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Theory of thermal spin-charge coupling in electronic systems
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The interplay between spin transport and thermoelectricity offers several novel ways of generating,
manipulating, and detecting nonequilibrium spin in a wide range of materials. Here, we formulate a
phenomenological model in the spirit of the standard model of electrical spin injection to describe the electronic
mechanism coupling charge, spin, and heat transport and employ the model to analyze several different geometries
containing ferromagnetic (F) and nonmagnetic (N) regions: F, F/N, and F/N/F junctions, which are subject to
thermal gradients. We present analytical formulas for the spin-accumulation and spin-current profiles in those
junctions that are valid for both tunnel and transparent (as well as intermediate) contacts. For F/N junctions, we
calculate the thermal spin-injection efficiency and the spin-accumulation-induced nonequilibrium thermopower.
We find conditions for countering thermal spin effects in the N region with electrical spin injection. This
compensating effect should be particularly useful for distinguishing electronic from other mechanisms of
spin injection by thermal gradients. For F/N/F junctions, we analyze the differences in the nonequilibrium
thermopower (and chemical potentials) for parallel and antiparallel orientations of the F magnetizations, as
evidence and a quantitative measure of the spin accumulation in N. Furthermore, we study the Peltier and spin
Peltier effects in F/N and F/N/F junctions and present analytical formulas for the heat evolution at the interfaces
of isothermal junctions.
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I. INTRODUCTION

The central theme in spintronics is the generation and con-
trol of nonequilibrium electron spin in solids.1–4 Until recently,
the spin generation has been done by optical, magnetic, and,
most important for device prospects, electrical means.2,5 In a
typical device, spin-polarized electrons from a ferromagnetic
conductor are driven by electromagnetic force to a nonmag-
netic conductor. There the spin accumulates, with the steady
state facilitated by spin relaxation. (There are also novel
ways to generate pure spin currents, without accompanying
charge currents.6–10) The concept of electrical spin injection
was first proposed by Aronov,11 and experimentally confirmed
by Johnson and Silsbee,12 who also formulated the problem
from a nonequilibrium thermodynamics and drift-diffusion
view.13,14 An equivalent description in terms of quasichemical
potentials, convenient to treat discrete (junction) systems, was
formulated systematically by Rashba.15 This model, which
we call the standard model of spin injection, is widely
used to describe electrical spin injection into metals and
semiconductors1,2,5 and can also be extended to ac currents.16

Until recently, one particularly interesting possibility of
generating spin, by spin-heat coupling, has been largely
neglected. The generation of nonequilibrium spin by heat
currents and the opposite process of generating heat currents by
spin accumulation has already been proposed by Johnson and
Silsbee13 based on nonequilibrium thermodynamics concepts
(see also Ref. 17). The spin-heat coupling is now the central
point of spin caloritronics (or spin calorics).18,19 Although
the theory of thermoelectricity has long been known,20,21 only
experimental improvements over the past few years have made
its application in the context of generating and transporting
spin appear possible.22–26

At the heart of spin caloritronics is the spin Seebeck
effect (see Fig. 1).27–29 The conventional Seebeck effect, also

called thermopower,20 describes the generation of an electric
voltage if a thermal gradient is applied to a conductor. In
analogy, the spin Seebeck effect describes the generation of
spin accumulation in ferromagnets by thermal gradients. The
effect was originally observed in the ferromagnetic conductor
NiFe,27,30 where indication of spin accumulation over large
length scales (millimeters), independent of the spin-relaxation
scales in the ferromagnet, was found. Since it also exists at
room temperature, the spin Seebeck phenomenon may have
some technological applications.31

However, the spin Seebeck effect is not limited to metals.
It has also been observed in ferromagnetic insulators29 as well
as in the ferromagnetic semiconductor (Ga,Mn)As.32 This
suggests that the spin Seebeck effect does not need to be
connected with charge flow. In (Ga,Mn)As, the sample was
even cut preventing charge redistribution over the whole slab;
the spin Seebeck signals were unaffected and in both cases,
of compact and disconnected samples, the Pt stripes pick up
the same inverse spin Hall signals.33,34 The evidence points
to a mechanism of magnon-assisted spin pumping from the
ferromagnet into the Pt, producing spin currents there. A theory
for this spin pumping from a ferromagnetic insulator was
suggested in Ref. 35. It was predicted that phonons can play an
important role in the spin Seebeck effect, leading to its huge
enhancement.36 Recent measurements of the spin Seebeck
effect in multiple (Ga,Mn)As samples also suggest that the
spin Seebeck effect can be driven by phonons.37 In order
to explain the main trends of the observed temperature and
spatial dependence of the spin Seebeck effect in (Ga,Mn)As, a
phenomenological model involving phonon-magnon coupling
was introduced.37

In addition to the Seebeck effect, there is also another
thermoelectric effect, the Peltier effect, which refers to the
evolution of heat across an isothermal junction of two different
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FIG. 1. (Color online) Schematic illustrations of the (a) Seebeck
and (b) spin Seebeck effects. Here, �T is the temperature difference,
V the voltage, j the charge current, js the spin current, and vertical
arrows denote up and down spin projections.

materials due to an electric current being passed through the
junction.20,21 Recently, a spin caloritronics analog to the Peltier
effect, termed spin Peltier effect, has been predicted and exper-
imentally observed in a permalloy (Ni80Fe20)(PY)/copper/PY
valve stack.38,39 The spin Peltier effect describes the heating or
cooling at the interface between a ferromagnetic and normal
conductor driven by a spin current (see Fig. 2).

Another fascinating discovery is that of the thermally driven
spin injection from a ferromagnet to a normal conductor.40

In this experiment, thermal currents in permalloy drive spin
accumulation into copper, detected in a nonlocal geometry.2,5

The structures were of submicron sizes, so it is plausible
that the effects are electronic in nature, although magnon
contributions to such thermal spin-injection setups could also
be sizable. A practical model was introduced in Refs. 38 and 41
to find, with a finite elements numerical scheme, the profiles
of temperature and spin accumulation in the experimental
devices. Recently, yet another form of thermal spin flow,

FIG. 2. (Color online) Schematic illustrations of the (a) Peltier
and (b) spin Peltier effects, where j and js denote the charge and spin
currents. The thermal current jq is different in each region. Small
vertical arrows denote up and down spin projections.

coined Seebeck spin tunneling, has been demonstrated in
ferromagnet-oxide-silicon tunnel junctions.42 Here, a temper-
ature difference between the ferromagnet and silicon causes
a transfer of spin angular momentum across the interface
between both materials.

An important goal for both theory and experiment of
the spin Seebeck phenomena is to decipher the roles of the
electronic and nonelectronic contributions. It is yet unclear
under which circumstances the electronic contribution may
dominate. It seems likely that when going to smaller, sub-
micron structures in which the spin accumulation will be
a bulk effect, the spin phenomena carried by electrons will
become important. Similarly, in materials with strong magnon
damping, such that magnons are in local equilibrium with
the given temperature profile, electrons may ultimately carry
the entire spin Seebeck effect. It is thus important to set the
benchmarks for the electronic contributions in useful device
geometries. This is what this paper does: we explore the role
of the electronic contributions in F/N and F/N/F junctions,
which are subjected to thermal gradients, and derive useful
analytical formulas for various spin-injection efficiencies.

Our purpose is twofold: First, we use the drift-diffusion
framework of the standard model of spin injection presented
in Refs. 1, 2, and 5 and generalize it to include electronic
heat transport and thereby derive a theory for charge, spin,
and heat transport in electronic materials. Second, we apply
this theory to describe F/N and F/N/F junctions placed in
thermal gradients. While the Peltier and Seebeck effects in
such structures have been investigated in Ref. 43, we focus
here on the description of thermal spin injection and the
investigation of the corresponding spin accumulation. We also
look at the spin injection in the presence of both electric
and thermal currents, and find the conditions under which the
resulting spin current in N vanishes. In all junctions studied,
we present, as general as possible, analytical formulas for the
spin-accumulation and spin-current profiles, as well as for the
thermal spin-injection efficiency and the nonequilibrium (spin-
accumulation-driven) spin Seebeck coefficient. Moreover, we
look at several different setups of the Peltier and spin Peltier
effects and calculate their respective contributions to the
heating or cooling at the interfaces in F/N and F/N/F
junctions.

The paper is organized as follows: Following the intro-
duction of the formalism and the basic equations in Sec. II,
the electronic contribution to the spin Seebeck effect in a
ferromagnetic metal is discussed within the framework of this
formalism in Sec. III, while Secs. IV and V are devoted to the
discussion of thermal spin injection and related thermoelectric
effects in F/N and F/N/F junctions, respectively. A short
summary concludes the paper.

II. SPIN-POLARIZED TRANSPORT IN THE PRESENCE
OF THERMAL FLUCTUATIONS: CONCEPTS AND

DEFINITIONS

A. Spin-unpolarized transport equations

As a first step, we will restrict ourselves to the description of
transport in an electronic system that consists only of electrons
of one species, that is, either of spin-up or spin-down electrons
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(denoted by the subscript λ =↑ or ↓ throughout this paper).
The derivation presented here is a textbook matter20,44 and is
given here to introduce the terminology needed for the spin-
polarized case and to match the concepts from the standard
spin-injection model of Ref. 2.

