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LP-SPECTRUM OF THE DIRAC OPERATOR ON PRODUCTS WITH
HYPERBOLIC SPACES

BERND AMMANN AND NADINE GROSSE

ABsTracT. We study the LP-spectrum of the Dirac operator on complete manifolds.
One of the main questions in this context is whether this spectrum depends on p. As a
first example where p-independence fails we compute explicitly the LP-spectrum for the
hyperbolic space and its product with compact spaces.

1. INTRODUCTION

The LP-spectrum of the Laplacian and its p-(in)dependence was and still is studied by many
authors, e.g. in [I5], [16], [19]. On closed manifolds one easily sees that the spectrum is
independent of p € [1,00]. For open manifolds, independence only holds under additional
geometric conditions. Hempel and Voigt [19], [20] proved such results for Schrédinger opera-
tors in R™ with potentials admitting certain singularities. Then Kordyukov [23] generalized
this result to uniformly elliptic operators with uniformly bounded smooth coefficients on a
manifold of bounded geometry with subexponential volume growth. Independently, Sturm
[28] showed the independence of the LP-spectrum for a class of uniformly elliptic operators
in divergence form on manifolds with uniformly subexponential volume growth and Ricci
curvature bounded from below. Both results include the Laplacian acting on functions.
Later the Hodge-Laplacian acting on k-forms was considered. E.g. under the assump-
tions of the result by Sturm from above, Charalambous proved the LP-independence for the
Hodge-Laplacian in [12, Proposition 9]. The machinery used to obtain these independence
results uses estimates for the heat kernel as in [27].

In contrast, the LP-spectrum of the Laplacian on the hyperbolic space does depend on p
[14, Theorem 5.7.1]. Its LP-spectrum is the convex hull of a parabola in the complex plane,
and this spectrum degenerates only for p = 2 to a ray on the real axis, cf. Remark

In addition to the intrinsic interest of the p-independence of the LP-spectrum, such results
were used to get information on the L?-spectrum by considering the L'-spectrum, as in
particular examples the L!-spectrum can be easier to control. The result of Sturm was used
for example by Wang [30, Theorem 3] to prove that the spectrum of the Laplacian acting on
functions on complete manifolds with asymptotically non-negative Ricci curvature is [0, 00).
Explicit calculations for the Laplace-Beltrami operator on locally symmetric spaces were
carried out recently by Ji and Weber, see e.g. [22], [31].

About the LP-spectrum of the Dirac operator much less is known. As before, on closed
manifold the spectrum is independent on p € [0,00]. Kordyukov’s methods [23] do not
apply directly to the Dirac operator D, but following a remark of [23] Page 224] his methods
generalize to suitable systems, and thus also to the square D?. Unfortunately, the system
case is not completely worked out, but it seems to us, that the case of systems is completely
analogous to the case of operators on functions. Assuming this, Kordyukov has shown
that the spectrum of D? is p-independent for 1 < p < oo on manifolds with bounded
geometry and subexponential volume growth. For many such manifolds (e.g. for all such
manifolds of even dimension or all manifolds of dimension 4k + 1), this already implies the
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p-independence of the LP-spectrum of D, see our Lemma together with the following
symmetry considerations.

Many of the results and techniques that were constructed up for Laplace operators are not
yet developed for Dirac operators. For the Dirac operator such independence results would
not only be of interest on their own, e.g., for (classical) Dirac operators certain LP-spaces
and LP-spectral gaps naturally occur when considering a spinorial Yamabe-type problem
which was our motivation to enter into this subject, see [4].

In this paper we determine explicitly the LP-spectrum for a special class of complete man-
ifolds — products of compact spaces with hyperbolic spaces. More precisely, we study the
following manifolds:

Let (N™, gn) be a closed Riemannian spin manifold. Let M = M, be the product manifold
(MmF = HEFL x N™ gy = ggr+1 + gn) Where H5+ is the (k + 1)-dimensional hyperbolic
space scaled such that its scalar curvature is —c2k(k + 1) for ¢ # 0 and HE' is the (k + 1)-
dimensional Euclidean space. For those manifolds we obtain the following result which is
also illustrated in Figure

Theorem 1.1. We use the notions from above. Let p € [1,00], and ¢ > 0. The LP-spectrum
of the Dirac operator on M™% = HF*1 x N™ is given by the set

1 1
a,,::{uec p—2’}

where A3 is the lowest eigenvalue of (D)%, X\g > 0, and DY is the Dirac operator on
(N,gn). In particular, the Dirac operator D: HY — LP on M™* has a bounded inverse if

and only if \g > ck‘% — %‘

p? =M+ k2 [Imk| < ck

For an overview of the structure of the proof, see the end of the introduction.
From the Theorem one can directly read of the LP-spectrum of D? and compare it to
the known spectrum of the Laplacian acting on functions which is done in Remark [10.1}

xr Imu

T,

28
A
/
A

FIGURE 1. The shaded region (including the boundary) illustrates the LP-
spectrum of the Dirac operator on M™% = HE*! x N™ cf. Theorem
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The paper is structured as follows: Notations and preliminaries are collected in Section [2]
Results on the Green function of the Dirac operator acting on L2-spinors can be found in
Section General remarks and results for the Dirac operator acting on LP-sections are
given in Appendix [B]



In Section [4] the Dirac operator on the model spaces M7* is written in polar coordinates
and the action of Spin(k+1) on M is studied. This is used in Sectionto prove a certain
symmetry property of the Green function on M"* and in Section @to study its decay.
After all these preparations we are ready to prove the main theorem:

Structure of the proof of Theorem

Section [Tt We decompose the Green function into a singular part and a smoothing operator.
Using the homogeneity of the hyperbolic space we show in Proposition that the singular
part gives rise to a bounded operator from LP to itself for all p € [1,00]. In Propositionwe
show that under certain assumptions on the decay of the Green function also the smoothing
part gives rise to a bounded operator from LP to LP for certain p.

Section 8} Using the decay estimate obtained in Section [6| we then see that the LP-spectrum
of M™* is contained in the set o, given in Theorem

Thus, it only remains to show that each element of o, is already in the LP-spectrum of
M*. For that we construct test spinors on HE+! in Section [o] and finish the proof for
product spaces in Section

2. PRELIMINARIES

2.1. Notations and conventions. In the article we will use the convention that a spin
manifold is a manifold which admits a spin structure together with a fixed choice of spin
structure.

Let (M, g) be a spin manifold and X, the corresponding spinor bundle, see Section

I'(Xa) denotes the space of spinors, i.e., sections of ¥5;. The space of smooth compactly
supported sections is denoted by CS°(M, Xyr), or shortly C°(3)s). The hermitian metric
on fibers of ¥y is denoted by (.,.), the corresponding norm by |.|. For s1,s2 € T'(M, 2)
we define the L2-scalar product

(51, 82)12(9) ::/ (s1, s2) dvoly.
M

For s € [1,00] ||.|[zs(g) is the L*-norm on (M™",g). In case the underlying metric is clear
from the context we abbreviate shortly by ||.]|s.

Spect (D) denotes the spectrum of the Dirac operator on M viewed as an operator from
L to L*, cf. Appendix [B]

We denote by m;: M x M — M, ¢ = 1,2, the projection to the i-th component. Moreover,
we set Xy K4, =77 (Bnm) @ (75(2%)))-

C*(M) denotes the space of i-times continuously differentiable functions on M.

B.(z) C M is the ball around z € M of radius € w.r.t. the metric given on M.

A Riemannian manifold is of bounded geometry, if its injectivity radius is positive and the
curvature tensor and all derivatives are bounded.

The metric on the k-dimensional sphere S¥ with constant sectional curvature 1 will be

denoted by o*. For S*¥ with metric r20* we write SF.

2.2. Coordinates and notations for H**! and its product spaces. We introduce
coordinates on H} ™" by equipping R*** with the metric ggr+1 = dr® 4 f(r)?c* where o* is
the standard metric on S* and

f(r) := sinh.(r) := {i sinh(er)  if ¢#0

r if e=0.

In particular, the distance distHEH of y to 0 w.r.t. Gkt coincides with the euclidean one on

R*1. The subset {y € HF ! | distyr+1(y,0) = r} is isometric to S’;(T) and its (unnormalized)
mean curvature is given by
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T ka'rf<r)

Ht, = f(r)

The identity induces a map R*+t! — H*+!. Unless otherwise stated we use this map to
identify H¥*! with R**! as a manifold.

Let N be a closed Riemannian spin manifold. Note that we include the case where NV is
just a point. Set M™* := H**! x N, and 7y shall denote the projection of M™* onto its
HE+1 coordinates.

ccoth(cr) ifc£0
1

Or = —kcoth.(r)9d, where coth.r := { if ¢=0.

r

2.3. General preliminaries about spin geometry. The following can e.g. be found
in [I7]. A spin structure on M™ is a pair (Pspin(M), ) where Pgpin(M) is a principal
Spin(m)-bundle and where «: Pspin(M) — Pso(M) is a fiber map over the identity of M
that is compatible with the double covering ©: Spin(m) — SO(m) and the corresponding
group actions, i.e., the following diagram commutes

Spin(m) X PSpin(M) e PSpin(M)

.

