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Abstract

We consider a Riemannian spin manifold (M, ¢g) with a fixed spin struc-
ture. The zero sets of solutions of generalized Dirac equations on M play an
important role in some questions arising in conformal spin geometry and in
mathematical physics. In this setting the mass endomorphism has been de-
fined as the constant term in an expansion of Green’s function for the Dirac
operator. One is interested in obtaining metrics, for which it is not zero.

In this thesis we study the dependence of the zero sets of eigenspinors
of the Dirac operator on the Riemannian metric. We prove that on closed
spin manifolds of dimension 2 or 3 for a generic Riemannian metric the non-
harmonic eigenspinors have no zeros. Furthermore we prove that on closed
spin manifolds of dimension 3 the mass endomorphism is not zero for a generic
Riemannian metric.

Zusammenfassung

Sei (M, g) eine Riemannsche Spin-Mannigfaltigkeit mit einer fixierten
Spin-Struktur. In manchen Fragen aus der konformen Spin-Geometrie oder
der mathematischen Physik spielen Nullstellenmengen von Losungen verall-
gemeinerter Dirac-Gleichungen auf M eine wichtige Rolle. In diesem Zusam-
menhang wurde der Massen-Endomorphismus als der konstante Term in einer
asymptotischen Entwicklung der Greenschen Funktion des Dirac-Operators
definiert. Gesucht sind Riemannsche Metriken, fiir die er nicht Null ist.

In dieser Dissertation untersuchen wir die Abhangigkeit der Nullstellen-
menge der Eigenspinoren des Dirac-Operators von der Riemannschen Metrik.
Wir beweisen, dass auf einer geschlossenen Spin-Mannigfaltigkeit der Dimen-
sion 2 oder 3 fiir eine generische Riemannsche Metrik die nicht-harmonischen
Eigenspinoren keine Nullstellen haben. Weiter zeigen wir, dass auf einer
geschlossenen Spin-Mannigfaltigkeit der Dimension 3 fiir eine generische Rie-
mannsche Metrik der Massen-Endomorphismus nicht Null ist.
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Chapter 1

Overview

Some questions arising in conformal spin geometry and in mathematical phy-
sics involve the study of the zero sets of solutions to generalized Dirac equa-
tions. For the first example let (M, g) be a compact Riemannian spin ma-
nifold with a fixed orientation and a fixed spin structure. One is interested
in finding bounds on the eigenvalues of the Dirac operator DY which are
uniform in the conformal class [g] of g. The two conformal invariants

)\:I:

== inf [XE(h)| vol(M, )"

helg]
have been studied by many authors. A natural question is whether the
infimum is attained at a Riemannian metric. By a result of B. Ammann this
is the case, if the nonlinear partial differential equation

DY = A0l 19llanym-1) = 1 (1.1)

has a solution ¢, which is nowhere zero on M (see [Am4]). It is not obvious
that a solution without zeros exists.

A second example comes from general relativity, more precisely from
a remarkable proof of the positive energy theorem obtained by E.Witten
(see [Wi]). He uses harmonic spinors (i.e.spinors 1 satisfying D9%) = 0)
on asymptotically flat manifolds, which are called Witten spinors. It has
been suggested to use these spinors in order to construct special orthonormal
frames of the tangent bundle of an asymptotically flat manifold of dimension
3 (see [N], [DM], [FNS]). It turns out that this is possible, if one can find
a Witten spinor which is nowhere zero. However it is not clear that such a
spinor exists.

In this thesis we first consider the zero sets of eigenspinors of the Dirac
operator on closed spin manifolds. It is interesting for several reasons. First
of all it is easier than the questions mentioned above, since the underlying
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manifold is compact and all the operators involved are linear. Apart from
that it is useful to have eigenspinors, which are nowhere zero. For example
one obtains in this case a simple proof of Hijazi’s inequality.

The spectrum of the Dirac operator has been computed explicitly for some
Riemannian spin manifolds. The result on the round sphere (see e. g. [B&2])
shows that the multiplicity of an eigenvalue can be greater than the rank of
the spinor bundle, which implies that there exist eigenspinors with non-empty
zero set for special choices of a Riemannian metric. However we can show
that the situation is different for generic Riemannian metrics (see Section 6.2
for a precise definition of the term “generic”). More precisely let M be a
closed spin manifold and denote by R(M) the set of all smooth Riemannian
metrics on M. For every g € R(M) denote by [g] C R(M) the conformal
class of g. Furthermore let N (M) be the set of all ¢ € R(M) such that all
the non-harmonic eigenspinors of DY are nowhere zero on M. Then we prove
the following.

Theorem 1.0.1. Let M be a closed connected spin manifold of dimension
2 or 3 with a fized orientation and a fived spin structure. Then the set
N(M) N [g] is residual in [g] with respect to every C*-topology, k > 1.

Recall that a subset is residual, if it contains a countable intersection of
open and dense sets. In Section 4.1 we will give an example showing that in
dimension 2 an analogue of this theorem for harmonic spinors does not hold.

The main idea of the proof of Theorem 1.0.1 is as follows. If g, h are two
Riemannian metrics on the spin manifold M, then a natural isomorphism
between the two vector bundles 39M and X" M is well known. We construct
a continuous map F' defined on a suitable space of Riemannian metrics,
which associates to every metric h an eigenspinor of the corresponding Dirac
operator D" viewed as a section of ¥9M. Theorem 1.0.1 then follows from
a transversality theorem. In order to apply this theorem we have to make
sure that the evaluation map corresponding to F' is transverse to the zero
section of XYM . Our assumption that this is not the case leads to an equation
involving Green’s function for the operator D9 — \ with A € R. From the
expansion of this Green’s function we obtain a contradiction using the unique
continuation property of the Dirac operator.

In this thesis we also treat a certain aspect of the question on conformal
bounds of Dirac eigenvalues mentioned above. The non-linear partial dif-
ferential equation (1.1) cannot be solved by standard methods, since the
corresponding Sobolev embedding is critical. However under some addi-
tional assumptions on the Riemannian spin manifold (M, g) the existence
of a solution has been shown, if there is a point p on M such that a certain
endomorphism of the fibre X9 M of the spinor bundle does not vanish (see



[AHM]). This endomorphism can be regarded as the constant term in an
expansion of Green’s function for the Dirac operator around p. It is called
the mass endomorphism at p because of an analogy in conformal geometry:
the constant term of Green’s function I'(.,p) for the conformal Laplacian
at p is related to the mass of the asymptotically flat Riemannian manifold
(M \ {p},T(,,p)¥®™=2g). Unfortunately the mass endomorphism is known
explicitly only for very few spin manifolds. However in dimension 3 we can
show that in the generic case it is not zero. More precisely, for a fixed point
p € M we denote by R,(M) the set of all Riemannian metrics on M, such
that the mass endomorphism at p can be defined and we denote by S,(M)
the set of all such Riemannian metrics, for which the mass endomorphism
does not vanish. Then we prove the following.

Theorem 1.0.2. Let M be a closed spin manifold of dimension 3 with a
fized spin structure and let p € M. Then S,(M) is dense in R,(M).

The structure of this thesis is as follows. In Chapter 2 we review the
basic definitions and results in spin geometry. We begin with the definition
of spin groups and the Dirac operator and then proceed with an overwiew on
real and quaternionic structures on spinor modules. Since for two different
Riemannian metrics the spinor bundles are two different vector bundles, we
need a natural way of identifying spinors for different metrics. This is known
in the literature and is described in Section 2.3. Results from perturbation
theory, which apply in our situation, are collected in the Appendix.

In Chapter 3 we explain the questions mentioned above in more detail.

Chapter 4 contains some examples of zero sets of Dirac eigenspinors. This
should serve as an illustration. The reader who is only interested in the main
results may skip Sections 4.2, 4.3.

In Chapter 5 we introduce Green’s function for the Dirac operator, which
will be one of our tools in the proofs of our results. We describe a method
for the explicit calculation of some terms in the expansion of Green’s func-
tion around the singularity. After that we give the definition of the mass
endomorphism from the literature.

In Chapter 6 we state and prove our main results. First let M be a closed
spin manifold of dimension 2 or 3. We prove that for a generic Rieman-
nian metric on M the non-harmonic eigenspinors of the Dirac operator are
nowhere zero. The proof is based on a well known transversality theorem,
which we state in Section 6.1 including its proof. After that we prove that on
every closed spin manifold of dimension 3 for a generic Riemannian metric
the mass endomorphism is not zero.
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Chapter 2

Recapitulation of some facts

2.1 Review of spin geometry

We review some basic definitions and results in spin geometry in order to fix
the notation. Brief and nicely written introductions to spin geometry can be
found in [Hij3|, [BGMO05]. The reader can find a detailed treatment of this
subject in the books [LM], [F4]. Our notation will be similar to some of the
notation in these texts.

Let V be a real vector space with a scalar product g. Then the real
Clifford algebra CI(V, g) for (V,g) is the unital R-algebra generated by V
with the relation

veow+w-v=-2¢(v,w)l, wv,weV. (2.1)

We denote by CI(V, g) := Cl(V,g) ®r C its complexification and call it the
Clifford algebra for (V, g). In the case V =R", n € N\ {0}, g = geuar We use
the notation

Cl(n) := CI(R", geuat), Cl(n) := CI(R", geua)-
Every v € R™ \ {0} is invertible in Cl(n) and the map
Ad,: Cl(n) = Cl(n), wr—v-w-v "

preserves the subspace R" C Cl(n). The restriction acts on R™ as the reflec-
tion at the line generated by v and thus is in O(n).

Let Cl(n)* be the multiplicative group of invertible elements of Cl(n).
We define the spin group Spin(n) as the subgroup of Cl(n)* generated by
elements of the form vy - ve, where vy, vo € R, |v1] = |ve] = 1. We obtain a
group homomorphism

v:  Spin(n) — SO(n), q+— Ad,

11
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which is a two-fold covering. The covering is nontrivial for n > 2 and it is
the universal covering for n > 3.
If (E;)!_, denotes the standard basis of R", then

we = ™AE . E, € Cl(n)

is called the complex volume element. Here [.] denotes the integer part. We
have wZ = 1 and
we-v=(=1)""1v-we
for all v € R™.
For even n there is exactly one irreducible complex representation of
Cl(n). The module has complex dimension 2/ and is denoted by %,,. It is
the direct sum of the eigenspaces ©F of we for the values +1:

S, =St e s,

Since we anticommutes with elements of R™, the two eigenspaces have the
same dimension.

For odd n the complex volume element commutes with all elements of
Cl(n) and thus by Schur’s lemma acts as a multiple of the identity on every
irreducible module. There exist exactly two inequivalent irreducible complex
representations of Cl(n), both of dimension 2("~V/2 and they are distin-
guished by the action of we as Id or —Id respectively. In this thesis we will
use the representation for which we acts as Id. The module is again denoted
by >,.

Thus for every n we have ¥,, =2 CV, where N := 2"/, The representation
will be denoted by p. The action of Cl(n) on ¥, via p is called the Clifford
multiplication on ¥,,. It will be denoted by v - o := p(v)o for v € Cl(n),
N <IDI

On ¥, there exists a positive definite hermitian inner product (.,.), such
that Clifford multiplication with all elements of R™ is antisymmetric with
respect to (.,.), i.e. such that

(v, 0) +{(P,v-¢) =0

for all ¢, ¢ € ¥, and all v € R".
Let M be an n-dimensional oriented manifold. We denote by GL*(n, R)
the group of all real n x n-matrices with positive determinant and we write

A: C/}VLJF(n, R) — GL*(n,R) for its connected two-fold covering. Let
V[ PGI_FL(M) — M

be the principal GL" (n, R)-bundle over M whose fibre over z € M consists
of all positively oriented bases of T, M. It is called the bundle of positively
oriented frames of the tangent bundle.
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Definition 2.1.1. A spin structure on M is a principal @iﬁ(n,R)—bundle
7TI . Pé\]:_‘—(M) — M

over M together with a two-fold covering ©: P +(M) — Pgp+(M), such
that the following diagram commutes

P+ (M) x GL' (n,R) —= Pg+(M)

L

oxA S M

e

PGL+ (M) X GL(n, R) —— PGL* (M)

where the horizontal arrows denote the group actions. M s called a spin
manifold, if there exists a spin structure on M.

Not every oriented manifold has a spin structure and some oriented ma-
nifolds have more than one spin structure. An oriented manifold M is a spin
manifold if and only if the second Stiefel-Whitney class

wy(TM) € H*(M,Z/27)

vanishes. If wo(T'M) = 0, then the distinct spin structures on M are in
one-to-one correspondence with the elements of H(M,Z/27). For example
every orientable manifold M of dimension n < 3 is a spin manifold.

For every Riemannian metric g on an oriented spin manifold M we denote
by Pso(M, g) C Pgr+(M) the principal SO(n)-bundle over M whose fibre
over x € M consists of all positively oriented g-orthonormal bases of T, M. It
is called the bundle of positively oriented g-orthonormal frames of the tangent

bundle. The restriction of A: (/}VLJr(n,]R) — GL*(n,R) to the preimage of
SO(n) C GL*(n,R) coincides with ¥: Spin(n) — SO(n). Furthermore

PSpin(Ma g) = @_I(PSO<M7 g))

is a principal Spin(n)-bundle over M and the maps in the above commutative
diagram restrict to the following commutative diagram

Pgpin(M, g) x Spin(n) — Pgpin(M, g)

Oxv S} M
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By a Riemannian spin manifold (M, g,©) we will always mean an ori-
entable Riemannian spin manifold (M, g) together with a fixed orientation
and a fixed spin structure ©.

To every principal bundle over M we can associate a vector bundle in
the following way. Let G be a Lie group and let m: P — M be a principal
G-bundle over a manifold M. Furthermore let K =R or C, let V' be a vector
space over K and let p: G — Autg(V') be a representation of G. On P x V
we define an equivalence relation by

1

(p,v) ~ (p',v") <= Fg € G such that p’ = pg~" and v' = p(g)v.

We denote by [p, v] the equivalence class of (p,v) and by P x, V the set of
all equivalence classes. Then P x,V is a vector bundle over M with fibre V.
It is called the associated vector bundle to P via p.

As an example let 7: SO(n) — Autg(R™) be the standard representation.
Then there exists a canonical isomorphism of vector bundles

TM = 1350(]\47 g) X r R™.

Now let (M, g,0) be an n-dimensional Riemannian spin manifold. The
restriction of the complex spinor representation p to Spin(n) C Cl(n) is again
denoted by p, i.e.

p: Spin(n) — Autc(X,).

Definition 2.1.2. The complex spinor bundle X9M over M for the metric
g and the spin structure © is the associated vector bundle

YIM = Pgpin(M, g) X, .

The complex spinor bundle X9M is a vector bundle with fibre ¥,, = CV.
For (M, g) = (R™, geur) equipped with the unique spin structure we will write

YR ;= YeudR",
We define the Clifford multiplication on ¥9M, x € M, by
T.M®YIM — 3IM, [O(s),v]® [s,0] — [s,v- 0]

The inner product (.,.) on ¥, yields a hermitian metric on ¥9M which we
also denote by (.,.). It is defined by

<[8701]7 [3702]> = <01702>'

We will denote the induced norm by
W‘g = <¢7w>1/2'
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Clifford multiplication with elements of T'M is antisymmetric with respect
to (.,.), i.e. we have

(-1, 0) +(Y,v-9) =0

for all v € T, M, ¢, p € ¥IM, x € M.
Let (e;)!, be a positively oriented local orthonormal frame of TM. Then

we = il e,

is independent of the choice of the e; and thus can be defined on all of M.
Fibrewise Clifford multiplication by wc is an endomorphism of 39M which
is again denoted by we. We find w2 = 1 and

we-v=(=1)""-we

forall v € TM. If n is odd, we have by convention w¢ = Id. If n is even, then,
since we commutes with Spin(n), the above splitting of the spinor module
induces a splitting of the spinor bundle

YIM ="M@ X M.

A local section of the spinor bundle ¥X9M is called a spinor. If n is even
the local sections of *M are called positive respectively negative spinors.
We denote by C"(29M), r € N, (resp. C>°(X9M)) the space of all r times
continuously differentiable (resp. smooth) spinors.

In order to define a covariant derivative on the spinor bundle we recall the
following general fact. Let G be a Lie group, P — M a principal G-bundle
and let p: G — Autc (V) be a representation of G on a complex vector space
V. Let w be a connection one-form on P. Every section ¢ of the associated
vector bundle P x,V is locally given by ¢ = [s, o], where s is a locally defined
section of P on an open subset U C M and ¢ is a function on U with values
in V. Then for X € TM|y we define the spinor Vx1 on U by

Vxt:=[s,X (o) + dp(w(ds(X)))o]. (2.2)

Here and henceforth for any differentiable function f defined on an open
subset U C M with values in a real or complex vector space and any vector
field X on U we denote by X (f) the derivative of f in the direction X. One
can show that V is well-defined and yields a covariant derivative on P x, V.
Furthermore if V' carries a G-invariant hermitian scalar product, then one
obtains a hermitian metric on P X,V and V is compatible with this metric.

The Levi Civita connection VY for the Riemannian metric g on M induces
a covariant derivative on X9 M also denoted by VY as follows. The connection
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one-form of the Levi Civita connection lifts to a connection one-form w on
Pspin(M, g). Then we apply the formula (2.2) to w. The result may locally
be written as follows. Let (e;)!, be a positively oriented local orthonormal
frame of T'M on an open subset U C M. There exists a locally defined
section s € T(U, Pspin(M, g)|r) such that (e;)"; = O oson U. Let (E;)N,
be the standard basis of C¥. The section s determines a local orthonormal
frame (1;), of XM |y via ¢; = [s, E;] for 1 <i < N. We denote by 0 the
locally defined flat connection with respect to the local frame (1;)¥,, i.e. for

hi,...hy € C®(U,C) and X € T'M|y we define

Ox ( Z hi;) = Z X (hi)i.

