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ABSTRACT. We consider a two-phase problem for two incompressible, viscous
and immiscible fluids which are separated by a sharp interface. The problem
arises as a sharp interface limit of a diffuse interface model. We present results
on local existence of strong solutions and on the long-time behavior of solutions
which start close to an equilibrium. To be precise, we show that as time tends
to infinity, the velocity field converges to zero and the interface converges to a
sphere at an exponential rate.

Mathematics Subject Classification (2000):
Primary: 35R35; Secondary 35Q30, 76D27, 76D45, 76 T99.

Key words: Two-phase flow, Navier-Stokes system, Free boundary problems, Mullins-
Sekerka equation, convergence to equilibria.

1. INTRODUCTION

We study the flow of two incompressible, viscous and immiscible fluids inside
a bounded domain Q@ C R", n = 2,3. The fluids fill domains Q% (¢) and Q™ (¢),
t > 0, respectively, with a common interface I'(t) between both fluids. The flow is
described in terms of the velocity v: (0,00) x € — R™ and the pressure p: (0, 00) x
2 — R in both fluids in Eulerian coordinates. We assume the fluids to be of
Newtonian type, i.e., the stress tensors of the fluids are of the form T'(v,p) =
2uTDv — pI in Q*(t) with constant viscosities y* > 0 and 2Dv = Vv + VoT.
Moreover, we consider the case with surface tension at the interface. In this model
the densities of the fluids are assumed to be the same and for simplicity set to
one. For the evolution of the phases we take diffusional effects into account and
consider a contribution to the flux that is proportional to the negative gradient of
the chemical potential p. Precise assumptions are made below. This is motivated
e.g. from studies of spinodal decomposition in certain polymer mixtures, cf. [27].

To formulate our model we introduce some notation first. Denote by v the
unit normal of I'(¢) that points outside Q*(¢) and by V and H the normal velocity
and scalar mean curvature of I'(£) with respect to vp(;). By [-] we denote the jump
of a quantity across the interface in direction of vp(, i.e.,

/1)) = Jim ((z + hwgy) = f(z = hoe))  for @ € T(H).
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Then our model is described by the following system

ov+v-Vo—divT(v,p) =0 in QF(t) for t >0, (1.1)
dive =0 in QF(t) for t > 0, (1.2)

mAp =0 in Q*(¢t) for t > 0, (1.3)

—vr) - [T(v,p)] = cHvp on I'(¢) for t > 0, (1.4)

V —vp - vleey = —m[vre - V] on T'(t) for t > 0, (1.5)

plrey =ocH on I'(t) for t > 0, (1.6)

together with the initial and boundary conditions

vlga =0 on 9 for t > 0, (1.7)

va -mViulsa =0 on 0 for t >0, (1.8)
Ot (0) =Qf, (1.9)

V|t=o = v in Q, (1.10)

where vy, 0 are given initial data satisfying Q4 N9 = @ and where o,m > 0 are
a surface tension and a mobility constant, respectively. Here and in the following
it is assumed that v and p do not jump across I'(t), i.e.,

[vl=1[p]=0 on I'(¢) for t > 0.

Equations (1.1)-(1.2) describe the conservation of linear momentum and mass in
both fluids and (1.4) is the balance of forces at the boundary. The equations for
v are complemented by the non-slip condition (1.7) at the boundary of Q. The
conditions (1.3), (1.8) describe together with (1.5) a continuity equation for the
masses of the phases, and (1.6) relates the chemical potential p to the Lo-gradient
of the surface area, which is given by the mean curvature of the interface.

For m = 0 the velocity field v is independent of u. In this case, (1.5) describes
the usual kinematic condition that the interface is transported by the flow of the
surrounding fluids and (1.1)-(1.10) reduces to the classical model of a two-phase
Navier-Stokes flow as for example studied by Denisova and Solonnikov [10] and
Kohne et al. [23], where short time existence of strong solutions is shown. On the
other hand, if m > 0, the equations (1.3), (1.6), (1.8) with v = 0 define the Mullins—
Sekerka flow of a family of interfaces. This evolution describes the gradient flow for
the surface area functional with respect to the H=1(£2) inner product. Therefore
we will also call (1.1)-(1.10) the Navier-Stokes/Mullins-Sekerka system.

The motivation to consider (1.1)-(1.10) with m > 0 is twofold: First of all,
the modified system gives a regularization of the classical model m = 0 since the
transport equation for the evolution of the interface is replaced by a third order
parabolic evolution equation (cf. also the effect of m > 0in (1.13) below). Secondly,
(1.1)-(1.10) appears as sharp interface limit of the following diffuse interface model,
introduced by Hohenberg and Halperin [19] and rigorously derived by Gurtin et
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al. [18]:
O +v - Vo —div(2u(c)Dv) + Vp = —ediv(Ve ® Ve) in Q x (0,00), (1.11)
dive =0 in Q x (0,00), (1.12)
Oic+v-Ve=mAp in Q x (0,00), (1.13)
p=c1f'(c) —eAc in Q x (0,00), (1.14)
v[gn =0 on 90 x (0,00), (1.15)
Incloa = Onploa =0 on 99 x (0,00), (1.16)
(v, €)|t=0 = (vo, co) in Q. (1.17)

Here c¢ is the concentration of one of the fluids, where we note that a partial mixing
of both fluids is assumed in the model, and f is a suitable “double-well potential”
e.g. f(c) = c*(1—c)% Moreover, ¢ > 0 is a small parameter related to the interface
thickness, p is the so-called chemical potential and m > 0 is the mobility. We refer
to [2, 8] for some analytic results for this model and to [21] for results for a non-
Newtonian variant of this model. For some results on the sharp interface limit of
(1.11)-(1.17) we refer to A. and Roger [5, Appendix] and A., Garcke, and Griin [4].

The purpose of this paper is to prove existence of strong solutions of (1.1)-(1.10)
locally in time. Moreover, we will prove stability of spheres, which are equilibria
for the systems. (More precisely, we show dynamic stability of the solutions v = 0,
i, p = const., and QT (t) = Br(z) C Q for all ¢ > 0.) Existence of weak solutions
for large times and general initial data was shown in [5].

In the following we will assume that  C R", n = 2,3, is a bounded domain
with C*-boundary and that v, m,o > 0 are constants.

The structure of the paper is as follows: First we introduce some basic notation
and results in Section 2. Then we will prove that for a given sufficiently smooth
interface I'(¢) the Navier-Stokes part of the system, i.e., (1.1)-(1.2), (1.7), (1.10) pos-
sesses for sufficiently small times a unique strong solution v in L2-Sobolev spaces,
which are second order in space and first order in time. This result is proved using
a coordinate transformation to the initial domains QSE and applying the contraction
mapping principle. To this end we use a result on maximal L2-regularity for the
linearized Stokes system, which is proved in the appendix. Afterwards in Section 4
we prove that the full system possesses a strong solution locally in time for suffi-
ciently smooth initial data. Then in Section 5 we prove stability of the stationary
solutions that are given by v =0, pu,p = const. and I'(t) = 0B, (xg) C Q.

2. PRELIMINARIES

2.1. Notation and Function Spaces. If X is a Banach space, r > 0, z € X,
then Bx(z,r) denotes the (open) ball in X around z with radius r. We will often
write simply B(x,r) instead of Bx (z,r) if X is well known from the context.

The usual LP-Sobolev spaces are denoted by W]f (Q) for k € No, 1 < p < 00, and
H*(Q) = W§(Q). Moreover WF(€Q) and H{ () denote the closure of C§°(€) in
Wf (2), H*(Q), respectively. The vector-valued variants are denoted by Wf(Q; X)
and H*(; X), where X is a Banach space. The usual Besov spaces are denoted by
Bs (R™"), s € R, 1 < p,qg < oo,cf eg. [7 5. If Q@ C R™ is a domain, Bj (Q) is
deﬁned by restriction of the elements of By  (R") to (2, equipped with the quotlent
norm. We refer to [7, 35] for the standard results on interpolation of Besov spaces
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and Sobolev embeddings. We only note that Bj ,(€2) and W} (Q) are retracts of
Bs ,(R™) and W} (R™), respectively, because of the extension operator constructed
in Stein [34, Chapter VI, Section 3.2] for bounded Lipschitz domains. In particular,
we have

1-6 0

1
k k+1 _ pk+o et
(W (), Wi ()ep = By’ () if b= + 7 k € Ny, (2.1)
for all § € (0,1), cf. [35, Section 2.4.2 Theorem 1]. We also denote W}(Q) =
BS;O(Q) for k € Ny, 8 € (0,1), 1 < p < oo. Furthermore, we define

Ly (@) = { £ e 22 [ a0},

LE2(Q) = {feC(Q)r :div f = O}LQ(Q)".

In order to derive some suitable estimates we will use vector-valued Besov spaces
B; (I; X), where s € (0,1), 1 < ¢ < o0, [ is an interval, and X is a Banach space.
They are defined as

B oo(I:X) = {f € L'(5;X) 1 |If]

B (I;x) < OO} )

1Al B: oix) = Wfllax) + sup [[Anf(O)|Lac;x),
’ 0<h<1

where Ay f(t) = f(t+h) — f(t) and I, = {t € I : t + h € I}. Moreover, we set
C*(I; X) = B, (I;X), s € (0,1). Now let Xo, X; be two Banach spaces. Using
f@®) = f(s)= f: 4 f(r)dr it is easy to show that for 1 < gy < q1 < 00
1 1-6 6
qul(lel)quo(IvXO)<_>Bg,oo(I7X9)a 6 = % +q717 (22)
where 6 € (0,1) and Xy = (Xo, X1)[g or Xg = (Xo, X1)o,r, 1 <7 < 00, Further-
more,

1 1
BY (I;X) = C°a(I;X) forall0<6<1,1<q< oo with6— e 0, (2.3)
cf. e.g. [31]. Furthermore, for s € (0,1) we define H*(0,7;X) = B5,(0,T; X),
where f € B3 ,(0,T; X) if and only if f € L?(0,T; X) and
T T 2
1£(t) = F(l
1 soir = Wi + [ [ AP atar < oo,

In the following we will use that
B ORPIG]S
dtdr
o Jo o [t—T[*H
T T
< b 26 =9-1 g g 2 < . T2 =)+ £)12
=0 ) |t — 7| T”f”CS/([O,T];X) = Vs ”f”CS/([QT];X)

for all 0 < s < s’ < 1, which implies

I fllzs0.1:x) < Cs,s'T% Iflles (jo.ry;x)  for all f € OSI([OvTLX) (2.4)

provided that 0 < s < ¢/ <1,0< T < 1.

