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Abstract

Facetted growth of snow crystals leads to a rich diversitjoains, and exhibits a remarkable sixfold symmetry. Snowstaty
structures result from €fusion limited crystal growth in the presence of anisotrapicface energy and anisotropic attachment
kinetics. It is by now well understood that the morphologgtability of ice crystals strongly depends on supersdiomacrystal
size and temperature. Until very recently it was verfidilt to perform numerical simulations of this highly anisgtic crystal
growth. In particular, obtaining facet growth in combimettiwith dendritic branching is a challenging task. We présemerical
simulations of snow crystal growth in two and three spaceetiisions using a new computational method recently intred iy
the authors. We present both qualitative and quantitativepaitations. In particular, a linear relationship betwépnvelocity
and supersaturation is observed. The computations algesuthat surface energyfects, although small, have a largdfeet
on crystal growth than previously expected. We computalgahtes, solid prisms, hollow columns, needles, dendriagped
columns and scrolls on plates. Although all these forms apipenature, most of these forms are computed here for thdifive
in numerical simulations for a continuum model.
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1. Introduction by many subsequent experimental studies. Although therexpe
iments give a rather clear picture, the physics behind tle/sn
Snow crystals grown from a supersaturatgd vapour lead to &ystal morphology diagram are not yet understood.
variety of complex and often very symmetric patterns. Crys- . . i
tallisation from vapour is a fundamental phase transitom a A continuum mathematical modelling of snow crystal growth
good understanding is crucial for many applications. Nigugr  1€2ds t0 @ quasi-static fllision problem for the diusion of
experiments have been performed, and compilations of phdh€ vapour molecules. Theftiision equation has to be solved
tographs of artificial and natural snowflakes reveal theaue ~ (09€ther with rather complex boundary conditions on the fre
and complexity, see [1] and the review [2]. The precise formoundary between vapour and solid. The conditions on this
of snow crystals depend in a very subtle way on the temperatuiNterface are given by the continuity equation relating fibe
and the supersaturation. Nakaya [1] analysed these depend@f Vapour molecules onto the interface to the interface aelo
cies in detail and combined his observations in his now fasnoull> and an equation describing the attachment kineticsgak
Nakayasnow crystal morphology diagransee Figure 1. At surface energyfeects into account. In the latter condition the
temperatures just below the freezing temperature thictepla N€xagonal anisotropy of snow crystals also enters. Dueitgbe
grow at lower supersaturations and plate-like dendrittonfo ~ Nighly nonlinear, and since it is geometrically very invety
appear at higher supersaturations. At temperatures aroufig® complete free boundary problem igfigult to analyse the-
_5°C solid prisms grow at lower supersaturations and honov\pretlcally._ However, there exists a large literature on qual
columns and needle-like crystals at higher supersatustits compl_Jtatlons_for diusion Im_mted growth and the formation of
the temperature is decreased bele°C one observes thin dendrites, which we now briefly discuss.
solid plates at low supersaturations, whereas dendrites &b Numerical approaches for crystal growth usually employ ei-
high supersaturations. Below25°C again columns form at ther sharp interface models, in which the solidificatiomfris
high supersaturations. The results from Nakaya [1], which | tracked explicitly, or phase field models, in which the selid
to the snow crystal morphology diagram, have been confirmefication front is modelled by a thin ffusional layer. In sharp
interface approaches the front is described with the help of
*Corresponding author. Tek:49 941 943 2992; fax+ 49 941 943 3263 parameterlsatlon, see [3, 4’ 5, 6], or by using a level sat-fun
Email addressharald.garcke@mathematik.uni-regensburg.de tion, see [7]. In a phase field method a new order parameter
(Harald Garcke) —the phase field— is introduced, which at the interface tgpid




Plates | Columns Plates Columns and Plates not decide whether this is in fact the case, but a comparison
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of numerical computations with experiments might help te un
derstand this issue better. In particular, it might be fgmedo
obtain more precise estimates for the size of the condemsati
codficient as a function of orientation.

