) | Onulyy =
0 on 990}, such that

<pv—pkvk’ ¢> + (div(prv @ V), ) + (2n(vr)Dv, DY), + (div(v ©J), Ilp)ﬂ
0

h
= (uVer, %o 1)
for all ¢ € CG%,(Q),
? _hgpk + v - Vo = div (m(er) V) almost everywhere in © and (4.2)
P — Pk ~ Alp) + Aler) G/ .
— =+ rk—————"=—-AA(p) + Yy(A(p)) almost everywhere in 2. (4.3

Remark 4.1. (i) Multiplying identity (4.2) with —52551 leads to

P = Pk
h

—V-Vpk:divj,

where we used the definition ofj = ij and the linear dependence p(p) = %(,51 + p2) +
(P2 — ). Using div(v® J) = (divJ)v + (J . V> v leads to an equivalent version of
(4.1) given by

(P"—hpkvk, w) . + (div(prv @ V), ) + (2n(px) DV, D)

Y PP v 3. _
+ <<d1v.] . A% Vpk> 2,¢>Q + ((J V) v,'t,b)Q (uV R, ¥)q (4.4)
for all ¢ € Cng(Q). We will use this equivalent version in the following especially in the

a-priori estimate for solutions of the time-discrete problem.

(ii) Integrating equation (4.2) with respect to the spatial variable, using div v .= 0 and the
boundary conditions, we obtain [, pdx = [, @i dx, which means that [, o dz = [, ¢o dx
15 constant.

Lemma 4.2. Assume that ¢ € D(OE) and p € H'(Q) solve (4.3) with given oy, € H2(Q) with
ok| <1 in Q such that

@/cpd:czsln/gokdxe(—l,l).
Q Q

Then there is a constant C = C( [ @) > 0, such that

< C(IVullz + IVelz: + IVerlze + 1) and

TR ‘ /Q L da

”8E(A((P))HL2(Q) < C (lullpz@ +1) -
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Proof. First we note that F(p,pi) := 14(‘/2:72]5‘»01@) fulfills 0 < ¢ < F(¢,¢x) < C for some ¢, C
independent of k£ due to

Alp) ~ Algr) _
Y — Pk

1 1
/ Arp+ (1 —7)pp) dr = / Valre + (1 "pw) dr
0 0

and 0 < mg < a, a € CYR) and p(x) € [~1,1] almost everywhere. Testing (4.3) with ¢ =
F(p, 1) (¢ — @), where § = ﬁ Jq ¢ dz is the mean value of ¢ we get

/u(w—w)darJr/%WF(%M)W—@M
Q Q

- /Q CAA(Q) (g, o0) (o — 7) da + /Q (A(0)) P, 00) (0 — 7). (4.5)

With po = pu — i we observe that [, (¢ — @) dx = [, pow dz. Furthermore, due to
7 (A= Ate0)
Y — Pk
1
= / (a_%(ﬂp + (1 =7)pr)d (te+ (1 —71)pr) (Ve + (1 — T)V(pk)> dr, (4.6)
0

the boundedness of a > my > 0 and a' on [—1,1] and (7 + (1 — 7)pk) € [—1,1], we get

’v (W}' < C (V| + Vi)

which leads to

—a@)Ve
<C [ Voo +C [ [90l(Vel + Virl) da

<C(IVel3z + IVerlz2) -

/Q “AA(p) - Flor o) — @) da

To estimate the last integral in (4.5) we calculate at first @6(14((,0)) = Ui(p) + RA(p) — ke
and use the fact that ¥ € (—1+¢,1 — ¢) for some € > 0. In addition with the assumption
lim,, 41 ¥) () = F00 one can then show the inequality ¥ () (¢ —P) > Ce|¥)(p)| — Cs in three
steps in the intervals [-1,—1+ 5], [-1+ 5,1 — §] and [1 — 5, 1] successively. Altogether this
leads to an estimate of the following form:

| W) Fe P> C [ we)de .
Q Q

12



Using the last inequalities and (4.5) we get

K Alp) — A
[ 1o as < Clanlialiolie +€ [ 5 1At0) + Ao [AEL =210
Q Q 4 —— ¥ — Pk
<C(el+lewl)
+C(IVla + IV 6rlEs) +C
< Cllollz + [ 9l3 + IVipul + 1
< C(IValzz + IVelRs + I Vnla +1).

| —@| dx

where we have use |A(¢)| < C|p| and the boundeds |¢|, |pr] < 1. Now we test (4.3) with
Alp)—Aler)

= to get
_ o (AL A@DY [ wr ae AR) — Algr)
fyta= [yt (A58 ) o= [ Whiaon A=
i Alp) ~ Algr)
- [ 5+ ) S g,

which together with the previous estimates leads to

'/Q,udx

Finally, the estimate of the subdifferential OE(A(p)) = —AA(p) + \T/{)(A(go)) follows directly
from (4.3). O

<C(IVullzz + IVeliza + IVerllz: +1).

4.2 Existence of a solution of the time-discrete problem

Lemma 4.3. Let vy, € L2(2), ¢ € H*() and p, = 5(p1 + p2) + 2(p2 — p1)x be given. Then
there are some (v, ¢, 1) € (HY ()4 N LE(Q)) x D(OE) x H2(Q) solving (4.1)-(4.3), which satisfy
i addition the discrete energy estimate

_ 2 VA —VA 9
Ero(,v) + / vl / [VA(p) (el
Q 2 0 2

th /Q (o) | DVI? da + /Q (R Va2 dz < Epor(onve) . (4.7)

Proof. First we show the a-priori estimate (4.7) for any (v, ¢, 1) € (H}(2)4 N L2(Q)) x D(IE) x
H2(Q) solving (4.1)-(4.3).
In order to test (4.1) with ¥ = v we need some preparations. First we observe