Oxa (e M

7

SO(’ITL) X PS()(M) Pso(M)

Let ¥,, be an irreducible representation of Cl,,. In case m is odd there are two such
irreducible representations. Both of them coincide if considered as Spin(m)-representations.
If m is even, there is only one irreducible Cl,,-representation of 3,,, but it splits into non-

equivalent subrepresentations ng{ ) and 2£; ) as Spin(m)-representations.

Let € € {4+, —}. We use the notation 2 if m is odd as well and set in this case £\ = %,,.
The spinor bundle X, is defined as Xy = Pspin(M) X,,, X, where p,,: Spin(m) —
End(X,,) is the complex spinor representation. Moreover, the spinor bundle is endowed
with a Clifford multiplication, denoted by ’’; -: TM — End(Xjs). Then, the Dirac op-
erator acting on the space of smooth sections of 3, is defined as the composition of the
connection V on X,; (obtained as a lift of the Levi-Civita connection on T'M) and the
Clifford multiplication. Thus, in local coordinates this reads as

D = iei . Vei
i=1

where (€;);=1,....m is a local orthonormal basis of M. The Dirac operator is formally self-
adjoint as an operator on L?, i.e., for vp € C®(M,%)) and ¢ € C>*(M,¥);) we have
(¢, DY) = (Dp, ¥).

As M is complete, the Dirac operator is not only formally self-adjoint, but actually has a
self-adjoint extension that is a densely defined operator D: L? — L2, see [33]. From the
spectral theorem it then follows that D — u: L? — L? is invertible for all u & R.

Define wys = i[mTH]el “ea-... ey, with (e;); being a positively oriented orthonormal frame on
M. If m is even, w3, = 1 and the corresponding +1 eigenspaces are the spaces of so-called
positive (resp. negative) spinors.

2.4. Dual spinors. The hermitian metric induces a natural isomorphism from X%, to ;.

In this way we obtain a metric connection and a Clifford multiplication on ¥}, and this

allows us to define a Dirac operator D*: C*>°(X%},) — C*°(X%,). Locally D*f =", e;- Ve, f

where f € C>(X%,) and ¢; is a local orthonormal frame on M. Completely analogously
4



to the proof that the usual Dirac operator is formally self-adjoint, one proves that for
feC>®(Z3), ¢ € C®(X) such that supp f N supp ¢ is relatively compact we have

/ D' f(g)dvol, = / F(Dg)dvol,.

2.5. Spinors on product manifolds. In this subsection our notation is close to [7]. Let
(P = M™ x N™ gp = g + gn) be a product of Riemannian spin manifolds (M, gar)
and (N, gn). We have

Pospin(M x N) = (Pspin(M) X Pspin(N)) x¢ Xpngn

where &: Spin(m) x Spin(n) — Spin(m + n) is the Lie group homomorphism lifting the
standard embedding SO(m) x SO(n) — SO(m + n). Note that £ is not an embedding, its
kernel is (—1,—1), where —1 denotes the non-trivial element in the kernel of Spin(m) —
SO(m) resp. Spin(n) — SO(n).

The spinor bundle can be identified with

s YSu® (XN @Ey) if both m and n are odd
P = Su®Ey else,

and the Levi-Civita connection acts as VZM@EN = VEM @ Idy +Idy,, ® V=V, This iden-
tification can be chosen such that for X € TM,Y € TN, ¢ € T'(Zp), and ¢ = (¢1,12) €
YNy @® Xy for both n and m odd and ¢ € T'(X ) otherwise, we have

(X, Y)plpeyY)=(X m9)@wn NP)+o (Y N1)
where for both n and m odd we set wy ‘N (¥1,%2) := (2, —101) and Y -n (¥1,92) =
(Y N ¥2,Y N t1).
The Dirac operator is then given by
DP(p @) = (DMp@wn N ¢) + (p © DVy)

where DV = diag(DV, —DV) if both m and n are odd and DV = DN otherwise.
Since wy- and DY anticommute, D™ @ wx and id @ DV anticommute as well. Thus

(DP)? = (DM)? @ id +id ®(DN)2 (1)

2.6. A covering lemma.

Lemma 2.1 (Covering lemma). Let (M, g) be a Riemannian manifold of bounded geometry,
and let R > 0. Then there are points (x;);c;r C M where I is a countable indez set such that

(i) the balls Br(x;) are pairwise disjoint and
(il) (Bar(xi))ier and (Bsg(z;))icr are both uniformly locally finite covers of M.

Proof. Choose a maximal family of points (x;);e; in M such that the sets Br(x;) are
pairwise disjoint. Then | J;c; Bar(zi) = M. For y € M let L(y) = {i € I | y € Bsr(z:)}-
For ¢ € L(y) we have Br(z;) C B4r(y) and, thus,

| | Br(x:) € Bir(y),

i€L(y)

where L denotes disjoint union. Comparing the volumes of both sides and using the bounded

geometry of M we see that there exists a number Lg such that |L(y)| < Lg for all y € M.

Thus, the covering by sets Bsgr(z;), and hence the one by Bsg(z;), is uniformly locally

finite. ]
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2.7. Interpolation theorems.

Theorem 2.2 (Riesz-Thorin Interpolation Theorem, [32, Theorem I1.4.2]). Let T' be an
operator defined on a domain D that is dense in both LY and LP. Assume that Tf € LYINLP
for all f € D and that T is bounded in both norms. Then, for any r between p and q the
operator T is a bounded operator from L" to L".

Theorem 2.3 (Stein Interpolation Theorem, [14] Section 1.1.6], [25, Theorem IX.21]). Let
P0,q0,P1,q1 € [1,00],0<t <1, and S={2€C|0<Rez<1}. Let A, be linear operators
from LPO N LPY to LI + L9 for all z € S with the following properties
(i) z+— (A.f,g) is uniformly bounded and continuous on S and analytic in the interior
of S whenever f € LP° N LP' gnd g € L™ N L™ where r; is the conjugate exponent
to q;-
(ii) There is Mo > 0 such that ||Aiy fllqy < Mol fllp, for all f € LPo N LP* and y € R.
(i) There is My > 0 such that ||Aiyiyfllq, < M| fllp, for all f € LPo N LP* and y € R.
Then, for 1/p = t/p1 + (1 )/po and 1/q = t/qy + (1 — t) /a0
1Acfllg < MiMa ™" |1 fll,
for all f € LPo N LP1. Hence, A; can be extended to a bounded operator from LP to LY with
norm at most M{M,™".

3. THE GREEN FUNCTION

In this section, we collect results on existence and properties of the Green function of the
Dirac operator D and its shifts D — u, p € C. They are obvious applications of standard
methods, but a suitable reference does not exist yet. Unless otherwise stated we only assume
in this section that the Riemannian spin manifold (M, g) is complete.

Definition 3.1. [5 Definition 2.1] A smooth section Gp_,,: M x M\ A — X, K X%, that
is locally integrable on M x M is called a Green function of the shifted Dirac operator D —
if

(Do — 1)(Cpu(.y)) = 5, 1d,, @
in the sense of distributions, i.e., for any y € M, 1o € Xy, and p € CZ(Xnr)

/M<Gm<w, Yo, (D — Bp(@))dz = (Yo, o))
and Gp_,(.,y) € L*(M \ B,(y)) for any r > 0.

In case that the operator D — p is clear from the context, we shortly write G = Gp_,.

Proposition 3.2. If M is a closed Riemannian spin manifold with invertible operator
D — pu: L2(3y) — L%(Zar), then a unique Green function exists.

To prove the well-known proposition, one usually starts by showing the existence of a
parametrix.

Lemma 3.3. [24] I11.84] Let M be a closed Riemannian spin manifold. Then there is a
smooth section Pp_,: M x M\ A — 3 KX}, called parametriz, which is L' on M x M
and which satisfies

(Dy — 1) (Pp—p(,y)) = 0y 1lds,,|, + R(z,y)
in the distributional sense for a smooth section R: M x M — X X 33,.

Convolution with Pp_,, thus defines an operator Pp_,, by

(Po_pthr9) = /M /M<PD7u<w,y>w<y>, o (x))dady

for all ¢, € C(X). Then, Pp_,, is a right inverse to D — p up to infinitely smoothing
operators. We thus call it a right parametrix. The existence of such a right parametrix
6



follows using the symbol calculus from the fact that D is an elliptic operator. An efficient and
very readable overview over how to construct a right parametrix for an elliptic differential
operator on a compact manifold can be found e.g. in [24} II1.§4], although the reader should
pay attention to the fact that it is not so obvious that the different notions of infinitely
smoothing operators used in there are in fact all equivalent. The latter fact follows from
standard techniques used in the theory of pseudo differential operators, see e.g. [1I] or [29]
for textbooks on this subject.