=1

We define the symbols ffj by the equation
If = g(Vee5 ex)

and write locally ¢ = S°V | hyab;. Then by (2.2) for all i € {1,...,n} we have
on U

1 n " 1 n
Vglw = 861‘1/] + Z Z FZGJ A w = aeinJ + Z Z ej . (ngej) . 1/] (23)
jk=1 j=1
(see [LM], p. 103, 110). One finds that V9 is a metric connection with
respect to (.,.) and that it satisfies

VY ) =(VLY) - +Y - Vi

for all X € TM|U, Y € COO(TM’U), ’l/} S COO<EQM’U)
Let (e;)™; be a local orthonormal frame of TM. The Dirac operator is
defined as

DY: C®(SIM) — O®(SIM), D9 :=Y e VI
=1

It is easily seen that the definition does not depend on the choice of the local
frame (e;)"_;. If n is even, then with respect to the above splitting of the
spinor bundle the Dirac operator has the form

DY = ( £+ %_ ) (2.4)

with D¥: C®(SEM) — C®(SFM).
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If X, Y are smooth vector fields on M we define the second covariant
derivative operator V% y: C*(X9M) — C>=(X9M) by

V%{,ylb =V Vi — V%§Y¢
and the connection Laplacian V*V: C®(3IM) — C*(XIM) by
Vi = —tr(V2 1),

i.e.if (e;)", is a local orthonormal frame on M we have

V'V ==Y VIVId+ Y VL, 1 (2.5)
i=1 i=1 '
A very important result is the Schrodinger-Lichnerowicz formula

Theorem 2.1.3. For all ) € C*(XIM) the formula

scal?
4

(D9 = V*Vih + Y. (2.6)

holds, where scal? is the scalar curvature of (M, g).

Proof. see [LM] p. 160. O

Let ¢ € C*(X9M) and f € C°°(M,C). Then the following Leibniz rule
holds on M:

DI(f) = grad?(f) - & + f D,

where grad?(f) is the gradient of f with respect to g. For a proof see [LM],
p. 116.
Let € C. A spinor ¢ € C*(X9M) is called a Killing spinor for p, if we
have
Vi = pX -4
for all X € TM.

A spinor ¢ € C*(39M) is called parallel, if we have V%1 = 0 for all
X eTM.

Definition 2.1.4. The elements of ker DY are called harmonic spinors. If n
is even, then the elements of ker DT are called positive respectively negative
harmonic spinors.
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Let M be compact. The hermitian metric (.,.) on £9M induces a positive
definite scalar product (.,.)2 on smooth spinors by

(1/}’90)2 = /]\4<¢7S0>dvg>

where dv? denotes the volume form induced by the Riemannian metric g.
Let p € R be positive. The LP-norm of a smooth spinor ¢ is by definition

ol = ( /M [p[dv) .

The completion of C*(¥X9M) with respect to ||.||, is called LP(3X9M). For
k € N the Sobolev k-norm of a smooth spinor v is defined by

k
[llae =D IVl2
1=0

and the Sobolev space H*(39M) is the completion of C>(%9M ) with respect
to ||.||gx. If (M, g) is complete, then with respect to the scalar product (.,.)s
the Dirac operator DY is essentially self-adjoint, i.e.its closure in L*(39M)
is self-adjoint. If (M, g,0) is a closed Riemannian spin manifold, then the
spectrum spec(D?) of the Dirac operator consists of a sequence of isolated
real eigenvalues, which is neither bounded from above nor bounded from
below.

2.2 Real and quaternionic structures

In certain dimensions n there exist real or quaternionic structures on the mod-
ules ¥, of the complex spinor representation which are Spin(n)-equivariant.
Given a Riemannian spin manifold (M, g, ©) of dimension n these structures
then induce conjugate linear endomorphisms of ¥9M.

Definition 2.2.1. Let W be a complex vector space.

1. A real structure on W is a R-linear map J: W — W such that J? = Id
and J(iw) = —iJ(w) for allw e W.

2. A quaternionic structure on W is a R-linear map J: W — W such
that J* = —1d and J(iw) = —iJ(w) for allw € W.



2.2. REAL AND QUATERNIONIC STRUCTURES 19

Let p: Cl(n) — Endc(X,) be the complex spinor representation. A real
or quaternionic structure J on ¥, is called commuting, if it commutes with
Clifford multiplication by elements of R", i.e. if

J(x-o)=a-J(o) for all z € R" C Cl(n),o € %,.

It is called anti-commuting, if it anti-commutes with Clifford multiplication
by elements of R", i.e.if

J(x-0)=—x-J(0o) for all z € R" C Cl(n),o € %,.

The existence of real or quaternionic structures on X, for certain n is
proved in [F4]. In the following theorem we state the result and mention
some further structures.

Theorem 2.2.2. On ¥, the following structures exist

a) If n = 0mod 8 there exist a commuting real structure and an anti-
commuting real structure.

b) If n = 1 mod 8 there exists an anti-commuting real structure. There
exists no commuting real structure.

c) If n =2 mod 8 there exist an anti-commuting real structure and a com-
muting quaternionic structure. There exists no commuting real struc-
ture.

d) If n =3 mod 8 there exists a commuting quaternionic structure. There
exists mo commuting real structure.

e) If n = 4 mod 8 there exist a commuting quaternionic structure and
an anti-commuting quaternionic structure. There exists no commuting
real structure.

f) If n =5 mod 8 there exists an anti-commuting quaternionic structure.
There exists no commuting real structure.

g) If n = 6 mod 8 there exist a commuting real structure and an anti-
commuting quaternionic structure.

h) If n =7 mod 8 there exists a commuting real structure.

Proof. a) n = 0mod 8: By [F4], p. 33 there exists an anti-commuting
real structure J. Then w¢ o J is a commuting real structure.
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b) n = 1 mod 8: By [F4] there exists an anti-commuting real structure.
Suppose that there was a commuting real structure J. We restrict
the spinor representation to Cl(n) C Cl(n). If n = 8k + 1 then the
eigenspace of J corresponding to 1 is a real subspace of ¥, of real
dimension 2* and is an invariant subspace of this restriction. This is
a contradiction, since every irreducible real module for Cl(n) has real
dimension 21 (see [LM], p. 33).

¢) n=2mod 8: By [F4] there exists a commuting quaternionic structure
J. Then we o J is an anti-commuting real structure. As in the case
n = 1 mod 8 one sees that there is no commuting real structure.

d) n =3 mod 8: By [F4] there exists a commuting quaternionic structure.
As in the case n = 1 mod 8 one sees that there is no commuting real
structure.

e) n = 4mod 8: By [F4] there exists an anti-commuting quaternionic
structure J. Then wc o J is a commuting quaternionic structure. As
in the case n = 1 mod 8 one sees that there is no commuting real
structure.

f) n = 5mod 8: By [F4] there exists an anti-commuting quaternionic
structure J. As in the case n = 1 mod 8 one sees that there is no
commuting real structure.

g) n =6 mod 8: By [F4] there exists a commuting real structure J. Then
we o J is an anti-commuting quaternionic structure.

h) n =7 mod 8: By [F4] there exists a commuting real structure.
The assertion follows. O

As an example we consider the case n = 2. The spinor representation of
Cl(2) = Endc(C?) is the standard representation of Mat(2,C) on C%. We
define the action of E; and Es by

0 -1 0 i
(V) me(T0)

We define the map J: C* — C? by J(z,w) = (—w,Zz). Then J is a com-
muting quaternionic structure. A motivation for this definition comes from
considering the Hamilton quaternions

H:= {a+ib+cj+dkla,b,c,d €R,i* = j> =k* = —1,ij = —ji = k}
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as a complex vector space, C acting by quaternion multiplication from the
right, and from using the C-linear isomorphism

C*—H, (zw)—z+jw.

Under this isomorphism the actions of Fy, Fy correspond to quaternion mul-
tiplication with j, —k from the left and J corresponds to quaternion mul-
tiplication with j from the right. We define the map K: C? — C2? by
K(z,w) := (—w,—%). Then K is an anticommuting real structure.

Next let n = 3. The Clifford algebra Cl(3) = End¢(C?) @ Endc(C?) has
two inequivalent irreducible complex representations py, po given by

pi(A, B)(x) := Az, ps(A, B)(z) := Bu

for x € C?. We define the action of E;, E,, E5 under p; by

i 0 0 —1 0 —i
(i f) w03 s (50)

Under the isomorphism
C*—H, (z,w)z+jw.

this corresponds to quaternion multiplication with 7, 7, k£ from the left. The
map J: C? — C? by J(z,w) = (—w,z) is a commuting quaternionic struc-
ture.

Now let (M, g,0) be a Riemannian spin manifold of dimension n. Let J
be one of the structures mentioned above. Then J commutes with the action
of Spin(n) on ¥, and thus induces a map X9M — X9M, [s,0] — [s, Jo]
which will again be denoted by J. This map is fibre-preserving and R-linear
on the fibres and it satisfies Ji = —iJ and J? = &Id. Furthermore for any
g € Spin(n) we have

Jop(g) =plg)eJ

Taking the derivative of this equation we obtain J o dp = dp o J. It follows
from the formula (2.2) that V% Jy = JV% for all X € T'M and for all
e C®(X9IM), i.e. J is parallel with respect to V9.

We note the following important consequences for the spectrum of the
Dirac operator.

Remark 2.2.3. If J is an anti-commuting real structure, it anti-commutes
with the Dirac operator. It follows that if \ is an eigenvalue of the Dirac
operator, then also —\ is an eigenvalue. By Theorem 2.2.2 this occurs in
dimensions n = 0, 1,2 mod 8.
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If J is a commuting quaternionic structure, it commutes with the Dirac
operator. Since for every mnonzero spinor 1 the system {1, Ji} is linearly
independent over C, every eigenspace of D9 has even complex dimension. By
Theorem 2.2.2 this is the case in dimensions n = 2,3,4 mod 8.

If J is an anti-commuting quaternionic structure, it anti-commutes with
the Dirac operator. In this case the kernel of D9 has even complex dimension
and, if X\ is an eigenvalue of DY, then also —\ 1s an eigenvalue of DY. By
Theorem 2.2.2 this occurs in dimensions n = 4,5,6 mod 8.

2.3 Spinors for different metrics

Let (M, g,0©) be a Riemannian spin manifold and let i be another Rieman-
nian metric on M. Since the spinor bundles ¥9M and "M are two different
vector bundles, the question arises how one can identify spinors on (M, g, ©)
with spinors on (M, h,©) in a natural way. The case of conformally related
metrics g and h has been treated in [Hit|, [Hijl]. For general Riemannian
metrics g and h Bourguignon and Gauduchon [BG] have solved this prob-
lem. The question when such an identification can be obtained in the case
of semi-Riemannian metrics has been treated in [BGMO05]. For our purpose
we will recall the method of [BG] and use some remarks from [Ma].

Given the metrics g and h there exists a unique endomorphism a,; of
T'M such that for all x € M and for all v, w € T, M we have

g(agnv,w) = h(v,w).

For each € M the endomorphism a,(x) € End(T, M) is g-self-adjoint and
positive definite. Thus there exists a unique endomorphism b, (z) of T, M
which is positive definite and satisfies b, 5 (x)* = a4, (z) . In this way we ob-
tain an endomorphism b, j, of M. The compositions of the endomorphisms
aqp, and by, have the following properties.

Lemma 2.3.1. Let g, h, k be three Riemannian metrics on M. Then we
have agpany = agr. The equation byp o by = byr holds if and only if ayy,
and ap commute.

Proof. This follows immediately from the definitions of a4 and by . ]
For example if g, h, k are conformally related, then a,j, and a; , commute.

Lemma 2.3.2. The endomorphism by}, induces an isomorphism of principal
SO(n)-bundles

¢on s Pso(M,g) = Pso(M,h), (e:)isy = (bgnei)i
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Proof. One easily finds that b, ;, maps positively oriented g-orthonormal bases
to positively oriented h-orthonormal bases. Obviously the map ¢, j, is SO(n)-
equivariant and an isomorphism with ¢ , = cg_}L. O]

Lemma 2.3.3. The isomorphism c,p, lifts to an isomorphism of principal
Spin(n)-bundles
f)/g,h . PSpin(M7 g) — PSpin(M7 h)

Proof. Let ©: Pgpin(M,g) — Pso(M, g) be the covering map. We define a
family of Riemannian metrics (g¢)icjo1) on M by ¢, := (1 —t)g + th and we
define the map

F PSPiH<M7 g) X [07 1] — PGL+<M)7 <S7t) = Cgvgt(g(s))'

We consider the following commutative diagram

Pspin (M, g) x {0} —2—> P+ (M)

i Je

PSpin(M7 g) X [07 1] L> PGLJr (M)

where ¢ and j are inclusions. Since the map © has the homotopy lifting
property, there exists a unique map

G Pspin(M,g) x [0,1] = P+ (M)

such that © o G = F' and G(s,0) = s for all s € Pg,in(M,g). We define
Yg.r(8) := G(s,1). The definition of v, does not depend on the family of
Riemannian metrics g; chosen above. Namely any two paths between g and h
are homotopic and therefore yield the same result G(s,1). We find that v,
is Spin(n)-equivariant, since ¢, g, is SO(n)-equivariant. Using the uniqueness
of lifts one can show that ~, is an isomorphism with v, , = vg’}b. ]

Lemma 2.3.4. The isomorphism v, 5, induces an isomorphism of vector bun-
dles

Bg,h : XIM — E}1‘]\47 [570] = h/g,h(s)ao-]

which 1s a fibrewise isometry with respect to the hermitian metrics on 39 M
and X"M. Furthermore for all v € TM and for all » € LIM we have
Ban(v - ) = bypv - Byptp, where - denotes both Clifford multiplications on
Y9M and on X"M.
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Proof. The map [, ), is well defined, since 7, is Spin(n)-equivariant. We
find that g, = Bg_}ll By the definition of the hermitian metrics on 39M

and X" M the map f3,, is a fibrewise isometry. For the last assertion observe
that under the isomorphism 7'M = Pgo (M, g) X, R" for all s € Pgpin(M, g),
w € R™ we have

byn([O(s), w]) = [eg.n(O(5)), w] = [O(7g,n(5)), w]

and therefore for all s € Pgpin(M,g), w e R, 0 € &,

byn([O(5), w]) - Bon(ls, o]) = [Yg.n(s), w - o] = Byn([O(s), w] - [s,0])
which completes the proof. O]

Next we want to compare the Dirac operators D9 and D". The map
B, does not induce an isometry of Hilbert spaces L?(39M) — L*(X"M),
since the volume forms dv?, dv” induced by the metrics ¢, h are different
(see [Mal). In order to compensate this we note, that there exists a smooth
positive function f,; on M such that dv" = f;,hdvg . We define

— 1
Bon =5
g0 fg,h

The maps B¢, B, induce isomorphisms C*(39M) — C*°(E"M), which
will also be denoted by 3, 1, Eg’h. We use the map Bg,h to pull back the Dirac
operator on "M to spinors for the metric g.

Bon: YIM — S"M.

Dg,h = Bh,gDth,h'
We see that these operators have the following properties.

Lemma 2.3.5. The map Bg,h induces an isometry of Hilbert spaces
Byn: LAEIM) — L*(S"M).

If D" has self-adjoint closure on L*(X"M), then D9" has self-adjoint closure
on L2(XIM).

Proof. This is clear from the definitions of E%h and D9, O

Next we want to express the operator D9" in terms of a local orthonormal
frame. For a Riemannian metric ¢ on M we denote both the Levi Civita
connection on T'M and the induced connection on »9M by V9.
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Theorem 2.3.6. Let (e;), be a local g-orthonormal frame defined on an
open subset U C M. Then for all ¢ € C*°(X9M) we have on U:

h — V&
Dy = Z € vbg,h(ei)w
i=1

1 n
T3 Yocivei- (ngVih . (bgnes) = Vi | yes) -0

ijl

- f—bg n(grad’(fyn)) - . (2.7)
g,h

Here grad?(f) denotes the gradient of a smooth function f with respect
to the metric g.

Proof. We find

Dg’hw = Bh’g(f Dhﬁg hdj 72 gradh(fg h) Bg hw)
g;h g,h
= BrgD"Bynt) — f bhg(gl"ad (fon)) -
= Bthhﬁgh¢ f N gh(grad (fgh)) ’17/)

For the first summand we obtain

BngD " Bonth = Brg( Z bg,nei - Vgg,h(ei)ﬁg,h?/f)
=1
= Z €; * ﬁh,gvzgyh(ei)ﬁg,hw

= Z@Z Vgh )w‘FZez Bhgvbgh (ei) thw gh(el)¢)'

Using the formula (2.3) we get
h
Bh,gvbg!h(ei)ﬂg,hd} - Vgg,h(ei)w

1 n
= 1 Zﬁh,g(bg,hej : (vl}fg’h(e (bg,ne;j)) - Bgnth) — Ze] VZ (e )
j=1

1 n
= Z Z ej . (bhvgvgg,h(ei) (bg}h?j) - Vgg,h(ei)€j> . w

J=1

This gives the formula of the assertion. ]
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For r € N denote by C"(Sym?(T*M)) (resp. C>=(Sym*(T*M))) the space
of r times continuously differentiable (resp. smooth) symmetric (2,0) tensor
fields on M. In order to compute the derivative of D9" with respect to the
metric h we let k € C°°(Sym?(T*M)). Then there exists an open neighbor-
hood I C R of 0 such that for every ¢ € I the tensor field g, := g + tk is a
Riemannian metric on M.

Theorem 2.3.7. Let (e;)!, be a local g-orthonormal frame defined on an
open subset U C M. Then for all ¢ € C*°(X9M) we have on U:

d 1 ¢ I
4P o = =5 El €i* Vo ueo¥ = 1 > divi(k)(es)e - 1. (2.8)
i= =1

Here div?(k) denotes the divergence of k with respect to the metric g. If
(e;)™, is a local orthonormal frame of T'M, it is the one-form on M which is
locally defined by

n

divd (k) (X) =) (VI9E)(X, e;)

i=1
for all X € TM. By tr9(k) € C*(M,R) we will denote the g-trace of k,
which is locally defined by

trd(k) == Zk(ei,ei).

Of course these definitions are independent of the choice of orthonormal
frame.

Proof. From g, = g + tk we obtain b, , = (Id + ta,;)~'/2. It follows that

d 1
%by,gt |t:0 = —5%,1@-

The first summand is now obtained from the first summand of (2.7). By
[Be], p. 62, we have for all X, Y, Z € TM

29( VY| gy 2) = (VRR)(Y, 2) + (VER)(X, Z)  (VHR)(X, V).

We calculate

d

a(bghg gj?s!]t(%) (bgvgtej) - vgg,gt(ei)ejﬂtio
1

1 d 1 1
= Sak(VEe)) + 2 Vieilico = 5Va, o — 5 Valagnes) + 5Vo, o€
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d
= - Z kE(VYej, em)em + dtvgtej|t 0~ Zg (agre;), em)em
m=1

d
= = Z (Ve em) + k(ej, VI en) — Oek(e), em))em + Evggeﬂt:o

1 « d
= —3 > (V2K (es, em)em + 2 Vil
m=1

((ngk)(ei, em) — (V2 E)(ei e;))em.

m=1

N | —

It follows that

Z €i - €5 (g, bg ol )(bg,gtej) - Vgg,gt(ei)ejﬂtzo

z] 1
1 n
= = Z ewem €; €5 em_§ Z (ngk)(ehej)ei'ej.em
’ij 1 i,5,m=1
n
= —Z Jewe)ei— > (VL K)(ene)eie; - en
7,] 1 i,j,m:l

= — Z div?(k)(e;)e; + grad?(tr?(k)).