/Q((divi)‘2'+<3-v> v> -vdx:/ﬂdiv (3"’;) dz =0

13



and then we calculate
. v
/ (le(ka ®v)—(Vpg - v)—) -vdx
Q 2

= / <div(pkv ®V)— div(pkv)z) -vdz
Q 2
: > v|? : v[?
= div(pgv)|V|* + prv - V )~ le(PkV)T dx
Q

2
= / div <pkvM> de =0,
Q 2

where we used integration by parts and divv = 0. Furthermore from the simple algebraic
equation

2 b2 _b2
aofa_p)_ 3P [P a-bl

d
5 5 5 for a,beR

we get

1 1
E(PV—Pka)'VI (P — pr) ’V’2+gﬂk (V—=vi)-Vv

1 V2 v f? 1 |v—wvgl?
_ 1l o L [Iv]® 1 v —wg|”
— 2= WP+ o ( LA

— |~

>

2 2

O 7 S A O O
_h'OZ Pk2 hp Pk2 hpk B .

Testing (4.1) or equivalently (4.4) with 9 = v and using the above identities we obtain
_ [ VP = pulvil? v —vil? 2
0= | ———————de+ | pp——=—dx+ | 2n(er)|Dv|"de — [ p(Ver-v)de. (4.8)
0 2h Q 2h I Q

Moreover, choosing p in (4.2) as a test function, we get

0:/ SO_QPkudac—l—/(v-Vgok)udac—i-/17’L(<,0;€)|Vu|2d;1:. (4.9)
o h Q Q

Finally we test (4.3) with +(A(p) — A(px)) to get

0= [ VA@)- VAl - e do+ [ Fyiaie) LT o

— 2 _ 2
—/,uwdx—/%A((p) Alpr) dx . (4.10)
Q h Q 2h

14



Summing the identities (4.8)-(4.10) leads to

2 _ 2 — vy |?
o= [P BIE gy y [0V s [ onaipePar s [ mieniTa s
0 oh Q 2h Q Q

o AR A [ A — Ale?
+ [ Wy T g — [ EEL A g,

N ;L/QVA(@) V(A(p) — A(gp)) do

2 _ 2 _ 2
> [AREEAE gy [ N o [ duanDVE de+ [ o) TP s

2h 2h
~ ~ P 2 _ 2
3 [ (Baate) - Bo(ato) do - [ FHEZAES g,

L [ |VA(p) - VA(pr)? 1 [VA()?  [VA(er)
+ h/Q 5 dx + /Q ( 5 - 5 > dx,

where we have used

T (A() (A(9) — Algr)) > To(A(p)) — To(A(gy)) and

2 2 . 2
YA VAl - Al = TADE VAP | [9A) - VAGE

This leads to the claimed discrete energy estimate given by

_ 2 VA —VA 9
Etot(SO,V)+/pk|v2vk|dx+/ IVA(p) : (o)l da
Q Q

th /Q ()| DV dz + h /Q m(o) Vil do < Eron(i, vi) -

In order to show existence of weak solutions we want to use the Leray-Schauder principle. With
the abbreviation H2(Q) = {u € H?(Q) | Opulsq = 0 on 92} we define operators Ly, Fr : X —
Y, where

X (H&(Q)d N L?,(Q)) x D(OE) x H2(Q),
v = (mi©)"n Lg(Q))' x L2(Q) x L2(Q).
For w = (v, ¢, u) € X we set

Lk(V)
Lp(w) = | =div(m(pr) V) + [qudz |,
A(p) + 0E(A(p))

where

(L(v), ) = /Q M) Dv : Dipda for 4 € HA(Q)? N L2(9)
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and the second and third line are regarded pointwise. Note that due to ¢ € D(JE) it holds
A(p) € D(OF) and therefore the last line in Ly (w) lies in L?(£2). Furthermore for w = (v, ¢, i) €
X we define

—YPVE iy (ppv @ V) + pV g — (divfl—%—v-vpk) v (J,v)v

Fr(w) = — =8k v Vo + [oude
Alp) + a5 ey o+ RS

Then w = (v, ¢, u) € X is a weak solution of the time discrete problem (4.1)-(4.3) if and only if
Li(w) — Fr(w) =0.

Note that we used the equivalent version (4.4) instead of (4.1), that is we substituted div(v®J)
accordingly.
From standard theory of partial differential equations we get the invertibility of

/
Ly : H{(Q)NL2(Q) — (H&(Q)d N L?,(Q)) .
Now we consider for given f € L?(f2) the elliptic boundary value problem
—div(m(pr) Vi) —i—/ pde=f inQ, Opplyg =0. (4.11)
Q

With the Lemma of Lax-Milgram we get the unique existence of a weak solution u € H*(£2) and
we want to show with a bootstrapping argument that this solution fulfills u € H2(£2). At first,
we observe that u is also a weak solution to the following problem:

Ap=—(m(pr)) ! (V(m(wk)) -V + /Qudﬂf - f> in Q, Onplygg=0. (4.12)

Since ¢ € H%(Q) with |¢x| < 1 almost everywhere in €2, we conclude V (m(px)) € L5() and
for the product of an L5- with an L?-function we get V (m(pg))-Vu € L2 (€2). Using the bound
of m(yy,) from below by a positive constant, we get for some f € L%(Q) that

Ap=feL3Q).