If this system is in thermodynamic equilibrium, the tem-
perature T and the chemical potential η(T ) are uniform
throughout the system. Knowing the chemical potential (the
chemical potential is not only a function of the temperature
but also of the total electron density), one can calculate the
density of the respective electron species under consideration
from

n0
λ [η(T ),T ] =

∫
dε gλ (ε) f0

[
ε − η(T )

kBT

]
, (1)

where kB denotes the Boltzmann constant, gλ (ε) the electronic
density of states at the energy ε, and f0 the equilibrium Fermi-
Dirac distribution function. Similarly, the equilibrium energy
density is given by

e0
λ [η(T ),T ] =

∫
dε εgλ (ε) f0

[
ε − η(T )

kBT

]
. (2)

The system is not in equilibrium if an electric field −∇ϕ(x)
is present in its bulk. In this case, the chemical potential
becomes space dependent. This is taken into account by
replacing η(T ) with η(T ) + eμλ(x), where the quasichemical
potential μλ(x) now contains the space dependence. {In
general, μλ also depends on the temperature T . If we
consider different, space-dependent local equilibrium tem-
peratures T (x), the gradient of the quasichemical potential
reads as ∇μλ [x,T (x)] = ∂μλ

∂x
+ ∂μλ

∂T
∇T . Since we are only

interested in first-order effects, the temperature dependence
of μλ, which leads to a second-order contribution [in the
nonequilibrium quantities μλ [x,T (x)], ϕ(x), and ∇T (x)], can
be omitted.} Since we want to incorporate the effects of
thermal gradients into our formalism, we furthermore allow
for different local equilibrium temperatures by replacing the
constant temperature T by a space-dependent temperature
T (x). As a consequence, there is an additional position
dependence of the chemical potential due to the temperature,
that is, η(T ) has to be replaced by η [T (x)]. Thus, the total
chemical potential is given by η [T (x)] + eμλ(x). Assuming
the local nonequilibrium distribution function to be only
energy dependent because momentum relaxation happens on
length scales much smaller compared to the variation of the
electric potential ϕ(x), one obtains

fλ(ε,x) = f0

{
ε − η [T (x)] − eμλ(x) − eϕ(x)

kBT (x)

}
. (3)

Therefore, the nonequilibrium electron and energy densities
read as

nλ(x) =
∫

dε gλ(ε)fλ(ε,x)

= n0
λ{η[T (x)] + eμλ(x) + eϕ(x),T (x)}, (4)

eλ(x) =
∫

dε εgλ(ε)fλ(ε,x)

= e0
λ{η[T (x)] + eμλ(x) + eϕ(x),T (x)}. (5)

The electrostatic field gives rise to an electric current.
This charge current consists of two parts: the drift current,
proportional to the electric field E(x) = −∇ϕ(x) and the
diffusion current, proportional to the gradient of the local
electron density.

Since the proportionality factor of the diffusion current,
the diffusivity Dλ(ε), is energy dependent, it is convenient to
treat electrons with different energies separately. The spectral
diffusion current density reads as

jDλ(x,ε)dε = eDλ(ε)∇ [gλ(ε)fλ(ε,x)] dε, (6)

from which the complete diffusion current can be obtained by
integrating over the entire energy spectrum. The total charge
current for electrons of spin λ is given by

jλ(x) = −σλ∇ϕ(x) + e

∫
dε Dλ(ε)gλ(ε)∇fλ(ε,x), (7)

where σλ is the conductivity. By inserting Eq. (3) into Eq. (7),
using the Einstein relation [the Einstein relation is obtained by
requiring that jλ = 0 if ∇{ η[T (x)]

e
+ μλ(x)} = 0 and ∇T (x) =

0] and keeping only terms linear in the nonequilibrium
quantities μλ(x) and ϕ(x), we find

jλ(x) = σλ∇
{

η [T (x)]

e
+ μλ(x)

}
− Sλσλ∇T (x). (8)

Here, the conductivity is given by the Einstein relation

σλ = e2
∫

dε Dλ(ε)gλ(ε)

(
−∂f0

∂ε

)
≈ e2Dλ(εF )gλ(εF ) (9)

and the Seebeck coefficient by

Sλ = − e

σλ

∫
dε Dλ(ε)gλ(ε)

(
−∂f0

∂ε

)
ε − η [T (x)]

T (x)

≈ −LeT (x)

[
g′

λ(εF )

gλ(εF )
+ D′

λ(εF )

Dλ(εF )

]
. (10)

In both cases, the integrals are calculated to the first non-
vanishing order in the Sommerfeld expansion.20 The Lorenz
number is L = (π2/3)(kB/e)2 and g′

λ(εF ) and D′
λ(εF ) are the

derivatives of the density of states and the diffusivity with
respect to the energy evaluated at the Fermi level εF .

In addition to the charge current, there is a heat current
in nonequilibrium. A treatment similar to that of the charge
current above yields

jq,λ(x) = SλσλT (x)∇
{

η [T (x)]

e
+ μλ(x)

}
−LσλT (x)∇T (x). (11)

If the charge and heat currents are defined as in Eqs. (8) and
(11), currents jλ(x) > 0 and jq,λ(x) > 0 flow parallel to the x

direction.
At sharp contacts, the chemical potential and the temper-

ature are generally not continuous. Thus, instead of Eqs. (8)
and (11), discretized versions of these equations are used. The
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charge current at the contact (C) is given by

jλc = 
λc

(
1

e
�ηc + �μλc

)
− Sλc
λc�Tc (12)

and the heat current by

jqλc = T Sλc
λc

(
1

e
�ηc + �μλc

)
− LT 
λc�Tc, (13)

where �ηc + e�μλc and �Tc denote the drops of the total
chemical potential and the temperature at the contact, respec-
tively. The (effective) contact conductance and the contact
thermopower are given by 
λc and Sλc, respectively, while T

is the average temperature of the system.

B. Spin-polarized transport equations

We now consider spin-polarized systems, which we treat as
consisting of two subsystems, one of spin-up and one of spin-
down electrons; each subsystem is described by the equations
from Sec. II A.

Energy as well as particles can be exchanged between
the two spin pools (by collisions and spin-flip processes,
respectively). As energy relaxation (tens of femtoseconds)
happens usually on much shorter time scales than spin
relaxation (picoseconds to nanoseconds), we assume that a
local equilibrium exists at each position x. Consequently,
both subsystems share a common local equilibrium chemical
potential η [T (x)] and temperature T (x). On the other hand,
the local nonequilibrium quasichemical potentials μλ(x) can
be different for each spin subsystem.

From Eq. (4), we obtain

n(x) = n0
↑{η[T (x)] + eμ↑(x) + eϕ(x),T (x)}

+ n0
↓{η[T (x)] + eμ↓(x) + eϕ(x),T (x)} (14)

for the complete local electron density of the system. By
expanding the electron density up to the first order in the
local nonequilibrium quantities μ↑(x), μ↓(x), and ϕ(x), and
using the Sommerfeld expansion subsequently to calculate the
integrals that enter via Eq. (1), we can write the electron density
as

n(x) = n0 + δn(x). (15)

Here, we have introduced the local equilibrium electron den-
sity n0 = n0

↑{η [T (x)] ,T (x)} + n0
↓{η [T (x)] ,T (x)}, and the

local nonequilibrium electron density fluctuations

δn(x) = eg[μ(x) + ϕ(x)] + egsμs(x). (16)

Additionally, we have introduced the quasichemical potential
μ = (μ↑ + μ↓)/2, the spin accumulation μs = (μ↑ − μ↓)/2,
as well as the densities of states g = g↑(εF ) + g↓(εF ) and
gs = g↑(εF ) − g↓(εF ) at the Fermi level. We further assume
that there is no accumulation of charge inside the conductor
under bias ϕ(x). This assumption of local charge neutrality is

valid for metals and highly doped semiconductors and requires
n(x) = n0.45 Hence, Eq. (15) yields the condition

δn(x) = 0. (17)

The local spin density

s(x) = n0
↑{η[T (x)] + eμ↑(x) + eϕ(x),T (x)}

− n0
↓{η[T (x)] + eμ↓(x) + eϕ(x),T (x)} (18)

can be evaluated analogously to the local electron density:
First, Eq. (18) is expanded in the local nonequilibrium
quantities up to the first order. The resulting integrals are
performed employing the Sommerfeld expansion up to the
first nonvanishing order and, as a final step, the charge
neutrality condition, Eq. (17), is used to simplify the result.
This procedure yields

s(x) = s0(x) + δs(x), (19)

with the local equilibrium spin density s0(x) =
n0

↑{η [T (x)] ,T (x)} − n0
↓{η [T (x)] ,T (x)} and the local

nonequilibrium spin density

δs(x) = e
g2 − g2

s

g
μs(x). (20)

It is important to note that s0(x) is determined by the local
temperature T (x) as a result of the rapid energy relaxation as
compared to the spin relaxation.