Proof of Proposition[3.4 From the last Lemma we have the existence of a parametrix
Pp_,(z,y). We will use the notations of that Lemma. Since D — 1 is assumed to be invert-
ible, there is a section Pp,_,: M x M — ¥ WY}, with (D, —u)Pp_,(z,y) = R(z,y). By
elliptic regularity Pp,_, is smooth in z and y. We set Gp_,.(z,y) = Pp—pu(2,y)—Pp_,(2,y)
and obtain (D, — pu)(Gp—u(x,y)) = 6,1ds,,|,. Moreover, since Pp_, is L' on M x M
and P,D—M is smooth in both entries the Green function Gp—_,, is L' as well. Furthermore,
Pp_,(.,y) is smooth on M\ B, (y)) for any r > 0 and, hence, the same is true for Gp_,(., y).
In particular, Gp_,(.,y) € L2 (M \ B,(y)). If Gp_, is a possibly different Green function
of D — p then (D — p)(Gp—p(.,y) — G'D,u(.,y)) =0 forall y € M. As D — p is invertible
we have Gp_, = GD_,L. O

As for Pp_,,, convolution with Gp_,, defines an operator Gp_,, by

(©D-uth, ) / / (G (@, )0 (y), o)) dudy

for all ¢, € C°(Xar). By construction Gp_,, is the right inverse of D — y, and is thus

even defined on L2 Since the inverse of D — p exists by assumption, Gp_,, = (D — u)™*,

and Gp_,, is in particular also a left inverse of D — p.

Lemma 3.4. Let M be a closed Riemannian spin manifold, and let D — pu be invertible.
Then Gp—_,(z,y) is the adjoint of Gp_j;(y, ), i.e. Gp_p(y,x) is the integral kernel of the
adjoint operator of Gp—,,.

Proof. Using the definitions and discussions from above and Lemma (ii) we have G, =
(D—=p)™H*=(D—p)~! =Gp_z. In particular, we get for all ¥, p € L*(X)/) that

(¢, G ) =(Gp—pth,0) = (D = p) ", 0) = (1, (D — 1) ')

— [ [ @G-ty 0)e @)y

Moreover, we have

Lemma 3.5. In the situation of Lemma we have (D — p)Gp_ (2, y) = 0, 1ds- |, i-e.,
for fo € T(Ejla), v € OF(Xm)

[} = )G )W)y = foo (o))
Proof.
/ (D — )G (1) fo) (p(y))dy = / (G, 9) fo)(Dy — w)ip(y))dy

/ Jo(G (a0, 1)(Dy — 1)p(y))dy
— (o).

where the last step uses that Gp_,, is also the left inverse of D — p.

Now, M has no longer to be closed, but we assume bounded geometry.
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Proposition 3.6. Let (M,g) be a Riemannian spin manifold of bounded geometry. Let
D — pu: L2(3pr) — L%(Zar) be invertible. Then there exists a unique Green function.

Proof. We choose R > 0 such that 3R is smaller than the injectivity radius. Let (z;);cs be
as in the Covering Lemma [2.1] We define (M x M), := {(z,y) € M x M |dist(z,y) < €}.
Because of M = J,.; Bar(x;) we have

(M x M)g C UBgR(Ii) x Bag(x;).
iel

el

We embed each ball Bsg(x;) isometrically into a closed connected manifold M,,, which is
diffeomorphic to a sphere and DM=: — /4 is invertible. This can always be achieved by local
metric deformation on M, \ Bsg(z;), see Proposition

Thus, by Proposition the operator DM=i — i possesses a Green function G%#(z,y) with
(Dﬁ/[’ — pu)G®(x,y) = d,1ds,. By abuse of notation we will view G (z,y) for =,y €

Bsr(z;) also as a partially defined section of ¥y, K X%, — M x M, which is defined on
Bsr(wi) x B3p(wi)-

Now we choose smooth functions a; on M x M such that suppa; C Bsg(z;) X Bsr(z;) C
(M x M)gr and such that ), ; a; equals to 1 on (M x M)pg/,. Now we set

Hey) = 3 aile, )G (,9).
icl

This implies supp H C (M x M)gr. Moreover, H(.,y) € L?>(M \ B,(y)) for all r > 0 since
this is true for each summand.

Our next goal is to prove that (D, — u)H(z,y) — 0, Ids, is smooth. Note that G*(x,y)
and G% (x,y) are both defined for (z,y) € (Bsr(z;) X Bsr(x;)) N (Bsr(z;) X Bsr(z;)), but
they will not coincide in general. On the other hand their defining property and the locality
of the differential operator D (cp. Lemma [3.5) imply that

(De = 1) (G™ (2, y) = G (2,)) = (D), — u) (G™ (2, y) — G* (7)) = 0.
Thus,
((Dz = ) + (D, — p)?) (G¥ (z,y) — G™ (x,y)) = 0.
=P
Since P is an elliptic operator, elliptic regularity implies that G¥i (x, y) —G% (z,y) viewed as a

difference of distributions is a smooth function on (Bsg(x;) X Bsr(x;))N(Bsr(z;) x Bsr(z;)),
and thus a;(z,y) (G (z,y) — G" (x,y)) as well. On Bsgr(z;) x Bsr(z;) we rewrite

H(z,y) =G (z,y)+ Y ai(z,y) (G™(z,y) — G (z,y)),
i€I\{j}

and we conclude that (D, —pu)H(z,y) = 6, Ids, +F(z,y) where F(z,y) is a smooth section
of ¥ K X%, with support in (M x M)gg.
There is a unique section H' of X3, K¥%, such that (D, —u)H'(z,y) = F(z,y) and such that
H'(.,y) is L? for all y. This follows for each y from the assumption that D — p is invertible.
As D — p is a linear operator with continuous inverse and by elliptic regularity H' is smooth
in z and y.
We set G(z,y) = H(x,y) — H'(x,y), and this gives a Green function for D — p.
Assume that G and G are two Green functions for D, then (D, — u)((G — G)(.,y)) = 0.

By the invertibility, G = G follows. Smoothness follows by smoothness of all G%, and
smoothness of F and H'. O

Note that due to the last Proposition Lemmata [3.4] and [3.5] also hold true for manifolds M
of bounded geometry.

We finish this section by stating another property of the Green function:
8



Lemma 3.7. Let (M,g) be a Riemannian spin manifold of bounded geometry, and let

D —  be invertible. Then the Green function also decays in L? in the second entry, i.e.,
Gp_p(z,.) € L*(M \ B,(z)) for all 7 > 0.

Proof. The Green function Gp_p(.,z) is in L?(M \ B,.(x)) in the first component. Then
the claim follows from Lemma [3.4] in the extended version to manifolds M of bounded
geometry. (|

4. THE DIRAC OPERATOR ON HYPERBOLIC SPACE AND ITS PRODUCTS

In this section we examine the Dirac operator on the model spaces M7* = HF! x N,
Note that we also allow the case where N is zero dimensional. First, we introduce polar
coordinates on HA*! and write the Dirac operator in these coordinates. Then, we study the
canonical action of Spin(k + 1) on M™* and its spinor bundle.

4.1. The Dirac operator in polar coordinates. Let us introduce some notation, and
let us compare it to notation in the existing literature.

In this section we have to work with spinors on various submanifolds of HF+! x N,

So let (Zy)pe p a smooth family of pairwise disjoint submanifolds of H 1 x N. For simplicity
of presentation we assume that all Z, are isomorphic to Z, in particular we obtain a smooth
map F': Z x B — M. The tangent space T'Z; carries an induced connection and similar
the normal bundle v, — Z3 of Z; in M. As vector bundles T M|z, equals v, & TZy. The
connection on those vector bundles are denoted by VM for TM|z, and V™ for v, ® T'Z,.
The difference is essentially the second fundamental form Iz, of Z; in M.

Putting all these bundles together for various b we obtain the following bundles over Z x B:

F*TM = U TM|Zb, TZB = U TZb, vp = U Vp.
beB beB beB

Again as bundles with scalar products we have F*T'M = TZpg @ v but both sides carry
different metric connections. The pullback of Levi-Civita connection on TM to F*TM is
denoted by VM whereas the sum connection on the right hand side is denoted by V™ where
for X €T, Z),, Y € C*(TZg) and W € C*(vg) we have

VJ\X4Y - Vﬁty = HZb(Xv Y)7 <V§/(IW - v§tw7y> = _<HZ5(X7Y)7W>'
—_———
€T Zy

These two connection define connection 1-forms on the pullbacks of the frame bundle of M
and the spin structure of M. So we finally obtain connections, again denoted by VM and
Vvirt on F*Yy — Z x B.

In particular we have for all X € TZp and all spinors ¢ € C>®°(F*X )

in 1
VAX4<P:VXt<P+§Z€i'HZ(X,€i)'<P (3)

where (e;); is a local orthonormal frame on F*¥,/, cp. [7, around (9)].

Remark 4.1. In [7] a slightly different notation is used, as can be seen in the following
dictionary of notations

Bir [1] Q M| V®and| VMaoVN and D | D
VEC | VEM @ id +id @ VEN
Our article | M =H*' x N | z | vM | ~ Vit | pZ | pZ,

Furthermore, in [7] only the case that B is a point is formally studied but the calculations
in there immediately generalize to our setting.
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Also be aware that in [8] a further notation is used which has several advantages if the sub-
manifold is a hypersurface which is not the case in our article. In [§] the Clifford multipli-
cation of the ambient manifold coincides with the Clifford multiplication on the submanifold
only up to Clifford multiplication with the normal vector field. In contrast to this in our
notation the Clifford multiplication of the ambient space M coincides with the one on the
submanifold Z.

