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Abstract

Two novel algorithms for learning Bayesian network structure from data based on the
true slime mold Physarum polycephalum are introduced. The first algorithm called C-
PhyL calculates pairwise correlation coefficients in the dataset. Within an initially fully
connected Physarum-Maze, the length of the connections is given by the inverse correla-
tion coefficient between the connected nodes. Then, the shortest indirect path between
each two nodes is determined using the Physarum Solver . In each iteration, a score of
the surviving edges is increased. Based on that score, the highest ranked connections
are combined to form a Bayesian network. The novel C-PhyL method is evaluated with
different configurations and compared to the LAGD Hill Climber, Tabu Search and Simu-
lated Annealing on a set of artificially generated and real benchmark networks of different
characteristics, showing comparable performance regarding quality of training results and
increased time efficiency for large datasets.

The second novel algorithm called SO-PhyL is introduced and shown to be able to out-
perform common score based structure learning algorithms for some benchmark datasets.
SO-PhyL first initializes a fully connected Physarum-Maze with constant length and ran-
dom conductivities. In each Physarum Solver iteration, the source and sink nodes are
changed randomly and the conductivities are updated. Connections exceeding a prede-
fined conductivity threshold are considered as Bayesian network arcs and score of nodes
included in selected connections is examined in both directions. A positive or negative
feedback is given to conductivity values based on calculated scores. Due to randomness
in initializing conductivities and selecting connections for evaluation, an ensemble of SO-
PhyL is used to search the final best Bayesian network structure. First, a detailed analysis
of the influence of configuration parameters on learning quality of SO-PhyL is presented,
before the novel algorithm is compared to state of the art structure learning methods
using a set of artificially generated benchmark networks. Next, seven real benchmark
networks are used to further analyse the performance of SO-PhyL compared to other
algorithms. It is observed that SO-PhyL is a competitive structure learning method that
outperforms Simulated Annealing in most datasets, Tabu Search in some datasets and
even LAGD for specific networks.

A newly generated medical dataset collecting clinical parameters of liver biopsy proven
Non-alcoholic Fatty Liver Disease (NALFD) patients delivered from the Medical Univer-
sity of Graz is analysed using common feature selection and classification methods in
order to find novel biomarker candidates for NAFLD. Magnesium is identified as promis-
ing biomarker and is forwarded to medical experts where a mouse model is used to verify
the novel biomarker candidate. In addition, both Physarum based algorithms are used to
learn a Bayesian network structure from the NAFLD dataset to get deeper understanding
of parameter interactions.
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CHAPTER 1

Introduction

Technological progress over the last decades changed the way in which knowledge is dis-
covered and referred between and within generations by creating the ability of collecting,
processing and analysing a huge amount of data automatically by computer based sys-
tems. Learning is no longer only a process performed between human beings based on
their individual experiences. Automatic systems can be used to collect data for any spe-
cific task and algorithms are applied on this data in order to get insights and extract
knowledge from it that can thus be understood and used by human beings or passed
directly into another algorithm. Nowadays, the amount of assembled data is constantly
growing and is solicited to be analysed, which is a great chance to do a next big step
in technological evolution. Developing valid and useful methods to optimize knowledge
discovery in any thinkable way is one of the most challenging and important tasks for our
generation and will have major impact on further development of interaction between
humanity and information technology. These methods and models are used for example
to explain observations, understand them and, based on these understandings, predict
future events.

One of these models is called Bayesian network [159] which incorporates a broad spec-
trum of possibilities, for example explanation, classification and prediction. Bayesian net-
works are probabilistic graphical models represented by a directed acyclic graph (DAG),
modelling data by estimating probabilistic relations between data parameters and are
expatiated in Section 2.2. Further, the illustration of this probability model as a graphi-
cal network makes it more intuitive to be used by humans than other only mathematical
models. Nevertheless, learning a Bayesian networks from data representing the underly-
ing distribution of the dataset precisely is a very hard task, where exact methods have
shown to be NP-hard [53]. A set of different heuristic methods [41, 42, 1, 90, 91, 37]
has been introduced that showed adequate performance for most datasets but also come
with significant drawbacks. Most of these algorithms suffer from getting stuck in local
performance maxima and as by definition of heuristic methods, not all possibilities are
considered when searching the space of possible network structures. As this is impossible
to perform in foreseeable time, a possible improvement can be given to these methods
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by in either the way the search space is traversed or in the way the quality of network
structures is measured.

While researching novel concepts and methods, one can often find solutions already
existing in nature. No matter what outstanding technologies mankind has developed so
far, compared to creatures, concepts and methods evolution showed up with, technology
is still in its infancy. Fortunately, this offers the opportunity to copy solutions from
nature instead of developing them from scratch. Most times, this is part of development
processes in engineering. But also in computer science, there are many algorithms that
originate from observations made in biological processes as for example artificial neural
networks [133] that try to model brain processes by implementing interconnected neurons,
also called perceptrons. Another biologically inspired method in machine learning and
data mining area is the ant colony optimization algorithm [71]. The concept that ants
are marking paths between their nest and located food sources by emitting pheromones
along the path, which animates other ants of the same colony to follow the path, has
been mathematically formulated and applied to find shortest paths through a graph or
road maps.

A rather related biological mechanism has been observed by Nakagaki et. al. in 2000,
who showed that the true slime mold Physarum polycephalum is able to find the shortest
path through a maze [152]. In previous experiments, Nakagaki and colleagues observed
that Physarum polycephalum is reforming its shape in response to food sources. The for-
mer sponge like body of the plasmodium reforms itself to a tubular system transporting
sol once food sources are reached by spreading plasmodium. The food sources are covered
by the sponge part of the slime mold and if more food sources exist, they are connected
by a single tube along the shortest possible path between the food sources. Based on the
primary founding, Nakagaki et. al. developed a maze that is fully covered by Physarum
polycephalum and placed food sources at the entry and the exit. They discovered that
after a few hours, the slime mold has disappeared in all dead end paths and only a single
tube remained connecting the sponge sections at entry and exit food sources along the
shortest path through the maze. The mathematician Athushi Tero and his colleagues de-
veloped in contribution with Nakagaki a mathematical model of Physarum polycephalums
behaviour, called Physarum Solver , and showed that it acts in the same manner as the
real organism does [194, 195]. Since publication of this model, huge research interest has
been given to applications using the Physarum Solver especially for shortest path finding
problems (also referred to as Travelling Salesman Problem) first defined in 1930 by Karl
Menger. The fact that the NP-hard [108] Travelling Salesman Problem can be solved
more efficiently by using the Physarum Solver motivated the application of Physarum
Solver to the also NP-hard problem of learning Bayesian network structures. While the
ant colony optimization algorithms have already been successfully applied to the problem
of learning Bayesian network structure from data [64], to the best of the authors knowl-
edge, this is the first time that a concept based on Physarum polycephalum or a method
using the Physarum Solver is applied to learn Bayesian network structure from data.

Overview This thesis addresses the question if the mathematical model based on the
slime mold Physarum polycephalum can be used to learn the structure of Bayesian net-
works from data by introducing two novel concepts of integrating Physarum Solver into
a Bayesian network structure learning process.
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Chapter 2 provides background information about Physarum polycephalum and in-
troduces basic concepts of the Physarum Solver . Further, an introduction is given to
probabilistic graphical models, Bayesian networks and how they can be learned from
data. Lastly, additional relevant methods are explained, benchmark datasets are for-
mulated and development environment used for experiments performed in this thesis is
described.

In Chapter 3, a correlation based approach called C-PhyL using the Physarum Solver
to learn Bayesian network structure is introduced, different parameter settings are eval-
uated and learning performance is measured by comparing the novel algorithm to state
of the art methods. A conclusion and a discussion are given at the end of this chapter.

Next, another novel algorithm called SO-PhyL is provided using a score optimization
technique based on an updated version of the Physarum Solver in Chapter 4. First, the
method is described and algorithms are presented. Next, parameters influencing SO-
PhyL are studied carefully before comparing the newly developed algorithm to state of
the art methods by learning structures of different benchmark datasets. Again, a brief
conclusion and discussion are given at the end of this chapter.

Further, a medical dataset that has been retrieved from project partners of this thesis
at the Medical University of Graz (MUG) is analysed in Chapter 5 to detect possible
biomarker candidates for the Non-alcoholic Fatty Liver Disease (NAFLD). Also, the two
new structure learning algorithms presented in this thesis are used to learn a Bayesian
network structure to get insight in relations of biomedical parameters related to NAFLD.

Finally, Chapter 6 provides a more detailed discussion of both algorithms and possible
directions for future work before Chapter 7 finally summarizes results.
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CHAPTER 2

Material

2.1 Physarum Polycephalum

2.1.1 Biological background

Physarum polycephalum belongs to the superclass of Myxomycetes, also referred to as true
slime molds. Together with the cellular slime molds they form the group of Mycetozoa [45].
Physarum polycephalum is conspicuously pigmented in yellow or orange (for examples see
Figure 2.1) and does not perform photosynthesis. The vegetative nutrition consuming

Figure 2.1: Different examples of Physarum polycephalum in wild life. Images: Thomas
H. Kent [109]

stage of the Physarum’s life cycle is called plasmodium and consists of a single amoeboid
like cell with multiple diploid nuclei where all nuclei divide at precisely the same time.
The plasmodium can grow up to a size of several centimetres and preferably grows on
wet ground, rotting leaves and logs.

Once the source of nutritions is exhausted or the Physarum’s habitat desiccates, the
plasmodium stops growing and differentiates to stages of its live cycle that allow repro-
duction. First, sporangia are built that often have a stalk. Inside the sporangia, several
haploid sporocytes are built via meiosis until they are released. Once life conditions got
better again, the spores germinate and develop to amoeboid or flagellated cells. Pairs of
equal types of these cells combine to diploid zygotes by syngamy. The zygotes grow to a
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plasmodium by repeating mitosis of their nuclei or by melting with other zygotes which
closes the life cycle.

The body of the plasmodium is built of a network of tubular channels efficiently trans-
porting nutrients and chemical signals through the organism [152, 146]. These tubes are
built of actin-myosin fibers and are surrounded by a ”sponge” section including dis-
tributed actin-myosin fibers where the protoplasmic sol flows in and out [194]. The sol
is streamed through a complicated network of tubes within the organism. Therefore, the
composition of the tube network has high influence on the transportation of information
and materials. The ability of adapting this network system in response to external condi-
tions by disassembling or reassembling tubes over time enables the organism to optimize
the flow of sol in a changing environment. Further, tubes transporting a high amount of
sol widen over time, whereas tubes with less flow shrink and tend to disappear [153].

The transportation of sol is driven by variation of hydrostatic pressure along the tubes
[195]. The hydrostatic pressure that streams protoplasm through the tube is caused by
rhythmic contractions [154]. If sol is flowing in a given direction for a certain period, the
tubular structure is formed in that direction as the actomyosin fibers that are arranged
along the length of the cortex of the tube are oriented by the Stretch-Activation-Effect1

[107, 142]. Tero et. al. [195] hypothesized, that the shear stress developed by fast flowing
(1mm/sec) protoplasm induces a stretching effect that leads to regular orientation of
the actomyosin fibers of the tubes. This ongoing stretching force widens the tube with
sufficient flux. In a wider tube, resistance to the flow of sol decreases what in fact leads
to an increase of flux in the tube. That means, the network has the ability to adjust its
tubular system to variations of flux by giving positive feedback.

Rhythmic contractions with a period of two minutes [195] are exhibited by the actin-
myosin fibers of the sponge section, exerting pressure on the protoplasmic sol and pushing
it into the tube. The sol flows through the tube until it flows out into the sponge
section at the other end of the tube. Please note that the direction of the flow changes
periodically. Experiments by Nakagaki et. al. [153, 150] showed that when applying food
sources (oak flakes) to the plasmodium, the slime mold grows around the food sources
and disappears elsewhere. When several food sources are present, Physarum polycephalum
keeps them connected by a single tube transporting sol between the food source areas.
As the direction of the flow of sol changes periodically and sol flows between the food
sources, at any time, one food source can be seen as source of the sol and the one at the
end of the tube can be seen as sink of the sol [195]. This assumption is very important for
building a mathematical model of the network dynamics as further described in Section
2.1.3.

2.1.2 Maze-solving by Physarum polycephalum

Nakagaki et. al. examined network dynamics of Physarum polycephalum at the turn of the
millennium, where they showed that oscillatory reaction-diffusion type equations can be
used to model cellular activities of the plasmodium [153, 139, 193, 135, 151, 210]. Former,
Babloyantz and Sepulchre [178, 177] computationally showed that a simple network of
non-linear oscillators is able to navigate in a complex geometrical system like a maze.

1Stretch-Activation-Effect: When stretching randomly oriented fibrous molecules, they tend to reori-
ent in the direction of the stretching force.
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(a)

α1

α2

β1
β2

FS
FS

(b)

Figure 2.2: Schematic view of the maze used by experiments of Nakagaki et. al.. a)
Configuration of the maze, b) The green lines show the possible paths through the maze
connecting the two applied food sources (FS). The path forks at two points: First either
way α1 or α2 can be chosen and second, either way β1 or way β2 has to be picked.

Therefore, Nakagaki supposed that the plasmodium of Physarum polycephalum is also
able to solve a maze [152].

They cut a negative pattern of the maze shown in Figure 2.2a out of a plastic film and
placed it on an agar plate as the plasmodium avoids growing on the dry surface of the
plastic film. After that, they cut off several small pieces of a cultured plasmodium and
distributed them equally within the maze. After a few hours, the plasmodial pieces spread
and coalesced to a single organism that covered the complete maze. In the following, oat
flakes where placed to serve as food sources (FS) at two specific points in the maze to
simulate the start and end point, see Figure 2.2b. The green lines in Figure 2.2b illustrate
the possible paths through the maze connecting the two food sources. The solution path
first forks into subpath α1 and α2 and then bifurcates another time to subpath β1 and
β2. Original measurements of Nakagaki et. al. [152] showed that subpath α2 (33± 1mm)
is clearly shorter than path α1 (41 ± 1mm). In contrast, the paths β1 (44 ± 1mm) and
β2 (45 ± 1mm) share nearly the same length. Therefore, the shortest path between the
two food sources is via α2 and either β1 or β2. Please note that Figure 2.2 only shows
the layout of the maze and it’s scale may not be in precise accordance with the original
maze.

The initial experimental set up can be seen in Figure 2.3a, where the plasmodium
illustrated in yellow has crowd in each path of the maze. At time t = 0, two food
sources are placed as described above. The slime mold is initially built of sponge sections
with only very short and thin tubes. Nakagaki et. al. call this composition of the
slime mold “sheet-like plasmodium”. Only four hours after applying the food sources,
the plasmodium retired from dead ends, see Figure 2.3b. In the food source areas, the
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FS
FS

(a) Initial

FS
FS

(b) After 4 hours

FS
FS

(c) After 8 hours

Figure 2.3: Maze-solving by Physarum polycephalum on basis of the figures presented
by Nakagaki et. al. [152] . The plasmodium is illustrated in yellow. a) Initially, the
slime mold covers the complete maze. b) Four hours after placing the food sources, the
plasmodium disappeared in the dead ends of the maze. c) Another 4 hours later, the
slime mold remained only at the shortest path by way of α2 and β1.

plasmodium grew and covered the food sources whereas the structure of the plasmodium
that connected the food sources changed to build single thick tubes at the four possible
connections α1, α2, β1 and β2. Another four hours later, only the tube at the shortest path
by way of α2 and β1 survived (Figure 2.3c). Nakagaki et. al. repeated this experiment
several times [152], where each time the shorter path α2 survived and α1 disappeared. The
paths β1 and β2 have been selected equally often where in some runs, both connections
where still present after eight hours. Nakagaki et. al. assumed that the difference in
length between β1 and β2 is lost in the windings of the tubes. Nakagaki explains the
reason for shrinking dead ends and developing a single thick tube connecting the food
sources as follows:

“The addition of food leads to a local increase in the plasmodium’s contrac-
tion frequency, initiating waves propagating towards regions of lower frequency
[167, 128, 140, 151, 210], in accordance with the theory of phase dynamics
[120]. The plasmodial tube is reinforced or decays when it lies parallel or per-
pendicular, respectively, to the direction of local periodic contraction [154]; the
final tube, following the wave propagation, will therefore link food sites by the
shortest path.” (Toshiyuki Nakagaki in [152])

It remains to be noted that in some rare cases no path survived at all, meaning that the
organism has split into single plasmodia at each food source.

2.1.2.1 Further investigations

In the following years, Nakagaki et. al. further investigated the behaviour of path finding
by Physarum polycephalum by using different shapes [153, 146, 150, 149]. The procedure
of placing several pieces (cut from a plasmodium) into the shapes, allowing the plasmod-
iums to grow and coalesce, applying food sources and investigating the changes of the
plasmodium, remained constant. However, they showed that the plasmodium only finds
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(a) Covered ring shape

FS FS
θ

(b) Shortest path

Figure 2.4: Schematic view of the ring shape used by Nakagaki et. al. [153]. a) The ring
shape is initially covered by the plasmodium illustrated in yellow. b) Four hours after
the nutrients have been applied, the food sources are connected by one thick tube at the
shortest path.

the shortest path if the initial composition of the plasmodium is of sheet-like structure
and no major tubes have been developed so far [153]. To investigate the tube selection be-
tween two food sources, a simple ring shape has been used, see Figure 2.4a. The distance
was systematically varied by changing the angle θ by which the food sources are placed in
the ring with respect to the center of the circle as shown in Figure 2.4b. For adjustments
with θ = 90◦ and θ = 135◦, the shorter path is always selected [153] (for experiments
where exactly one path survived). For an angle of θ = 160◦, the distance between the
two pathways gets very small and the probability of survival of both paths increases.
Therefore, Nakagaki et. al. concluded that the plasmodium can find the shortest path
only within a certain precision.

2.1.2.2 Relation between tube formation and amount of food

Another interesting discovery is that the vein selection is affected by the amount of
applied food [153, 145]. When increasing the amount of food for arrangements with
θ = 90◦, the number of tubes connecting the two points decreases. When the food is
limited, two veins exist more often but when excessive food is available, there are often
no tubes meaning the organism has divided into two individuals. From an evolutionary
point of view, this behaviour totally makes sense. When food is available only rarely,
the organism keeps connected to both food sources. In a case where one food source is
exhausted, the organism is still connected to another one and continues to live. On the
other hand, when enough food is provided, the organism splits into individuals to avoid
wasting energy by maintaining a connecting tube and transporting sol from one end to
the other. Further, Nakagaki et. al. reported that the amount of food also affects the time
scale of vein rearrangement as the plasmodium first covers the food source completely
before extending from the food sites. Therefore, also dispersion of the food sources is
a determining factor of how the tubes are developed when keeping the concentration of
food constant.
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(a) 3 food sources (b) 6 food sources (c) 7 food sources (d) 12 food sources

Figure 2.5: Arrangement of different numbers of food sources based on the illustration
presented by Nakagaki et. al. [150], where black dots indicate the food source positions.
The red line indicates the networks of the Minimum Spanning Tree (MSP), the green
lines show Steiner’s Minimal Tree (SMT) and the blue networks show the Delaunay
Triangular Network (DTN) respectively. a) Equilateral triangle with 3 food sources. b)
Two adjoining squares containing 6 food sources. c) Irregular arrangement of 7 food
sources. d) Regular duodecagon with a food source at each bend.

2.1.2.3 Applying multiple food sources

In 2004, Nakagaki et. al. extended the experimental set-up by applying more than two
food sources to the plasmodium [150, 144] and showed that the network geometry meets
all the requirements of a smart network: close connections between all branches; a short
total length of the tubular system and tolerance to accidental uncoupling of tubes [150].
In order to examine the rather smart strategy of the plasmodium, they studied the de-
velopment and formation of the tubular system within different arrangements of multiple
food sources as shown in Figure 2.5 and compared them to three mathematically well
defined methods: Minimum Spanning Tree (MST) [119, 163], Steiner’s Minimal Tree
(SMT) [54] and Delaunay triangulation network (DTN) [68]. The network of MSP is
drawn in red, SMT in green and DTN in blue for each of the settings shown in Figure
2.5.

To evaluate the shapes of the tube networks, the average degree of separation (AS),
fault tolerance (FT) and the total length of the tubular system have been measured and
compared. An introduction and theoretical background to these methods can be found
in literature of adaptive self-organizing networks [190, 29, 207, 22]. When applying these
measures to plasmodium networks, the degree of separation is defined as the number of
food sources that are passed by the shortest path between two given food sources. The
degree of separation is set to zero if the two food sources are directly connected to each
other. The fault tolerance (FT) is the probability that the organism is not fragmented if
a tube is accidentally disconnected at a random point of the tube. As the probability of
accidentally disconnecting a tube grows with the length of the tube, a combined index
FT/TL has been used to measure the ratio of benefit to cost [150, 144]. It is known, that
MST and SMT have short TL and low FT while DTN has higher FT but also increased
TL (blue networks in Figure 2.5).

For the triangular configuration with three food sources as shown in Figure 2.5a, the
shape of the surviving tubular network varied considerably on the set of several individ-
ually tested agar plates. But in all cases, the three food sources remained connected by
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only a few thick tubes. Comparing the AS and FT/TL values, it can be seen that the
physarum solutions have constantly high FT/TL comparable to DTN and also lowest
AS values, indicating a very effective network. In most cases, the resulting network was
a kind of mixture between SMT and DTM [144]. As for almost all experiments with
the triangle arrangement, the junction of the connecting tube lay within a 5% boundary
around the Steiner point. Further tests have been performed but showed that the plas-
modium does not seek the exact Steiner point. The fact that TL was kept short leads to
the assumption that the organism makes a good approximation of SMT by searching for
the shortest connecting paths.

For biologically more complex arrangements with six, seven and twelve food sources as
shown in Figure 2.5b-2.5d, again only a few thick tubes remained that connected all food
sources. The mentioned beneficial properties of a network with low AS and high FT/TL
were especially clear for those arrangements with a higher number of food sources. Thus,
Nakagaki et. al. [150] concluded that the organism forms a sophisticated transportation
network that has a better configuration than the network built by Steiner’s minimum
tree. To summarize, they established two empirical rules describing the formation of the
plasmodium when food sources are applied [150, 144]:

1. Open ended tubes are likely to disappear.

2. When two or more tubes connect the same two food sources, the longer tubes tend
to disappear.

Please note, that the second rule is only applicable assuming that enough food is provided.
As already mentioned, the number of surviving tubes is decreasing with increasing amount
of food.

2.1.3 Physarum Solver : A mathematical model of maze-solving
by Physarum polycephalum

In 2005, Nakagaki collaborated with Atsushi Tero and Ryo Kobayashi from the Depart-
ment of Mathematics and Life Science at Hiroshima University to develop a mathematical
model of the maze-solving mechanism of Physarum polycephalum [194, 195]. Tero et. al.
described their model by using the maze introduced by Nakagaki et. al. (Figure 2.2a),
where each intersection and each end in the maze is represented as node and denoted by
Ni. The two special path ends where the food sources have been placed in the original
experiments are called Source Node N1 and Sink Node N2. As already mentioned in the
previous section, the direction of sol flowing between two food sources reverses period-
ically. Therefore, at each time, one food source can be seen as a source of sol and the
other one as a sink of sol. As the direction of sol flow is not crucial to the dynamics of
the mathematical model, Tero et. al. defined one food source as source and the other one
as sink. Figure 2.6 shows the graph of the maze where nodes are indicated by squares
and the two special food source nodes are indicated by stars. A tube connecting two
nodes Ni and Nj is referred to as section Mij. Please note that the equations and as-
sumptions made in the remainder of this section have all been introduced by Tero et. al.
[194, 195, 198, 149].
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Ni

N1 N2

NjMij

Figure 2.6: Nakagaki’s maze illustrated as graph like introduced by Tero et. al. [194, 195].
The source node N1 and sink node N2 are indicated by stars. Ordinary nodes Ni are
indicated by squares. The path connecting two nodes Ni and Nj is referred to as Mij

The flux from Ni to Nj through Mij is expressed by variable Qij. Tero et. al. assumed
that the flow along the tube is approximately a Poiseuille flow [191] and can therefore be
expressed as

Qij =
πα4

ij

8κ

pi − pj
Lij

(2.1)

where Lij is the length between node Ni and node Nj. Variable αij denotes the radius of
the tube corresponding to the edge Mij and κ is the viscosity coefficient of the sol. The
pressure at node Ni is given by pi and the pressure at node Nj by pj, respectively. To
integrate the constants into a single variable, the conductivity variable Dij is defined as

Dij =
πα4

ij

8κ
. (2.2)

and is the inverse of the resistance of the tube per unit length. Therefore, Equation 2.1
can be rewritten as

Qij =
Dij

Lij
(pi − pj). (2.3)

As the nodes are only abstraction units used to formulate a mathematical model, it can
be assumed that the sol capacity of a node is zero. Hence, these nodes cannot absorb sol
(apart form the source and sink node). Additionally assuming that the tubes itself do
not push sol into surrounding sponge sections, but transport the complete sol from one
node to the other, Kirchhoff’s conservation law of sol can be considered. Therefore, the
total flux at an ordinary node Ni can be written as∑

j

Qij = 0 (j 6= 1, 2) (2.4)
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and the total flux for source node N1 and sink node N2 is given by∑
i

Qi1 + I0 = 0 (2.5)

and ∑
i

Qi2 − I0 = 0. (2.6)

where I0 is the flux that flows from the source node to the sink node. It is kept constant
throughout the process. In other words, I0 is the amount of food that is absorbed by the
organism from the food source.

In Section 2.1.2, the adaptive network dynamics of widening tubes with a high flux
and shrinking tubes with low flow of sol have been introduced. From a more abstract
point of view, one can say that these modifications do change the conductivity of the
tubes over time. Hence, Tero et. al. proposed the following adaptation equation for the
evolution of Dij(t):

d

dt
Dij = f(|Qij|)− rDij (2.7)

where r is a decreasing rate constant of the tube. The length of the tubes has been kept
constant. Therefore, all network dynamics over time are modelled by Equation 2.7. As
can be seen easily, the conductivity of the tube disappears over time if there is no flux
in the tube. Two types if monotonically increasing continuous function f(Q) satisfying
f(0) = 0 have been supposed:

f(Q) = mQµ (2.8)

f(Q) = δ
( Q
Qh

)µ

1 + ( Q
Qh

)µ
(2.9)

where the exponent µ has to be positive. The function of Equation 2.9 is motivated by
the previously noted observations that the formation of tubes is dependent on the amount
of provided food, represented by variable I0, and also by the assumption that there is a
maximal value for the tube diameter that constrains the conductivity.

The constants m, δ and r (Equation 2.7) can be resolved by taking a characteristic
magnitude of I0 and taking a characteristic conductivity D̄ so so that the relation f(I0)−
rD̄ = 0 holds [195]. Considering the dimensionless variables and functions, the model
equation becomes

d

dt
Dij = f(|Qij|)−Dij (2.10)

and the two types of f(Q) derive as

f(Q) = Qµ (2.11)

f(Q) =
(1 + α)Qµ

1 + αQµ
(2.12)

where α = ( I0
Qh

)µ. Detailed calculations of removing dimensions from the model equation

are given by Tero et. al. [195]. The network partial differential equation, where the
left hand side is a non-uniform discrete Laplacian of the pressure p can be derived from
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Equations 2.3, 2.4, 2.5 and 2.6 as follows:

∑
i

Dij

Lij
(pi − pj) =


−I0 for j = 1
+I0 for j = 2
0 otherwise

(2.13)

The pressure p2 of sink node N2 is set to zero as basic pressure level. Therefore, all
pressures can be calculated with Equation 2.13 and each flux can be determined by
solving Equation 2.3. Please note that the disappearance of a tube is expressed by a
conductivity value of zero.

Next, Tero et. al. investigated the asymptotic behaviour of their system for a given
function f(Q) with different parameters and tested if their model would solve the maze
of Nakagaki in the same manner as the plasmodium of the real slime mold does. The
graph of Equation 2.11 and 2.12 is printed in Figure 2.7 to illustrate different behaviour
for different values of µ.For f(Q) = Qµ, the value of µ can be any positive number where

the function becomes linear for µ = 1. For f(Q) = (1+α)Qµ

1+αQµ
, the parameter µ has to be

in the range of µ > 1 to get a sigmoid profile as shown in Figure 2.7b and parameter α
needs to be positive.

1

μ > 1

μ < 1

f(Q)

Q10

(a) Graph of Equation 2.11

1

10

1+1/α

μ > 1

Q

f(Q)

(b) Graph of Equation 2.12

Figure 2.7: Plot of functions for f(Q). Note that as by definition of dimensionless
functions, f(1) = 1. a) Function of Equation 2.11 with µ > 0. b) Sigmoid curve of
Equation 2.12 with µ > 1 and α > 0.

Each length Lij of edges Mij has been set with respect to measurement of the original
maze shown in Figure 2.2a. The initial conductivities Dij have been randomly set in
a range of Dij = [0.5, 1.0] and are equally distributed. In all simulations done by Tero
et. al., paths with a dead end vanished first, further referred to as dead end cutting.
Meaning that the immediate state, where only the four paths α1, α2, β1 and β2 survive
(Figure 2.3b), is always observed. Tero et. al. further reported that dead end cutting is
completed already at time step t = 5 [195]. The next paragraphs provide a short overview
of the results obtained with different parameter configuration. Detailed simulation results
are given in ”A mathematical model for adaptive transport network in path finding by true
slime mold” [195].