We also present some quantitative results, which first of all
show what the relatives sizes of the quantities enteringtine
face attachment kinetics are. In addition, we show thatifhe t
velocity for a dendrite growing into a supersaturated vajoed
pends linearly on the supersaturation. This linear ratatiip
‘ N has been already observed in experiments for growing ngedle
o [‘5) e ) see [21], and our computations might help to relate paramete
5 = % F o 5 o 5 O in the theoretical model to experiments.
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Figure 1: The Nakaya diagram illustrates which snow cryfstahs appear at 2. A continuum model for snow CryStaI grOWth

different temperatures and supersaturations. This figureds fagm [2]. . .
We consider a continuum model for snow crystal growth,

which consists of an ice crystal growing from water vapour,
changes its value between two fixed values, which describe thas discussed in e.g. [2, 22], and non-dimensionalize it. cLet
different phases, see [8, 9, 10, 11]. A popular discrete modélenote the water vapour number density in gas. THesion
for the simulation of crystal growth are cellular automatee ~ equation in the gas phase, see [2, Eq. (2)], is then
[12, 13, 14]. Moreover, molecular dynamics simulations are .
used to understand the surface structure of ice [15]. Aljhou G-DAc=0 in Q.), 1)

many computations have been performed, a quantitative rume herequ. (1) is the d . ied by th h "
ical description of facet growth in combination with dertidri whereQ. (1) is 1€ domain occupied by the gas p ase an
branching is missing. the corresponding ffusion constant. The mass balance at the

In recent research by the authors a new parametric approaglﬂ"i1 gsolid interface (t) gives rise to
for interface motion has been developed [16, 17]. The method ac
has the feature that the mesh quality of the interface approx D pria (Csolia — )V on T(1), 2)
mation, which is given by a polyhedral surface mesh, remains
good during the evolution — most earlier approaches hadab dewherecsyig ~ 3 x 10?28 m=3 is the number density for ice. In
with mesh degeneracies, e.g. by re-meshing the interface apddition,v is the unit normal td'(t) pointing intoQ. (t) andV
proximation. In addition, the present authors were ableto i is the velocity off'(t) in the directiorw. In [2, Eq. (3)] the term
clude anisotropyféects into curvature driven hypersurface evo-cV is neglected since < cqoig. Furthermore, taking surface
lution in a numerically stable way. This allows the method totension éects and attachment kinetics into account, we require,
compute in situations in which the anisotropy is facette®y s compare [2, Eq. (23)],

[18, 19, 20, 6].
It is the goal of this paper to demonstrate that with the nu- = Coar(1- 6k, + 4 ) on T(t).
merical method introduced in [16, 17, 19, 6] it is possible to B) Vkin

compute snow crystal growth in a qualitatively and quantita
tively satisfactory way. We will present computations shayv
a significant number of éfierent types of snow crystals, such as

solid plates solid prisms hollow columnsneedlesdendrites constantT is the temperature antly = Cea(T) is the equilib-

capped columnandscrolls on plates rium number density above a flat ice surface, which is depen-
In snow crystal growth models several parameters are NQfent on temperature. In addition, is the anisotropic mean

known to a sdiicient precision. In particular, the surface en- ., aryre which incorporates the hexagonal anisotropyef t

ergy density as a function of orientation is not known in deta ¢, tace energy density. Moreovgiis the condensation ctie

In adﬁmon, Lhe c.ondefnsatlon dﬁelent,l Wh:Ch emb_od|es the cient, which is denoted hy in [2], which depends on the orien-
attachment kinetics of how water molecules are incorpdrateatin of the crystal via the normal Finally, we complement

into the ice lattice, is not known in detail. For examplesihbt

known how the condensation dtieient depends on the crystal

orientation, see [2] and the references therein for details C=Co ON 8Q = Q. (1) \T(1), (3)
Our numerical computations seem to suggest that the

anisotropy in the surface energy density might have a more imwherec., := Csat + Csuper describes the water vapour number

portant impact on snow crystal growth morphologies than predensity far away from the interface. Here, for convenience,

viously expected. Of course, numerical simulations alare ¢ choose a domaift c RY, d = 2,3, with Q. (t) c Q, that s large

2

Herewi, is the kinetic velocityd = ¥/(Csoia KT) = 1nm =
10-3um, wherey’~ 0.1 JnT? represents the typical order of the
surface tension of icé ~ 1.4 x 1022JK! is the Boltzmann

(1) with the boundary condition



enough so that boundaryfects can be neglected. Moreover,

CsuperiS related to the supersaturatiogperby

Osuper= MH,0 Csuper, (4)

with my,0 ~ 3 x 10-23g denoting the mass of a water molecule.
We recall that the supersaturatioqperappears on the vertical

axis in Figure 1.