The partial Dirac operators D are now defined as DF = 3", e; - VX, and the intrinsic

Dirac operators are given by DZ, = D€ Vicr;t. As this definition does not depend on
the choice of frame, it yields a global definition. The intrinsic Dirac operator is a twisted
Dirac operator on the submanifold N. In the following applications all normal bundles have
a parallel trivialization, hence, in this case the intrinsic Dirac operator coincides on the
submanifold with several copies of the Dirac operator on this submanifold. As multiplicities
are irrelevant for our discussion we have chosen the name ’intrinsic Dirac operator’ for Dj,
slightly abusing the language.

By (3), the intrinsic Dirac operator DZ, is related to the partial Dirac operator D via

1=
Df¢=Divp—5Hz ¢,

where H z = trllz is the unnormalised mean curvature vector field of Z in M, see [7,
Lemma 2.1].

We now come to our specific situation M = M™*: We express the hyperbolic metric in
polar normal coordinates centered in a fixed point py which will be sometimes identified
with 0. In these polar coordinates M™% \ ({po} x N) is parametrized by Rt x S¥ x N.

We are especially interested in the submanifolds Z of M = M™F that are either R* x {x} x
{y} or {r} x S* x {y} or {r} x {z} x N", always equipped with the metric induced from
M"*, In the following we will address these families of submanifolds shortly by R*, Sk
and N. The corresponding spaces B are then S¥ x N, Rt x N and RT x SF, respectively.
On an open set we choose an orthonormal frame ey, ..., e,,, m =n+ k+ 1 = dim M, such
that egya,..., €, is an orthonormal frame for the submanifolds NV, and es,...,ex41 is an
orthonormal frame for S*¥ and where e; := 0,. The notation should be read such that %
and 0, denote essentially the same (radial) vector, but 0, is viewed as a vector which acts

v

via Clifford multiplication whereas 7. acts as a covariant derivative.

The Dirac operator D on (rg,00) x S¥ x N is the sum of partial Dirac operators
v :
D=0, — +D§ +DY
dr
where the partial Dirac operators along N and S¥ are locally defined as
n . ntk
Dévgo = Zei-Vﬁfap, Dg Q= Z € - Vé‘f(p,
i=1 i=n+1
for p € C>*(Z ).
The intrinsic Dirac operators along N and S* are given by

n n+k
N o ._ E : int sk . E : int
Dint(p = €4 - ve,- 2 Dintsa = € - Vei, ®-
1=1 1=n+1

We denote the second fundamental form of S¥ in H¥*! as Ilgr and set ﬁgk := trlIgx. Then
I+ and ﬁsk do not depend on whether they represent the second fundamental form and
the mean curvature field of S* in HF*1, or of S¥ in HA*! x N or of S¥ x N in HET! x N.
Using Hy = 0 and f(r) = sinh.(r), cp. Section

ﬁSkXN = ﬁgk = — 8Tf(r) (97« = -k COthC(T’)

f(r)
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we obtain DV := DY = DY, and D§' = DS, + & coth,(r)d,-.
We set DS" := f(r)DS, which is on each spherical submanifold up to multiplicity the
standard Dirac operator on S* and obtain
1 k vV k
D=——-D% +8, - — + = coth.(r)d, - +DV. 4
sinh.(r) + dr - 2«0 (r)ar -+ )
Lemma 4.2. The following operators anticommute: DN with DSk, DV with 0,-, DV with
Oy - %, DS" with O+, and DS" with Oy - %. However 0,.- commutes with O, - %, and (Ds“k)2
commutes with D.

Proof. Let Pspin(H*1) — Pso(HF) and Pspin(N) — Pso(NV) be the fixed spin structures
on HET! and N. Then we write as in Subsection

Yphti ey = (PSpin(H§+1) X Pspin(IN)) x¢ Zip, (5)

P

where ( is the composition Spin(k + 1) x Spin(n) 5 Spin(m) 2% End(%,,). The bundle
P carries the Levi-Civita connection-1-form aﬁf and another connection-1-form o™ as
explained before.
We obtain a connection preserving bundle homomorphism .., which is fiberwise an isometric
isomorphism, and

< I.
v I LC
ZH N\ (po}x N Y LR+ xgkx N> V

| | 0

HEL\ {po} x N —9 R¥xSEx N

commutes. Note that I, is also compatible with the Clifford multiplication in the sense that
for X € TZ we have

X -I(p) for Z=R" x{x} x{y}or{r} x {z} x N
(X 9) =19 1) . - k
X - Ie(p) for Z = {r} x S* x {y}.

Then the lemma follows immediately by the corresponding statements for Y+ geyny. O

We will also use the map I. = IO_1 ol : EngH\{pO}XN — Ygr+1\{o}xn Which allows to
identify ZH§+1XN|(I7H) with ZR’C+1><N|(w,y) and thus with ZRk+1xN|(0’y)7 0 = pg.

4.2. The action of Spin(k + 1) on M™* = HFL x N. We identify T}, HF*! with R¥+1.
The left action a; of the spin group Spin(k -+ 1) on R¥*! obtained by composing the double
covering Spin(k 4+ 1) — SO(k + 1) with the tautological representation yields a left action
on HAF! via the exponential map exp, : R¥*! — HFF! which is a diffeomorphism. As
this action is isometric it yields a left action on Pspin(]HIlg“‘l) — also called a;. Thus, we
obtain a Spin(k + 1)-action on Pepin(HF) X Pypin(N) x £,y as a3 = a1 x id x id. Since
ay and the principal Spin(k + 1)-action which acts from the right commute, the a;-action
descends to a Spin(k + 1)-action from the left — denoted by as — on the spinor bundle
Sprttyy = (Popin(HET) X Pspin(N)) x¢ B (for ¢ as in (5) such that

ZH’§+1><N aQ_ﬁ)} EH’§+1><N
HAH x NSO gk

commutes.

By construction, the action a; does not depend on c¢. Thus, Diagram @ commutes with

this Spin(k + 1)-action.

Moreover, note that a; preserves the spheres SF  := {r} x ¥ x {y} C HE*! x N. Hence,

the diagram above can be restricted to this submanifold. In particular, a; acts transitively
11



on Sff’y. Furthermore, (pg,y) is a fixed point of a; x id for all y € N. Thus, the as-action
can be restricted to an action that maps Xyr+1, y|(py,y) to itself.

4.3. Spinors on S*¥ ¢ R¥1. We will now analyse the special case N = {y} and ¢ = 0, thus
HA+1 = RF+1, This well-known case is not only important as an example, but will also be
used to derive consequences for the general case.

We obtain immediately from and Ilge = —1glsx0, where S} is the sphere of radius r
canonically embedded in RF+1:

Lemma 4.3. Assume that ¢ is a parallel spinor on R*T1. Then for any X € TSF we have
. 1 . 1
Vo =——0,-X-pand V0, -¢) = —0,- X - (0, - ).
2r 2r
In particular, we have
k k k k k
D¥ ¢ =rDiyp = =50, - and D¥ (3, ¢) = =50r - (O - ).

Using Lemma and V2¢9, = 0 this implies
2 2

(D7 = g and (020, - 0) = (0, 0).

5. MODES OF Spin(k + 1)-EQUIVARIANT MAPS

We now have a Spin(k+ 1)-action on Xgx+1]o = Xgi1, {r} x S¥ and Sgr+1]( <se, band thus
one on C™(S¥, Xpita| gy xsr) given by (v- f)(x) = az(y)f(ai(y) " z). To simplify notations
we mostly write S¥ for {r} x Sk.

We now have to classify Spin(k + 1)-equivariant functions Ygrt1|g — C°°(SF, Sgeta|gr).
For 1)y € Ygk+1]o let the parallel spinor on R**! with value ¢y at 0 be denoted by ¥,. For

k odd, the positive and negative parts of ¥, are denoted by \I/(()i).

Lemma 5.1. Let F: Y1 — C%°(S¥, Speti|sk) be a Spin(k + 1)-equivariant map. Then
for k even F has the form
¢0 — ((Ll\:[/() —+ 04287« . \IIO)|S’“

and for k odd F has the form

o +> (an\I'(()H + azz‘lféf) + a210; - \I’(()H +a120; - ‘I’(()i))|sk
for suitable constants a;,a;; € C.
Proof. First, we note that the maps F' described above are actually Spin(k + 1)-equivariant
since 0, is a Spin(k + 1)-equivariant vector field.
Let A: ngll < Yge+1]o be the inclusion map, § € {+,—}. By composition we obtain for
fixed d,¢ € {+,—} a Spin(k + 1)-equivariant map

A F o) 0o
E](::)_l — ERk+1 |0 —C (gk, ERk+1 |{T}ng) —C (Sk, ZI(:_,’)_l), (7)

where in the last step we projected X1 to Z,(fll. If we compose this map with evaluation
at the north pole of the sphere, then we obtain a Spin(k)-equivariant map o : Z,(;izl — E,(fll.
Because of the Spin(k + 1)-equivariance of (7)) and since Spin(k + 1) acts transitively on S¥,

this map uniquely determines the map Z,(Ci)l — C>(Sk, 2531) above.