Elliptic regularity theory now gives p € W2(€2). In particular this means Vu € W3i(Q), which
2 2

embeds into L3(2), so that we conclude for the product of an L5- with an L3-function V (m(¢y))-
Vi € L3(Q). This shows

Ap=feL*Q),
and therefore finally u € H?(Q) together with an estimate

lullgz < C(lullgr + [ f]z2) - (4.13)
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Since an H2-solution of (4.12) also solves (4.11), we obtain that the solution of (4.11) lies in
The operator OF is maximal monotone and hence

I+ 0F : D(OE) — L*(Q)

is invertible. In addition we have continuity of the inverse considered as a mapping L?(Q) —
H?75(Q) for arbitrary 0 < s < %. This is shown in the proof of Proposition 7.5.5 of Abels [Abe07]
for a similar operator. For the convenience of the reader we give the details. Let f; — f in
L?(Q) for | — oo with f; = u; + OE(w;) and f = u + OF(u) be given. Then we have u; — u in
H(Q) since

ot —wli3a + |V = Vs <l — ulf + (9B (w) — 9B (), u —u)

< fJun + OB (ur) — (u+ 0F(w) 2 1us — el 2
1 1
< S = P+ 5l =l

Moreover, because of the estimate (3.21), ||u;|| 2 is bounded and together with compactness we
get the convergence u; — u in H?~%(Q) for arbitrary 0 < s < i.

Since A is invertible and we have the equivalence A(p) € D(OE) if and only if ¢ € D(OE),
we also see that

A() +OE(A()) : D(OE) — L*(Q)

is invertible with continuous inverse considered from L?(Q) — H?~5(f) as above. Altogether we
obtain that £ : X — Y is invertible with inverse .C,:l :Y — X. Note that X is not a Banach
space since D(JFE) includes inequality constraints.

To get a continuous and even compact operator, we introduce for 0 < s < % the following
Banach spaces

X = (HY(Q)N Lg(n)) x H25(Q) x H2(Q),
Y:

L3(Q)? x W(Q) x H'(9).

Then we obtain continuity of E,;l Y — X from standard theory and with the above note
concerning the continuity of the third line in £l;1.

Finally due to Y <3< Y the restriction E,:l Y 5 Xisa compact operator.

The next step is to observe that Fj : X — Y is continuous and maps bounded sets into

bounded sets. More precisely we obtain the following estimates (note that ¢y and therefore py
lie in H2(Q)):

Iovly < Clvlm(lele + 1), divipev @ V)3 < CellviZ
1Vl 3 < Crlulz2 I@iv IVl y < Cellvlim lalae
1@ 9)wly < CIvlmliule v Verlwy < Crllvil
2
JA@ i < Cllel | as=sism] . < Gl (el +1).
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In detail, these eight bounds are derived as follows:

(4)

(i)

(iid)
(iv)

(vii)

(viii)

For pv, the estimate is clear due to v € H' — LS. The “+1” appears, since p depends
affine linear on ¢.

For the estimate of div(ppv ® v) in L% we have to estimate on the one hand terms of the
form pk(?lvzvj in Lg which are a product of functions in L, L? and L® and therefore are
bounded in L2. On the other hand we need terms of the form Oiprvivj in L2 Wthh are

a product of three functions in L% and therefore are bounded in particular also in L3

The estimate for uVey in L3 follows immediately from p € L% and 9y € L?.

For the estimate of (divJ)v in L2, where J = —25PLm(pr,) Vi, we have to estimate on
the one hand terms of the form m/(¢y)0;r0;pv;, which are a product of functions in L,

LS, L5 and L% and therefore are bounded in particular in L3. On the other hand we have
to estimate terms of the form m(¢y)0;0; vy, which are a product of functions in L, L?

and LY and therefore are bounded in L2.

The estimate of (j - V)v in L2 follows since the terms m(pg)0;u0;v; are a product of
functions in L>°, L5 and L? and are therefore bounded in Ls.

For the derivatives of v - Vi, we observe on the one hand that d;v; is bounded in L? and
0jpr is bounded in LS. On the other hand v; is bounded in L% and 0;0;py, is bounded in

L?, so that in both cases the product is bounded in L.

The estimate of A(p) follows from |A(¢)| < K|p| and 9;(A(p)) = A'(¢)d;p almost every-
where, where A'(¢) = v/a(y) < K.

3 P—Pk
To estimate A —A(ppy s We use first

-1

IN

¥ — Pk
—A(4p) Alon) / \/a (to+ (1 —7)px) dr

>c>0

and then from (4.6) in the proof of Lemma 4.2 the result

HEEE

)’ <C(|Ve|+1).
Y = Pk

In particular this gives a bound on

V(i) - G a) v (2=,

Together with u € H?(2) — C°(Q) we can bound V (%) pin L? and of course

also %Vﬂ and Wu each in L.
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We want to use the Leray-Schauder principle on Y and rewrite therefore the identity Ly(w) —
Fr(w) =0 for a solution w € X of (4.1)-(4.3) into

f—Fpo £,:1(f) =0 for f=Ly(w). (4.14)

We set Ky := Fi oﬁlzl .Y — Y and note that ICi. is a compact operator because E,;l is compact
and Fj is continuous. Equation (4.14) is then equivalent to finding a fixed point of K, that is

f—Kp(f) =0 < f=Kif).

To deduce the existence of such a fix point with the help of the Leray-Schauder principle (see
for example Zeidler [Zei92]), we have to show that

3R > 0 such that, if f €Y and 0 <A <1 fulfills f = MCf, then [y <R.  (4.15)
Solet f € Y and 0 < A < 1 with f = MCf. With w = £71(f) we have
f= )\/Ck(f) <~ Ek(W) — )\}'k(w) =0,

which is equivalent to the following weak formulation

/277(g0k)DV:D'¢d:I;+)\/W-¢dx+A/div(pkv®v).¢dx
Q Q Q

h
.Y P~ Pk v 3 o )
+/\/Q (de— . —V-Vpk) 2-1pdx—|—)\/Q(J-V>v-1/;dx/\/Q,u,Vgok W dz

(4.16)

for all ¥ € HY(Q)YNL2(Q) and

)\% + Av - Vo — )x/ﬂudm = div(m(er)Vu) — /Qud:n, (4.17)

_ . A A
Ap) + OE(A(p)) = M(p) + Amu + MW . (4.18)