Simulations with f(Q) = Qµ:

Case µ > 1: Rapid dead end cutting has been observed while the three short so-
lution paths connecting food sources with the α and β paths always survived and their
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conductivity quickly increased. Path α1 always survived when the initial values of Dij

are initialized almost uniform. Either path β1 or β2 survived dependent on which of their
initial conductivity was bigger. In some simulations where the initial conductivity of α2

was sufficiently larger than the one of path α1, α2 could survive instead of α1. Tero et. al.
also reported, that the choice between competing paths is made faster if the value of µ
increases. To summarize, in the final state, only one paths survives and the choice of this
path is dependent on the initial values of the randomly set conductivities.

Case 0 < µ < 1: When setting µ in the range of ]0, 1[, the final state of the maze
is totally different: all of the four paths α1, α2, β1 and β2 survive! Therefore, the final
state is the same no matter what value of µ is chosen and how the initial conductivities
are set. But the final conductivities of the paths are different, where the shorter path
of α2 achieves higher conductivity than α1. A bunch of simulations showed that the
convergence to the finals state is faster if the parameter µ is taken smaller.

Case µ = 1: As already mentioned, in the special case µ = 1, function f(Q) = Qµ

becomes linear. While dead end cutting is performed similar to the case where µ > 1,
the shortest path is always selected in the final state. Different to µ > 1, the final
state is always the shortest path, independent from the initial values of the
conductivities! But the convergence to the final step takes more time steps than needed
in previous cases.

Summery: Tero et. al. suggested to use µ as follows:

1. If one wishes to reach a quick acceptable solution, use µ > 1

2. If the aim is to get all solution paths, use 0 < µ < 1

3. If the shortest path is searched, use µ = 1

Simulations with f(Q) = (1+α)Qµ

1+αQµ
: As f(Q) always requires a value of µ > 1 to build

a sigmoid curve, the value of α has been examined in these simulations. Keeping the
value of α small, leads to a behaviour similar to the previously presented case of µ > 1
with f(Q) = Qµ where only one of the possible solution paths survived. Setting high
values of α instead, all competing paths can survive until the final state. Please note
that definition of ”high” and ”small” α values depends on the maze under study. If using
intermediate values for α, not only the smallest path survives, but also not all paths
remain in the final state.

To perform detailed mathematical convergence analysis, Tero et. al. used the more
simpler ring shape introduced in Section 2.1.2.1 and a T-shaped graph [195] not presented
in this thesis. In all experiments, the behaviour of the real plasmodium could be correctly
simulated. It could therefore be assumed, that Tero’s model is a good approximation of
the behaviour of the real slime mold. In the following years, it was mathematically
proven that the Phaysarum Solver can find the shortest path in a general planar graph
[136, 137, 36].
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2.1.3.1 Multiple food source model

The Physarum Solver as introduced in the previous section has been shown to perform in
the same manner as the true slime mold does when applied to any kind of maze with two
food sources [194, 195]. In 2008, Tero et. al. introduced a slightly updated variation of the
Physarum Solver that is able to deal with more than two food sources [198]. First, they
introduced a new growth function f(Q) reflecting the saturation of the tube diameter
but is simpler than Equation 2.12:

f(Q) =
Qµ

1 +Qµ
(2.14)

It has been observed that the tube growth is less sensitive to flow changes when the
difference in pressure is small [198]. To consider these observations, µ > 1 is used in
Equation 2.14 to get a sigmoid curve. In experiments with two food source, it was
assumed that the sol flows from one food source to the other as the plasmodium changes
the direction of the flow periodically and the mathematical model equations hold in
either direction. But calculating a model with more than two food sources requires to
know which are sources and which are sinks in order to form the model equations of
flux, pressure and conductivities. To overcome this rather complicated calculations, Tero
et. al. supposed that only one source and one sink node exists at each time step t. Hence,
the model defines a food source Ni as sink randomly at each time step. A corresponding
food source Nj is then randomly defined as source with probability

P (Nj = Source) =
dβij∑
k 6=i d

β
ik

(2.15)

where β is a positive constant, k indexes the set of food source nodes and the distance
between node Ni and Nk is given by dik. This means that the food source node with
the highest distance to the previously randomly selected sink node is most likely to be
selected as source node.

Experiments with three food sources reproduced the same variety of network shapes
as the real plasmodium, reported in Section 2.1.2.3. The different shapes could be re-
produced by varying parameters I0, µ and β. The impact of I0 partly agrees with the
observation of the real organism by increasing the number of edges with increasing I0.
This is also observed for the real organism, but with an increasing amount of food, the
slime mold starts dividing itself into smaller parts as observed by Nakagaki et. al., which
is not modelled in the Physarum Solver . Also, a network shape similar to the Steiner
minimum tree [54] could be observed. The value of parameter µ was chosen such that
the model fits the appropriate experimental results. Hence, there is no exact parameter
configuration that can be applied to any network. This is not surprising, as the solutions
of the real organism also varies. Setting the parameters strongly depends on what the
model is supposed to produce. But even then, the parameter configuration for different
networks and number of food sources are different [198]. Next, the network indicators TL
and FT have been compared to the networks created by the real organism and demon-
strated that there is good agreement. Hence, the model successfully reproduces network
arrangements of the real organism.
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2.1.4 Physarum polycephalum : Related Work

In one of their key papers, Tero et. al. applied the Physarum Solver to navigation of
road map of the US interstate highways [194]. They planned a car trip form Seattle
to Houston and used the Physarum Solver to find the shortest route. Further, they
simulated a road barrier between Oklahoma City and Dallas and reran the Physarum
Solver to find the shortest path from their actual position at Salt Lake City. This work
clearly demonstrated that the Physarum Solver can be used for navigation systems. In
2010, Tero et. al. also applied the Physarum Solver to the Tokyo rail network [197]. A
lot of work has been published in the last few years applying the strategy of Physarum
polycephalum to real world transport networks [206, 189], especially by Adamatzky et. al.,
who simulated motorways of several countries [14, 10, 16, 17, 8, 11, 18, 6, 19, 9, 7, 15].

Further research interest concentrated on examining how Physarum polycephalum
solves the Steiner Problem [185, 196, 149, 103]. Miyaji et. al. started to investigate
the theoretical and mathematical background in 2007 [136]. Thenceforth, detailed con-
vergence analysis and mathematical examinations have been done to prove that Physarum
polycephalum can find shortest paths and how this task is solved [137, 138, 40, 103, 36].
Johannson et. al. introduced a solver of linear programming problems based on these
mathematical analysis in 2012 [106].

Another interesting research field used Physarum polycephalum as a biological com-
puting unit, called Physarum Machines and showed that these machines have potential
for designing novel computing devices [201, 5, 3, 4, 12, 13]. In addition, physarum strat-
egy has been applied to a lot of different application fields. Song et. al. for example,
successfully applied Physarum polycephalum to the minimal exposure problem in wireless
sensor networks [184]. Nakagaki et. al. showed in 2007 that path finding of Physarum
polycephalum is sensible to light [148], Masi et. al. used the strategy for decision mak-
ing [127] and Reid et. al. recently succeeded in solving the Towers of Hanoi by using
the Physarum Solver [166]. Finally, in 2012, Siriwardana et. al. further improved the
Physarum Solver by integrating shuttle streaming and showed that their method is 40-
11650 faster compared to Tero’s Physarum Solver [182].

A detailed study of biological background is given by Goodman [93] where information
regarding maze-solving and Physarum Solver can be found in review articles by Nakagaki
et. al. [149, 147].
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2.2 Bayesian networks

2.2.1 Fundamentals: Probabilities and Bayes’ Rule

The term ”Probability” is often used in everyday life. In weather forecasts for example,
we are given a value for the probability that it will rain tomorrow. Or we say that the
probability to get that awesome job is very low. Usually, when people talk about prob-
ability, their intention is to communicate a feeling on how probable it is that something
will happen. This enables the listeners to estimate the certainty of the event and plan
further steps. For example, if I organize a dinner with my friends and I ask them to
come, a friend may answer that he can probably take part. At this point, he is not
certain about coming to the dinner as he might has to check the date in his organizer
or he may ask his wife first. Therefore, he doesn’t appeal to my invitation but gives me
an evidence that it is more probable that he will come than not. In social live, these
uncertain statements are very important for interaction and communication. If my friend
first accepts my invitation and cancels it later, I might be disappointed. But with saying
that he will probably come, the option that he can’t come is still valid and I can adapt
myself to that case. It’s the same with weather forecasts, when given a forecast that it
will not rain tomorrow, I believe that it will be dry and I won’t take an umbrella to work.
I might be really upset if it rains anyway and I get wet on my way home. By giving me
probability of 20% that it will rain, I know that in two out of ten times, it rains and I
take my umbrella with me precautionary.

When talking about probability in a mathematical or statistical manner, the term has
to be defined more precisely. Please note that notations and definitions of the following
sections are based on Nir Friedman and Daphne Koller’s excellent text book Probabilistic
Graphical Models [114]. First, we have to formally define the events we want to assign
a probability to. We denote the space of possible events by Ω. In a case where we are
examining the outcome of rolling a die, the possible events might be Ω = {1, 2, 3, 4, 5, 6}.
Further, we define the set of measurable events S, where each event α ∈ S is a subset of
Ω. In our die example, a possible set S can be the subset of odd numbers S = {1, 3, 5}.
Koller and Friedman [114] defined the probability distribution as follows:

Definition 1 A probability distribution P over (Ω, S) is a mapping from events in S to
real values that satisfies the following conditions:

• P (α) ≥ 0 for all α ∈ S

• P (Ω) = 1

• If α, β ∈ S and α∩β = ∅ then P (α∪β) = P (α)+P (β) where ∅ is the empty event

The first two conditions state that the probability value is in the range of zero and one,
where P (α) = 1 means that it is guaranteed that event α occurs and if P (α) = 0, event
α is impossible. Condition three says that the probability that either event α or event β
occurs, is the sum of the probabilities P (α) + P (β) (if α and β are mutually disjoint).

When investigating real world distributions, events are often not independent. In
these cases, the knowledge of the probability of event α changes our belief of event β.
Consider a distribution over a population of students. Let event α denote students with
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grade A, event β denote students with high intelligence and let the set of intelligent
student who got grade A be α ∩ β. Once, evidence of event α changes, meaning that
the state of α is known, we can update our belief of β by calculating the conditional
probability which is defined as

P (β|α) =
P (α ∩ β)

P (α)
. (2.16)

Equation 2.16 states that the probability of β when α is known, can be calculated by
dividing the probability that α and β is true by the probability of α. Rewriting the
definition of the conditional probability directly leads to chain rule defined as

P (α ∩ β) = P (α)P (β|α) (2.17)

and in the more general form for events α1 . . . αk:

P (α1 ∩ · · · ∩ αk) = P (α1)P (α2|α1) . . . P (αk|α1 ∩ · · · ∩ αk−1). (2.18)

As by definition α ∩ β is equal to β ∩ α, it follows from Equation 2.17 that

P (α)P (β|α) = P (β)P (α|β) (2.19)

and therefore the definition of Bayes’ rule [32]

P (α|β) =
P (α)P (β|α)

P (β)
(2.20)

which allows to calculate the conditional probability from the known reverse conditional
probability.

Until know, only probabilities of events have been considered. But to handle problems
in a more mathematically manner, attributes that can have different values are more
adequate. With respect to the previously introduced student example, the event that
a student got grade A can also be modelled by an attribute Grade that has value A.
Clearly, using an attribute is more flexible as other nodes could also be applied to Grade.
Therefore, the probability P (GradeA) can be rewritten as P (Grade = A). Generally,
attributes and their outcomes are referred to as random variables. Formally, a random
variable is defined by a function that associates each outcome of Ω with a value. Further,
random variables will be denoted by upper-case letters and their values are referred to by
lower-case letters. Sets of random variables are denoted in boldface. Let X be a random
variable, then the values of X are given by x1 . . . xk where k ∈ |V al(X)|. The distribution
over a random variable (also called multinomial) is defined by

k∑
i=1

P (X = xi) = 1. (2.21)

Clearly, as variable X is defined by values xi, the sum of the probabilities of xi has
to be one. The distribution over events described by X is called marginal distribution
and denoted as P (X). As the marginal distribution indicates the knowledge of a ran-
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dom variables before observing any other random variables or events, it is also called
prior knowledge. The already introduced conditional probability is also valid for random
variables and Baye’s rule is given by

P (X|Y ) =
P (X)P (Y |X)

P (Y )
(2.22)

respectively.
In some cases, the probability of events from more than one random variable is in-

vestigated. The joint distribution over a set of random variables X = {X1 . . . Xn} is
expressed by P (X1, . . . , Xn).

Previously, we considered that observing an event β can update our belief of event
α if the events are somehow influencing each other. We then expect P (α|β) 6= P (α).
In other situations, where learning about β does not change our belief in α, meaning
that P (α|β) = P (α), the events are called independent. Consider for example the two
independent events ”color of my car” and ”get injured while playing soccer”. When
observing that my car is blue, no further knowledge of probability to get injured while
playing soccer can be retrieved and these two events are obviously independent.

Definition 2 Independence of event α and β in a distribution P is denoted by P |= (α ⊥
β) and holds if and only if either P (α|β) = P (α) or P (β) = 0.

If two events are by itself not independent when observed in isolation, but become inde-
pendent when observing an additional third event, it is called conditional independence
[61, 62]. For example, consider a graduate who is actually applying for a job and sup-
pose that the events of interest are getting a job at Google and getting a job a Apple.
These two events are independent in most reasonable distributions. But learning that the
graduate student got a job at Google updates our belief of how good her programming
skills are as we assume that Google only hires excellent students. Indeed, we assume
that Apple also hires great programmers, only. Hence, we can increase the probability
of getting a job at Apple. Let’s further suppose that both Apple and Google base their
decisions only on the final grade of the student. Once the grade is known to be A, the
fact that the student got a job at Google does not change our belief of getting a job at
Apple any more. In this case, Apple is conditionally independent of Google given grade
A. The formal definition is given by Koller and Friedman [114].

Definition 3 An event α is conditionally independent of an event β given γ in P , denoted
P |= (α ⊥ β|γ), if P (α|β ∩ γ) = P (α|γ) or if P (β ∩ γ) = 0.

Applying the concept of conditional independence to random variables leads to the fol-
lowing definition also supplied in the textbook of Koller and Friedman:

Definition 4 The distribution P satisfies (X ⊥ Y | Z) if and only if P (X,Y | Z) =
P (X | Z)P (Y | Z).

This section did by far not introduce all fundamentals in probability theory but con-
centrates on the basic concepts that are needed to be able to define Bayesian networks in
the following sections. For example, dealing with continuous random variables where the
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values of the random variable are not categorical but numerical requires to define a prob-
ability density function (PDF) that integrates to one. But as the scope of this thesis is on
dealing with Bayesian networks using only categorical values, density functions are not in-
troduced any further. An interested reader may find a more detailed introduction to prin-
ciples of probability theory in various excellent text books [114, 112, 59, 65, 169, 76, 159].

2.2.2 Probabilistic graphical networks

2.2.2.1 Graph theory

Section 2.2.1 already introduced the basic concepts of probability theory. But before
being able to describe graphical networks, some basic principles of graph theory have to
be defined. A graph is an abstract structure K that is built of a set of edges and a set of
nodes, where the set of nodes is X = {X1 . . . Xn} in most cases throughout this thesis.
The set of edges E consists of connections between two nodes Xi and Xj that can either
be directed Xi → Xj, Xj → Xi or undirected Xi −Xj (also indicated by Xi ↔ Xj) for
Xi, Xj ∈ X and i 6= j. A directed graph G is a graph K where all edges E are directed.
In contrast, a graph H that contains only undirected edges is called undirected graph.

When considering an directed edge Xi → Xj ∈ E , Xj is called the child of Xi and
Xi is denoted as parent of Xj. Statement Pa(X) is used to denote the parents of a node
X, while the children of X are given by Ch(X). A node X where Pa(X) = ∅ is called
orphan. When considering a undirected edge Xi−Xj instead, Xj is called the neighbour
of Xi and the other way round. The set of neighbours of a node X is given Nb(X). An
example of a graph can be seen in Figure 2.8.

D E F

A

B C

Figure 2.8: An example of a graph containing directed and undirected edges, also called
partially directed graph.

In this example, graph K = (X , E) consists of nodes X = {A,B,C,D,E, F} and
edges E = {A → B,B − C,B → D,C → E,C → F,D − E,E − F}. Clearly, node B
for example has one parent Pa(B) = {A}, one child Ch(B) = {D} and one neighbour
Nb(B) = {C}.

A connection in a graph K = (X , E) over nodes Xi . . . Xk is called a path if for every
i = 1, . . . , k − 1 either Xi → Xi+1 or Xi −Xi+1. A path is called directed if at least one
edge of the path is directed. Further, a directed path Xi . . . Xk where Xi = Xk is called
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a cycle. A graph containing no cycles is called acyclic graph. Hence, the example graph
shown in Figure 2.8 is acyclic.

2.2.2.2 Introduction to Bayesian networks

A Bayesian network B [159, 205, 85] is a probabilistic graphical model represented by
a directed acyclic graph (DAG) G whose nodes represent the random variables of the
domain. Further, for categorical data, a Bayesian network also holds a conditional prob-
ability table (CPT) for each node. The conditional probability distribution (CPD) is
defined by the chain rule 2.18 which factorizes the conditional probabilities. Let there
be two random variables X and Y , then the joint distribution P (X, Y ) is factorized
as P (X, Y ) = P (X)P (Y |X) with respect to the chain rule. Instead of specifying the
joint entries P (X, Y ), only the prior P (X) and the conditional probability distribution
P (Y |X) of Y given X has to be defined. The representation by conditional probability
distributions of a node X has two important adventages: first, it is much more compact
than the raw joint distribution if the number of nodes grows and second, it is modular.
If for example a new node Z would be added, only the CPD of Z and the CPDs of nodes
Ch(Z) have to be updated where otherwise all entries in the joint distribution would
have to be redefined. Factorizing the joint distribution into conditional probabilities of
nodes given their parents and into prior distributions for orphan nodes, is a key concept
of Bayesian networks.

Further, a Bayesian network can also be seen as a representation of a set of conditional
independence assumptions about a distribution [87, 114]. Consider the Bayesian network
Bexample represented by a DAG G with nodes X = {A,B,C,D,E} illustrated in Figure
2.9. As can be seen, nodes A,C,D and E have binary values {0, 1} while node B has
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0.7 0.3
b0 b1
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Figure 2.9: An example Bayesian network Bexample with five nodes X = {A,B,C,D,E}
and corresponding CPTs. Nodes A,C,D and E have binary values {0, 1} while node B
has three values {0, 1, 2}. Each node is connected to its CPT by a dashed line.

three values {0, 1, 2}. Dashed lines indicate the correspondence of the CPTs to the
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nodes. Connections in the network as well as entries in the CPTs indicate the conditional
dependencies. It can be seen for example, that node D only depends on its parent
node B while node C is dependent on nodes A and B. Changing the point of view to
independences, it can be seen that node E is conditionally independent of all other nodes
given its parent C:

(E ⊥ A,B,D|C). (2.23)

This means that once the value of C is known, no observation of nodes A,B or D changes
the belief of node E. When investigating node C again under independence properties,
the assumption that C depends only on its parents is not true any longer. Observing a
value of E (a child of C) can apparently update the belief of node C. Thus, it cannot
be expected that a node is conditionally independent of all other nodes given its parents
as it can still depend on its children and even on further descendants. Thus, it can be
noted that node C is only independent of node D given nodes A and B:

(C ⊥ D|A,B). (2.24)

Following these statements, it can be further concluded that node B is independent of
node A as A is neither a parent of B nor a descendant:

(B ⊥ A). (2.25)

On the other hand, node A is obviously also independent of node B, but also of node D:

(A ⊥ B,D). (2.26)

Considering conclusions of the previously discussed example network, a formal definition
of a Bayesian network structure with respect to independence assumptions is given by
Koller and Friedman [114] as follows:

Definition 5 A Bayesian network structure G is a directed acyclic graph whose nodes
represent random variables X1, . . . , Xn. Let PaG(Xi) denote the parents of Xi in G and
NonDescendantsXi denote the variables in the graph that are not descendants of Xi.
Then G encodes the following set of conditional independence assumptions, called the
local independencies, and denoted by Il(G):

For each variable Xi : (Xi ⊥ NonDescendantsXi |PaG(Xi)) (2.27)

Namely, Definition 5 states that each node Xi is conditionally independent of its non-
descendants given its parents.

Finally before formally defining a Bayesian network, the association between condi-
tional independences and conditional probability distributions has to be clarified. Consid-
ering chain rule for probabilities from Equation 2.18, joint distribution P (A,B,C,D,E)
of the Bayesian network Bexample can be decomposed as

P (A,B,C,D,E) = P (A)P (B|A)P (C|A,B)P (D|A,B,C)P (E|A,B,C,D) (2.28)

without relying on any assumptions. Obviously, the decomposition of Equation 2.28 does
not bring any advantages compared to the joint distribution itself. But the decomposed
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form on the right hand side allows to incorporate independence assumptions given for
example in Equations 2.23 - 2.26. For example from (B ⊥ A) immediately follows that
P (B|A) = P (B). Hence, the second term on the right hand side of Equation 2.28 can be
simplified. Following this concept, the simplified decomposition becomes

P (A,B,C,D,E) = P (A)P (B)P (C|A,B)P (D|B)P (E|C) (2.29)

which is exactly in line with the defined conditional probability tables. Thus, for each
variable, a factor can be computed that represents its conditional probability and each
entry in the joint distribution can be calculated by building a product of these factors,
[114]. The chain rule for Bayesian networks concludes as follows:

P (Xi, . . . , Xn) =
n∏
i=1

P (Xi|PaG(Xi)) (2.30)

where G is a Bayesian network graph over variables Xi, . . . , Xn and the factors
P (Xi|PaG(Xi)) are the individual CPDs. If a distribution P can be expressed as demon-
strated in Equation 2.30, P factorizes according to G [101, 183].

Finally, the formal definition of a Bayesian network follows from the chain rule for
Bayesian networks also presented by Koller and Friedman [114]:

Definition 6 A Bayesian network is a pair B = (G, P ) where P factorizes over G, and
where P is specified as a set of CPDs associated with G’s nodes. The distribution P is
often annotated PB.

D-separation The concept of d-separation [158, 159, 86, 203] describes the relationship
between the graph structure of a Bayesian network and the probabilistic independences.
Two variables X and Y in a Bayesian network B are d-separated given variable Z if for
all path between X and Y ,

• Z is a node of a diverging (X ← Z → Y ) or a serial path (X ← Z ← Y or
X → Z → Y ) between X and Y and Z is observed, or

• Z is a node of a v-structure (converging connection X → Z ← Y ) and neither Z
nor any of its descendent is observed.

In case of a v-structure X → Z ← Y , node Z is also called a collider. Therefore, the
conditional dependencies and independence relations in the probability distribution over a
set of random variables are described by the DAG of a Bayesian network. Verma and Pearl
[203, 204] as well as Chickering [51] showed that the d-separation criterion encodes not
a unique DAG, but can encode several DAGs if and only if they share the same skeleton
and the same set of colliders. A set of DAGs with equal skeleton and colliders is thus
called equivalence class and its members are called to be structure equivalent. In other
words, the same probability distribution and therefore also the same set of d-separations
can be expressed in equivalent DAGs even if some edges are differently directed.
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2.2.3 Parameter Learning for Bayesian networks

Section 2.2.2.2 introduced the formal definition of Bayesian networks and provided an
example Bayesian network in Figure 2.9. Bayesian networks can either be created by hu-
man experts by designing the structure of the network based on their subjective beliefs of
independences and filling the CPTs based on their experiences. For sure, when creating a
network of considerable size, the hand-crafting approach is no longer applicable. Another
possibility of creating a Bayesian network is by estimating the structure and CPDs of a
probability distribution from a provided dataset. This section introduces how CPDs of
a Bayesian network can be derived from a dataset when the structure is already known
and the next section will address the more advanced task of learning the structure of a
Bayesian network from data. As the main focus of this thesis is on structure learning, this
section only gives a brief introduction to parameter learning. A more detailed overview
is given in related publications [44, 41, 104, 95, 112, 114, 59].

For the task of estimating the parameters for a Bayesian network B = (G, P ) with
G = (X , E) from a dataset D, we assume that the network structure G is already known
and that the values xi, . . . , xn of any node X are defined. The dependencies and indepen-
dence relationships for each node are mapped by G and therefore the compositions of the
individual CPTs for each node are known, too. The goal of parameter estimations is thus
to fill in the conditional probability values in the CPTs by estimating these values from a
given dataset D. Obviously, the dataset has to ”match” the network, meaning that each
node in G is represented by a parameter in D. More formally, D is defined by a list of
instances defining example cases for the parameters X (also called features), where the
values of X are xi, . . . , xn according to B and reflecting the independence assumptions of
G in the parameter distribution. In other words, it can be assumed that the dataset has
been randomly sampled from the original (yet unknown) probability distribution of B.
In addition, the dataset is assumed to be fully observed, i.e. does not contain any missing
variables, and that the data instances are independent and identically distributed (IID).
An example of a dataset that has been randomly sampled from the Bayesian networks
illustrated in Figure 2.9 is shown in Table 2.1. Note that it can already be seen from

Table 2.1: Randomly sampled dataset with ten instances from the Bayesian network
of Figure 2.9. Each row contains an instance Ii with a value for each random variable
X = {A,B,C,D,E} (columns).

Instances A B C D E
I1 a1 b1 c1 d1 e1

I2 a1 b1 c1 d1 e1

I3 a0 b2 c1 d0 e1

I4 a0 b1 c1 d1 e0

I5 a0 b1 c1 d0 e1

I6 a1 b0 c0 d1 e0

I7 a0 b2 c1 d0 e1

I8 a1 b1 c1 d0 e1

I9 a0 b1 c1 d1 e1

I10 a0 b0 c1 d1 e1
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these few instances that C is somehow related to E. For almost all instances, if C = c1

then E = e1 and if C = c0 then E = e0 which is totally in line with the CPT of node
E in Bexample. Only for instance I4, c1 and e0 do not match, but as the probability that
E = e1 if C = c1 is only 0.8, this is not too surprising. Please adhere that with respect
to the assumption that the instances have been sampled under IID, the probability dis-
tribution of the dataset converges to BP with a growing number of instances m. Hence,
the more instances a dataset contains, the better BP is mapped and therefore the better
the parameters can be estimated.

2.2.3.1 Maximum Likelihood Estimation

Probably the most native parameter estimator is the Maximum Likelihood Estimation
(MLE) [77, 23]. Let the sampling of the values of each variable be controlled by an
unknown constant θ which describes the frequency of the outcomes (values) of the pa-
rameter. For example for node A, θ describes the frequency of a0 denoted as M [a0] in a
dataset. Obviously as A is binary, it follows that the frequency of a1 denoted by M [a1]
is 1− θ. The Likelihood function L(θ : D) for A is therefore defined as

L(θ : D) = θM [a0](1− θ)M [a1]. (2.31)

It practice, maximizing the logarithm of the likelihood function is more applicable:

l(θ : D) = M [a0] log θ +M [a1] log(1− θ). (2.32)

Equation 2.31 defines the Likelihood with respect to the introduced example of parameter
A while the Likelihood function in the general case is defined by

L(θ : D) =
∏
k

θ
M [k]
k (2.33)

given the vector of counts. Once the Likelihood function is defined, parameters can be
chosen to maximize the function

L(θ̂ : D) = max
θ∈Θ

L(θ : D) (2.34)

where Θ is the hypothesis space. Fortunately, it has been shown that the likelihood
decomposes as a product of independent terms, one for each CPD in the Bayesian network
[187, 57, 186]. Hence, each local likelihood can be maximized independently and finally
combined to get the global MLE solution. Considering a random variable X with parents
Pa(X) where P (X|Pa(X)) is represented as a CPT, a parameter θx|u can be defined
for each entry in the table where x ∈ V al(X) and u ∈ V al(Pa(X)). Please note that
V al(Pa(X)) denotes the set of all possible combinations of values of each parent of X.
The maximum likelihood estimation for each parameter is therefore

θ̂x|u =
M [u, x]

M [u]
(2.35)
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where M [u, x] is the number of times, the parents of X are in configuration u and X = x
and M [u] is the frequency of u. For clarifying this statement, Table 2.1 is considered as
dataset and the CPT of node C is determined. The parent configuration set u is therefore
{{a0, b0}, {a0, b1}, {a0, b2}, {a1, b0}, {a1, b1}, {a1, b2}}. Suppose parameter θ̂c0|a0,b0 should

be estimated, then θ̂c0|(a0,b0) = M [(a0,b0),c0]
M [(a0,b0)]

where M [(a0, b0), c0] is simply the number of

instances where A = a0, B = b0 and C = c0. Frequency M [(a0, b0)] is the number of
instances where A = a0, B = b0 respectively. In other word, entries of the CPTs can
simply be calculated by counting the frequencies in D.

As can be seen from the example dataset, M [(a0, b0), c0] = 0 and therefore θ̂c0|a0,b0 = 0

what immediately leads to θ̂c1|a0,b0 = 1. This observation is different from the known

probabilities given in Figure 2.9 where θ̂c0|a0,b0 = 0.4 and θ̂c1|a0,b0 = 0.6 concluding that
the dataset is far to small to represent BP correctly. From this example, a big disadvantage
of MLE can be seen, namely that if a specific configuration is not present in the dataset,
its probability is strictly set to zero meaning that it is impossible to happen. Other
approaches are considering this drawback by incorporating a prior distribution for each
configuration.