From dv? = det(Id + ta,)"/2dv? it follows that f,, = det(Id + ta,)"*.
Since f,, = 1 we obtain

d 1 d .
I d9 — d9(Z L e ().
dt fg,gt g,gt(gra (f919t>>|t:0 gra (dtfg’gt|t:0) 4gra ( T ( ))

The assertion follows. O

We define the following (2,0) tensor field on M.

Definition 2.3.8. Let ¢p € C*°(X9M). The energy momentum tensor for 1
is a symmetric (2,0) tensor field on M defined by

Qu(X.,Y) = —Re(X Vi +Y - Vi, )

for X, Y € TM.
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Again let k € C>(Sym?*(T*M)) and let I C R be an open interval con-
taining 0 such that for all ¢ € I the tensor field g; = g + tk is a Riemannian
metric on M. Let A be an eigenvalue of DY with d := dimc ker(D9 — \).
By Theorem A.0.13 and Lemma A.0.16 there exist real-analytic functions
A1,...,Aq on I such that \;(¢) is an eigenvalue of D99 for all j and all ¢ and
A;(0) = A for all j. Furthermore there exist spinors ¢;;, 1 < j < n, t € I,
which are real-analytic in ¢, such that v;, is an eigenspinor of DY%9 corre-
sponding to A;(t). We can choose these spinors such that ||1);||2 = 1 for all
7 and all ¢. Then we have

Ai(t) = (e, DT91)j4)9

for all £. If we take the derivative with respect to ¢t at ¢t = 0, then, since DY
is self-adjoint and ;, is normalized, the only contribution comes from the
derivative of the Dirac operator.

dX;(t)
dt

Recall that if (e;)"; is a local orthonormal frame, then by (2.8) we have
locally

d
li—o = (¥j0, EDg’gth:o%o)z (2.9)

d 1 I
E‘nggt ’t:ow])o = —5 Z €; . Vgg’k(ei)l/}j’o - Z Z leg(k?) (62)61 ' /lp‘],(]
=1 =1

The scalar product of the first term with 1; can locally be written as
1 ¢ g
3 ng',oj € - Vi w(en Vi)
i=1

1 n
-1 > kes, em) (W0, € V9, i+ em - VE1bi0)

i,m=1

The scalar product of the second term with 1, is purely imaginary. Since
the left hand side of (2.9) is real, it is sufficient to consider the real part.
Then the second term gives no contribution. If (.,.) denotes the standard
pointwise inner product of (2,0) tensor fields, then we obtain

d;(t 1
)= =5 [ Quav (2.10)

We consider now the special case of conformally related Riemannian met-
rics on M. Let u € C*°(M,R) and let g, h be two Riemannian metrics on M
such that h = e?*g. The connections on the spinor bundles X9M and "M
are then related in the following way:.
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Theorem 2.3.9. For all ) € C*°(X9M) and for all X € TM we have

Vhlonh = Bon(Viet = 3 X -grad?(u) - — £ X(u)o)
Vit = BV — 5 X -grad’(u) - ¢~ 21 X(u)y). (211)

Proof. By [Be], p. 58 we have for all X, Y € TM
VAY = V%Y + X (W)Y + Y (u)X — g(X,Y)grad? (u).

Note that by, = e “Id. Let (e;)I, be a local g-orthonormal frame on an
open subset U C M. Then (b, e;)?; is a local h-orthonormal frame on U.
We obtain by the formula (2.3)

1 n
ViBonth = OxBynth + 1 Z bgnej - (Vibgne;) - Bynth
j=1
1 n
= OxBynd + D bgne; - bgn(Vie; — X(w)e;) - Bynt)
j=1
1 n
= 8Xﬁg,h’¢ + 4_1 Z /Bg,h(ej : (vg(ej + ej(u)X) : ¢)
=1

- iﬁgﬁ(X - grad?(u) - )
= Byn(VEY + %gradg(u) X - — %X -grad?(u) - ).

The first formula in the assertion now follows from (2.1). Furthermore using
that f,, = e™/? we get

VA Bynt = X(e7™%) By ptb + e ™2V By pib.
The second formula now follows. O

The Dirac operators on X9M and XM are related by the following for-
mulas.

Theorem 2.3.10. For all ¢ € C*°(X9M) we have

Dh(ef(nfl)u/Qﬁngw) — 67(n+1)u/25g7hDgw
DMe B, 0) = ¢ 2F, DT, 2.12)
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Proof. Let (e;)!_; be alocal orthonormal frame. Using the formula (2.11) we
find

D"Bynth = > bgn(e:) - Vi, o Bant)
i=1

= Xl (V20 - Sedw) — s gradd(u) )

n—1
= Bynle D% +

e “grad?(u) - ).

The first formula follows from this calculation. Using Bg,h = e/ 2[3,.n one
obtains the second formula. O

We specialise the above formulas for the derivative of the Dirac operator
and the derivative of the eigenvalue to the case of conformal changes of the
Riemannian metric. Let f € C°°(M,R) and let I C R be an open interval
around 0 such that for all ¢t € I the tensor field g; := g+1fg is a Riemannian
metric on M. Then we immediately obtain the following.

Theorem 2.3.11. For all ¢ € C*(X9M) we have

d
— D99 |t:0¢ - _g

: Do — Zarad?(f) - v (2.13)

and d\;(t) A
ét im0 = —5/Mf|1/1j,o|§dvg. (2.14)




Chapter 3

Motivation

3.1 Conformal bounds on Dirac eigenvalues

Let (M, g,©) be a compact Riemannian spin manifold of dimension n > 2.
We denote by A{(g) the smallest positive eigenvalue of DI and by A (g)
the largest negative eigenvalue of D9. The question arises how the values
Mf(g) depend on the geometry of the underlying manifold. Lower bounds on
IAE(g)| in terms of the scalar curvature of (M, g) have been obtained in [Li],
[F1], [Kil], [Ki2], [KSW1], [KSW2]. Searching for lower bounds which are
uniform on the conformal class

l9] == {e™glu € C(M,R)}

of the metric g one observes first that for every constant a > 0 one has
M (a%g) = a='X\i(g) by (2.12). Thus the expressions |AF(g)|vol(M,g)'/™
are invariant under constant rescalings of the metric. We define the two
invariants

Auin(M:[g], ©) i= - inf A (R)vol(M, k)"
Auin(M,19],©) = it [y (B)[vol(M, h)*/"

of the conformal class [g]. It was proven in [Am3] that

/\:I:

min

(M, [g],0©) > 0.

These invariants have been treated by many authors (see e.g. [Hij1], [Hij2],
[Lo|, [Bal], [Am2], [Am4]).

Explicit values are known only for very few spin manifolds. For example
if gean denotes the standard metric on S™ and ¢ the unique spin structure on

31
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S™, we use the notation S" := (S™, [gean), ¢). Then we have

S") = Zv0l(S™, gean) /"

+ ny __
AL (S") = A ;

min mln(

(see e.g.[Am3], [Am4]). Furthermore one has the following inequalities.

Theorem 3.1.1 ([Am3|, [AGHM]). For every compact Riemannian spin
manifold (M, g,©) we have
)\Iun(M [g] @> < )\inn(Sn)? A;lin(M7 [g] @) < )\IJlr’un(Sn)
It is a natural question whether the infimum in the definition of the
invariants AX. (M, [g], ©) is attained at a Riemannian metric h € [g]. This

has been investigated in [Am4], where the following result is obtained.

Theorem 3.1.2. Let (M, g,0) be a compact Riemannian spin manifold of
dimension n > 2. Assume that we have the strict inequality
Amin = Amin (M, [9], ©) < AL (S7).

Then there exists a spinor v € C*(X9M), which is smooth on M \ ¥~1(0),
such that

DQ@D )\LHW‘;/(n_l)W ”¢H2n/(7171) =1. (31)
If there is such a spinor 1, which s nowhere zero on M, then h := |¢\4/ e 1
1s a Riemannian metric on M such that

A= M (R)vol(M, h)'/™,

min

An analogous assertion holds for A\, (M, [g], ©).

min

Therefore one is interested in finding solutions to (3.1) which are nowhere
zero. It is not clear, whether this is possible. An important result by C. Béar
on the zero sets of solutions of generalized Dirac equations is the following.

Theorem 3.1.3 ([B&4]). Let (M, g,0O) be a connected Riemannian spin ma-
nifold of dimension n > 2, not necessarily compact and possibly with bound-
ary. Let h be a smooth endomorphism field of X9M and let 1) be a nontrivial
solution of

(D9 + h)y = 0.

Then the zero set of ¢ is a countably (n — 2)-rectifiable set and thus has
Hausdorff dimension n — 2 at most. If n = 2, then the zero set of ¥ is a
discrete subset of M .
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One can apply this theorem for n = 2. However, if ¢ is zero somewhere
and n > 3, then |¢|3/(n_1) is not smooth on the zero set of 1) and thus the
theorem cannot be applied. In this case one can still prove that the zero set
of a nontrivial solution does not contain any open subset of M and that its
complement is connected (see [AMM]).

In this thesis we will not solve this problem. However our result on the
zero sets of eigenspinors for generic metrics suggests that for generic metrics
any solution to (3.1) should be nowhere zero.

3.2 Witten spinors

In his proof of the positive energy theorem for spin manifolds Witten in-
troduces asymptotically constant harmonic spinors on certain non-compact
Riemannian manifolds (see [Wi]). A rigorous proof of his ideas is given in
[PT]. Following the latter article we will state existence and uniqueness of
these so called Witten spinors. Then we will see that the zero set of cer-
tain Witten spinors is not empty. For x € R"™ we denote by r its euclidean
distance from 0. We assume that n > 3.

Definition 3.2.1. For s € R we define
fe0"(r) <=V fecO@r ) forj=0,1,2.

Definition 3.2.2. A complete Riemannian manifold (M, g) of dimension n
15 called asymptotically flat, if there exists a compact subset K C M such that
M\ K is the disjoint union of a finite number of subsets My,...,My with the
property that for every i € {1,...,d} there ezists a contractible and compact
subset K; C R™ and a diffeomorphism ®;: R™\ K; — M;, such that in the
standard coordinates of R™ for all j, k we have:

(D7 g)ju — 0jn € O"(r*™)
as r — oo. The subsets M; are called the ends of M.

The simplest example of an asymptotically flat Riemannian manifold is
the Euclidean space (R™, geual). A more interesting example is M = R3\ {0}
with the Schwarzschild metric g = (1 + %)4geud, where m > 0 is a constant.
It has two asymptotically flat ends, one at infinity and one at zero. In order
to see the end at zero note that the map x — %x is an isometry of (M, g)
(see [BN]). Using this map one obtains a diffeomorphism, which defines the
end at zero.
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Since the different spin structures over R™ \ K; are classified by the ele-
ments of H'(R"\ K;,Z/2Z) = 0 we see that the pullback bundle ®:39M is
equal to the trivial spinor bundle over R™\ K; and thus extends to the trivial
bundle R® x ¥, over all of R”. The pullbacks under ®; ' of the constant
sections of this bundle will be called the constant spinors on the end M;.
From now we assume n = 3.

Theorem 3.2.3 ([PT)]). Let (M, g,0) be a 3-dimensional asymptotically flat
Riemannian spin manifold. For all i € {1,...,d} let ~; be a constant spinor
on the end M;. Then there exists a unique spinor v on M such that D9 = 0

and such that for every € > 0 we have lim,_,o 7 7¢|Yp — ;| = 0 on each end
M;.

The spinor v is called the Witten spinor for the constant spinors ~1,...,74.

Next we describe the relation between nowhere vanishing spinors on ma-
nifolds of dimension 3 and orthonormal frames of its tangent bundle. It has
long been known that every orientable manifold M of dimension 3 is paral-
lelizable, i. e. there exists a global frame of the tangent bundle, which can of
course be orthonormalized (see [St], [Wh]). More recently it has been sug-
gested by people working in general relativity (see [N], [DM], [FNS]) to use
Witten spinors in order to construct special orthonormal frames of T'M. This
is possible if the Witten spinor is nowhere zero on M. In order to explain
this, we first recall that Spin(3) = SU(2) and therefore

Spin(3) — { ( o ) € GL(2,C)| [af? + B2 = 1}.

It follows that for any v, w € S* C C? there exists exactly one ¢ € SU(2)
such that p(¢)v = w. Using this fact we can show:

Theorem 3.2.4. Let (M, g,0) be a Riemannian spin manifold of dimension
3. Then every smooth spinor on M which is nowhere zero leads to a global
orthonormal frame of T M.

Proof. Let ¢ € C>*(39M) be nowhere zero on M. We define x € C*(3X9M)

by x(z) = |$((f))‘g. Let U C M be open such that there exists a smooth

section s of Pspin(M, g)|y and a smooth map o: U — S* C C? such that
on U we have x|y = [s,0]. For x € U let ¢(z) € Spin(3) be the unique
element such that p(g(z))o(x) is equal to the first vector F; of the standard
basis of C2. We obtain ¢ € C*(U, Spin(3)) such that for all z € U we have
Xlv(x) = [s(x)q(x)~!, Ey]. Tt follows that s(z)g(z)~! is independent of the
choices of s, o and thus can be defined on all of M. Then e: M — Pso(M, g)
with
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is a smooth section of Pso(M, g). O

However it is easy to see that Witten spinors can have zeros. More pre-
cisely if W denotes the space of all Witten spinors on an asymptotically
flat manifold M with d ends, then by Theorem 3.2.3 there exists a C-linear
isomorphism (33)? — W. Let € M. The evaluation map

evy: W —=XIM, ¢ (x)

is a C-linear map between complex vector spaces of dimensions 2d and 2.
Thus in the case d > 1 for every x € M there exists a Witten spinor on M,
which is zero in x.

In the case d = 1 it is not clear whether Witten spinors can have zeros.
If ¢ is a Witten spinor, then W = spang{v, J¢}, where J is a quaternionic
structure. Thus if there exists © € M and a Witten spinor ¢ with ¥ (x) =0,
then all Witten spinors on (M, g,©) are zero in z.

In this thesis we will not solve this problem. However one can hope to
carry over some of our techniques in order to prove that in the generic case
Witten spinors are nowhere zero. This would mean that the zero sets of
Witten spinors have no physical significance.

3.3 Zero sets of eigenspinors

Let (M, g,0) be a closed Riemannian spin manifold of dimension n > 2. We
observe that eigenspinors of the Dirac operator can have non empty zero set.
Namely there are explicit computations of eigenvalues whose multiplicities
are greater than the rank of the spinor bundle (see e. g. Theorem 4.2.1). Thus
for these eigenvalues there exist eigenspinors with zeros. Harmonic spinors
on Riemann surfaces provide another example, which we will treat in Section
4.1.

It would be useful to have eigenspinors, which are nowhere zero, since
then one would have a simple proof of Hijazi’s inequality, which we now
explain. First let

A9 C°(M,R) — C*(M,R)

denote the Laplace operator for the metric g acting on functions on M. If
x1,...,T, are local coordinates on M with coordinate vector fields 0,...,0,, and
the matrices (g;;) and (¢*) are defined by

Gij = g(ai>aj)7 9= (gij)a (gij) = 971:
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then we have for all locally defined smooth functions f:

AIf = —det(g)"* Y 9i(g” det(g)"/*0;f). (3.2)

ij=1
The conformal Laplace operator is a linear second order differential operator
L. C*®(M,R) — C*(M,R),
which is defined by
4(n —1
LIf = (n—2)Agf +scal’ f,
where scal? denotes the scalar curvature for the metric g. The operator LY
is called the conformal Laplace operator because it satisfies a nice transfor-
mation law under conformal changes of the metric. More precisely let g and
h = e*g be two conformally related metrics, where u is a smooth function
on M. Then we have for all f € C*°(M,R) (see [LP], p. 43)

Lg(e(n—Z)u/Qf) — 6(n+2)u/2th‘ (33)

The spectrum of LY consists of a sequence of isolated real eigenvalues, which
is bounded from below by the smallest eigenvalue i and is not bounded from
above.

W= o < pp <o —> 00,

Hijazi’s inequality gives a lower bound on the eigenvalues of the Dirac oper-
ator in terms of the smallest eigenvalue of the conformal Laplace operator.

Theorem 3.3.1 ([Hijl]). Let (M, g,0) be a closed Riemannian spin manifold
of dimension n > 3 and let u be the smallest eigenvalue of the conformal
Laplace operator. Then any eigenvalue X of the Dirac operator satisfies

P
= 41"

For the new simple proof we need the following assumption

There exists an eigenspinor ¢ corresponding to A,
which is nowhere zero on M.

(A)

Proof of Theorem 3.3.1 using Assumption (A). We define a smooth function
uon M by u := % In [¢],. The metric h := e**g is conformal to g and the
spinor

Q= ef(nfl)u/2ﬁg’h,¢ c COO(ZhM)
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satisfies |¢|, = 1 on M and D"p = e %Ay by (2.12). By the Schrodinger-
Lichnerowicz formula (2.6) we find

1
/|Dh¢|idvh:/ |Vh¢|idvh+—/ scal” dv™.
M M 4 Ju

We use the estimate
1
| Vet = o [ Dt ad
M nJm

Since the volume elements are related by dv" = e™*dv? we find

/ |Dhg0|idvh:)\2/ en=Dudyy
M M

and thus altogether

4(n—1
/ scal dv® < —(n ))\2/ e(m=2uqyI,
M n M

By the transformation formula (3.3) we find
scal = LM = e*(n+2)U/2Lg(e(n—2)u/2>

n—2)u/2

and thus by setting f := el we obtain

/ frofave < 2=y / F2dve.
M n M

Since LY is an elliptic self-adjoint differential operator on a compact mani-
fold, there exists an L2-orthonormal Hilbert basis of L?(M,R) consisting of
eigenfunctions of LY (see e. g. [LM], p. 196). We write f as a possibly infinite
linear combination of these eigenfunctions and conclude that the left hand
side is bounded from below by p [,, f2dv?. O

The eigenvalues of D9 depend continuously on g with respect to the C*-
topology for all £ > 1 (see Proposition 6.2.3). For k € N the k-th eigenvalue
pr(g) of the conformal Laplacian LY can be characterized as follows. For
every (k + 1)-dimensional subspace Vi1 of C*°(M,R) we define

Ag(Visa) = sup{(f, Lf)2/ I fII2 |f € Virr \ {O}}.