The same procedure can be applied to calculate the energy
density from Eq. (5):

e(x) = e0
↑{η[T (x)] + eμ↑(x) + eϕ(x),T (x)}

+ e0
↓{η[T (x)] + eμ↓(x) + eϕ(x),T (x)}, (21)

which can be split in a local equilibrium energy density
e0(x) = e0

↑{η [T (x)] ,T (x)} + e0
↓{η [T (x)] ,T (x)}, and local

energy density fluctuations δe(x), that is,

e(x) = e0(x) + δe(x). (22)

By calculating δe(x) in the same way as δs(x), we find that

δe(x) = 0, (23)

consistent with our assumption of fast energy relaxation to the
local quasiequilibrium.

Next, we consider the currents flowing through the system.
Since our goal is to calculate the quasichemical and spin-
quasichemical potentials, as well as the temperature profile,
we not only derive transport equations based on Eqs. (8) and
(11), but also continuity equations for each of the currents
considered, that is, charge, spin, and heat currents.

The charge current consists of the electric currents carried
by spin-up and spin-down electrons

j (x) = j↑(x) + j↓(x)

= σ∇
{

η[T (x)]

e
+ μ(x)

}
+ σs∇μs(x)

− 1

2
(Sσ + Ssσs)∇T (x), (24)

where the conductivities are given by σ = σ↑ + σ↓ and σs =
σ↑ − σ↓, and the Seebeck coefficients by S = S↑ + S↓ and
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Ss = S↑ − S↓. In nonmagnetic materials, σs = 0 and Ss = 0.
In our model, we consider a steady state, which requires

∇j (x) = 0, (25)

that is, a uniform electric current j (x) = j .
The spin current is the difference between the electric

currents of spin-up and -down electrons

js(x) = j↑(x) − j↓(x)=σs∇
{
η [T (x)]

e
+ μ(x)

}
+ σ∇μs(x)

− 1

2
(Ssσ + Sσs) ∇T (x). (26)

As we have seen, the spin density s(x) deviates from its
local equilibrium value s0(x). Unlike charge, spin is not
conserved and spin-relaxation processes lead to a decrease
of the local nonequilibrium spin to s0(x). Therefore, the
continuity equation for the spin current is given by

∇js(x) = e
δs(x)

τs

, (27)

where τs is the spin-relaxation time. We will not distinguish
between different spin-relaxation mechanisms in our model.
Instead, we treat τs as an effective spin-relaxation time, which
incorporates all the different spin-relaxation mechanisms. We
stress that spin-relaxation processes bring the nonequilibrium
spin s(x) to the (quasi)equilibrium value s0(x), defined locally
by T (x). Here, we deviate from the treatment given in
Ref. 30.

The heat current

jq(x) = jq,↑(x) + jq,↓(x)

= T (Sσ + Ssσs)

2
∇

{
η[T (x)]

e
+ μ(x)

}

+ T (Ssσ + Sσs)

2
∇μs(x) − LT σ∇T (x) (28)

is the heat carried through the system by the electrons of both
spin species. Closely related is the energy current

ju(x) = jq(x) −
{

η [T (x)]

e
+ μ(x)

}
j − μs(x)js(x). (29)

By inserting Eqs. (24), (26), and (28) and using that the
divergence of the charge current vanishes in a steady state,
that is, Eq. (25), we find

∇ju(x) = T (x)

2
∇ [Sj + Ssjs(x)] − μs(x)∇js(x)

−∇
[
LσT (x)

(
1 − S2 + S2

s + 2SSsPσ

4L

)
∇T (x)

]

− j 2
↑(x)

σ↑
− j 2

↓(x)

σ↓
, (30)

where Pσ = σs/σ is the conductivity spin polarization. The
above formula contains Thomson (first term) as well as Joule
heating (final two terms). Equation (23) can be used to
formulate the continuity equation for the energy current by
enforcing the energy conservation

∇ju(x) = 0. (31)

Thus, if j is treated as an external parameter, the transport
equation for the charge current [Eq. (24)], as well as the trans-
port and continuity equations for the spin and heat
currents [Eqs. (26)–(28) and (31)], form a complete set
of inhomogeneous differential equations to determine the
quasichemical potentials μ(x) and μs(x), the temperature
profile T (x), as well as the currents js(x) and jq(x). The
solution to this set of differential equations, that couple charge,
spin, and heat transport, will be discussed in the next section.

C. Spin-diffusion equation and its general solution

In the following, the general solutions to the equations
introduced in Sec. II B will be discussed. Inserting Eq. (26) into
the spin-current continuity equation (27), and using Eqs. (20),
(24), and (25) generalizes the standard46,47 spin-diffusion
equation

∇2μs(x) = μs(x)

λ2
s

+ 1

2
∇ · [Ss∇T (x)] . (32)

Here, we have introduced the spin-diffusion length1,2

λs =
√

τsgσ
(
1 − P 2

σ

)
/
[
e2

(
g2 − g2

s

)]
. (33)

As we are primarily interested in linear effects, we neglect the
position dependence of the spin Seebeck coefficient Ss , which
enters via T (x), and arrive at a simplified diffusion equation
for the spin accumulation:

∇2μs(x) = μs(x)

λ2
s

+ Ss

2
∇2T (x), (34)

where Ss is evaluated at the mean temperature T . In order to
solve this equation, we need the temperature profile, which
can be determined from Eq. (31). If only first-order effects are
taken into account, Eq. (31) gives the differential equation

∇2T (x) = 2Ss

(
1 − P 2

σ

)
λ2

s

(
4L − S2 − S2

s − 2SSsPσ

)μs(x), (35)

deforming the typically linear profile of T (x). The solution to
the coupled differential Eqs. (34) and (35) reads as

μs(x) = A exp

(
x

λ̃s

)
+ B exp

(
− x

λ̃s

)
, (36)

T (x) = 2Ss

(
1 − P 2

σ

)
4L − (S + SsPσ )2

μs(x) + Cx + D, (37)

with the modified spin-diffusion length

λ̃s = λs

√
4L − S2 − S2

s − 2SSsPσ

4L − (S + SsPσ )2
. (38)

Integration of Eq. (24) yields the total chemical potential

η[T (x)]

e
+ μ(x) = j

σ
x − Pσ μs(x) + S + SsPσ

2
T (x) + E.

(39)

The integration constants A, B, C, D, and E have to be
determined by including the respective boundary conditions
of the system under consideration.
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If Sλ � √
L (see the next section), it is often possible to

assume a uniform temperature gradient, that is,

T (x) = Cx + D. (40)

Then, Eq. (34) reduces to the standard spin-diffusion equation
and its solution is given by

μs(x) = A exp

(
x

λs

)
+ B exp

(
− x

λs

)
, (41)

while integration of Eq. (24) yields the total chemical potential

η[T (x)]

e
+ μ(x) =

(
j

σ
+ S + SsPσ

2
C

)
x − Pσμs(x) + E.

(42)

As before, A, B, C, D, and E are integration constants to
be specified by boundary conditions. However, assuming a
constant temperature gradient in ferromagnets is not consistent
with Eq. (31) and therefore this approximation can not be used
in situations that depend crucially on the heat-current profile
(see next section).

The spin and heat currents can be obtained by inserting the
solutions found above into Eqs. (26) and (28).

D. Contact properties

To find the specific solution for a system consisting of
different materials, such as a F/N junction, we have to know
the behavior of the currents at the interfaces between two
different materials. The currents at a contact can be obtained
by applying Eqs. (12) and (13), giving

jc = j↑c + j↓c = 
c

(
1

e
�ηc + �μc

)
+ 
sc�μsc

− 1

2
(Sc
c + Ssc
sc)�Tc,

(43)

jsc = j↑c − j↓c = 
sc

(
1

e
�ηc + �μc

)
+ 
c�μsc

− 1

2
(Ssc
c + Sc
sc)�Tc, (44)

jqc = jq↑c + jq↓c = T

2
(Sc
c + Ssc
sct)

(
1

e
�ηc + �μc

)

+ T

2
(Ssc
c + Sc
sc)�μsc − LT 
c�Tc, (45)

where �Tc is the temperature drop at the contact, and �ηc,
�μc, and �μsc are the drops of the local equilibrium chemical,
quasichemical, and spin-quasichemical potentials. Moreover,
the contact conductances 
c = 
↑c + 
↓c and 
c

s = 
↑c −

↓c as well as the contact thermopowers Sc = S↑c + S↓c and
Ssc = S↑c − S↓c have been introduced. Equations (43)–(45)
will be used in Secs. IV and V to fix the integration constants
of the general solutions (40)–(42) and (36)–(42) found in
Sec. II C.

III. FERROMAGNET PLACED IN A THERMAL
GRADIENT

As a first example, we consider a ferromagnetic metal F
of length L (−L/2 < x < L/2) subject to a thermal gradient

FIG. 3. (Color online) A schematic illustration of a ferromagnet
metal placed in a thermal gradient, which leads to the generation of
a spin current.

under open-circuit conditions, that is, j = 0. The gradient is
applied by creating a temperature difference �T = T2 − T1

between both ends of the metal, which are held at temperatures
T1 and T2, respectively, as shown in Fig. 3.