2.2.3.2 Bayesian Parameter Estimation

Maximum Likelihood estimation does neither consider prior distributions of variables nor
update of the strength of belief if the amount of data grows. Another approach based
on Bayesian statistics introduced in this section is considering these drawbacks, called
Bayesian Parameter Estimation (BPE) [117, 114]. With BPE, the prior knowledge of
parameters θ is encoded by a prior probability distribution. The posterior distribution
of parameters θ with respect to the dataset D is therefore defined as

P (θ|D) =
P (D|θ)P (θ)

P (D)
(2.36)

where P (D|θ) is simply the Likelihood as defined in the previous section and P (θ) is the
prior distribution over the possible values in Θ. The denominator P (D) is the integration
of the likelihood over all possible parameter assignments and is used as a normalization
factor [114]. As with MLE, the posterior can be decomposed into a product of local
terms:

P (θ|D) =
∏
i

P (θXi|Pa(Xi)|D). (2.37)

Using a Dirichlet distribution as a conjugate prior to the multinomial distribution [114],
the posterior of the local likelihood is described by

P (x|u,D) =
M [x,u] + αx|u
M [u] + αu

(2.38)

where αx|u and αu are the Dirichlet prior parameters. Using the same example as with
MLE, P (c0|(a0, b0),D) = 0.3̄ when setting any αx|u = 1 (αu =

∑
i αxi|u = 2), what is far

closer to the real value of 0.4 compared to the result with MLE. It can also be seen from
Equation 2.38 that the more instances the dataset has, the less influence is given to the
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prior and therefore the more belief is given to the data observations.

2.2.4 Structure Learning for Bayesian networks

In the previous section, estimating the parameters of a Bayesian network with respect to
a given structure has been introduced. But in a more truthful setting, the structure is not
known in advance and has to be learned before being able to estimate the parameters.
There are several good reasons for learning a Bayesian network from a dataset instead of
performing plain correlation analysis. First, Bayesian networks are intuitively considering
containing higher order correlations and provide them in a form that is especially suitable
for human understanding. Roughly speaking, a graph is just a picture mapping relations
between objects and human beings can learn relations more efficient from illustrations
than from raw numbers or text [130]. Further, Bayesian networks provide correlations in
a combined structure which enables inference calculations for explanation or prediction
[56, 141, 114]. In addition, the structure can help in determining new domain knowledge
by discovering relations between nodes which is often used in in biological or medical
domains where influence factors for specific diseases or reactions are searched [97, 83, 67,
28, 35, 164, 102]. Probably the most beneficial characteristic of Bayesian networks is that
they try to estimate a statistical model of the underlying distribution of the dataset and
are thus able to generalize [114]. In consequence, the network is able to reason instances
that are not in the dataset which is important for example for classification tasks. Hence,
Bayesian networks provide a broad application spectrum.

But as usual in real life, these advantages do come with some remarkable difficulties
which make learning the ”correct” structure of a Bayesian network nearly impossible.
One reason is that as mentioned in Section 2.2.2.2, the independence assumptions of the
dataset and the d-separation criterion do not lead to a unique graph but to a set of graphs
sharing the same skeleton and colliders. Thus, the task of structure learning should be
refined from searching the true structure to searching a structure that best represents
the parameter independences of the dataset. The accuracy of estimating independences
grows with growing number of instances and shrinks with the number of features due
to basic probability theory [114]. Hence, the true independences can only be derived
with a dataset of infinite instances. A limited dataset can thus only provide estimations.
Another key aspect is the number of parameters and the number of their values. During
parameter estimation, the Likelihood has been introduced that fragmented the dataset
into subsets that can be counted for filling the fields of the CPTs. The more parents
a node has and the more values these node have, the more fields are defined in the ta-
ble where each configuration requires to be sufficiently often represented in the dataset
to provide a good estimation. As the configuration grows exponentially, increasing the
number of parents and the parameter values quickly results in a dataset with an insuf-
ficient amount of instances. Other major problems derive from the assumption that the
instances are IID which is not true in most common domains and that the dataset is
fully observed. In the purpose of this thesis, the dataset is further required to include
categorical features only. While the IID assumption has to be made, the latter two draw-
backs can be resolved. The structure of a partially observed dataset can either be learned
by special algorithms summarized by Koller and Friedman [114] or by preliminary esti-
mating the missing values which can be done by a variety of different methods [200, 70].
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Although, structure learning algorithm that are handling datasets with continuous vari-
ables resulting in Gaussian networks have be proposed [84], the most common solution
is to discretize [75, 81] continuous parameters into discrete bins.

Dependent on desired result, a Bayesian network can be learned to include many
edges or to be sparse. Adding more edges to the network increases the chance to better
consider the underlying distribution while a sparse network may miss some important
edges. On the other hand, when the goal is to investigate interesting relations between
parameters, too many edges can dissemble wrong relations of the domain. But even when
doing density estimation, a sparse network structure should be preferred if the data is
limited due to the exponential growth of the parent sets.

In general, there are three different domains of structure learning algorithms for
Bayesian networks:

Constraint-based structure learning Constraint-based structure learning methods
[160, 204, 131, 49, 188, 123] assume a Bayesian network to be a representation of in-
dependences. The network structure is built by reconstructing the independence state-
ments from the dataset by performing independence queries of the form ”Does P satisfy
(X1 ⊥ X3|X2)?” and provide an algorithm to answer these queries. Examples of these
query answering approaches are Single-Sided Hypothesis Tests [78, 114] or Deviance Mea-
sures [129, 114]. For datasets with a growing number of parameters, the required inde-
pendence queries are infeasible. The number of allowed parents for any node is hence
often limited to reduce the query space. As the approaches for answering queries usu-
ally perform standard statistical hypothesis tests, their reliability can be parametrized.
When setting the significance level too high, too many queries might be negated and on
the other hand when setting the significance level too low, too many wrong independence
assumptions might be accepted. These methods are thus sensitive to errors in these in-
dependence tests, where single mistakes are sufficient in some cases to mislead the whole
network construction process [114].

Score-based structure learning When learning the structure of a Bayesian network
based on scores, a space of all possible network structures that can result from the param-
eters in the dataset is built. This space of different structures is then searched to find the
structure that matches the dataset best. Evaluation of the ”best” network is performed
by calculating a score for each network indicating how well the probability distribution
in the structure fits to the one in the dataset. As the space of possible structures is super
exponential [114], search methods are used to find the best structure within the space.
For growing datasets with respect to the number of nodes, heuristic approaches are used
as searching the whole search space is no longer feasible. Score-based structure learning
is probably the most common approach where most state of the art structure learning
algorithms belong to. Thus, section 2.2.5 introduces this approach in more detail and
provides some of the most common score and search methods.

Learning an ensemble of structures Another possibility of structure learning is to
learn a set of different structures instead of just a single one [114]. The prediction is then
averaged over the set of possible structures as with Bayesian reasoning [55, 176]. Hence,
these methods are also called Bayesian model averaging. In an ensemble of structures, a
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single structure that deviates from the ”true” structure is less severe to the result as it
can be compensated by the other structures. Ensemble learning methods are less prone
to failures and to overfitting.

2.2.5 Score-based structure learning

Score-based structure learning methods try to find the ideal structure for a given dataset
by optimizing a score while navigating through the space of possible structures. To do so,
a score function has to be defined that can determine a score for each individual structure
that increases with increasing match of the probability distribution of the structure and
the training data. Thus, the choice of scoring function is crucial to the learning result
and a set of different scoring functions has been published in the last decades [37, 192,
121, 174, 20, 186]. Section 2.2.5.1 introduces some of the most common scoring functions
which are also used in the novel algorithms presented in this thesis later on. Evaluating
the scores of all possible networks and picking the one with the highest score as final
result would be the first idea when using score methods for structure learning. But
this approach is only applicable for datasets with a very reduced set of parameters and
their values. As David Chickering showed in 1996 that learning Bayesian networks from
data is NP-complete [52] and that the number of possible structures is growing super
exponential, the only manageable possibility of score optimization for most datasets is to
use heuristic search methods. An introduction to structure search in provided in Section
2.2.5.2 and some interesting representatives of these methods are described at the end of
this Section.

2.2.5.1 Scores

In Section 2.2.3.1, the Maximum Likelihood Estimation has been used to determine the
values of the nodes conditional probability tables. It thus seems intuitive to use the
Likelihood function as scoring function and search the network structure that maximizes
the likelihood function. The Likelihood score scoreL of a graph G with respect to the
training data D could be defined as

scoreL(G : D) = l(θ̂G : D) (2.39)

where θ̂G are the maximum likelihood parameters for G and l(θ̂G : D) is the logarithm of
the likelihood. Koller and Friedman [114] provide a prove that the Likelihood score never
prefers a simpler network structure over a more complex structure and thus always results
in learning the network with most possible edges. As previously mentioned, learning goal
is to get a sparse network to better generalize and avoid overfitting. Hence, using the
Likelihood as a score metric for structure learning is not useful in most cases. Fortunately,
the research community has presented a bunch of more advanced scoring metrics:

BIC/MDL Score The Minimum Description Length (MDL) score [37, 192, 121],
which is also called Bayesian Information Criterion (BIC) score [174] extends the Log-

29



Likelihood score by a penalization factor to avoid overfitting. The score is defined as

scoreMDL = scoreBIC = l(θ̂G : D)− logM

2
Dim[G] (2.40)

where M is the total number of instances in D and Dim[G] is the number of independent
variables in G and can be calculated by

Dim[G] =
∑
i

(|V al(Xi)| − 1)|V al(Pa(Xi))| (2.41)

AIC Score A simpler form of BIC score is the Akaike Information Criterion (AIC)
score [20] where only the dimension of G is used as penalization factor:

scoreAIC = l(θ̂G : D)−Dim[G] (2.42)

Bayesian Score As usual in the Bayesian approach, a prior distribution is placed over
possible network structures. The Bayesian score was introduced by Buntine in 1991 [42]
and Cooper and Herskovits in 1992 [57] and generalized by Spiegelhalter et. al. in 1993
[186] and is defined as

P (D|G) = P (G)
∏
i

∏
ui∈V al(PaG(Xi))

Γ(αGXi|ui)

Γ(αGXi|ui +M [ui])

∏
xji∈V al(Xi)

Γ(αG
xji |ui

+M [xji ,ui])

Γ(αG
xji |ui

)


(2.43)

where
αGXi|ui =

∑
j

αG
xji |ui

(2.44)

and αG
xji |ui

is the hyperparameter of the Dirichlet prior of value j of node Xi under parent

condition ui. Symbol Γ(. . . ) represents the Gamma function2 and P (G) is the prior on
the network structure that is constant over all structures and can therefore be ignored
for score optimization. Again, ui is a configuration of the values of the parents of node
Xi and thus M [ui] is the number of instances in the dataset where this configuration
occurs. Term M [xji ,ui] is the number of instances where parent configuration ui is given
and node Xi has value j.

In practice, P (D|G) can become small very fast, hence the logarithmic form is often
used as scoring metric and thus scoreBayes is

∑
i

∑
ui∈V al(PaG(Xi))

log[ Γ(αGXi|ui)

Γ(αGXi|ui +M [ui])

]
+

∑
xji∈V al(Xi)

log

Γ(αG
xji |ui

+M [xji ,ui])

Γ(αG
xji |ui

)

 .
(2.45)

In other words, for each node Xi, the parent configurations ui are first determined from
the structure where the score is calculated for. Then, for each composition of parent

2The Gamma function is an extension of the factorial (n!) to real and complex number arguments
and is defined as Γ(n) = (n− 1)! [27]
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values, the number of times they occur together in the dataset M [ui] is counted and the
first fraction in Equation 2.45 is calculated. Further, for each value j of Xi, the number
of instances where Xi = j and parent configuration ui occurs together is counted. The
results are summed up and added to the previously determined term. Please note that for
all of these terms, the logarithmic value is used. The final score of the network structure
is then simply the sum of all node scores.

It immediately follows, that the final score can be decomposed into local node scores
as they are simply added together. The local score for a node can thus be calculated by
knowing the nodes’ parents only, independent of the rest of the structure. By investigating
the score function of the Bayesian score, it can be seen that the score is biased to simpler
structures, but with more data, the chance to build a more complex structure grows.
Meaning that the Bayesian score balances model complexity and fit to data and thus
reduces the risk of overfitting [114].

K2 Score K2 score [57] is a variation of the previously described Bayesian score where
the hyperparameters αG

xji |ui
are all set to 1 and therefore αGXi|ui = |V al(Xi)|. The right

most fraction shown in Equation 2.45 then simplifies to (M [xji ,ui])!.

BDeu Score Another widely used variation of the Bayesian score is the Bayesian
Dirichlet equivalent uniform (BDeu) score [96] where

αG
xji |ui

=
c

|V al(Xi)||V al(Pa(Xi))|
(2.46)

and thus αGXi|ui = c/|V al(Pa(Xi))|. Variable c is a constant value that is set to c = 1 in
most cases. The BDeu score yields a unique distribution over the hyper parameters and
is score equivalent [168].

Score Decomposability As already mentioned while defining the Bayesian score, a
big advantage of the scores introduced in the previous paragraphs is that these scores
are all decomposable [114]. A local score of a node that only depends on its parents
will be called family score for the rest of the thesis. The score of the whole network is
thus defined as the sum of all family scores. When considering search methods in the
next section, score decomposability will be proved to be very helpful as when navigating
through the space of possible structures by altering a single connection in the graph, only
the family scores of the affected nodes have to be updated instead of recalculating the
complete network score.

2.2.5.2 Structure Search

Searching the network structure that best fits the training data can be defined as an
optimization problem where the score is to be optimized. The search space is given by
the set of all possible network structures that can be built from the parameters in the
dataset [51, 97]. Koller and Friedman [114] described the search space as a graph over
candidate solutions where each node is a possible network structure and the transitions
between the nodes are defined by the following operators:

31



• Add edge;

• Delete edge;

• Reverse edge;

A search algorithm can then move through the graph by starting at a random structure
and moving in the direction with the highest score improvement. It is clear that the three
presented operators are sufficient to reach every structure in the graph. Indeed, only edge
addition and edge removal would be sufficient to reach any structure from any point in
the graph as edge reversal is nothing else than removing an edge and inserting the edge
in reversed direction. But as the search method is supposed to only move in directions
that increase the score, the operation of edge reversal is necessary. Consider for example
an edge that is not part of collider, but the edge is ”true”, meaning the edge is also in
the correct network structure where the dataset has been sampled from but in reversed
direction. As the two nodes connected by the edge are not independent from each other,
removing the edge in the first step of edge reversal will decrease the score. Adding the
edge again in reversed order will increase the score to a higher level as in the previous
direction. But as the score is first decreased, a naive search method might not consider
going in that direction. If the edge is reversed in a single step, the increasing score is
noticed by the search method and is considered to be a promising direction.

The vast majority of search methods are local search methods such as the Greedy
Hill-Climber [42, 41] where at an initial step, a random network structure is selected,
usually the empty network. In each step, the score of all neighbours in the search space
graph is evaluated and the structure with the highest score improvement is chosen. This
procedure is resumed until no neighbour has a higher score than the current structure.
Within this procedure, neighbours are only evaluated if they do not extend a possibly
defined in-degree (allowed number of parents per node) and don’t violate the acyclicity
of the network. Obviously, this simple approach has two significant drawbacks. First,
the number of available operators at each point is very large. Second, as the algorithm
terminates once no neighbour is available with better score, the search procedure has high
risk to get stuck in local maxima. One approach to avoid local maxima is to restart the
search procedure several times from randomly selected initial structures, called Repeated
Hill Climber.

2.2.5.3 LAGD

The Look Ahead in Good Directions Hill Climbing algorithm (LAGD) [1] is a hill climb-
ing search method that considers a set of directions instead of only one at each search
step. Initially, an arbitrary DAG Gold is selected. Then, as with the naive hill climbing
algorithm, the score differences to all neighbours of Gold is calculated but not only the
single neighbour with highest score improvement is selected, but a set of l best neighbour
structures is stored in a specific list. The same procedure is performed for the DAGs
in the list where each DAG again produces a list of l best neighbours. This process is
repeated recursively until the look ahead depth k is reached. In the last recursion step,
only the network with the highest score improvement is chosen. After that, the structure
with the highest score win rate is selected and set as Gold for the next iteration. Once no
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score improvement can be found in all look ahead directions with depth k, the algorithm
terminates and Gold is the final solution.

Obviously, the quality of learning result increases with increasing look ahead depth.
On the other hand, execution time increases, too. The challenge is thus to find a good
balance between quality and execution time. The LAGD algorithm has been shown to
outperform Greedy Hill-Climbing, Repeated Hill Climbing and Simulated Annealing by
Neubach et. al. [1]. Salehi and Gras [170] performed a detailed comparison of local search
algorithms on a variety of different networks and concluded that LAGD performs best in
nearly all cases and is also more time efficient in general.

2.2.5.4 Tabu Search

Another modification of the common hill climbing approach is called Tabu Search and
has been developed by Glover et. al. [92, 90, 91]. Tabu Search performs hill climbing
by adding and removing where structures that have been visited in the previous n steps
are stored in a tabu list. Once a local optimum is reached, the least worse candidate of
neighbour structures that is not in the tabu list is chosen. Tabu Search can further be
parametrized by setting the number of runs used to traverse the search space. Experi-
ments by Salehi and Gras [170] showed that Tabu Search is a comparable state of the art
structure learning method that even outperformed LAGD in some rare cases.

2.2.5.5 K2

Efficiency of network structure learning can be boosted by predefining an order of vari-
ables Xi. Ordering variables means that if a variable Xi precedes another variable Xj

in the ordering, structures containing edges Xj → Xi are prohibited what reduces the
search space enormously. The K2 structure search algorithm [57] uses a greedy hill climb-
ing among the networks compatible with an ordering. In most cases, the order of the
variables is not known and a search across the orders has to be performed first. Finding
the best order can itself be seen as an optimization problem that can be solved by using
scores and search methods [63, 208].

2.2.5.6 Simulated Annealing

Another often used heuristic search method is Simulated Annealing [38, 111] which ties
an error boundary across network structures. As with other local search algorithms, a
initial network structure is selected first. A candidate network structure is then generated
randomly by performing one of the valid operations. If the score of the candidate network
is higher that the score of the actual network, the candidate is accepted. Otherwise, the
candidate is also selected, but only with a probability of

P = e
−
(

∆score
ti

)
(2.47)

where ∆score is the score difference between the actual and the candidate network and ti
is the temperature at iteration i. The temperature is initialized with a higher value t0 and
is slowly decreased with each iteration to tie down the error acceptance. In other words,
with growing iterations, the acceptance of candidate networks is getting more and more
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stricter. The procedure of controlled cooling has been inspired from material engineering
where metal is cooled down slowly to avoid defects in its crystal structure. Hence, the
name simulated annealing has also been inherited from the area of metal engineering
when it was first used as optimization technique [111].

Salehi and Gras [170] showed that Simulated Annealing does perform adequate for
small networks with less instances compared to K2 and repeated hill climbing but had
the worst results in all test networks with a sufficient number of instances in the dataset.
On the other hand, Laarhoven and Aarts [202] showed that if t is annealed logarithmi-
cally, Simulated Annealing is guaranteed to converge to the global optimum although the
computational cost is of prohibitive expense in that case.

2.2.6 Variable order

A variable order for a Bayesian network is an ordered list of all nodes of the network
so that if a node X precedes another node Y , node X can not be a descendent of Y .
Getting a valid order for a Bayesian network from data is computationally infeasible for
larger networks and thus, heuristic methods have to be used. Most of these methods try
to order the variables by building weights for each variable in the dataset. The scoring
function approach [156] for example tries to determine the weights of the variables by the
naive assumption, that a parent in the true network has better chances to be a parent in
the learned network than a child in the true network. Thus, the algorithm simply counts
the positive, zero and negative score gains of any variable Xi to be a single parent of an
other variable.

wi =
∑

Xj∈X\i

sgn(sXj ,Pa(Xj)={Xi} − sXj ,Pa(Xj)=∅) (2.48)

The symbol sXj ,Pa(Xj)={Xi} is the score determined by any scoring function of variable Xj

having only parent Xi and sXj ,Pa(Xj)=∅ is the score of Xj without a parent. The signum
function is indicated by sgn and is used as local score of different structure cannot be
compared. The final ordering is determined by sorting the list of nodes according to the
determined weights.

2.2.7 Bayesian networks: Related work

Since Pearl [159] formulated the notion of a Bayesian network as a data structure en-
coding independence relationships in 1988, remarkable research interest has been given
to Bayesian networks resulting in a multitude of publications and applications. Heck-
erman et. al. used Bayesian networks to build their famous Pathfinder diagnostic tool
[98, 99, 100] that had the ability to outperform human expert physicians. This applica-
tion as well as several other large diagnostic networks [24, 179, 134] had major impact
on the rise of popularity of Bayesian networks.

The theoretical properties of Bayesian networks have been studied in several different
works where attention was in particular given to the computational feasibility of structure
learning [52, 60, 132, 53]. In 1990, Cooper [56] was the first who formally analysed the
computational complexity of probabilistic inference in Bayesian networks before Kim
and Pearl [110] proposed a message passing method to challenge the general problem of
inference in graphical models.
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With growing networks, the feasibility of sufficiently good parameter estimation re-
duces dramatically when conditional probability tables are used due to the combinatorial
problem previously described in this thesis. Many approaches have been published that
try to resolve these problems, for example by using structured CPTs [187, 42, 69]. An-
other method originally performed by Buntine for classification tasks [43] and applied
to Bayesian networks by Friedman and Goldszmidt [80] is to replace the CPT with a
tree representing the conditional probability distribution. Another approach is to learn
Bayesian networks with linear Gaussian dependencies, which was analysed by Heckerman
and Geiger [94] in 1995.

Section 2.2.5.2 briefly addresses the task of structure learning for Bayesian networks
and a set of local search methods has been introduced that try to resolve the problem of
finding the global optima. A different approach of avoiding local optima by perturbing
the training data has been presented by Elidan et. al. [73]. Much work has been done in
reducing the computational expense of search methods, for example by intelligent caching
of sufficient statistics to accelerate score calculations and by holding already calculated
scores in cache tables [25, 115, 46]. Other methods try to reduce the search space by con-
sidering only a subset of structures where most of these approaches are using an Markov
chain Monte Carlo (MCMC) strategy over the space of Bayesian networks [125, 124, 89].
Friedman and Koller further improved this idea by using MCMC on orderings instead of
structures and showed that their methods outperforms the structure variant [82]. Teyssier
and Koller [126] also showed that finding the highest scoring network consistent with a
given order is not NP-hard and published an algorithm that outperformed state of the
art methods in score and time. Another type of methods has been investigated where
finding the correct network structure can be guaranteed and performs in polynomial time
if a bounded in-degree is defined [188, 49]. For example, Koivisto et. al. [113] presented
an exact structure learning algorithm based on an ordering approach that is feasible for
networks with less than 30 nodes. Two years later, in 2006, Silander et. al. [181] showed
another exact method that also uses variable ordering but is much simpler to implement.
A further development of Silander’s methods by using dynamic programming in combi-
nation with a divide and conquer strategy was introduced by Parviainen et. al. in 2009
[157]. Nevertheless, both of these algorithms are also limited to a maximum of around
30 nodes. And yet another improvement has been made by Jaakkola et. al. [105] who
used LP-relaxations to finally overcome the limitations to 30 nodes and showed that their
method nearly always finds the global solution in short time. In 2012, Silander et. al. pre-
sented a novel advancement of their methods that can handle 32 nodes and is restricted
by memory only [180].

Barabasi et. al. presented basic network topology analysis where they showed that
at general, their exist two possible network architectures, Random networks and Scale-
Free networks [31, 30]. While for random networks, the number of edges each node is
connected to follows a Poisson distribution with a bell shape, the distribution in Scale-
Free networks is L-Shaped. Meaning that there are just a few nodes that have a high
amount of connections where most other nodes have only around two to three edges.
They further detected, that most metabolic networks follow the Scale-Free topology.

Bayesian networks have also been used for prediction and classification tasks [79, 50],
especially in medical and biological domains in the last decade. Extensive studies of
using Bayesian networks with gene expression data and genetic regulatory networks have
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been performed by Stetter et. al. [67, 66, 143, 47]. Gevaert et. al. used a Bayesian
network learned from a mixture dataset of clinical and microarray data to predict the
prognosis of breast cancer [88]. Bodén et. al. [35] built a Bayesian network that uses
support vector machines to represent the conditional probability distributions and mod-
elled protein associations related to Leukemia. Bayesian networks have also been used to
analyse lifestyle and metabolic predictors of obesity by Aussem et. al. in 2010 [28]. Isci
et. al. [102] performed pathway analysis of high throughput biological data by using a
Bayesian network framework. Another interesting approach that uses Bayesian network
theory combined with MCMC method is given by Qingfeng [164] et. al. where they apply
the MCMC method to generate a sequence of samples from a probability distribution,
by which to approximate the distribution.

Obviously, this section is a highly limited selection of publications related to Bayesian
networks, showing only the publications where the author got in touch with. Searching
for ”Bayesian network” on Googles scientific search engine Google Scholar results in
approximately 754000 matches3 which clearly underlines the research interest in that
area. A very good reference for Bayesian networks is for example the book of Koller and
Friedman [114] as they present detailed literature reviews to all of its chapters.

3Search performed at http://scholar.google.com on 09. February 2013.
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2.3 Correlation

2.3.1 Pearson product-moment correlation coefficient

The Pearson product-moment correlation coefficient [155] denoted as ρ is a measure of
linear dependence between two variable X and Y and its value is in the range of −1 to
1. The coefficient is defined as the covariance divided by the product of their standard
deviations:

ρ(X, Y ) =
cov(X, Y )

σXσY
(2.49)

where cov(X, Y ) is defined as

cov(X, Y ) = E [(X − µX)(Y − µY )] = E[XY ]− µXµY . (2.50)

Letter µ denotes the mean value and E [. . . ] describes the expected value, meaning the
weighted average of all possible values. A value of ρ(X, Y ) = 0 implies that there is no
linear correlation between X and Y while values in the range of [−1; 0[ and ]0; 1] denote
the probability that X and Y are linear dependent. If ρ(X, Y ) = 1, all data points of X
and Y are lying on a straight line in the X, Y space where Y increases with increasing
X. On the other hand, if ρ(X, Y ) = −1, data points also lie on a straight line but Y
decreases when X increases.

2.3.2 Cramér’s V correlation coefficient

A specialized correlation coefficient for nominal data has been introduced by Harald
Cramér in 1946 [58] and is computed by using the χ2 statistics to measure independence
between two variables X and Y defined by Pearson [161] as

χ2 =
r∑
i=1

c∑
j=1

(Oij − Eij)2

Eij
(2.51)

where r is the number of values of X, c is the number of values of Y , Oij is the observed
frequency count where variable X has value i and variable Y has value j and Eij is the
expected frequency count respectively. Cramér’s V correlation coefficient between x and
Y is thus defined as

φc(X, Y ) =

√
χ2

N(k − 1)
(2.52)

where N is the total number of instances and k is either the number of columns or the
number of rows, whichever is less. The range of φc is between 0 and 1 and is interpreted
the same as the Pearson correlation coefficient.

2.4 Weka - a machine learning framework in Java

As machine learning attracts much attention in computer science, several frameworks
have been developed for Java. Probably, the most established one is the open source li-

37



brary Weka [72]. Weka has been developed at the University of Waikato in New Zealand
and provides a collection of algorithms for data classification, preprocessing, regression,
clustering, association rules and data visualization. These techniques can either be ac-
cessed from the provided shell via a graphical user interface, from the command line or
directly from Java code via a transparent API provided. To handle datasets, Weka defines
a new data format called ARFF (Attribute-Relation File Format) where each ARFF file
describes a single dataset.

In addition, Weka also provides support for using Bayesian networks as classifiers, ran-
domly sampling data from Bayesian networks and learning Bayesian networks from data
[39]. Further, a Bayesian network editor is available where networks can be visualized,
nodes and arcs can be manipulated and entries of the CPTs can be edited. For learning
networks from data, Weka offers a variety of different score implementations including
Bayes, BDue, MDL and AIC scores. Local search methods introduced in Section 2.2.5.2,
namely hill climber, repeated hill climber, K2 and simulated annealing are available, too.
Parameters can be estimated for example by Bayesian parameter estimation.

2.5 Benchmark networks

The novel structure learning algorithms introduced in upcoming chapters are compared
to state of the art structure learning methods by validating their learning performance
on a set of commonly used benchmark Bayesian networks. The networks have all been
downloaded in BIF (Bayesian Interchange Format) from the bnlearn website [175] which
provides a repository for Bayesian networks, and have been translated into a XML based
version readable by Weka called BIF XML by using a self-developed parser. Illustrations
of these benchmark networks are provided in Appendix A. Further, a collection of ar-
tificially generated networks with different structure characteristics is used to study the
behaviour of the novel methods under different conditions.