Furthermore, we note that the space of bounded k-times continuously differ-
entiable functions f: U C X — Y with bounded derivatives are denoted by
BC*(U;Y), where X,Y are Banach spaces and U is an open set. Moreover,
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f € C*U;Y) if for every & € U there is some neighborhood V' of z such that
flv € BCk(V;Y).
We will frequently use the following multiplication result for Besov spaces:

Ifollss . < Crupalfllsg, ., lgllms., (2.5)
for all f € By , (R"),g € B; ,,(R") provided that 1 <p <p; <00, 1 < q1,q2 <

oo,r>—1:‘l,and
_ 1,1 _
r—l—n(pl—i—p 1>+<s<r,

cf. [20, Theorem 6.6]. Since W;(R") = B, ,(R") for every s € (0,00) \ N, this
implies that

HngW;(Rn) < Cs,p”fHW;(Rn)||g||W;(Rn) for all f,g € W;(Rn) (2~6)

provided that s — % >0, 1 < p < oo. Concerning composition operators, we note
that

G(f) € B (R")  forall G € C™(R) with G(0) =0, f € B ,(R")  (2.7)

provided that again s — % > 0, 1 < p,q < oo. This implies that f~'e B, (Q)
for all f € Bj () such that [f| > co > 0 if Q is a bounded Lipschitz domain.
Moreover, the mappings f + G(f) is bounded on Bj  (R") under the previous
conditions. We refer to Runst [28] for an overview, further results, and references.
Furthermore, using the boundedness of f + G(f) one can easily derive that

G(-) € C'(B; ,(R™))
for any G € C*°(R) with G(0) = 0. To this end one uses

G(f(z) + h(z)) = G(f(2)) + G'(f(2)) + /0 G"(f(x) + th(x)) dt h(x)®

together with (2.6) and the fact that (G”(f + th));e[o,1) is bounded in By  (R™).

Finally, by standard methods these results directly carry over to W (¥), B, (%)
if ¥ is an n-dimensional smooth compact manifold. Then G(0) = 0 is no longer
required since constant functions are in B,  (%).

2.2. Coordinate Transformation and Linearized Curvature Operator.

In the following let ¥ C € be a smooth, oriented, compact and (n — 1)-dimensional
(reference) manifold with normal vector field vs,. Moreover, for a given measurable
“height function” h: ¥ — R let

Op: X = R": z— x+ h(x)vs(x).

Then 6}, is injective provided that |||~ < a for some sufficiently small a > 0,
where a depends on the maximal curvature of 3. Moreover, we choose a so small
that a < dist(3, 92). Then the so-called Hanzawa transformation is defined as

On(2,t) = 2 + x(dx()/a)h(t, II(z) s (I(x)), (2.8)

where dy, is the signed distance function with respect to 3, II(x) is the orthogonal

projection onto X, x € C*°(R) such that x(s) = 1 for |s| < & and x(s) = 0

for |s| > 2, and [|h|[z~ < a. It is well-known that ©,(.,t): @ — Q is a C'-
diffeomorphism. Hence '), := ©,,(X) = 0),(%) is an oriented, compact C*-manifold
if h € C*(X) with [|h]| (s < a.
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For the following let

U

{news @) s~ <a. (29)

Evp = L0, T W, 7 (2)) N W0, T W, 7 (X))

s

where 3 < p < @, 0 < T < oo. Furthermore, let

K(h) = Hhoﬂh, (210)

where Hy,: T'y, — R denotes the mean curvature of T'y, = 0,(X), i.e., it is the sum
of all principal curvatures.

44
Lemma 2.1. Let 3 < p < w and U C Wy *(X) be as above. Then there are
functions

2-1 1

PeC U LW, T (2),W, F(5), Qe UW, T(%))
such that
K(p) = Po)p+ Qo) forall peUn W, *(S).

Moreover, if ¥ = S := 0BRr(0), then

1 -1
DK(0) = D = Dgy = —— (” + A5R> . (2.11)

Proof. The proof follows essentially from the proof of [12, Lemma 3.1] and [12,
Remark 3.2 a.]. To this end let {(U;, ;) : 1 <1 < L} be a localization system for
3, ie, X = Ulel Uy and ¢;: (—a,a)"! — U, is a smooth local parametrization of
U foralll=1,...,L. Moreover, let s = (s1,...,5,—1) be the local coordinates of
U; with respect to this parametrization and

pl(s) = p(@l(s))v XI(S7T) = X((pl(5>7r)a (Sa T) € (_a’ a)"

be the local representations of p, X, where X: ¥ X (—a,a) — R"™ with X(s,r) =

_a

s+rvs(s) and p € U C W; ?(3). Then it follows from [12, Equations (3.4),
(3.5), Remark 3.2 a.] that K(p) = P(p)p + Q(p), where P(p), Q(p) have the local
representations

n—1

Po) = [ X pal0) 00+ X pi0n | Qulo) =

G k=1 i=1

—4(p),
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where
1 n—1
pin(p) = 5 | —low’ () + D w(p)w*" (p)Ds,pDs,.p
P l,m=1
1 n—1 n—1 n—1
pilp) = 5 |15 D0 w T+ Y W e TRO o+ Y 200,
P k=1 7,0=1 k,m=1
n—1
= > w0, 00.,0 |
7.k, l,m=1
1 n—1 n—1
a(p) = =1 D W (OG(p), by = |1+ D wik(p)ds, pds,p,
P jk=1 Jik=1

n—1
(p) = D w'™(p)0s,05,X - 05, Xl (s p(s))s 1 F M,
m=1

;Zk(/’) = as_jaSkX : asnX|(S,p(S))v wjk(p)(s) = aS_jX : aSkX|(S7P(3))
and (w’*(p) (5))7;; is the inverse of (wjk(p)(s))g‘gil

44
Since ¥ is smooth, X and d,; X -0,, X are smooth. Therefore w;,(p) € W, (%)
because of (2.7). Since det((wjk)zgil) > ¢g > 0 by construction, we obtain

_a
wik(p) € W;l ?(X) for all j,k=1,...,n—1 because of (2.7).
_4
Moreover, ds,p € W; ?(3) and therefore

n—1
. 34
> w(p)s, p0s,p € Wy 7 (D)
jk=1
_a
due to (2.6). Using (2.7) again, we obtain [, € W; ?(X). Proceeding this way, we
finally obtain that p;x(p), pi(p), q(p) € W;ig(E) for all p € Y. Now (2.5) implies
that

e oy < Collel ooy o

1
» » (2 Wy P (%)

4 1

for all a € WS_E(Z),U € WE_E(Z). Hence
PeC U LW, *(5),W, 7)),
Qe C' U, LW, ¥ (%))

since the operators are compositions of C'l'-mappings. Moreover, (2.11) follows
directly from the observations in the proof of [12, Lemma 3.1]. O

Corollary 2.2. Let K be as in (2.10). Then
K € CY(Byr NU; Hi(0,T; Ly(X)) N Ly (0, T; H? ())).
Moreover, for every e > 0,0 < Ty < 0o there is some C > 0 such that

”K”Bcum,mus;ﬁ(o,T;L2<2>>mL2<o,T;H%<2))) =C
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for all 0 < T < Ty, where U = {a €U : ||lal|o(x) < a —e}.

Proof. We use that
K(h) = aa(x,h,Vh)oh
la]<2
for all h € C%(X), where a,: ¥ x R x R"™! — R is smooth. Since

2 _1 1 _1
Eyr > Bioo(0,T; Wy *(£)) N Biw(0,T; W, 7 (X))

due to (2.2) and
_1
Bjoo(0,T5W, 7 (£)) < CH (0,7} C°(5))

due to (2.3) and p > 3, we conclude that

aa(z, h,Vsh) € C3([0,T);C°(X)) for all h € By p NU
and for all |a] < 2. Moreover, the mapping

UNE1r 3 h— aq(z,h,V,h) € C3(0,T]; CO(S))

is C'! since a, are smooth. Furthermore, we conclude that

||a04(x3 ha vsh)as ’U”H% (O,T;LQ(E))

Cellaa(@, b, Voh)OTOl Ly 0 )

IN

IN

el|Qa 7h7 sh 1 1 _1
C Ha ({II \Y% )”Cé([O’T];CO(E))||’UHBI;1’,OO(O,T;W; ‘1’(2))

C:llaa(z, b, Vsh)||

IN

o ooy IVlEL

for all |a| <2, v € Eyr, h € E; p NU., € > 0. Since multiplication is smooth (if
bounded), it follows that

K € BCY(Ey 7 NU; HT(0,T; Ly(X)))
for any € > 0. Finally, we use that a,(z, h, Vsh) € BUC([0,T]; C*(Z)) and
Ei1 7 NU: > h— an(z,h,Vh) € BUC([0,T];CH(X))
is in C! with bounded derivative. Hence
aa(z,h, Vsh)VSh € L,(0,T; Wpl_%(E)) — Lo(0, T H%(E))

for every h € U NEq 7, € > 0 and the mapping h — K (h) is in BC' with respect
to the corresponding spaces. Altogether we have proved the corollary. O

3. Two-PHASE NAVIER-STOKES SYSTEM FOR GIVEN INTERFACE

For the following let ¥ C Q be a smooth compact (n — 1)-dimensional reference
manifold as in the previous section. Moreover, we assume that there is a domain
Qg CC Q such that X = 8(25{. Moreover, we assume that

I'(t) ={z+h(t,z)rs(x) :x € B} =: Ty
for some h € U NEy 7, where
E1,r =W, (J; Xo) N Lp(J, X1),
J =10,T], and

1—1 4—1

Xo=W, (%), Xi=W, "(¥)
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for p > max("TJr?’,?)) =3, n=2,3, and vs(x) is the exterior normal on Bﬁar =
Here U is as in (2.9).