It remains to introduce the anisotropic mean curvayre
Instead of a constant surface energy density, we chptede
dependent on the orientation of the interface. Tfieat of the
underlying crystal structure is encoded into the surfacrgn
by allowingy = y(¥), where as stated abov&s the unit normal
to the solid boundar¥(t) pointing into the vapour regiaf. (t).
The total surface energy of an interfacés now given by the

surface integral
fy(?’) ds.
r

It is convenient to exteng to be a positively homogeneous

function of degree one, i.e. we defin€p) = P y(p/I@]) for

all g+ 0 and refer toy"asy from now on. The first variation of

the above energy can now be computed as
Ky = _VS ' 7’(17) >

e d fr(t) y(¥) ds= - fF(t) k,V ds; whereVs- is the tangential

divergence o andy’ is the gradient of, see e.g. [23, 24, 25],

and also [19, 6].

supersaturatiopsuper (9/m°)

T 0.01 | 0.02 | 0.05 0.1 0.2 0.3
-1°C | 0.002 | 0.005| 0.011| 0.023 | 0.048 | 0.069
—-2°C | 0.003| 0.005| 0.012| 0.025| 0.049| 0.074
-5°C | 0.003 | 0.006 | 0.016 | 0.031| 0.063| 0.094

-1 C | 0.005| 0.010| 0.024 | 0.048 | 0.095| 0.143
-15°C | 0.007 | 0.015| 0.037| 0.074 | 0.147 | 0.221
-30° C | 0.030| 0.060| 0.150| 0.300| 0.601 | 0.901

Table 1: Values 0flyo = Csuper/Csar depending ofT andosuper

a in (7). Taking the values 0fsay/ Csolig @andViin from the table
in [2, p. 866] into account, we observe that

Csat

~0.71x 10°8s (um)™*
Csolid Vkin (um)

independently of the temperatufe Moreover, for the time
scalef, which depends oy, and hence o, we obtain a
range from 100 s at1° C to 1300 s at+-30° C. These time scales
seem to be realistic when comparing with the experiments re-
ported in [2, 26].

For the ditusion constant of water vapour in air we take=
2 x 10’ (um)’st, see Libbrecht [2, p. 866], which is valid at a
pressure of 1 atm. With the values®andR mentioned further
above we obtain

p~142x103  a=6/R~107°. (9)

We now non-dimensionalize the problem. As a length scale |t hot otherwise stated, we will always choose these param-

we chooseR, which we set to be 1Q0n for snow crystal
growth. As a time scale we choose

f E Csolid
D Csar
In addition, we non-dimensionalize the concentration lisoin
ducing
U= C — Csat

Csat

(5)

Then, in terms of the new independent variaties X/R and

t = t/f, we obtain (on dropping the ~ notation for the new vari-

ables for ease of exposition) the equations

Csat

ou—Au=0 in Q.(b),
Csolid
My on T(1), (6)
ov
oV
— =—ak, +U on I'(t), 7

wherep = (D Csad/ (R GoligVkin) anda := 6/R. Sincecsy <
Csolid, We simplify the first equation to

Au=0 in Q.(1). (8)

eters in all the snow crystal growth computations described
Section 4. For the boundary condition we set, on recalling (3

and (5), .
U= Ugg = uper
Csat

With the help of the table in [2, p. 866] we compute several
exemplary values for the fraction in (10) forfidirent values of

the temperatur€ and the supersaturati@g,pe; see Table 1. In
effect, we appear to have reduced the two parameter variation
of the diagram in Figure 1 to the single parameigy in (10).
However, in our numerical simulations of snow crystal gtowt
we will vary bothuyg and the kinetic co@cients. Although

in reality not much is known about the possible shapes and de-
pendencies @8, it is known thaf3 strongly depends oh. Thus
varyingg in our numerical computations may be interpreted as
simulating diferent (yet unknown) temperature regimes.

on 0Q.

(10)

3. Numerical method and anisotropies

For the numerical results in this paper we employ the finite
element approximation introduced by the authors in [6, B7] i
order to approximate solutions of (6), (7), (8), (10). In the
method a uniform time step > 0 is employed and the evolu-
tion of the crystal surface is tracked with the help of partiime
meshed™ that are independent from the bulk mesheson

We will choosey andg of order one, and hence it will be im- which the approximation” of uis computed. The scheme uses

portant to specify the order of magnitude of the quantjiiaad

an adaptive bulk mesh that has a fine mesh BizaroundI™



_2H

and a coarse mesh sihgfurther away from it. Herdas N
andh; = &7 are given by two integer numbeig > N, where

we assume from now on th&t = (—H, H)4. The initial para-
metric mesH™(0) consists OK? vertices, and this mesh is lo-

cally refined, where elements become too large during the evo

lution.