2.5.1 Cancer and Earthquake

The two smallest benchmark networks Cancer and Earthquake both include only 5 nodes
which are connected by 4 arcs and have been introduced as example Bayesian networks
in the text book of Korb and Nicholson in 2010 [116]. Both networks share the same
structure and have a maximal in-degree (number of parents) of 2 and an average degree
(number of arcs connected to a node) of 1.6. The conditional probability table of node
Cancer of the Cancer network is strongly biased to the value False in all cases of parent
values and thus seems to be independent of both parents. Meaning, that the CPT does
not fit well to the structure. It is not sure if this was intended by the authors or if there
is an error in the database where the network has been retrieved from. Nevertheless, the
Cancer network was kept unchanged to be comparable to other publications.

2.5.2 Asia

The Asia network, which is also called Chest Clinic network, has been introduced as an
example network by Lauritzen and Spiegelhalter in 1988 [122] and is often used when
explaining the principles of Bayesian networks. As this network has been generated for
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example purposes only, it should not be used for real medical decision making. Never-
theless, it can serve as a benchmark network due to its simple structure containing only
8 nodes connected by 8 edges and its clear distributions. The network is characterized
by an average degree of 2.00 and a maximum in-degree of 2.

2.5.3 Insurance

Binder et. al. [34] introduced a novel approach to learn networks with known structure
and hidden variables in 1997. Within this work, they published a network generated for
car insurance risk estimation. The Insurance network became an often used benchmark
networks for learning Bayesian networks from data in the last years. The network is built
of 27 nodes which are connected by a total of 52 arcs. The network structure leads to an
average degree of 3.85 and a maximum in-degree of 3.

2.5.4 Alarm

One of the most famous benchmark networks for learning Bayesian networks from data is
the ALARM (A Logical Alarm Reduction Mechanism) network [33] developed by Beinlich
et. al. in 1989. ALARM was initially introduced as an alarm message system to monitor
patients where probabilities are calculated for eight different diagnoses by encoding 16
findings and 13 intermediate nodes. The network therefore consists of 37 nodes that
are connected by 46 arcs. The average degree over all nodes is 2.49 and the maximum
in-degree is 4.

2.5.5 Barley

The Barley network has been created to design a prototype decision support system
for growing malting barley without the need of pesticides by Kristensen and Rasmussen
[118] in 2002. The network consists of 48 nodes and 84 arcs with an average degree of 3.5
and a maximum in-degree of 4. In contrast to other benchmark networks where nodes
are defined on average by 2.68 categories, nodes of Barley network have 8.7 parameters
on average. The large number of parameters make the Barley network to one of the
most challenging networks for structure learning used in this thesis as the number of
instances required to reflect the underlying distribution grows with the number of possible
parameter combinations.

2.5.6 Hailfinder

Lastly, the biggest real benchmark network used in this thesis is the Hailfinder network
created 1996 by Abramson et. al. [2] in order to forecast severe weather in North-Eastern
Colorado. The network has been build from meteorological data and expert judgement
on both experience and physical knowledge and was the first Bayesian network used in
the field of meteorology. It is built of 65 nodes connected via 66 arcs with an average
degree of 2.36 and a maximal in-degree of 4.
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2.5.7 Artificially generated networks

In order to validate the behaviour of the novel structure learning algorithms under dif-
ferent network configurations, a collection of pseudo-random networks is generated syn-
thetically. The networks are pseudo-random in the way that they are randomly sampled
but are forced to comply with predefined characteristics. These structure characteristics
are:

• Number of nodes [N]

• Number of arcs [A]

• Cardinality (Number of values) of the nodes [C]

• Maximum in-degree [P]

The networks are generated by a modified version of the BayesNetGenerator class pro-
vided by Weka which first generates a tree structure to ensure a connected graph and
afterwords adds more arcs if specified. As Wekas original java class lacks the functionality
of specifying a maximum in-degree, the class has been modified. The generated networks
are named by their characteristics using the pattern n[N] p[P] a[A] c[C] where [N] is
replaced by the number of nodes, [P] by the number of maximal parents per node, [A] by
the total number of arcs in the network and [C] by the cardinality of the nodes. If more
than one network with the same configuration is generated, the template is preceded by an
upper-case alphabetic letter. An example network with five binary nodes, four edges and
a maximal in-degree of two would therefore be named as A n5 p2 a4 c2, where a second
network with same configuration is named as B n5 p2 a4 c2. A possible disadvantage
of this method is that all nodes have the same cardinality. Nevertheless, networks that
require to have different number of variables for their nodes can be generated manually
in the Weka Bayesian network editor.

2.5.8 Sample datasets from networks

Datasets are sampled by using Wekas BayesNetGenerator class which first determines
an ordering that guarantees that all parents of a node precede the node in the ordering.
The values of the nodes can therefore be randomly picked from its conditional probability
distribution by starting with the first node in the ordering. For each upcoming node, the
values of all its parents are ensured to be known by definition of the ordering.

2.6 Development environment

All experiments presented in this thesis have been performed on an Intel(R) Core(TM)
i7-2600K CPU @ 3.40 GHz processor running the 64 bit version of Windows 7 with service
pack 1 installed and uses 16 GB RAM. The Weka API has been used in version 3.7.3.
All code presented in this thesis has been written in Java 1.6 using the Eclipse Indigo
development environment. The Physarum Solver algorithm has been implemented with
respect to the theorems presented by Tero et. al. [194] described in Section 2.1.3 using
the Apache Commons Mathematics library [199] for solving the linear equation system.
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CHAPTER 3

Correlation based Physarum Learner (C-PhyL)

This chapter introduces the C-PhyL algorithm [172, 173], which is a novel method for
learning the structure of a Bayesian network from a given dataset by using a totally new
approach on how to determine the structure. For the scope of this thesis, datasets are
restricted to be categorical.

3.1 The C-PhyL algorithm

Instead of using constraints or optimizing a score, the basic idea of the C-PhyL algorithm
is to initially build a fully connected Bayesian network graph from which unconsolidated
connections are pruned by using the Physarum Solver . In the following of this thesis, a
graph describing a maze as it has been done by Tero et. al. (see Figure 2.6 and Section
2.1.3) that can be solved by the Physarum Solver is called Physarum-Maze. Tero et. al.
indicated nodes by N and connections by M . As nodes for Bayesian networks have been
referred to as X in the previous sections, nodes will be indicated by X for the rest of this
thesis. Connections in the Physarum-Maze are further referenced by M as long as they
are not directed. A directed edge is indicated by E.

3.1.1 Building a Physarum-Maze from data

The first step of C-PhyL is to initialize a fully connected Physarum-Maze from the dataset.
A Physarum-Maze is generated by adding a node for each attribute in the dataset and
adding an undirected connection between each pair of nodes, so that the maze is fully
connected. The example dataset shown in Figure 3.1 contains four attributes X =
{A,B,C,D} and five instances. A Physarum-Maze of four nodes is created and each
node is connected to each other node in the graph. Please note, that at this point, no
node is considered to act as a food source. In order to get a valid Physarum-Maze, each
connection between two nodes Xi and Xj needs to have a defined length Lij and a initial
conductivity Dij. As has been done by Tero et. al., initial conductivity values are set
randomly in the range of Dmin and Dmax. Defining length Lij of the connection between

41



A B C D
t 0 1 x
f 0 0 y
f 1 2 x
t 0 1 y
t 0 2 y

A B

C D

Figure 3.1: An example dataset containing four nodes is transformed into a fully con-
nected Physarum-Maze by inserting a node for each variable.

two nodes is the key task of learning a Bayesian network structure with the Physarum
Solver . Here it is suggested, that the length of the connection should represent the
level of independence of the two nodes in the dataset. Therefore, by approximating
true independence, a correlation coefficient between the connected nodes is calculated.
Nodes in Bayesian networks considered here are taken to be nominal or ordinal and the
connections in the Physarum Solver are undirected. Therefore, a symmetric correlation
coefficient for nominal data is used, the Cramér’s V correlation coefficient φc [58]. The
correlation coefficient is in the range of 0 and 1 where a higher value indicates higher
correlation. The Physarum Solver is aimed to keep edges for nodes that are correlated
to each other. Hence, the length Lij should be short for higher correlated variables and
large for uncorrelated variables. The length is thus calculated regarding φc by

Lij = (10(1− φcnorm(Xi, Xj) + l))γ (3.1)

where l ≤ 0.1 is a minimum distance as the Physarum Solver cannot handle distances of
zero length. The normalized correlation coefficient

φcnorm(Xi, Xj) =
φc(Xi, Xj)− φcmin
φcmax − φcmin

(3.2)

is subtracted from 1 to get short length for high correlations. Further, the result is
multiplied by 10, so that the length is growing if γ is greater than one. The exponent
γ ≥ 1 can be used to increase the differences between the length values. Assuming a
high correlation between node A and node B in the example of Figure 3.1 and low cor-
relation between node A and node D, the final Physarum-Maze might look similar to
the one shown in Figure 3.2, where the difference in line thickness indicates different
conductivities. The procedure of building a Physarum-Maze from a dataset can be seen
in Algorithm 1, where calculateCramersV (Xi, Xj) returns Cramér’s V correlation coef-
ficient and function Rand(Dmin, Dmax) returns a random value between Dmin and Dmax.

First, an empty nodes array and an empty connections array is initialized and the
minimum and maximum value of φc is set to 1 and 0. For each attribute Xi of the
dataset, a new node is created and added to the nodes array. For each other attribute
Xj, the correlation coefficient is calculated and minimum or maximum values are updated
if required. After all nodes have been added to the nodes array, for each possible pair
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Figure 3.2: The initialized Physarum-Maze illustrated in Figure 3.1 is updated by apply-
ing length and conductivity values. Note that for this figure, Lij and Dij have been set
to randomly chosen values to give an example.

of nodes, the previously determined value φc(Xi, Xj) is normalized and the length Lij
is calculated according to Equation 3.1. The conductivity Dij is chosen randomly in
the range of Dmin and Dmax. A new connection Mij is created with Lij and Dij and is
added to the connections array. The result of Algorithm 1 is a list of nodes and a list of
connections defining a fully connected Physarum-Maze.

3.1.2 Rank connections by using the Physarum Solver

Once the Physarum-Maze has been built, the Physarum Solver can be used to find
connections that should be part of the final Bayesian network by iterating over all possible
pairs of nodes. For each pair Xi ↔ Xj, the direct connection between Xi and Xj is
removed. The two nodes are set to be food source nodes and the Physarum Solver is
applied to the Physarum-Maze to find the shortest path from Xi to Xj. The rank of
the connections that remained in the Physarum-Maze after the Physarum Solver has
terminated is increased by 1. Figure 3.3 shows an example iteration where Xi = A and
Xj = B in the Bayesian network example.

A B

C

D

A B

C

D

C

D

A B

C

D

A B

+1
+1

Figure 3.3: The Physarum Solver is used to find the shortest path between nodes Xi = A
and Xj = B. First, the direct connection between A and B is removed. Next, nodes A
and B are set to be food sources and the Physarum Solver is applied. Finally, ranks of
remaining connections after the Physarum Solver has terminated are increased by 1.

The previously removed connection between Xi and Xj is reinserted. The nodes Xi

and Xj are reset to be normal nodes and the conductivities of the connections are reset
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Algorithm 1 C-PhyL: Building Physarum-Maze from dataset

Require: nodes[], connections[]
Require: dataset
φcmin = 1
φcmax = 0
nodes ← Empty
connections ← Empty
for all variable Xi in dataset do

Add Xi to nodes[]
for all variable Xj 6= Xi in dataset do
φc(Xi, Xj) = calculateCramersV(Xi, Xj)
if φc(Xi, Xj) > φcmax then
φcmax = φc(Xi, Xj)

end if
if φc(Xi, Xj) < φcmin then
φcmin = φc(Xi, Xj)

end if
end for

end for
for all node pair Xi and Xj in nodes[] do

φcnorm(Xi, Xj) =
φc(Xi,Xj)−φcmin
φcmax−φcmin

Lij = (10(1− φcnorm(Xi, Xj) + l))γ

Dij = Rand(Dmin, Dmax)
Mij = new connection(Lij, Dij)
Add Mij to connections[]

end for

to their initial values before the next node pair is evaluated. This procedure can also be
seen in Algorithm 2, where Index(Xj) > Index(Xi) means that each pair is considered
only once as in an undirected graph Mij = Mji.

After all iterations have finished, each node has been set as food source node exactly
|X| − 1 times, where |X| is the total number of nodes. The result after all iterations is
an undirected fully connected graph, where each connection has a rank between 0 and
|X|(|X|−1)

2
− 1. A rank of zero means that the connection has never survived in any of

the iterations. As the length of connections are indirectly proportional to the correlation
between the connected nodes, a connection between nodes that are highly correlated
is expected to survives more often than a connection between uncorrelated nodes. In
other words, C-PhyL forces the Physarum Solver to find indirect paths that explain the
correlation between two nodes, by blocking the direct path between these two nodes.

3.1.3 Build Bayesian network from ranked connections

The final step of the C-PhyL algorithm is to build the Bayesian network from the ranked
connections. The basic problem on transforming the fully connected ranked Physarum-
Maze into a Bayesian network is that the connections of the Physarum Solver , and there-
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Algorithm 2 C-PhyL: Applying Physarum Solver on Physarum-Maze

Require: nodes[], connections[]
Initialize rank for all connections with 0
for all nodes Xi do

for all nodes Xj do
if Index(Xj) > Index(Xi) then

Disable connection Xi ↔ Xj

Set Xi and Xj as food source nodes
survived[] = PhysarumSolver()
for all survived do

Increase connection rank by 1
end for
Reset Xi and Xj to normal nodes
Activate connection Xi ↔ Xj

Reset conductivities to initial values
end if

end for
end for

fore the ranked connections in the Physarum-Maze, are undirected whereas a Bayesian
network requires directed edges. This issue is solved by calculating a variable ordering
as described in Section 2.2.6 and directing the edges so that the ordering is not violated.
In other words, if weight wi of node Xi is higher than weight wj of nodes Xj, connection
Mij is directed to edge Eij = Xi → Xj.

Another difficulty is to determine the connections that should be added to the final
Bayesian network. Obviously, the connections are added in the order of their rank where
the highest ranked connection is added first. But the amount of connections to be added
is unclear and not easy to define. Thus, the average rank value of all connections that have
survived at least once (meaning that their rank is not zero) is calculated and connections
are only considered to be added as long as their rank is higher than the average value.
Further, a connection is only added to the Bayesian network if the score of the network
increases when adding the connection. Nevertheless, connections with a rank lower than
the average rank or connections resulting in a score decrease can be added if the child
node of the connection is yet unconnected to any other node to avoid isolated nodes in
the graph, see Algorithm 3.

The algorithm requires as input a list of connections sorted in descending order by
their ranks and a Bayesian network B having the same nodes X as the Physarum-Maze
and an empty set of edges E . Once connections have been added according to the previ-
ously described procedure, the conditional probability distributions of B regarding G are
estimated using any parameter estimation method (indicated by function estimateCPT())
implemented in Weka.
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Algorithm 3 C-PhyL: Generate Bayesian network from ranked Physarum-Maze

Require: ranked connections
Require: variable order w
Require: Bayesian network B defined by graph G = (X , E) where E = ∅
Ensure: connections sorted by rank, highest first
θ ← average of connection ranks where rank 6= 0
for all connection Mij do

if wi > wj then
Eij = Xi → Xj

else
Eij = Xi ← Xj

end if
end for
for all connection Eij do
sEij∈E = score of network including Eij
sEij /∈E = score of network without Eij
if (Rank of Eij > θ and sEij∈E > sEij /∈E) or node Xj is isolated then

Add Eij to E
end if

end for
estimateCPT()

3.2 Parameter examination

The C-PhyL algorithm depends on a variety of configuration parameters including those
of the Physarum Solver that have been shown by Tero et. al. to be highly sensible. Table
3.1 gives an overview of these parameters:

Column Component indicates to which module the parameter belongs to and column
Source reminds in which algorithm or equation the parameter is used. The last column
defines default values for parameters which are either derived from Tero’s experiences or
from preliminary experiments. For tests presented in this section, parameters are set to
their default values if not stated otherwise.

For validating learning results of C-PhyL under different parameter configurations,
datasets of 1000 instances are sampled from artificially generated networks described in
Section 2.5.7. Next, C-PhyL is applied to a sampled dataset for learning a Bayesian
network structure. The learned structures are compared to each other by determining
their Bayesian scores which are calculated using Weka’s built in scoring function for
Bayesian networks.

3.2.1 Influence of Dmin and Dmax

The influence of Dmin and Dmax on the final learning result is determined by comparing
learning performance of 75 artificial networks with different settings. The networks vary
in their number of nodes from 5, 10, 15, 20 to 25. Further, nodes in these networks can
have a maximal number of parents of either 1, 2, 3, 4 or 5 and a cardinality of 2, 3 or 4,

46



Parameter Component Source Initial value

Dmin Physarum Solver Algorithm 1 0.5

Dmax Physarum Solver Algorithm 1 1.0

f(Q) Physarum Solver Equation 2.10 Qµ

µ Physarum Solver Equations 2.11, 2.12 1.0

α Physarum Solver Equation 2.12 22.0

I0 Physarum Solver Equation 2.13 1.0

l C-PhyL Equation 3.1 0.1

γ C-PhyL Equation 3.1 2.0

Table 3.1: Overview of configuration parameters for the C-PhyL algorithm. Columns
Component and Source show where the parameter is used within C-PhyL. The last column
Initial value defines the default value of the parameter that is used for experiments if not
stated otherwise.

resulting in a total of 75 networks. Five ranges of Dmin and Dmax are compared, namely
[0.2, 1.0], [0.5, 1.0], [0.8, 1.0], [0.5, 0.8] and [0.7, 0.8]. These settings lead to a total number
of 375 experiments running the C-PhyL algorithm where the goal is to determine if any
of the given ranges for Dmin and Dmax can be preferred.

For 73 out of 75 tested networks, all five ranges of Dmin and Dmax delivered exactly
the same results. For the other two datasets, the difference in score improvement and
other validation metrics varied in a negligible range. Thus, it can be concluded that the
initial values for Dmin and Dmax do not have any influence on learning results. They are
therefore set to Dmin = 0.5 and Dmax = 1.0 according to experiments presented by Tero
et. al.. This result is not surprising as Tero et. al. [195] reported that the initial state of
the conductivities is not important when f(Q) = Qµ with µ = 1.0 and that the shortest
path always survives in that case.

3.2.2 Comparing Equation 2.11 and 2.12 as f(Q) method

To find out which of the two expressions for f(Q), Equation 2.11 and 2.12, is more
suitable for learning Bayesian networks from data using C-PhyL, the same set of 75
networks introduced in Section 3.2.1 is used. The network structures are either learned
by using f(Q) = Qµ or f(Q) = (1+α)Qµ

1+αQµ
with µ = 1.0. Parameter α is varied to be either

10, 15, 20, 22, 25 or 30. Hence, each of the 75 networks is tested with seven different
configurations resulting in 525 experiments. Next, it is counted how often a method
reached best learning results for a network with respect to the learned Bayesian score. A
summary of the counts is given in Table 3.2.

The first row All shows how often the seven tested configurations (columns) could
learn the network with the highest Bayesian score. Note that the sum of row one is not
75 but 159 as for some networks more than one configurations shared the best result. The
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Eq. 2.11 Eq. 2.12
α = 10 α = 15 α = 20 α = 22 α = 25 α = 30

All 23 26 20 21 20 19 30
n5 4 10 9 9 9 10 12
n10 3 5 4 5 6 5 8
n15 2 3 5 6 5 3 6
n20 7 3 1 1 0 1 2
n25 7 5 1 0 0 0 2
p1 10 5 7 3 3 4 4
p2 6 9 3 4 4 3 4
p3 3 5 2 2 2 2 8
p4 3 2 3 4 4 4 7
p5 1 5 5 8 7 6 7
c2 10 6 5 6 5 4 9
c3 5 11 7 6 7 9 12
c4 8 9 8 9 8 6 9

Table 3.2: Comparison of Equation 2.11 and 2.12 as function f(Q) using µ = 1.0 and
different values for α. Line All counts the number of times where a method delivered
best learning results regarding the Bayesian score out of 75 benchmark networks. Further,
counts are shown for networks fragmented by their number of nodes, number of maximal
parents and cardinality.

following lines show the counts for specific networks. Row 2 for example, indicates the
sum of all networks with 5 nodes. Thus, the sum over all n[N] rows is equal to the value
in row All. Rows with p[P] fragment networks with respect to the number of parents
and rows named with c[C] show results for different cardinalities respectively.

It can be seen from Table 3.2 that there is no absolute benefit for one of the two
f(Q) methods, although Equation 2.12 with α = 30 performs best on average over all
cases. But, only in 30 out of 75 networks, Equation 2.12 with α = 30 could learn the
highest scored network structure. Further, by investigating the datasets fragmented by
their number of nodes, it can be observed that Equation 2.12 with α = 30 performs best
especially for networks with a small number of nodes whereas Equation 2.11 performs
better for network including more nodes. In contrast, there is no clear indication that
there is a benefit for a configuration regarding the number of parents or cardinality.

3.2.3 The exponent µ of Equation 2.11

As already mentioned, using f(Q) = Qµ with µ = 1.0 stabilizes the learning result and
ensures that the shortest path is selected accepting higher execution time. Preliminary
results with µ > 1.0 showed that higher scored networks can be learned in some cases.
But learning performance is very unstable in these situations, meaning that the quality
varies unacceptable. Thus, an increase in execution time is henceforth accepted to ensure
stable and reproducible learning results by using µ = 1.0.
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3.2.4 Influence of food amount I0

In order to examine if the amount of food given to the Physarum Solver has influence
on learning result, especially with respect to the number of learned edges, the structures
of the previously described 75 artificial benchmark datasets are learned with six different
values for parameter I0: 1.0, 1.5, 2.0, 5.0, 7.5 and 10.0. One could assume that with
increasing amount of food, the number of surviving edges increases, too. In preliminary
experiments, especially for crowded networks i.e. where the number of allowed parents
and therefore the ratio between the number of edges and the number of nodes is high, C-
PhyL suffered from learning too few edges. This problem can have two reasons. First, not
enough connections are surviving the Physarum Solver or second, not enough connection
are passing the restrictions to be added to the final Bayesian network from the rank list.

From 75 benchmark networks, the learning result was constant for 67 networks and
varied for only 8 networks regarding the Bayesian score where for 7 networks, one ad-
ditional arc was learned with increasing I0. On the other hand, for one network, the
number of arcs was increased by 1 for I0 = 1.0. Further, all 8 networks have 20 or
25 nodes, meaning that larger network are more likely to have additional edges when
increasing I0. Nevertheless, the increase in learning performance is not significant. It
remains to verify if the Physarum Solver or the restrictions of C-PhyL are responsible
for the constant learning results. Therefore, the list of connection ranks for network
A n25 p4 a57 c4 is compared for I0 = 1.0 and I0 = 7.5, see Table 3.3. For both settings,
the top 20 ranked connections are in almost the same order varying only at position 8 and
9 where 15 of these connections have the same rank. Further, except from the highest
ranked connection N6 ↔ N8, the difference in rank between I0 = 1.0 and I0 = 7.5 is only
1.

These observations indicate that variation of I0 does not have strong impact on the
number of learned arcs already at Physarum Solver level, except from minor fluctua-
tions. The result is not unexpected, as equations used with the Physarum Solver are
dimensionless and thus rather independent of food amount.

3.2.5 Investigation of length prior l

The length of the Physarum Solver connections are set by Equation 3.1, where a prior
length l is added to avoid connections of zero length if φcnorm = 1. Parameter l is added
to a value in the range of 0 and 1 and is thus set to a value of either 0.1, 0.05 or 0.01. It
is assumed that a value of l > 0.1 adds too much bias to the length. On the other hand,
choosing a very small value of l could lead to remarkably short connections which are not
representative for the correlation any more.

The C-PhyL algorithm has been applied to the same 75 networks that have been used
in previous experiments with l = 0.1, l = 0.05 and l = 0.01 and compared with respect
to the Bayesian score. For all 75 networks, there was no difference in Bayesian score for
using C-PhyL with l = 0.1, l = 0.05 or l = 0.01. These results clearly indicate, that the
length prior l can be set to any of these values without influencing quality of learned
network structures.
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Position I0 = 1.0 I0 = 7.5
Rank Connection Rank Connection

1 97 N6 ↔ N8 100 N6 ↔ N8

2 43 N8 ↔ N10 43 N8 ↔ N10

3 38 N1 ↔ N5 39 N1 ↔ N5

4 36 N8 ↔ N9 36 N8 ↔ N9

5 32 N23 ↔ N22 32 N23 ↔ N22

6 29 N6 ↔ N7 29 N6 ↔ N7

7 23 N6 ↔ N3 24 N6 ↔ N3

8 20 N6 ↔ N2 20 N3 ↔ N2

9 19 N3 ↔ N2 20 N6 ↔ N2

10 19 N9 ↔ N19 20 N9 ↔ N19

11 18 N6 ↔ N11 18 N6 ↔ N11

12 18 N6 ↔ N20 18 N6 ↔ N20

13 18 N8 ↔ N14 18 N8 ↔ N14

14 18 N9 ↔ N16 18 N9 ↔ N16

15 17 N4 ↔ N7 17 N4 ↔ N7

16 16 N3 ↔ N23 16 N3 ↔ N23

17 12 N10 ↔ N1 12 N10 ↔ N1

18 12 N1 ↔ N12 12 N1 ↔ N12

19 10 N6 ↔ N21 10 N6 ↔ N21

20 10 N10 ↔ N13 10 N10 ↔ N13

Table 3.3: Connection ranks of network A n25 p4 a57 c4 are compared for learning with
I0 = 1.0 and I0 = 7.5 where the 20 top ranked connections are shown. Note that for both
cases, the order of the connections is the same except from position 8 and 9. Further,
ranks vary only in five of the 20 top ranked connections where except from the highest
ranked connection, the rank difference is only 1.

3.2.6 Influence of exponent γ

Lastly, influence of exponent γ in Equation 3.1 on learning performance is investigated.
Exponent γ stretches the length values and is thus considered to have high impact on
structure learning quality as the length relations of the Physarum-Maze are changed.
Consider for example three connections Mij, Mjk and Mik where Lij = Ljk = 0.5 and
Lik = 0.75 (before applying γ) and suppose that the Physarum Solver tries to find the
shortest connection between node Xi and Xk. With γ = 1, the shortest path is the direct
connection Mik as the length of the path over node Xj is 1.0. Changing the value of
γ to 2, path Xi ↔ Xj ↔ Xk has length 0.52 + 0.52 = 0.5 whereas path Xi ↔ Xk has
length 0.752 = 0.5635. Thus, increasing γ enables the choice of longer paths through the
Physarum-Maze.

Preliminary results using the 75 test networks showed that γ has influence on learning
result. Therefore, nine other randomly generated sets of 75 similar configured networks
have been tested. This leads to a benchmark database of 750 networks where each configu-
ration is present 10 times for example (A n5 p1 a4 c2, B n5 p1 a4 c2,. . . ,J n5 p1 a4 c2).

These 750 artificial benchmark networks have been used to analyse the impact of γ

50



on learning performance by setting γ equal to 1.0, 2.0, 3.0, 4.0 and 5.0. The number
of times where C-PhyL learned the highest scoring network is counted for each of the
possible values of γ. The result is shown in Table 3.4.

γ = 1.0 γ = 2.0 γ = 3.0 γ = 4.0 γ = 5.0
All 245 364 356 323 302
n5 78 114 123 131 133
n10 46 57 68 69 69
n15 49 67 54 51 43
n20 37 65 52 35 31
n25 35 61 59 37 26
p1 49 90 103 112 117
p2 46 72 61 57 55
p3 44 70 62 53 46
p4 54 63 67 51 37
p5 52 69 63 50 47
c2 69 104 117 104 99
c3 80 126 118 96 92
c4 96 134 121 123 111

Table 3.4: Different values of γ are compared regarding the Bayesian score. Counts how
often each configuration has learned the highest scoring network compared to the other
configurations are given. Row All shows the total count for all 750 benchmark networks
while other rows provide fragmented counts for networks with the same number of nodes,
parents and cardinality.

Results presented in Table 3.4 indicate a benefit for γ = 2.0 which clearly outperforms
the other values except from γ = 3.0 which performed almost as good as γ = 2.0.
Although, it can be seen that γ = 5.0 performs better for smaller networks having 5 or
10 nodes and for networks restricted to only one parent per node. The average score
difference for networks where the score was not equal between the five values of γ is only
0.7% where the maximal score improvement was 9.8%. These results show that γ has
influence on learning performance but for most networks, the score improvement is not
compelling.

3.3 Experiments and analysis with benchmark net-

works

Examination of different parameter configurations showed that there is no setting that
performs best for the majority of networks, instead parameters have to be optimized for
each network individually to reach good structure learning performance. The results are
in line with the ”No Free Lunch” theorem [209], stating that there is no method that
performs best for all datasets in an area under study. Nevertheless, experiments also
showed, that learning results do not vary extremely with changing parameters.

The quality of different structure learning algorithms is evaluated by comparing the
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learned structure to the original structure ( where the data has been sampled from) using
the following metrics:

• A - total number of learned arcs

• T - number of true/correct arcs

• R - number of reversed arcs

• M - number of missing arcs

• E - number of extra arcs

• Bayes - Bayesian score

• t - execution time in seconds

The total number of arcs A is retrieved by counting arcs in the learned network structure.
The number of true arcs T indicates how many arcs of the learned network structure are
also present in the original network and are directed equally. Arcs that are shared in the
true and the learned structure but differ in their direction are called to be reversed arcs
R. Arcs form the true network not present in the learned network are called missing arcs
M whereas arcs from the learned network that are missing in the original network are
called extra arcs E. The score metric Bayes is measured using Weka’s built in Bayesian
score function for Bayesian networks. The execution time is retrieved by calculating the
difference of Java’s System.nanoTime() method before and after running the C-PhyL
algorithm.