At the ends of the ferromagnet, we impose the boundary
conditions T (−L/2) = T1, T (L/2) = T2, and set js(±L/2) =
0. Since we consider only first-order effects, the Seebeck
coefficients are assumed to be constant over the length of
the ferromagnet and are evaluated at the mean temperature
T = (T1 + T2)/2. Using the above boundary conditions and
Eqs. (36)–(39) yields the spin accumulation

μs(x) = Ss

2
λ̃s

�T

L

sinh(x/λ̃s)

cosh(L/2λ̃s)

4L − (S + SsPσ )2

N (L)
, (46)

and the spin current

js(x) = −Ss

2

λ̃s

R̃

�T

L

[
1 − cosh(x/λ̃s)

cosh(L/2λ̃s)

]

× 4L − S2 − S2
s − 2SSsPσ

N (L)
, (47)

where R̃ = λ̃s/[σ (1 − P 2
σ )] and

N (L) = 4L − S2 − S2
s − 2SSsPσ

+ S2
s

(
1 − P 2

σ

) tanh(L/2λ̃s)

L/2λ̃s

. (48)

If a constant temperature gradient is assumed and the
reduced model given by Eqs. (40)–(42) is used, the spin
accumulation reads as

μs(x) = Ss

2
λs

�T

L

sinh(x/λs)

cosh(L/2λs)
, (49)

and the spin current

js(x) = −Ss

2

λs

R

�T

L

[
1 − cosh(x/λs)

cosh(L/2λs)

]
, (50)

where R = λs/[σ (1 − P 2
σ )] is the effective resistance of the

ferromagnet.
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FIG. 4. (Color online) Profiles of the (a) spin accumulation,
(b) the total chemical potential, and (c) the spin current for Ni81Fe19

at T = 300 K with L = 100 nm and �T = 100 mK. The solid
lines show the results obtained if a constant temperature gradient
∇T = �T/LF is assumed, while the dashed lines (fully overlapping
with the solid ones) show the results obtained if the temperature
profile is determined by ∇ju = 0.

For metals Sλ � √
L and Eqs. (46) and (47) reduce to

Eqs. (49) and (50), that is, the assumption of a uniform
temperature gradient ∇T = �T/L is justified. Only at the
boundaries of the sample do both temperature profiles differ
(insignificantly) as there is a small exponential decay within
the spin-diffusion length λ̃s ≈ λs if the full model is used
compared to a perfectly linear temperature profile of the
reduced model.

Equations (49) and (50) from the reduced model correspond
to the profiles of the spin accumulation and spin current
found in Ref. 48, where a Boltzmann equation approach
has been used to describe thermoelectric spin diffusion in a
ferromagnetic metal.

In Fig. 4, the results calculated for a model Ni81Fe19

film with realistic parameters30 [λs = 5 nm, σ = 2.9 ×
106 1/m, S0 = (S↑σ↑ + S↓σ↓)/(σ↑ + σ↓) = −2.0 × 10−5

V/K with Pσ = 0.7, and PS = (S↑ − S↓)/(S↑ + S↓) = 3.0]
at a mean temperature T = 300 K are displayed. The
length of the sample is L = 100 nm and the temper-
ature difference is �T = 100 mK. As can be seen in
Fig. 4, the agreement between both solutions is very
good.

Figure 4(b) shows an almost linear drop of the total
chemical potential between both ends of the ferromagnet.
Only at the contacts is this linear drop superimposed by an
exponential decay. It is also at the contacts that nonequilibrium
spin accumulates and decays within the spin-diffusion length
[see Figs. 4(a) and 4(c)]. Thus, only near the contacts is there
an electronic contribution to the spin voltage and our electronic
model does not reproduce the linear inverse spin Hall voltage
observed in this system,27 which suggests that a mechanism
different from electronic spin diffusion is responsible for
the detected spin Hall voltage.48 Also, the “entropic” terms
in the spin accumulation as introduced in Ref. 30, which

would lead to a uniform decay of the spin accumulation
across the whole sample, not just at the distances of the
spin-diffusion lengths off of the edges, do not arise in our
theory.

IV. F/N JUNCTIONS

A. F/N junctions placed in thermal gradients

In this section, we investigate an open (j = 0) F/N junction
under a thermal gradient. The F/N junction consists of a
ferromagnet and a nonmagnetic conductor, denoted by the
additional subscripts F and N in the quantities defined in
the previous sections. The extension of the ferromagnet is
given by −LF < x < 0, whereas the nonmagnetic conductor
is described by values 0 < x < LN. We also assume that the
properties of the contact region C, located at x = 0, are known.
By coupling the F and N regions to reservoirs with different
temperatures T2 and T1, respectively, a temperature gradient
is created across the junction. The model investigated in the
following is summarized in Fig. 5.

As in the previous section, we can assume uniform (but
for each region different) temperature gradients ∇TF and ∇TN

and use the simplified spin-diffusion equation (34) and the cor-
responding solutions (40)–(42) to describe the total chemical
potential, the spin accumulation, and the temperature profile
in each region separately. The integration constants are solved
invoking the following boundary conditions: T (−LF) = T1,
T (LN) = T2, and js(−LF) = js(LN) = 0. Furthermore, we
use Eqs. (43)–(45) and assume, as in the standard spin-
injection model,2 that the charge, spin, and heat currents are
continuous at the interface, giving us five additional equations
for the integration constants. From this set of equations, the
integration constants, including the gradients ∇TF and ∇TN,
can be obtained. Depending on the choice of the direction of
the gradient, one finds that spin is either injected from the F
region into the N region or extracted from the N region by a
pure spin current, that is, a spin current without accompanying
charge current.

In order to measure the efficiency of the thermal spin
injection [js(0) < 0] and extraction [js(0) > 0] at the interface,
we calculate the thermal spin-injection efficiency κ = js(x =
0)/∇TN, which corresponds to a spin thermal conductivity.

FIG. 5. (Color online) A schematic illustration of a F/N junction
placed in a thermal gradient.
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Our model gives

κ = −σN

2

tanh(LN/λsN)
{

tanh(LF/λsF)SscRc

(
1 − P 2




) + [1 − cosh−1(LF/λsF)]SsFRF
(
1 − P 2

σF

)}
RF tanh(LN/λsN) + Rc tanh(LN/λsN) tanh(LF/λsF) + RN tanh(LF/λsF)

, (51)

with the effective resistances for the F, N, and contact regions

RN = λsN/σN, (52)

RF = λsF/
[
σF

(
1 − P 2

σF

)]
, (53)

Rc = 1
/[


c(1 − P 2

)

]
, (54)

and the contact conductance spin polarization

P
 = 
sc/
c. (55)

Equation (51) has been derived in the limit of SλF/N/c � √
L,

in which the temperature gradients are given by

∇TF = �T

σFRFN
, (56)

∇TN = �T

σNRFN
, (57)

where

RFN = LF

σF
+ 1


c

+ LN

σN
. (58)

If the sample sizes are large, that is, if LF 	 λsF and LN 	
λsN, as is usually the case (but not in Figs. 6 and 7 where
LN < λsN), the situation at the interface is not sensitive to the
boundary conditions far away from the interface and Eq. (51)
reduces to

κ = −σN

2

SscRc

(
1 − P 2




) + SsFRF

(
1 − P 2

σF

)
RF + Rc + RN

= −σN

2

〈
Ss

(
1 − P 2

σ

)〉
R
, (59)
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FIG. 6. (Color online) Profiles of the (a) spin accumulation and
the (b) total chemical potential for a Ni81Fe19/Cu junction at T =
300 K with LF = LN = 50 nm and �T = −100 mK. The solid lines
show the results for Rc = 1 × 10−16 m2, the dashed lines for Rc =
1 × 10−14 m2.

where 〈· · · 〉R denotes an average over the effective resistances.
The above expressions for the spin-injection efficiency and the
gradients, Eqs. (51)–(59), could have also been obtained by
using Eqs. (36)–(39) to calculate the profiles and taking the
limit SλF/N/c � √

L. Equation (59) is the spin-heat coupling
equivalent of the well-known formula for the electrical spin-
injection efficiency.1,2

Using the spin-injection efficiency equation (51) [or
Eq. (59) for large devices], the profiles of the spin current and
accumulation in the N region (0 < x < LN) can be written
compactly as

js(x) = −κ∇TN
sinh[(x − LN)/λsN]

sinh(LN/λsN)
(60)

and

μs(x) = −RNκ∇TN
cosh[(x − LN)/λsN]

sinh(LN/λsN)
, (61)

which reduce to

js(x) = κ∇TN exp(−x/λsN) (62)

and

μs(x) = −RNκ∇TN exp (−x/λsN) (63)

for LN 	 λsN. In particular, at the contact, the spin accumu-
lation in the nonmagnetic material can be calculated as

μs(0
+) = −RNκ∇TN coth (LN/λsN) . (64)

Equation (51) also makes it clear that whether there is spin
injection or extraction depends not only on the direction of the
temperature gradient, but also on the specific materials chosen.
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FIG. 7. (Color online) Profiles of the (a) spin current and the
(b) heat current for a Ni81Fe19/Cu junction at T = 300 K with LF =
LN = 50 nm and �T = −100 mK. The solid lines show the results
for Rc = 1 × 10−16 m2, the dashed lines for Rc = 1 × 10−14 m2.
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Another quantity of interest is the total drop of the chemical
potential across the F/N junction:

�(η/e + μ) = [η(T2) − η(T1)]/e + μ(LN) − μ(−LF), (65)

because, in analogy to the calculation of the total resistance of
the F/N junction in the case of the electrical spin injection,2

it allows us to define the total Seebeck coefficient S of the
device, which can be separated into an equilibrium and a
nonequilibrium contribution:

�(η/e + μ) ≡ S�T ≡ (S0 + δS)�T. (66)

Here,

S0 =
(SF + SsFPσF)LF

σF
+ (Sc + SscP
) 1


c
+ SN

LN
σN

2RFN
(67)

denotes the Seebeck coefficient of the F/N junction in the
absence of spin accumulation, whereas

δS = PσF[μs(−LF) − μs(0−)] + P
[μs(0−) − μs(0+)]

�T

(68)

is the nonequilibrium contribution to the Seebeck coefficient
due to spin accumulation. If the extensions of the F/N
junction are much larger than the spin-diffusion lengths, the
nonequilibrium Seebeck coefficient can be expressed as

δS =
SsFλsF(P
−2PσF)

2σF
+ κ[(P
−PσF)RF+P
RN]

σN

RFN
. (69)

For illustration, the profiles of the total chemical potential
and the spin accumulation are displayed in Fig. 6 for a junction
consisting of Ni81Fe19 (see Sec. III for the corresponding
parameters) and Cu (λsN = 350 nm, σN = 5.88 × 107 1/m,
SN = 1.84 × 10−6 V/K) with a temperature difference �T =
T2 − T1 = −100 mK between both ends of the junction and the
mean temperature T = 300 K.30,40,49 Figure 7 shows the spin
and heat currents for the same system. In Figs. 6 and 7, we have
chosen Rc = 1 × 10−16 m2 and Rc = 1 × 10−14 m2, as
well as P
 = 0.5, Sc = −1.0 × 10−6 V/K, and Ssc = 0.5Sc.49

There is a drop of the total chemical potential across the
junction [see Fig. 6(b)]. For the chosen parameters, spin
is injected from the F region into the N region, where
nonequilibrium spin accumulates at the F/N interface and
decays within the spin-diffusion length [see Figs. 6(a) and
7(a) where LN < λsN]. By applying the temperature difference
�T into the opposite direction, that is, by choosing T1 < T2,
the situation reverses and spin would be extracted from the N
region. Figure 6(a) also illustrates that the spin accumulation
in the N region decreases with increasing contact resistance.
The heat current flows from the hot to the cold end of the
junction [jq(x) > 0], as can be seen in Fig. 7(b). Furthermore,
one can observe that in the F region, the heat current is not
perfectly constant and decreases at x = −LF as well as at the
contact (this is due to the assumption of constant temperature
gradients and would not be the case if the full model was used),
while in the N region, the heat current remains constant.

We now discuss two important cases: transparent and
tunnel contacts in large F/N junctions where LF 	 λsF and

LN 	 λsN. For transparent contacts Rc � RF,RN and the
spin-injection efficiency reduces to

κ = −σN

2

SsFRF
(
1 − P 2

σF

)
RF + RN

. (70)

Thermal electronic spin injection from a ferromagnetic
metal to a semiconductor, that is, the case of RN 	 RF,
would suffer from the same conductivity/resistance mismatch
problem1,13,50,51 as the usual electrical spin injection does. The
nonequilibrium Seebeck coefficient can then be written as

δS = − SsFλsFPσF

2σF(LF/σF + LN/σN)

(
1 + RN

RF + RN

)
. (71)

In this case, κ and δS are restricted only by the individual
effective resistances RF and RN of the F and N regions. More-
over, the spin accumulation μs is continuous at transparent
contacts, that is, μs(0+) = μs(0−) and Eq. (64) yields the
expression found in Ref. 40 for μs(0)/∇TF [here, we use that
∇TN = (σF/σN)∇TF].

Tunnel contacts, on the other hand, have very large effective
resistances Rc 	 RF,RN for which Eqs. (59) and (69) reduce
to

κ = −σN

2
Ssc

(
1 − P 2




)
(72)

and

δS =
SsFλsF(P
−2PσF)

2σF
+ Ssc(1−P 2


 )[PσFRF−P
 (RF+RN)]
2

RFN
. (73)

The thermal spin injection efficiency for the tunnel junction is
determined by the spin-polarization properties of the contact,
and the conductivity mismatch issue does not arise in this case.
A similar result has also been obtained recently in Ref. 53.

B. Interplay between thermal gradients and simultaneous
charge currents

Another interesting effect is the interplay between a thermal
gradient across the F/N junction and a simultaneous charge
current (see Fig. 8). To analyze this process, we take Eqs. (40)–
(42), this time with a finite charge current j , and replace
the boundary condition for the spin current at x = −LF by
js(−LF) = PσFj while leaving the boundary conditions for the
temperature unchanged and also taking js(LN) = 0 as before.

FIG. 8. (Color online) A schematic illustration of a F/N junction
placed in a thermal gradient with a charge current being simultane-
ously driven through the junction.
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FIG. 9. (Color online) Profiles of the (a) spin accumulation
and the (b) total chemical potential for a Ni81Fe19/Cu junction at
T = 300 K with LF = LN = 50 nm and �T = −100 mK if an
electric current compensates the spin accumulation due to the thermal
gradient. The solid lines show the results for Rc = 1 × 10−16 m2,
the dashed lines for Rc = 1 × 10−14 m2.

By choosing the charge current j = jcom appropriately, the
effects of the charge current and the thermal gradient, each
by itself applicable for injecting spin into the N region or
extracting spin from it, can cancel each other out. As a result,
we find that for LF 	 λsF, a charge current

jcom = RF
(
1 − P 2

σF

)
SsF + Rc

(
1 − P 2




)
Sc

s

2RFN(RFPσF + RcP
)
�T (74)

extracts (injects) the spin injected (extracted) through a given
temperature difference �T with no net spin current in the N
region.

This effect is shown in Figs. 9 and 10 for the Ni81Fe19/Cu
junction investigated in this section (see above). We find
that a current density of jcom = 7.6 × 107 A/m2 (jcom =
1.9 × 107 A/m2) is needed to compensate a temperature
difference of �T = −100 mK if Rc = 1 × 10−16 m2 (Rc =
1 × 10−14 m2). Figures 9(a) and 10(a) show that there is
no spin accumulation and no spin current in the nonmagnetic
material under the compensating electric current condition.
The drop of the chemical potential across the F/N junction is
shown in Fig. 9(b) and the heat current flowing from the hot to
the cold end of the junction in Fig. 10(b). The spin-injection
compensation should be useful for experimental investigation
of the purely electronic contribution to the spin Seebeck
effect.

Moreover, we remark that jcom can be used to describe
the efficiency of thermal spin injection if one investigates an
open-circuit F/N junction (j = 0) placed in a thermal gradient
as above. In this case, the spin current at the interface js(x = 0)
is described by Eqs. (51) or (59), respectively. We can then
define the ratio between the spin current at the interface and
the charge current one would have to drive through the junction
to cancel the thermal spin injection P = js(x = 0)/jcom. For
large devices and SλF/N/c � √

L, this ratio can be calculated
as

P = −〈Pσ 〉R, (75)
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FIG. 10. (Color online) Profiles of the (a) spin current and the
(b) heat current for a Ni81Fe19/Cu junction at T = 300 K with LF =
LN = 50 nm and �T = −100 mK if an electric current compensates
the spin accumulation due to the thermal gradient. The solid lines
show the results for Rc = 1 × 10−16 m2, the dashed lines for Rc =
1 × 10−14 m2.

which represents the negative spin-injection efficiency of the
electrical spin injection.2

C. Peltier effects in F/N junctions

As mentioned above, the spin Peltier effect describes the
heating or cooling at the interface between a ferromagnetic and
normal conductor driven by a spin current.39 In the following,
we study several different setups in which a spin current passes
through the interface of an isothermal (or nearly isothermal)
F/N junction and which therefore give rise to the spin Peltier
effect.

For every setup investigated in this section, we assume
LN/F 	 λsN/F. The first setup considered is the electrical spin
injection in a F/N junction: An electric current is driven across
an isothermal F/N junction, that is, ∇T = 0 [see Fig. 11(a)].
Since the entire junction is kept at constant temperature, the
continuity of the heat and energy current [Eq. (31)] does not

FIG. 11. (Color online) A schematic illustration of a F/N junction
in the electrical spin-injection setup, where (a) refers to an isothermal
junction and (b) to the situation where jq (x) = 0. The fact that in
(b) the temperature at one end of the junction is not given as an
external boundary condition, but has to be calculated from the model
is implied by “?”.
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apply and it is sufficient to solve just Eqs. (24), (26), and (27),
that is, the formulas obtained for the electrical spin injection
can be used. The spin current at the interface is given by2

js(0) = PσFRF + P
Rc

RF + Rc + RN
j = 〈Pσ 〉Rj. (76)

For constant temperature profiles the heat current, Eq. (28), is
not continuous at the interface and reads as

jq(x) = T SF

2
j + T SsF

2
js(x), x < 0 (77)

and

jq(x) = T SN

2
j, x > 0. (78)

Therefore, the total heat produced (dissipated) per time at the
interface is given by

�tot
q = jq(0−) − jq(0+) = �q + �s

q, (79)

where

�q = T (SF − SN)j

2
(80)

and

�s
q = T SsF〈Pσ 〉Rj

2
(81)

denote the rates of heat production (dissipation) due to the
conventional (charge) Peltier and spin Peltier effects.