Then we have
pe(g) == inf Ay(Viya),

Vi1
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where the infimum is taken over all (k + 1)-dimensional subspaces. This
can be proven similarly to Proposition 2.1 in [BU]. Since the scalar curva-
ture contains second derivatives of the metric, it follows that ux(g) depends
continuously on ¢ with respect to the C2-topology.

We will show in Section 6.2 that for n € {2,3} the subset of all Rieman-
nian metrics on M, for which Assumption (A) holds, is dense in the space
of all smooth Riemannian metrics on M with respect to any C*-topology,
k > 1. By continuity of the eigenvalues of D9 and L9 we obtain a new proof
of Theorem 3.3.1 for n = 3.



Chapter 4

Examples of zero sets of
eigenspinors

4.1 Harmonic spinors on Riemann surfaces

First we recall a way of identifying positive harmonic spinors on closed Rie-
mann surfaces with holomorphic sections of certain line bundles (see [Hit]).
Let (M, g) be a compact Kéhler manifold of complex dimension m. We de-
note by K := A™TYOM the canonical line bundle over M. Then M is a
spin manifold if and only if there exists a holomorphic line bundle L such
that L ®g L = K. In this case the different spin structures on M are in
one-to-one-correspondence with such holomorphic line bundles. The spinor
bundle is isomorphic to A*T%' M ®g L and the Z/27Z-grading is given by the
decomposition of A*T%'M into even and odd forms. Let

O : APTOLNM — APTITOL NS

be the exterior derivative in the Dolbeault complex. If s is a local holo-
morphic section of L and ¢ is a smooth local section of A*T%! M, we define
(¢ ® s) == Dp ® s. Then the Dirac operator corresponds to v/2(0 + 8 ).
Now let M be a closed orientable surface with a Riemannian metric g. Then
M is a spin manifold and since A°T%!'M is the trivial line bundle, there is
a canonical isomorphism YT M = L. Thus positive harmonic spinors can be
identified with holomorphic sections of L.

Next let (M, g,0) be a two-dimensional Riemannian spin manifold. We

recall a way of associating a vector field to a positive or negative spinor on
M (see [Aml]). First we define 74.: SO(2) — C by

cost —sint
sint cost

) — exp(it).

39
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We define a complex structure J on M such that for every p € M and
for every unit vector X € T,M the system (X, JX) is a positively oriented
orthonormal basis of 7, M. Then the map Pgo(M, g) X, C — (T'M, J) which
sends [(e1, €2), 1] to e; is an isomorphism of complex line bundles. In the same
way we obtain an isomorphism Pgo (M, g) X, C — (T'M,—J). We quote the
following Lemma from [Am1] including the proof. It enables us to associate
a vector field on M to a given section of M.

Lemma 4.1.1. Let © be a spin structure on (M, g). Then the map

. UM =Pgn(M,g) x, 55 — Pso(M,g) x,. C= (TM,FJ)
[s,0] = [B(s),07]

1s well defined.

Proof. For any n the multiplicative group Cl(n)* of invertible elements in
the Clifford algebra Cl(n) is an open subset. Thus one may identify the
Lie algebra of the spin group Spin(n) with a subspace of Cl(n). By [LM],
Proposition 1.6.1 the Lie algebra of Spin(2) is spanned by E; - F5. Therefore
every element of Spin(2) can be written in the form exp(tE; - Ey). Since
Ey - By acts on X5 as Fild, we find that exp(tFE, - Ey) acts as exp(TFit).
Furthermore by [LM], Proposition 1.6.2 we have

0 -2

Thus for every g € Spin(n) the element g? acts on X3 as 74(9J(g)). We
conclude that

©(sg),0%] = [O(s)(g),0"]

and therefore ®4 is well defined. O

From now assume that M is a closed oriented surface of genus v with
a Riemannian metric g. Assume that ¢ is a nontrivial positive harmonic
spinor on M and that p € M is a point with ¢(p) = 0. Since X*M can
be canonically identified with a holomorphic line bundle, there exists a local
chart of M mapping p to 0 € C and a local trivialization of XM around
p, such that in this chart and in this trivialization 1 corresponds to a holo-
morphic function f: U — C on an open subset U C C containing 0. Then
in a neighborhood of 0 the function f is given by a convergent power series
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f(z) = 3202 axz® with a; € C. Define m,, as the smallest integer k such
that ar # 0. Let X be the vector field on M associated to ¢ via Lemma
4.1.1. It follows that X has an isolated zero at p with index equal to —2m,,.
Let x(M) = 2 — 2v denote the Euler characteristic of M. Denote by N the
zero set of 1. Since M is compact, the set N is finite. By the Poincaré-Hopf
Theorem (see e.g. [Mi], p. 35) we obtain =23 v m, = x(M). Thus we
find the following result.

Theorem 4.1.2. Assume that 1) is a positive harmonic spinor on a closed
oriented surface M and let N C M be its zero set. Then N is finite and we
have

> my= —%X(M) =7-L

peEN

From this we can see the well known fact, that for v = 0 there are no
harmonic spinors for any Riemannian metric (see e.g.[Hit]). In the case
v =1 it has been proven in [F2] that for the flat Riemannian metric g there
exists exactly one spin structure with dimker(DY) = 2 and exactly three
spin structures with no harmonic spinors. Since the dimension of the space
of harmonic spinors is conformally invariant and since any two Riemannian
metrics on M are conformally related, it follows that this result holds for
all Riemannian metrics on M. If ¢ is a positive harmonic spinor and J is a
parallel quaternionic structure on the spinor bundle, then Ji is a negative
harmonic spinor and it has the same zero set as ). By Theorem 4.1.2 all the
harmonic spinors are nowhere zero on M. For v = 2 it follows from [Hit],
Proposition 2.3, that there exist 6 distinct spin structures on M, such that
for every Riemannian metric g on M we have dim ker(D?9) = 2. We take one
of these spin structures and fix a Riemannian metric g on M. Using again
a parallel quaternionic structure and using Theorem 4.1.2 we find that the
zero set of every harmonic spinor consists of exactly one point and it is the
same point for all harmonic spinors.

4.2 The sphere with the standard metric

We will explicitly calculate some zero sets of eigenspinors on the sphere with
the standard metric. The reader, who is only interested in the main results
may skip this section and continue in Chapter 5.

Theorem 4.2.1 ([B&2]). Let M = S, n > 2, be equipped with the standard
metric and the unique spin structure. The eigenvalues of the Dirac operator
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are X = £(5 +m), m € N, with multiplicities

2[n/2] m+n—1
m .

We will describe the method used in [Bé2] for the computation of the
spectrum. In this way we will obtain the eigenspinors and their zero sets
explicitly.

Let A9 be the Laplace operator acting on smooth functions on S™ defined
as in (3.2). It is a classical result that the eigenvalues of AY are given by
k(n+k—1), k=0,1,2,... with multiplicities

n+2k—1(n+k-1

n+k—1 ( k ) '
The eigenfunctions for k(n + k — 1) are exactly the restrictions to S™ of
polynomial functions defined on R"*! which are homogeneous of degree k
and harmonic with respect to the Laplace operator on R™™ (see [BGM]).

If n is even, let oj, 1 < j < N, be constant and pointwise orthonormal
sections of YR"*!. If n is odd, then we have a decomposition

ERn—‘rl _ E+Rn+1 @ Z_Rn—H,

and we define a;, 1 < j < N to be constant and pointwise orthonormal
sections of ITR™"!. In each case we define spinors 3; on R"™ by z — z - ay,
1 < j < N. One finds that the restrictions of the o; to the hypersurface
(S™, g) are Killing spinors on S™ for the value 1/2 and that the restrictions of
the ; to S™ are Killing spinors for the value —%. We denote the restrictions
of the o by ¢ ; and the restrictions of the 8; by ¢_; ;. Using this one can
show that for every eigenfunction f; of AY corresponding to k(n+k—1), for
all j € {1,..., N} and for all p € {£1} the equation

n—1

5 )ka@w"

(D9 + £ (fespug) = (k +
holds. Therefore if {f;}ieny is an orthonormal Hilbert basis of L?(S™ R)
consisting of eigenfunctions of A9 on S™ then the f;p, ; form an orthonormal
Hilbert basis of L?(X9S™) consisting of eigenspinors of (DY + £)2. In general,
if A is an endomorphism of a complex vector space and v is a nonzero complex
number, then we have an isomorphism

ker(A? — %) — ker(A —v) @ ker(A+v), u— (Au+ vu) ® (Au — vu).
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Therefore the eigenvectors of A corresponding to +v are exactly the nonzero
vectors Au + vu, where u € ker(A? — 1/?). In this way the eigenvalues of DY
and their multiplicities are obtained in [B&2].

We put A= D9+ £ X =Fk+ 27 and compute

€ n—1
Yt = (D9 + g)(fksoﬂ,j) +e(k + T)fkgo#,j

(1l —n) n—1
= (T+€<k+ 5

where ¢ € {£1}. If ¢ is not identically zero, then it is an eigenspinor of
D9 corresponding to the value e(k + %51) — £ We find

) frpu + grad® (fr) - o,

Uiy = —kfepory+erad® (fi) o1y A= —g k1,
Uiy = (k+n—1)fup1;+ grad® (fi) - @ 15, A= g tk
Yoy = (Ck+1-n)fepr; + grad® (fi) - 15, A= _g —k,
Uit = kfepry +grad” (fi) o1y, A= g +k—1.

Therefore all the w,‘i’; except ¢, ;- and waf j are not identically zero.

In order to investigate the zero sets of the eigenspinors we first note that
the spinors ¢, 1 < j < 2["/21 " are eigenspinors for A = 2 and are non-zero
multiples of ¢_; ;. Thus any nontrivial linear combination of them is nowhere
zero on S". Similarly the spinors ¢ ;f, 1 < j < 22 are eigenspinors
for A = —% and are non-zero multiples of ¢; ;. Thus any nontrivial linear
combination of them is nowhere zero on S™. In the case k > 1 we determine

the zero set of w,i? as follows: We have
U () = 0 4= grad®” (fi)(x) = 0 and fu(x) = 0.

Since f"i is homogeneous of degree k, we obtain for the normal component of
grad®"" (fx) in x € S™ that

Gener(grad™ " (fi) (), ) = k fi(x).
If K> 1, it follows that

YUih(x) = 0 <= grad™ " (fi)(x) = 0.

For example one finds eigenspinors which vanish to high order at some
point, i.e. the spinor and all of its derivatives up to a finite order are zero at
this point. Namely given m € N\ {0} we take

fmi1 (1, ooy Tag1) i= Re((wy + i)™ ).
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Then the spinor ¢,,7, ; on S™ defined by

Upra = —(m+ 1) frsro_11 + grad™ (fini1) - o-1,

is an eigenspinor for the value —% —m and with p = e, € S™ we have
V' a(p) =0for 0 <r <m—1.
We also find spinors whose zero set is not a submanifold of S™. As an

example consider n = 3 and take f3(xy,...,x4) := x12923. Then we have
4
gradR (f3) = (woxs, 1173, 2122, 0).
Therefore 15| has the zero set
{reS3|ley=29=00rz; =23 =0o0r 75 =123 =0}

which consists of three copies of S! intersecting in =-ey.

4.3 Flat tori

We will give some explicit computations of zero sets of eigenspinors on flat
tori. The reader, who is only interested in the main results, may skip this
section.

Let I' C R" and M = R"/I', n > 2 and let g be the metric on M induced
by the Euclidean metric on R™. The spin structures on (M, g) are classified
by

HY(M,7/27Z) = Hom(T', Z/27)

and thus there are 2" distinct spin structures. The calculation of the eigen-
values of the Dirac operator on (M, g) for all spin structures has been carried
out in [F2]. It is also explained e.g.in [G]. Denote by I'* the dual lattice.
Let (v;)7; be a basis of I and let (77)}j_, be the dual basis. The spin struc-
tures will be denoted by the tuples (dy, ..., d,,), where ¢; € {0, 1} is the image
of 7; under a homomorphism from I' to Z/2Z, j € {1,...,n}. For a fixed
spin structure (61, ..., 8,) we define the one-form 6 on R™ by § = 1 > i1 075
Then the result is the following:

Theorem 4.3.1. The eigenvalues of the Dirac operator on (R"/T',g) with
the spin structure (01, ...,0,) are

{£27|a+ 6] |a € T}

In case 6, = ... = 0, = 0 the multiplicity of the eigenvalue 0 is 21"/ For
every other spin structure 0 is not an eigenvalue. For the spin structure
(01, ..., 0,) the multiplicity of every non-zero eigenvalue X\ is

o/ A=l f o € T*| 27| + &) = |A|}.
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In order to obtain the eigenspinors explicitly we summarize the proof.
It is well known that the spinors on M equipped with the spin structure
(61, ..., 0,) are in one-to-one-correspondence with the spinors ) on R" which
satisfy the condition

Uz +5) = (1) (x) (4.1)

for all z € R™ and all j € {1,...,n} (see e.g.[G]). We fix a spin structure
(01,...,0,) on M. If § = 0, we see that every constant spinor on R" satisfies
the equivariance condition (4.1) and thus is a harmonic spinor on (M, g, 9).
Therefore we have dimker(D9) = 2"/l Let o € I'* and assume that a # 0
or that 6 # 0. Then o 4+ § # 0 and the action of the one-form zﬁig' on
YR"™ is parallel, unitary and an involution. Thus one obtains a parallel and

orthogonal splitting of the spinor bundle

SR" = $/R" @ S R”,

where XER™ are the eigenbundles corresponding to the eigenvalue £1. They
are isomorphic, since the Clifford multiplications with two orthogonal vectors
anticommute. Note that

¥E R =STR™

For every p € {#1} we choose sections ¢, ; of ZAR", 1 < j < 2n/A=1 which
are constant and pointwise orthonormal. Then for all y € {£1} the spinor
&, defined by

“w . 2mi(a+d)(z), M
a,j ($) =€ (qpa:j

satisfies the equivariance condition (4.1) and is an eigenspinor of DY for the
value 27p|a + d|. Since the functions {e*™*|a € I'*} form a Hilbert basis of
L*(M,C), it follows that the spinors ¢ ; form a Hilbert basis of L*(%9M).

Concerning the zero set of eigenspinors consider first the so called trivial
spin structure 6 = 0. It is the only spin structure which admits harmonic
spinors. These are parallel spinors and they are nowhere zero. Next consider
an arbitrary spin structure. In order to investigate the zero set of eigenspinors
to nonzero eigenvalues first note that for any nonzero o € I'* the spinors

+ + + +
a,lr wa’2[7L/2]71 ) w—a—Qé’:[? L) w_a_2672[n/2]71

are eigenspinors corresponding to 27|« + 0| and they are pointwise linearly
independent. Thus any non trivial linear combination of them is nowhere
zero. These spinors are contributed by the elements a;, —a—26§ of I'*. Assume
now that there is o/ ¢ {o, —a — 28} with |@/ + 6| = |a + J|]. Let ¢ be a
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parallel spinor on R™ such that @'@j—ia o = @ and write ¢ = T + ¢~ where
i@ia - ¢o* = £¢*. Then the spinor ¢ defined by
'l/)(ilf) _ €2ﬂi(a+6)(m)§0+ 4 6727ri(a+5)(:v)907 . e27ri(a'+5)(:v)90
(627ri(a+5)(:c) o eQm’(a’-‘ré)(z))(p—i- + (e—Qﬂi(a+5)(:c) o eQm’(a’-‘ré)(m))(p—

is an eigenspinor corresponding to the value 27|« + §| and has the zero set

{[x] € M|(a+8)(x), (/' +0)(x) € Z or (a+d)(x), (¢ +0)(z) € % +Z}.

This is a submanifold of codimension 2.



Chapter 5

Green’s function for the Dirac
operator

5.1 Trivialization of the spinor bundle

Let (M, g,0) be a Riemannian spin manifold of dimension n. In this section
we explain a certain local trivialization of the spinor bundle X9M, which
we will use later. In the literature (e.g. [AGHM], [AH]) it is known as the
Bourguignon-Gauduchon trivialization.

Let p € M and let W C T,M be an open neighborhood of 0 such that
the restriction of the exponential map exp,, to W is a diffeomorphism. Let
I: (R™, gewer) — (T, M, g) be a linear isometry, let U := exp,(W) C M and
let V :=I7Y(W). Then

pi=exp,olly: V =U

defines a local parametrization of M by Riemannian normal coordinates. For
x € V we use the canonical isomorphism 7,V = R" and in this way we obtain
the Euclidean scalar product geuq on 7T,V. In addition we have the scalar
product p*g on T,V defined by

(:O*g) (Uv w) = g(dp’xvy d,o\zw),

where v, w € T,,V. There exists G, € End(T, V'), such that for all vectors v,
w € T,V we have

(p*g) (U’ w) - geud(GmU, w)
and G, 18 geua-self-adjoint and positive definite. There is a unique posi-
tive definite endomorphism B, € End(T,V) such that we have B2 = G,
If (E;)P, is any geye-orthonormal basis of 7,V then (B,E;)!,, is a p*g-
orthonormal basis of T,,V. Therefore the vectors dp|, B, E;, 1 < i < n, form

47
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a g-orthonormal basis of T, M. We assemble the maps B, to obtain a
vector bundle endomorphism B of TV and we define

b: TV —TM|y, b=dpoB.
From this we obtain an isomorphism of principal SO(n)-bundles

Pso(V, geuat) = Pso(U, 9),  (Ei)iz; — (b(Ei))izy,

which lifts to an isomorphism
c: Pspin(V, Geuct) = Pspin(U, 9)
of principal Spin(n)-bundles. We define
g: YXR"y — XMy, [s,0]—c(s),0].