In order to successfully model the evolution of anisotrapic
terface evolution laws the authors introduced a stabledtize-
tion in [19, 6]. We now discuss howandg have to be chosen
in order to model situations with a hexagonal anisotropyhis
paper, we choose surface anisotropies of the form

L
Y@= %@, v(@=[p-Gp?, (A1)
(=1

whereG, € R™d for ¢ = 1 — L, are symmetric and pos-
itive definite matrices, angd = (py,....pa)" € RY denotes

a vector inRY. We remark that anisotropies of the form (11)

admit a formulation ofk, in (7) which can be discretized in

e~

Figure 2: Wuff shape (left) and polar plot (right) iR2 for (12) with e = 0.01
anddy = 0.

strate that these forms ofalso allow one to model a hexag-
onal surface energy in a simple way. To this end)Jgf) :=

|19+ p2(1- )] = [p3 + €2 £, p?|” for e > 0.
Then a hexagonal anisotropyR? can be modelled with the
choice

3
HO) = el = D LRo+ ), (12)
=1

where R(6) = (%~ o) denotes a clockwise rotation

through the anglé andé, € [0, 5) is a parameter that rotates
the orientation of the anisotropy in the plane. The ivshape
of (12) fore = 0.01 anddy = O is shown in Figure 2, together
with its polar plot? := {y(p) p : |pl = 1}. For more details on
Wulff shapes and polar plots we refer to [25, 28].

In order to define anisotropies of the form (11)&4, we

. . . cos§ sing 0O
introduce the rotation matricd®;(6) := (sine cosd 0) and
0 0 1
cos§ O sind . .
R:(6) := ( 0 1 o). In this paper, we consider
-sind 0 cosd

x 13 {n
YD) = hed ) = |€(R2(E) B) + 7 ; le(Ru(60 + ?) P,

(13)
which is relevant for the simulation of snow crystal growis.
Wulff shape for = 0.01 is shown in Figure 3, together with its
polar plot.

We note that the Wil shape of (13) foe — 0 approaches a

computed ag®/y” ~ 0.92 < 1. In order to be able to model
this situation as well, we generalise the choice (13) to

. n 19 in
¥(P) = 1ekP) = yre (Re(5) P) + N ; Rullo + =) B,

(14)
so that nowy® /y" = y1g.
A more generalized form of (12) and (13), which also fits
into the framework (11), is given by

Y(P) = yhex(PF) + o111,

whereo > 0 is a fixed parameter. For the cae 2 we show
the Wulf shape of (15) forr = 1 ando- = 5 in Figure 4. We
note that for (15) withe = 0 ando- > 0, both in the casd = 2
and in the casd = 3, the corresponding Wiilshape still has
flat parts, but is now smooth with no corners and # 3, with

no edges. Equilibrium crystal shapes with these charatiesi
can be found in certain metals [30], and it is conjectured tha
they may be relevant for snow crystals as well [31].

As discussed in [2], and the references therein, the precise
values ofs as a function of the normalare not known. Hence
one issue in our computations is to understand hdv¥eint
choices ofg influence the overall evolution. First choices for
the anisotropy in the kinetic ciicient ares(v) = 1 andg = v.

It was discussed in [2] that the value®fs expected to change

(15)

prism, where every face has the same distance from the origin

In other words, for (13) the surface energy densities in teab
and prismal directions are the same. We remark that/f
denotes the Wil shape of (13) withe = 0, then the authors
in [14] used the scaled V\/ﬂilshape% Wy as the building block
in their cellular automata algorithm. In addition, we olvser
that the choice (13) agrees well with data reported in 9. [2

p. 148], although there the ratio of basal to prismal enesgy i

4

Figure 4: Wulf shape ifR? for (15) with o = 1 (left) ando- = 5 (right).
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with temperature and can vary quite drastically as a functio

of the orientation. Denoting h§® the condensation céicient 1
of the basal directions and I8 the condensation céiecient in e 17
the prismal directions, it is for example expected that tioeuth T
of thin plates aff = —15°C is only possible i3 /38 is large. " 1%

In order to be able to vary the kinetic d@eient signifi- T N

cantly, in the casd = 3 we define for later use

Briat(P) = Brase(P) = [P3 + P2+ 10% 23, (16) .. |

05 L L L L L L L L L 25 L L L L L L L L L
05 -04 03 -02 01 0 01 02 03 04 05 25 -2 -5 - 05 0 05 1 15 2 25

and

Bean(P) = Beane(P) := [107% (p? + p2) + p2]? (17)  Figure 5: Q = (-4,4), Uso = 0.004,y = B = ynex) I"(t) for t = 0, 5,....50
(left) and fort = 0, 50,..., 500 (right). Parameters aid; = 256, N; = 4,
with ¢ € N. We note that in practice there is hardly any dif- KC = 16 andr = 0.1.