If k is odd, then fo_zl = 21(3-21 = ¥, as Spin(k)-representations, and Schur’s Lemma tells us
that there is up to scaling a unique such map 0. Using the fact that ey41-: E,(i)l — E,(i)l,

o can be written as

() as,sT ford =¢ ()
TENL {a(;@ek_H -7 ford #¢ € Xkt
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for suitable as. € C. As 0, is the Spin(k + 1)-equivariant extension of ey41 we obtain the
lemma for k odd.

If k is even, then ;1 = X = E,(:r) ® E,(;) as Spin(k)-representations. In this case eji1-
commutes with Spin(k + 1) and preserves the splitting. Using Schur’s Lemma, 6%—&-1 = -1
and because ey 1- is tracefree we know that egy- acts as +diag(i, —i). For ¢ = § we can

again apply Schur’s Lemma. As Zgj) and EEC_) are not equivalent as Spin(k)-representations

the maps o: E,(f) — E,(;F) have to be identically zero. Thus, with respect to the splitting of

k41 the maps o for different § and e form a Spin(k)-equivariant map Y1 — Xg11 that

can be written as
by O _b1+b2 b1 —b2 (1 0
(0 b2> ) ld+ 2 0 —1

for suitable b; € C. Summarizing, for k even, 0 maps 7 — a17 + agej41 -7 with a; € C. O

Then using Lemma 3] we obtain immediately

Corollary 5.2. Let F: Y1 — OC%°(S*, Yget1|gr) be a Spin(k + 1)-equivariant map. Let

2
Yo € Shy1 and o = Fapy. Then (DS")2p = o,
We say that ¢ is in the spherical mode %, and thus ¢ is in the mode of lowest energy on
the sphere.

Now we want to carry over the last result to M *. In the following py € H¥*! denotes

again the fixed point of the Spin(k + 1)-action, and let yo,y € N.

Lemma 5.3. Let F': Syt vl (po.yo) = C(SF, Sygisr wlsrxqyy) be a Spin(k-+1)-equivariant
k 2

map. Let o € Syir, yl(po.yo) @nd o = Fipo. Then (D5")2p = K.

Proof. Note that the composition I. = IO_1 o I. where I, is defined as in @ maps the
spinor bundle over (H¥*1\ {py}) x N to the spinor bundle over (R¥*1\ {0}) x N. This map
preserves the intrinsic connection V™ and uniquely extends into po = 0. Via pullback we
then obtain a Spin(k 4 1)-equivariant vector space isomorphism

C({r} x 8, Syrer vl {ryxsr x {y}) Ty C({r} x S, Sprsinl{rxstxqy})s ¥ Le ot
Moreover, we can write in the sense of Spin(k+1)-modules Xgr+1y n|(z,y) = B = B 1 @V
if k is even or Sgriyn|wy = S0 @ VD @ 500 @ VO if ks odd, where V() =
Homspin(kﬂ)(E,(;)_l, Yrk+1x N |(2,y)) 18 @ vector space which is independent of = € RF+L,
Let now k be odd. Then any o € (V(®))* defines a map et vl (@) = 21(21-

Let A: 226-31 — Bgr+1y vl (po,ve) PE @ Spin(k+1)-equivariant map. By composition we obtain
for fixed A, o and d,e € {+, —} a Spin(k + 1)-equivariant map
F) A F s}
212421 - EIHI’C““xN|(po,yo) —=C (Sk’ EH’gﬂxN‘SkX{y})
Iry %) ~ '] X S
YO (SE, Sprity st xqy)) = OF(SF, Sprsafgr @ V) 3 C=(SF, 217 ).

Let now k be even. Then the argumentation is analogous to the one above when replacing
VE by Vand £, by Tjp1.
Then the Lemma follows from Corollary together with the identification by J, 4. (]

Corollary 5.4. Let G(q,p) be the Green function of the operator D — p, u & SpecNLﬂg (D).
Let ¢ = (r,x,y) € M™F be the polar coordinates when using po as the origin, r > 0. Let
Yo € Xygmk|(po.yo)s Yo € N. Set p(q) == G(q, (po;yo))tbo. Then
k k2
(D )20l (ryxstx fyy = Z<P|{r}xskx{y}~
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Proof. Now we consider the Green function of the shifted Dirac operator D — p for p &
Speclz[[;(D) as a map

G (-, (P0,40)): Sl worwo) = T(SHA+1 5 A ((po.o)))-
It follows from the definition of Gz, in particular from its uniqueness, and from the equivari-
ance of D under Spin(k + 1) that G(-, (po, yo)) is Spin(k + 1)-equivariant as well. In par-
ticular, G(-, (po, %0))|skx {y} is a Spin(k + 1)-equivariant map as considered in Lemma,
Thus, together with Lemma [5.3] the corollary follows. O

6. DECAY ESTIMATES FOR A FIXED MODE

Let p ¢ Speclzﬂ; 'k(D). Then, by Theorem M there exists a unique Green function for
D — p. The goal of this section is to estimate the decay of this Green function at infinity.
For that, let y = (po,yn) € HET! x N and ¢y € .|, be fixed. Set ¢(x) := G(z,y)io.
The Definition of the Green function, cf. , implies that ¢ is an L2-eigenspinor of D to
the eigenvalue p outside a neighbourhood of y. Moreover, by Corollary we know that ¢
is in the spherical mode %.

Before starting to estimate the decay we give the following Remark:

Remark 6.1. The L?-spectrum of the square of the Dirac operator on the product space
My x Mo is given by the set theoretic sum {)\? + )3 | \? € Spec)s (DM:)2)}. This is seen
immediately by and the spectral theorem.

The L2-spectrum of the Dirac operator on the hyperbolic space, and thus also on HFL s
the whole real line, cf. [10]. Let A2, Ao > 0, be the smallest eigenvalue of (DN)2. Then the
above together with Lemma implies for M™* that

Speclzﬂg(DQ) = [A\2, 00).
Together with Lemma[B.11) and Example [B.13
Spect’s (D) = (=00, —Ag] U [Ag, ).

The complement of this spectrum is denoted by Iy, := (C\ R) U (=g, Ao).

Now we decompose the space of spinors restricted to {r;} x S¥ x N into complex subspaces
of minimal dimensions which are invariant under DY, 8,-, DS". Such spaces have a basis
of the form 1, 0, - v, Py, and 0, - P1, where 9 satisfies DN = i, (Dsk)zw = p*,
p € % + Ny, and P := Ds* /p. All these operations commute with parallel transport in

r-direction, so by applying parallel transport in r-direction we obtain spinors v, 0, - 1, P,
and 0, - PY on Rt x S¥ x N with similar relations, and the space of all spinors of the form

@ = o1(r)Y + @2(r)0r - ¢ 4 3(r) Py + ¢4(r)0; - Py (8)
is preserved under the Dirac operator D on M™* because of . Then the operators
discussed above restricted to such a minimal subspace are represented by the matrices, cp.

Lemma [£.2]

A0 0 0 0 0 p 0 0 -1 0 0
v [0 =x 0 o0 s [0 0 0 —p [t 0 0 0
DT=10 0o —x 0 Dm=1, 0 0o o =10 0 0o -1

0 0 0 A 0 —p 0 0 0 0 1 0

Proposition 6.2. Assume that ¢ is an L*-solution to the equation Dy = up, u € Iy,
on (M%), = (HEFL\ B, (po)) x N. Assume that o has the form given in with
parameters p and \. Let k satisfy k2 = A\?> — u2, Rex > 0. Then Rex > 0. Moreover, let

/@io =M — 2. If Rery, > 0, then there is are positive constants C and ry such that

(@) < Cliell gz amry. )e(_C’“/Q_Re’Uo)d(xlva) for all x = (x1,22) € (HET\B,., (po)) x N
c o

where C' is a constant that only depends on ¢, k,r1, \o, it and p but not on A. For c=0 an
analogous estimate holds when replacing e~ (¢F/2)4(x1.p0) py +=k/2 ywhere r = d(x1, po).
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Proof. By assumption ¢ can be written as in . We view the components of ¢ as a vector
in C4, i.e., (1) := (01(r), pa(r), 3(r), 0a(r)). So by (@) the following equation is equivalent
to Dy = pep:

A—p —Ecother ST 0 0 -1 0 o0
& e
o b COthc r -\ — 12 0 ~Smh. 1 0 0 0 ,
0= sinﬁcr 0 —“A—pu —gcothcr o(r) + 0 0 0 -1 ' (r).
0 o sinﬁC r g cothe 7 A—p 0O 0 1 0
Thus using 1 for the identity matrix and setting
0 A+p 0 0 00 0 1
_|A-n 0 0 0 o0 10
o 0 0 a+ulm FTlo1 0 o)
0 0 —-A-p 0 100 0

we obtain

kcoth,r P
’ o _ c
d'(r) = (A 5 1+ sinhCrB) D(r).
We start with the case ¢ # 0: We now substitute t = e =", &(t) = ®(—c ' logt). Then
dd 1 k(1 +t2)
T (-Za
dt a2t — )

2p ~
1 B | 2.
ey
Such singular ordinary differential equations are well understood, see [I3] Chap. 4, Sec.
1-3]. In particular, ¢t = 0 is a singular point of first kind, and [I3] Chap. 4 Thm 2,1] yields
that ¢ = 0 is a so-called “regular singular point”, and the associated theory applies. However,
in our situation it is more efficient to analyse the equation directly.