This gives an identification of the spinor bundles, which is a fibrewise isome-
try with respect to the bundle metrics on ¥R" |y, and on £9M|;;. Furthermore
for all X € TV and for all ¢ € ¥R"|;; we have S(X - ¢) = b(X) - 5(¢). We

obtain an isomorphism
A: C®(XIM|y) = C®(ZR"|y), @+ B roonp,

which sends a spinor on U to the corresponding spinor in the trivialization.
Let V9 and V denote the Levi Civita connections on (U, g) resp. on (V, geye)
as well as its lifts to L9M |y and XR™|y,. Let (e;)!; be a positively oriented
orthonormal frame of TM|y. Then for all ¢p € C*°(X9M|y) we have by the
formula (2.3)

1 =~
V‘gz’l/} — 861w —'— Z_l Z FZGJ A w’
jk=1
where B
Ff‘:] = g<vgiej7 ek)'

In particular we can take the standard basis (£;)i_; of R™ and put e; := b(E}),
1 <i < n. We define the matrix coefficients B} by B(E;) = Y7 B/ Ej;. It
follows that

1 <=
AVIY = Vpi(en A + 1 Z TEE; - By - A

jk=1

1 o ~
= Viw)AY + > TLE; - Ey- Av

J,k=1

n , . 1 O o
= VgAY +Y (Bl =§)VeAv+ 1 Y THE; - By Ay, (5.1)

j=1 jk=1
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Hence we obtain
AD%) = D% A+ Y (Bl = 6))E; - Vi, Ay
ij=1
+ - Z TLE; - E; - By, - Ay. (5.2)
z]k 1

Let 0; :== dp(Ej;), 1 < j < n, be the coordinate vector fields of the normal
coordmates It is well known that the Taylor expansion of

gij: V=R gi() = 9(9il p), Oilpw))
around 0 is given by
1 n
9(@) = 85+ 5 Y Riang(p)zazs + O(laf")
a,b=1

where R = g(R(0p,0j)04,0;) denotes the components of the Riemann

curvature tensor (see e.g.[LP], p. 61). Since we have (B});; = (g”)wl/2 it
follows that
. 1 &
Bl(x) =6~ ¢ a; Riap(p)zaws + O(|2[?). (5.3)
By definition we have
¢ = W(E) = dp(B(E) = 3 Blp(E;) = 3 Bloy.
=1 =1

We define the Christoffel symbols I'}}. by

V9.0 =Y Thom
m=1

We obtain
i’fgek = i BV, (B0,
k=1 s,m=1
= Z B; (0sB" + ZBT’”
s,m=1

n

= > B0, Bm+ZBTFm )(B~HE e

s,m, k=1
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From the formula
rm—lf: " (D gre + On e — e
kr — 92 - g kGrs rOks sGkr

it follows that I'}*.(z) = O(|z|) and thus
I7 (@) = O(|a) (5-4)

as ¢ — 0 for all m, k, r.

5.2 The Euclidean Dirac operator

The aim of this section is to calculate preimages under the Dirac operator of
certain spinors on R” \ {0} with the Euclidean metric. The results will be
useful for obtaining the expansion of Green’s function for the Dirac operator
on a closed spin manifold.

Definition 5.2.1. For k € R, m € N and ¢ € {0,1} we define the vector
subspaces Py i(R") of C®(XR"|gn\(0}) as follows. For k # 0 define

P, R"™ = { T k ‘ — mm =0 }
om0 (R") SPANY T = Ty . Ty, 2]y v € 3, constant

P, R™) = { i g Ep. ‘ — nim =10 }
k,m,l( ) Spany T — Ty, me‘.T’ -7 = En constant

and furthermore define

n o 1 Sib...,imﬁn,
Pomo(R™) = Span{x > Ly T, D) ’xh‘ v €3, constant }

N o 1 Sil,...,imﬁn,
Pymi(R?) = span{x = 2., (1T —nlin|z))x 7‘ v €N, constant }

Note that there exist inclusions among these spaces. For example one
has Piiomo(R") C Prmioo(R?) for all m and all £ # —2. However in
the following we will very often not use these inclusions, since exceptions
like the case k = —2 in this example would make the following statements
rather more complicated. The exception k£ = —2 in this example is due to
our definition of Py, o(R"). The following proposition will show that this
definition is nevertheless useful.
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Proposition 5.2.2. Forallm € N, k € R with —n < k and —n < k+m <0
we have

[(m+1)/2] [m/2]
Peno®) € D% (3" Prgymir o) + 3 Priagn-2a(R"))
j=1 Jj=0
Forallm e N, k€ R with —n <k and —n <k+m+1 <0 we have
[m/2] [(m+1)/2]
Prm1(R") C Dgeud( Z Pryoyojm—2j0(R™) + Z Pk+2j,m+1—2j,1<Rn>>'
§=0 j=1

Proof. We use induction on m. Let m = 0 and let v be a constant spinor
on (R™, gena1). We want to prove that Py oo(R™) C D9%uet( Py 51 (R™)) for all k
with —n < k <0 and Py 1(R") C D%l (Pyig00(R™)) for all k with —n <k
and k£ + 1 < 0. One calculates easily that

1
Do =zl ) = 'y, k#-n
dons L — nIn 7]
Deve (Tfﬁ y) = Injzly,
1
Dge“CI(—k+2|$|k+27) = |alfz-y, k#-2
Doe(Infzly) =[xz -7,

Using the definition of Py o,(R™) one finds that the assertion holds for m = 0.
Let m > 1 and assume that all the inclusions in the assertion hold for
m — 1. Using the equation F; - x = —2x; — x - F; we find

Dgeucl(—xil Ty |33|ij . 7)

xlFz - )

m
— 7 k eucl
= — E Ty T, o T TV By - ey — @y, DIl (
7j=1

—~

= Qm+n+ k), ..z |z|"y + Z:B“x%xlm|x|kx -Ej; - .
j=1

Since Fj; -7 is a parallel spinor the sum on the right hand side is contained
in Py -11(R™). We apply the induction hypothesis and since 2m+n+k # 0
we find that the assertion for Py, 0(R™) holds. We define fi(z) := 1|z|* for
k # 0 and fo(z) := In|z|. Then we find

Dol (z,...x;, frro(2)y)

m
= xy..x, |2|fr -y + Z Tiy o T T, frga (1) B - .
j=1
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The sum on the right hand side is in Pyyom—10(R™). Again we apply the
induction hypothesis and we find that the assertion for P ,,;(R™) holds. [

5.3 Expansion of Green’s function

Let (M, g,©) be a closed Riemannian spin manifold of dimension n and let
A € R. Since D9 — )\ is a self-adjoint elliptic differential operator, there is an
L?-orthogonal decomposition

C®(29M) = ker(D? — \) & im (DY — A).

Let P: C®(X9M) — ker(D9 — \) denote the L*-orthogonal projection. Then
there is an operator G: C*(X9M) — C*(X9M), called Green’s operator
such that

G(DY —\) = (D9 — NG =1d — P

and it extends to a bounded linear operator H*(XIM) — H*1(X9IM) for
every k € N (see e.g.[LM], p. 195). In this section we will examine the
integral kernel of Green’s operator, which is called Green’s function for D9— .
Let m;: M x M — M, 1= 1,2 be the projections. We define

SIMRYIM* = m¥IM @ (myXIM)*
i.e. XIMMNYIM* is the vector bundle over M x M whose fibre over the point
(z,y) € M x M is given by Homg (X9 M, X M). Let A := {(z,z)[x € M} be
the diagonal. In the following we will abbreviate
/ = lim .
M\{p} =70 M\B(p)
Definition 5.3.1. A smooth section G5: M x M\ A — Z9IMKX9IM* which

1s locally integrable on M x M s called a Green’s function for D9 — X\ if for
allp € M, for all ¢ € XM and for all ¢ € im (DI — ) we have

/M\{ ) (D7 = N, GS( p)p)dv? = ((p), ¥), (5.5)

and if for all p € M, for all ¢ € ¥X9M and for all ) € ker(D9 — X\) we have

/ (6, G4, p))dv? = 0. (5.6)
M\{p}
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In this section we will prove existence and uniqueness of Green’s function
for D9 — X\ in such a way that we also obtain the expansion of Green'’s
function around the singularity. The smooth spinor G5(.,p)¢ on M \ {p}
will sometimes also be called Green’s function for ¢. Thus we have for all
Y € C(XIM) and for all p € LIM

/M DTGP = ()~ PYpL ) ()

On Euclidean space we define a Green’s function as follows.

Definition 5.3.2. Let (M, g) = (R™, geua) with the unique spin structure. A
smooth section GS: M x M\ A — XIM K SIM* which is locally integrable
on M x M s called a Green’s function for D9 — X\ if for all p € M, for
all o € XM and for all i € C(XIM) with compact support the equation
(5.5) holds.

Of course a Green’s function for D%ucl — X is not uniquely determined by
this definition. We will explicitly write down a Green’s function for D9ue — )\
and use it later to find the expansion of Green’s function for D9— X\ on a closed
Riemannian spin manifold (M, g, ©) around the diagonal. First observe that
for every spinor y € C*°(XR"|gn\ (o) and for every A € R the equation

(Dgeucl _ )\) (Dgeucl + )\)X — Z VEZVE,LX _ >\2X

=1

holds on R™ \ {0}. Therefore if v is a constant spinor on (R", geyq) and if
f e C®(R™\ {0},R) satisfies

then the spinor G§(., 0)y := (D% 4+ \)(fv) is a Green’s function. Writing
f(z) = g(|z|) for a function g of one variable we get a solution if g solves the
ordinary differential equation

9'(2) + 2 () + Xg(2) =~y 53

In the following let I' denote the Gamma function and J,,, Y, the Bessel
functions of the first and second kind for the parameter m € R. In the
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notation of [AS], p. 360 they are defined for z € (0,00) by

o0

1

- - am 2k
Im(2) = 2mF(m+1)z (1+;akz ), meR,
2 z =
Yo(z) = —(In(5)+e)do(2) + Y biz™,
k=1
Yiu(2) = —ﬁF(m)z_m(l + ic 22, m= L +k,keN
m - T k ’ - 2 ) ’
k=1
Yiu(z) = —ﬁF(m)z_m(l + id ) + 2 In (E)J (), meN\{0}
m - T s k T 9 m ’ )

where c is a real constant, the ag, by, ci, di are real coefficients, the ay, c,
di depend on m and all the power series converge for all z € (0,00). Let
wWp_1 = vol(8™ !, gean) be the volume of the (n — 1)-dimensional unit sphere
with the standard metric.

Theorem 5.3.3. Let m := "2, We define fr: R™\ {0} — R as follows.
For A\#0 andn =2

1 In|Al —1In(2) +¢
@) = v + BB )
T
for X # 0 and odd n > 3
A" m
faw) = al 2 YA,

27T (m)(n — 2)wn—1

for X # 0 and even n > 4

f)\(l’) — _er(m;-(t;\v_n 2)wn_1 |$‘_m <Ym(|)\l’|) . 2(1Il |>\|7T_ ln(Q))Jm(‘)\J?‘))
and
1 1
folz) == —%ln lz|, n=2, folz) = T2 n > 3.

Then for every constant spinor v on R™ a Green’s function for D9t — X\ is
given by
Gl (2, 0)y = (D% + A)(fav) (2).
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Corollary 5.3.4. For every constant spinor v € %, there exists a Green’s
function of D%t — X\ which has the following form. For n = 2

1 =z A
G+ (2.0)y = —gr 7 = - Infely +In el (@) + (o)
for odd n > 3
G (0 =~ 7+ P
A I R PR |
for evenn > 4
1 T A
Ggeucl 0 - _ . 2—n
A (.CE, )’y wn,1|x|”_1 |LU’ Y + (TL _ 2)wn71|$‘n_27 + ’.CC‘ C)\(:C)

)\nfl
22 ()2,

In |z|y + In|z|d\(x),
1

where for every n and for every X\ the spinors Uy, ¢\ extend smoothly to R"
and satisfy

(@) geuer = OUz]), [0A(#)]geus = Oz])  as 2 =0

and where for every n and for every x the spinors ¥)(x),(\(x) € X, are
power series in A with ¥q(x) = (o(x) =

Proof of Corollary 5.53.4. We find

2(In|A| = In(2) + ¢ 2 =
Yo(laal) - ZALZREED 5y — 2 o af) + 3 bl

and for m € N\ {0}

A=) ) () = —ﬁfﬁ)“ + 2 Al

Yo ([Az]) —
+ 210 2 ()
T " )

Thus we find for n = 2

1 > 1 —
fle) = =g Iel(1+ 7 anlral™) = 3 3 belAal™,
k=1 k=1
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for odd n > 3
1

(n — 2)wy,_1|x|"~2

faz) =

L+ el rz*)
k=1

and for even n > 4

= 1 dy | x|k
f)\(x) (n — 2)wn_1|x|n,2( + kz:; k| I’| )
AP N 2%
~ In |z|(1 + ’;akm ).
The assertion follows. O

Proof of Theorem 5.3.53. Let f, be as in the assertion and write fy(z) =
gx(|z]) with gx: (0,00) — R. One finds that g, solves the equation (5.8). It
remains to show that (D%t + X\)(f\y) satisfies (5.5). The calculation of the
proof of the Corollary shows

1 =z

IR _'_Cxa
o (z)

(DIt + M) (i) (@) = —

where [((2)]4..q = o(|z|'™™) as x — 0. Tt is well known (e.g. [LM], p. 115)
that for a Riemannian spin manifold (M, g, ©®) with boundary OM # () and
1, ¢ compactly supported spinors we have

(D0~ (0. D) = [ (vve)da,
oM
where v is the outer unit normal vector field on OM. We apply this to

(R™\ B:(0), geuar) and v(z) := —% and we find

||

/Rn\B o (D7 = X)), (D 0 () )
- - /8 o (a7 V@) (D4 X) () () dA

1
- T dA.
/835(0) W), (,un_1|gp|n—1’y + 7] ((x))

With the substitution x = ey we find that

lim (DIt = A)p(), (DIt 4+ A)(fay) (2))dv? = (¢(0), 7).

The assertion follows. O]
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Remark 5.3.5. In the case n = 3 we get more familiar expressions by using

that
s cos(z)
i, Ve - _
2z 1/2(2)

z

(see [AS], p. 437f). Similar formulas exist for all odd n.

Definition 5.3.6. For m € R we define

Pu(R") i= Y Proa(R") + (C™(ER"[mm o) N C°(ER™)),

r+s+t>m
r>—n

where the second space is the space of all spinors which are smooth on R™\{0}
and have a continuous extension to R™.

Remark 5.3.7. Let ¥ € P,(R™). Then we have E; -9 € P,(R™) for all
i€{l,...,n}. If f € C*(R") then for every s € N by Taylor’s formula we
may write

o]
=Y 588:&0)%@ 4 Ry(x),
laf<s

where |Rs(x)| = O(|z|*) as © — 0. Thus by choosing s > m + 1 we find that
the spinor f9 is in P,(R"™).

Remark 5.3.8. A spinor ¥ € P,,(R™) has a continuous extension to R" if
and only if m > 0. Furthermore by Proposition 5.2.2 it follows that for all
m € (—n, 0] we have

PuR") = Y P(R") + P (RY)

r+s+t=m
r>—-n

C D¥ (P (R")) + Py (R").
Lemma 5.3.9. Let (M,g,0) be a closed Riemannian spin manifold of di-
mension n and let A € R. Let v € X, be a constant spinor on R™. Then the

spinor G9*(.,0)y is in Pi_,(R™). Let the matriz coefficients B be defined
as in (5.2). Then for all i the spinor

v Y (Bl(z) = 6)V 5, G5 (2, 0)
j=1

is in Py_,(R™).



58 CHAPTER 5. GREEN’S FUNCTION FOR THE DIRAC OPERATOR

Proof. The assertion for G§(., 0)7y can be seen immediately from Corollary
5.3.4. Let fy be as in Theorem 5.3.3 and write fy(z) = g(|z|) with a function
gx: (0,00) — R. Then we have

9x(|z
Gieucl<m70)fy: A(l Dx.7+/\g)\(|x|)7

]

and for every j € {1,...,n} we have

1 xN .
llal)a; -

g(lz])z; (=) (=),

Vg Gy (x,0)y = S Ejy+A==——7.
e |z |z[* x| i

Since the exponential map is a radial isometry, we have > 7 | g;j(7)7; = z;

and thus ) 7 B! (x)x; = x; for every fixed 4. Thus we find

n n

S (Bi(x) — 8)V 5, G, 0y = S (Bi(w) — 6y B gy

|z]

j=1 j=1

Since we have g} (|z|) = O(|z['™") as © — 0 the assertion now follows from
the Taylor expansion (5.3) of B/ (x). O

Next we prove existence and uniqueness of Green’s function for D9 — A\
on a closed Riemannian spin manifold in such a way that we also obtain the
expansion of Green’s function around the singularity. The idea is to apply
the equation (5.2) for the Dirac operator in the trivialization to a Euclidean
Green’s function and then determine the correction terms. This has been
carried out in [AH], where for some technical steps Sobolev embeddings were
used. We present a more simple argument using the preimages under the
Dirac operator from Proposition 5.2.2.

In the following for a fixed point p € M let p: V — U be a local
parametrization of M by Riemannian normal coordinates, where U C M
is an open neighborhood of p, V' C R" is an open neighborhood of 0 and
p(0) = p. Furthermore let

ﬁ : ZR”‘V — EgM’U, A: COO<EQM’U) — COO(ERTL|V)

denote the maps which send a spinor to its corresponding spinor in the
Bourguignon-Gauduchon trivialization defined in Section 5.1.

Theorem 5.3.10. Let (M, g,0©) be a closed n-dimensional Riemannian spin
manifold, p € M. For every o € X3M there exists a unique Green’s function
GS(.,p)p. If v:= B¢ € %, is the constant spinor on R™ corresponding to
@, then the first two terms of the expansion of AGS(.,p)¢ at 0 coincide with
the first two terms of the expansion of G$*'(.,0)y given in Corollary 5.5.4.
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Proof. Let € > 0 such that B5.(0) C V and let n : R® — [0, 1] be a smooth
function with supp(n) C Bs.(0) and n = 1 on B.(0). Then the spinor O
defined on R™\ {0} by ©;(x) := n(z)G5(x,0)y is smooth on R™ \ {0}. For
r € {1,...,n} we define smooth spinors ¢, on M \ {p} and ©,; on R™\ {0}
inductively as follows. For » = 1 we define

®(q) = { é_l@l(Q), q € U\{p}

qge M\U
e AD? = N@(o), @€ V\{0)
L DI — (I)l x), T € %4 0
@2@)‘_{0, zEeRN\V
By the formula (5.2) for the Dirac operator in the trivialization we have on
VA{0}
O, = (D%t —\)O, + Z —6))E; - Vi, 6,

i,0=1

+ = ZF’“E E; Ey -6y

zgk 1

The first term vanishes on B.(0) \ {0}. It follows from the expansions of ff;
and B/ — ¢/ in (5.3), (5.4) and from Lemma 5.3.9 that ©, € P,_,(R™).