ference between the numerical results for a kinetidtodents

that is isotropic in theg — Xo-plane, such agqa: andpBian, and N 25
one that is anisotropically aligned to the surface energy de .| I
sity, such as e.@® = Bsary- Hence in all our three dimensional | et

04

numerical simulations we always choose fti@gentsg that are Ll [
isotropic in thex; — Xo-plane, e.g. (16) or (17).
In addition, it might be the case that the condensation coef- °| |
ficient 8 is considerably lower in the directions normal to the *f
facets. In order to model this we choose
Prext () = (Bmax[Ynex(P) = Ymin] + Bmin [max = Thex P)]) SV [ S S|
/('}’max - '}’min) s (18)

Figure 6: Q = (4,4, Usgq = 0.01,7 = B = ypex) TN(t) fort = 0, 5,...,50

where we fixBmax = 108 andBmin = 1, and where (left), and fort = 0, 50,...,200 (right). Parameters aMy = 512,N; = K0 =
16 andr = 5x 10°3.

Ymax -= ?’%Eil)(YheKm €Rso and ymin := \rg]lrl] Yhex(P) € Rxo.

We note that for the 2d anisotropy (12) it holds thatx =
Yhex(€7%) andymin = yhex(€(57%). For more details on the .|
numerical method and the anisotropies we refer to [6, 18, 19, ot
27]. of
4. Numerical computations o]

4.1. Snow crystal growth in two dimensions o

.In-aII computat@onsfor (6), (7), (8), (10) in this subseatige Figure 7: € = (<4, 47, Ugn, = 004,y = B = yne (1) for t = 0, 05.....5
will, if not otherwise st_ated, use the parameters 9) a_nabsho (left), and fort = 0, ’5’”'.’3% (right).'Parameterg e kﬁ";'ézt
the surface energy anisotropy= ynexdefined by (12) withe = 4147 = 25 102,
0.01andhp = 75. The rotation in the definition of the anisotropy
is used, so that the dominant growth directions are not Bxact .
aligned with the underlying bulk mesh@s'. Moreover, the
radius of the circular initial crystal seef(0), is always chosen
to be 005. ol

First of all we study what influence the curvature and the
velocity terms in (7), and the supersaturation in (10) havthe
evolution of the crystal. We choose the supersaturatign= ol
0.004 and show the results in Figure 5. One observes that the
hexagonal structure of the crystal forms quickly and that th
facets become unstable and break after they reached ancertai,mm
size —a phenomenon which is observed in experiments as well,
see [2]. Figure 8: © = (—4,4)%, Upa = 0.2,y = B = yhex) I"'(Y) for t = 0, 0.04,...,0.4

In Figures 6-8 we plot computations with larger supersatu('éf): andfort = 0. 04......6.4 (right). Parameters i = 2048,Ne = Kp =
rations, Usq = 0.010.04,0.2. One clearly observes dendritic 128 andr =25x 107

5
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‘ , - ‘ Figure 11: Q = (-4,4), ugq = 0.004) We takey = yhex, 8 = 1, Nf = 256,

0 10 20 30 0 50 N = 4, K? = 16 andr = 0.1 on the left and plof"(t) fort = 0, 50, ..., 500.
_ We takey = ¥iso, B = ¥hex Ni = 512,N¢ = 16,K? = 16 andr = 1072 on the

Figure 9: Q = (~8,8), usn = 0.04,7 = yhex, 8 = 1) Approximations opV right and plotr™(t) fort = 0, 50, . ..., 500.

(black, solid).a 5" (blue, dashed) and x"® (red, dashed). Hereanda are

as in (9). The time interval is [®0].

0

Figure 12: Q = (—4,4), uso = 0.004,y as in (15) witho = 1 (left) and
P e aw w w5 o w5 1 ws 5 20t e o =5 (right), B = yhex) TN(t) for t = 0, 50,...,500. Parameters afés = 256,
N =4, K2 = 16 andr = 0.1.