— () — kQ+t?)
We set h(t) := (logt — log(t + 1) — log(1 — t))k/2, then h/(t) = 5 - We define

~

B(t) := e MOt (t),
and we calculate
@ _ 2
dat 1-—1¢2

As B anticommutes with A, we have t4/¢Bt=4/¢ = {24/¢B_ and as B is an isometry of C*,
we see that

tAlep=A/cy,

”tA/th—A/c” _ t2|Ren+\/c
where || . || denotes the operator norm and where

ki = £/ A2 — pl.

are the (complex) eigenvalues of A. It follows that for 0 < ¢ < 1/2

d - |4 2
iy I < df\ < tA/thfA/c <3 t2|Rem+|/c.
los b < Bl < 2 <3

Thus the solution extends to ¢t = 0, and
(B2 < |B(1)] < B0t

This estimate yields explicit asymptotic control for </15(t), and thus for . Namely, assume
cro > 1 > log2, there are two fundamental solutions ¢+ of Dp1 = pupy such that ®4(0) is
an eigenvector of A to the eigenvalue x4 and such that

e—3pe_2‘Rc'“r‘reRenireh(e*”') < |(£ ($)| < 63/)6_2“%"“r‘reReniT'eh(e*”')

< < r = d(z1,po) > To.
[P (0)]
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This implies that for every ¢ € (0,1) there is 7y such that

(1 _ 6)6(7(Ck/2)+ReKi)T < Lgi(('(r)i: < (1 +5)e(7(ck/2)+Reni)r P d(lfl,po) > 7. (9)
+

From

/00 |®(r)|*(sinh, 7)* dr < 7”@”%2

o ¢ ~ vol(S*)vol(NV)

and the left inequality of (9) we see that ¢y is in L?((M7*)-7,) if and only of Rers < 0.
In the following we call this k4 just ) and also replace the £+ index by A in all other
occurrences. We note that |Reky| is increasing in |A|. Thus, § and 7 from above can be
chosen independent on A.

Next, we multiply the first inequality of (9) by |®x(0)| and then integrate its square:

||SD||2[2 2% 2/ —ck+2R ;
—_— = >(1 — (0] (mek+2Re k)7 (ginh,. r)* dr.
vol(S’C x N) >( 0)"12A(0)] € (sinh. r)" dr

Hence, we obtain an upper bound

To

e kAT -1
‘/I\) 0 2 < 02 1-96 -2 2 ﬂ
[2AO)F < OT(1 = )" llell 2 gapry. ) —2Re Ky

where (' is a constant independent on A.
Using this again with the right inequality of (9) we get for all x with r = dist(x,po) > 7o
that

S —1/2
1+ 4 (—ck/24Re k)T 62Re Ao
lo(@)] <75 Cllell o vy )€ * “9Ren,

70
<Ci(—2Reky)? [ P )efckr/2+Re Ka(r=7o) (10)

>70
For r > 7y we see that (—2Re xy)e?Re* ("=70) is monotonically decreasing in |Rey/, and
we obtain from
1
lp(z)| <C1(—2Reky,)? ||<P||L2((M;"v’€)>%)e
e(—ck/2+Ren>\0)r

—ckr/24Re kg (r—7o)

<Ol 2 @am ). 1)

for all « with r = d(z1,pg) > 79. Here, C can be chosen such that it only depends on ¢, k,
70, Ao, ( and p but not on A. Note that the x in the claim is simply —xy,.
It remains the case ¢ = 0:

&' (r) = (A - 2]“711 + fB) o(r).

Set ®(r) = r2e~A7®(r). Then, &' (r) = fe‘ATBeArfﬁ = 56_2"”3@). Then we can proceed
as above and obtain the claim. O

In order to estimate the decay of p(x) = G(z,y)vo, 1o € Eym.x|, at infinity we will

decompose ¢ into its modes in S¥ and N direction, respectively. Lemma provides an

estimate of the decay of each mode which is independent of the mode in direction of N.
2

Moreover, from Corollary we know that ¢ has spherical mode %. Thus, we obtain a

decay estimate for ¢:

Lemma 6.3. Let u ¢ Specliﬂ;(D), and let G be the unique Green function of D — . We set
M, (r) == {z € M, | dist(z, NY) = r} where N¥ = {po} x N and y = (po,yn) € H**1 x N.
Let & satisfy k2 = A3 — pu? and Rex > 0. Then for all e > 0 and rq sufficiently large there
is a constant C' > 0 independent on y such that

/ |G(z,y)|Pde < Ce "R for all v > rg.
My (r)
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Proof. Let 1y € X, |y. Set o(z) := G(z,y)vo. Then, ¢ decomposes into a sum of spinors

©p2 a,p Of the form with (DSk)2<pp27A’y = ngopzy)\_,,, and DN(pp27>\’l, = App2 zu, Tespec-
tively, and as the multiplicities of the combined eigenspaces might be larger than one the

index v runs through a basis. By Corollary p? may only take the value B Thus,

1
fMy(r) |<P($)|2d33 = Z,\,V ||80k2/47/\,u|‘%2(My(T))-
Together with Proposition [6.2] we obtain for ¢ # 0

/M ) |(p($)|2d$ S Z C||g0k2/4,)\,l/||iQ((M?vk)>TO)e(_Ck_2Re ol Sinhlg(r)
y 7 AUV

< C/e—Qchn Z ||¢k2/4,>\’V||i2((MT‘k)
AV

< 0/6_27‘Re’€||SD||22((MTJ€)>T0).

>rg)

The case ¢ = 0 follows analogously. O

7. DECOMPOSITION OF THE GREEN FUNCTION

We decompose the Green function G of the shifted Dirac operator D — i on M = M™F
into a singular part and a smoothing operator. Both operators will be shown to be bounded
operators from LP to LP for all p € [1, o0].

At first we choose a smooth cut-off function x: R — [0,1] with suppy C [—R, R] and
X|(_rjonsz = 1. Let pr M x M — [0,1] be given by p(z,y) = x(distyr+ (mu(z), mu(y)))-
Let now

Gl(x7y) = p(%y)G(a@y) and G2(£7y) = G(:E7y) - Gl(xvy)
Then G5 is zero on a neighbourhood of the diagonal, and thus smooth everywhere. The
singular part is only contained in G;.

Proposition 7.1. Let M = M™* and G| be as defined above. Then, for all 1 < p < oo the
map Py: o — [, G1(.,y)¢(y)dy defines a bounded operator from LP to LP.

Proof. We start with a smooth spinor ¢ compactly supported in Bag(0) x N C M. For such
a ¢ the spinor Py is supported in B3g(0) x N C M. We embed Bsg(0) isometrically into
a closed Riemannian manifold Mg. Let Mgr x N. The metric on Mg can be chosen such
that DMrXN _, is invertible, cf. Proposition The norm of (DMr*N —y=1. [P — [P
is denoted by Cr(p).

For p < co we estimate

[ ipgras= [ ‘ | et ety

< / / G(z,9)¢(y) dy
B3r(po)XN |J Bar(po)x N

<Ca [ ol de = Calo) el
MpXN

p
dx

p
do< [ (DMN )i da
MpXxN

Next we want to consider arbitrary ¢ € LP(M, X)), p < oo. Then C°(M, X ,,) is dense in
LP(M,X ), and it suffices to consider p € C2°(M, X )r). Choose points (z;)ie; C HEF as
in Lemma Then (Bagr(x;) x N)ier and (Bsg(x;) x N);er both cover M"* uniformly
locally finite. We denote the multiplicity of the second cover by L and choose a partition of
unity 7; subordinated to (Bag(z;) X N)ier.

Let ¢ = > @; where ¢; = 0o € CF(Bar(xi) X N,Xp). Hence, Pip; € C(Bsr(x;) x
N, ¥). Moreover, let f;: M — M be given by f; = (Id, f;) where f; is an isometry of HF+!
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that maps x; to pg. We choose a lift of fl to an isometry on the spinor bundle. Due to the
homogeneity of HE! we have P (fiopo fi1) = fio (Pip)o f 1.

Then, by triangle inequality and Hoélder inequality and since for fixed = the value Pjp;(x)
is nonzero for at most L spinors cpi, we have

Zpupz < | 1Ppila))]

i

p

|Pro(z < IPHY C|Pigi(a)lP.