3.3.1 Artificial benchmark networks

To validate the quality of the learned structures using C-PhyL, a comparison to three
other state of the art score-based structure learning methods is performed. The LAGD
algorithm implemented in Weka is used with 5 good operations and a look ahead step size
of 2 according to performances in preliminary experiments. Further, Tabu-Search also
implemented in Weka is used with tabu list size of 5 performing 500 runs. The third state
of the art learning algorithm used is Simulated Annealing where initial temperature t0
is set to 10 and is reduced in each iteration by 0.999. Simulated Annealing is performed
using 10,000 runs. All of these three algorithms have been learned with using arc reversal
and not initializing the network as a naive Bayes network which would assume that all
nodes would be initially connected to a predefined node. Further, as benchmark networks
do not contain nodes with more than five parents, the maximum in-degree was set to 5
for all learning algorithms.

Learning algorithms are compared by using a selection of 18 artificial benchmark net-
works including different numbers of nodes, parents and cardinalities to get sparse, normal
and crowded networks (see Table 3.5 and 3.6). For all networks, datasets containing 1000
instances are sampled and used for structure learning.

C-PhyL is used to learn the structure of the benchmark networks with using the
optimal parameters for each dataset according to the results presented in the Section
3.2. Table 3.5 and 3.6 show learning performance of the four structure learning methods,
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where the highest score for each network is printed in bold face and Simulated Annealing
is abbreviated by SA.

Dataset Learner Bayes A T R M E t

A n5 p1 a4 c2

C-PhyL -3357.09 3 3 0 1 0 0.638
LAGD -3357.04 3 1 2 1 0 0.045
Tabu -3357.08 3 1 2 1 0 0.271
SA -3357.08 3 2 1 1 0 0.479

A n5 p3 a7 c3

C-PhyL -4657.20 6 3 3 1 0 0.647
LAGD -4575.17 7 7 0 0 0 0.243
Tabu -4613.24 7 3 4 0 0 0.276
SA -4614.23 7 2 5 0 0 0.390

A n5 p5 a7 c4

C-PhyL -5718.30 6 3 3 1 0 2.047
LAGD -5426.88 7 7 0 0 0 0.101
Tabu -5454.76 7 6 1 0 0 0.288
SA -5477.31 8 4 3 0 1 0.598

A n10 p1 a9 c2

C-PhyL -4167.78 6 5 1 3 0 1.043
LAGD -4159.06 9 4 2 3 3 0.074
Tabu -4161.09 9 3 2 4 4 0.330
SA -4161.61 11 5 2 2 4 0.310

A n10 p3 a17 c3

C-PhyL -7641.00 14 9 5 3 0 1.597
LAGD -7318.79 17 17 0 0 0 0.110
Tabu -7364.46 20 13 4 0 3 0.184
SA -7439.09 22 14 3 0 5 2.697

A n10 p5 a22 c4

C-PhyL -12524.83 11 9 2 11 0 3.180
LAGD -12087.45 14 11 3 8 0 0.926
Tabu -12154.45 13 7 5 10 1 0.434
SA -12247.75 16 6 8 8 2 1.233

A n15 p1 a14 c2

C-PhyL -8121.97 11 6 4 4 1 2.609
LAGD -8022.11 15 9 4 1 2 0.115
Tabu -8026.04 16 8 5 1 3 0.221
SA -8039.21 17 8 5 1 4 0.617

A n15 p3 a27 c3

C-PhyL -13030.65 21 13 5 9 3 5.403
LAGD -12391.77 27 25 2 0 0 0.217
Tabu -12414.65 29 24 3 0 2 0.337
SA -12592.11 32 18 7 2 7 1.675

A n15 p5 a37 c4

C-PhyL -19229.76 13 9 2 26 2 3.933
LAGD -18927.73 12 12 0 25 0 1.775
Tabu -19081.44 13 9 3 25 1 0.557
SA -19071.30 11 9 2 26 0 0.653

Table 3.5: Comparison of four different structure learning algorithms for networks with
5, 10 or 15 nodes. The highest score for each network is written in bold face.

Results clearly show that LAGD outperforms the other methods for nearly all net-
works, except from two networks where Tabu Search learned the highest score. Further,
C-PhyL learned the smallest score for all networks except from network A n25 p1 a24 c2
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Dataset Learner Bayes A T R M E t

A n20 p1 a19 c2

C-PhyL -10016.26 15 5 9 5 1 8.524
LAGD -9814.13 24 18 0 1 6 0.251
Tabu -9819.85 24 11 6 2 7 0.546
SA -9867.50 34 5 11 3 18 0.486

A n20 p3 a37 c3

C-PhyL -18986.04 28 25 2 10 1 10.804
LAGD -18012.18 37 36 1 0 0 0.458
Tabu -18212.56 37 33 3 1 1 0.376
SA -18924.24 38 13 13 11 12 2.451

A n20 p5 a52 c4

C-PhyL -25979.45 16 11 5 36 0 8.645
LAGD -25553.45 19 17 2 33 0 0.871
Tabu -25705.61 22 11 7 34 4 0.396
SA -25705.49 21 10 7 35 4 1.273

A n25 p1 a24 c2

C-PhyL -12630.48 22 10 10 4 2 18.553
LAGD -12595.36 25 19 1 4 5 0.440
Tabu -12600.83 27 15 6 3 6 0.674
SA -12669.60 38 9 11 4 18 1.090

A n25 p3 a47 c3

C-PhyL -22631.85 42 37 4 6 1 25.544
LAGD -21797.08 47 44 3 0 0 0.908
Tabu -22440.99 52 31 11 5 10 1.016
SA -22354.81 57 28 16 3 13 11.883

A n25 p5 a67 c4

C-PhyL -33133.58 10 7 2 58 1 19.592
LAGD -32328.02 23 15 5 47 3 0.723
Tabu -32101.45 27 25 1 41 1 0.848
SA -32494.87 24 16 4 47 4 1.090

A n50 p1 a49 c2

C-PhyL -25631.64 39 17 17 15 5 249.300
LAGD -25059.52 72 31 10 8 31 2.948
Tabu -25058.40 70 29 10 10 31 5.034
SA -25167.02 107 23 15 11 69 511.160

A n50 p3 a97 c3

C-PhyL -45932.40 74 52 22 23 0 273.611
LAGD -43520.83 95 83 6 8 6 6.795
Tabu -43773.03 98 76 15 6 7 5.046
SA -44917.91 105 54 26 17 25 0.823

A n50 p5 a142 c4

C-PhyL -64613.60 30 25 5 112 0 326.879
LAGD -63318.81 44 41 3 98 0 2.472
Tabu -63605.19 46 32 8 102 6 4.730
SA -63939.13 41 28 8 106 5 1.004

Table 3.6: Comparison of four different structure learning algorithms for networks with
20, 25 or 50 nodes. The highest score for each network is written in bold face.

where Simulated Annealing performed worse. But, the average difference between the
highest score for each network and the score learned by C-PhyL is only 2.72% which is
surprising as C-PhyL does not consider the score in its learning procedure directly. The
score is only used for determining if a connection from the ranked list is added to the
final Bayesian network or not. In addition, it is noticed that C-PhyL does not learn
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many extra arcs compared to the other methods indicating high specificity of C-PhyL.
It can also be seen, that C-PhyL does learn less connections for bigger networks which
is one reason for the high specificity. Thus, it can be concluded, that C-PhyL does not
learn enough arcs, but the arcs learned can be assumed to be correct. Investigating the
number of true arcs and number of reversed arcs, it can be suggested that the usage of
a variable ordering to determine the directions of the arcs does not work very well. For
many benchmark networks, C-PhyL was able to find the correct arcs, but suffered from
finding the valid direction of the arcs. Obviously, C-PhyL is much slower compared to
the other methods as no efforts have been given so far to optimize C-PhyL for speed.

To summarize results of this section, it was shown that C-PhyL can be used to learn
the structure of Bayesian networks with nearly comparable results to state of the art
methods. Thus, the novel concept of using the Physarum Solver for learning network
structures of Bayesian networks has been shown to be usable.

3.3.2 Real benchmark networks

Artificially generated networks have been used to study the behaviour of C-PhyL under
different parameter settings and to compare learning quality to other state of the art
structure learning algorithms. In this section, C-PhyL is tested on real world benchmark
networks introduced in Section 2.5 and compared to Tabu Search and LAGD. Please note
that Simulated Annealing is not applied for real world networks as preliminary results
showed that Weka’s implementation throws exceptions due to array overflows for some
networks. Further, experiments with artificial networks showed that Simulated Annealing
does not perform as good as Tabu Search and LAGD. Again, datasets of 1000 instances
have been sampled from the benchmark networks. The datasets are passed as input to
C-PhyL, Tabu Search and LAGD and the learned network structures are compared using
the same metrics as have been used with artificial benchmark networks. For the three
smaller networks Cancer, Earthquake and Asia, parameter γ was set to 5.0 and Equation
2.12 was used with α = 30.0 according to results of Section 3.2. Hence, larger networks
Insurance, Alarm, Barley and Hailfinder have been learned using C-PhyL with γ = 2.0
and Equation 2.11. Performance of C-PhyL could be improved by fitting the parameters
to each network individually, but this is not done in order to avoid overfitting. Results
are shown in Table 3.7.

For the Cancer network, all three algorithms learned the same network structure. The
fact that two of the four arcs are reversed in all three cases is explained by a bias in the
CPT of node Cancer to value False no matter what values its parent has. In general, result
for real networks are in line with results of experiments done with artificial networks. C-
PhyL performs comparable for sparse networks where the relation between the number of
nodes and arcs is small. On the other hand, if there are many arcs per node resulting in
a more crowded network, C-PhyL performs worse and suffers from the fact that less arcs
are learned. But again, the quality of the arcs is good, meaning that C-PhyL does not
learn many wrong i.e. extra arcs. Hence, for seven of the eight networks, C-PhyL learned
the least number of extra arcs. It can also be seen, that the relation between correctly
directed and reversed arcs is very bad for results determined by C-PhyL which is again
pursuant to results with artificial networks and indicates that the usage of a variable
ordering is not appropriate to determine connection directions. Investigating execution
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Dataset Nodes Arcs Learner Bayes A T R M E t

Cancer 5 4
C-PhyL -2235.90 4 2 2 0 0 2.916
LAGD -2235.90 4 2 2 0 0 0.076
Tabu -2235.90 4 2 2 0 0 0.252

Earthquake 5 4
C-PhyL -534.73 3 2 1 1 0 0.041
LAGD -521.43 4 4 0 0 0 0.015
Tabu -521.43 4 4 0 0 0 0.129

Asia 8 8
C-PhyL -2388.99 7 1 4 3 2 0.437
LAGD -2318.45 8 4 3 1 1 0.030
Tabu -2318.45 8 4 3 1 1 0.099

Insurance 27 52
C-PhyL -18651.63 35 16 10 26 9 19.007
LAGD -15772.38 55 25 13 14 17 0.912
Tabu -15740.36 58 26 14 12 18 1.087

Alarm 37 46
C-PhyL -13115.39 45 11 22 13 12 106.12
LAGD -11247.43 54 38 4 4 12 1.003
Tabu -11299.76 55 34 8 4 13 1.485

Barley 48 84
C-PhyL -71716.49 33 14 15 55 4 245.68
LAGD -61790.39 81 23 28 33 30 16.488
Tabu -63021.69 80 15 33 36 32 10.386

Hailfinder 56 66
C-PhyL -54171.01 55 21 20 25 14 828.42
LAGD -51322.70 75 35 14 17 26 4.469
Tabu -51374.87 76 32 17 17 27 4.952

Table 3.7: C-PhyL is compared to Tabu Search and LAGD using seven real benchmark
networks. First column shows the name of the networks. Column Nodes shows how many
nodes the network has and column Arcs indicated the number of arcs in the original
network. Remaining columns show the metrics by which learning methods are evaluated.

times, C-PhyL clearly needs more time than other methods as the Physarum Solver has
to solve the linear equation system many times, which grows fast if the number of nodes
is increased.

The reason why C-PhyL does not learn enough connections for larger networks is fur-
ther investigated by examining the list of ranked connections for Insurance network as an
example case. Figure 3.4 shows a histogram of the top ranked connections in descending
order determined by the C-PhyL algorithm. Green histogram bars indicate connections
that are also present in the original true Insurance network where the direction is not
considered so far and red histogram bars show wrong connection that aren’t present in
the true network.

Figure 3.4 clearly shows, that C-PhyL is able to find the most important connections
but is unable to indicate connections that are not clearly represented by the pair-wise
correlation of the nodes. The true network includes 52 connections and the position where
ranks fall below average rank θ = 2.95 is 51 indicating that the border θ is adequate.
But, roughly only the upper two third of ranked connections where rank is higher θ do
include correct connections in majority. Thus, C-PhyL does not find enough connections
to perform comparable to other state of the art learning algorithms. Please note, that
the nodes of the first seven wrong connections at position 3, 8, 14, 23, 24, 27 and 31 are
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Figure 3.4: Histogram of the 75 top ranked connections for the Insurance network. The
x-axis shows the position in the connection rank list where the y-axis shows the rank
value. Connections that can also be found in the original Insurance network are painted
green, wrong connections are marked red. Bars left to the dashed line have rank values
higher than the average rank value θ = 2.95 of Algorithm 3 whereas connections right to
the dashed line have rank values less tan θ.

connected in all seven cases via a diverging or serial path explaining their high correlation
values, see Figure 3.5. Figure 3.5a shows the network structure learned by C-PhyL for
the insurance network and Figure 3.5b shows the original network. Edges marked red in
Figure 3.5a illustrate the seven high ranked incorrect edges also marked red in histogram
of Figure 3.4. Red edges of Figure 3.5b illustrate the diverging and serial paths that
lead to the wrong connections. For example edge DrivQuality → DrivHist in 3.5a
can be explained by a diverging connection over DrivingSkills in the original network.
Connection between Antilock and ThisCarDam is the only one that is represented in
the correct structure by both, a diverging path over MakeModel and a serial path over
RuggedAuto. Further, it can be clearly seen from the comparison of the learned and the
true network structure, that C-PhyL tends to learn a more sparse network.

Results presented in Tables 3.5, 3.6 and 3.7 showed that the execution time of C-PhyL
grows much faster for networks with more nodes than execution time of Tabu Search and
LAGD. With increasing number of nodes, the linear equation system of the Physarum
Solver grows quadratically which explains the longer execution time. On the other hand,
when the number of instances is increased, C-PhyL is supposed to terminate in nearly the
same time as the correlation coefficients have to be calculated only once at initialization.
Scoring based methods instead have to touch the dataset at each search step while C-
PhyL touches the dataset only once. Thus, the C-PhyL is compared to LAGD and Tabu
Search in order to study the execution time with increasing number of instances by using
the Asia network. Execution time is plotted logarithmically as a function of the number
of instances for Asia in Figure 3.6.

Theoretically, the advantage in execution time for C-PhyL with high numbers of
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(a) (b)

Figure 3.5: Comparison of the insurance network structure learned by C-PhyL (a) to the
original structure (b). Red edges in (a) indicate the seven top ranked wrong connections
at positions 3, 8, 14, 23, 24, 27 and 31 also printed red in Figure 3.4. Red edges in
(b) show that all these connections are represented as diverging or serial paths in the
correct network. Note that connection between Antilock and ThisCarDam is represented
in the correct structure by both, a diverging path over MakeModel and a serial path over
RuggedAuto. Please note that graph format description is provided in Appendix A

instances is bigger than shown in Figure 3.6 as the implementation of C-PhyL is not
optimized for speed and memory usage. Nevertheless, even the naive implementation of
C-PhyL is faster than LAGD and Tabu Search if more than 1,000,000 instances are used
for structure learning.

3.4 Conclusion and future work

A novel structure learning algorithm for Bayesian networks has been introduced which
uses a totally new approach on estimating independences from data. A bio-inspired math-
ematical model called Physarum Solver is used to find paths over pairwise correlations
that explain a correlation between two variables best, assuming that the direct correlation
between the two variables is unknown. Using this strategy, the algorithm tries to find
higher order correlations. The novel method called C-PhyL was described and algorithm
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Figure 3.6: Logarithm of execution time in milliseconds as a function of the number of
instances for benchmark network Asia using C-PhyL, LAGD and Tabu Search.

parameters have been studied. It was observed that there are two major parameters
influencing the learning quality of C-PhyL, γ and function f(Q) which is used within the
Physarum Solver . Next, C-PhyL has been compared to three state of the art structure
learning methods on a set of artificially generated benchmark networks with different net-
work characteristics. It turned out, that the novel algorithm performs adequate for some
networks but could not reach the quality of the state of the art learning methods regard-
ing the Bayesian score and the quality of learned arcs. But, results showed that C-PhyL
learns less extra arcs compared to other methods indicating a higher specificity of arcs. It
was further observed, that for most correctly identified arcs, the correct direction could
not be estimated by using an ordering based approach. To determine the ordering, the
simple score based approach was used. In future work, more advanced methods might be
tested to find a better way of determining a valid ordering. Another method to direct arcs
within the C-PhyL algorithm is to use the PC-Algorithm introduced by Spirtes et. al.
[188] which tries to find directions of a network skeleton by performing independence
tests. Another, and probably the most nearby technique (as fluxes in the real slime mold
do have directions) is to update the Physarum Solver algorithm by considering Kirch-
hoff’s second law saying that the directed sum of potential differences around any closed
network is zero. This law has to be valid also for the flow of flux in the Physarum Solver
where the flow in a closed loop of tubes has to flow in the same direction. By updat-
ing the transportation equation accordingly to consider this law, the Physarum Solver
itself would be able to determine the directions in which the sol flows. The direction of
the final edges in the Bayesian network could therefore be derived from the Physarum
Solver . A problem that has to be solved considering this approach is that Kirchhoff’s
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law needs to be applied to closed circles while Bayesian networks are forbidden to include
circles by definition. In the initial state, where the Physarum-Maze is fully connected,
each connection is automatically part of several loops. But, with getting connections
cut out of the Physarum-Maze in each Physarum Solver iterations, the Physarum-Maze
transforms into a graph with less and less loops until the final state includes only a path.
Thus, defining Kirchoff’s laws becomes more difficult with proceeding iterations and is
not obvious once most loops have been cut out. For that reason, a modified Physarum
Solver which is able to also learn directions by using Kirchoff’s second law is referred to
as future work. Another problem of the C-PhyL algorithm can be observed in Figure
3.5a, where the learned network structure of the insurance benchmark network is shown.
It can be noticed, that node Theft is not connected to any other node although Algo-
rithm 3 tries to avoid unconnected nodes. The reason for that is that node Theft never
occurs as a child node. For future experiments, Algorithm 3 needs to be updated so that
connections are also added to the final Bayesian network if a connections parent node is
yet unconnected.

Execution time analysis showed a disadvantage for C-PhyL with increasing number
of nodes but a benefit if the number of instances grows dramatically. C-PhyL has to
determine the pairwise correlation coefficients only once while score based algorithms
have to touch the dataset in each optimization step. Weka’s implementation does store
bayesian networks and datasets within objects while the self-made implementation of
the Physarum Solver holds Physarum-Maze and dataset informations in arrays. Thus,
within C-PhyL, several copies from Weka objects to arrays have to be made which is
tremendously time and memory intensive for larger datasets. Further, the linear equation
system that has to be solved for each iteration within the Physarum Solver to calculate
pressure values is solved by using an implementation of a singular value decomposition
method while Tero et. al. reported that they have used Incomplete Cholesky Conjugate
Gradient which might be faster. Another approach to speed up C-PhyL is to use shuttle
streaming as introduced by Siriwardana et. al. [182] who showed that the Physarum
Solver could be much faster when using their proposed modifications. Once unprofitable
implementation issues are resolved, the C-PhyL algorithm has high potential to be used
for datasets including many instances as for example streaming data.

Another benefit of C-PhyL is that the algorithm does not require a maximum in-
degree. Score based structure learning methods are restricted to maximum number of
parents per nodes as score calculation becomes infeasible with a growing set of parents.
Further, C-PhyL can be easily adopted to be used with continuous variables as Cramér’s
V correlation coefficient can be replaced for example by the common Pearson correlation
coefficient. Of course, the representation of conditional probability distributions has to
be updated to work for continuous data, too.
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CHAPTER 4

Score optimizing Physarum Learner (SO-PhyL)

The previous chapter demonstrated that the Physarum Solver introduced by Tero et. al.
can be used to learn the structure of a Bayesian network from data accepting some
drawbacks. Due to its correlation based approach, C-PhyL poorly determines directions
of connections and learns more sparse networks than score optimizing competitors and is
thus unable to learn networks with competitive score. Resolving these problems motivated
the development of another structure learning algorithm for Bayesian networks based
on Physarum Solver that considers score already within learning iterations. The score
optimizing Physarum Learner (SO-PhyL) uses the Physarum Solver for learning the
structure of a Bayesian network from data in a different way than C-PhyL. Instead of
searching paths in a Physarum-Maze where connection lengths are determined by pair-
wise correlations between connected nodes, SO-PhyL uses the Physarum Solver to search
the space of possible network structures in order to optimize a score. Thus, SO-PhyL
belongs to the group of search and score based algorithms including also LAGD and Tabu
Search.

4.1 The SO-PhyL algorithm

The basic idea of SO-PhyL is that the Physarum-Maze can be transformed to a Bayesian
network in each iteration of the Physarum Solver by applying a filter that is cutting
out connections with a conductivity value below a predefined threshold. The influence
of each connection to the score of the Bayesian network is evaluated in each iteration
and feedback is given to the connections by increasing conductivity of a score improving
connection and decreasing conductivity otherwise. Obviously, the common Physarum
Solver is no longer applicable as there are no longer only two food sources, but each node
is considered as a food source to avoid nodes being cut out from the Bayesian network.
Hence, SO-PhyL uses the Physarum Solver updated for multiple food sources further
referred to as MFS-Physarum Solver that has been introduced by Tero et. al. [198].
Please remind that for multiple food sources, a new function f(Q) (see Equation 2.14)
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has been supposed by Tero et. al. and is thus used with the MFS-Physarum Solver .

4.1.1 Initialize Physarum-Maze

As a first step, a Physarum-Maze has to be initialized based on the dataset for which the
structure is to be learned. Therefore, for each parameter in the dataset, a node is inserted
into the Physarum-Maze and is connected to any other node so that the final Physarum-
Maze is fully connected as has been done in the first step of C-PhyL, see Figure 3.1. Again,
conductivity values of connections are set randomly in the range of Dmin and Dmax. In the
original model of the Physarum Solver , the change in conductivity Dij is calculated using
a function of the flux Qij which is dependent on both, the actual conductivity and the
length of the connection. Setting a constant value of length Lij for all connections implies
that all network dynamics are dependent only on the conductivities. Hence, it is easier
for SO-PhyL to influence network adaptation by giving positive or negative feedback to a
single parameter. For that reason, all connections Mij are given the same constant value
of Lij = 1.0. Please note that the value of Lij can be set to any positive number without
influencing results. The procedure of initializing a Physarum-Maze from data to be used
in SO-PhyL is also shown in Algorithm 4.

Algorithm 4 SO-PhyL: Building Physarum-Maze from dataset

Require: nodes[], connections[]
Require: dataset

nodes ← Empty
connections ← Empty
for all variable Xi in dataset do

Add Xi to nodes[]
for all variable Xj 6= Xi in dataset do
Lij = 1.0
Dij = Rand(Dmin, Dmax)
Mij = new connection(Lij, Dij)
Eij = set initial direction of Mij randomly
Add Eij to connections[]

end for
end for

As SO-PhyL transforms the Physarum-Maze to a Bayesian network in each iteration,
connections need to be directed at any time. Initially, connections are directed randomly
where it is not necessary to check if directions are valid in the sense that the resulting
Bayesian network is acyclic or the number of parents per node is exceeded. Initial di-
rections are only given to have the initial Physarum-Maze in a valid state to be used by
SO-PhyL, directions are evaluated correctly after the first iteration is completed.

4.1.2 Evaluate connections by score

Tero et al. [198] demonstrated how to run the Physarum Solver with multiple food sources
by switching the source and sink node in each MFS-Physarum Solver iteration. First, a
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source node is chosen randomly out of the set of nodes. Then, the sink node is chosen
randomly too, but the probability of each node to be selected as sink node is growing
with distance to the source node. As nodes in a Physarum-Maze used by SO-PhyL are
all connected to each other directly and length is constant over all connections, distances
between nodes are equal. Selecting both, source and sink node, at random would lead to
an imbalance of preferred paths as the chance that a connection survives grows with the
number of times it is part of the shortest path. Therefore, a list of all possible pairs of
nodes is generated from which a node pair is chosen randomly in each MFS-Physarum
Solver iteration. The two nodes are set as food source nodes and are removed from
the list. It follows that the number of total MFS-Physarum Solver iterations has to be
defined to be a multiple of the number of possible node pairs. Hence, parameter r that
can be set as configuration parameter does not define the total number of MFS-Physarum
Solver iterations, but how often the list of all possible node pairs is processed. The total
number of MFS-Physarum Solver iterations can be calculated by

rtotal = r
|X|(|X| − 1)

2
(4.1)

where |X| is the number of nodes in the Physarum-Maze. This procedure guarantees
that each node has been used as food source the same number of times.

As in each of these iterations, two food source nodes are defined, pressures, fluxes and
conductivities can be updated by using equations of the common Physarum Solver where
adaptation equation for Dij has been extended by a weighting constant w to manipulate
the speed of adapting conductivity as shown in Equation 4.2 where λ is constant.

Dijnew = wf(|Qij|) + (1− λw)Dijold (4.2)

In each MFS-Physarum Solver iteration, a filter is applied that transforms the Physarum-
Maze into a Bayesian network by filtering out connections with conductivity below a
parametrizable threshold Dτ . Parameter Dτ is adjusted linearly from its initial value Dτ0

to Dτend over rtotal iterations, see Equation 4.3 where i is the current iteration.

Dτ = Dτ0 +
i

rtotal
(Dτend −Dτ0) (4.3)

A Bayesian network B represented by graph G containing a node for each parameter
in the dataset and an empty set of edges E is initialized. Algorithm 5 summarizes the
complete SO-PhyL procedure and Figure 4.1 shows one SO-PhyL iteration.

In each MFS-Physarum Solver iteration, pressures, fluxes and conductivities are up-
dated first. If the conductivity value of the connection between the two nodes selected as
food sources in this iteration is less than Dτ , conductivity is increased to be Dτ + 0.01.
This ensures that each connection is considered to be part of the Bayesian network at
least once in each r iterations. Next, connections that have been added to E in former
iterations but do no longer exceed Dτ are removed from E , see Algorithm 6. Further,
connections with conductivity greater than Dτ are added to a list called whitelist. A
greedy hill climbing like search algorithm is used to add connections from the whitelist
to the Bayesian network one by one. The connection that leads to highest score improve-
ment is added first to the Bayesian network and removed from the whitelist. Note that
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Algorithm 5 SO-PhyL: Applying MFS-Physarum Solver on Physarum-Maze

Require: nodes[], connections[]
Require: r
Bbest ← null
for Size of Ensemble do

for i < r do
nodePairs[] = list of all possible pairs of nodes
while nodePairs[] not empty do

Select random pair (Xi, Xj) out of nodePairs[]
Set Xi and Xj as food sources
Remove pair (Xi, Xj) from nodePairs[]
Perform one Physarum Solver iteration
Reset food sources
if Dij < Dτ then
Dij = Dτ + 0.01

end if
B = evaluateConductivityByScore()

if scoreB > scoreBbest then
Bbest = B

end if
Dτ = Dτ0 + i

rtotal
(Dτend −Dτ0)

end while
end for

end for
return Bbest

the search algorithm evaluates connections in both directions. The score improvement
is measured by calculating the score of the connections child node with and without the
additional parent defined by the edge. This score difference term is determined for either
direction. Consider for example connection Mij which can either be edge Eij = Xi → Xj

or Eji = Xj → Xi. For both directions, difference in score is calculated as

scoreDiff(Eij) = scoreXj(Xi ∈ Pa(Xj))− scoreXj(Xi 6∈ Pa(Xj)) (4.4)

scoreDiff(Eji) = scoreXi(Xj ∈ Pa(Xi))− scoreXi(Xj 6∈ Pa(Xi)) (4.5)

where the score of the child node without the parent node is subtracted from the score
of the child including the parent in its parent set. A positive value of scoreDiff means
that adding the connection increases the score while a negative value means that the
score is decreased. The more profitable direction can easily be determined by comparing
scoreDiff(Eij) and scoreDiff(Eji) where the direction with higher score improvement is
chosen. This procedure is repeated as long as the whitelist is not empty or no connection
from the whitelist further increases the score, see Algorithm 6.

Next, a positive feedback is given to the conductivity value of the connections that
have been added to the Bayesian network and a negative feedback is given to connections
that remained in the whitelist based on the relation between score with and without the
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Figure 4.1: One SO-PhyL iteration is shown where first, MFS-Physarum Solver is used
to update conductivity values of the Physarum-Maze which is further transformed into
a Bayesian network by considering threshold Dτ . Next, score feedback is given to the
conductivity levels of connections present in the Bayesian network and the Physarum-
Maze is updated.

extra parent with respect to the selected direction, see Equation 4.6.