If the temperature is fixed at just one end of the junction, a
temperature drop arises across the F/N junction due to the heat
evolution at the interface. In order to estimate this temperature
drop, we follow the approach used in Ref. 39 and investigate
the hypothetical situation where no heat enters or leaves the
F/N junction and no heat is generated inside the junction, that
is, jq(x) = 0 [see Fig. 11(b)]. For Sλ � √

L, the profiles of
the chemical potential, the spin accumulation, and the spin
current are nearly identical in the cases of an isothermal F/N
junction and a F/N junction with jq (x) = 0 (see the following),
and Eq. (82) should give a good estimate for the temperature
difference arising across the junction due to the heating or
cooling at the interface.

Thus, instead of ∇T = 0, we apply the condition jq(x) = 0
for any x. This situation requires us to solve the full system of
differential equations given by Eqs. (24), (26), (27), (28), and
(31). Since this situation depends crucially on the heat current
[via jq(x) = 0], the full solution given by Eqs. (36)–(39) has
to be used, which, in contrast to the assumption of constant
gradients in each region, ensures constant heat currents. The
temperature far away from the interface is fixed at a given
value for one region [for example, at T1 in the F region as
shown in Fig. 11(b)]. At the interface, we impose the boundary
conditions that the charge, spin, and heat currents given by
Eqs. (43)–(45) have to be continuous. As before, we assume
that LN/F 	 λsN/F, in which case the situation at the interface
is not sensitive to the boundary conditions far away from the
interface. Thus, we choose limx→±∞ μs(x) = 0 as boundary
conditions for convenience.

The quantity we are interested in is the temperature drop
across the entire junction, which can be obtained as

�T = �Tch + �Ts. (82)

As usual, SλF/N/c � √
L and the conventional contribution to

the temperature drop then reads as

�Tch =
[

(SF + SsFPσF)LF

2LσF
+ Sc + SscP


2L
c

+ SNLN

2LσN

]
j,

(83)

while the contribution due to the spin accumulation in the
region around the interface can be obtained from

�Ts = SsF
(
1 − P 2

σF

)
2L μs(0

−)

+ Ssc

(
1 − P 2




)
2L [μs(0

+) − μs(0
−)]. (84)

In this limit, the spin current at the interface is given by the
same expression as in Eq. (76) and we find

�Ts = SsF
(
1 − P 2

σF

)
2L RF (〈Pσ 〉R − PσF) j

+ Ssc

(
1 − P 2




)
2L [RFPσF − (RF + RN)〈Pσ 〉R]j. (85)

In Fig. 12, we display the profiles of the spin accu-
mulation [Fig. 12(a)] and the spin current [Fig. 12(b)]
in Ni81Fe19/Cu junctions (LF = LN = 1 μm, and Rc = 1 ×
10−16 m2) across which a current j = 1011 A/m2 is driven.
As can be seen in Fig. 12, the agreement between the solutions
of an isothermal junction at T = 300 K and those of a junction
where jq (x) = 0 and T (−LF) = 300 K is very good, that is, for
Sλ � √

L the behavior of the spin accumulation and current
is relatively insensitive in these cases.

Having studied the spin Peltier effect in situations where
the spin current is driven by an accompanying charge current,
we now turn to a different scenario in which we are dealing
with a pure spin current (j = 0) and there, consequently, is
no contribution from the conventional Peltier effect. First,
we study heating and cooling effects at the interface of a
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FIG. 12. (Color online) Profiles of the spin accumulation (a) and
the spin current (b) for a Ni81Fe19/Cu junction with LF = LN =
1 μm, Rc = 1 × 10−16 m2, and j = 1011 A/m2. The solid lines
show the results obtained for an isothermal junction at T = 300 K,
whereas the dashed lines show the results obtained for a junction with
jq (x) = 0 and T (−L1) = 300 K.
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FIG. 13. (Color online) A schematic illustration of a F/N junction
in the Silsbee-Johnson spin-charge coupling setup, where (a) refers to
an isothermal junction and (b) to the situation where jq (x) = 0. The
fact that in (b) the temperature at one end of the junction is not given
as an external boundary condition, but has to be calculated from the
model is implied by “?”.

F/N junction in the Silsbee-Johnson spin-charge coupling
setup,12,52 that is, we investigate the heat generated at the F/N
interface while keeping the temperature constant across the
entire structure, ∇T = 0 [see Fig. 13(a)]. The inverse process
of spin injection, the Silsbee-Johnson spin-charge coupling,
describes the generation of an electromotive force across the
junction due to the presence of nonequilibrium spin in the
proximity of the ferromagnet for j = 0. This nonequilibrium
spin in the N region generates a spin current, which then
drives the spin Peltier effect. For ∇T = 0 and the boundary
conditions μs (−∞) = 0 and μs (∞) �= 0 (modeling the spin
accumulation in the N region), the standard model of electrical
spin injection yields

js(0) = μs(∞)

RF + Rc + RN
(86)

for the spin current at the interface.2,5 Equations (77) and (78),
which apply to any case of ∇T = 0, show that the heat current
vanishes in the N region and the rate of heat flowing to or away
from the interface is given by

�tot
q = �s

q = T SsF

2

μs(∞)

RF + Rc + RN
. (87)

Finally, we look at the Silsbee-Johnson spin-charge-
coupling setup, but instead of keeping the junction at a constant
temperature, we impose the condition jq(x) = 0 while keeping
one end at a fixed temperature and calculate the temperature
drop across the junction [see Fig. 13(b)]. By applying
the additional boundary conditions limx→−∞ μs(x) = 0 and
requiring the currents to be continuous at the interface, we
can use Eqs. (82)–(84) with j = 0. Thus, �Tch = 0 and
the temperature drop across the junction is entirely due to
the spin current and spin accumulation �T = �Ts . We find
that the spin current at the interface is given by Eq. (86)
for SλF/N/c � √

L and thus the temperature drop across the
junction is given by

�T =
〈
Ss

(
1 − P 2

σ

)〉
R

2L μs(∞) = − κ

LσN
μs(∞), (88)

where κ is the thermal spin injection efficiency of the F/N
junction defined in Eq. (59). Equation (88) is the thermal
analog of the Silsbee-Johnson spin-charge coupling. The sign
of the temperature drop changes when changing the spin
accumulation μs(∞) from parallel to antiparallel to κ .

V. F/N/F JUNCTIONS

A. F/N/F junctions placed in thermal gradients

The procedure that we used in the previous section to
describe spin injection in a F/N junction can also be applied to
more complex structures. Here, we will discuss spin injection
in a F/N/F junction consisting of two ferromagnets F1 and
F2 (denoted by the additional subscripts 1 and 2) of lengths
L1 and L2 and a nonmagnetic conductor N (denoted by the
additional subscript N) of length LN between the ferromagnets.
By adjusting the orientations of the magnetization in each
ferromagnet independently, the junction can be either in a
parallel (↑↑) or antiparallel (↑↓) configuration, that is, we
restrict ourselves to collinear configurations. The interfaces
C1 and C2 between the ferromagnets and the nonmagnetic
material are located at x = 0 and x = LN. In Ref. 43, the
influence of electric currents on the temperature profile in such
structures has been investigated if both ends of the device were
held at the same temperature. Here, we consider a different
situation: We investigate an open-circuit geometry (j = 0)
in which both ends of the device are coupled to different
temperature reservoirs. Holding the opposite ends of the device
at different temperatures T2 and T1 gives rise to temperature
gradients across the junction. Figure 14 gives a schematic
overview of this geometry.

The chemical potential, the spin accumulation, and the spin
current are calculated as in the previous section: Assuming
uniform temperature gradients ∇T1, ∇T2, and ∇TN, we
use the simplified spin-diffusion equation (34) and fix the
integration constants by the boundary conditions T (−L1) =
T1, T (LN + L2) = T2, and js(−L1) = js(LN + L2) = 0. Each
of the contact regions C1 and C2 is characterized by Eqs. (43)–
(45) and we require that the currents are continuous at each
interface. This allows us to obtain the profiles of the chemical
potential, the spin accumulation, and the spin current.