For given h € E; 7 let h=FEhc IELT, where
E:Ey g — Eip = W WEHEL)) N Ly(J; WE(E,))

is a continuous extension operator and ¥, = {x € Q : dist(z,X) < a}. Then by
Lion’s trace method of real interpolation, we have

3

Evz < BUC(0, T X,), X, =W, *(S,) < C2(Ty) (3.1)

since p > "TH Moreover, if we equip E; 7 and E; 7 with the norms

lullg, = [lull T [u(0)][x,

WiIWe P (S)NL (s P ()
lullg, . = llullw (rwiEonc,owie) + w0z,

then the operator norm of the embedding (3.1) is bounded in T' > 0. Additionally,
we have

~ 1

E1p = C'# ([0, T W, (Sa))-

Interpolation with (3.1) implies

i T 2+5 T 3
Eir < C7([0,T]; B, 17 (Za)) = C7([0, T} C*(%a))
for some 7 > 0 since p > "T% Here again all operator norms of the embeddings

are bounded in 7" > 0. We will need the following technical lemma:

Lemma 3.1. For every € > 0 the extension operator E above can be chosen such
that for every 0 < T < o0

sup |[|h(t,11(-)) — Eh(t, ) crz.) < ellhlle, -
0<t<T

Proof. First of all, since EFh(t,x) = h(t,z) for all z € ¥, ¢ € [0,T],

sup ||h(t,11(-)) — Eh(t,)lcr(z,) < a" sup [Eh(t, )czs,,) < Cd||hlg,
0<t<T 0<t<T

for any 0 < @’ < a, where C is independent of 0 < T' < oo. Hence, if, for given
€ > 0, a’ is chosen sufficiently small, we have

sup ||h(t,11(-)) = Eh(t,)llc1(s,) < €llblle, .- (3.2)
0<t<T
If we now define E': E; p — IELT by
/
(E'h)(t,x) = (Eh) (t, I(z) + C;dg(.%‘)llz(n(l‘))) for all x € ¥,,t € [0,T],
then E': Ey p — IELT is an extension operator, which satisfies the statement of the

lemma. O

For technical reasons, we modify the Hansawa transformation ©y to
On(,t) = o + x(ds(z)/a)h(t, x)vs (T1(x)),
where h = Eh € ELT is the extension of h to €2 as above. Then
[Or(t) = On( D@ < ClIh(.,t) = h(TI(.), )0 ()
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for all 0 <¢ <T', where C' is independent of 1 and 0 < T' < oco. If we now choose
e > 0 in (3.2) sufficiently small, Op(.,t): Q — Q is again a C'-diffeomorphism for
every 0 < ¢ <T. This can be shown by applying the contraction mapping principle
to

T = 6,:1 (@h(x) — (:jh(z) + y)

for given y € 2, which is equivalent to Oy (z) = y. Moreover, O, (3, t) = O,,(3,t) =
I(t) forall0 <t <T.
Now let

Fh,t = éh(.,t) o éh(.,O)_l.

Then Fj, ;: Q — Q with F, ,(QF) = QF(t) and F}, +(Tg) = ['(t), where Ty = T'(0) =

9+ (0). Moreover, Fl, = (Fi)icpry € BUC([0,T); Wy 7 (£2)) N W0, T; W)
and

3
p

1B = Fuallor orperay < Cllia — halle, .. (3.3)
<

1Fny — Fualwpo,mwice)) < Cllha — halle, »

for all ||hllg, » < R, j = 1,2, where C is independent of h; and 0 < T' < oco. Since
Fp o =1dq for all h € Eq 7, (3.3) implies

1%, = Fra | suoqo.roe @y < CTT 1 = halle, - (3.5)
[0.73:C2(@))

Now we consider

O +v-Vo—pFAv+Vp=0 in Q%(t),t € (0,7),
dive =0 in QF(t),t € (0,7),
[v] =0 on I'(t),t € (0,7),
[vr@y - T(v,p)] = oHryvre on I(t),t € (0,T),
vlon =0 on 08t € (0,7,
v|t=0 = o on OE(t),t € (0,7).

Defining
u(z,t) = v(Fyn(x),t), qz,t) =p(Fyn(x),t),

the latter system can be transformed to

o — ptAu+ Vg = a*(h; D,)(u,q) + 0¢Fp - Viu —u-Viyu in Q%, (3.6)
divu = Tr((I — A(h))Vu) =: g(h)u in QF, (3.7)

[u] =0 on I'y 7, (3.8)

[vry - T(u,q)] = t(h; Dy)(u, q) + cH)y, on I'y 7, (3.9)
ulog =0 on 0Qr, (3.10)

ult=0 = vo on QF, (3.11)
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where QE = (0,7)xQF, Qy = Q\(DoUQ), Do = (0,T) xTg, 8Q7 = (0,T) x Q.
Here
a*(h; D) (u,q) = p* divy,(Viu) — p div Va4 (V — Vy)g,
A(h)vr,
|A(h)vr, |’
t(h, D2)(u,q) = [(vry — vn) - (2uEDu — qI) + 2uy, - sym(Vu — Vyu)],
Hy(x) = Hrgy(Fne(2))vre (Fre(z))  for all o € Ty,

Vi = AWV, divyu=Tr(Vyu), A(h) =DF,,[, vy, =

In the following let Yo = Y} x Y22, where
Vi = {ue BUC(0, T H\(@)") N H' (0, La,o () : ulg € Lo(0,T: HX(QF)") }
V2 = {q€ La(0,T: L () : Valos € La((0,T) x 0F)" }.

The main result of this section is:

Theorem 3.2. Let R > 0, hg € U. Then there is some Ty = To(R) > 0 such that
for every 0 < T < Ty and h € Ey 7 NU with h|i—o = ho and vo € HF ()" N L2 »(Q),
n = 2,3, with max{[|h|[g, ;. [vollmz )} < R there is a unique solution (u,p) =:
Fr(h,vo) € Yr of (3.6)-(3.11). Moreover, for every e >0

Fr € BC' (A r x By (0, R); Yr),

where
Acr = {h € Bg, +(0,R) : h(0) = hg, sup [h(t)||r(x) <a— 6} :
0<t<T

We can formulate (3.6)-(3.11) as an abstract fixed-point equation
Lw = G(w; h,vp) in Zp (3.12)
for w € Y7, where

Oyu — ptAu+ Vg

divu
Mt =1 o, - 1%(u, )]
ul¢=o
a*(h; Dy)u+ 0, F), - Viu —u-Viu
Clunq: hovy) = g(h)u — g Jo g(h)udz
t(h; Dy)(u, q) + o Hp,

Vo
for all w = (u,q) € Yr, where Zy = Z}. x Z2 x Z3 x Z§,

Lo((0,T) x Q0)",  Zg = Hg()" N L2,,(9),
Ls(0,T; H{)(€0)) N H'(0,T; Higy (),

Zr
Zt

75 = Ly(0,T; Hf (To)™) N H* (0, T; Ly(To)™),

and Z3 = H}(Q)" N L2 (). Here H(lo)(Qo) = H'(Q0) N La,0)(2) is normed by
19+ s High(@) = (H{y (9))".
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First of all, let us note that (3.12) implies (3.6)-(3.11) except that (3.7) is replaced

by
divu = g(h)u /
el

But the 1atter equation implies (3.7), which can be seen as follows: Let K ()
—f ))dz and v(x,t) = u(F, *(2,t),t). Then v(t) € H(Q) for all ¢
T

5 €
(0

) and therefore

0= / div o(z, £) d — / Tr(A(h(z, £))Vu(z, £)) det DFy (2, 1) do
Q Q
— K@) / det DF) (. t) dx
Q
for all t € [0,T]. Since the last integral is positive, we obtain K(¢) = 0 for all
€ (0,7).
Lemma 3.3. Let R >0, ¢ >0, and let Yp, Z1, hg be as above. Moreover, let
Acr = {h €Eir: sup [[A(t)|rex) < a—e h(0)= ho,||hlE, » < R} .
0<t<T
Then there is some Ty > 0 such that for every 0 < T < Ty the mapping G defined
above is well-defined and
G € C'(By,(0,R') x Ac. r X B, , (0, R'); Z1).
Moreover, there are some C,a > 0 such that
|G (w1sh,vo) = G(wzs hyvo)llz, < CT*|lwy — waly,

for every wy,ws € By, (0,R'), 0 <T <Ty, h€ A, g, and vy € BHgnLM(O,R)

Proof. First of all, because of (3.3), for any £ > 0 there are some C,Ty > 0 such
that
Do Fr —id | gyco,mion @) < EllPlle -

for all 0 < T' < Ty, [|h|lg, , < R. Hence Fyj: Q — Q is a C*-diffeomorphism and
D, F}, is invertible with uniformly bounded inverse for these h,T. Since matrix
inversion is smooth on the set of invertible matrices,