Figure 10: © = (-4,4)2, Uso = 0.004) We choose = yhex p = O With
parameterdN; = 256, Ne = 4, K? = 16 andr = 0.1 and plotr™(t) for t =
0.50....,500 on the left, and we choose = 0, 5 = ynex With parameters  explained as follows. Growth from supersaturated vapoumis
Nf = 2048,N; = 128,K[ = 1024 andr = 107 and plotI™(t) for t = 0, 3 on . . . .
the right. stable and while the velocity term in (7) without the curvatu
term can dampen the unstable modes, they are still unstable o
all wavelengths. Whereas, the curvature term will stabilie
growth, which is more enhanced at larger supersaturations. small wavelengths and will select a fastest growing wavgtlen
addition, the evolution is much faster due to the fact thatemo irrespective of the velocity term.
water vapour molecules are available. We now study the influence of the anisotropy on the evolu-
Itis also of interest to compare the size of the terms appgari tion. On the left of Figure 11 we present an evolution with
in (7). To this end, we compare the numerical approximations hexagonal anisotropy for and an isotropig. In the same
of the terms figure on the right we take isotropic and3 hexagonal. One
p(T/, akd’s, (IK;naX clearly observes that anisotropy in the surface energy séem
. be important to obtain facetted growth.
whereV denotes the observed tip velocity, i.e. the velocity of This is underlined by the next computation, where we choose
the part of the interface furthest away from the origifi’ is  (15) for the anisotropy, and let3 = ynex. In Figure 12 we
the average of,| on the interface and)®*is the maximum of  present evolutions far = 1 ando- = 5. These computations
|ky|. For a computation witly = ynex, 8 = 1 andugo = 0.04  show how important the facetted anisotropy in the Rvsihape
we plot these values in Figure 9. It clearly can be seen thas in order to obtain facetted snow crystals, recall Figure 4
the curvature contribution is larger than the velocity terim It was suggested to the authors by Prof. Libbrecht that the
our other computations we only observed for supersatursitio difference of3 as a function of? might be large with a mini-
around 02 and larger that the velocity terpiV is larger than mum in the the directions of the facet normals. We hence took
the average curvature tefnd,"%, B = PBrexL andy = ¥iso in Figure 13. One observes that the
In Figure 10 we set the velocity term to zero in the left com-anisotropy in the condensation dheientg is large enough to
putation, i.ep = 0, and we set the curvature term to zero in thelead to a six folded branching structure. But it is also diear
right computation, i.ea = 0. We observe that leaving out the visible that the anisotropy i@ does not lead to facetted growth.
velocity term only has a very minor impact on the crystal evo- Next we study how the tip velocity in a growing dendritic
lution. On the other hand, leaving out the curvature term hasrystal depends on the supersaturation. So far nothingikn
a drastic &ect — the front becomes very unstable. This can beheoretically for this dependence in the case of facettedty,

6
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against the supersaturatiagy, .

0.5

see [2,§4], even though for simpler problems, i.e. in the ab-
sence of facetting, a vast literature exists, see e.g. [28}lae
references therein. As can be seen in Figure 9, the tip \tgloci
after some time becomes basically time-independent. Bhis i
true also for our other computations withfigrent supersatura-
tions. We observe a linear dependence between the suparsatu
tion and the tip velocity that the evolution eventually keston.

To underline this qualitative behaviour, we numericallyede
mine the value for the nearly constant tip velocWor several
values ofuy,, see Figure 14 for a plot of these velocities. We
also show the best linear fit to this data, which is given by a
linear function with slope: 2.35. We remark that a similar lin-
ear relationship between velocity and supersaturatiorbbas
observed experimentally for needles, see [21].

We end this subsection with some computations, where we
use a time dependent choice fay,. This models changing
physical conditions. In particular, in the first computatiwe
set

_ [ 0.004 te[0,50)u[60,200],
Usaa (1) ‘{ 008 te[50,60): (19)
while in the second computation we set
_ [ 008 te[0,12)U[50,56],
oa() ‘{ 0004 te[12,50); (20)

see Figure 15 for the results. In the last computation we use a
widely varyingusq. We setuyn(t) = 0.2 fort € [0, 0.2), then
Usa(t) = 0.4 till t = 0.3, thenuy(t) = 0.08 till t = 1, then
Usa(t) = 0.004 till t = 10, thenuge(t) = 0.08 till t = 12, then
Usa(t) = 0.004 till t = 20, and thenuya(t) = 0.08 until the end,

see Figure 16 for the results.

4.2. Snow crystal simulations in three space dimensions

Also in three space dimensions we use the physically rele-
vant parameters introduced in Section 2, see in partic@gar (
and choose, if not stated otherwise, the three-dimensiamal
ant ofyhey, see (13), withe = 0.01 anddp = 5. In all computa-
tions with the exception of Figure 17 the initial crystaldees
spherical with radius.05. Similarly to our computationsin two
space dimensions, we observe in our three dimensional mumer
cal computations that the surface energy anisotropy isitapd
in order to obtain facetted growth. If we do not choose the sur
face energy strongly facetted, then we do not observe &tett
growth of the crystal.