As in the case of the F/N junction, spin is either injected
or extracted at the interfaces between the ferromagnets and
the nonmagnetic material. We investigate the spin injection

FIG. 14. (Color online) A schematic illustration of a F/N/F
junction placed in a thermal gradient.
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efficiencies κ1 = js(0)/∇TN and κ2 = js(LN)/∇TN at the
contacts C1 and C2. In general, the expressions for κ1 and
κ2 are quite unwieldy, but can be simplified somewhat if we
assume the case of L1 	 λs1 and L2 	 λs2:

κi = κ0
i Ri

FN
RN coth (LN/λsN) + Rcj + Rj

D0

+ κ0
j R

j

FN

RN

D0 sinh (LN/λsN)
, (89)

with i,j = 1,2 and i �= j , the thermal spin-injection efficien-
cies of the individual F/N junctions

κ0
i = −σN

2

SsciRci

(
1 − P 2


ci

) + SsiRi

(
1 − P 2

σ i

)
Ri + Rci + RN

, (90)

as defined in Eq. (59), their effective resistances

Ri
FN = Ri + Rci + RN, (91)

and

D0 = R2
N + (Rc1 + R1)(Rc2 + R2)

+ coth(LN/λsN) (R1 + Rc1 + Rc2 + R2) RN. (92)

Comparing the thermal and electrical5 spin-injection efficien-
cies of the F/N/F junction, we find that the structure of Eq. (89)
is similar to the structure of the electrical spin-injection
efficiency. Here, the temperature gradient in the N region reads
as

∇TN = �T

σNRFNF
, (93)

where

RFNF = L1

σ1
+ 1


c1
+ LN

σN
+ 1


c2
+ L2

σ2
. (94)

For a given temperature gradient, Eq. (89) can be used
to determine whether there is spin injection [js(0) < 0 or
js(LN) > 0] or extraction [js(0) > 0 or js(LN) < 0] at the
interface Ci . The profiles of the spin current and the spin
accumulation in the N region (0 < x < LN) are

js(x)

∇TN
= κ2 sinh(x/λsN) − κ1 sinh[(x − LN)/λsN]

sinh(LN/λsN)
(95)

and

μs(x)

RN∇TN
= κ2 cosh(x/λsN) − κ1 cosh[(x − LN)/λsN]

sinh(LN/λsN)
. (96)

If LN 	 λsN, Eq. (89) reduces to Eq. (59), that is, the spin-
injection efficiency of a simple F/N junction.

In analogy to the procedure employed in Sec. IV, we can
calculate the drop of the chemical potential across the F/N/F
junction

�(η/e + μ) = [η(T2) − η(T1)]/e + μ(LN + L2)−μ(−L1),

(97)

and relate this drop to the Seebeck coefficient S of the entire
device

�(η/e + μ) ≡ S�T ≡ (S0 + δS)�T, (98)

which we split into the equilibrium contribution S0 and a
nonequilibrium contribution δS due to spin accumulation.
By investigating the chemical potential drops in the different
regions and at the contacts, we obtain the equilibrium and
nonequilibrium Seebeck coefficients

S0 = (S1 + Ss1Pσ1)L1/σ1 + (Sc1 + Ssc1P
1)/
c1 + SNLN/σN + (Sc2 + Ssc2P
2)/
c2 + (S2 + Ss2Pσ2)L2/σ2

2RFNF
(99)

and

δS =
{
P
1

[
R1κ1

σN
+ Ss1λs1

2σ1
− λsN

κ2 − κ1 cosh(LN/λsN)

sinh(LN/λsN)

]
+ P
2

[
R2κ2

σN
+ Ss2λs2

2σ2
− λsN

κ1 − κ2 cosh(LN/λsN)

sinh(LN/λsN)

]

−Pσ1

(
κ1R1

σN
+ Ss1λs1

σ1

)
− Pσ2

(
κ2R2

σN
+ Ss2λs2

σ2

)}
R−1

FNF. (100)

Once more, Eq. (100) has been derived in the limit of L1 	 λs1

and L2 	 λs2, which usually applies to most devices.
Figure 15 shows the profiles for a symmetric F/N/F

junction consisting of Ni81Fe19 as ferromagnets and Cu as
the nonmagnetic material (for the corresponding parameters,
see Secs. III and IV) for T = (T1 + T2)/2 = 300 K and �T =
T2 − T1 = −100 mK. Here, the lengths of the individual con-
stituents are chosen to be L1 = L2 = 100 nm and LN = 50 nm.
The contact parameters are Rc1 = Rc2 = 1 × 10−16 m2,
Sc1 = Sc2 = −1.0 × 10−6 V/K, and P
1 = ±P
2 = 0.5 and
Ssc1 = ±Ssc2 = 0.5Sc1 depending on whether the parallel (+)
or antiparallel (−) configuration is investigated. As shown

in Figs. 15(a) and 15(c), spin is injected into the N region
from both F regions in the antiparallel configuration. If the
F/N/F junction is in the parallel configuration, spin is injected
into the N region from one F region, while at the opposite
interface, spin is extracted from the N region. Changing the
sign of �T would lead to spin extraction from the N region
in the antiparallel configuration, whereas spin would still be
injected at one interface and extracted at the other interface.
In Fig. 15(b), one can observe a drop of the total chemical
potential across the F/N/F junction for both the parallel and
antiparallel configurations. If an asymmetric F/N/F junction
(for example, by choosing different lengths L1 and L2 or
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different materials for F1 and F2) is considered, the qualitative
properties of Fig. 15 will remain the same, although the graphs
will be distorted compared to the symmetric case.

Next, we look at the difference between the drops of
the chemical potential [given by Eq. (97)] in the parallel
and antiparallel configurations (denoted by the superscripts
i =↑↑ ,↑↓ in the following) as a quantitative measure of
the spin accumulation in the N region (thermal analog of
the giant magnetoresistance). If one analyzes the temperature
profile T (x) and the local equilibrium chemical potential
η [T (x)], one finds that within our model they are the same
for the parallel and antiparallel configurations (in the limit

Sλj � √
L). Hence, the difference between the drops of

the chemical potential is just the drop of the quasichemical
potentials, that is,

�(η/e + μ)↑↑ − �(η/e + μ)↑↓ = �μ↑↑ − �μ↑↓, (101)

where �μi = μi(LN + L2) − μi(−L1). Moreover, the equi-
librium Seebeck coefficients given by Eq. (99) are the same
for both configurations and consequently

�μ↑↑ − �μ↑↓ = (
δS↑↑ − δS↑↓)

�T, (102)

which, in the limit of L1 	 λs1 and L2 	 λs2, yields

�μ↑↑ − �μ↑↓ = [(Ss1λs1/σ1 + Ssc1/
c1)(R2P2 + Rc2P
2) + (Ss2λs2/σ2 + Ssc2/
c2)(R1P1 + Rc1P
1)]λsN∇TN

D0 sinh(LN/λsN)
, (103)

if Eq. (100) is inserted for each of the nonequilibrium Seebeck
coefficients. In Eq. (103) as well as in the following, we choose
to express the system parameters in terms of the parallel
configuration (for example, P2 = P

↑↑
2 , etc.). As mentioned

before, in our approximation the temperature gradient in the
N region, given by Eq. (93), does not depend on whether the
system is in its parallel or antiparallel configuration.

The charge neutrality condition (17) enables us to relate
�μi to the voltage drop measured across the junction �ϕi =
ϕi(LN + L2) − ϕi(−L1). Using this, the difference between
the voltage drops in both configurations can be written as

�ϕ↑↑ − �ϕ↑↓ = gs1

g1

(
μ

↑↑
sL − μ

↑↓
sL

) − gs2

g2

(
μ

↑↑
sR + μ

↑↓
sR

)
− (

�μ↑↑ − �μ↑↓)
, (104)
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FIG. 15. (Color online) Profiles of the (a) spin potential, (b)
the total chemical potential, and (c) the spin current for a
Ni81Fe19/Cu/Ni81Fe19 junction at T = 300 K with L1 = L2 = 100
nm, LN = 50 nm, and �T = −100 mK. The solid lines show
the profiles for the parallel configuration, the dashed lines for the
antiparallel configuration.

where the shorthand notations μi
sL = μi

s(−L1) and μi
sR =

μi
s(LN + L2) have been introduced. For L1 	 λs1 and L2 	

λs2, the contributions to Eq. (104) originating from the
spin accumulation at x = −L1 and x = LN + L2, μ

↑↑
sL − μ

↑↓
sL

and μ
↑↑
sR + μ

↑↓
sR are small compared to �μ↑↑ − �μ↑↓ and

consequently

�ϕ↑↑ − �ϕ↑↓ ≈ −(�μ↑↑ − �μ↑↓). (105)

Thus, one can also measure the difference between the
quasichemical potential drops electrostatically, namely, as
the difference between the voltage drops across the F/N/F
junction.

