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Quantum-Hall quantum bits
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Bilayer quantum-Hall systems can form collective states in which electrons exhibit spontaneous interlayer
phase coherence. We discuss the possibility of using bilayer quantum dot many-electron states with this
property to create two-level systems that have potential advantages as quantum bits.
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Over the past several years there has been a great de
interest in solid-state two-level systems that could serve
quantum computing bits~qubits!,1 and thereby enable large
scale quantum computation. In order for a two-level syst
to be useful as a quantum bit, it must be possible to main
coherent quantum evolution over time scales long compa
to those required for its intentional manipulation. This is p
ticularly difficult to achieve in a solid-state environment b
cause of the presence of many degrees of freedom, e
tronic, photonic, and nuclear, which interact relative
strongly. The spin degree of freedom of individual electro2

or nuclei3 in a semiconductor, and the total charge degree
freedom of a small superconductor4 are among the possibili
ties that have been been advanced for crafting solid s
qubits. In this paper we propose a different possibility, qub
based on the the total pseudospin of double-layer quan
dots in the quantum-Hall regime. We suggest an experim
that could be used to demonstrate their quantum cohere
and discuss some of their potential advantages.

The two-level system we discuss is related to
spontaneous-coherence states that occur in bulk bil
quantum-Hall systems.5–8 These states have a gap f
charged excitations, which is entirely due to electro
electron interactions. They can be viewed either as ps
dospin ferromagnets or as a Bose condensate9 of pairs
formed between electrons in one layer and holes in a Lan
level of an adjoining layer. Their low-energy physics can
described10 by an effective model usually expressed in ter
of a pseudospin quantum field. Thepseudospinin these sys-
tems is the quantumwhich-layerdegree of freedom. An elec

tron that is in an eigenstate of theẑ-component of the pseu
dospin operator~with eigenvalue61/2) is definitely in one
of the layers, while one with quantum uncertainty in its lay

index is in a state with a pseudospin component in thex̂-ŷ
plane. The qubits we propose are, however, based onmany-
electroneigenstates in small double-layer quantum dot11 sys-
tems, like those realized recently by Tarucha a
co-workers12 and illustrated schematically in Fig. 1. The
have cylindrical symmetry about an axis along which
strong magnetic fieldBẑ can be applied. The dot area
controlled by a side gate, which provides an approximat
harmonic lateral confining potential that stabilizes finite a
quasi-two-dimensional quantum dots.
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If we assume that the quantum dots of interest are su
ciently small to suppress spatial variation of the pseudos
the effective-field theory10 has a single pseudospin collectiv
coordinate (Tx ,Ty ,Tz) and an effective Hamiltonian:

H5
8p l 2b

N
Tz

22DvTz2aD tTx . ~1!

In Eq. ~1!, Tz52N/2,2N/211, . . . ,N/2 is half the differ-
ence between electron numbers in right and left dots,N is the
total number of electrons in the double dot,l is the magnetic
length defined by 2p l 2B5hc/e5F0, where F0 is the
magnetic-flux quantum,Dv is an adjustable interlayer bia
voltage,D t is the splitting of single-particle energy levels
the double-layer system due to interlayer tunneling,a,1

FIG. 1. Schematic illustration of a pillar bilayer double-dot sy
tem. We consider the situation in which a strong magnetic field
applied along the axis of the pillar. The barriers that confine el
trons to the two GaAs layers in the pillar are established by
epitaxial growth of~Al,Ga!As layers. The maximum phonon wave
lengths in the pillar (lmax) are the geometrical metrics associat
with the structure’s fundamental vibration modes, represented
this figure by the pillar height. The minimum wavelengthslmin for
phonons that couple effectively to collective electronic states of
dot are comparable to the dot radius or the interlayer distance. S
lmax is comparable tolmin , only the fundamental and at most o
few harmonics will be important in decohering these collective st
qubits.
©2002 The American Physical Society02-1



ny

c
ed
ys

g

h
a

y
la
en
is
ta

-
C

ra
t
nd
tu
t o
ar
ig
ni

g
om
at
ha
e
d

he
er

tum
icles
t

ent
eld

ly
the
. 3

n
ng

te
w-
lto-

r at
h
sed

he
)

, for
l

tat
f
t-

otal

l
e
om

BRIEF REPORTS PHYSICAL REVIEW B66, 153302 ~2002!
accounts for microscopic quantum fluctuations in the ma
electron state, andb is discussed below. For smallD t and the
ratio DvN/8p l 2b equal to an appropriate integer, the spe
trum of this Hamiltonian has two low-lying levels separat
from higher-lying states by a large gap. This two-level s
tem is our proposed qubit.