First we derive an estimate for w = (v, ¢, i) in the norm of X and additionally an L?-estimate

of E(A(p)), then we conclude the desired estimate for f due to the boundedness of Fy.
Analogously as in the derivation of the energy estimate (4.7) we set ¥ = v in (4.16), test

(4.17) with g and (4.18) with 3(A(¢) — A(gk)) to get with similar calculations (we omit the
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integration element dz for reasons of shortness):

0 :Ai/ﬂ(pzp —pk’;’k|2) +/\}11/ kW_QVk‘Z—i-/QQn(gokHDV]Q—i—(l—/\) </Qudx>2
+ [ eIk + 1 -0 [ AR - A0 + 5 [ VAR (TA) - VA)

~ 2 _ 2
+3 [ T - Ae) - A% /Q %A(“") A

Z/\1/< |;’|2 pk’;’kl2)+/\h/ k|V_2V’f‘2+/92n(%)|Dv’2+(1_>\) </Qudx>2
+ [ maaiwuP+a-n; [ ( 2k>2)+; [ <|VA2(90)|2 ) |VA<2%>|2>

+ h/Q(\Ifo(A( ) — \IIO(A(%))) Alll/(2%,41(@)2_2A(W2

This leads to the following estimate

2

h/ﬁ%(@kwv'z " h/gm(sp’“)’vw " % /Q VAP + /Q V(A(p) + (1= X) </Qﬂd:z>
vi|? N )
S/ka’2k‘+;/QA(SDI@)2+;/Q|VA(<PI<:)|2+/Q\IJO(A(<,@,€))+/Q%|A(‘gk)7

where we omitted the (nonnegative) terms X |, @ dz, X [ pi ‘V;”“‘Q dz and (1-X) [, %‘P)Q dx
on the left side, since due to the factor A resp. (1 — A) they will not give a contribution to some
estimate of ||w]|  independent of A. Note that due to w = (v, ¢, ) = L; ' (f) € X, it holds that
¢ € D(OF) and therefore ¢ € [—1, 1] almost everywhere, which implies in particular p > 0. From

this fact we also get boundedness of the term [, U(A(p)) dz, which can be estimated therefore

on the right side. We also used the simple estimate —\ [, 'EA("%’“)Q de < X g ]’/%\A(%’“)Q dz and in
addition we estimated every A resp. (1 — ) on the right side against 1.
Using |[VA(¢)|* = a(¢)|V¢|?, we summarize the previous estimate to

2
(I1=2X) </Qud$) —|—h/ﬂ2n(<pk)\Dv|2 dac—i—h/gm(gokﬂvlﬁpda:—l—;/Qa(go)]Vgoﬁdx <C.
(4.19)

With the help of ||¢[|z= < C due to ¢ € D(JE), Korn’s inequality for v € H}(Q)?N L2(Q) and
the fact that 7, m and a are bounded from below by a positive constant, we get the estimate

VI=A ’/Qﬂdﬂﬁ + vl @) + Vel @) + lellmi@) < Ck- (4.20)

To get an estimate of the L?-norm of the chemical potential x, we differ two cases. If \ € [%, 1],
then we proceed with the simple estimate 3| [, pdz| < A| [, pdz| and get as in the proof of
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Lemma 4.2 together with (4.20) from equation (4.18) the inequality

/,ud:z‘
Q

For X € [0, %) we use (4.20) directly to get also here UQ udm‘ < C%. With this inequality for the
mean value of the chemical potential p, we can improve estimate (4.20) to

<C.

VIl g1 + el ar) + llella @) < Ck - (4.21)
Together with (4.13) we also get an estimate of the H?-norm of the chemical potential 4 given
by

IVIlzr @) + el a2 + llela @) < Ck- (4.22)

Using identity (4.18) pointwise we also get H@E(A(cp))HLz(Q) < Ck. In summary this leads to

Iwli g + IOE(A@) 2 (@) = I|(v: @ )| 5 + [OE(A@) ]l 12() < Ci-

To get finally an estimate of f = Ly (w) in Y we use that f — AFLL(£) = 0 implies f = A\Fj(w)
and the fact that F, : X — Y maps bounded sets into bounded sets, which holds due to the
above estimates for Fj. This gives

Ifllg = IMR(wW)lly < Ch(lwll g +1) < Gy,

which was the remaining part to apply the Leray-Schauder principle as described above. There-
fore we proved the existence of a weak solution of the time discrete problem (4.1)-(4.3), which
additionally fulfills the discrete energy estimate (4.7). O

5 Proof of the Main Result

5.1 Compactness in time

To complete the proof of Theorem 3.4 we have to pass to the limit A — 0 resp. N — oo in
our approximate solution. Therefore let N € N be given and let (vgi1, @k+1,k+1) be chosen
successively as a solution of (4.1)-(4.3) with h = & and (vo, ¢{)) as initial value. Here we have
to approximate the initial value oy € H'(Q) by H2-functions ¢} in order to apply Lemma 4.3
to the first step. This is done with standard partial differential equation theory. For example
one could choose u as the solution of the following heat equation

Ou—Au = 0 in Qx(0,7),
u = ¢o on Qx{t=0},
Oyulgg = 0 on 02 x (0,7T)

and set ¢} = u\t:% to get o) € H2(Q), |¢)] < 1in Q and ¢ — o in HY(Q).
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Then we define fV(¢) on [~h, 0o) through fV(t) = fi for t € [(k—1)h, kh), where k € Ny and
fe{v,o,u}. Alsoset p¥ =1(p +ﬁ2)+%(ﬁ2—ﬁ1)gpN. In particular it holds f~ ((k—1)h) = f,
fN(kh) = fry1 and fN(t) = fryq for t € [kh, (k + 1)h). Additionally we define

(1) (1) = S+ )~ (), (A7) () 2= £(2) — f(t— ).
050 = 3 (AF) (1), O (1) = 7 (A1) (1),

fr= (i f) () = f{t = h).