β =


scoreXj (Xi∈Pa(Xj))

scoreXj (Xi 6∈Pa(Xj))
if scoreDiff(Eij) > scoreDiff(Eji)

scoreXi (Xj∈Pa(Xi))

scoreXi (Xj 6∈Pa(Xi))
else

(4.6)

If β < 1, the score with the connection added is higher than the score without extra
connection as scores are in negative range. If β > 1, adding the connection would result
in a decrease in score. The value of β is next used to update the conductivity for the
following MFS-Physarum Solver iteration as shown in Equation 4.7.

Dij = Dij + k(1− β) (4.7)

The feedback is given to Dij by adding a positive or negative value that is proportional
to the increase or decrease in score when adding the connection. Hence, if a connection
was selected by MFS-Physarum Solver that would decrease the score, Dij is lowered so
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that the probability that this connection is chosen by the next iteration of the MFS-
Physarum Solver is decreased. On the other hand, if adding the connection increases
score, conductivity is increased too and the connection is more likely to be part of a
shortest path in the next MFS-Physarum Solver iteration. The weight of decrease and
increase on Dij can be set by constant k. An upper limit for Dij indicated by Dlimit is
defined to avoid endless growing in conductivity. Further the value of Dij cannot be less
than zero. Please note, that before a connection is considered to be added to the Bayesian
network, it is verified that the connection does not produce a cycle and the child node is
valid to accept another parent, indicated by function addArkMakesSense() in Algorithm
6. Algorithm 7 shows the procedure of providing score feedback to conductivities in a
more compact way, where calculateBeta() represents Equation 4.6.

Before continuing with the next MFS-Physarum Solver iteration, the global score of
Bayesian network B is determined where SO-PhyL remembers the highest scoring network
over all rtotal iterations. Selecting connections is initially based on randomly set initial
conductivity values and on the order in which nodes are chosen to act as food sources
leading to variations in learning results. To get stable structure learning performance,
an ensemble of SO-PhyLs is used from which the highest scoring network is picked as
final Bayesian network. Finally conditional probability distributions of B regarding G are
estimated using any parameter estimation method implemented in Weka.
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Algorithm 6 SO-PhyL: Implementation of function evaluateConductivityByScore()

Require: connections[]
Require: Bayesian network B defined by graph G = (X , E)

whitelist[] ← Empty
for all connections Mij do

if Dij > Dτ then
Add Mij to whitelist

else
Remove Mij from E

end if
end for
while whitelist not empty do

bestScoreImprovement = 0.0;
bestConnection;
for all connections Mij in whitelist do

Remove Mij from E
if addArkMakesSense(Eij) then
scoreDiff(Eij) = scoreXj(Xi ∈ Pa(Xj))− scoreXj(Xi 6∈ Pa(Xj))

end if
if addArkMakesSense(Eji) then
scoreDiff(Eji) = scoreXi(Xj ∈ Pa(Xi))− scoreXi(Xj 6∈ Pa(Xi))

end if
scoreChange = Max(scoreDiff(Eij), scoreDiff(Eji))
if scoreChange > bestScoreImprovement then

bestScoreImprovement = scoreChange
bestConnection = Eij or Eji based on better score

end if
end for
if not bestConnection then

for connections Mij in whitelist do
giveFeedback(Mij)

end for
if scoreB > scoreBbest then
Bbest = B

end if
return Bbest

end if
Add bestConnection to E
Remove bestConnection from whitelist
giveFeedback(bestConnection)

end while
if scoreB > scoreBbest then
Bbest = B

end if
return Bbest
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Algorithm 7 SO-PhyL: Implementation of function giveFeedback(Eij)

β = calculateBeta()

Dij = Dij + k(1− β)
if Dij > Dlimit then
Dij = Dlimit

end if
if Dij < 0 then
Dij = 0

end if
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4.2 Parameter examination

The SO-PhyL algorithm is parametrized by set of variables that have been shown to
have impact on learning result in preliminary experiments. An overview of configuration
parameters is given in Table 4.1 where the first column indicates the parameter notation,
the second column shows in which component the parameter is used and column Source
indicates in which equation or algorithm the parameter appears. A default values derived
from preliminary experiments that is used in the following experiments unless stated
otherwise is given in the last column. For all structure learning algorithms used within

Parameter Component Source Initial value

r SO-PhyL Algorithm 5 2

Ensemble size SO-PhyL Algorithm 5 10

µ MFS-Physarum Solver Equation 2.14 1.2

λ MFS-Physarum Solver Equation 4.2 0.2

w MFS-Physarum Solver Equation 4.2 0.5

I0 MFS-Physarum Solver Equation 2.13 3.0

Dmin MFS-Physarum Solver Algorithm 1 0.78

Dmax MFS-Physarum Solver Algorithm 1 0.79

Dτ0 SO-PhyL Equation 4.3 0.8

Dτend SO-PhyL Equation 4.3 0.8

Dlimit SO-PhyL Algorithm 6 2.5

k SO-PhyL Equation 4.7 3.0

Table 4.1: Overview of configuration parameters for the SO-PhyL algorithm. Columns
Component and Source show where the parameter is used within SO-PhyL. The last
column Initial value defines the default value of the parameter that is used for experiments
if not stated otherwise.

this chapter, the number of maximum parents per nodes is set to five, as no benchmark
network is used with a higher in-degree. Learning results of SO-PhyL under different
parameter configurations are validated using datasets of 1000 instances that have been
sampled for validation of C-PhyL. SO-PhyL is applied to a sampled dataset in order to
learn a Bayesian network structure. Quality of structures is evaluated by measurements
introduced in Section 3.3.

4.2.1 Number of MFS-Physarum Solver iterations r

The SO-PhyL algorithm optimizes a score by giving feedback to connections’ conductiv-
ities in each of the rtotal MFS-Physarum Solver iterations. In each of these iterations,
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a bunch of scores has to be calculated leading to an increase in execution time with
increasing iterations. On the other hand, a minimum number of iterations is needed to
be able to optimize the score far enough. Thus, the minimum number of iterations is
searched that is still high enough to find an optimal scoring network structure. Please
remind that parameter r does not set the total number of iterations, but is used to cal-
culate rtotal as described in Equation 4.1. SO-PhyL is used with eight different values of
r (1, 2, 3, 4, 5, 10, 50 and 100) to learn network structures of 75 artificial networks with
different characteristics. The networks vary in their number of nodes from 5, 10, 15, 20
to 25. Further, nodes in these networks can have a maximal number of parents of either
1, 2, 3, 4 or 5 and a cardinality of 2, 3 or 4, resulting in a total of 75 networks. Each
network is learned with each of the values of r and the number of times where a value of
r could learn the highest scoring network regarding the Bayesian score compared to other
r values is counted and presented in Table 4.2. The first rows show the number of times

r = 1 r = 2 r = 3 r = 4 r = 5 r = 10 r = 50 r = 100
All 22 27 28 32 31 35 49 58
n5 15 14 14 14 14 14 14 14
n10 6 8 8 9 10 10 11 12
n15 1 3 4 6 5 5 10 11
n20 0 2 2 3 2 2 6 12
n25 0 0 0 0 0 4 8 9
p1 6 9 9 10 9 12 13 14
p2 5 6 7 8 7 9 10 12
p3 4 4 4 6 7 6 10 14
p4 3 3 3 3 4 4 8 8
p5 4 5 5 5 4 4 8 10
c2 7 7 9 9 9 10 13 19
c3 6 11 10 12 11 12 18 20
c4 9 9 9 11 11 13 18 19

Table 4.2: Different values of r are compared regarding the Bayesian score. The counts
how often each configuration has learned the highest scoring network compared to the
other configurations are given. Row All shows the total counts for all 75 benchmark
networks while other rows provide fragmented counts for networks with the same number
of nodes, parents and cardinality.

SO-PhyL using r (as shown in the corresponding column) was able to find the network
structure with highest Bayesian score. Following rows show results for specific networks
sharing the same number of nodes, parents or the same cardinality. Investigating the
first row, it is not surprising that with increasing r and thus increasing iterations, the
highest scoring network structure has been found more often. More iterations mean that
there are more chances to optimize the score. It can also be seen, that for networks with
a small number of nodes, less iterations are needed to learn an optimal score. With in-
creasing size of nodes, as expected, counts get higher for larger values of r as can be seen
in rows n5-n25. The number of possible edges between nodes grows quadratically with
the number of nodes and thus more options have to be validated with increasing node
size leading to the need of more optimization iterations. On the other hand, variations
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in number of parents or cardinality do not have high effect on learning performance. As
expected, increasing r leads to an increase in structure quality, but also increases execu-
tion time dramatically. Thus, three different networks A n5 p3 a7 c3, A n20 p3 a37 c3

and A n50 p3 a97 c3 are used to further study the influence of r on learning quality by
plotting the score development as a function of the number of iterations in order to see
in which iterations major score optimization is performed. Figure 4.2 shows score de-
velopment for one SO-PhyL with r = 10 resulting in rtotal = 100 iterations for network
A n5 p3 a7 c3. Please note that values presented on the horizontal axis of Figure 4.2
show the number of total iterations at points of r = 1 (10), r = 2 (20) and so on.
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Figure 4.2: Score development of network A n5 p3 a7 c3 over 100 iterations.

It can be seen that the highest scoring network structure has already been found
after eight iterations. This result is in line with the results presented in Table 4.2 where
r = 1 was enough for networks with 5 nodes to find the optimal network structure.
The following iterations do not provide any score optimization. It can be assumed that
within these iterations, score changes are made due to noise artefacts within the dataset
or fluctuations of the MFS-Physarum Solver . Thus, learning small networks with a high
value of r could cause overfitting.

Analysing Figure 4.3, which shows score development for A n20 p3 a37 c3 of one SO-
PhyL with r = 10 resulting in rtotal = 1900 iterations, indicates a similar result. Within
the first iterations, the score improvement is strong. But already at r = 1, a local maxima
is reached although after about 406 iteration, the highest scoring network is found. This
graphic does not show clearly if there is a constant score improvement until r = 3 or if
the larger step at iteration 406 is a result of a lucky choose. But one can see that there
is no further score optimization after r = 2 except from that at iteration 406.

Development of score for the largest network with 50 nodes A n50 p3 a97 c3 is shown
in Figure 4.4 where again one SO-PhyL with r = 10 resulting in rtotal = 12250 iterations
has been performed. Once more, major score optimization is reached within the first
r = 3 iterations (at iteration 3675). But for network A n50 p3 a97 c3, a slight continuous
improvement of score can be observed. Nevertheless, score increase in higher iterations
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Figure 4.3: Score development of network A n20 p3 a37 c3 over 1900 iterations.
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Figure 4.4: Score development of network A n50 p3 a97 c3 over 12250 iterations.

is low whereas execution time increases fast. It can thus be concluded, that learning
network structures using SO-PhyL with very low values of r < 5 offers a good relation
between optimizing score and execution time. However, the amount of score increase
and how fast score increases depends on the random selection of food source nodes and
the random initialization of conductivities. Preliminary results showed that the random
selection of food sources is more crucial to the final score than the number of iterations
r. It is thus necessary to use an ensemble of SO-PhyLs with a low number of r and chose
the best network out of them.

4.2.2 Ensemble size

The same three networks that have been used to analyse score development with in-
creasing number of iterations are used to test if an ensemble size of 10 is appropriate.
Obviously, increasing the size of the ensemble increases the chance of getting a higher
scoring network as more individual SO-PhyLs are run. On the other hand, execution
time increases linearly with ensemble size. Thus, it is studied if using the default value of
10 SO-PhyLs is enough to get network structures of good quality. It is further examined
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how stable learning results are by performing the same experiment for each dataset ten
times. With respect to result of the previous section, r is set to 3. For A n5 p3 a7 c3,
all ten runs delivered exactly the same network structure, concluding that an ensemble
size of 10 is enough to get stable learning performance for networks with only five nodes.
Learning results for 10 individually performed runs for network A n20 p3 a37 c3 is given
in Table 4.3 and for network A n50 p3 a97 c3 in Table 4.4 respectively.

Run Bayes A T R M E
1 -18571.53 28 24 3 10 1
2 -18579.65 28 25 3 9 0
3 -18557.86 28 25 3 9 0
4 -18571.53 28 24 3 10 1
5 -18588.57 27 23 3 11 1
6 -18536.84 29 25 3 9 1
7 -18579.65 28 25 3 9 0
8 -18585.01 28 25 3 9 0
9 -18554.21 29 25 3 9 1
10 -18557.86 28 25 3 9 0

Table 4.3: Results of ten individual runs of network A n20 p3 a37 c3 with r = 3 and an
ensemble size of 10.

Run Bayes A T R M E
1 -44696.75 72 56 12 29 4
2 -44727.80 72 55 13 29 4
3 -44811.98 71 55 12 30 4
4 -44787.64 72 55 13 29 4
5 -44724.93 71 55 13 29 3
6 -44836.09 70 54 12 31 4
7 -44815.21 69 55 11 31 3
8 -44799.84 71 55 12 30 4
9 -44902.99 69 53 13 31 3
10 -44746.24 71 55 12 30 4

Table 4.4: Results of ten individual runs of network A n50 p3 a97 c3 with r = 3 and an
ensemble size of 10.

Results presented in Table 4.3 show that an ensemble of 10 learners is still large
enough for networks with 20 nodes. Although, there are slight variations between the
ten runs. Analysis of results for network A n50 p3 a97 c3 show that variation between
individual runs grow with the number of nodes. Here, learned structures vary already
at most in 3 arcs that have notable influence on the Bayesian score. Increasing both,
r and the ensemble size could stabilize performance, but comes with major increase in
execution time. Hence, minor variations are accepted in order to keep execution time
short and the number of learners used is set to 10 for the following experiments.
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4.2.3 Exponent µ of Equation 2.14

Exponent µ describes how sigmoid the shape of function defined by Equation 2.14 is and
thus how fast the function converges to one. In the common Physarum Solver , a value of
µ = 1.0 ensured to find the shortest path. Unfortunately, no reports on behaviour of µ
are given by Tero et. al. for the MFS-Physarum Solver except that they used a different
value of µ for each of their experiments. For that reason, five different values of µ (1.0,
1.2, 1.5, 2.0 and 3.0) are tested in order to find the one where SO-PhyL performs best
regarding the Bayesian score. Hence, a bunch of 90 benchmark networks including the
75 already introduced ones plus 15 networks with 50 nodes in the same configuration as
the other networks is analysed. Each of the networks has been learned with each of the
values of µ and the number of times where SO-PhyL with a specific value of µ learned
the highest scoring network is counted. Results are presented in Table 4.5. Again, results

µ = 1.0 µ = 1.2 µ = 1.5 µ = 2.0 µ = 3.0
All 60 45 42 32 27
n5 13 14 14 14 12
n10 14 11 10 7 6
n15 9 5 6 2 5
n20 11 5 5 4 3
n25 4 7 4 5 1
n50 9 3 3 0 0
p1 11 12 13 9 10
p2 14 10 9 10 9
p3 12 8 7 4 3
p4 12 7 7 4 2
p5 11 8 6 5 3
c2 19 12 11 12 9
c3 23 18 13 9 8
c4 18 15 18 11 10

Table 4.5: Counts where SO-PhyL using different values of µ learned the highest scoring
networks structure among 90 benchmark datasets.

are grouped by the number of nodes, parents and cardinality as described in previous
experiments. Table 4.5 shows a clear benefit for µ = 1.0 where results are getting worse
with increasing values of µ. From raw score values not presented in this thesis, it can
also be seen that differences in score are very small for values of µ = 1.0 and µ = 1.2 but
get bigger for higher values of µ. With respect to these observations, a value of µ = 1.0
is used for further experiments presented in this thesis.

4.2.4 Influence of λ

Parameter λ defines the weight that is given to the value of Dij of the former iteration
when calculating the updated value of Dij and is also dependent on parameter w. The
influence of λ on learning quality with respect to the learned Bayesian score is tested by
using the introduced 90 benchmark networks with setting λ to either 0.01, 0.1, 0.2, 0.5.
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0.75 and 1.0 using w = 0.5. Regarding previous experiments, parameters are set to r = 3,
µ = 1.0 and ensemble size is set to 10. For 84 of the 90 networks, λ = 0.01 learned the net-
work structure with highest score. In remaining six networks, λ = 0.1 reached the highest
score. It could further be observed that the difference in score between different values of
λ is very high. Recalling Equation 4.2, a very low value of λ leads to a total weight of al-
most 1 for Dijold where weight w of value f(Q) is 0.5. Thus, a relation between the former
value of conductivity and function of flux is defined so that conductivity counts twice the
value of flux in adaptation. A configuration like that results in a continuous grow of most
conductivity values and thus to a state where a high amount of connections are considered
as possible Bayesian network connections as threshold Dτ is exceeded. Hence, the algo-
rithm performed in that case converges to do greedy hill climbing. Obviously this leads to
dramatic increase in execution time as nearly all possible connections have to be checked
in each iteration. See for example Table 4.6 providing execution times for networks
A n10 p3 a17 c3 and A n50 p3 a97 c3 for six different values of λ. Figure 4.5 illustrates

λ Execution time in seconds
A n10 p3 a17 c3 A n50 p3 a97 c3

0.01 1.14 780.08
0.1 0.70 568.13
0.2 0.57 358.70
0.5 0.30 114.90
0.75 0.22 90.79

1 0.22 80.67

Table 4.6: Execution time in seconds for networks A n10 p3 a17 c3 and A n50 p3 a97 c3

using different values of λ

the number of connections higher than Dτ before evaluateConductivityByScore() is
called over rtotal iterations for network A n10 p3 a17 c3 and Figure 4.6 provides same
corresponding values for network A n50 p3 a97 c3. It can clearly be seen, that with
lower values of λ, the number of connections considered as valid Bayesian network con-
nections is growing. For A n10 p3 a17 c3, using λ = 0.01 results in a setting where nearly
all of the 45 possible connections are exceeding Dτ for some iterations. Hence, a lot of
scores have to be calculated in each iteration increasing execution time, see Table 4.6. For
network A n50 p3 a97 c3, 1225 possible connections do exist, but even with λ = 0.01, at
most 110 connections have higher conductivity than Dτ . This is because value of I0 is
set to only 3.0. This means that a low amount of sol is flowing through a relatively large
Physarum-Maze resulting in fluxes in the range of 10−5 for single connections. Thus,
increase caused by term f(Q) in adaptation Equation 4.2 is still lower than decrease
caused by term (1 − λw)Dijold . When increasing I0 to an appropriate size, the number
of connections exceeding Dτ would also converge to the number of possible connections.
But, influence of λ on number of connections with Dij > Dτ can already by seen clearly
form graph shown in Figure 4.6.

Purpose of SO-PhyL is not to evaluate all possible connections in each iteration, but
using the benefit of the MFS-Physarum Solver in combination with score optimization.
For that reason, λ is set to 0.2 for further experiments in order to inhibit continuous
connection growing and considering only connections as Bayesian network connections
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Figure 4.5: Development of number of connections higher than Dτ for network
A n10 p3 a17 c3 with different values of λ.
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Figure 4.6: Development of number of connections higher than Dτ for network
A n50 p3 a97 c3 with different values of λ.

if they have been pushed by score feedback or by selection within the MFS-Physarum
Solver .

4.2.5 Investigating parameter w

Parameter w is supposed to weigh how strong the influence of conductivity changes
caused by the MFS-Physarum Solver is, compared to the influence to conductivity by
giving score feedback. Further, when using a very small value of λ, w does also configure
the relation between flux and conductivity in adaptation equation of the MFS-Physarum
Solver . Hence, w is assumed to have high impact on learning performance which is
tested by investigating different values of w (0.1, 0.25, 0.5, 0.75 and 1.0) on the 90
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benchmark datasets used in previous sections. For 83 networks, w = 0.1 has learned the
highest scoring network regarding the Bayesian score. Hence, it can be assumed that the
more influence is given to the score feedback part, the better learning performance is.
Behaviour of learning under different configuration of w is studied deeper by analysing
two networks that have been already used for investigation λ, namely A n10 p3 a17 c3

and A n50 p3 a97 c3. For both networks, the number of connections exceeding threshold
Dτ and score change over iterations is measured. Figure 4.7 shows score evolution for
network A n10 p3 a17 c3 with different values of w and Figure 4.8 shows the number of
connections exceeding Dτ (and are thus evaluated for score feedback) as a function of the
number of iterations.
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Figure 4.7: Score development over iterations for network A n10 p3 a17 c3 using different
values of w.

Figures 4.9 and 4.10 show the same evaluations for network A n50 p3 a97 c3 respec-
tively.

For the smaller network, the difference in number of connections with high conductiv-
ity between different values of w is not clear, but a trend can be seen that with increasing
w less connections are overpassing Dτ . Investigating score evolution, all five configu-
rations are evolving differently, but end at almost same results. On the other hand,
when analysing benchmark network with 50 nodes, a clear difference is investigated. The
smaller w is chosen, the more connections are learned with high variations. The real
network includes 97 connection, where w = 0.1 is very close to.

This assumption can be verified by analysing the change in score over the iterations
where configurations learned higher score with decreasing w. Please remind that a lower
value of w results in more impact on conductivity by score feedback and less impact by
MFS-Physarum Solver . Thus, this result is not surprising as conductivities are changed
mostly based on calculated scores. But, giving more weight to the MFS-Physarum Solver ,
increases the flexibility of SO-PhyL as in each iteration, conductivities are changed more
by the MFS-Physarum Solver and SO-PhyL is thus more likely to avoid getting stuck
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Figure 4.8: Development of number of connections higher than Dτ for network
A n10 p3 a17 c3 with different values of w.
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Figure 4.9: Score development over iterations for network A n50 p3 a97 c3 using different
values of w.

in local maxima. Figure 4.11 prints the evolution of conductivities for all connections
of network A n10 p3 a17 c3 for five different values of w. Note, that these graphics are
not presented for network A n50 p3 a97 c3 as there are too many connections to create
a clear graph.

In Figure 4.11 and its sub-figures, increasing shiver of conductivity values for connec-
tions can be observed with increasing w caused by adaptations of the MFS-Physarum
Solver . These fluctuations enable connections to be lowered again instead of being stuck
at the upper limit of Dlimit once they reached it. At this point of parameter analysis, it is
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Figure 4.10: Development of number of connections higher than Dτ for network
A n50 p3 a97 c3 with different values of w.

not clear if shivering is an advantage or a disadvantage as for example parameter I0 has
not yet been studied. When increasing I0, more connections will survive and possibility
of connections being lowered in conductivity again, might give an advantage in avoiding
local maxima. On the other hand, this is also possible for small values of w when negative
feedback is given to the connection, but with lower speed. Further, experiments showed
better results with small values of w. Nevertheless, setting w very small is decreasing also
influence of I0 which is to be studies next. Hence, additional experiments in this section
are performed with w = 0.5 to keep balance between influence on conductivity by score
feedback and by MFS-Physarum Solver .
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Figure 4.11: Conductivity change for all connections of network A n10 p3 a17 c3 using
different values of w. Vertical axis shows the connections conductivity values where
horizontal axis shows the iterations.
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4.2.6 Amount of food I0

The amount of food I0 directly influences flux within the Physarum-Maze and has thus
influence also on the conductivity values. Tero et. al. reported that settings for I0 are
crucial to the final result when using the Physarum Solver with multiple food sources
[198]. For all their experiments, they used different values of I0 where no value could
be defined that works well for all maze configurations. In SO-PhyL, it is supposed that
with increasing I0, the number of connections with conductivity higher than threshold Dτ

increases, too. It follows immediately, that this leads also to an increase in the number of
learned connections, especially for networks of larger size. Seven different values 1, 2, 5,
10, 20, 35 and 50 are used as I0 to learn 90 benchmark datasets and the number of times,
SO-PhyL using a specific value of I0 is performing best with respect to the Bayesian score
is counted and presented in Table 4.7.

I0 = 1 I0 = 2 I0 = 5 I0 = 10 I0 = 20 I0 = 35 I0 = 50
All 19 26 33 40 49 53 80
n5 12 13 15 14 14 14 13
n10 4 8 12 12 12 12 14
n15 2 3 3 10 13 11 12
n20 1 2 3 4 7 10 12
n25 0 0 0 0 3 6 14
n50 0 0 0 0 0 0 15
p1 6 9 9 11 13 13 18
p2 5 7 9 11 13 14 17
p3 3 5 6 8 8 10 15
p4 2 2 4 6 6 6 15
p5 3 3 5 4 9 10 15
c2 5 6 8 9 14 16 26
c3 7 10 12 16 18 17 27
c4 7 10 13 15 17 20 27

Table 4.7: Counts how often SO-PhyL using different values of I0 has learned the highest
scoring network. Rows show results of networks fragmented by their number of nodes,
parents and cardinality.

Results show an obvious benefit for higher values of I0, as expected. With increasing
food amount, more connections are pushed in their conductivity so that they are being
evaluated regarding their score. But, with increasing connections of higher conductivity,
score calculations increase too and execution time grows. Using a value of I0 = 50 takes
roughly two times as long as learning network structure using I0 = 5. For networks with
a small number of nodes, it can be seen from Table 4.7 that less food amount is already
enough to learn a proper network structure. It can thus be defined that a good result
can be obtained when using approximately two times the number of nodes as value of I0.

Next, the number of learned arcs with respect to the number of arcs in the correct
network (where the dataset has been sampled from) is examined for different values of I0.
The percentage of learned arcs is calculated by dividing the number of learned arcs for
each of the 90 benchmark networks and seven configurations by the number of arcs present
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in the corresponding true network. Then, networks of same node size are grouped and
the percentage values are averaged among the group. For each value of I0, these average
percentage values are plotted as a function of the number of nodes and shown in Figure
4.12. For small networks, different values of I0 are learning approximately the same
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Figure 4.12: Average percentage of learned arcs with respect to the correct number of
arcs for different values of I0 over 90 benchmark networks grouped by the number of
nodes.

number of nodes. But for network with a larger amount of nodes, higher values of I0 are
clearly more beneficial. The highest difference can be seen for the group of networks with
20 nodes, and I0 = 50 could learn .92% of the number of arcs in the correct network,
where I0 = 1 could only learn .64% which is much too less. In addition, it is noted that
no configuration learned a network structure containing more arcs than the original one.

Results in this and the previous section show that high influence can be given to
SO-PhyL in the way connections are evolving during MFS-Physarum Solver iterations
and that the interplay between λ, w and I0 is very important for the number of learned
connections, the quality of learned structures and the Bayesian score.

4.2.7 Conductivity settings

The SO-PhyL algorithm is parametrized by different values for the initial conductivity
and conductivity threshold which are highly related to each other. Setting for example
the initial conductivities in a range lower than the initial conductivity threshold, no con-
nection is considered as Bayesian network connection at iteration 1. On the other hand,
initializing conductivities higher than initial threshold Dτ , all connections are evaluated
as Bayesian network arcs. Hence, conductivity parameters Dmin, Dmax, Dτ0 and Dτend are
evaluated together. Please note that the maximum conductivity Dlimit is analysed sepa-
rately as this parameter in not directly related to the others. With respect to previous
result, experiments are performed setting r = 3, ensemble size to 10, λ = 0.2, w = 0.5
and I0 individually for networks with different node size. For networks with 5 nodes:
I0 = 5, 10 nodes: I0 = 20, 15 nodes: I0 = 20, 20 nodes: I0 = 35, 25 nodes: I0 = 50 and
50 nodes: I0 = 50. 27 different configurations of conductivity parameters are used, see
Table 4.8. In configuration 1-15, initially no connections exceed threshold Dτ . In con-
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Config Dmin Dmax Dτ0 Dτend

1 0.5 1.0 1.1 1.0
2 0.5 1.0 1.1 1.5
3 0.5 1.0 1.1 2.0
4 0.8 1.0 1.1 1.0
5 0.8 1.0 1.1 1.5
6 0.8 1.0 1.1 2.0
7 0.99 1.0 1.1 1.0
8 0.99 1.0 1.1 1.5
9 0.99 1.0 1.1 2.0
10 0.5 0.51 0.8 0.8
11 0.5 0.51 0.8 1.0
12 0.5 0.51 1.0 1.5
13 0.78 0.79 0.8 0.8
14 0.78 0.79 0.8 1.0
15 0.78 0.79 1.0 1.5
16 0.5 1.0 0.75 1.0
17 0.5 1.0 0.8 1.5
18 0.5 1.0 0.9 1.0
19 0.8 1.0 0.9 1.0
20 0.8 1.0 0.9 1.5
21 0.8 1.0 0.95 1.5
22 0.8 1.0 0.8 0.8
23 0.8 1.0 0.8 1.0
24 0.8 1.0 0.8 1.5
25 0.99 1.0 0.9 1.0
26 0.99 1.0 0.9 1.5
27 0.99 1.0 0.9 2.0

Table 4.8: Different configurations for conductivity parameters. In configuration 1-15,
initially no connections exceed threshold Dτ . In configurations 16-21, some connections
are initially higher than Dτ and for configurations 22-27, all connections are exceeding
Dτ at initial state.
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figurations 16-21, some connections are initially higher than Dτ and for configurations
22-27, all connections are exceeding Dτ at initial state. 75 benchmark networks of 5 to
25 nodes are learned using these 27 different conductivity configurations and evaluated
regarding the Bayesian score. Please note, that networks with 50 nodes are not consid-
ered in these experiments as results have become clear already for smaller networks. For
53 of 75 networks, configuration 13 learned the highest scoring networks structure, but
over all configurations, there is only minor difference in score. For small networks, all
configurations have learned equal structures and for larger networks, score difference is
very small and may also result from fluctuations caused by a small ensemble size of 10.
Hence, it is observed that SO-PhyL converges to similar results independent of initial
conductivity conditions.