Thus, we obtain

-1 -1 i it
||P1<p||'zp(M) <1 Z ||P1()0i||IL),P(B3R(JCi)><N) =P Z |PL(fiowiof; )HI[),P(BsR(PO)XN)
SLP_IC ZHsz‘onf 1||L” Bar(po)xN)

1
=LP CRP ZHSOi”LP(Bgn(mi)XN)

< LPOR(p)p”@”Z]:p(M)-

It remains the case p = oco. Let 7, as above, and let ¢ € L. We decompose again ¢ = > ¢;
where ¢; = 1, is compactly supported. Then, we obtain as above that

1Pl oo any < D IPL@ill Lo (Ban(a x ) < C D 103l Lo (Ban(woyxny < CLIl oo (ar)-

We now turn to the off-diagonal part Gas.

Note that H¥*! is homogeneous for all ¢. In particular, the representation of the metric
in polar coordinates — dr? + sinh?(r) o* (cf. Section — is independent of the chosen
origin of the polar coordinates on HF+!, We set M, (r) := {z € M"™F | dist(x, N¥) = r}
where NY = {y1} x N where y = (y1,92) € HET! x N. Then, the volume vol(M,(r)) =
F(r)*vol(N)vol(S¥) = sinh®(r)vol(N)vol(S*) is independent of y. We will subsequently
leave out the y in the notation and write vol(M (r)).

Proposition 7.2. Using the notations from above, assume that there are constants C,p > 0
with

/ |Go(x,y)|>dz < Ce " for all r > 0.
My (r)

Let p=1 and p = co. Then, for p > <£ the operator Ps: ¢ — fM Ga(.,y)p(y)dy from LP
to LP is bounded.

Proof. We start with p = 1 and estimate for ¢ € C°(M, X))

| e@lac< [ [ Gl ayae = [ ( /| |Gz<x,y>|dx) ()] dy
-/ ( / + /MM |G2<x,y>|dasdr> eW)ldy

< /M /]R+ vol(M(r))2 </My(r) |G2(x,y)|2d£> lo(y)| dy

k
< C’/ sinhe (r)e™"" dr|¢]| 1.
>r0

where z is the angular part and r the radial part of x.

For p > & the integral f >y smh (r)e=f" dr is bounded. Hence, Py: L' — L is invertible.
18



Next, we consider the other case p = co. Then for ¢ € L>®(M, X))

(Pag)(a)] < [ b /M [ lew)] g

S/ sup |e| (/ IGQ(x,y)Idi/> dr
5 MT(T) MT(T)

2

o
1
<l [, 1Ga(e ) lzaqar. ol (M) dr

2

=

oo k B
< Cllell Lo / e P"sinhZ (r) dr < C||¢]|co-

R

2

where for p > < the last inequality follows as above. Thus, || P2¢|oc < Cl|]lso- O

8. 0, CONTAINS THE LP-SPECTRUM ON MK

In this section we prove one direction of Theorem

Proposition 8.1. Let p € [1,00]. Let A2, Ao > 0, be the lowest eigenvalue of the Dirac
square on the closed Riemannian spin manifold N. The LP-spectrum of the Dirac operator
on M™* is a subset of

op 1= {ME(C p? =N+ k2, [Im k| §ck‘;—;’}.

Proof. We will show that D — pu: HY C LP — LP has a bounded inverse for all p € C\ o).
Fix y € C\ 0, and let x € C such that p? = A3 + k2. For p = 2, the lemma follows from
Remark [6.11

Let now p € {1,00} and 1 € 01 = 00o. Then u & 09 and (D — p): HZ(M™F) — L2(M™F)
has a bounded inverse given by P,: ¢ — ch Gu(z,y)e(y)dy. By Proposition and

Lemmathe operator P,: L? — LP? is bounded for [Im x| > ck ’% - %’ = ck. Hence, the

L' and the L®-spectrum of D on M’C”’k has to be contained in 01 = 0.

First we deal with the case that Imx > 0. For p € [1,2] we use the Stein Interpolation
Theorem Fix € > 0 and yo € R. We set h(z) := p(2)? := X3 + k(2)? := X3 + (yo +
%iz +ic)? and A, = (D? — h(z))~!. By Remark 6.1 the operators

-1

2 2
—_——

=Im k(2)>0

2
k k
Apsiy = | D* - A8+<yocy+i( Cer&:)) ,

for 0 < w <1 and y € R, are bounded as operators from L? to L2. Furthermore

9 9 ck . [ ck 2\
A1+iy: D* — )‘O+ yo—?y—&-l ?4‘8

is bounded from L' to L' as seen above. Thus — as required to apply the Stein interpolation
theorem — Aj, and A;;, are bounded operators from L' N L% to L' + L.

Let now p € L'NL? and ¢ € L°NL2. Set S:= {2z € C|0 < Rez < 1}. We define b, (z) =
(A.p, ). The map by, 4 is analytic in the interior of S, since the resolvent is, see Lemma
Moveover, [bp. ()] < A |lill2 [l > < (maxoreosr 4. )]ellzz [46] 2 where || A, || de-
notes the operator norm for A, : L? — L% Thus, b, 4(2) is uniformly bounded and continu-
ouson S :={z € C|0 < Rez < 1}. Thus, we can apply Theorem [2.3]and obtain for ¢ € (0, 1)
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andp = %ﬂ that A; = <D2 —h (% — 1)>_1 = (D2 — (A% + (yo + cki (% — %) +i€)2>>
is bounded from LP to LP.

In the case Imx < 0 we set analogously A, = (D?—g(z))~! for g(z) = A3+ (yo — £

Sz — 16)2
—1
and obtain that A; = (D2 — g(% — 1)) is bounded from L? to L?. Since yp € Rand e > 0

can be chosen arbitrarily, we get for all u € C\ o, that p? is not in the LP-spectrum of D?.
Using Lemma [B.8] the claim follows for p € [1,2] and with Lemma[B.3] (i) for p € [2,00). O

9. CONSTRUCTION OF TEST SPINORS ON HF*!

In this section we determine the Dirac LP-spectrum of the hyperbolic space. The general
case for M, is given in the next section.

Proposition 9.1. Let p € [1,00]. The LP-spectrum of the Dirac operator D on the hyper-
bolic space HF 1 is given by the set

1 1
I <k|l-—=|p.
i < k| 2\}

UEI = { pecC
Proof. From Proposition we know that the LP-spectrum is contained in O'EI. Thus, it
remains to show that each element u of agﬂ is contained in the LP-spectrum of D. For that
we start with a similar ansatz as was used in [16, Lemma 7] for the Laplacian.
Let the hyperbolic space H**! be modelled by the space {(y,z1,...,z%) | ¥y > 0} equipped
with the metric g = y=2(dz? + ...+ dx2 + dy?*). We set e; = ya‘l =y0; fori=1,...,k and
ey = ya% = y0y. Then, (ey, e1,...,e;) forms an orthonormal basis, which can assumed to be
positively oriented. Further we have [e,, ;] = e; = —[e;, ey]. All other commutators vanish.
Then, —Fﬁy = T'Y =1 and all other Christoffel symbols vanish. The orthonormal frame
(ey,€1,...,ex) can be lifted to the spin structure ¥: Pspin(H*1) — Pso(HF1), namely we
choose amap E: H*! — Py, (HF1) with 9(E) = (ey, €1, ..., ex). A spinor is by definition
a section of the associated bundle Ygr+1 = Pspin(Hk“) X pi1 Sk+1, SO every spinor can be
written as z +— [E(x), p(x)] for a function ¢: HF — ¥ .
Hence, identifying (e, e1,...,ex) with the standard basis of R¥T! we obtain |11, (4.8)], [6l
Lemma 4.1]

1
Vei[E,(P] == [E,@eigo—&— 561' . ey . (P]v vey[Ea(p] = [Eaaey(p]
and
K k
D[E, ¢] = [E,Zei e, 0t ey - Oe, 0 — 5 ¢l
i=1
k k
= [Eazyei'3i¢+yey'8y@_§ey'¢]~ (11)
=1

Let ¢ € X411 be a unit-length eigenvector of the Clifford multiplication with the vector

ey = (1,0,...,0)" € R*1 to the eigenvalue +i, ie. e, -1 = Fithg. Set p,(z,y) =

b(z)cn(log y)y*yo where a € C, b(z) is any compactly supported function on R¥, and where

¢n: R — R is chosen to be a smooth cut-off function compactly supported on (—4n, —n),

Cnl[=3n,—2n) = 1 and |c;,| < 2/n. Then for p € [1,00) one estimates ||c},[[5/[[ca[h < Cn™P —

0 as n — oo. For p = oo we have ||c,||loo/ll¢nlloc < 2/n — 0 as n — oo. Then we set
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®,, := [E, vp] and obtain

k

E,ycn(logy) y® Y _(9ib) e; - tho £ b(x)c], (log y)y it

=1

+b()e, (logy) (Hio F 1% - u)ywo] | (12)

(D - /J‘)(I)n =

In the following we will use the notation (X -.) € End(ZkH) for the Clifford multiplication
by X € R¥*! and obviously its operator norm |(X - .)| equals to the usual norm of X.