The mean-field theory of bilayer quantum-Hall ferroma
nets, like Ref. 9, the Bardeen-Cooper-Schrieffer~BCS!
theory of superconductivity, provides both valuable insig
into the nature of these states and a practical tool for qu
titative estimates. For bilayer quantum dot systems,13,14 the
mean-field state consists of a Slater determinant of bila
symmetric, for example, single-particle orbitals with angu
momentam50, . . . ,N21 that establish coherence betwe
the layers even whenD t50. The bilayer coherent state
stable when the occupied symmetric single-particle orbi
have mean-field eigenenergies that are~i! lower than those of
symmetric states with larger angular momenta and~ii ! lower
than those of any antisymmetric state.14 Note that these qua
siparticle energies are split by a gap, analogous to the B
gap of a superconductor, that can be entirely due to inte
tions and does not vanish forD t→0. For weak confinemen
or strong fields,14 electron-electron interactions dominate a
favor a fractional average occupation of angular-momen
states, violating the first condition. For strong confinemen
weak fields,14 average occupation numbers larger than 1
favored, violating the second condition. As illustrated in F
2, the double-dot coherent state is stable only over a fi
range of confinement strengths,g5mV2l 2, which narrows
with increasing particle numberN (V is the frequency of the
harmonic potential!. The value ofb can be estimated, usin
either mean field or exact diagonalization calculations, fr
the dependence of the ground-state pseudospin polariz
on bias potential. From the inset of Fig. 2, we see t
2p l 2b50.06e2/e l at N514, compared to the bulk valu
2p l 2b50.09e2/e l .10 The results of Fig. 2 were obtaine
with the interlayer separation equal tol and withD t andDv
set to zero.

FIG. 2. Hartree-Fock stability range of the bilayer coherent s
as a function of electron numberN. The inset displays values o
2p l 2b obtained by fitting the effective Hamiltonian to exac
diagonalization and Hartree-Fock theory results. The unit of 2p l 2b
is e2/e l .
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In the inset of Fig. 3, we plot the exact spectrum of t
many-particle Hamiltonian for 12 electrons in a double-lay
quantum dot system as a function of total angular momen
M. The collective state discussed above has quasipart
with angular momentumm50, . . . ,N21, and so occurs a
total angular momentumMDLCS5N(N21)/2. Exact diago-
nalization calculations show that the double-layer coher
state is the ground state over a narrow range of fi
strengths. The results plotted in Fig. 3 are forg50.1e2/e l ,
which is in the middle of the stability range forN512. Com-
paring with Fig. 2, we see that Hartree-Fock theory on
slightly overestimates the confinement strength at which
double-layer coherent state occurs. The main part of Fig
shows the dependence of the three lowest eigenvalues oDv
for D t equal to a small positive value. The first anticrossi
takes place nearDv50.02e2/e l , consistent with the effective
model prediction,Dv58p l 2b/N. These results demonstra
that the effective Hamiltonian accurately describes the lo
energy part of the dependence of the microscopic Hami
nian’s spectrum onD t andDv , which will figure importantly
in our discussion. The lowest-energy states that appea
M.MGS in Fig. 3 are edge excitations of the dot, whic
form a part of our proposed qubit’s environment as discus
below.

For N even, assumed in the following, we choose t
many-body statesu0& and u1& (Tz eigenvalues are 0 and 1
as the orthogonal states of the proposed qubit.~For N odd,
the optimal orthogonal states would beu1/2& andu21/2&.! At
zero bias voltage, the ground state is nondegenerate and
small D t , has nearly definiteTz . The truncated two-leve
Hamiltonian is given up to a constant by

HP5S 4p l 2b

N
2

Dv

2 Dsz2
D

2
sx , ~2!

e FIG. 3. Dependence of the three lowest eigenvalues with t
angular momentumM5MGS on bias voltageDv . The inset shows
the low-energy part of the many-electron energy spectrum@in units
of e2/e l ] as a function of total angular momentumM for 12 elec-
trons atDv50 and at the strength of the confinement potentiag
50.1e2/e l . MGS566 for N512. This figure demonstrates that th
two-level system of our proposed qubit is cleanly separated fr
other many-electron states.
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whereD5aD tA(N12)N/2, andsz and sx are Pauli spin
matrices in the space of the qubit. The tunneling term in
Hamiltonian, which is very small for the quantum-dot sy
tems we have in mind, is effective only near theresonance
situation,Dv58p l 2b/N, where it splits the degeneracy th
would otherwise occur. From Fig. 3 we find thatD52.57
31023e2/e l , corresponding toa50.86.

In this paragraph, we propose an experiment that we
lieve is feasible, and which can be used to study the cohe
quantum evolution of this qubit. If the bias voltage is held
zero, where theẑ component of the qubit effective fiel
dominates, for a sufficiently long time the qubit will reach
ground stateu0&. When the bias voltage is tuned to res
nance, the qubit evolves under the influence of
x̂-direction Zeeman field. If after a timeT, the bias voltage
returns to zero, the qubit will have a finite probability amp
tude for being in theu1& state,i.e., for having transferred an
electron between layers of quantum dot. We require t
equilibrium should be reestablished by charge flow
through the external circuit used to control the bias voltag
property that requires the dot contact resistances to
smaller than the off-resonance intradot resistance. If this p
cedure is repeated many times with a repetition per
Trepeat that is longer than the equilibration time, the curre
flowing between layers through the external circuit measu
the probability for transferring an electron,

I 5eS 1

2
2

122p

2
cos~DT/2\! D /Trepeat. ~3!