A(h) = DF,; " € C7([0,T]; €' ()
for some 7 > 0 if [|A[|g, , < R. Moreover, interpolation of (3.3) and (3.4) yields
DFy, € C27 %73 (10,7;C°(92))

due to W}(0,T;X) — 0177([0 T); X), where the operator norm of the latter
embedding is bounded in 0 < T' < oo if W, (0,T; X) is normed by

£ lwzomx) = 10 )z, 0,m53) + 1 (0)l]x-

Here we have also used that || f||c1 @) < CHfHCo Q)||f|| 2(@) and W) (Q) — C°(Q).
Hence
A(h) = DF;" e cz- %45 (0, T); C°(Q).
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Furthermore,
A€ BC'(Bg, ,(0,R); X) with (3.13)
X =C7([0,T]; CH()) N W, (0,T; Ly(2)) N C2 w0, T);C0(0)  (3.14)

again since matrix inversion is smooth.
Using the above observations, one easily obtains
1(Vi =)l Ly 0,mmr @ty < CTTNAE 2 1 Lo 0, 1041 0
for all f € Ly(0,T; H*(QF)), k= 0,1, |h|lg, - < R. From this estimate, one derives

CT7||hlley (s @)llve

||9(h)u||L2(0,T;H1(Q§)) = CTT”hHEl,T||U||L2(0,T;H2(Q§))a

IN

1 (B D) (w @)l 1 (0,7 x 0

A

IN

1
[o- DEWNUll L, 0.r)x0t) < CT? HUHLOC(O,T;WI}(QOi)) HUHLOO((),T;WZ}(QOi))

IN

1
CT= ol llullv;

10eEs - Vull, 0,y x0) = I (@eFh = 8eFo) - Vull , 0,m)x0f)

1 1
CT="7[|hle, o[l Lo 0,137 (02))

1_1
CT="7 |l o lullvz,

IN

IN

where we have used (3.4) for the last estimate. Moreover,

[(t(h; Da)ullzz. < CT||hlg, +[1(w; @)llvz (3.15)
for some o > 0 can be proved in the same way as in [1, Proof of Lemma 4.3]. In
order to estimate g(h)u € H*(0,T; H(B)l (©)), we use that

(g(hyu, p)a = —(u,div((I = A(W))p))a  for all p € Hiy ().
Therefore we obtain for all ¢ € H(lo)(Q) with [Vl =1

d

2 9(hu, ¥le = —(Qu, div((1 - A(R)T)e))a = (Vu, (8:A(R)T)p)a
= (F(1), ) + (Fa(b), 9),
where
| (Dru(t), div((I — A(h(t))")¢))al
< CllSsu®)] Lol = AR, 0.1:01 @
< CT7(|0wu®) | Lo ) 1Pl o (0,7500 @)
and

|(Vu(t), (9:(I — A(h(1)))" ¢))a|
< Cllull Lo, @) 1OERE) [ wr (o)
< Cllully 10:AR(E)) [l @)

for all t € (0,T). Hence

1EU 0.ty < CT 10l aoxo,rn 1Pl e 0,701 )

A

1_1
12|, 0, Cllully 10: AR Lo 0,75wp) < CT2 77 [Jullyy|IAlE, -

-1
(0))
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and therefore

min 7',1—l
||at9(h)“”L2(o,T;H(—0)1)SC(R)T (2 ”)||h||IE1,T||u||YT1

for all h € Ey ¢ with ||h||g, . < R. Here we have used that A € BC'(A. r; X),
where X is as in (3.14). )
Finally, it remains to estimate the term Hj. To this end we use that

ﬁh = (K(h) o 9}?01) 1223
where 0, := 0,(-,0)|s: ¥ — Ty bijectively. Here
K € BCY (A g H3(0,T; Lo(X)) N Ly(0, T; H? (X))
because of Corollary 2.2. Since 0, € C?(X)" is independent of t and h, the same is
true for K(-)ot?,:o1 with ¥ replaced by I'g. Because of (3.13), we have for H(h) := Hj
forall h € Ac g
H € BC(Bg, , (0, R); H1(0,T; La(To)) N Lo (0, T; HE (Ty))).

Altogether, since all terms in G are linear or bilinear in (u,q) and A(h), these
considerations imply that G € BC'(By,.(0,R) x Az g X By (q)» (0, R); Zr) and

G (w1 by vo) — Gwas hyvo) |z < CT [lwy — w2y (3.16)
for all w; = (uj,q;) € Yr with |wjlly, < R, h € A g, vo € Bz, (0,R) and
0 < T < Ty for some o > 0. O

Proof of Theorem 3.2: Let ¢ > 0. Using Lemma 3.3 and choosing Ty > 0
sufficiently small,

L7'G(;;h,v): By, (0, R") = By,.(0, R)
becomes a contraction and is invertible if h € A. g and [Jvo||g1(0) < R, where
R =2sup {||L*1G(0;h,v0)||yT ch e Ac g, ||volla (o) < R} .

Hence for every (h,vy) € Ac r X Bz, (0,R) there is a unique w =: Fr(h,v) €
By,.(0, R") such that

w = L7'G(w; h,vp).
Moreover, (3.16) implies

LDy G(w; hyvo) || £(2p) < CT® <

DN | =

for all w; = (u]',q]‘) € Yr with ||wj||yT < R, (h,vo) € A&-’R X BH&HLQ,U(OaR)v and
0 < T < Ty if Ty is sufficiently small. Hence we can apply the implicit function
theorem to

F(w; h,vo) = w — L G(w; h,v9) =0

and conclude that

Fr € BC" (Acn x Bz, (0, R): By, (0. F)
since D,, F(w; h,vg) is invertible for all w € By, (0, R'), h € A. r,vg € By (0,R). m

Finally we obtain that the mapping h — (v - u) 0 (O ]:=0)|x satisfies the condi-
tions to apply the general result of [6]:
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Corollary 3.4. Let R,e > 0, Ty = To(R) > 0, Ac g, and Fr be as in Theorem 3.2.
For every h € Ac r, vo € Hy(Q)" N L2, (Q) with |lvoll i) < R let

Gr(h;vo) := (Vi - u) o (Onli=0)ls,

where (u,p) = Fr(h,vg), 0 < T < Ty. Then there is some q > p such that
Gr € CY(Ac g X Buint,,, (0, R); Lg(0,T5 Xo)).  Moreover, if hilor) = haljo,1
for some 0 < T" < T, then Gr(hi;v0)l0,r) = Gr(h2;vo)l0,77, i-e., the mapping
h+— Gr(h;vg) is a Volterra map in the sense of [6].

Proof. First let n = 3. Then by interpolation
HY(J; Ly(Q) N Lo (J; H2(Q)) < La(J; H3 (Q)) N La(J; H2())
= Lo(J5 H*(Q)) = Lg(J; W, ()

n n 3 1 n (1 1 1
=l+-———€e(2,2), ===(===)€el0,=
i T3 P <2 ) q 2(2 p) (p)

since?><p<1—3oandn:3. If n = 2, we use that

H'(J; La(Q)) N La(J; H*()) < La(J; W (Q)) = La(J; W, (2)).

where

Hence Fr € C'(Ae r % Bpi(0, R); Ly(J; W, (Q)) for some ¢ > p. The rest of the
first statement follows from the trace theorem, the fact that

h— vy, € CY(Bg, (0, R), BUC(0,T]; C*(2))),

and that Op|zex =0: 2 — g is a C?-diffeomorphism.

Finally, the Volterra property follows easily from the fact that the solution of
(3.6)-(3.11) on a time interval (0,T) is also a solution of (3.6)-(3.11) on (0,7") for
any 0 < T < T (after restriction) and the uniqueness of the solution. O

4. LocAL WELL-POSEDNESS

In this section we show that the system (1.1) admits a unique local solution. To
this end we transform (1.3), (1.5), (1.6) and (1.8) to the fixed domain Q\X, with
3 C ) as in the previous section, by means of the Hanzawa transform. This yields

mApn =0 in Qr\3r, (4.1)

Oth — (vh, - u) 0 (Opli=0)|lz = —m[vn - Vin] on X, (4.2)
Ny = oK (h) on X, (4.3)

v -mVn =0 on 0, (4.4)

hli=0 = ho on X, (4.5)

where 37 := (0,T) x X, n(t,x) := u(Fpn(x),t) and K(h) denotes the transformed
mean curvature operator. Assume that we already know a solution (u,h) € Y x
E; 7. Then we may use Corollary 3.4 to write (v, - u) o (Op]i=0)|x = Gr(h;uo).
Consider the elliptic (time dependent) problem
mApn =0 in Qr\Xr, (4.6)
Ny =cK(h) on X, (4.7)
v -mVn =20 on 0Qr.
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If
he By, ={h€Eyr:h(0,T]) € U},
where U C W;74/p(2) is a sufficiently small neighborhood of zero, then (4.6)-
(4.8) admits a unique solution 7 =: S(h)K(h) € L,(0,T;W2(Q\X)). Defining
B(h)n := m[vp, - Vin] we may reduce (4.1)-(4.5) to a single equation for h:
Oth + B(h)S(h)K(h) = Gr(h;up) on X, h(0) = hg on X.