One issue in three dimensions is to understand how the pa-
rametelB leads to either horizontal flat growth or to columnar
vertical growth, which may yield e.g. solid prisms or neadle
respectively. First of all, we attempt to compute a selfisim
hexagonal evolution, i.e. a crystal where the basal andnatis
facets grow with the same velocity. This is motivated by athe
retical result in [32], in which the existence of self-siarievo-
lutions of crystals, where the Witilshape is a cylinder, was
shown. We choosp = a = 1, ugg = 21,y = B = ¥}8,
as in (14), vary the ratigrs = y®/yP and observe that, upon
starting the evolution witl'(0) being a scaled Wtflshape, for
vt = 0.95 the evolution is self-similar up to discretization er-
rors. See Figure 17 for a computation wjtfy = 0.95.



Figure 15: = (4,42, 7 = B = yhex) IT(t) for t = 0, 10,..., 200 (left,
(19)) andfort =0, 2,..., 12 50, 52, 54, 56 (right, (20)). Parameters akg = .
1024,N = K? = 64 andr = 1073,

Figure 17: Q = (-8,8)%, y = B = 1B with yrg = 0.95) I"(t) for t =
0, 0.1, 0.2; andr"(0.2) within Q. Parameters ard¢ = 512,N; = 32,K? =
1538 andr = 1074,

25 2 15 -1 05 0 0.5 1 15 2 25

Figure 16: Q = (=4,4%2, v = B = yhex) T'(t) for t = 0, 0.2,....,1 (left top),
t=0,1,..., 12 (right top) and fot = O, 1,..., 30 (bottom). Parameters are
Nf =2048,N; = KD = 128 andr = 25x 107,

Figure 18: Q = (=4, 4)3, Uso = 0.004,y = yhex, B = 1) I"(50). Parameters are
Nf = 128,N; = 16,KC = 98 andr = 10°%.

For the remainder of the computations we fiyg = 1, i.e.
we choosey = ypex as in (13), and use the physically relevant
parameters in (9). For the first such computation weuget=
0.004 andB = 1, see Figure 18. We can clearly see that the
facets of the growing crystal are aligned with the Wshape
of y. We also note that facet breaking occurs both in the prismal
and in the basal directions. In this context we refer to [26],
where similar facet breaking was observed in experiments.

It is well known that the condensation dheientg varies
strongly for diferent orientations, depending on the meteoro- <
logical environment. In particular, the value®tan difer quite
drastically between directions which correspond to baszgtf _
normals and ones which correspond to prismal facet normals,
see [2]. We hence performfigrent numerical computations rigure 19: @ = (-4, 4)%, usq = 0.004,y = ynex 8 = Brar2) I"(50). Parameters
for the condensation c@icientsBar and B defined in (16)  areN¢ = 128,N = 16,K? = 98 andr = 10°2.
and (17).

We begin with a repeat of the simulation in Figure 18, but
now choose as kinetic cfigients = Bra2 ands = Brarz; See

8
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Figure 22: Q = (-4,4), Uso = 0.004,7 = Yhex, 8 = Brar1) I() for t =
1, 2, 5, 10, 20, 30, 40, 50; andI™(50) within Q. Parameters arbl; = 128,
Nc = 16,K2 = 98 andr = 1072,

Figure 20: Q = (-8.8)°, Usgn = 0.004,¥ = Yhex B = Briara) (1) for t =

becomes too non-uniform on the facets [34]. In Figure 22 we
observe facet breaking for the basal and prismal directians
though the breaking predominantly occurs on the basaldacet

50, 10Q 150 200. Parameters afs = 256,N; = 32,K? = 98 andr = 107,
Choosing the condensation d¢belent even larger in the
basal directions leads to Figure 24. We observe hollow cokim
as in the Nakaya diagram betweef°C and-10°C at low,
. ' . but not too low, supersaturations. Increasing the condiemsa
codficient in the basal directions even further, i.e. choosing
B = Bz, leads to the evolution depicted on the left of Fig-
ure 25. On the right we also display a computation on a coarser
grid. Both results in Figure 25 lead to needle growth, whisb a
i appears in the Nakaya diagram. We remark that the shape on
the right of Figure 25 is caused by numerical noise and round-
ing errors. However, the samé&ect, on even the most refined
meshes, can be achieved by adding random fluctuations to the
Figure 21: 0 = (-4.4F%, o = 0,002,y = yhee B = fes) () for t = model. In real life su<_:h fluctuations and_changes in physical_
1,2, 5, 10, 20, 40, 50; andr"(50) within Q. Parameters ariy = 128,N, =  Parameters are experienced by the growing snow crystal, as i
16,K? = 98 andr = 10°L. moves through the atmosphere towards the earth.
A numerical simulation with supersaturatiog, = 0.02 with
= Brar3 IS displayed in Figure 26. In this case capped columns