HerepÞ0 is small if the resonance condition is establish
rapidly compared to\/D as we discuss below. A measur
ment of oscillating current as a function of time-o
resonanceT would establish quantum coherence for this p
tential qubit.

There are, of course, no genuine two-level systems in
ture, and the one under discussion here is not an excep
Even discounting coupling to phonons, nuclear spins,
other degrees of freedom present in the solid-state envi
ment, theelectronHamiltonian has a large number of eige
states. A practical requirement15 for an effective two-level
system is that its operational time scale\/D should be long
compared to the scale which breaks adiabaticity between
two-level system and its electronic environment. If the ps
dospin effective Hamiltonian fully describes the double lay
quantum dot, this time scale would be\/(2p l 2b). If rota-
tional symmetry of the Hamiltonian is broken, on the oth
hand, edge states are the lowest-lying electronic excitat
outside of the two-level system. As illustrated in Fig. 3, t
size of these energies for realistic double-layer quantum
is ;1.0 meV fore2/e l;10 meV. The tunneling amplitude
between bilayer systems can be varied over a very w
range because of its exponential dependence on Al conte
the barrier separating the quantum wells and on the width
this barrier. ForD t50.0003 meV andN540, the gapD is
0.001 meV, safely smaller than edge excitation energies,
the operational time of the quantum bit is;1029 s, making
it possible to adjust the bias potential sufficiently rapidly
achievep!1 in Eq. ~3!.
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Bilayer quantum-Hall systems are similar7 in many re-
spects to the Josephson coupled superconductors~but also
show differences,8! and there are both similarities and diffe
ences between the experiment we propose above and
coherent single-Cooper-pair box effect realized16 by Naka-
muraet al. In the Nakamura experiment, the qubit is forme
by states that differ by 1 in the number of Cooper pairs
one side of the junction, whereas in the excitonic insula
language our qubit is formed by states that differ by 1 in
number of electron-hole pairs in the system. Since a n
electron-hole pair is formed by moving a single electr
from one layer to the other, the current expression in our c
is smaller by a factor of 2. The two qubits share the prope
that, because of the collective behavior of many electro
coherence can be established even though the system
composed of a relatively large number of electrons. T
phase coherence time of bulk bilayer quantum-Hall syste
has been estimated6 to betf;2310210 s, most likely8 due
to coupling between collective degrees of freedom and e
tronic excitations near the boundaries between the inc
pressible and compressible regions that occur in all b
samples. This coherence time is shorter than the period
propose above for a typical Rabi-oscillating current ma
from quantum-Hall quantum bits. However, as explain
above, this decoherence mechanism is not operative
quantum dot systems. Instead, the dominant decoher
mechanism is likely to be piezoelectric coupling to lon
wavelength phonons, nabbed17 as the likely culprit for
single-electron double dots.17,18For collective qubits, like the
ones we propose, only phonons with wavelengths com
rable to the entire electronic system can effectively decoh
We illustrate this point in Fig. 4 by plotting the dependen
of the change inDv on N in the presence of a potentia

FIG. 4. Dependence of the change in the qubit parameterDv on
N in the presence of a fluctuation in the potential difference betw
the two layers that is localized at the center of the quantum
This quantity has been evaluated by performing self-consis
Hartree-Fock calculations atD t50 and evaluating the energy dif
ference between states that differ by 1 in the number of electron
the top layer. The potential fluctuation strength has been chose
that it altersDv by 0.01 e2/e l for a single electron. Electronic
correlations in large-N collective states suppress the system’s
sponse to the fluctuation potential, and reduces the change inDv ,
which results from the same potential fluctuation.
2-3
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fluctuation located at the center of the quantum dot. For la
N, correlations between electrons in the collective state s
press response to the localized potential fluctuation, and l
its effectiveness in decohering the qubit. We expect t
phonons will be an especially weak decoherence mechan
for these qubits because the maximum phonon wavelen
established by size quantization, is only slightly larger th
the minimum effective phonon wavelength, established
the size of the double-dot system. The fact that the deco
ence time is already;10210 s in the bulk, suggests that ver
long coherence times will be achievable.

Solid-state quantum computing clearly presents e
more daunting obstacles than merely coherent time evolu
of solid-state qubits. The problems that would need to
solved to control the entanglement of these quantum-H
qubits are similar to entanglement strategies for the cas
ng
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of Cooper pair box qubits.4 We believe that experimenta
study of the novel qubit proposed here, which occurs in
physical system that has already been achieved,12 could
make valuable contribution to the growing understanding
decoherence in solids.
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