Employing the decomposition from Lemma 2.1 we may write

Oh + A(h)h = Fy r(h) + Fa(h) on 7, h(0) = ho on X, (4.9)
where A(h) := B(h)S(h)P(h), Fy v(h) == Gr(h;up) and Fy(h) := —B(h)S(h)Q(h).
Note that A and F5 are nonlocal in « but local in ¢, whereas F 7 is nonlocal operator
in ¢t and x, but it has the Volterra property with respect to t. Firstly we show that

F, e CY(U; W;_l/p(E)). By Lemma 2.1 we have
Qe CHU;W2YP(%)).
Next we show that § € CH(U; L(W2 /2 (%), W2(Q\X))). Writing

n—1 n—1
Ay = Z aé‘kajﬁk + Z a;?aj
j=1

J,k=1
with coefficients

al = aji(x, h,Vh,V?h), o =a;(x,h,Vh,Vh),

depending smoothly on (z, h, Vh, V2h), it is not hard to see that
(1, Vh,V?h),a" (-, h,Vh,V?h) € BUC(Q\X)?,
for all h € U. Here we used the embedding
W2 4P(D) — O(D)
whenever p > (n + 3)/2. This in turn yields that
his Ap € CHU; LWZ(Q\E), Lp(9))).
We can now write
S(h)g = (An,7,vv,09) " (0, g,0)

for some function g € Wg_l/p(E). Here v denotes the trace operator to ¥ and vn, a0
stands for the Neumann derivative on 0€). Since the mapping h — (Ap, 7y, 7n00)
belongs to

CHU; LWF(Q\D), Ly (Q) x W—HP(E) x W~ VP(00))),
and inversion is smooth, we may conclude that

S € CH (U3 L(WE (), W2(@\R)).

Finally, we show that B € C'(U; L(W}(Q\X), W,}fl/p(Z))). We may write B(h) =
Z?;ll b;"yaj, where the coefficients bé? = b;(x, h, Vh) depend smoothly on (z, h, Vh).
This yields b;(-,h, Vh) € C'(X), for each h € U since Wp374/p(2) — CL() for
p > (n+ 3)/2. Tt follows readily that

hi by, € CHU; LW (Q\D), Wj}*l/P(E))),
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Summarizing we have shown that
Fy e CHU; W~ V/P (%)),
hence the desired assertion.
Concerning the mapping h +— A(h), we would like to show that
177 4-1 1-1
h— A(h) € CHU; LW~ YP(2), WA~ P())).
But this is an immediate consequence of Lemma 2.1, since
h— P(h) € CHU; L(X1, W2H/P())).

It has been shown in [26, Proof of Theorem 4.1] that .4(0) has the property of

maximal L,-regularity in X = W;fl/p(E), that is for each given f € L,(0,T; Xo)

there exists a unique solution h € Hg (0,T; X0) N Ly(0,T; X7) of the problem
Oh(t) + A(0)h(t) = f(t), t€(0,T), h(0)=0,

where X1 = Wy Y2(X). It U ¢ W, */?(¥) is a sufficiently small neighborhood
of zero, then, by a perturbation argument, also A(hg) has maximal L,-regularity,
whenever hg € U.

Note that the principal part in (4.9) is local in time. Furthermore, by Corollary
3.4, we have

Fir € CH(Acr X Bying,, (0, R); Le(0, T X)),

for some ¢ > p. This means that the nonlocal term F} 7 is somehow of lower order
with respect to t. Based on this fact we are in a situation to apply existence and
uniqueness results for quasilinear evolution equations with main part being local in
time. We show that the nonlocal term F} satisfies the Lipschitz estimate

| Fr 7 (ha) = Frr(he)lln,0.1:x0) < 5(T)[hy — hallg, » (4.10)
for all hy, he € By, ., where x(T) — 04 as T — 04 and
Brg, r :={h € Ei1:[|[h = hi|g, » <7, W(0) = ho}, r € (0,1].
Here h, € E; 7, solves the linear Cauchy problem
Ochy(t) + A(0)h.(t) =0, te€(0,Tp), h(0)= ho,

for each Ty > 0. Let T' € (0,Tp), 6 > 0 such that ||kg s-a/p (5 < §. Tt follows that

-
O ——
< Hh(t) - h’*(t)HW;‘*“/P(E) + ”h*(t) - hOHw]‘}*““’(z) + HhOHW;‘*“/P(E)

< Mr+ sup ||h«(t) — hollyya-a/p5y + 0
t€[0,To] We )

<a-—c¢,
for all h € B;.g, ,, provided that r,Tp,6 > 0 are sufficiently small. Here a > 0
denotes the number in the definition of the set A, r in Theorem 3.2.

Choosing R > 7 + ||h«||g, , We obtain that B, g, . C A g for all T € (0,Tp). It
holds that

1
Fir(hy) — Fro(hy) = UO DFy 1(hy + 0(hy — h2))d8 | (hy — hs).
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Hence

[F1,7(h1) — Fro(ha)llz,0,7:x0) < [1F11(e(h1)) — F1m, (e(h2)) |l 2, (0,70;X0)
< CHe(h’l) - e(h2)||E1,TO

< CM||h = hallg, 7 + CM|[[h1(0) = ha(0) [y a-s/0 5,

for all hy, he € Brg, ., where

C = sup{|DF1,1, (M) | (B 15240, 70:%0)) * It € BryEy gy } > 0.

and e denotes an appropriate linear extension operator from E; 7 to Ey 7, T' < Tp,
such that

le() g,y < M (Iblles 2 + NA(O)lys-sr0 s )

holds for all h € E; r and M > 0 does not depend on T' < Ty and h (see e.g. [6,
Lemma 7.2]).
Since ¢ > p, an application of Holder’s inequality yields

I1F1,7(h1) — Frr(ha)llz,0,1:x0) < T% [F1,7(h1) — Frr(ha)l L, 0,7:x0)
< T CM||hy — hallg,

for all hy,hy € B, g, . Therefore we can choose k(1) = T% CM. In particular,
the nonlocal term Fy r(h) is a small perturbation in L,(0,T; Xo) provided that
T > 0 is small enough. This can be seen as follows

171, 7(R)| L, 0,1:x0) < [[F1,7(h) — Fro(ha)ll, 0,75%0) + 1717 (ha)ll L, 0.7:x0)
< K(D)r+T% || Py (7| 1y 0,750

for all h € B, g, , and the right side of the last inequality can be made as small as
we wish, by descreasing 7' > 0.

We may now follow e.g. the lines of the proof of [22, Theorem 2.1] to conclude
that for each initial value hg € U there exists a possibly small 7' > 0 such that (4.9)
admits a unique solution h € H(0,T; Xo) N Ly(0,T; X;) which depends (locally)
Lipschitz continuously on the initial data hqg.

We have proven the following result.

Theorem 4.1. Letd =2,3, R>0 and U = BW474/,J(E)(0,5). Then there exist
P

a sufficiently small 6 > 0 and T > 0 such that the system (4.1)-(4.5) has a unique
solution

(U, q, h) € Y% X YT% X El,Ta
provided that hg € U and ug € H}(Q)*N Ly »(Q), [luo|lmr < R.

5. QUALITATIVE BEHAVIOUR

For simplicity we assume that the dispersive phase is connected. Moreover, we
assume for simplicity that m = 1. (By a simple scaling in time one can always
reduce to that case.) Note that the pressure p as well as the chemical potential u
may be reconstructed by the semiflow (v(t),T'(¢)) as follows:

(VpIVe),, = (WFAv—v-Vu|Ve), for all ¢ € W, (%),
[p] = 2[[/F(Dv)1/p(t) ~vp] +oH  on I'(t),
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and

mAp =0, t>0, zeQF(t),
u'l—‘(t) =oH, t>0, z€ F(t)a
vo-mVu=0, t>0, x€d.

Therefore we may concentrate on the set of equilibria £ for the flux (v(t),I'(t))
which is given by

E ={(0,Sr(z0)), Sr(zo) C Q is a sphere}.

The linearization of the (transformed) two-phase Navier-Stokes-Mullins-Sekerka
problem around an Equilibrium (0, ) € £ reads as follows:

ou— pFAu+Vg=f,, t>0, zeQF,
divu=fg, t>0, zeQt,
—2[[,uiDu]]1/g + [¢]vs — o(Ash)vs = gu, t>0, x € X,
[u] =0, t>0, z€X,
u=20, t>0, x€d,
Oth —u-vs —[Ovgn] = gn, t>0, z€X, (5.1)
An = fy, t>0, zeQF
N +Ash=g,, t>0, zeX,
an=0, t>0, z €0,
u(0) = ug, € QF,
h(0) = hy, z€X,

n—1

where Ay, = "I + Ay and Ay denotes the Laplace-Beltrami operator on 3.
We want to reformulate (5.1) as an abstract evolution equation. To this end we
introduce the Banach spaces Xy := Lg ,(Q) X W;_l/p(E) and X; := (L2,(Q) N
W2(Q\ 2)") x W~ /?(8), where

L2,(Q) = [uc Co ()" div u = 0] 2.
Define a linear operator A : D(A) € X; — X by means of
A(u, h) i= (—pAu+ Vg, —u - v — [Du57]),
with domain
D(A) = {(u,h) € X; :u=00n 89, [u] =0 on X}

Here ¢ € H%O)(Q\E) and n € W2(Q\X) are determined as the solutions of the

elliptic transmission problems

(VqlVe),, = (uiAu\V¢)L2 for all ¢ € H'(Q),
lq] = 2[p* (Du)vs - vs] + 0 Ash  on X,
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and
An=0, t>0, z€Q\X,
ng +Ash =0, t>0, z€X,
om=0, t>0, xe .

In the sequel we will use the solution formula
Vg = Ti(p"Au) + T 2[p* (Du)vs - vs]).
Setting z = (u, h) and f = (fu, gn) we may rewrite (5.1) as
2(t) + Az(t) = f(t), t >0, 2z(0) = zp := (ug, ho), (5.2)
provided that fq = g, = f;, = g, = 0. The operator A has the following properties.

Proposition 5.1. Let n = 2,3, p € (3,2(n +2)/n), u* > 0,0 > 0 be constants
and let Xg and A be defined as above. Then the following assertions hold.
(1) The linear operator —A generates an analytic Co-semigroup e~4t in X,
which has the property of mazimal L,-regularity.
(2) The spectrum of A consists of countably many eigenvalues with finite alge-
braic multiplicity and is independent of p.
(3) —A has no eigenvalues A with nonnegative real part other than A = 0.
(4) A =0 is a semi-simple eigenvalue with multiplicity n+1, i.e. Xo = N(A)®
R(A).
(5) The kernel N(A) is isomorphic to the tangent space T, E of £ at the given
equilibrium z, = (0,X) € £.
(6) The restriction of e~ to R(A) is exponentially stable.