4.2.8 Upper conductivity limit Dlimit

Next, it is studied if varying the upper limit of conductivity Dlimit (see Algorithm 7)
has influence on learning performance of SO-PhyL. Therefore, SO-PhyL is learned with
different values of Dlimit (1.5, 2.5, 3.5, 4.5, 6.0, 10.0, 15.0) using the previously introduced
90 benchmark datasets again. Recalling that Dlimit is stretching the range of conductivity
values, it is assumed that higher values of Dlimit are delimiting flexibility of SO-PhyL
especially in releasing from local maxima as the way from Dlimit to Dτ is more far. On
the other hand, using a very small value of Dlimit can result in blurring of high scoring
connections with other connections. Other parameters are set as described in previous
Section 4.2.7 and conductivity configuration 13 is used. Results presented in Table 4.9

Dlimit

1.5 2.5 3.5 4.5 6.0 10.0 15.0
All 49 55 51 58 58 55 50
n5 13 13 13 13 13 15 13
n10 8 8 10 11 12 11 11
n15 11 12 12 11 15 10 10
n20 8 10 9 10 8 9 8
n25 7 8 6 8 8 8 6
n50 2 4 1 5 2 2 2
p1 14 15 14 13 15 14 13
p2 14 12 12 14 13 15 12
p3 5 8 7 9 9 7 8
p4 7 11 9 12 9 9 7
p5 9 9 9 10 12 10 10
c2 14 14 15 18 14 17 14
c3 17 19 19 22 24 19 18
c4 18 22 17 18 20 19 18

Table 4.9: Counts of how often different values of Dlimit learned the highest scoring
network structure. Lines show results fragmented by the number of nodes, parents and
cardinality.

show a beneficial configuration if setting Dlimit to 4.5 or 6.0, but good performance is also
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observed for other values. It can be concluded that the influence of Dlimit is not crucial as
most configurations showed good results, but to get best performance, Dlimit would have
to be optimised individually for each network. Especially for smaller networks, nearly
all configurations resulted in same network structures. For larger networks, only specific
settings learned the highest scoring network, but no value of Dlimit could be pointed out
which outperformed the others clearly. Moreover, achieved scores do not vary heavily
within different configurations of Dlimit.

4.2.9 Score feedback impact factor k

Last parameter to be studied is the score impact factor k of Equation 4.7, where five
different values are tested, namely 1.0, 2.0, 3.0, 4.0 and 5.0. The well known 90 benchmark
networks are learned under same parametrization as described in Section 4.2.8 and Dlimit

is set to 4.5. Results with different values of k are shown in Table 4.10 where the number
of times the highest scoring network has been learned is counted with respect to the
Bayesian score. A clear benefit can be seen when using k = 5.0 which has learned the

k = 1.0 k = 2.0 k = 3.0 k = 4.0 k = 5.0
All 44 54 54 62 71
n5 13 14 14 15 14
n10 12 12 12 13 11
n15 10 10 11 12 12
n20 7 10 8 10 9
n25 2 8 9 9 10
n50 0 0 0 3 15
p1 13 15 14 16 17
p2 11 12 15 14 16
p3 7 8 7 11 12
p4 8 11 8 11 13
p5 5 8 10 10 13
c2 15 16 15 16 21
c3 16 20 18 21 24
c4 13 18 21 25 26

Table 4.10: Counts of how often different values of k learned the highest scoring network
structure. Lines show results fragmented by the number of nodes, parents and cardinality.

highest scoring network for 71 of the 90 benchmark datasets. It can further be seen, that
especially for networks with larger number of nodes or larger number of parents, higher k
values are boosting learning performance where its more clear for networks with different
number of nodes. Instead, no correlation to cardinality can be observed.
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4.3 Experiments and analysis with benchmark net-

works

In the previous sections, a set of SO-PhyL parameters has been investigated in order
to find a configuration that increases learning performance. In this section, a bunch of
benchmark networks is used to compare SO-PhyL to state of the art learning algorithms.
SO-PhyL is used with two different configurations, see Table 4.11. For networks with

r E.S. µ λ w Dmin Dmax Dτ0 Dτend Dlimit k
SO-PhyL-1 3 10 1 0.2 0.5 0.78 0.79 0.8 0.8 4.5 5
SO-PhyL-2 3 10 1 0.01 0.1 0.78 0.79 0.8 0.8 4.5 5

Table 4.11: Different parameter configurations for SO-PhyL for artificial networks.

5 nodes: I0 = 5, 10 nodes: I0 = 20, 15 nodes: I0 = 20, 20 nodes: I0 = 35, 25 nodes:
I0 = 50 and 50 nodes: I0 = 50 is used. The LAGD algorithm is again used with 5 good
operations and a look ahead step size of 2. Tabu-Search is performed with tabu list size
of 5 performing 500 runs. For Simulated Annealing, initial temperature t0 is set to 10
and is reduced in each iteration by 0.999. Simulated Annealing is performed using 10,000
runs. All of these three algorithms have been learned with using arc reversal and not
initializing network as a naive Bayes network. Further, as benchmark networks do not
contain nodes with more than five parents, the maximum in-degree was set to 5 for all
learning algorithms.

4.3.1 Artificial benchmark networks

Five learning algorithms are compared by using the same selection of 18 artificial bench-
mark networks including different numbers of nodes, parents and cardinalities to get
sparse, normal and crowded networks that have been used for analysis of C-PhyL before.
For all networks, datasets containing 1000 instances are sampled and used for structure
learning. Results are analysed using same metrics introduced for C-PhyL in Section 3.3
and are presented in Tables 4.12, 4.13 and 4.14.

It can be immediately seen, that LAGD algorithm performs best on all benchmark
networks except from two networks, A n25 p5 a67 c4 and A n50 p1 a49 c2. Neverthe-
less, SO-PhyL shows comparable performance with only small difference in Bayesian
score compared to LAGD. Further, second configuration SO-PhyL-2 learns better net-
works than SO-PhyL-1 which is in line with previous experiments. On the other hand,
as more connections have to be evaluated for score feedback with SO-PhyL-2, execution
time is longer than with SO-PhyL-1. In six of the 18 networks, SO-PhyL-2 outperformed
Tabu search and for two more networks, SO-PhyL reached same results. Compared to
Simulated Annealing, SO-PhyL learned a better network structure in 14 cases and same
structure for one benchmark network. Investigating Tables 4.12, 4.13 and 4.14, it is ob-
served that SO-PhyL performs worse for larger networks. Preliminary experiments for
parameter studies showed that configuration of SO-PhyL becomes more difficult with
growing number of nodes and that more iterations and a larger ensemble is needed to
learn good network structures. But, increasing these parameters, execution time will in-
crease, too. Especially for networks of bigger size, execution time is tremendously higher
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Dataset Learner Bayes A T R M E t

A n5 p1 a4 c2

SO-PhyL-1 -3357.08 3 1 2 1 0 0.492
SO-PhyL-2 -3357.08 3 1 2 1 0 0.515

LAGD -3357.08 3 1 2 1 0 0.136
Tabu -3357.08 3 1 2 1 0 0.063
SA -3357.08 3 2 1 1 0 0.171

A n5 p3 a7 c3

SO-PhyL-1 -4613.24 7 3 4 0 0 0.133
SO-PhyL-2 -4608.62 7 4 3 0 0 0.132

LAGD -4575.17 7 7 0 0 0 0.031
Tabu -4613.24 7 3 4 0 0 0.072
SA -4614.23 7 2 5 0 0 0.215

A n5 p5 a7 c4

SO-PhyL-1 -5454.76 7 6 1 0 0 0.123
SO-PhyL-2 -5454.76 7 6 1 0 0 0.121

LAGD -5426.88 7 7 0 0 0 0.028
Tabu -5454.76 7 6 1 0 0 0.071
SA -5477.31 8 4 3 0 1 0.467

A n10 p1 a9 c2

SO-PhyL-1 -4162.01 7 3 2 4 2 0.732
SO-PhyL-2 -4162.01 7 3 2 4 2 0.693

LAGD -4159.06 9 4 2 3 3 0.035
Tabu -4161.09 9 3 2 4 4 0.094
SA -4161.61 11 5 2 2 4 0.212

A n10 p3 a17 c3

SO-PhyL-1 -7432.82 17 13 3 1 1 1.196
SO-PhyL-2 -7321.45 17 16 1 0 0 1.017

LAGD -7318.79 17 17 0 0 0 0.052
Tabu -7364.46 20 13 4 0 3 0.124
SA -7439.09 22 14 3 0 5 0.482

A n10 p5 a22 c4

SO-PhyL-1 -12154.17 13 8 4 10 1 0.891
SO-PhyL-2 -12154.17 13 8 4 10 1 0.769

LAGD -12087.45 14 11 3 8 0 0.066
Tabu -12154.45 13 7 5 10 1 0.119
SA -12247.75 16 6 8 8 2 0.463

Table 4.12: Comparison of five different structure learning algorithms for networks with
5 or 10 nodes. The highest score for each network is written in bold face.
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Dataset Learner Bayes A T R M E t

A n15 p1 a14 c2

SO-PhyL-1 -8034.11 15 7 5 2 3 3.741
SO-PhyL-2 -8034.11 15 7 5 2 3 4.719

LAGD -8022.11 15 9 4 1 2 0.058
Tabu -8026.04 16 8 5 1 3 0.175
SA -8039.21 17 8 5 1 4 0.216

A n15 p3 a27 c3

SO-PhyL-1 -12529.00 26 21 3 3 2 4.298
SO-PhyL-2 -12507.52 26 21 3 3 2 4.563

LAGD -12391.77 27 25 2 0 0 0.097
Tabu -12414.65 29 24 3 0 2 0.180
SA -12592.11 32 18 7 2 7 0.503

A n15 p5 a37 c4

SO-PhyL-1 -18933.27 12 11 1 25 0 2.641
SO-PhyL-2 -18933.27 12 11 1 25 0 2.650

LAGD -18927.73 12 12 0 25 0 0.101
Tabu -19081.44 13 9 3 25 1 0.252
SA -19071.30 11 9 2 26 0 0.279

A n20 p1 a19 c2

SO-PhyL-1 -9827.77 23 11 6 2 6 15.241
SO-PhyL-2 -9827.77 23 11 6 2 6 23.506

LAGD -9814.13 24 18 0 1 6 0.116
Tabu -9819.85 24 11 6 2 7 0.321
SA -9867.50 34 5 11 3 18 0.258

A n20 p3 a37 c3

SO-PhyL-1 -18285.67 35 32 3 2 0 16.480
SO-PhyL-2 -18266.23 37 33 2 2 2 17.828

LAGD -18012.18 37 36 1 0 0 0.156
Tabu -18212.56 37 33 3 1 1 0.302
SA -18924.24 38 13 13 11 12 0.443

A n20 p5 a52 c4

SO-PhyL-1 -25700.10 21 8 9 35 4 10.229
SO-PhyL-2 -25700.10 21 8 9 35 4 12.674

LAGD -25553.45 19 17 2 33 0 0.193
Tabu -25705.61 22 11 7 34 4 0.343
SA -25705.49 21 10 7 35 4 0.413

Table 4.13: Comparison of five different structure learning algorithms for networks with
15 or 20 nodes. The highest score for each network is written in bold face.
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Dataset Learner Bayes A T R M E t

A n25 p1 a24 c2

SO-PhyL-1 -12600.69 25 17 4 3 4 34.478
SO-PhyL-2 -12600.63 26 17 4 3 5 68.441

LAGD -12595.36 25 19 1 4 5 0.179
Tabu -12600.83 27 15 6 3 6 0.418
SA -12669.60 38 9 11 4 18 0.257

A n25 p3 a47 c3

SO-PhyL-1 -22592.73 49 30 11 6 8 60.765
SO-PhyL-2 -22502.16 50 29 11 7 10 72.099

LAGD -21797.08 47 44 3 0 0 0.441
Tabu -22440.99 52 31 11 5 10 0.651
SA -22354.81 57 28 16 3 13 8.351

A n25 p5 a67 c4

SO-PhyL-1 -32382.57 21 19 1 47 1 20.406
SO-PhyL-2 -32382.57 21 19 1 47 1 29.328

LAGD -32328.02 23 15 5 47 3 0.394
Tabu -32101.45 27 25 1 41 1 0.482
SA -32494.87 24 16 4 47 4 0.439

A n50 p1 a49 c2

SO-PhyL-1 -25188.25 37 23 9 17 5 222.666
SO-PhyL-2 -25132.44 70 28 10 11 32 3031.382

LAGD -25059.52 72 31 10 8 31 2.439
Tabu -25058.40 70 29 10 10 31 3.520
SA -25167.02 107 23 15 11 69 489.163

A n50 p3 a97 c3

SO-PhyL-1 -44028.47 88 69 13 15 6 751.566
SO-PhyL-2 -43942.11 91 75 10 12 6 1785.637

LAGD -43520.83 95 83 6 8 6 5.357
Tabu -43773.03 98 76 15 6 7 3.597
SA -44917.91 105 54 26 17 25 0.590

A n50 p5 a142 c4

SO-PhyL-1 -64241.13 29 21 6 115 2 171.988
SO-PhyL-2 -63934.40 40 26 8 108 6 667.907

LAGD -63318.81 44 41 3 98 0 1.737
Tabu -63605.19 46 32 8 102 6 2.950
SA -63939.13 41 28 8 106 5 0.539

Table 4.14: Comparison of five different structure learning algorithms for networks with
25 or 50 nodes. The highest score for each network is written in bold face.
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for SO-PhyL compared to other learning methods. A reason is that SO-PhyL is per-
forming an ensemble of learners where each one performs a number of iterations in which
a hill climbing algorithm is performed on a subset of possible connections in addition
with solving a linear equation system of quadratic dimension of the number of nodes in
the network. Neither the MFS-Physarum Solver implementation nor the score feedback
evaluation is yet optimized for speed or memory usage.

Studying results deeper, it can be seen that the relation between the number of true
positive arcs and the number of true but reversed arcs is particular low compared to other
learning algorithms, meaning that SO-PhyL tends to learn more reversed arcs than other
methods. SO-PhyL determines directions within each iteration by calculating a score for
both directions and choosing the more profitable one. Results in Tables 4.12, 4.13 and
4.14 indicate that this strategy does not work well compared to other methods and has
to be optimized.

4.3.2 Real benchmark networks

The SO-PhyL algorithm has been studied in detail by analysing behaviour under different
parameter configurations and has been compared to state of the art learning methods
by using artificially generated benchmark networks. Next, SO-PhyL is applied to seven
real world benchmark networks introduced in Section 2.5 and quality of learned network
structures is compared to LAGD and Tabu Search. Please note that Simulated Annealing
is not considered in these experiments because of Weka implementation issues. Datasets
with 1000 instances sampled for experiments of C-PhyL are used again to learn the
network structures of the benchmark networks. Three different parameter configurations
of SO-PhyL are compared, described in Table 4.15. Again, for networks with 5 nodes:

r E.S. µ λ w Dmin Dmax Dτ0 Dτend Dlimit k
SO-PhyL-1 3 10 1 0.2 0.5 0.78 0.79 0.8 0.8 4.5 5
SO-PhyL-2 3 10 1 0.01 0.1 0.78 0.79 0.8 0.8 4.5 5
SO-PhyL-3 5 15 1 0.2 0.5 0.78 0.79 0.8 0.8 4.5 5

Table 4.15: Different parameter configurations for SO-PhyL for real networks.

I0 = 5, 10 nodes: I0 = 20, 15 nodes: I0 = 20, 20 nodes: I0 = 35, 25 nodes: I0 = 50
and 50 nodes: I0 = 50 is used. Learned network structures are compared to the original
structures and analysed using metrics described in Section 3.3 where execution time t is
given in seconds. Results can be seen in Table 4.16, where the best score for each network
is written in bold face.

For small networks, all test methods deliver equal network structures, see network
Cancer and Earthquake. It can further be seen, that SO-PhyL performs little worse
for network Asia where difference in score is minimal. But all three configurations of
SO-PhyL learned one additional arc and found one reversed arc less than LAGD and
Tabu Search did. For Insurance network, SO-PhyL-1 clearly outperforms LAGD and
Tabu Search in Bayesian score, number of correctly learned arcs, and extra arcs. This
benchmark network shows that SO-PhyL is able to beat state of the art learning methods
for particular networks. The learned structure for the Insurance network by SO-PhyL-1
is illustrated in Figure 4.13.
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Dataset Nodes Arcs Learner Bayes A T R M E t

Cancer 5 4

SO-PhyL-1 -2235.90 4 2 2 0 0 0.698
SO-PhyL-2 -2235.90 4 2 2 0 0 0.491
SO-PhyL-3 -2235.90 4 2 2 0 0 0.129

LAGD -2235.90 4 2 2 0 0 0.092
Tabu -2235.90 4 2 2 0 0 0.073

Earthquake 5 4

SO-PhyL-1 -521.43 4 4 0 0 0 0.194
SO-PhyL-2 -521.43 4 4 0 0 0 0.117
SO-PhyL-3 -521.43 4 4 0 0 0 0.113

LAGD -521.43 4 4 0 0 0 0.077
Tabu -521.43 4 4 0 0 0 0.077

Asia 8 8

SO-PhyL-1 -2319.06 9 4 2 2 3 0.474
SO-PhyL-2 -2319.06 9 4 2 2 3 0.410
SO-PhyL-3 -2319.06 9 4 2 2 3 0.756

LAGD -2318.45 8 4 3 1 1 0.030
Tabu -2318.45 8 4 3 1 1 0.102

Insurance 27 52

SO-PhyL-1 -15429.57 50 29 12 11 9 106.994
SO-PhyL-2 -15637.49 53 29 12 11 12 144.044
SO-PhyL-3 -15436.49 51 29 12 11 10 261.776

LAGD -15772.38 55 25 13 14 17 0.655
Tabu -15740.36 58 26 14 12 18 1.053

Alarm 37 46

SO-PhyL-1 -11350.81 50 33 8 5 9 191.712
SO-PhyL-2 -11349.07 54 32 8 6 14 478.263
SO-PhyL-3 -11349.40 52 32 8 6 12 486.408

LAGD -11247.43 54 38 4 4 12 0.867
Tabu -11299.76 55 34 8 4 13 1.340

Barley 48 84

SO-PhyL-1 -63576.16 65 15 27 42 23 569.444
SO-PhyL-2 -63200.43 73 15 30 39 28 2048.472
SO-PhyL-3 -63502.07 58 14 26 44 18 1440.081

LAGD -61790.39 81 23 28 33 30 15.067
Tabu -63021.69 80 15 33 36 32 10.189

Hailfinder 56 66

SO-PhyL-1 -51455.73 57 29 15 22 13 664.784
SO-PhyL-2 -51376.04 72 33 15 18 24 2933.756
SO-PhyL-3 -51437.35 59 28 16 22 15 1700.770

LAGD -51322.70 75 35 14 17 26 5.006
Tabu -51374.87 76 32 17 17 27 5.295

Table 4.16: Comparison of three different SO-PhyL configurations to LAGD and Tabu
Search using seven real benchmark networks. First column shows the name of the net-
works. Column Nodes shows how many nodes the original network has and column
Arcs indicated the number of arcs in the original network. Remaining columns show the
metrics by which learning methods are evaluated, see Table 3.3. Highest score for each
network is given in bold face.
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Figure 4.13: Structure of the Insurance network learned by SO-PhyL-1.

For the remaining three biggest networks, LAGD could learn the highest scoring
network structure where score for SO-PhyL configurations is still good for Alarm and
Hailfinder networks. Studying network Barley, score difference of Tabu Search and SO-
PhyL to LAGD is relatively big compared to results of other networks which can be
caused by the fact that Barley has many arcs per node and is thus more crowded. Over
all networks, it can be observed that SO-PhyL-1 and SO-PhyL-3 suffer from learning less
arcs compared to other algorithms and the true networks, but do thus learn also less extra
arcs than other methods. SO-PhyL-2 instead, learns more arcs due to very small values of
parameters λ and w and thus performs better for the three largest networks than for other
SO-PhyL configurations. Analysing execution time shows a clear disadvantage for the
SO-PhyL algorithm which has already been observed while studying artificial benchmark
networks. Boosting SO-PhyL in speed and memory usage is probably the most important
task for future work. Behaviour of execution time with increasing number of instances
is not further studied for SO-PhyL because execution time is mostly dependent on the
number of nodes for MFS-Physarum Solver and on score calculation methods which are
equal for SO-PhyL, LAGD and Tabu Search. Increase in execution time is thus observed
to be equally growing for all three methods with increasing instances of datasets, see for
example Figure 4.14 showing logarithm of execution time for the Asia network.

The main principle of SO-PhyL is to consider only a subset of all possible connections
as Bayesian network connections in each MFS-Physarum Solver iteration. Hence, defining
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Figure 4.14: Logarithm of execution time in milliseconds as a function of the number of
instances in the Asia dataset where learning algorithms are applied to.

this subset and therefore defining the conductivity parameters is the most crucial task
when using SO-PhyL and is analysed more carefully by using the Asia network as an
example network. Figure 4.15 shows conductivity evolution over rtotal iterations with
r = 3 for one ensemble learner using parameters defined for SO-PhyL-1.
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Figure 4.15: Evolution of conductivity values of Asia connections over rtotal = 84 itera-
tions using SO-PhyL-1. The threshold Dτ is shown by a dashed line.

It can be seen that immediately after the first iterations, there are some connections
where conductivity is increased very fast while other connections are decreased in con-
ductivity due to score feedback. It can be further observed, that there are roughly three
groups of connections. The first group grows really fast and stays at the upper border
Dlimit while the second group has increased conductivity but is not reaching Dlimit. Con-
nections of this group are oscillating forth and back between 1.5 and Dlimit. The last
group includes connections that cannot be pushed far enough by positive score feedback
to finally leave the area below 1.5. It can be assumed that connections of group one are
increasing score the most and are the most valuable connections in the network. Con-
nections of the intermediate group are increasing score, but may be in competition with
other connections or do not have enough impact on score to be pushed to the upper limit.

93



Connections of the last group with low conductivity values are supposed to not increase
score of the Bayesian network if they are added. On the other hand, as a result of low
threshold Dτ , most of these connections are considered for score evaluation. Setting Dτend

to 1.5 would lead to a better subset of connections for score ratings, but preliminary ex-
periments showed that there are some important connections within this group that can
lead to an increase in score. Hence, future experiments are needed to study more carefully
why these connections are not pushed by score feedback and how the algorithm can be
updated to end up with a configuration, where all connections are either near Dlimit or
below Dτend in the final iteration. This would result in a more stable and time efficient
SO-PhyL algorithm that would probably also avoid the need of learning an ensemble.
Interesting behaviour can be observed at iteration 11, where two connections that are
at Dlimit start immediately to fall down to the lowest group. These two connections
are XRay↔Tuberculosis illustrated in a darker blue and XRay↔Lung Cancer printed in
skin color. It can also be noted, that connection XRay↔Tuberculosis or Lung Cancer

shots up at iteration 11, drawn in light blue. This is a great example on how SO-PhyL re-
placed two former score increasing connections by another connection while investigating
that conditional probabilities of XRay on Lung Cancer and Tuberculosis is modelled
by connection XRay↔Tuberculosis or Lung Cancer leading to a situation where the
former two connections do not lead to a score increase any more, but to a decrease in
score. Hence, these two connections are lowered in their conductivity and are replaced in
the Bayesian network.

4.4 Conclusion and future work

In this chapter, a second novel algorithm based on Physarum polycephalum called SO-
PhyL has been introduced that resolves drawbacks reported for C-PhyL by using the
Physarum Solver for multiple food sources to search the space of possible network struc-
tures in order to optimize a score measuring the fit of the networks underlying distribution
to the distribution observed in the dataset. The algorithm starts with a random network
structure and uses the MFS-Physarum Solver to select a subset of connections to be
evaluated if the connection increases or decreases the score when adding it to the current
network and a positive or negative feedback is given to the conductivity value of the con-
nection based on the relative score change. Based on score feedback and MFS-Physarum
Solver equations, conductivity values change over iterations of the MFS-Physarum Solver
and thus also the set of connections handled as Bayesian network connections. The algo-
rithm runs over a predefined number of iterations and connections are ideally converging
to have a very high conductivity or to disappear so that after all iterations have been
performed, a subset of connections remains that is next inserted into the final Bayesian
network structure.

Experiments with artificial and real benchmark networks showed, that not all con-
nections are converging as expected and that SO-PhyL has to be parametrized carefully
to retrieve a high scoring network. Further, it has been shown that the initial randomly
set conductivity values are influencing learning performance. Hence, an ensemble of SO-
PhyLs is run and the network structure with highest score over all evaluated structures is
taken as final network. One of the main tasks for future work is to modify the algorithm
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in a way such that all conductivities are converging to either the upper limit Dlimit or to
zero so that a clear subset of connections survives that builds the final Bayesian network
structure. This would also imply the algorithm to become independent of the initial con-
ductivity values and the order in which connections are evaluated to get a more stable
structure learner. An implicit advantage is also the reduction in execution time as an
ensemble of learners would not be needed any more if the algorithm can be stabilized to
converge to a global maximum. Also, execution time further decreases as with increasing
number of iterations, more and more connections are converging to zero and the number
of connections to be evaluated for score are converging to the final number of Bayesian
network connections. In line with that, the impact of the MFS-Physarum Solver on con-
ductivity evolution and the interplay between MFS-Physarum Solver and score feedback
has to be studied more carefully to get a deeper understanding in how connections can
be forced to converge to the maxima and minima.

Parameters of the novel SO-PhyL algorithm have been studied individually and it
could be seen that learning quality is strongly dependent on a valid parametrization of
SO-PhyL which is in line with observations made by Tero et. al. who reported the use
of different parameters for the MFS-Physarum Solver in his experiments. Especially
parameter I0 has been shown to be relevant for the number of connections learned by
SO-PhyL where networks of larger size require higher values of I0 in order to perform
comparable to other state of the art structure learning methods. It has been further shown
that with increasing ensemble size and increasing MFS-Physarum Solver iterations, the
chance to find a higher scoring network increases. On the other hand, it can not be
excluded that this may be a result of lucky punches. But for larger networks, experiments
indicated that SO-PhyL needs more iterations to optimize the score and an ensemble of
more learners can push the score, too. Both, increase of ensemble size and MFS-Physarum
Solver iteration results in linear growing execution time and is probably not feasible for
larger networks keeping in mind that benefit in score is not very strong.

Next, SO-PhyL has been applied to a set of artificially generated and real benchmark
networks where SO-PhyL showed comparable learning performance to state of the art
learning methods LAGD and Tabu Search and better performance than Simulated An-
nealing for most datasets. Especially for smaller datasets, SO-PhyL learned a score that
is equal or very close to the best score retrieved by LAGD in most cases. For larger
datasets, a disadvantage can be observed for SO-PhyL which is probably owed to less
MFS-Physarum Solver iterations or a too small ensemble size. Nevertheless, SO-PhyL
could not just show adequate results for nearly all networks, but also outperformed LAGD
and Tabu Search clearly for the Insurance network. It can be observed in general, that
configuration SO-PhyL-1 tends to learn less arcs than other methods which is one reason
for excellent performance for the Insurance network. While other methods learned too
many arcs limiting score, SO-PhyLs score benefit is supposed to be a result of learning
less extra arcs than other learners.

To summarize this chapter, the novel SO-PhyL algorithm has been introduced, stud-
ies carefully and has been shown to be a competitive structure learning algorithm for
Bayesian network that is able to outperform state of the art learning methods for some
networks.
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CHAPTER 5

Non-alcoholic Fatty Liver Disease (NAFLD) dataset

Finally, C-PhyL and SO-PhyL performances are evaluated on a real world novel medical
dataset retrieved at the Medical University of Graz (MUG) from 29 patients with liver-
biopsy confirmed non-alcoholic fatty liver disease (NAFLD) [26, 171, 21, 48, 162, 74].
This work is partially financed by the Austrian BioPersMed project (COMET K-project
825329) having the goal to find novel biomarker candidates for NAFLD. Thus, biomedical
data has been retrieved from patients at the MUG and data is evaluated to get new insight
into interconnections related to NAFLD and to derive possible biomarker candidates
which are next verified by medical experts in the laboratories of the MUG. Please note
that the NAFLD dataset is not public and can thus not be referenced or be presented
within this thesis. From the dataset, the parameters present in less than 50% of the
patients and parameters with a constant value over all patients have been removed.
The missing values of the remaining 32 attributes have been inserted by modes and
means using the built in ReplaceMissingValues filter of Weka. Further, the dataset has
been extended from 29 to 2900 instances by bootstrapping. As the dataset contains a
mixture of real, nominal and ordinal attributes, and Physarum learners require categorical
attributes, all attributes have been grouped into categories by using Wekas Discretize

filter with parameters findNumBins and ignoreClass set true.
First, the dataset has been searched for most discriminative parameters by combining

it with another dataset of 108 healthy controls, also determined at the MUG. As measured
clinical parameters differ between NAFLD dataset and controls, the parameter set reduces
to 29 parameters that are shared in both datasets. A CFSSubsetEvaluation feature
selection implemented in Weka has been performed in order to identify the five most
important parameters to differ between NAFLD and controls instances. The algorithm
delivered five parameters:

• Magnesium (Mg)

• Aspartate transaminase (AST)

• Alanine aminotranferease (ALT)
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• Gamma-glutamyl transferase (GGT)

• Age

While AST, ALT and GGT are liver enzymes with known relation to NAFLD [165],
parameter Mg has not been studied in detail as biomarker candidate for NAFLD until
now. Please note that the age of patients suffering from NAFLD is also important, but it is
not clear if selection of feature Age results from artefacts in data retrieval, normalisation
steps or ideally is also a valid biomarker candidate. This question is forwarded to be
answered by medical experts of the MUG. The quality of the five observed biomarker
candidates with respect to their ability of differentiating between NAFLD patients and
controls is validated by reducing the dataset to only these five parameters and measuring
the classification accuracy. A RandomForest classification with 50 trees using 10-fold
cross validation has been performed on a bootstrapped version of the dataset, where
instances could be classified correctly with an accuracy of 98%. This results means that
a previously unseen patient can be classified as NAFLD patient or healthy control by
knowing only the five supposed parameters with an accuracy of 98%. As a result of this
data analysis and the high classification accuracy, the novel investigation of promising
biomarker candidate Magnesium is further studied by building a mouse model supervised
by medical experts at the MUG in order to clinically verifying the novel observations.
Unfortunately, performing a mouse model is a time consuming task and results are not
expected to be available by the end of this dissertation.