Next let r € {2,...,n} and assume that ®,_; and ©, have already been
defined. We may assume that ©, € P,_,(R™). By Remark 5.3.8 there exists
Bri1 € Pry1_n(R™) such that ©, — (D%t — \)G,.1 € Pryq_p,(R™). We define
®, and O, by

®,(q) := { D, _1(q) — A*I(Uﬁml)(Q); qe U\ {p}

e A(D? = 02, (2), €V {0)
9 — ~z), € 0
9r+1(x) T { 0’ r € R» \ Vv
By the formula (5.2) for the Dirac operator in the trivialization we have on
B:(0) \ {0}

Or1 = ADI = N0, — A(DI — N)A B4y

n

= O, — (D% = \)Brs1 — Z(sz —8)E; - Vi, Bri1

ij=1

——ZPE - Ej - By, B

i,5,k=1
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Using the expansions of ffj and B/ — ¢/ in (5.3), (5.4) we conclude that
®r+1 € Pr—i—l—n(Rn)-

We see that ©,,; has a continuous extension to R"™ and we obtain a
continuous extension ¥ of (D9 — \)®,, to all of M. Thus there exists

V'€ C®(ZIM |angpy) N H (ZIM)
such that (D9 — A\)¥' = PU — U. Define
=0, + V', O:=-nf— .. —nB+ AV

Then on B.(0) \ {0} we have A" = G{"*'(.,0)y + ©.
If P is the L?-orthogonal projection onto ker(DY — )), then

G4(p)p =T — PT

satisfies (5.5), (5.6) and thus is a Green’s function. Uniqueness also follows
from (5.5), (5.6). The statement on the expansion of AGS(.,p)y is obvious,
since we have © € P;_,(R"). O

5.4 Definition of the mass endomorphism

Let (M, g,0) be a closed Riemannian spin manifold and let p € M. Assume
that the metric ¢ is flat on an open neighborhood of p. Let U C M be an
open neighborhood of p, let V' C R" be an open neighborhood of 0 and let p:
V' — U be a local parametrization of M by Riemannian normal coordinates
sending 0 to p. Let

Bg : ER"|V — EgM|U.

be the identification of the spinor bundles defined in Section 5.1 and let
AT: CX(EIMy) = CX(SR™y), & (8) " odop,

Let ¢ € X9M and let v := (89)""¢. Since g is flat on an open neighborhood

of p, the terms ffj and B/ — ¢/ in the formula (5.2) vanish on an open
neighborhood of 0 € R™. Thus in the proof of Theorem 5.3.10 the spinor
O, has a smooth extension to R™ vanishing on an open neighborhood of 0.
Then one obtains a smooth extension W of (D9 — A\)®; to all of M vanishing
on an open neighborhood of p. Now there exists ¥ € C*°(X9M) such that
(D9 — \)W' = PU — W. As above we define

=&, +¥, Gi(,p)p:=I—PrL.
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Thus the spinor
= w!(z,p)p =V (x) — PT(2)

is smooth on all of M. It is independent of the choice of ¥ and can be
regarded as the difference between Green’s function for DY — X\ and the spinor
(A7)~ (nGE (., 0)y).-

In the following we are interested in the case A = 0 and we denote Green’s
function for DY by GY := G§. By Theorem 5.3.3 a Euclidean Green’s function
for DY%nue is given by

1 —
G.‘]eucl(:v7 y),}/ — T y

— — -f}/_
Wn-1]z —y[" |z —y|

Using the definition of ®; and w?(.,p)y we have for all z € M \ {p}

GI(z,p)p = (A7) (nGI (., 0)9)(x) 4+ w(z, p)ep,

where the first term on the right hand side is understood to be zero for
x € M\U. Since n = 1 on B.(0), the spinor w?(p,p)¢ € LJM is independent
of the choice of n. It can be regarded as the constant term in an expansion
of Green’s function for DY around p.

As in [AHM] we define the mass endomorphism.

Definition 5.4.1. Let (M, g,0) be a closed Riemannian spin manifold with
dim M > 2, which is conformally flat on an open neighborhood of p € M.
Choose a metric h € [g|, which is flat on an open neighborhood of p and such
that h, = g,. Let G" be Green’s function for D". Then, we define the mass
endomorphism in p as

mg : EgM — EZMa p = ﬂh,gwh(p7p)6g,h(p7
where w" is the term in the above expansion.

It is shown in [AHM] that this definition does not depend on the choice
of h € [g] and that mJ is linear and self-adjoint. There is an analogy in
conformal geometry: the constant term of Green’s function I'(.,p) for the
Yamabe operator in p can be interpreted as the mass of the asymptotically
flat manifold (M \ {p},T'(.,p)¥"?g) (see [LP]). Therefore, the endomor-
phism is called mass endomorphism.

The aim of introducing the mass endomorphism in [AHM] is to obtain at
least one of the strict inequalities

A;rrlin(M7 [9]7 6) < Agin(gn% )\I;in

(M, [g],0) < A,

min

(S")

from the hypothesis of Theorem 3.1.2. The result of this article then reads
as follows.
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Theorem 5.4.2. Let (M,q,0) be a closed Riemannian spin manifold of
dimension n > 2 with ker(DY9) = 0. Assume that there is a point p € M
which has a conformally flat neighborhood and that the mass endomorphism
in p possesses a positive (resp. negative) eigenvalue. Then we have

)\+

min(M7 [g]? @) < )\$ln<Sn) resp. )\I:llII(M? [9]7 @) < Ar—i_nn(gn)

If h € [g] is a Riemannian metric such that mg = By w"(p, p)By,n, then
the additional assumption ker(D?) = 0 implies that D"w"(., p)y vanishes on
an open neighborhood of p and this fact is used in the proof. It is not clear
how to obtain a proof without this assumption.

Unfortunately it is only known for very few Riemannian spin manifolds,
whether there are points with nonzero mass endomorphism. For example, on
the flat torus and on the sphere with the standard metric it always vanishes,
whereas on the projective spaces RP**3 with the standard metric one has
points with nonzero mass endomorphism (see [AHM]). We will prove in
Section 6.3 that in dimension 3 the mass endomorphism is not zero in the

generic case.



Chapter 6

Eigenspinors for generic metrics

6.1 Transversality

A nice introduction to finite dimensional transversality theory can be found
in [Hir|, while the infinite dimensional case is treated in [La]. Transversality
theory has already been used in the literature to determine generic properties
of eigenvalues and eigenfunctions of differential operators. Some examples
are the scalar Laplacian [U] and the Hodge Laplacian [EP] for generic metrics
and solutions of the Dirac equation in Minkowski spacetime for generic initial
data [TT]. The goal of this section is to quote a transversality theorem which
will be useful later.

Definition 6.1.1. Let f: Q — N be a C' map between two smooth mani-
folds. Let A C N be a submanifold. f is called transverse to A, if for all
x € Q with f(x) € A we have

Ty A+ im (df2) = T N.
One reason for the importance of transversality is the following theorem.

Theorem 6.1.2. Assume that ), N are smooth manifolds without boundary.
Let f: Q@ — N be a C" map, r > 1 and A C N a C" submanifold. If f is
transverse to A, then f~*(A) is a C" submanifold of Q. The codimension of
F7YA) in Q is the same as the codimension of A in N.

Proof. see [Hir], p. 22 O

Definition 6.1.3. Let X be a topological space. A subset E C X s called
nowhere dense in X, if the interior of E is empty. A subset of X is called
of first category, if it is a countable union of sets which are nowhere dense
in X. Otherwise it is called of second category. A subset B C X 1is called

63
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residual in X, if it contains a countable intersection of sets which are open
and dense in X.

If A C X is of first category, it follows that the complement of A is
residual in X. An important result is the following theorem, which is called
the Baire category theorem.

Theorem 6.1.4. If (X,d) is a complete metric space, then every residual
subset of X is dense in X.

Proof. see e.g. [Ru], p. 43. O
An important result is Sard’s theorem.

Theorem 6.1.5. Let f: Q — N be a C"-map between smooth manifolds. If
r > max{0,dim @ — dim N},

then the set of all critical values of f has measure zero in N. The set of all
reqular values of f is residual and therefore dense.

Proof. see [Hir], p. 69. O

We quote the following transversality theorem from [Hir|, [U] including
the proof.

Theorem 6.1.6. Let V., M, N be smooth manifolds and let A C N be
a smooth submanifold. Let F: V — C"(M,N) be a map, such that the
evaluation map F: V. x M — N, (v,m) — F(v)(m) is C" and transverse
to A and furthermore

r > max{0,dim M + dim A — dim N}.

Then the set of all v € V, such that the map F(v) is transverse to A, is
residual and therefore dense in V.

Proof. Since F* is transverse to A, the set P := (F*)"!(A) is a C" sub-
manifold of V' x M of dimension dimV + dim M + dim A — dim N. Let 7y:
V' x M — V be the projection and let a := m|p. Let v € V, m € M and
F(v,m) =a € A. Then

im (dot|(pm)) = d7T1\(v,m)(dFev!(Zim) (T, A))
and thus we find

codimim (da|(m)) = codim (dFe”|(_vlm) (T, A) + ker dm|(v,m))
= codim (dFe“\(_qjm) (TLA) + T, M).
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By Theorem 6.1.5 the set of all regular values of « is residual in V. Fix a
regular value v of . If ™ (v) = 0, then im (F(v)) N A = 0 and thus F(v)
is transverse to A. Now assume that there exists (v,m) € a~!(v). Since
codimim (de|(y,my) = 0 we obtain

dF| 2} (TuA) + T M = Ty (V x M).

o
We apply dF*"|(,m) to both sides. Since F**” is transverse to A, the right hand
side contains a complement to T,A. Thus dF'"*"|,m)(T»M) also contains a
complement to T, A, which means that F'(v) is transverse to A. The assertion
follows. ]

Remark 6.1.7. There exist infinite dimensional versions of this theorem and
of Sard’s theorem (see e.g. [U], [Sm], [Ab]). However for our purpose this
theorem is sufficient.

6.2 Eigenspinors in dimensions 2 and 3

Let M be a closed oriented spin manifold of dimension n with a fixed spin

structure. We define R(M) as the set of all smooth Riemannian metrics on
M.

Definition 6.2.1. A subset of R(M) is called generic, if it is open in R(M)
with respect to the Cl-topology and dense in R(M) with respect to all C*-
topologies, k € N.

Remark 6.2.2. Let k € N and let A C R(M). If A is open in R(M) with
respect to the C*-topology, then it is open in R(M) with respect to the C™-
topology for allm > k. If A is dense in R(M) with respect to the C*-topology,
then it is dense in R(M) with respect to the C™-topology for all m < k.

It is an important result that the eigenvalues of D9 depend continuously
on g with respect to the C''-topology. Namely Proposition 7.1 in [Ba3] states
the following.

Proposition 6.2.3. Let g be a smooth Riemannian metric on M and let
e >0, A >0 such that —A, A ¢ spec(D?). Write

spec(DY) N (—=A,A) = {\ < ... < M)

Then there exists an open neighborhood V' of g in the set of all smooth Rie-
mannian metrics with respect to the Ct-topology such that for any h € V we
have

spec(D") N (=A,A) = {py < .. < g}
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and |N\; — ;| < € for all i. Here the eigenvalues \; and p; are repeated
according to their complex multiplicities.

Assume that n = 2,3,4 mod 8. Then there exists a quaternionic struc-
ture on X9M, which commutes with the Dirac operator DY and thus the
eigenspaces of DY have even complex dimension (see Remark 2.2.3). There-
fore the following notation introduced in [Da] is useful.

Definition 6.2.4. A non-zero eigenvalue \ of D9 is called simple, if

2, n=2,3,4mod 8
1, otherwise

dimg ker(D? — \) = {

If n = 2,3,4mod 8 and ) is simple, then we can always choose an L*-
orthonormal basis of ker(D9 — \) of the form {v, Ji}.
For every g € R(M) we enumerate the nonzero eigenvalues of DY in the
following way
SN SAT <0< <A<

Here all the non-zero eigenvalues are repeated by their complex multiplicities,
while dim ker(D?) > 0 is arbitrary. For m € N\ {0} we define

Sp(M) = {g& R(M) |\, ..., \E are simple}
Nn(M) = {g & R(M)]|all eigenspinors to A}, ..., \¥ are nowhere zero}.

Using Proposition 6.2.3 together with a study of the change of the non-
zero eigenvalues under conformal deformations of the metric M. Dahl could
prove the following result.

Theorem 6.2.5 ([Da]). Let M be a closed spin manifold of dimension 2 or
3 and let m € N\ {0}. Then for every g € R(M) the subset S,,,(M) N [g] is
generic in [g].

In order to prove Theorem 1.0.1 it is sufficient to prove the following.

Theorem 6.2.6. Let M be a closed connected spin manifold of dimension 2
or 3 and let m € N\ {0}. Then for every g € R(M) the subset N,,(M) N |g]
is generic in [g].

Remark 6.2.7. On a closed oriented surface M of genus 2 there exist spin
structures, such that for every Riemannian metric on M there exist harmonic
spinors (see Proposition 2.3 in [Hit]). By the result on the zero set of positive
harmonic spinors in Theorem 4.1.2 we find that Theorem 6.2.6 in the case
n = 2 is not true for harmonic spinors.
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In the proof we will use the following unique continuation theorem due
to Aronszajn ([Ar], quoted from [Ba4]).

Theorem 6.2.8. Let M be a connected Riemannian manifold and let ¥ be a
vector bundle over M with a connection V. Let P be an operator of the form
P = V*V + P, + Fy acting on sections of 3, where Py, Py are differential
operators of order 1 and O respectively. Let i be a solution to Py = 0. If
there exists a point, at which ¢ and all derivatives of 1 of any order vanish,
then 1 vanishes identically.

We will also use Theorem 6.1.6 for families of spinors parametrized by
Riemannian metrics. A basic problem is that [g] is not a smooth manifold.
If one replaces [g] by the space of all k times continuously differentiable
metrics, k > 1, which are conformal to g, then we see from formula (2.3)
that the coefficients of the Dirac operator are not smooth in general. In this
case we cannot expect that the eigenspinors are smooth and that Theorem
6.2.8 remains valid. In order to get around this problem we will use finite
dimensional manifolds of smooth Riemannian metrics of the form

Vi = { (14 itiﬁ)g ‘tl, ot €R}OR(M),
i=1

where r € N\ {0} and fi, ..., f, € C®°(M,R).
Our first aim is to construct a map, which associates to a Riemannian
metric h € [g] an eigenspinor of D%" in a continuous way.

Lemma 6.2.9. Let k,m € N\ {0}. Let g € S(M) and equip [g] with
the C*-topology. Let A € {\F(g),...,A\x(g)} and let ¥ be an eigenspinor of
D9 corresponding to \. Then there exists an open neighborhood V' C lg] of
g and a map Fy: V. — C®(X9M) such that for every h € V the spinor
Fy(h) is an eigenspinor of D9" and such that the map Fr: VX M — X9M
defined by Fg¥'(h,z) := Fy(h)(x) is continuous and such that for all functions
fiy o fr € C(M,R) the restriction Fi°|v, . xu is differentiable.

Proof. Let V' C [g] be an open convex neighborhood of g, which is contained
in S,,(M)NJg]. Let h € V and let I C R be an open interval containing [0, 1]
such that for every ¢ € I the tensor field g; := g + t(h — g) is a Riemannian
metric on M. Let A € {A\F(g),..., A\t (¢g)}. Then there exists exactly one real-
analytic family ¢ — \; of eigenvalues of D99 such that \y = A. Furthermore
there exists a real-analytic family 1, of spinors, such that {v,} respectively
{y, Jby} forms an L*-orthonormal basis of ker(D?%9 — \;) for every t. After
possibly shrinking V' we may assume that for all metrics h € V' and for all
A€ {AF(9),..., A\t (g)} the families A, and 1, are defined for all ¢ € [0, 1].
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Since we are free to replace 1, Ji; by linear combinations av, + bJy, with
a,b € C, |a]*+|b|* > 0, we may assume that 1y = 1). We define Fy(h) := 1.

Let h € V and let k = fg for some f € C>®(M,R). With h; := h + tk
consider Fy(h;) for small [t such that h, € V. Since a4, and ay, ;, commute,
we have by, © by, = by, by Lemma 2.3.1. and thus 8, ,, 0 8, = Byp,- It
follows that

g;he*

h n h,he . 2
Dg7 t :/Bh’goD ) to/BgJL-

There exists a real-analytic family ¢ — x(t) € C>=(XhM) of eigenspinors of
DM with x(0) = B, (Fy(h)). It follows that

Fy(he) = B g(x(1)).

By taking k := h — b for h,h' € V we find that F}’ is continuous. Further-
more for all functions fi, ..., f, € C°°(M,R) we can use this equation to see
that the restriction Fi¢°|y,  «u is differentiable. O

The strategy for the proof of Theorem 6.2.6 is based on the following
remark.

Remark 6.2.10. Let A C ¥X9M be the zero section. Since the dimension of
the total space X9M of the spinor bundle is

dimXIM = n 4 21724 > 2p = dim M + dim A,
a map f: M — X9M is transverse to A if and only if f~1(A) = 0.

If for every \; € {\},..., At} we choose an eigenspinor v; and define the
map

Fw, .

(3

Vg, = CF(X'M)

as in Lemma 6.2.9, then by this remark V},  ; N N, (M) is the set of all
Riemannian metrics h € Vy, 5, such that all the £, (h) are transverse to the
zero section. Therefore in order to prove that N,,(M)Ng] is dense in [g] we
would like to apply Theorem 6.1.6. Our aim is then to show that a suitable
restriction of the map Fj" defined as in Lemma 6.2.9 is transverse to the zero
section.

Let p € M with ¢(p) = 0. We have a canonical decomposition of the
tangent space

TyppyX9M = XM & T,M

and thus
dFiZU’(!],P) : Tgi1...fT D TpM — EgM ) TpM
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For a given h € Vy, 5, we will write ¢y = g + t(h — g) and

d¢ (:L') ev
Py 1= F¢(gt>7 Ctlt |t:0 = Wl(de |(97$)(h_g70))’
Then it follows that
d d\ dy
0= (_Dg’gt|t=0 - _t‘tzo)w + (Dg - )‘>d_tt’t:0' (6-1)

dt dt

Remark 6.2.11. Let ¢ € XM and X, Y € T,M. If one polarizes the
identity
(X0, X ¢) = g(X, X){p, ),
then one obtains
Re(X -0, Y - ¢) = g(X,Y) (¢, ¢). (6.2)

Since Clifford multiplication with vectors is antisymmetric, it follows that
Re(X - p,p) =0. Let ¢ # 0 and let (e;)I, be an orthonormal basis of T, M.
It follows that for n = 2 the spinors

P, €1, €3, €1 €3

Jorm an orthogonal basis of ¥JM with respect to the real scalar product
Re(.,.). Similarly for n =3 the spinors

Y, €1-@, €2, €3
form an orthogonal basis of M with respect to Re(.,.).

The following rather long lemma is the most important step in showing
that a suitable restriction of Fg' is transverse to the zero section.