Proof. Consider (5.1) with fg4 = g, = f;, = g, = 0 and let J = (0,T), T > 0.
Suppose that
h e Wy (J; Wy P () 0 Ly (J; W, /P (%))
is known. Then solve problem (5.1),-(5.1), with initial value ug € Hg ()" MLz ,(£2)
by Theorem A.1 with g = a = 0 to obtain a unique solution
u=S17(h) € H'(0,T; Lz.5(Q)) N Loo(0,T; Hy (2)™) N Lo (0, T; H2(Q\ X)),

for each T' > 0. Plugging v = S1 7 (h) into (5.1)4 and denoting by n = So(—Ash) =
—S3(Ash) the unique solution to (5.1); ¢ o, we obtain the linear nonlocal problem

Oth — m[0yy, S2(Ash)] = S1,0(h) + g, on T,  h(0) = ho on X. (5.3)

By [26, Proof of Theorem 4.1] the operator [h — m[0,yS2(Ash)]] has maximal

L,-regularity. Furthermore it holds that Sy r(h) € Ly(0,T; W; —l/p (X)) for some
g > p which means that this term is of lower order in L,(0,T; X,) compared to
m[O,sS2(Axh)]]. This can be seen as in the proof of Corollary 3.4.

Hence, by perturbation arguments we may conclude that (5.3) has for each given

ho € W§74/p(2) a unique solution
h e Wy (J; Wy~ V/P(2)) N Ly (J; W, ~1/P(S)).

In other words, we have shown that for each T' > 0 and for each given f = (fu, gn) €
Ly(J; La,o () X Ly (J; W,}_l/p(E)) there exists a unique solution z = (u, h) of (5.2)
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with
uw€ H(0,T; L2 »(2)) N Loo(0, T Hy (2)™) N Lo (0,T; HA(Q\ X)),

and
he W, Wy YP(S)) N L, (J; Wi—He (%),

provided that ug € Lz, (2) N H ()™ and ho € W, */P(x).

Mimicking the proof of [25, Proposition 1.2] it follows that the operator —A
generates an analytic semigroup in Xo = Lo () X Wpl_l/p(Z).

By compact embedding, the resolvent of A is compact and therefore the spectrum
o(A) of A consists of countably many eigenvalues with finite algebraic multiplic-
ity and o(A) does not depend on p, by classical results. Let A € o(—A) with
eigenfunctions (u, h). Then the corresponding eigenvalue problem is

u—Au+Vg=0, z€Q\X,
divu=0, z€Q\X%,
—2[pE (Dw)]vs + [¢]vs — o(Ash)vs =0, z €%,
[u] =0, zeX,
M—u-vs —[0sn] =0, z€X, (5.4)
Ap=0, z€Q\X,
77|E+.Az;h=0, T €Y,
on=0, ze€d,
u=0, x €N

Taking the inner product of equation (5.4); with u, integrating by parts and invok-
ing the boundary as well as the transmission conditions, we obtain

Mlull3 + 2/lu*Dull3 + ol Va3 — oA(Ashlh) Ly s) = 0. (5.5)
If A # 0, then

)\/th:/ug~udo+/[[3,,277]]d0:/ divudz =0,
) ) ) ot

hence h has mean value zero. It is well-known that the operator Ay, = ”H;l + Ay is
negative definite on Ly (o)(€2). Taking real parts in (5.5) it follows that 1 = const
and Du = 0, hence u = 0 by Korn’s inequality since u|spq = 0. This in turn yields
h =0 by (5.4),, showing that there are no eigenvalues A # 0 of —A with Re A > 0.
Next we show that A = 0 is an eigenvalue of A. If A = 0, then (5.5) implies
7 = Neo = const and Du = 0. Hence, as before, v = 0 by Korn’s inequality. Since

q is constant by (5.4), it follows from (5.4); ; that

B M - n—1
Noo = > R?
which is a linear second order partial differential equation for A on X. Note that
a special solution to this linear equation is given by the constant function ho, =
NeoR?/(n — 1). The solution space £ of the corresponding homogeneous equation
Ash =0 is given by

h 4+ Axh,

L =span{Yi,..., Y.},
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where Y}, j € {1,...,n}, are the spherical harmonics of degree one. Furthermore
it holds that dim £ = n. Since the constant 7., = [q]/o is arbitrary, we see that
dim N(A) =n+ 1.
Let z; € N(A) such that Az = z;. The corresponding problem for z = (u, h)T is
given by
—Au+Vg=0, z€Q\%,
divu=0, z€Q\%,
—2[puDu]vs + [qJvs — o(Ash)vs =0, z€X,
[u] =0, zeX,
—u vy — [Ouyn] = h1, z€X, (5.6)
An=0, ze€Q\%,
s +Ash =0, z€X,
on=0, ze€df,
u=0, x€dQ,

since z; = (0,h1) and hy = Z?:o a;Y}, Yp := 1. From the divergence condition we
obtain

0= divudm:/ (u-vs + [0uen]) do = —/ hido,
Q bl Y

hence hy has mean value zero and this in turn implies Ax;h; = 0. Multiplying (5.6),
by u, integrating by parts and taking into account the boundary and transmission
conditions, we obtain

2|l Dul3 + o || Vall3 + o (Ashlhi) Ly(s) = 0. (5.7)

Since Ay is self-adjoint in Lo (X) it follows that the last term in (5.7) vanishes and
then, as before, = const and v = 0, by Korn’s inequality. In this case (5.6)
yields hy = 0, i.e. z € N(A), hence N(A?) = N(A). Since A has compact resolvent,
it follows that R(A) is closed in Xy and A = 0 is a pole of (A — A)~!. Therefore
[24, Remark A.2.4] yields that A = 0 is semisimple, in particular it holds that
Xo = N(A)® R(A). Moreover, the restricted semigroup e*At|R(A) is exponentially
stable, since we have a spectral gap.

Finally we show that the tangent space T, € of £ at z, = (0,X) € £ coincides
with N(A). This can be seen as follows. Assume w.l.o.g. that ¥ is centered at the
origin of R™ with radius R. Suppose S is a sphere that is sufficiently close to X.
Denote by (y1,...,y,) the center of S and let R + yo be the corresponding radius
of §. Then by [12, Section 6] the sphere S can be parameterized over ¥ by the
distance function

2

n n n
dy) => yY; =R+ | D uVi| +(R+w0)? - v2
j=1 =1

j=1
Denoting by O a sufficiently small neighborhood of 0 in R"*!, the mapping d :
0 — W;il/p(Z) is smooth and the derivative at 0 is given by

d'(0)w = ijYj, for all w € R" ™1, (5.8)
=0
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Therefore, near X, the set of equilibria € is a smooth manifold in X; of dimension
n+1and T,,E = N(A) by (5.8).
Since Xo = N(A) ® R(A) and o(A|ga)) C Cy it follows that the restricted
semigroup e~ 4| R(A) 1s exponentially stable. The proof is complete.
|

We are now ready to prove the main result of this section. Note that the trans-
formed equations near an equilibrium (0,X) € £ read as follows.

Ou — pFAu+ V1 = F,(u, 7, h), t>0, ze Q¥

div u = Fy(u,h), t>0, z€QF,
—[p(Vu + Vu)]vs + [r]vs — o(Ash)vs = Gu(u,h), t>0, z€ X,
[ul =0, ¢>0, zeX,
Oth —u - vy — [Oven] = Gr(u,n,h), t>0, x €%,
h),

An = F,(n, t>0, zeQ* (5.9)
Nz +Ash =Gyp(h), t>0, z €3,
om=0, t>0, x €0,
u=0, t>0, x €I,
u(0) = ug, x € QF,
h(0) = hy, z€X,

where the derivatives of the nonlinearities on the right hand side with respect to
(u, h) vanish at (u,h) = (0,0) for constant m and constant 7.

Theorem 5.2. The equilibrium (0,X) € £ is stable in the sense that for each e > 0
there exists some 6(g) > 0 such that for all initial values (ug, ho) subject to

ol /o sy + ol mg sy < 5(6)
there exists a unique global solution (u(t), h(t)) of (5.9) and it satisfies
||h(t)||W;;74/p(E) + lu@®)[ g3 ()n < € for all t > 0.

Moreover, there exists some hoo € Wy~ 1/p( Y) such that ©p_% = 0Bgr(x) C Q for
some R> 0, x € Q, and

Jim (1) = hocllyasro s + lu(®) 30y ) = 0.
The convergence is at an exponential rate.
Proof. The nonlinear phase manifold for the semiflow is given by

PM = {(u,h) € HY(Q)" x W24/P(2) : divu = Fy(u, h)}.
In a first step we want to parameterize PM over its tangent space at (0,0), that is
PMo = {(u,h) € Hy(Q)" x Wi=*?(2) : divu = 0}.
To this end we consider the generalized Stokes equation
—Au+Vr=0 inQ,
dive = f in Q, (5.10)
u=0 on 0N
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for which we have the following existence and uniqueness result.

Proposition 5.3. For every f € L7, (Q) = {u € L*(Q) : [, udx = 0} the Stokes
problem (5.10) admits a unique solution (u,m) € H}(Q)"™ x L%o) (Q), which depends
continuously on f € L, ().