5.1 Learning structure of NAFLD dataset

Next, C-PhyL is used with the same configuration as for learning benchmark networks to
determine the network structure of the NAFLD dataset to indicate interesting relations
between parameters. Please note, that healthy controls are not considered in this studies
in order to investigate relations specific for NAFLD patients only. The learned network
includes 60 arcs and is shown in Figure 5.1.

Also, configuration SO-PhyL-1 is used with I0 = 5.0 to learn a more spare network
increasing believe of learned connections and a maximum number of three parents per
node to learn the network structure of the NAFLD dataset. The resulting network
structure contains 79 arcs and is presented in Figure 5.2. It can be seen from Figures 5.1
and 5.2 that nodes Total Cholesterol and Thrombocytes have many connections in
both graphs. It is further clear to see, that both networks follow the scale free topology
which is typically for biological and medical datasets, where few nodes exist having many
connections and the other nodes are connected by less arcs. Further, it is observed that
obviously true connections as for example HDL Cholesterol↔ Total Cholesterol and
LDL Cholesterol ↔ Total Cholesterol are present in both networks. Nevertheless,
a detailed analysis of connections is needed, performed by medical experts in order to
validate the learned networks of the NAFLD dataset. The final evaluation of connections
is performed by medical staff at the MUG and has not yet been started due to delays
in project progress. For that reason, no further investigations and appraisees of learned
network structures can be provided at this point.
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Figure 5.1: Learned network structure of NALFD dataset using C-PhyL.
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Figure 5.2: Learned network structure of NALFD dataset using SO-PhyL.
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CHAPTER 6

Discussion

Experiments presented in this thesis showed that the concept of Physarum polycephalum
can be successfully transferred from a path finding problem to the problem of learning
Bayesian network structure from data in two different ways, although some modifica-
tions remain to be made. The first novel algorithm presented in this thesis called C-
PhyL tackles the problem by building a Physarum-Maze where each parameter in the
dataset becomes a node and by modelling length of connection between two nodes in the
Physarum-Maze by calculating a correlation coefficient between the two parameters using
the dataset. By calculation of pairwise correlation coefficients, higher order correlations
can not be considered. For example if one parameter is only dependent on another pa-
rameter if a third parameter has a specific value, this cannot be modelled correctly by
two dimensional correlation coefficients like the used Cramérs V coefficient. A Bayesian
network on the other hand, models the distribution of a dataset by deriving marginal and
conditional probabilities of higher orders. For example if a node has two parents, the node
is dependent on values of both parents implying a higher order correlation between these
three nodes. The C-PhyL algorithm, by definition is not able to calculate these kind of
correlations, although it would be mathematically possible. But, how to define the length
between two nodes in the Physarum-Maze if the correlation has been calculated using
more than two nodes? It would be required to determine the impact of these two nodes to
the higher correlation in order to define an appropriate distance. Hence, C-PhyL tries to
model dependencies of a node on a group of other nodes by finding the shortest alternative
path between two nodes assuming that the direct path is not available. In other words,
a set of pairwise correlations is searched that explains the missing direct pairwise corre-
lation best. Obviously, this is not very accurate as the interplay between a set of nodes
can also not be considered in this way. Another problem occurs for nodes that would be
connected only to one other node in the true network with respect to underlying distri-
bution of the dataset. Assuming the two nodes of the correct connections are set as food
sources and the connection between them is removed, Physarum Solver is forced to let
an obviously wrong connection survive which is hence increased in its rank and becomes
more likely to be part of the final Bayesian network. Knowing these issues, question
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derives why C-PhyL is able to learn relatively good network structures. First, C-PhyL
is observed to learn much less arcs compared to other learning methods which may be a
result of the fact that strong connections are better represented by pairwise correlations
and the more complex connections that are correlated by higher orders cannot be found
by C-PhyL good enough. Further, from example network Insurance shown in Figure 3.5
can be seen that C-PhyL tends to learn also connections that are already modelled by a
diverging connection or by a partial sequence of connections. This is also an indication
that C-PhyL misses conditional distributions that are defined over more than one parent
node. A possible way to clarify how well C-PhyL can model higher order correlations by
finding paths over pairwise correlations that try to explain it, is to replace the ranked
list of connections by a list where connections are ordered by their pairwise correlations.
Performing these experiments, comparing the list generated by Physarum Solver and the
correlation list and analysing results of learned network structures is referred to as future
work.

Another crucial part of C-PhyL is how to transform the ranked list of connections to
a valid Bayesian network. First, connections are undirected while a Bayesian network
requires directed connections and second, adding a connection can hurt formal restrictions
of Bayesian network by either causing a cycle or exceeding maximal number of parents
for a node. Connections are thus only added if the resulting Bayesian network stays in an
allowed state. Further, connections are also added only if they are increasing the score
of the Bayesian network. It was initially not intended to incorporate score calculation at
all into C-PhyL as the ranked list of connections was supposed to deliver connections in
the right order. Adding a score based restriction is withdrawing responsibility from the
list of ranks and expands execution time. Nevertheless, experiments showed that the list
of ranked connections alone is not good enough to build competitive network structures.
Also, without using score calculations, it is very hard to find an appropriate threshold on
how to stop adding connections from the ranked list into the final Bayesian network.

Probably the most critical part of C-PhyL and hence also the part limiting score
is how to determine directions of the Bayesian network as the Physarum Solver does
not consider directions at all. In experiments presented in this thesis, a naive ordering
based approach is used and has been shown to be improper. As already mentioned in
Section 3.4, there are some other possibilities to determine directions, for example by
using further developed ordering methods, calculating the score in both directions and
picking the direction with higher score or by incorporating Kirchoff’s second law into the
Physarum Solver . On the other hand, C-PhyL as presented in this work has been shown
to be a structure learner for undirected graphical models. It follows, that C-PhyL may
also be considered for learning undirected graphical models like Markov networks instead
of learning Bayesian networks or to learn only a skeleton of the network structure. As
described in material chapter, a Bayesian network can be represented by a set of score
equivalent graphs that have to share the same skeleton, meaning the same d-separation
and colliders. Another indicator that this is a promising direction for future work is the
above mentioned observation of clique like structures in the Insurance network learned
by C-PhyL. One possible way to learn undirected graphical models is to update only
Algorithm 3 of C-PhyL so that connections are added to a graph ordered by their rank
instead of evaluating a score. It remains the problem of when to stop adding connections
to the graph. A possible threshold is the average value of ranks, a maximum number of
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cliques that should be present in the Markov model or a measurement of how crowded
the final network is allowed to be.

Another idea of future directions is to use C-PhyL as a feature selection algorithm.
This can either be done by counting how often a node is present in the top connections of
the ranked list or by counting how often a node is part of a surviving path directly within
the Physarum Solver . Result is a list of ranks for nodes and thus also for parameters in
the dataset from which the highest ranked nodes can be selected.

Despite drawbacks and problems described so far, C-PhyL has been shown to learn
adequate network structures and to also have essential advantages compared to other
methods. Experiments with artificial and real benchmark networks showed that C-PhyL
learns network structures with less extra arcs compared to other state of the art learn-
ing algorithms. Learning less arcs from which are most correct, indicates that C-PhyL
reaches high specificity of arcs and that arcs learned by C-PhyL can be trusted more.
Hence, C-PhyL is suitable for learning network structures where the goal is to find in-
teresting relations between nodes. Generally speaking, there are two main objectives
why a Bayesian network is learned from a dataset. The first is to model the underlying
distribution of the dataset best in order to do for example classification or prediction.
For this task, the number of arcs and if they exist in the correct network structure is
less important. Everything needed is a structure that models the distribution best which
is indicated by a high Bayesian score. The other main objective is to learn a Bayesian
network structure in order to get correct arcs only, resulting in more sparse networks.
Here, goal is to get insight into data, to identify which parameters are dependent on
which other parameters in order to get a deeper understanding of the problem domain
under study. As C-PhyL learns sparse networks with very less extra arcs, it is especially
appropriate for the second task, namely modelling a network structure that offers insight
into relations between parameters.

Another application area for C-PhyL can be found for datasets with less nodes but
a huge number of instances. An example of these datasets can be streaming data, user
behaviour data for example retrieved for mobile phone calls. As C-PhyL has to touch
the dataset only once at initially preparing pairwise correlations, C-PhyL is at least
theoretically much faster than search and score based structure learning algorithms which
have to touch the dataset many times for calculating scores. Hence, once a time and
memory efficient implementation of C-PhyL exists, C-PhyL can offer a big advantage in
execution time for these family of datasets.

Also, score based algorithms have to be restricted in the number of maximal parents
per node as calculation of scores requires to build all possible combinations of parent
parameters which is a combinatorial problem that becomes infeasible rapidly for larger
networks. C-PhyL does not need to consider these combinations as only pairwise cor-
relations are calculated. Hence, C-PhyL does not require to be restricted in in-degree
for learning the structure of a Bayesian network. Note, if a complete Bayesian network
including also conditional probability distributions is to be learned, a maximal number
of parents may also be needed in order to determine the CPTs, but this is done inde-
pendently from C-PhyL. There have been also methods proposed that do not need to
calculate CPTs, but model conditional probability distributions by Gaussian functions
or by using classifiers for each node [114]. Using these methods, C-PhyL shows another
big advantage compared to other methods described in this thesis. By changing Cramérs
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V correlation coefficient to the common Pearson product-moment correlation coefficient,
C-PhyL is also able to learn networks form continuous data. As ranges and meanings
of correlation coefficients can be normalized to be in the same range, C-PhyL is even
appropriate for learning structures form datasets with mixed parameter types. The only
adaptation that has to be made to C-PhyL is to not use score calculations for building
the network from the ranked list of connections, but adding connections simply in the
order of their rank until rank falls below average rank value.

Moreover, the C-PhyL algorithm can be easily parallelised which is a crucial task for
modern algorithms as more and more applications are implemented cloud based, where
processes are distributed over a large number of processors. Even if the algorithm is run
on a local machine, parallelisation can be beneficial as modern computers usually have
several processor cores available. C-PhyL runs the Physarum Solver for each node pair
independently of previous results and reports surviving connections to a shared list of
ranks. Each of these Physarum Solvers can thus run on an extra thread in parallel and
surviving connections are ranked thread safe. Especially for networks of larger node size,
a parallelised C-PhyL algorithm can have enormous speed benefits compared to a single
threaded version.

In contrast to the C-PhyL version published in resulting papers of this work [172, 173],
C-PhyL presented in this thesis does not have any extra restrictions to the dataset where
the structure should be learned from. The C-PhyL algorithm can thus be applied to any
dataset that can be used with LAGD, Tabu Search and other related structure learning
algorithms. This statement is also valid for the second novel algorithm called SO-PhyL,
introduced in this thesis which also requires a categorical and complete dataset, only.

SO-PhyL is an advancement of the C-PhyL algorithm that tries to overcome the lack
of considering correlations of higher orders in C-PhyL by incorporating score evaluations
into the learning process. During the development process, it turned out that the con-
cept of using pairwise correlations is not appropriate for integrating score calculations and
hence, the SO-PhyL algorithm is based on a different concept than C-PhyL is. Length
values of the Physarum-Maze are set constant and all Physarum Solver dynamics are
modelled by changes in conductivities only. Also, the updated version of the Physarum
Solver introduced by Tero et. al. and called MFS-Physarum Solver in this thesis is used.
Thus, searching the shortest path between all possible node pairs is also not appropriate
any longer. Instead, the MFS-Physarum Solver runs over a number of iterations until
unimportant connections have disappeared. In each of these iterations, after conductiv-
ity changes caused by MFS-Physarum Solver dynamics have been applied, a Bayesian
network is built out of connections with high conductivity values and these connections
are reviewed by their contribution to the global score of the Bayesian network. If adding
a connection increases the score, the connections’ conductivity value is further pushed.
If, on the other hand, an extra arc would cause score decrease, conductivity of the arc is
lowered. In other words, feedback based on score calculations is given to the conductivity
values of the connections. A strategy similar to greedy hill climbing is applied, where
MFS-Physarum Solver is used to preselect only a subset of connections in each iteration
that has to be evaluated for score instead of considering all available arcs.

Experiments showed that for most datasets, score increases with increasing size of
subset of connections. It is thus unclear how strong the impact of selecting connections
by MFS-Physarum Solver is on the learning result. The interplay between Physarum
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polycephalum strategy to further push connections that are already in a winning position
and the impact of score feedback has to be studied in more detail in future work as already
discussed in the concluding section of Chapter 4. In an ideal scenario, all connections are
converging to either the maximal or the minimal conductivity threshold. But, analysis of
conductivity evolutions for connections of the Asia dataset showed that in practice, only
some connections converge properly. Evolution of connections is also strongly dependent
on parameters used to learn SO-PhyL. When changing parameters, it could be seen from
preliminary tests, that it is possible to force all conductivities to finally converge but not
do guide all connections to converge to the correct direction. This means that some con-
nections which are important for the Bayesian network are converging to the lower limit
and thus that the distribution of the dataset can not be modelled good enough ending in
a worse score. For further development of SO-PhyL, probably the most important task
is to better understand the interplay between MFS-Physarum Solver and score feedback
to get good evolution of conductivity values. Ideally, connections are converging so that
a global maximum is reached, which would also avoid the need of an ensemble of learners
and diminish the impact of random initial conductivity values.

It has been mentioned already that there are several configuration parameters that
strongly influence the behaviour of SO-PhyL. Three different parameter configurations
have been tested for learning network structures of artificial and real benchmark networks.
SO-PhyL-1 was shown to be faster than the other two settings as less connections have
to be evaluated for score in each MFS-Physarum Solver iterations. But hence, also less
connections are learned in the final Bayesian network. It can thus be concluded that if a
more sparse network is desired for example to study relations between data parameters,
it is recommended to use configuration SO-PhyL-1. It further turned out that SO-PhyL-
1 outperformed all other methods for the Insurance network. On the other side, for
almost all other methods, parameter settings two and three where SO-PhyL-2 considers
more connections for score evaluation and SO-PhyL-3 used more iterations and a bigger
ensemble size, could learn network structures with higher score than configuration SO-
PhyL-1. But, obviously these two settings do need more execution time. It is a direction
for future work to further analyse parameter configurations in order to possibly find a
rule on what datasets which parameters are best to use. Until such rules are found,
parameters may have to be optimised and fitted for each dataset individually to reach
optimal learning performance. Doing so, there is a high risk of overfitting SO-PhyL to
specific datasets. Overfitting can for example be avoided by restricting the number of
iterations as can be seen in presented graphics showing evolution of score over iterations.
It has been shown that learning is performed at most in the first few iterations and further
improve in score can not be excluded to be caused by lucky random choices. It is hence
recommended to use a small number for parameter r when overfitting has to be avoided.

Analysing results of SO-PhyL for both, artificial and real benchmark networks, it can
be observed that SO-PhyL learns more reversed arcs in relation to the number of correctly
directed arcs than other competitive methods. Direction of connections is determined
while adding the connections from the Physarum-Maze to the intermediate Bayesian
network in each direction by calculating the score impact of each connection in either
direction. Hence, this procedure is rather promising a valid assignment of direction.
Nevertheless, results show that the strategy is not working competitive and has to be
further improved for future versions of SO-PhyL.
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All experiments presented in this thesis have been investigated using the Bayesian
score. As reported in the material chapter, there is a group of scoring functions for
Bayesian networks including also the BDeu, MDL and AIC score. A possible direction
for future work is to also compare learning quality of SO-PhyL to other state of the art
learning methods regarding these other scoring metrics.

Despite reported issues, SO-PhyL has been shown to be a competitive structure learn-
ing method for Bayesian networks that is able to outperform state of the art algorithms
in learned score, number of correctly learned arcs and the number of extra arcs for some
networks. Experiments included in this thesis showed that SO-PhyL outperformed other
methods for the Insurance benchmark dataset. This dataset does not have any specific
characteristics that differs from other benchmark datasets. Hence, it can not be concluded
that SO-PhyL might be especially good for specific network characteristics. However, it
is observed that SO-PhyL performs excellent for networks with a small number of nodes
and gets worse with increasing number of nodes. As already described, this is probably
caused by using too few iterations to optimize the score or by using not enough learners
within the ensemble.

It has been shown that setting parameters of SO-PhyL is a crucial and often hard
task, but high influence on parameter can also be seen as a benefit. The algorithm can
be used to learn different kinds of network structures, for example a more sparse network
by using a small value of I0 and a high value of Dτend if the desired network structure is
to be used for determining interesting relations within variables of the dataset. On the
other hand, if not the correct or true structure of the network is important, but that the
underlying distribution of the dataset is represented correctly, a more crowded network
structure can be learned by adjusting configuration parameters respectively. SO-PhyL is
therefore more flexible to fit the different needs of learning Bayesian networks from data.

Compared to C-PhyL, the SO-PhyL algorithm itself can not be easily distributed
over several processors without severe changes. But, as methods described in this thesis
are using an ensemble of SO-PhyLs, parallelisation is possible by distributing the single
SO-PhyLs of the ensemble. When using a cloud based environment where a theoretically
unlimited amount of cores is available, speed and execution time of SO-PhyL can be
improved by at most the factor of the ensemble size. For example, running an experiment
with an ensemble size of 10 learners is theoretically ten times faster if all learners are
executed in parallel than performing them sequentially. Thus, also SO-PhyL can benefit
from modern architectures and can be used efficiently with them.

Comparing C-PhyL and SO-PhyL, it has to be noted first that both algorithms have
to be optimized for speed and memory usage in order to be competitive in execution time
with other state of the art learning methods. Further, a more detailed and theoretical
analysis of complexity of both algorithms is needed and is a task for future work. With
respect to the quality of the learned network structure, both algorithms have been shown
to learn adequate networks, where structures learned by SO-PhyL are more competitive
to other methods than these learned by C-PhyL. In contrast, C-PhyL learned structures
with less extra arcs where only the most important arcs are present. Thus, the choice of
using either C-PhyL or SO-PhyL depends on the desired goal. If goal is to get insight
into a dataset, C-PhyL is probably the better choice. But if a network structure is to be
learned that is representing the underlying probability distribution of the dataset best,
SO-PhyL should be used.
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For both algorithms, further experiments have to be made in order to test learning ro-
bustness for datasets including noise and missing values. In this thesis, no tests have been
made in how Physarum inspired algorithms perform for datasets with a high noise level
or with a big amount of missing values compared to other structure learning algorithms
for Bayesian network.

Another possible improvement is to combine the benefits of both algorithms. This
can be done for example by using pairwise correlations to replace the constant values of
lengths in SO-PhyL. As a result, initial random settings of conductivity values will not
have that much impact and the algorithm keeps some kind of ground truth by length
values while changing conductivities. Although, this process comes with the problem
that the pairwise correlations can not be adjusted within the algorithm and are thus
not flexible to overcome local maxima or to revert initially made mistakes. A more
promising way might be to use pairwise correlations to initialise conductivity values of
the connections instead of picking them randomly. More time and experiments are needed
to test if this leads to a benefit in learning performance and if the time that is needed to
calculate correlations at the beginning is worth to be spent.

The initial attempt of the project financing this thesis was to find biomarker candi-
dates for NAFLD by studying Bayesian network structures learned from established data.
Because of delays in data retrieval from the medical project partner and a rather random
meeting with the Physarum Solver , the topic of this thesis was redefined to investigate
if the Physarum Solver can be used to learn Bayesian network structure from data. Al-
though, a small dataset has been delivered containing common clinical parameters and
additional parameters specific for patients suffering from liver diseases. The dataset de-
livered contains 29 liver biopsy confirmed NAFLD patients which is to the best of our
knowledge the biggest NAFLD dataset available. In this set, data instances suffer from
many missing values leading to a finally cleaned dataset of 32 clinical parameters. While
combining the dataset with data from healthy controls, a feature selection algorithm
has been applied and five parameters could be selected. With only these parameters, a
Random Forest classification has been performed with 98% classification accuracy. In
addition to the parameters with already known relation to NAFLD, Magnesium could
be identified as possible novel biomarker candidate and is currently analysed by a mouse
model at the MUG. Hence, the initial goal of supposing new biomarker candidates by
analysing data has been achieved. In addition, the two novel structure learning algo-
rithms have been used to learn network structures from the dataset in order to give new
insight into relations important for NAFLD. It can be seen from Figures 5.1 and 5.2 that
a lot of arcs have been learned compared to benchmark networks of similar node size. A
reason for than might be the large number of missing values that had to be estimated and
from heavy bootstrapping or from characteristics of scale free networks. But, structures
show obviously correct connections and have been forwarded to the MUG with promising
anticipations. Unfortunately, analysis of these network structures is time consuming and
can thus not be included into this thesis.

The intention of this thesis was to investigate if the Physarum Solver previously mostly
used for shortest path finding problems can be successfully adapted to the problem of
learning a Bayesian network structure from data. It has been demonstrated that it is not
only possible, but that the Physarum Solver based novel algorithm can also outperform
commonly used state of the art structure learning methods for specific datasets. For most
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of datasets analysed in this thesis, the LAGD structure learning algorithm has learned
the highest scoring network structure and has thus been demonstrated to be an excellent
learner. SO-PhyL has been shown to learn network structures of a score near to the one
learned by LAGD for almost all datasets and has thus be demonstrated to be a strong
competitor. Further, SO-PhyL outperformed Tabu Search in some datasets and learned
better scores as Simulated Annealing for most networks.

Possible directions for future work have already been discussed in the previous para-
graphs regarding improvements to both Physarum based algorithms. But beside algorith-
mic updates to resolve drawbacks of C-PhyL and SO-PhyL, there are many other possible
fields of application for the novel algorithms. In this thesis for example, no experiments
have been performed for studying the usage of Bayesian networks learned by C-PhyL and
SO-PhyL for classification tasks. When using Bayesian networks for classification, the
structure and hence the correctness of individual arcs of the structure is not that impor-
tant. The important task for classification is to represent the distribution correctly no
matter how the learned structure looks like. Hence, the C-PhyL algorithm which benefits
from learning a more sparse network including only arcs with highest probability to be
correct is not convenient to be used to learn networks in order to perform classification
tasks. SO-PhyL instead has been shown to learn high scoring networks and to model
the datasets marginal and conditional distributions appropriately. Therefore, a detailed
study is needed in future experiments to analyse how SO-PhyL performs for learning
Bayesian networks used for classification.

One more task for upcoming experiments with C-PhyL and SO-PhyL is to test the
algorithms on a broader set of real benchmark networks and on datasets determined from
different problem domains. SO-PhyL has been shown to perform especially well for the
Insurance network belonging to the domain of financial or business data. Thus, it may
be assumed that business data is of a structure that is more suitable to the benefits of
SO-PhyL. A further study with more business data is needed to investigate why SO-
PhyL performed best for precisely the Insurance network. Another problem domain of
high interest in the last years is originated from the field of bioinformatics where a lot
of gene expression data is generated and needed to be analysed. Benchmark networks
used in this thesis did not include any gene expression dataset. These kind of data is
characterized by a huge amount of parameters and a relatively small amount of instances,
which is exactly the opposite of benefits observed for C-PhyL and SO-PhyL algorithms.
It can thus be supposed, that applying the novel algorithms on these datasets is not
to the best advantage. But, if applying a proper feature selection algorithm identifying
the most important genes and reducing the dataset to them, Physarum algorithms are
applicable and can be compared to other state of the art learning methods.

In the introduction if this thesis, methods of Physarum polycephalum are compared to
techniques described by the ant algorithm and a publication is referenced where the ant
optimization algorithm has been successfully used to learn network structures of Bayesian
networks [64]. As both methods are related in the way they use bio-inspired approaches of
finding a shortest path adapted to an optimization problem, it remains to briefly discuss
the similarities and differences of both methods. Comparing the ant algorithm to C-PhyL,
it is easy to observe that both methods are using totally different approaches. The ant
algorithm is using score optimization in order to traverse the space of possible network
structures while C-PhyL does not build a search space of network structure at all. On the
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other hand, methods introduced with SO-PhyL do have similarities with the ones used
by the ant algorithm. Both methods are using their individual bio-inspired techniques
to search the space of possible network structure while optimizing a score measuring
the fit of distribution modelled by the current structure to distribution observed in the
dataset. But the way in which the search space is traversed is different. The ant algorithm
uses individual ants that are travelling around in the search space and are changing the
pheromone values initially applied to each connection. In each iteration, an ant can
update the pheromone value of connections and connections are chosen with probability
dependent on their pheromone value to be considered as next greedy hill climbing step.
Comparing this method to SO-PhyL, attaching pheromone concentrations to connections
is equivalent to applying conductivity values to connections and both are internally using
greedy hill climbing. The main difference between these methods is that SO-PhyL uses the
MFS-Physarum Solver to define a subset of connections that are considered for greedy
hill climbing in each iteration in contrast to using probabilities of connections to be
considered for greedy hill climbing as done by the ant algorithm. Both approaches have
been demonstrated to show good learning performance but unfortunately, although both
are evaluated on the Alarm and Insurance network, different evaluation metrics have
been used so that both cannot be compared to each other directly. Comparing the
ant algorithm to SO-PhyL by using the same benchmark metrics is an interesting task
for further experiments and can give new insight into the difference between these two
algorithms.

To be able to easily use C-PhyL and SO-PhyL in other problem domains and to offer
effortless access to these algorithms, implementation of both methods have to be updated
to implement the interface of Weka’s Bayesian network framework. Building classes
that can be easily integrated and used with Weka is planned for next steps to ensure
accessibility of the novel algorithms to other researchers and get new insight into benefits
and drawbacks reported in this thesis. Further, to the best of the authors knowledge,
there is no freely available implementation of the Physarum Solver or the MFS-Physarum
Solver in Java so far.
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CHAPTER 7

Conclusion

Two novel structure learning algorithms for Bayesian networks inspired by the biological
concept of Physarum polycephalum have been introduced and compared to several state
of the art learning algorithms. Both algorithms showed adequate results where C-PhyL
profits from learning less extra arcs than other methods and SO-PhyL is able to learn
comparable network structures and was shown to be able to outperform state of the
art learning algorithms for specific networks. Detailed conclusions for both algorithms
introduced in this thesis are given in individual conclusion sections of corresponding
chapters. In addition to the development of two structure learning algorithms, content of
this thesis provides new insight into the Physarum Solver introduced by Tero et. al. and
shows how this model can be used and transferred to other domains next to shortest path
finding. More, a novel medical dataset retrieved from the Medical University of Graz
containing data of patients suffering from Non-alcoholic Fatty Liver Disease has been
analysed and Magnesium has been supposed as promising novel biomarker for NAFLD.
Further, C-PhyL and SO-PhyL have been used to learn a Bayesian network from this
dataset to provide new insights into relations between NALFD related parameters and
to help understanding the processes of this disease.
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APPENDIX A

Benchmark networks

Network structures shown in this chapter have been determined by taking screenshots
of the SustSol InSilico Simulator (SISSi) software. SISSi is a Bayesian network viewer
and editor that has been developed throughout this thesis. The work of this thesis was
partially funded by SustSol GmbH as part of an Austrian K-Project called BioPersMed
where one project goal was to develop a software component to be used by medical experts
which is able to visualize Bayesian networks.

In SISSi, nodes are illustrated by a pie-chart showing marginal distribution of the
nodes variables in different colors. For example, binary node Smoker in Figure A.1 can
either be True (black) or False (purple) where the probability to be smoker is 30% and
thus, the pie chart is 30% black.

Figure A.1: Structure of the Cancer network printed with SISSi.
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Figure A.2: Structure of the Earthquake network printed with SISSi.

Figure A.3: Structure of the Asia network printed with SISSi.
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Figure A.4: Structure of the Insurance network printed with SISSi.
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Figure A.5: Structure of the Alarm network printed with SISSi.
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Figure A.6: Structure of the Barley network printed with SISSi. Note that nodes are
drawn black as due to the large amount of parameter configurations, SISSi is unable to
determine and illustrate marginal distributions.
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Figure A.7: Structure of the Hailfinder network printed with SISSi.
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