Figures 19 and 20. In comparison to the evolution in Figure 1 ppear, which can also be observed in nature; see [2, 35].
one observes that the smaller condensatioffficient in basal

directions leads to flat crystals. This is related to shapdisa
Nakaya diagram for temperature betweé@ @nd-3°C and
between-10°C and-22°C.
A computation with a supersaturatian, = 0.002 and Usa(t) :{
B = Brana Can be seen in Figure 21. In this case the conden-
sation coéicient is larger in the basal direction and we obtain
a solid prism, which can be found in the Nakaya diagram afe€ Figure 27 for the results. First a plate forms and thes, du
temperatures betweer5°C and—10°C and at low supersatura- !0 the fact that the supersaturation increases, the platentees
tions. unstable and new plate-like shapes grow at the corners of the
At higher supersaturationse = 0.004 we obtain fog =  Plate.
Bran1 the results shown in Figure 22. We also give some plots Finally, we perform two simulations, where we vasyin
of the rescaled water vapour density in Figure 23. We observéme. In the first such example, we choose
Berg's dfect [33], which states that the concentration is largest
at the edges and decreases towards the centre of the facet. It _ [ PBraa(P) te[0,30),
is believed that facet breaking occurs when the conceatrati B(p) = Banz(P) te[30,50].

We end this subsection with computations, where we use a
time dependent choice fogg. In particular, we set

0.004 te[0,15)U[18,50],

0024 te[15,18). (1)

(22)

9



Figure 23: Q = (-4, 4)%, Ugq = 0.004,7 = Yhex, 8 = Brai ) I"(Y) N {R: X3 = 0} ‘
and u'(t) Iy,—o for t = 15,20, 50. The colours fou" vary between red for

u" = —1.12x 10% and blue foru" = 4 x 1073. Parameters arhl; = 128,

Nc = 16,K? = 98 andr = 1072,

Figure 25: Q = (-8,8)%, ugn = 0.004,y = Yhex, B = Branz) I"(t) for t =
5, 10, 30, 50, 60; andI'™(60) within Q. Parameters arld; = 512, N, = 32,
KP = 98 andr = 1072 (left), andNy = 256, N = 32,K? = 98 andr = 107!
(right).

Figure 24: Q = (-4,4)%, Usn = 0.008,7 = Yhex B = Brall2) rh(t) fort = Figure 26: Q = (-4,4)%, usga = 0.02,7 = Yhex B = Blat3) Fh(t) fort =
1, 2, 5, 10, 20, 30, 40, 50; andI'™(50) within Q. Parameters arbl; = 128, 0.05, 0.1, 0.2, 0.3; andI™(0.3) within Q. Parameters ard; = 512, N, = 32,
N = 16,K? = 98 andr = 10°%. KQ = 1538 andr = 5x 1074,
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Figure 28: Q = (-4,4), usgqo = 0.004,7 = yhex, B as in (22) (top), and as
in (28) (bottom))I"(50). Parameters afd; = 128, Nc = 16, K2 = 98 and
r=10"1

they turned out to totally change the character of the inter-
facial dynamics. In our computations anisotropic surface
energy is required in the interfacial dynamics to produce
facetted dendritic growth.

e The influence of the anisotropy in the condensatiorffcoe

: S h - (a a3 : _ _ h _ ) . . .
Figure 27: £ = (-8 8)", Us 8S I (21).y = Yhex A = fracg) T for t cient, at least at small supersaturations, is nfitcant for

15, 20, 30, 50; andrh(SO) within Q. Parameters arblf = 512, N, = 32,

KQ =98 andr = 2x 10°2. facetted growth.
e For small supersaturations the influence of the velocity
In a second example, we choose termin (7) is small in comparison with the curvature term.
Brata(P) t € [0,20), e The velocity at the tip of growing crystals depends in a
B(P) = Brat1(P) t€[20,50]. (23) linear way on the supersaturation.
Results for these choices gfand forus, = 0.004 can be e Macroscopic models for crystal growth which are based
seen in Figure 28. We observe scrolls on plates, a shape that ©on a difusion equation in the gas phase, a mass balance
is also called plates with scrolls at ends, which also apjrear on the vapour crystal interface and a modified Gibbs—
the Magono-Lee classification of natural snow crystals,[36] Thomson law, taking attachment kinetics into account, are
see also [29, p. 46] and [35]. able to model a variety of phenomena in crystal growth,

such as the appearancesofid platessolid prismshollow
columns needlesdendrites capped columnand scrolls

5. Conclusions on plates

We have demonstrated that an approach introduced by ek nowledgement. The authors wish to express their deep
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and quantitative way. The method makes it possible to simuge 1.
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