Proof. The proposition is a special case of [32, Theorem I11.1.4.1]. ]

With the help of this result we may continue as follows. For a given (, il) € PMy
with a sufficiently small norm, we solve the auxiliary problem

“AG+VF=0 inQ,
diva = PyFy(i+ @,h) in Q, (5.11)
=0 on 09,

where Py : L*(Q) — L, (Q) is defined by Pof = f — 57 f, fdw. Since the Fréchet
derivatives of the nonlinearities vanish in (0, 0), the implicit function theorem yields

the existence of a ball B(0,r) C H}(Q)" N W§_4/p(2) and a unique solution

(ﬂvﬁ-) = Q‘{)(aa ?7') € H&(Q) X L?O) (Q)
with a function ¢ € C'(B(0,r)) such that ¢'(0) = 0. Define ©; (x) as in (2.8) with
h replaced by h, which does not depend on t. Let v(z) := (@ + ﬂ)(@il(x)) Then
v € H ()™ and
divo(z) = Tr[DO. T (2)V (@ + @) (6; ' (z))]
= Tr[(D@;:T(:r) — V(@ +a)(0; (x))] + div(a + ﬂ)(@gl(x))

h
= —Fy(u + 1, h)(0; ' (x)) + PoFu(ti + @, h) (0} ' (x))

1 -
-~ /ﬂ Fulii + i, h) () da,

since diva = 0. Because of 0 = [, divv(z)dz, it follows that PyFy(a + a,h) =
Fy(u+a,h).
Let
P: Hy ()" x Ly () = Hg ()", P(u,m) = u,
and set (@i, h) = P¢(@, h). It is not difficult to see that
(u, h) == (@1, h) + (¢(a, h),0) € PM.
Note that this mapping is injective. For the final construction of the parameteri-

zation we have to show that this mapping is also surjective. For that purpose we
solve the linear problem

—Au+V7=0 inQ,
diva = PyFy(u,h) in Q, (5.12)
=0 on 0f,

for given functions (u,h) € PM. Setting (i, h) = (u — @, k) we obtain that @ €
H}(Q)™ and

1
diva = Fd(u, h) — ‘P()‘Fd(’u7 h) = @/ Fd(u, h)dl‘
Q
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Since 0 = [, div adz this yields PyFy(u, h) = Fy(u,h).

Furthermore it holds that (&, iL) € PMy and u = ¢(ﬂ,il) by injectivity. This
in turn proves surjectivity. Observe that also ¢(0) = 0. This can be seen as
follows. Suppose that @ = h = 0. Then obviously @ = 0 and T = const. is a
solution of (5.11). By the uniqueness it follows that ¢(0) = 0. Furthermore, if
(Uoos Poos Toos Moo ) 18 an equilibrium of (5.9), then u,, = 0 and

Noo = [Teo]l/0 = H(hoo) = const.
Since Fy(0,ho) = 0, the unique solvability of (5.11) implies that ¢(0,he) = 0.
This is reasonable since the equilibria are contained in the linear phase manifold
PM,. . 3
Let (uo, ho) = (@0, ho) + (&(to, ho),0) € PM and let (u, h,m,n) be the solution
of (5.9) to this initial value on some interval [0, a]. With the help of the map ¢ we
want to derive a decomposition for (u, k). To be precise we want to write
(uh) = (tog, hoo) + (@, h) + (@, h),
where (i, h)(t) € PMq for all t € [0,a] and (oo, hoo, Too, o) is an equilibrium of
(5.9). Consider the two coupled systems
wii + 0yt — pE AT+ VT = Fy(u,, h)
diva = Fy(u, h)
—Ps[u(Va+ Va")vs = Gy (u, h)
—([et(Va+ va)vslvs) + [7] — 0Ash = Gy (u, k) + G (h) — G- (hoo)

[a] =0
il =0 (5.13)
wh + 0th — 1 - vs, — [0,s7] = Gn(u,n, h)
Aij = Fy(n, h)
s + Ash = Gy(h) — Gy(hoo)
Ouiloa =0

a(0) = ¢(io, ho), h(0) =0,
and

Ot — pEAUH Vi =wi t>0, v € QX
divi=0 t>0, z€Q\X

—Pe[pE(Vi+Vi)ys =0 t>0, z€X

—([u(Va +Va)]vs) -ve + [7] —0Ash=0 t>0,z€%

[a)]=0 t>0, z€X (5.14)

u =0 t>0, z€d)

Oh—i-vs— [0 =wh t>0,ze¥

An=0 t>0,z€X

Als +Ash=0 t>0, z€X

an=0 t>0, x€dN
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with initial values @(0) = @y and h(0) = hg — heo. Here m = 7o + 7@ + 7@ and
N = Noo + 7+ 1. We recall that u, = 0 and 7, oo are constants and it holds that
Neo = [Toc]/0 = H(hoo).
With the help of the operator A introduced above, we may rewrite problem
(5.14) as
Z(t) + AZ(t) = R(2)(t) fort € (0,T), 2(0) = Zp — oo, (5.15)
where Z := (7o, 7o), Zoo := (0,ho0), Z = (@, h) and Z = (@, k). Here the mapping
R is given by B
R(z) = (w(I — T1)@,wh).
Thanks to Proposition 5.1 we have the decomposition Xy = N(A) @ R(A). Let P¢
denote the spectral projection corresponding to o.(A) = {0} and set P* =1 — P°.
Then R(P€) = N(A) and R(P?) = R(A). Following the lines of [26, Remark 2.2
(b)] we may parameterize the set of equilibria near 0 over N(A) via a C? map
[x — x 4+ 1(x)] such that ¥(0) = ¢'(0) = 0 and R(¢p) C D(As), where A, = AP®.
This is true, since the nonlinearities on the right side in (5.9) are bilinear and
smooth.
For z,, sufficiently close to 0 there exists X such that zoo = Xoo + ¥(Xe0)-
Introducing the new variables x := P¢Z and
y =P°Z = (xoo + PZ) + ¥ (x0)
we obtain from (5.15) the so-called normal form
x =T(2), x(0) =x0 — Xoo,
y"'Asy = S(XOO,X, 2); Y(O) =Yo; (516)
where T'(zZ) = P°R(z),
S(XOO,X,Z) = PSR(Z) - As(w(xoo + X) - 1p<xc>o)> - 1p/(xoo + X)T(2)>
and xg := PZ, yo := P%Zy — ¢¥(xo) with Z; = (ﬂo,ﬁo). Observe that S(0) =
S’(0) = 0 by the properties of the function ¢ and since T(0) =
Let
Ei(Ry) = H'(Ry; Lo o () N La(Ry s HAQ\T)),
Eo(Ry) i= Wy (Ry; W, V/P(£)) N Ly (Ry; W, ~HP(S)).
and let
Ei(Ry,08) := {v € La(Ry; Ly(R)) : v € B (Ry)},
Eo(Ry,6) := {v € Ly(Ry; L,(RQ)) : v € Eo(Ry)},
where § € (0,d0) and 69 > 0 depends on the spectral bound on the operator Ag
(see Proposition 5.1). Clearly, T : E(Ry,d) — E(Ry, d), where

IE(]R+,5) =E;1(Ry,d) x Eo(Ry,0)
and E°(R4,0) := P°E(Ry4,d). For given (xo,Yo,Z) we want to solve (5.16) for
(X, ¥, Xo0). First, for given (xg, z) € X§ x E(Ry,d) with X§ := P°X, we define
Xoo ::x0—|—/ s)ds =: Ki(xg, 2) € X§.

Then
x(t) = —/t T(2)(s)ds =: K5(2)
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solves the first differential equation in (5.16) and

o0
x(0) = —/ T(2)(s)ds = X9 — Xoo-
0
Observe that by Young’s inequality we have
x € PY[H (R, 8; Ly 5 () x W, (Ry, 6 W, /7(2))].
These exponentially weighted function spaces are defined in exactly the same way
as E;j (R4, 0).
Substituting the expressions for x., and x into the function S, we obtain
Y+Asy:SI(XOa2>7 y(o) = Yo,

where

Sl(X07 Z) = S(Kl(XOa 2)7 K2(2)7 2)5
and yo € X§ N PM,y. If one takes into account that the first component of 7 is

identically zero, it follows easily from the definition of S and the smoothness of
that

S1(x0,2) : X§ X E(R4,0) = X*(R, )
where
X*(Ry, ) := P*[La(Ry, 03 L2 o (Q)) x Ly(Ry, &5 Wy~ /P ().
Here X§ := P*X,. Since 0(A;) C C4, we obtain for § > 0 sufficiently small

d —1
y= (dt_‘_A&tr) (51(X075)>YO) GES(R+76)7

where tr v := v(0) and
E*(Ry,9) := P°E(R4,9).
Here § > 0 depends on the growth bound of the semigroup. Putting things together,
we see that
zZ= QN(XOaYOa Z) =X+ P(X + Xoo) = P(Xo0) +y
and
Zoo = Goo(X0, Y0, Z) = Xoo + ¥(Xeo)-
We turn our attention to (5.13). Let L,, be the linear operator defined by the left
side of (5.13). Then we can rewrite (5.13) in the shorter form

Ly® = N(wee + @ + @) — N(weo), (5.17)

with initial value @(0) = @o := (¢(@io, ho),0).

Here we have set oo = (oo, oo, 0,0). Due to the first part of the proof, the
nonlinearities on the right hand side of (5.13) depend only on (xg,yo,w), where
w = (@, h,7,7) since Weo = (Goo (X0, Yo, @, 1), 0,0) and since there exists a function
H such that

W = (i, h, 7,7) = H(xo, Yo, 0, h).
This follows from the considerations above, as (7,7) can be written in terms of
(4, h) and (i, h) = Z = G(x0, Yo, Z). Moreover, the right hand sides in (5.13) do not
depend on (7, 7)eo ), since these quantities are constant.