Then for arbitrary ¥ € (C§°(2 x (0, 00)))¢ with divep = 0 we choose 9 := fkkﬂ P dt as test
function in (4.1) and sum over k € Ny to get

/ /% 1,bdmdt—i—/ /dw pth®vN)-'¢dxdt+/0 /QQn(gp;LV)DVN:D'(pdxdt
—// v ®JN :szda;dt:/ /MNVthN-z/)da:dt (5.1)
0 JOQ 0 JOQ

for all ¥ € (CS°(9 x (0,00)))? with divep = 0. The first term can be rewritten due to

//ath ) - pdrdt = // NN o dadt .

Analogously we get

/ /8th<pN(dxdt+/ /ngahN-VCdxdt:/ /m(go{j)wN-vgdxdt (5.2)
0o Jao 7 0 JO 0 JO

for all ¢ € C§°((0,0); CH(Q)) and

AN oy R N N Ny G N
— " + - (4 +A =—-AA + Uy(A 5.3
Aoy 1 (A6 T A = ~AAN) + (A (53)
holds pointwise in 2 x (0, c0) almost everywhere.
Let EN(t) be the piecewise linear interpolant of Etot(pk, Vi) at tx = kh given by

k+1)h—t t—kh
(h)Etot(SOk,Vk)+ W

Also define for all ¢t € (tg,tg+1), k € Ny

EN(t) =

Eiot(¢r+1, Viy1) for t € [kh,(k+1)h).

DN(t) = /Q ()| Do de + /Q (o) |V i 2 de

Then the discrete energy estimate (4.7) implies

E — F
—%EN( g = tot (ks Vi) htot(‘Pk+17Vk+1) > DV (1) (5.4)
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for all t € (t,try1), k € Ng. Multiplying this inequality by 7 € WhH1(0,00) with 7 > 0,
integrating and using integration by parts gives

Eiot (0d, vo)T(0) + /OOO EN () 7' (t) dt > /OOO DN()r(t)dt. (5.5)

Integrating (5.4) gives

Eron(" (), v / [ et DY R+ m(e) Vi) dodr
< Eiot (9™ (5), vV (5)) (5.6)

for all 0 < s <t < oo with s,t € hNp.
Together with Lemma 4.2 and the fact that Eiq (goév ,vp) is bounded this leads to the fol-
lowing bounds:

vV is bounded in L2(0,00; H'(Q)9) and in L>(0, 00; L2(2)%),
Vi is bounded in L2(0,00; L2(Q)9),

N is bounded in L*(0,00; H'(2)) and
I | fg 1N de| dt < O(T) for all 0 < T < oo

(5.7)

for a monotone function C': RT — RT. Using these bounds, we can pass to a subsequence to
get
vV~ v in L0, 00; HY(Q)?),
/
vV v in L0, 00; LA(Q)%) = <L1(0,oo;L2(Q)d)) :
Nt in L29(0, 00 HY(Q)) = (L0, 00 H1(22)))
p = poin L2(0,T; HY(Q)) forall 0 < T < oo,
VN =V in L*(0,00; L*(92)9) .

Here and in the following all limits are meant to be for suitable subsequences Ny — oo (resp.
hy — 0) for k — oo, unless otherwise stated.

Now let @V be the piecewise linear interpolant of ¢~ (tx), where tp, = kh, h € Ny, i.e.

N = %X[O,h} %; IV, where the convolution is only taken with respect to the time variable .
Then it holds that ;5" = N hcpN and

1Y — oM lg-1(0) < O™ | 5-1(0) - (5.8)

From line (5.2) we get that 9,p" € L2(0,00; H~1()) is bounded, since vV and V' are
both bounded in L?(0,00; L2(Q)4). Together with boundedness of &V in LOQ(O,oo,H1 (Q)),
which follows from the boundedness of ¢V in L>(0,00; H'(f2)), we get with the help of the
lemma of Aubin-Lions (2.1) the strong convergence

N — ¢ in L*(0,T;L*(Q))
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for all 0 < T < oo for some @ € L°(0, 00; L2(Q)). In particular it holds for a subsequence that
@Y — @ pointwise almost everywhere in (0,00) x Q. Additionally by the above estimate (5.8)
we have
¥ — N =0 in L*0,00; H1(Q)),

which gives $ = ¢. Furthermore, since " € H|_ ([0,00); H1(Q)) N L2 ([0,00); H'(Q)) —
BUC([0,00); L%(Q)) and N € L>(0,00; HY(Q)) are bounded, it follows from Lemma 2.1 that
¢ € BCy([0,00); H'(Q)).

Finally it follows from the bound of @V in H(0,7; H~1(Q)) and in L>(0,T; H*(Q)) for
0 < T < oo together with the fact that 3~ — ¢ in L2(0,T;L?(2)) that 3~ (0) — ¢(0) in
L%(Q). But the left side equals ¢}, which converges to (g in L?(£2) so that we finally conclude
¢(0) = «o.

Analogue observations can be done for p since it depends affine linear on ‘P]X .

To show the convergence of (5.3), we observe that the right side is given by dF(A(pY)) and
this is bounded due to Lemma 4.2 in L?(0,T; L?*(Q)) for 0 < T < co. Moreover, the left side
converges weakly in L2(0,T; L?(2)) to

fi=a(p)™7 p+RA(p),

which means that E(A(¢N)) — f weakly in L2(0,T; L2(£2)). If we now show that

limsup (OB (A(V)), A(™)) < (£, A(¢)) (5.9)

N—oo

we can use the fact that OF is a maximal monotone operator and apply Prop. IV.1.6 in Showalter
[Sho97] to conclude that OE(A(p)) = f, which would finally lead to (3.12).

But the result (5.9) does hold even with equality, since with the natural definition of fV as
the left side of (5.3), we have

<8E(A(¢N)),A(¢N)> = (N A(eN)) — (f. A(9))

due to the strong convergence of ¢ in L?(0,T; L?(€)) and therefore also of A(¢™).