Lemma 6.2.12. Let n € {2,3} and m € N\ {0}. Let g € S,,(M) and let
A€ {F(9), .., AE(g)}. Let o be an eigenspinor of D9 corresponding to
and let p € M with ¢ (p) = 0. Then there ezist fi, ..., f4 € C°(M,R) such
that the map Fj” Vi X M — XIM satisfies

Wl(szzv‘(gp)(Tth-..h ®{0})) = XM

Proof. Assume that the claim is wrong. Then there exists ¢ € XM \ {0}
such that for all f € C*°(M,R) we have

dip

0= Re(m(dFjvkg,p)(fg, 0))7 90> = Re(% tzO(p)a ()0>
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From the formula (5.7) for Green’s function it follows that

_ g dwt g 9 q/;t
O‘RG/M\{p}<<D = M) e G p)2) AV + Re(P(~ o) (p). ).

Since A is a simple eigenvalue, all spinors in ker(DY — \) vanish at p. Thus
the last term vanishes. By (5.6) and (6.1) we have

a, dX
0 = ke [ (G-
M\{p} at”

d
= “Re [ (LD, Gp))dv
M\{p}

g li=0)¥: G (- p)p)dv?

for all f € C°(M,R). If we use the formula (2.13) for the derivative of the
Dirac operator and

grad?(f) - ¢ = (DY = A\)(f4)
it follows that

1
0 = —Re/ M, G5 (., p)p)dv?
2 S

1 9 _ g vY
+ Re /M A=), G

Using the definition of Green’s function and that all spinors in ker(D9 — \)
vanish at p, we find that

0 = 3Re [ AF{B AP + {Re((0)D) — P(FO)())
M\{p}

1
~ R A (b, G2 (., p)p)dv?
she [ MGG

for all f € C>°(M,R). Since we have A # 0 it follows that Re(i, G5(.,p)¢)
vanishes identically on M \ {p}.

Our aim is now to conclude that all the derivatives of 1 at the point p
vanish. Then by Theorem 6.2.8 it follows that 1 is identically zero, which
is a contradiction. In order to show this we choose a local parametrization
p: V.= U of M by Riemannian normal coordinates, where U C M is an
open neighborhood of p, V' C R" is an open neighborhood of 0 and p(0) = p.
Furthermore let

ﬂ : ZR”‘V — EQM’U, A COO<EQM’U) — COO(ERn|V)
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denote the maps which send a spinor to its corresponding spinor in the
Bourguignon-Gauduchon trivialization defined in Section 5.1. We show by
induction that V"Ay(0) = 0 for all » € N, where V denotes the covariant
derivative on XR". The case r = 0 is clear.

Let r > 1 and assume that we have V*Ay(0) = 0 for all s < r — 1. Let
(E;)", be the standard basis of R". First consider the case n = 2. In the
Bourguignon-Gauduchon trivialization we have

Ap(r) == > @2, Vg, . Vi, A0) + Oz

by Taylor’s formula and

AGY(p)e) () = ———

A
.~ =1 0
3?7~ g ey + Ol

by Theorem 5.3.10, where v := 37'p € X, is the constant spinor on R"
corresponding to ¢. It follows that

0 = —2mr!|z["Re(A(GS(. p)p)(x), Av(z))
2
= Z ZIZi[Ejl...ZEjTRe<Ei -, ijlvEJTA¢(0)>
4,150 Jr=1

NVARTE) Jr=1

and therefore

0 = Re(E; -7, Vg, ..V, AY(0))

+ 3 " Re(E), 7, V£ Va, .V, .V, Ab(0)) (6.3)
s=1
0 = Re(% VEJIVE”A@D(O» (64)

for all jy, ..., 7,7 € {1,2}, where the hat means that the operator is left out.
By (6.4) and Remark 6.2.11 there exist a;, ., k, bj,,..;. € R such that

2

,,,,,

k=1

Observe that the coefficients a;, . j r are symmetric in the first r indices.
We insert this into (6.3) and we obtain

.,
0=aj,. j.it E :ai,jl,...,ﬁ,...,jT,jk (6.5)
k=1
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for all j1,...,J,,4 € {1,2}. On the other hand since ¢ € ker(D?9 — \) we find
using the induction hypothesis

0 = AV, ..Vg,  AY(0)

2
= VEjl ”'ijrfl Z Ez : szAw(O)
=1

2 2
= Z jy e ik i - B oy + Z bj il - B - Eo -y
i,k=1 i=1
= —(aj,, g1+ Gy 22)Y
+ (ajl7~--,jr—171,2 - a]’ly--'vjr—lg,l)El By - Y
+ bjl,---,jr—LQEl 0 bj1,---,jr—1,1E2 ©Y (66)

for all jy, ..., jr—1 € {1,2}. We conclude b;, ., =0 for all jy, ..., j. € {1,2}.
Next consider a;, . ; ; with fixed ji, ..., j,,7 € {1,2}. If we have j, = ¢ for all
ke {1,...,r}, then by (6.5) we know that a;, . ; ; = 0. If there exists k such
that ji # i it follows from the coefficient of E; - F5 - 7 in (6.6) that

= a;

i1 seesfeeiivnde Lt

Again (6.5) yields aj, ., = 0. We conclude that all aj, _; ; vanish and
that V" Ay (0) = 0. This proves the assertion in the case n = 2.

Next consider n = 3. In the Bourguignon-Gauduchon trivialization we
have

3
1
Ap(r) = - > 225,V Vi, A(0)
D lseegr=1
1 3
T > w2V, Vi, Vi AY(0) + o(jz|)
D g1 dryi=1

by Taylor’s formula and

1

A —s
—WJE"V‘F —— +o(|z[ %)

47 ||

A(GS(p)p)(z) =
for every s > 0 by Theorem 5.3.10, where v is as above. It follows that

0 = —drrllz"Re(A(GL(. p)p)(x), AY(z))
3
= ). zj.mmRe(E; -7, Vg, .. Vi, Ap(0))

ivjl ~~~~~ Jr=1
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3

1
+ I Z Tj, .2, TimRe(E; - v, Vi, ..V, Vi, A(0))

6J 1500 Jrym=1

VARTED) Jril

From the first term on the right hand side we obtain
0 = R€<EZ -, VEjl VE]TAw(0)>

+ 3 Re(E), -7, V5. Vs, ..V, .V, Ab(0)). (6.8)

s=1

for all ji,...,j-,1 € {1,2,3}, where the hat means that the operator is left
out. Our next aim is to obtain an analogue of (6.4) from the second and
third term on the right hand side of (6.7). It is more difficult than in the
case n = 2, since derivatives of both orders r and r+ 1 appear. The equation
(5.2) reads

3
My = D% A+ Y (B! = 6)E; - Vi, A

ij=1

3
1 Tk
+7 > TLE: - E;- Ep- Ay,

1,7,k=1

Using (5.3), (5.4) and that |Ay(z)

gena = O(]z]") as © — 0 we find
AAY = D9 Ay + O (|| )
and therefore
Vg, ..Vg, D% AY(0) = AVg, ...Vg, Ap(0) (6.9)
for all jq, ..., 7, € {1,2,3}. Using the equation (5.1) we find
AV = Vi A+ Ola ™), AVE V= Vi Vg, At + Olfaf)
for all 7,5 € {1,2,3}. Since by definition dp|,'(e;) = E; + O(|z|?) the second

term in the local formula (2.5) for V*V vanishes at p and therefore we find

3
AV'VY = = Vi,V A + O(|z]").
=1
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From the Schrédinger-Lichnerowicz formula (2.6) it follows that

scal

3
) - r
A2 Anp — TAw = _;inVEiAw + O([z]")

and thus ;
Vi, Ve, 3 VEVEAN(0) =0 (6.10)
i=1
for all jq,...,j.—1 € {1,2,3}. Now recall the second and third term on the
right hand side of (6.7)

3

1
0 = sl Z Tj, .2, vixmRe(E; - v, Vg, ..Vg, Vi, A(0))

]17"'7jT7i7m:1

VARTERD) Jr=1

and let ky, ko, k3 € N such that ky + ko + k3 = r. Then from the coefficient
of 21 T22k24ks we find

rl

. _ k1 ko ks
_ rlk
+Re(E, -y, Vi V2 1V%33V%1A¢(0>>(1ﬁ+2—)!2k2!k3! (111)
_ rlk
ARe(y, T4 V5 U5 A4 (0)) — 1%
— ARe(y, Vi, Vg, Vi AY( )>m (V)
_ rlko(ky — 1)
— ARe(y, Vi V2 QV’EV?&A@ZJ(O»m (VII)
1 9 _ T’!kg(kg — ].)
— ARe(y, Vi, V2 Vi 2V2E1Aw(0)>m (VIII)
From the coefficient of 25252225 we find
_ rlk
0 = Re(Ey -7, Vi 'V VE VE Ag(0)) : (11)

Kyl (kg + 2)ks!
+ Re(Es - v, Vi V2 V5 Vi, A(0))

rl

S — I
or (s + 1)13! (1)
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rlks
ki!(ko + 2)!ks!
rlki(ky — 1)
ki!(ko + 2)!ks!

+Re(Ej -y, Vi V2 V2~ 'V, A(0))

~ ARe(y, Vi V4 Vi V3, 4(0))

7!
ki lkolks!
T!k’3(l€3 — 1)
o (K + 2) 13!

— ARe(y, Vi V2 Vi Ap(0))

— ARe(y, Vi, Vi Vi 2V, Av(0))

From the coefficient of %' 252252 we find

P & ’l“!k’1
0 = Re(By-7 Vi Vi VE Vh AVO0) =
T!]ﬁ?z

+ Re(E, - v, VR V'V Vi, Ay (0))

7!
kilkol(ks + 1)!
rlki(ky — 1)
k1lko! (ks + 2)!

rlky(ky — 1)
kilko!(ks + 2)!

+Re(Bs - v, Vi3 VE Vi Vi, A(0))

— ARe(y, VE T2V Vi V3, A(0))

— ARe(y, Vi, Vi 2V Vi, Av(0))

rl
ki'ko!ks!

(k1+2)!k2!k3!
h ===

We multiply the first equation wit

ek (s + 2))!

75
(V)

(V1)

(VIII).

, the second equation with

ik t2%s! and the third equation with #2528 40 q then add the mul-
tiplied equations. If we consider the lines with the same Roman numbers

separately and use (6.9), (6.10), then we find
—2XRe(y, Vi V2 Vi Ay(0))

+ Re(Ey -7, Vi V2 Vi Vg, A(0))ky
+Re(Ey -, Vi, Vi VE Vi, AP(0)) by
+ Re(Es -, Vi V2 V3 Vi, Ap(0)) k3
— Re(Ey -7, Vi, Vi VE Vi AP(0)) by
— Re(Ey -7, Vi, VE VE Vi, AY(0)) ks
—Re(By 7, VI, Vi, VE Vi, A (0)) ks

0 =

3
— ARe(y, Vi V2 V52 Ap(0)) > (ki + 2)(k; + 1)

i=1
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0))k1(k1 — 1) (VI)
0))ka (ks — 1) (VIT)
0)) ks (ks — 1) (VITI).

+ ARe(y, Vi V12 Vi Ay
Therefore we obtain the analogue of (6.4) namely
Re('y, VEjl VEJTA@/J(O» =0

for all ji, ..., 5, € {1,2,3}. Thus there exist aj, . ; , € R such that

3

Vi, Vi, AY0) = a1 Ex 7.
k=1

Observe that the coefficients a;, . r are symmetric in the first r indices.
We insert this into (6.8) and we obtain

T
0 - ajl 7777 Jrst _'_ Z ai»jl:"wj?m"wj?‘:jk <6.11>
k=1

for all ji,...,jr 0 € {1,2,3}. On the other hand since ¢ € ker(DY — \) we
find using the induction hypothesis

0 = AVg, ..V,  AY(0)

J1

3
= VEJ'l "'VEjrfl Z E; - szAl/}(O)
=1

3
= E ek Bi - By

i,k=1

3
= - : :a/jlv"'vj’l‘—17i7i,y
=1
3

+ Y (@rprie = W i) Bi - By (6.12)
i k=1
i<k

for all ji, ..., jr—1 € {1,2,3}. Consider a;, . ;. with ji,..., 7,7 € {1,2,3}. If
Jr = for all k € {1,...,r} then by (6.11) we know that a;, ;. , = 0. If there
exists k such that ji # i it follows from the coefficient of Ej, - E; -~ in (6.12)
that

i 1 feeesdrodie . Qtentini

Again (6.11) yields aj, ., = 0. We conclude that all a;, ;. ; vanish and
that V" A (0) = 0. This proves the assertion in the case n = 3. O
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Remark 6.2.13. It is not clear how to prove this lemma for n > 4. Namely
the condition Re(y, Vg, AY(0)) =0 for all i leads to

Ve AY(0) =Y anEp -y + > b7
k=1 k=1

with ag € R and by, € Cl(n). As above it follows that ay, = —ay; for all i, k
and furthermore

0 = AAY(0)

= Y E;- Vg Ay(0)
=1

= 2) awEi-Ei-v+ Y Ei-by- 7.
i,k=1 i,k=1
i<k
But forn > 4 the spinors Ey-Ey-v and E3- Ey -y are not linearly independent
in general. Thus we cannot conclude immediately that all the a;, vanish.

Proof of Theorem 6.2.6. Let k,m € N\ {0}, let g € R(M) and equip [g] with
the C*-topology. Let U C [g] be open. In order to show that N,,(M)N|[g] is
dense in [g] we have to show that UNN,,(M) is not empty. Since S,,(M)N[g]
is dense in [g], there exists a metric in U N S,,(M), which we denote again
by g. Let A be one of the eigenvalues {\}, ..., At} of D9 and let ¢ be an
eigenspinor corresponding to A\. Choose an open neighborhood V' C [g] of g
which is contained in U N S,,,(M) and define

Fy: V= C®(Z/M)

as in Lemma 6.2.9

Next we show that a suitable restriction of Fj" is transverse to the zero
section of X9M. Let p € M with ¢)(p) = 0. By Lemma 6.2.12 there exists an
open neighborhood U, C M of p and f,1, ..., fpu € C°(M,R) and an open
neighborhood V,, C V}, . s, , of g such that for all (h,q) € V}, x U, we have

TUAES |(ha) (Th Ve ppa @ {0})) = ZGM. (6.13)

Since the zero set of ¢ is compact, there exist points py,...,p, € M and open
neighborhoods U,, C M of p; and f, 1, ..., fp;a € C°(M,R) and open neigh-
borhoods V), C Vy, | 4, , of g, 1 <4 <r, such that the open neighborhoods
Up, »--,Up, cover the zero set of 1 and such that for every ¢ the equation (6.13)
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holds for all (h,q) € V,,, x U,,. We label the functions f,, ; by fi,..., f4- and

define
4r
Vf1~~~f4r = {(1 + Ztifi>g
=1

and Fy: Vi, g, — C®°(X9M) as in Lemma 6.2.9. Since M is compact there
exists C' > 0 such that |¢)|; > C on the complement of the union of the sets
Up,. Thus we can find an open neighborhood Vi, C V/, ¢, of g such that the
equation (6.13) holds for all (h,q) € Vi, x M. It follows that the restriction
of Fj¥ to Vi X M is transverse to the zero section of ¥9M.

Define W,, as the subset of all h € Vj, such that F(h) is nowhere zero
on M. By Remark 6.2.10 this condition is equivalent to the condition that
Fy(h) is transverse to the zero section of 90 . By Theorem 6.1.6 the set W,
is dense in Vj;. Since the zero section is closed in X9M and Fj" is continuous,
the set Wy, is also open in Vy,. If h € Wy, then the eigenspinor Fy,(h) of D9"
is nowhere zero on M and it corresponds to a simple eigenvalue of D9". Thus
all the eigenspinors of D9 corresponding to this eigenvalue are nowhere zero
on M.

For every one of the finitely many eigenvalues A}, ..., At of D9 we choose
an eigenspinor ¢ and obtain an open subset W, C V as above. Let W be
the intersection of these open subsets Wy,. It is not empty, since the Wy, are
dense in a neighborhood of g. If h € W, then all the eigenspinors of D"
corresponding to the eigenvalues AT, ..., AL of D" are nowhere zero on M.
Since W C U by construction, we have U N N,,,(M) # (). Thus N,,,(M) N [g]
is dense in [g]. We have already seen that N,,(M) N [g] is open in [g]. O

tieR}ﬂV.

6.3 Mass endomorphism in dimension 3

Let M be a closed spin manifold of dimension n with a fixed spin structure
and let R(M) be the set of all smooth Riemannian metrics on M equipped
with the C'-topology. We define

R*(M) :={g € R(M)|ker(D?) = 0}.
It follows from the Atiyah-Singer index theorem that there exist spin mani-
folds M and spin structures © on M such that for every Riemannian metric
g on M there exist harmonic spinors on (M, g,0) (see e.g. [LM], Section 3
in [BD]). This shows that R*(M) can be empty. Let p € M and define

R,(M) :={g € R*(M)|g is flat on an open neighborhood of p}.
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We consider the case n = 3. Then by Theorem 1.2 in [Ma] for every spin
structure the subset R*(M) of R(M) is generic. Let g be a Riemannian
metric on M, which is flat on an open neighborhood of p. It is shown in
[ADH2] that by changing the metric g on an arbitrarily small open subset
of M one obtains a metric in R*(M). Thus for every closed spin manifold
M of dimension 3 with a fixed spin structure the set R,(M) is not empty
for every p € M. For every g € R,(M) we define the mass endomorphism
my € End(3JM) as in Section 5.4. Our aim is now to find Riemannian
metrics on M, for which the mass endomorphism does not vanish. Thus we
define
Sy(M) i= {g € Ry(M)|m # 0},

In this section we prove the following result which has been published in [He].

Theorem 6.3.1. Let M be a closed spin manifold of dimension 3 with a
fized spin structure and let p € M. Then S,(M) is dense in R,(M).

Remark 6.3.2. If M is a closed spin manifold of dimension 2 and if the mass
endomorphism in p € M can be defined, then by [AHM] it always vanishes.
On the other hand it is conjectured that Theorem 6.3.1 holds for every closed
spin manifold M of dimension n > 3 if R*(M) is not empty. A proof has
been proposed in [ADHH]. The idea is to use surgery methods to construct a
Riemannian metric g on M which is flat near some point p and has nonzero
mass endomorphism. Then from perturbation theory it follows that S,(M) is
open and dense in R,(M).

We will need the following properties of the energy momentum tensor
which was defined in Section 2.3.