Figure 16 shows the dependence of �μ↑↑ − �μ↑↓
on the length of the N region LN for a symmetric
Ni81Fe19/Cu/Ni81Fe19 junction similar to the one considered
above (apart from LN, Rc1, and Rc2, the parameters are the
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FIG. 16. (Color online) Difference between the chemical poten-
tial drops of the parallel and antiparallel configurations �μ↑↑ −
�μ↑↓ as a function of the length of the N region LN for a
Ni81Fe19/Cu/Ni81Fe19 junction at T = 300 K with L1 = L2 = 100
nm and �T = −100 mK.
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FIG. 17. (Color online) A schematic illustration of a F/N/F
junction in the electrical spin-injection setup, where (a) refers to
an isothermal junction and (b) to the situation where jq (x) = 0. The
fact that in (b) the temperature at one end of the junction is not given
as an external boundary condition, but has to be calculated from the
model, is implied by “?”.

same as in Fig. 15) for the contact resistances Rc1 = Rc2 =
1 × 10−16 m2 and Rc1 = Rc2 = 1 × 10−14 m2. With in-
creasing length of the N region, the amplitude of the voltage
difference decreases until, for very large N regions with LN 	
λsN, there is no difference between the voltage drops in the
parallel and antiparallel configurations and �μ↑↑ − �μ↑↓ →
0. If LN is comparable or even smaller than the spin-diffusion
length (λsN ≈ 350 nm in Cu), the voltage drops across the
F/N/F junction are different for the different configurations
with �μ↑↑ − �μ↑↓ given by Eq. (103).

B. Peltier effects in F/N/F junctions

The section on F/N/F junctions is concluded by a brief
discussion of Peltier effects in such structures in the limit of
Sλj � √

L and L1/2 	 λs1/2.
Figure 17(a) summarizes the first system considered: A

charge current j is driven across an isothermal F/N/F junction
and there is heating or cooling of the interfaces. Similarly
to Sec. IV C, the electrical spin-injection efficiencies at the
interfaces Pj1 = js(0)/j and Pj2 = js(LN)/j are given by the
standard model of electrical spin injection and, as described in
detail in Ref. 5, read as

Pjk = P 0
jkR

k
FN

RN coth(LN/λsN) + Rcl + Rl

D0

+P 0
j lR

l
FN

RN

D0 sinh(LN/λsN)
, (106)

where D0 is given by Eq. (92) and k,l = 1,2 and k �= l. The
effective resistances of the individual F/N junctions Rk

FN are
given by Eq. (91) and their electrical spin-injection efficiencies
by

P 0
jk = P
kRck + PσkRk

Rk + Rck + RN
. (107)

As noted above, the electrical spin-injection efficiencies of
a F/N/F junction [Eq. (106)] are composed of the electrical
spin-injection efficiencies of the individual F/N junctions in
the same way the thermal spin-injection efficiencies [Eq. (89)]
are composed of the thermal spin-injection efficiencies of the
individual F/N junctions.
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FIG. 18. (Color online) Profiles of the heat current for an
isothermal Ni81Fe19/Cu/Ni81Fe19 junction at T = 300 K with L1 =
L2 = 100 nm, LN = 50 nm, and j = 107 A/m2. The solid line shows
the profile for the parallel configuration, the dashed line for the
antiparallel configuration.

Consequently, the rates of heat production and dissipation
at contacts C1 and C2 read as

�tot
q1 = jq(0−) − jq(0+) = �q1 + �s

q1, (108)

�tot
q2 = jq(L−

N) − jq(L+
N) = �q2 + �s

q2 (109)

and consist of contributions from the conventional Peltier
effect

�q1 = T (S1 − SN)j

2
, (110)

�q2 = T (SN − S2)j

2
, (111)

as well as contributions from the spin Peltier effect

�s
q1 = T Ss1Pj1j

2
, (112)

�s
q2 = −T Ss2Pj2j

2
. (113)

Figure 18 illustrates this situation for an isothermal
Ni81Fe19/Cu/Ni81Fe19 junction (in parallel and antiparallel
configurations) at T = 300 K with L1 = L2 = 100 nm, LN =
50 nm, Rc1 = Rc2 = 1 × 10−16 m2, Sc1 = Sc2 = −1.0 ×
10−6 V/K, P
1 = ±P
2 = 0.5, Ssc1 = ±Ssc2 = 0.5Sc1, and
j = 107 A/m2. The profiles of the heat current in Fig. 18
show that, for the parameters chosen, there is cooling at C1

(x = 0) as heat flows away from it, while heat flows to C2 and
leads to heating in the region around the C2 (x = LN). The
widths of those regions of heating or cooling are given by the
individual spin-diffusion lengths.

The second system considered is a F/N/F junction where
jq(x) = 0 and across which an electric current j is driven
and one end of which is anchored at a fixed temperature [see
Fig. 17(b)]. Requiring the charge, spin, and heat currents given
by Eqs. (43)–(45) to be continuous and imposing the additional
boundary conditions limx→±∞ μs(x) = 0, we find that the

085208-15



SCHARF, MATOS-ABIAGUE, ŽUTIĆ, AND FABIAN PHYSICAL REVIEW B 85, 085208 (2012)

temperature drop across the junction �T = �Tch + �Ts is
composed of a drop due to the conventional Peltier effect

�Tch =
[

(S1 + Ss1Pσ1) L1

2Lσ1
+ Sc1 + Ssc1P
1

2L
c1
+ SNLN

2LσN

+ Sc2 + Ssc2P
2

2L
c2
+ (S2 + Ss2Pσ2) L2

2Lσ2

]
j, (114)

and a contribution due to the spin accumulation in the region
around the interfaces

�Ts = Ss1
(
1 − P 2

σ1

)
2L μs(0

−) − Ss2
(
1 − P 2

σ2

)
2L μs(L

+
N)

+ Ssc1
(
1 − P 2


1

)
2L [μs(0

+) − μs(0
−)]

+ Ssc2
(
1 − P 2


2

)
2L [μs(L

+
N) − μs(L

−
N)]. (115)

Here, we are mainly interested in the difference between
those temperature drops in configurations of parallel and an-
tiparallel magnetizations of the ferromagnets (denoted by the
superscripts i =↑↑ ,↑↓ as in Sec. V A). With the temperature
drop due to the conventional Peltier effect being the same for
both configurations, this difference is exclusively due to the
spin accumulation, that is, �T ↑↑ − �T ↑↓ = �T

↑↑
s − �T

↑↓
s ,

which can be calculated as

�T ↑↑ − �T ↑↓ = [(Ss1λs1/σ1 + Ssc1/
c1)(R2P2 + Rc2P
2) + (Ss2λs2/σ2 + Ssc2/
c2)(R1P1 + Rc1P
1)]RNj

LD0 sinh(LN/λsN)
, (116)

where we have expressed the system parameters in terms of
the parallel configuration (see Sec. V A).

For illustration the temperature profiles of a
Ni81Fe19/Cu/Ni81Fe19 junction at T = 300 K
with jq(x) = 0, L1 = L2 = 100 nm, LN = 50 nm,
Rc1 = Rc2 = 1 × 10−16 m2, Sc1 = Sc2 = −1.0 × 10−6

V/K, P
1 = ±P
2 = 0.5, Ssc1 = ±Ssc2 = 0.5Sc1, and
j = 1011 A/m2 are shown in Fig. 19(a) for both parallel
and antiparallel magnetizations in the ferromagnets. While
the main (linear) contribution to the temperature drop
originates from the charge Peltier effect and is the same
for both configurations, the spin accumulation near the
interfaces is different for each configuration and accounts for
different temperature profiles. Figure 19(b), which depicts the
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FIG. 19. (Color online) (a) Temperature profile of a
Ni81Fe19/Cu/Ni81Fe19 junction with with jq (x) = 0, T1 = 300 K,
L1 = L2 = 100 nm, LN = 50 nm, and j = 1011 A/m2. The solid
line shows the profile for the parallel configuration, the dashed line
for the antiparallel configuration. (b) The profile of the temperature
difference between the parallel and antiparallel configurations is
shown in the inset.

difference between the temperature profiles of the parallel
and antiparallel configurations, also shows that this difference
in the temperature profiles arises in the F regions near the
interfaces and within the spin-diffusion lengths. Outside these
regions, the temperature difference remains constant.

VI. CONCLUSION

We have generalized the standard model of spin injection as
explained in Refs. 1, 2, and 5 to describe the coupling between
charge, spin, and heat transport in metals. The formalism has
then been used to describe the electronic contribution to the
spin Seebeck effect in such materials, where we found that only
at the boundaries of the ferromagnet is there significant elec-
tronic spin accumulation, which, however, decays within the
spin-diffusion length and can therefore not be responsible for
the linear inverse spin Hall voltage measured by Uchida et al.26

Furthermore, we have analyzed F/N and F/N/F junctions. For
F/N junctions, we have shown that a temperature difference
between both ends of the junction generates pure spin currents,
which can be used to extract or inject spin at the interface
between the F and N regions. We have also derived a formula
to measure the efficiency of the spin injection (extraction).
In the case of a F/N/F junction, a temperature difference
can also be used to extract or inject spin into the N region
if the junction is in a antiparallel configuration. Moreover, a
formula has been derived to calculate the difference between
the voltage drops across the junction in the parallel and
antiparallel configurations. Finally, we have investigated the
Peltier and spin Peltier effects in F/N and F/N/F junctions
and derived analytical formulas to describe their respective
contributions to the heating or cooling in these systems.
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GRK 1570. I.Ž. acknowledges support from AFOSR-DCT,
US ONR, NSF-NRI NEB 2020, SRC, and DOE-BES.

085208-16



THEORY OF THERMAL SPIN-CHARGE COUPLING IN . . . PHYSICAL REVIEW B 85, 085208 (2012)
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