Now we use the estimate (3.21) for A(¢"), which together with Lemma 4.2 gives bound-
edness of A(e") in L?(0,T; H*(2)). Then the same holds true for " and due to the strong
convergence of ¢~ in L2(0,T; H~1(2)) we conclude with an interpolation argument even the
strong convergence

oV = ¢ in L2(0,T; H'(Q)). (5.10)

The next step is to show strong convergence vV — v in L?(0,7; L?(2)%) for all 0 < T < oo to
conclude a convergence pointwise almost everywhere. As above let /7\7N be the piecewise linear

interpolant of (pNVN) (tx), where t, = kh, h € Ny. Then it holds that 0, (ﬁ{fN) =0, (,oNvN).
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With the help of the projection P, onto L2(Q2) we get from line (5.1) that 0 (]P’,,(,?)VN)) is

bounded in L7 (0, T; W, 1)) for 0 < T < o0, since due to some known interpolation inequalities
we have the following bounds

|

pNvN @ v is bounded in L2(0,T; L2(Q)),
Dv" is bounded in L%(0,T; L*(Q)),

vV @ Vi is bounded in Lg(O,T; L3(2)),
pN Vel is bounded in L2(0,T; L2(Q)).

In detail, these bounds are derived as follows, where for abbreviation “€” always means bounded
independent of IV in the corresponding space and we omit the time and space variables.

PHES

e

(i) Due to vV € L>(L?) N L2(L5), we get for products vavév € LQ(L%) and from pf €
L*(Qr) this also holds for p vV @ vV,

(ii) From v € L?(H') we immediately get Dv" € L2(L?).

(iii) Due to vV € L®(L2) N L2(LS) and VY € L2(L%) we get vNo;u € L2(LY) N L}(L2).
Now, if I C R is an interval, (X, X1) is an interpolation couple of Banach spaces, and
X = (X0, X1)p,q is the real interpolation space of type § € (0,1) with 1 < ¢ < oo, we have
the embedding
1 1-6 0

LPO(I; Xo) N LPY(I; X)) — LP(I; X), where — = +—, (5.11)
p Po p1

where 1 < pg, p1 < co. In addition, we use the description of real interpolation spaces with
0 < 6 < 1 for Lebesgue-spaces with 1 < qg, g1 < oo given trough
1-60 6

(L9(Q), LT (Q))gy = L), where ~ =201 % (5.12)
q q0 q1

For Xg = L'(Q) and X; = L%(Q) we get with @ = 3 that ¢ = 3 and therefore X =
(X0, X1)o,4 = Lg(Q) Furthermore with po = 2 and p; = 1 we get p = £, which leads to
the bound v¥o;u" € Lg(L%).

(iv) From p € L*(L5) and Ve € L>®(L?) we get finally u¥ Vol € L2(L%).

This means in particular that all four terms are bounded in L7 (0, T Ls (©)). Therefore we can

/
allow in (5.1) for test functions with ¥, Vi € (L%(L%D = L8(L%), ie. ¢ € L3(W}). This
implies the bound for 8, <IP’C,(pA\7N )) in (LSWD) = LF (W),

Additionally P, (pv) € L2(0,T; H(Q)%) is bounded and we can therefore conclude with
the help of the Lemma of Aubin-Lions 2.1 the strong convergence

Py(pvY) = w in L*(0,T; L*(Q)%)
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for all 0 < T < oo for some w € L>(0, 00; L?(Q)%).

Since the projection P, : L2(0,T; L?(2)%) — L?(0,T; L2(2)) is weakly continuous, we con-
clude from the weak convergence pv"" — pv in L2(0,T; L2(Q)) that w = P, (pv).

Now we derive the strong convergence vV — v in L2(0,T; L?(Q)9) with the help of the
following observations:

/OT/QPNIVNIQz/OT/QIP’U(pNvN).VN_>/0T/Q]P>U(pv).vz/0T/Qp|V|2’

where we used the strong convergence of P, (pVv") in L2(0, T'; L?(©)?) and the weak convergence
of v¥ in L2(0,T; L?(R2)?). This gives (pN)%vN — (p)%v in L2(0,T; L?()?) and from above we
know that

pY — p almost everywhere in (0,00) x Q and |pY| > ¢ >0,
so that we can conclude
vV = (0M)7F ((0M)EVY) = v in L0 IAQ)Y).

This means in particular that vV — v pointwise almost everywhere in (0, 00) x € (for a subse-
quence).

Using these convergence results together with the fact that for all divergence free 1) the
following convergence holds

/T/MNwﬁ.wz—/ /w o — — //wgmp //uw ¥,

we can pass to the limit in the equations (5.1), (5.2) to get (3.10), (3.11).

5.2 Initial data for the velocity v
Lemma 5.1. Let v, v € L2(Q) N H}(Q)? and p € L>=(Q) with p > ¢ > 0 such that

/pv-z,bdx:/pf/'z,bdz for all € C5o,(2).
Q Q

Then it holds that v = v almost everywhere in €.