In order to solve (5.13) we define

M (x0, Yo, @) := N (wee + @ + exts[(¢(do. ho), 0) — ((0), h(0))] + @) — N(wso),
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where
exts : {H(Q)" N La»(Q)} x Wa=*/?(2) - E(Ry,6) x {0} x {0},
such that (extsz)(0) = (21, 22,0,0) with z = (21, 22). We want to solve the equation
]wa = M(XanO»u_))v (@1,152)(0) = (¢(a07%‘0)a0)7 (518)
by the implicit function theorem. Let
E(Ry,6) i= E(Ry,0) x La(Ry, 8 Hly) (Q\5)) x Ly(Ry, 8 W2(Q\Y)
and define
K(X07 Yo, ’lI)) =W — (]Lwa tr)_l(M(X07 Yo, w)7 (¢(a07 B0)7 O))
The mapping K : B(r,§) — E(R4,6) is well defined, provided that w > 0 is suf-
ficiently large since (M (xo, Yo, ), (¢(@o, ho), 0)) satisfies all relevant compatibility
conditions at ¢ = 0. To be precise, we have [¢(tg, ho)] = 0, ¢(lo, ho)loa = 0 as
well as ) ) o
div (o, ho) = div(to + ¢(to, ho)) = Faltio + ¢(to, ho), ho),

since div 29 = 0. Here we have set

B(r,9) :=

{(x0,y0,w) € X§ x (X5 NPMo) x E(R,0) : [[(x0,Y0, D)l prtoj2xBrs 5 < T}
where 7 > 0 is sufficiently small.

Note that M (0,0,0) = M’(0,0,0) = 0 since ¢(0,0) = ¢’(0,0) = 0. Therefore the
implicit function theorem yields a ball

B(0,p) € X& x (X5 NPMy)

and a unique solution @ = ®(xq,yo) of (5.18), where ® € C1(B(0, p)). Note that
by construction, w is a solution of (5.13).

Finally this shows that (@(t), h(t)) as well as (w(t), h(t)) converge in H} ()" x
W;1 —4/p (X) to zero as t tends to infinity at an exponential rate.

Therefore (u(t), h(t)) = (Uoo, hoo) in HE(Q)™ x W§74/p(2) as t — 0o, where the
equilibrium (o, hoo) is determined by (ug, ho). ]

APPENDIX A. MAXIMAL REGULARITY FOR THE LINEAR STOKES SYSTEM

For the following let QF, Q be bounded domains with C3-boundary such that
Ty :=00f C Qand let Q5 = Q\ QF. Recall that H(lo) (Q) = H'(Q) N La,(0)()
-1
and H(o) Q) = H(lo)(Q).
In this appendix we consider the unique solvability of the system

ou— ptAu+Vg=f in Qét x (0,7), (A1)
divu=g¢ in QF x (0,7), (A.2)

[ul] =0 on Ty x (0,T), (A.3)

[vry - T(u,q)] =a onTyx(0,T)=:Tqr, (A4)
ulog, =0  on 9y x (0,T), (A.5)

ult=0 = vo on £, (A.6)

where T'(u,q) = p*Du — ¢l in Qg
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Theorem A.1. Let 0 < T < Ty < oo, n > 2, and 2 C R™ be a bounded domain
with C3-boundary. For every vg € HY(Q)", f € La(Q7)", g € L2(0,T; HL(Q2\ Ty))
with g € H'(0,T; Hi) (),

a € Hi(0,T; Ly(To)) N Ly(0,T; H2 (Tg)) = H¥2 (T 1)
such that

div vy = gli=o, / g(t,z)dz =0 for almost allt € (0,T) (A7)
Q

the system (A.1)-(A.6) has a unique solution
w € H'(0,T; Lo(2)") N Loo (0, T; Hy (2)") N Lo (0, T; H*(Q\ To)")

Moreover, there is some constant C' independent of T € (0,To], u, f,g,a,vy such
that

1@ew, Vi)l arsza) + D 1V, V)l 1y ()
+

< Gy (1.0 eatam + 19081y ey + Nl g o, + o)
where J = 1[0,T].

Remark A.2. The result follows from a result announced by Shimizu [30], where
a general L?-theory is discussed. In the case ¢ = 2, the proof is much simpler
since Hilbert-space methods are available and the result basically follows from the
resolvent estimate proved by Shibata and Shimizu in [29]. For the convenience of
the reader we include a proof.

Proof of Theorem A.1l: First we consider the case ¢ = a = vg = 0. We can
assume without loss of generality that f € L2(0,T; Ly ,(€2)). Otherwise we replace
f by P,f and ¢ by ¢ — q1, where Vq; = f — P, f. Then (A.1)-(A.6) are equivalent
to the abstract evolution equation

d

%u(t) + Au(t) = f(t), t € (0,7), (A.8)

0, (A.9)
where A: D(A) — La () with
Aulg: = —vFAu+ Vg
D(A) {u € H{(Q)" N L2, () : VZulgs € LA(QF), [2v - D], = o}

where ¢ € Ly (0)(2) with Vq|Q§ € LQ(Q(?)” is uniquely defined by
Ag=0 in Qoi,
[[Q]] = [[Q,U'iavvu]] on I'g,
Ouqloa = v - p~ Aulag on 0f).

Because of [29, Theorem 1.1], A is a generator of an exponentially decaying analytic
semi-group and the graph norm ||upa) is equivalent to

lull ) + D 1Vl o)
T
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Since Lo ,(€2) is a Hilbert space, for every f € Ls(0,7T; L2 ) there is a unique
uw€ HY0,T; Ly, ) N Ly(0,T;D(A)) solving (A.8)-(A.9) and

+1Aullr, 07520 < ClflLa0,75L0.0)

I
dt LQ(O,T;LQYU)

with some C' > 0 independent of T' € (0,00]. In the case T = oo this statement
follows from [9] or [11, Theorem 4.4], part “(ii) implies (i)”, where we note that
R-boundedness of an operator family on a Hilbert space coincides with uniform
boundedness, cf. [11, Section 3.1]. The case T' < oo follows from the latter case by
extending f: (0,T7) — H by zero to f: (0,00) — H. This proves the theorem in
the case g = a = vy = 0.

The general case can be reduced to the latter case as follows: First we reduce to
the case (f,g,vo)|93r = 0. To this end let

vt € H' (0,15 Lo(QF)") N L0, T H (7)), qF € L*(0, T3 H' ()
be the solution of
ot — ptAvt £Vt = leSr in Qf x (0,7),
divet =glos in QF x (0,7),
vr, - (2uTDvt —¢T) =0 on Iy x (0,7),
vV 4= = vo|ﬂo+ in QS’.

The existence of such a v+ follows from well known results for the instationary
Stokes system with Neumann boundary conditions, cf. e.g. [3]. Moreover, there is
some constant C' > 0 such that for every 0 < T < oo

||(3tv+;vv+7V2U+;Vq+)||L2(J;L2(Q§))
< Gy (H(ﬁ Vol L,rxary 10l L, im0ty T ||U0||H1(Q§)) :
Now we extend vt and ¢t to some functions
ot € Lo(0,T; H* ()" N H(0,T; La(Q))", ¢ € L*(0,T; H'(QF))

satisfying an analoguous estimate as before. Now subtracting (o7, 4") from (u, q)
we reduce to the case (f, g, v0)|93 = 0. Next we observe that

9l € H'(0, T3 Hyy) ()

because of

/95’ g(z,t)p(z) dx:/ 9z, )@(x) dz

Qo

for every ¢ € H(lo)(Qar), where ¢ € H (o) is an arbitrary extension of ¢ to Qo.
Hence there are some

v™ € HY0,T; Lo (Q5)™) N Lo (0, T; H*(Q5)™), ¢~ € L*(0,T; H'(y))
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solving
Ov” —u AvT +Vq = f|Qg in Qp x (0,7),
dive™ = g|QO_ in Qg x (0,7),
v™ =0 on I'y x (0,7),
vV im0 = vo|Qg in Q.

Existence of such a solution together with analoguous estimates as for (vT,q™")
follows e.g. from [3, 13, 16, 17, 33]. Now extending v~ and ¢~ by zero to Qy and
subtracting the extensions from (u, p) we can reduce to the case (f,g,v9) = 0.
In order to reduce to the case, where also a, = 0, we construct some A €
HY(0,T; La(92F)) N L2(0,T; H?(Q)) such that
2
||(A7 atA? VA7 \ A)HLQ(Q;) < OHG’HH%%(FO,T)
and
A|t:0 == A‘Fo = O, (VFO . 2/~L+DA)T|F0 = ar, divA=0 in Qo.
This can be done as follows: Choose some
A e HY0,T; Ly(Q)™) N Loy (0, T; HX(Q)™)
such that S ~
||(AﬂatA7VAvng)HLQ(QS'X(O,T)) < Cllall

HT3 (To.r)
and B ~ ~ ~
A|Fo = A|t:0 = 0, (VFO . 2H+DA)T|FO = Aar, diVA|F0 =0.
The existence of such an A e.g. follows from [3, Lemma 2.4]. Moreover, C > 0 in
the estimate above can be chosen independently of 0 < 7" < Tj for any 7o > 0.
Since div A|r, = 0, div A € H}(QF) and we can apply the Bogovski operator B, cf.
e.g. [14], to div A. Then we obtain B(div A) € L?(J; H3(Q§) N L(QO)(QS')) and
”B(diVA)HLZ(J;H?(QJ)) < CHAHLz(J;H%QJ))-
Moreover, due to [15, Theorem 2.5] we also have
1B(div Dl 115,207y < CI v All g (rim g y) < CNAN 1 (20

Since the Bogovski operator is independent of time, the latter constant can be
chosen independently of 0 < T < Tj for any Ty > 0. Altogether, we obtain that
A=A— B(div fl) has the properties stated above. Replacing u by u — AXQS” we
can finally reduce to the case vg = g = a, = 0. Finally, we can also reduce to the
case a,, = 0 by substracting a suitable extension of a, from the pressure gq. [ |
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