Lemma 6.3.3. Let g and h = €**g be conformally related Riemannian met-
rics, u € C®(M,R). Let ¢y € C*(XIM) and let B := By, as in Section 2.3.
Let f € C*(M,R). Then we have

Qrp = [*Qy,  Qpy = €"Qy.

Proof. The first equation follows, since Re(Y (f)X - ¢,¢) = 0 for all X,
Y € TM. Recall that we have b,,X = e "X for all X € T'M and therefore
B(X -1) =e "X - p1p. Tt follows that

(X Th80, 800 = (X B(V0 — 3 ¥ - grad®(u) -6 = 3 ¥ (w)e), 6
= "X Vi), — % (X -Y - grad?(u) - ¢, ),

~ SY@X - 6,0),
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If we add the corresponding equation for (Y - V% 31, 81), to this equation
and use that X - Y +Y - X = —2¢(X,Y), we see that the sum of the second
terms on the right hand side is purely imaginary. Since the third terms on
the right hand side are each purely imaginary, the assertion follows. O

Let g € R,(M) and let k € C>(Sym?(T*M)) such that & = 0 on an open
neighborhood U of p. Let I C R be an open interval around 0 such that for
all t € I the tensor field ¢g; := g + tk is a Riemannian metric on M and is in
R*(M). Then we have ¢, € R,(M) for all t € I. For every ¢ we obtain an
isomorphism of spinor bundles

Bog: XIM —X%M

as in Lemma 2.3.5. Let ¢ > 0 such that Bs.(p) C U. Recall from Section 5.4
that Green’s function G9 for D9 on M \ {p} can be written as

G*(2,p)By g0 = (A7) (G (., 0)7e) (@) + W (2, p)By 40, (6.14)

where 7: R™ — [0,1] is a smooth function such that n = 1 on B.(0) and
supp(n) C Ba.(0) and where ¢ € XIM and v, := (ﬁgt)_lﬁgmgo. Recall that
the mass endomorphism for the metric g; at p is by definition mg* = w?" (p,p).
We define a spinor w% € C*(X9M) by

wggpt (l’) = Bgt,gwgt (ZE, p)Bg,gtgp

and we define m%9 ¢ := w¥(p) = ﬁghgmgtﬁg,gt@ for all t.

Lemma 6.3.4. We have
d 9.9t 1 g
% <m e, 90>’t:0 = 5 (k?QGQ(.,p)go>dV )
M\{p}

where (.,.) denotes the standard pointwise inner product of (2,0) tensor fields.

Proof. Since g; = g on supp(n) for all ¢, the first term on the right hand side
of (6.14) is independent of t. Therefore we find

By oG (2,9)By g0 = (A7)~ (0GP (., 0)7) () + wi (x)

for all x € M\ {p}. We apply D99 defined as in Section 2.3 and since g, = g
on supp(n) we find

(5p — Dg(Ag)%(nGgeud(.?O),y) + Dg,gtwgt'
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We take the derivative with respect to ¢ at t = 0 and we obtain

d

d
dtD99t|t O)wg +D9(_wgt|t 0).

0=
( dat ¥

By the formula for Green’s function (5.7) and since ker(D?Y) = 0, we find that

d d
S,y = (D) i

d
= <Dg(_wgt’ )7Gg('ap)90>dvg
/M\{p} dt ¢

d
= = [P G )
M\{p}

Recall that if (e;)"; is a local orthonormal frame, then by (2.8) we have
locally

d
dthgtLt Owg = __Zel agk(ez) 90 B _Zdlvg wg'
=1

Since k = 0 on By.(p) this spinor vanishes on Bs.(p). On the other hand the
spinors w? and G(.,p)y coincide on M \ By (p). Thus we find

d d
pr (m?9p, )|, = —/ %D“"’gth oG D), G-, p)pydv?.
M\ Bz (p)

The assertion is now obtained in the way that (2.10) was obtained from
(2.9). O

Proof of Theorem 6.53.1. Assume that the claim is wrong. Then there is an
open subset @ C R,(M) such that for all g € @) we have my =0. Let g € Q
be flat on an open neighborhood U C M of p. By a small deformation of
g on M \ U we obtain a Riemannian metric, which is not conformally flat
on M\ U and is in ). We denote the deformed Riemannian metric again
by g. Thus there exists an open subset V' C M \ U, such that g is nowhere
conformally flat on V.

Let k € C=(Sym?(T*M)) such that & = 0 on an open neighborhood of
p and let I C R be an open interval around 0 such that for all £ € I the
tensor field g; := g + tk is a Riemannian metric on M and is in ). By our
assumption we have mJ* = 0 for all ¢ € I. For every ¢ € XM it follows
that fM\{p}(k, Qas(.p)p)dv? = 0 by Lemma 6.3.4. Since this holds for every

k € C(Sym?(T*M)) which is zero on an open neighborhood of p, it holds
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for k = fQqo(.p)p, where f is an arbitrary smooth function with p ¢ supp(f).
We conclude that Qgs(. p), =0 on M\ {p}. Let

W= {z € M\ {p}|G?(z,p)p # 0}.
Then W is an open subset of M. The function u: W — R, defined by

u(z) :==In[GY(z, p)¢l,

is smooth on W, and thus h := e¢?g defines a Riemannian metric on W. We
obtain an isomorphism of spinor bundles

Bon: SIW — SW,
which is a fibrewise isometry as in Lemma 2.3.4. The spinor
)= e " BynGo(.p)p € CF(S"W)

satisfies D"p = 0 by (2.12). By definition of u we have ||, = 1 on W.
Furthermore by Lemma 6.3.3 we find )y, = 0 on W.

Let (¢;)2_; be alocal orthonormal frame of TW defined on an open subset
S C W. Then for every x € S the system

{v(2), €1 - (x), €2 - (), €5 - ()}

is a real basis of X"/, which is orthonormal with respect to the real scalar
product Re(.,.) (see Remark 6.2.11). Since [¢)|, is constant on W, we have

Re(Vi,¢) =0

for all X € T M. It follows that there exists an endomorphism A of TW such
that for all X € TW we have V% = A(X) - .

We will now show that in each fibre the endomorphism A: T, W — T, W
is symmetric with respect to h using an observation from [AMM]. Since
wc = Id we have e - €5 - e3 = —Id. In the following we abbreviate 1 := ¥ (x).
Using (6.2) we calculate

h(Aes,e1) = Re(Aey-1),eq- 1)
= Re(VE e 1)
= —Re(es V2 1h,e5- 1)
= Re(er- VI, e5-9) + Refes - Vi b, es - )
= —Re(es - VZ#),@&)
= Re(Aey -1, e9 - 1))
= h(ey, Aey).
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Similarly we obtain h(Aej,e3) = h(er, Aes) and h(Aeq,e3) = h(es, Aes),
i.e. A is symmetric with respect to h. Therefore, we can choose the basis
vectors ey, ey, eg as eigenvectors of A, such that Ae; = Aje;, where )\; € R.
It follows that

0= Re(th,¢; - V2 = —A,.

Hence, 9 is a parallel spinor on W. By [F4] the Riemannian manifold (W, h)
is Ricci flat. Since dim W = 3 it follows that (W, h) is flat. However, by
definition of the metric g there exists an open subset V' C M \ U, such that
g is nowhere conformally flat on V. By Theorem 6.2.8 the spinor GY(.,p)¢
is not identically zero on V. Thus on VNW # () the metric h cannot be flat.
This is a contradiction. [
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Appendix A

Analytic perturbation theory

Results in perturbation theory show that if a deformation of the Riemannian
metric depends real-analytically on a parameter, then for a given eigenspinor
1 of DY one obtains a real analytic family of eigenspinors for the perturbed
Dirac operators which extends . There is a short note concerning this fact
in [BG], but we will give a more precise explanation here following the book

In this section (X, ||.||x), (Y;]|.]]y) will be complex Banach spaces. The
space of bounded linear operators X — Y is denoted by B(X,Y). It is
equipped with the usual operator norm ||.||p(x,y). The space of closed linear
operators X — Y is denoted by C(X,Y). We will write C(X) := C(X, X).
The dual space of X is denoted by X*. Furthermore 2 C C will always
denote an open and connected subset of the complex plane and I C R will
denote an open interval.

Definition A.0.5. A family of vectors u(z) € X which depend on z € Q is
called holomorphic on ), if for each zy € Q) there exists v’ € X such that

h) —
Zo + 2 u(zo) o

The following theorem ([K], p. 139) gives a criterion for holomorphy of
vectors.

= 0.
X

lim H u(
h—0

Theorem A.0.6. Let u(z) € X be a family of vectors which depend on
z € Q. If for all f € X* the function f(u(z)) is holomorphic on Q, then u(z)
is holomorphic on 2.

Proof. Let I' be a positively oriented circle in €2. The Cauchy integral formula
gives

flu(e)) = 5 f L
85
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for all z in the interior of I'. Let h # 0 such that z + h is in the interior of I'.
Then we find

flulz+h)) = flu(z)) __de010(2)::_j1_7g f(u(Q))
h dz 210 Jp (C— 2z —h)(¢ — 2)?

But the function f(u(z)) is bounded on I since it is continuous. Thus there
exists a constant C' > 0 such that

flu(z+h)) = fu(z)) _ d(fou)(z)

h dz

dc.

< Clh[ £

X*-.

One can show that C' can be chosen independently of f and that this estimate
implies the convergence of w as h — 0. [

Definition A.0.7. A family of operators D(z) € B(X,Y) which depend on
z € Qs called holomorphic on ), if for each zy € ) there exists a bounded
linear operator D' € B(X,Y) such that

lim - D

h—0

=0.

H D(zp + h) — D(20)
h

B(X)Y)

The next theorem ([K], p. 152) gives a criterion for holomorphy of
bounded linear operators.

Theorem A.0.8. Let D(z) € B(X,Y) be a family of bounded linear opera-
tors which depend on z € Q). If for all uw € X and for all g € Y™ the function
g(D(2)u) is holomorphic on 2, then D(z) is holomorphic on §Q.

Proof. The proof is analogous to the proof of Theorem A.0.6. ]

We generalize the notion of a holomorphic family of operators to families
of closed linear operators which are not necessarily bounded (see [K], p. 366).

Definition A.0.9. A family of operators D(z) € C(X,Y) which depend
on z € § is called holomorphic at zy € €1, if there exists a third complex
Banach space Z and two families E(z) € B(Z,X), F(z) € B(Z,Y), which
are holomorphic at zy such that for all z € Q) the operator E(z) maps Z
onto the domain of D(z) one to one and such that for all z € Q we have
D(z)E(z) = F(2). The family D(z) is called holomorphic on 0, if it is
holomorphic at every zy € €.

If X, Y are Hilbert spaces and D € C'(X,Y), we denote by D* the adjoint
operator of D. The following definition is from [K], p. 385.
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Definition A.0.10. Let H be a Hilbert space and let Q) be an open and
connected subset of C which is symmetric with respect to the real axis. A
holomorphic family of operators D(z) € C(H) is called a self-adjoint holo-
morphic family, if for all z € Q the operator D(z) is densely defined and if
for all z € Q we have D(z)* = D(Z).

If H is a Hilbert space, D(z) € C(H) a self-adjoint holomorphic family on
2 and if A is an eigenvalue of D(zy) of finite multiplicity r for some zy € R,
then one obtains families of eigenvalues \;(z) of D(z), 1 < i < r, which are
real-analytic in z on an open interval I C Q2 N R around z, and such that
Ai(z0) = A for all ¢ ([K], p. 386). In general I depends on A. However for
the so called holomorphic families of type (A), one obtains an open interval
around zg, such that all the eigenvalues and eigenvectors are real-analytic on
this interval.

Definition A.0.11. A family of operators D(z) € C(X,Y) which depend
on z € § is called holomorphic of type (A), if the domain dom(D(z)) is
independent of z, and if for all z € Q and for all u € dom(D(z)) the family
of vectors D(z)u € Y is holomorphic on .

Remark A.0.12. [f the family D(z) € C(X,Y) is holomorphic of type (A)
on §), then it is holomorphic on ) in the sense of the definition above.

Proof (see [K], p. 875). Choose zy € € and set D := D(z). The space
Z = dom(D) with the norm |lu|lz = ||u|lx + |[[Du|ly is then a Banach
space. Define E: Z — X by E(u) := u. Since ||ul|x < ||u||z we find that
E € B(Z,X). For all z € Q define F(z): Z— Y by F(z)u := D(2)u. Using
that D(z) is closed and that ||ul|y < |lul|z we find that F(z) € C(Z,Y).
Furthermore since dom(F'(z)) = Z the closed graph theorem ([K], p. 166)
implies that F(z) € B(Z,Y). By hypothesis F'(z)u = D(z)u is holomorphic
for all u € Z. By Theorem A.0.8 it follows that F'(z) € B(Z,Y) is holomor-
phic. Since E: Z — dom(D) is one to one and D(2)E = F(z) for all z € Q
the assertion follows. O

We have the following result due to Rellich.

Theorem A.0.13. Let D(z) € C(H) be a self-adjoint holomorphic family of
type (A) defined on an open neighborhood Q2 C C of an open interval I C R.
Furthermore let D(z) have compact resolvent for some z € ). Then there
is a sequence of scalar-valued functions (A\,)nen and a sequence of vector-
valued functions (up)nen all real-analytic on I, such that for t € I the \,(t)
represent all the repeated eigenvalues of D(t) and the u,(t) form a complete
orthonormal family of the associated eigenvectors of D(t).
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Proof. see [K|, Thm. VII, 3.9, p. 392. ]

The following Lemma is a criterion for a family of operators to be holo-
morphic of type (A).

Lemma A.0.14. Let D: X — Y be a closable operator with domain dom(D)
and let D;, j € N\{0}, be operators X — Y with domain containing dom(D).
If there exist real constants a, b, ¢ > 0 such that | Djul| < ¢~ (allul|+b]|Dul|)
for allu € dom(D) and all j € N\{0}, then the series D(z) = D+, D;2/
for z € C, |z| < (b+¢)~! defines a family of closable operators with domain
dom(D). Furthermore the closures of these operators form a holomorphic

family of type (A).
Proof. see [K|, Thm. VII, 2.6, p. 377. ]

Now let M be a compact Riemannian spin manifold, let I C R be an

open interval and let (g;)ic; be a family of smooth Riemannian metrics on
M.

Definition A.0.15. The family (g;)ier is called real-analytic, if for every
to € I and for every j € N there exists a section h; € C*(Sym*(T*M)),
such that for all charts (U, ) of M and for all compact subsets L C U there
exists e, > 0, such that for all t with |t —to| < €r, for all coordinate vector
fields Oy, Oy, 1 < a,b <n, and for all r € N we have

2

lg¢(Ous Op) — Z t —to)’ aa,ab)||cr ) — 0 as N — oo.

j=0

We apply the criterion above to show that for a real-analytic family (g;)ses
of Riemannian metrics on a compact spin manifold M the family of operators
D99 constructed in Section 2.3 can be extended to a holomorphic family of
type (A). Here we consider the Dirac operator as a closed operator on the
Sobolev space H™(3X9M) with domain dom(D9) = H™ ! (39M) for some
m € N.

Lemma A.0.16. Let (M, g,0) be a compact Riemannian spin manifold and
let DY € C(H™(X9M)) be the Dirac operator. Let (g;)ier be a real-analytic
family of Riemannian metrics on M with go = g. Then there exists an open
neighborhood Q@ C C of 0 and a self-adjoint holomorphic family of type (A)
of operators D(z) € C(H™(X9M)) on 2, such that for allt € QNI we have
D(t) = D99,
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Proof. Since (g;)ier is a real-analytic family of Riemannian metrics, there
exist h; € C°(Sym?*(T*M)), j € N, such that for all charts (U, ¢) of M and
for all compact subsets L C U there exists €5, > 0 such that for all ¢ with
|t| < ez, and for all coordinate vector fields 0,, 0y, 1 < a,b < n and for all
r € N we have

N
19:(@as ) = > #7100 )l oy = 0, N = o0.

§=0
As in Section 2.3 we define endomorphisms ay,4, and agp,, j € N, of TM
such that for all v, w in T'M we have
g(agvgtvﬂw) = gt(v7w)7 g(agﬁj’l)?w) = hj(vvw)'

Let (U, ) be a chart of M and let L C U be compact. For v € TM we
abbreviate |v| := g(v,v)"2. Let (e;)?, be a local g-orthonormal frame on
L. Since (g¢)ier is real-analytic, there exists €, > 0 such that for all ¢ with
|t| < er we have

N
sup |ag,q,0 — § :tjag,hjm
veTM|r, |v|<L1 =0

n n N
= sup | Z 9(aggv,ei)e; — Z Z tjg(@g,hjv, €i)eil

veTM|p, v|<1 =5 =1 =0

= sup |th(v,ei)ei — thhj(v,ei)eﬂ

vETM|L, [v[<1 T

=1 j=0
n N
< Z Hgt(ej7€i> - Z tmhm(ej;€i>||CO(L) —0, N — o0.
ij=1 m=0

Therefore we find d;, > 0 such that for all ¢ with |¢t| < ., and for allv € TM|,
the vector b, v is given by a power series, which converges uniformly in v,
|v| < 1. Since M is compact there exists 0 > 0 and for all j € N there exists
b; € End(T'M) such that for all ¢t € I with |t| < § we have

N
sup  |bggv — thij| —0, N — oc.
veTM,|v|<1 =0

By similar arguments one finds that also for any fixed ¢ the covariant deriva-

tives of by 4, of any order are given by convergent power series in this sense.
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We insert the power series for b, ,, g: and f, 4, into (2.7) and define the op-
erator D; as the coefficient of ¢/ for j € N. Clearly D; € C(H™(X9M)) and
for ¢ € dom(Dy) = H™(X9M) the spinor D;% locally has the form

Zez' b(e)w +Cj(55)'¢(13),

where ¢; are functions with values in the Clifford algebra. Since the series

> e b;t’ and > e ¢;t/ converge uniformly in @ € M for |t| < 0, there exists
C > 0 such that for all 7 > 1 we have

| i< & | i< €

sup{|b;v| |[v € TM,|v] <1}/ < 5 sup{|¢j(z)| |x € M}/ < 5

Again similar estimates hold for the covariant derivatives of b; and c;. We
find that for all 7 > 1 and for all ) € dom(D;)

i
1Dl < 5 (D2l + [l ).

By the criterion above the family D(z) := Z;io 27 D; defines a holomorphic
family of type (A) on Q := {z € C||z| < d§} such that for all t € QN[ we
have D(t) = D99 . Since D99 is self-adjoint by the construction in Section
2.3, all the operators D; are self-adjoint. Therefore the family D(z) is self-
adjoint. O
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