Proof. By approximation the identity also holds for ¢ := v — v € L2(Q) N H}(Q) and we get
Jo polv — v|?dxr = 0, which due to the boundedness of py from below by a positive constant
gives finally v = v in L2(Q). O

With the following arguments we show that the velocity v fulfills the initial condition (3.13).
At first we derive weak continuity in time for the projection of pv onto the divergence-free vector
fields. Therefore let w'¥ := IP’U(E\?N) and from the arguments above we deduce the boundedness
of

w in Wi o ([0,00); Wi () < BUC([0,00); W, () and
71
w in L0, 00; L2(Q)9).
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Due to these bounds, we concluded above that w™ — w in L2(0,T; L?(92)?) and with the help
of Lemma 2.1 we deduce for the limit that w € BCy, ([0, 00); L2(©2)?). Now let 0 < T' < oo and
consider the auxiliary problem for a function p € L?(0,T}; H ! ( )) given by

—div(ﬁVp(t)) = div(ﬁw(t)) in Q, (Auz)
Vp(t)-n = 0 on 0N.
The corresponding weak version reads as
1 1
— [ —<Vp(t -VTd:U:/wt -Vrdzx forall 7€ H(Q 5.13
fy 7w ONE @ (43)

for almost all ¢ in (0,7"). By the Lemma of Lax-Milgram there exists a unique solution and it
fulfills the estimate

IVD(t) 120 < Cllw ()]l L2 » (5.14)

where C' is independent of t. Here we used the fact that p € L>(£2r) is bounded from below by
a positive constant.
Claim: Vp € BC,([0,T]; L*(2)%).
To see this claim, let ¢,,, t € [0, T] for n € N with ¢, — t be given. From w € BC,,([0, 00); L?(2)%)
we conclude that in particular w(t,) is bounded in L? and from the last estimate (5.14) also
Vp(t,) is bounded in L2. Therefore we get the weak convergence Vp(t,, ) — Vq € L*(Q)¢ for
k — oo at least for a subsequence, since {Vq | q € H (10) ()} is a closed subspace in L2(2)%. But
due to the unique solvability of (5.14) we arrive at Vg = Vp(t). Since this argumentation holds
for any weakly convergent subsequence, we even have Vp(t,) — Vp(t).

In addition we already know due to the weak continuity of P, and due to the weak conver-
gence pv'' — pv in L2(0,T; L2(Q)%) for every 0 < T < oo, that w = Py (pv). In particular this
gives

w(t) =P, (p(t)v(t)) almost everywhere in (0,00).
By characterization (2.2) of the projection P, onto L2(f2), the last identity means
w(t) = p(t)v(t) — Vp(t) almost everywhere in (0, c0), (5.15)
where p(t) is a weak solution of

{div(Vﬁ(t)) = div(p(t)w(t)) in Q,
Vp(t)-n = 0 on 0.

Dividing (5.15) by p(t), we get

v(t) = —w(t) +

1
@Vﬁ(t) almost everywhere in (0, 00), (5.16)
p

which after multiplication with V7 for 7 € H'(2) and integration gives
1 1
—w(t -VTd:c:—/ —Vp(t)-Vrde forall 7€ HYQ
fya WO @

27



for almost all ¢ € (0,00). But this is exactly the weak version (5.13) of the above auxiliary
problem (Auz) and we get Vp(t) = Vp(t) for almost every ¢ due to the unique solvability. By a
redefinition of V5 on a set of measure zero we get the continuity Vp € BC,, ([0, T]; L?(Q)?), since
Vp has this property. Again with a redefinition of v through equation (5.16) on a set of measure
zero, we get finally v € BCy([0,T]; L?(2)?), where we used the fact p € BUC([0,T]; L?(£2))
with p > ¢ > 0 is already known from above.

It remains to show that v attains the initial value vo. Due to the above bound of P, (pv") in
W (0, T; W, 1)) — BUC([0,T); Wy 1()) we get for arbitrary 4 € (5% () the convergence

7

[ B0 b dz — [ Bolpov0)- 6 = [ pov(0) .

By definition of the time-discrete functions we also have P, (/’)\\7N) lt=0 = P»(povo), which together
with the last convergence yields

/ povo - Y dxr = / pov(0) - dx  for all ¥ € Cgo,(£2).
Q Q
From Lemma 5.1 we get finally v(0) = vo in L2(Q)<.

5.3 Energy inequality

Finally we can finish the proof by showing the energy inequality (3.14). Since v™(t) — v(t)
in L2(Q)? and o™ (t) — o(t) in H'(Q) for almost every ¢t € (0,00) (for a subsequence), which
follows from the strong convergences of vV and ¢!, it holds that

EN(t) = Eiot(o(t),v(t)) for almost all t € (0,00) .

Moreover, by lower semicontinuity of norms and almost everywhere convergence of ¢V to ¢, the
inequality

o 00 N 0o
1}\%102f/0 D (t)T(t)dtZ/O D(t)7(t) dt

for all 7 € W11(0, 00) with 7 > 0 holds, where

D)= [ 20DV de + [ mie)Vul*da.

Hence, passing to the limit in (5.5), we obtain

Erot (0, Vo)™ / Brot((t), v(t) 7(t) dt > /0 " Dityr(r) dt (5.17)

for all 7 € W1(0,00) with 7 > 0. With the help of Lemma 2.2 we obtain the energy esti-
mate (3.14). O
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A Appendix

In this last section, we want to discuss existence of weak solutions for a related model discussed
in Remark 2.2 of Abels, Garcke, Griin [AGG11], which is derived in detail in [AGG10]. Although
this model is not frame indifferent in the standard manner, it can be used to approximate the
sharp interface model, see [AGG10]. In addition it has the mathematical interesting term |v|?
in the equation for the chemical potential and we want to give a short description how the
methods from this work can be adapted to derive an existence result also in that case. After
reformulation of the pressure term with the previous notation, this problem is given as

2
O(pv) +div (pv @ v) —div (2n(p)Dv) + Vg = uVep + ‘—Vp in @, (A.1)
divv =0 n @, (A.2)
O+ v - Vo =div(m(e)Vu) in @, (A.3)

1 op |v|? _ =, .

He) (1wt 205 ) 4R =T - Ae) Q. (A
V]ga =0 on S, (A.5)
Inploa = Onpilon =0 on S, (A.6)
(V7 @)’t:() - (VO, 900) in Q. (A 7)

In this case we can show the following existence result.

Theorem A.1l. Let T € (0,00] and set either I = [0,00), if T = o0 or I = [0,T], if T < oc.
Let Assumption 8.1 hold, vo € L2(Q) and po € HY(Q) with |po| < 1 almost everywhere and
fopodr € (—1,1). Then there exists a weak solution (v, @, ) of (A.1)-(A.7) in the following
sense:

v € BOW(I; L2(Q) N L2(0 T; Hy ()%,
v € BCy(I; H (Q))mL3

uloc

L HY Q) with Vi€ L*(0,T; L*(R))

(I H2(9)), W'(g) € L

uloc

(1; L3(Q)) N Ly (I L1 ()

uloc(

uweL

uloc(

and the following equations are satisfied:

—(pv,0p) g, + (div(pv @ V), ). + 2n(p)Dv, DY),

2
= (uVp,)g, + (“;‘Vpﬂ,b) (A.8)
Qr

Jor all ¥ € [C3°(Q x (0,T))]* with divep =0,
- ((:07 atC)QT + (V ’ VSO, C)QT == (m((p)v:u? VC)QT ’ (Ag)
for all ¢ € C§°((0,T); C*(Q)),
a(cp)_% <,u + 8,0\\7\2> + RA(Q) = W)(p) — AA(g) almost everywhere in Qr and  (A.10)

do 2
(v, ©)li—o = (Vo, %0) - (A.11)
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Moreover,

Eroi(ip(t), v(1)) + /Q () | D[ d(, 7) + /Q m(@) |Vl d(z, 7)
(s,t) (s,t)

< Eiot((s), v(s)) (A.12)
for allt € [s,00) and almost all s € [0,00) holds (including s =0).

The main ideas of the proof of Theorem A.1 are the same as for the previous existence result
and we will just sketch the necessary adaptations. Again we use an implicit time discretization.
Let h = % for N € N, v, € L2(Q), ¢y € HI(Q) with U () € L*(Q) and py, = 1(p1+p2)+5 (P2 —

P1) %k be given. We also set § = ggo (P2 — p1). We construct (v, ¢, 1) = (Vit1, Prt1, Mit1)
as solution of the following non-linear system

Find (v, ¢, p) with v € HY(Q)? N L2(Q), ¢ € D(OE) and pu € H'(R), such that

[v[?

=(uV¢k,w)g+< meb) ; (A.13)

Q
for all ¥ € CF5, (1),

(SO _h‘Pk,C>Q+ (V- Vor, Qg = — (m(er) Vi, V() (A.14)
for all ¢ € H'(2) and

® — Pk v |2> ~Alp) +Aler) _ 5 .
—  (pu+p ————"= =P (A(p)) — AA(p) a.e. in Q. A.15

To show existence of solutions of the time-discrete problem we use again the Leray-Schauder
principle and define operators Ly, Fr : X — Y, where

X = (H&(Q)d N Lg(Q)) « D(OE) x HY(9),
v = (H(©@)"n L?,(Q))' x (H'(9)) x L2() .
For w = (v, ¢, u) € X we set

(v)
—div(m(px Vu —i—fQ,udx ,

A(p) + OE(A(p))

where

20(pr)Dv : Dipdz for ¢p € HY ()N L2(Q) and

S~

<—div(m(<pk)Vu) /udw 77> /mgpk Vi - Vnd:c—&—/,u,dac /ndm forn € HY(Q).
Q
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Note that due to ¢ € D(JE) it holds A(p) € D(OE) and therefore the last line in Lj(w) lies in
L?(9). Furthermore for w = (v, p, 1) € X we define

— Ve div(ppv @ V) + pVer + SV
Fr(w) = — 5 = v -V tfgﬂdm
v ~ A A
Alp) + 48 (M I 5%) + RALEAl)

Then w = (v,p,u) € X is a weak solution of the time discrete problem (A.13)-(A.15) if and
only if Li(w) — Fx(w) = 0. To get a continuous and even compact operator, we introduce for
0<s< % the following Banach spaces

X = (Hg(md X Lg(sz)) x HZ5(Q) x HY(Q),
Y == L2(Q) x L2(Q) x Wi(Q).

With analogue arguments as above we can show that the inverse £, LY 5 Xisa compact
operator and that Fj : X — Y is continuous and maps bounded sets into bounded sets.

For these operators it is possible to verify the assumptions of the Leray-Schauder principle
and therefore get a weak solution to the time-discrete problem, which additionally fulfills the
energy estimate (4.7).

For the remaining part about compactness in time we can show the same statements as
in Lemma 4.2 and derive then together with the fact fQ B@ dxr € L*>(0,00) from the energy
estimate the same bounds as in (5.7). But in this case the additional term |v|? in the line
(5.3) for the chemical potential is just bounded in the space L%(J; L?(2)). By applying results

of Abels and Wilke [AWO07] we get here ¢ € L (J; H?(2)) and ¥/(p) € L3 (J; L2(2)).

uloc uloc
The strong convergence (5.10) can then be derived by using the embedding Ls (0,T; H*(2)) —
LY(0,T; H%(Q2)) and the result from interpolation theory L'(0,7; H2(Q)) N L>®(0,T; HY(Q)) <
L*(0,T; H 3 (Q2)), which shows that ¢V is bounded in the latter space and is enough to conclude
(5.10) with the help of the Lemma of Aubins-Lions.

To show strong convergence of vV to v in L?(€Q7) in this case, we have to bound in-
stead of the term v ® V!V in the first model now the term |[vV[?V¢!. From the bound
of vV in L2(0,T; L8(2)) and L>(0,T; L?(£2)) we get that |v"|? is bounded in L'(0,T; L3(22)) N
L>(0,T; L*(R)). With the help of the interpolation results (5.11) and (5.12) this leads to a
bound of [vV|? in L%(O,T; L%(2)) and together with the bound of V¥ € L>(0,T; L?()) we
get in this case the boundedness of [vV|2V! in L%(O,T; LY(9)). Anyhow, we have a time
integrability greater than 1, which is enough to finish the proof.
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