Let p = S:I:lk’<f— 7), s € R. We choose z = logy and o = 2 Fip = jFis. Thus, the
last summand in vanishes and pRe a = k. Then, for p € [1,00) we have

(D = 1) ®nllp
[@nlly

& BT
< (f]Rk |Zz(a7,b (ei - |p fO |Cn logy)|pprea+p k 1)p
(Jo [b@)[P f Jen(log ) |PypRea—h=1)
(ka |b()|” fo e, 10gy)|PyPRea7k71)
(Jar 16(@) P[5 en(log y)|PyPpRea—k=1)
» 1
pRe<o‘:k . ka > [0iblP fo lcn (logy)PyP~1 \ * . fooo e (logy)Py=\ 7
B Jre 1@ 5 len(log y) Py~ J5 len(log )Py
» 1
. (f 10007 = |cn<z>|pew> ' (f%o |c;<z>|1’> '
< ¢ N

S Ib(@)]a [°_ len(2)P I len(2)P

e W)',,);
<Ce "+ | =—""——+— 0
(f_ len( -

where the last inequality uses

D=

+

"=

-0

/ len(2)[Pe dz = / len(2)|Pe dz < e / len ()P dz = o= / len ()P d.
o —4n —4n —00

For p = co we have p = s+ i%, « = Fs and the estimate above is done analogously.

Summarizing, we have shown that dol, the boundary of o}, is a subset of the Dirac LP-
spectrum for H*! for p € [1,00]. Note that 0¥ = (Jys,~, 00 for s < 2 and o =
Us<res ol for s > 2, respectively. Thus, using the Riesz-Thorin interpolation theorem we
see that oy is a subset of the LP-spectrum of D on H*! for p € [1, c0]. O

Remark 9.2. From we obtain

D?[E, | = EZy ei-ej- 88@—&—21} € ey 0i0yp — Y= Zez ey - 0ip

]
+ Z y?e, - e; - 0y0;p + Z yey - € - 0ip — Y20, 0y — YOy + y§8y<p

k k k2
—ug Y ey e diptys 0y — ¢l

k2
=[B. " Y 0~y 00 +y(k = Dyp + D yey e Oip— .
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We use p and ¢, = b(x)c,(logy)y*y of the last proposition with b, «, ¢, and g as
therein. For c, we require additionally |c//| < 8n=2. Hence, ||c!||,/llenll, — 0 as n — oo
for p € [1,00]. Then we have

(D? — 1) [E, n] =

E, (—y%n(log YY) 07— yPb% (cn(log y)y™) + y(k — 1)b0y (cn(log y)y®)

2

k
(7 + 1?)ben(logy)y )% —ic,(logy)y Zy dib)e; - ]

E, —y*c,(logy)y Za%wo —ic,(logy)y Zy (0;b)e; -

—y%b (CZ +(2a+k—2), +cp (a(a —1) = (k—1)a+ % n M2>> 1/’0]
=[E, —cn(logy)y* ™Y " 07b1bo — icn(logy)y® > (Dib)ei - o

—y*b(c, + a+k—2)c,) o],

and by analogous estimates as in Proposz'tion we have ||(D? —p®)[E, on)llp/ I 1Es @nllly —
0 as n — oo.

Remark 9.3. Note that while the L?-spectrum of the hyperbolic space only consists of con-
tinuous spectrum, this is no longer true for the LP-spectrum for p # 2 as can be seen by
considering 0 € (TII,{

We view the hyperbolic space (HFT1, gu) modelled on the unit ball B1(0) C RF*L of the
Euclidean space and equipped with the metric gu = f?gp where f(z) = ﬁ and |.|

denotes the Fuclidean norm. Take a constant spinor ¢ on B1(0) normalized such that
10l e (B, (0),9m) = 1. Then D94 = 0. Using the identification of spinors of conformal

metrics set o == f~5¢. Then D%p =0 and 1l o () = B 0) fFH=5P | |Pdvol,,,. Thus,
@ is an LP-harmonic spinor if and only if fBl(O) —|z|?) 7k~ 1+2pdvolgE < 00, i.e., if and

only if fol(l — p2)=k=145ppkdy < 0o, This is true precisely if p > 2. Thus, for all p > 2 the
LP-kernel of the Dirac operator on (H*', gu) is nontrivial.

10. THE LP-SPECTRUM ON M™* CONTAINS o,

In this section we complete the proof of Theorem In Proposition it was shown that
the LP-spectrum on M™* is contained in op. Thus, the converse remains to be shown. The

case N = {y} was solved in Proposition

Recall that by Lemma and Example the Dirac LP-spectrum on M™F is point
symmetric, i.e., it is symmetric with respect to the reflection A — —A.

Let now u € do, with % = A2 + k2, [Imk| = ck ‘% — %‘ be given. By Proposition [9.1| and
scaling, we see that & is in the spectrum of the Dirac operator of H**1. Then, by Lemma
%2 is in the LP-spectrum of (DH’§+1)2, and by Remarkthere is a sequence 1; € I'(Xyr+1)
with [|((DHe™)2 — &2l 1o i+1y — 0 while [|4b5]| p, ggr+1) = 1. Moreover, by Remark

there is a ¢ € I'(Xn) with [|[¢[|Le(ny = 1 and (DV)2) = Ao,
Assume that at least one of the dimensions of N and H¥*! is even. Then ¥y, = L1 QXN

and by (1) we have D? = (DH™)2 4 (DN)2, We set ¢; = 1b; ® 1. Then
1(D? = 12)@illp =I5 @ (DY) = A2)¢b + (DF )2 = k2)hi @ 9,
=[[(D")? = k) @ P, — 0.
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Thus, p? is in the LP-spectrum of D?. By the point symmetry of the spectrum and by
Lemma both p and —p are in the LP-spectrum of D.

Similarly we obtain the result if both the dimensions of N and H**! are odd by setting
;i = 1; ® (¥, ) in notation of Section

Up to now we have shown that all u € Jo, are in the LP-spectrum of the Dirac operator on
M.,. Following the same arguments as in the last lines of the proof of Proposition the
proof of Theorem [I1]is completed.

Remark 10.1. From Theorem and Lemma [B-8, we can immediately read of the LP-
spectrum of D? on M™F . This consists of the closed parabolic region bounded by
2
1 1 1 1
SER— A -2k (- — =) +s% +2isck |- — =|.
p 2 p 2

Let us compare the LP-spectrum for D? on MF+LE = HEL (c =1 and Ay =0)

1 1\? 11
sERH—k‘Q(—) +52+Qisk<—>,
p 2 2 p

with the one of the Laplacian on functions whose LP-spectrum is given by the closed parabolic
region bounded by [16, (1.5)]

1 1 1 1
sER— E*= (1—)+52+215k(—>.
D P 2 p

Up to a shift in the real direction this is the same spectrum. However the qualitative differ-
ence is that for p # 2 the spectrum of D? contains negative real numbers, in contrast to the
Laplacian.

APPENDIX A. FUNCTION SPACES

We want to recall some analytical facts which are helpful to define spinorial function spaces
on manifolds.

Let (M™,g) be an n-dimensional Riemannian spin manifold with Dirac operator D. A
distributional spinor (or distribution with spinor values) is a linear map C°*(M,3)) — C
with the usual continuity properties of distributions. Any spinor with regularity L}OC defines
a distributional spinor by using the standard L2-scalar product on spinors.

Then Dy can be defined in the sense of distributions. Let H{(M,X ) be the set of dis-
tributional spinors ¢, such that ¢ und Dy are in L*, s € [1,00]. Equipped with the norm
llollzs = ll¢lls + | Del|s this is a Banach space. This norm is the graph norm of D viewed
as an operator in L® to L*.

Lemma A.1. Let 1 < s < oo. CX(M,3y) is dense in Hi (M, Xpr).

Proof. Assume that ¢ € Hf(M,X)), s < oo, is given. For a given point p € M and for
any R > 0 one can find a compactly supported smooth function ng: M — [0, 1] such that
nr = 1 on Br(p) and such that |Vng| < R™1. Then one easily sees limpg o || —nre|s = 0.
Further we calculate

|D(p —nrp)lls < [IVnr - ¢lls + (1 =nr)Dells =0 as R — oo.

Thus the elements with compact support are dense in Hj (M, X ,). Now if o € Hf (M, X)
has compact support, it follows from standard results that it can be approximated by smooth
compactly supported spinors. (|

Thus, for s < oo, Hj (M, X ,s) is equal to the completion of C2°(M, X)) with respect to the
graph norm of D: L® — L*.

Lemma A.2. Let 1 < s < oo. On manifolds with bounded geometry, the H{-norm is
equivalent to the norm ||¢lls + || Vells-
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The proof of the lemma relies on local elliptic estimates which follow from the Calderon-
Zygmund inequality, e.g. [I8, Theorem 9.9], see also [2, Lemma 3.2.2] for the geometric
adaptation.

APPENDIX B. GENERAL NOTES ON THE LP-SPECTRUM

In this section we collect general facts on the LP-spectrum of the Dirac operator. Unless
stated otherwise, we only assume that (M, g) is complete.

Let D: H(M,X)) = dom D C L*(M,Xy) — L*(M, X)) be the classical Dirac operator
on L?-spinors. The set of compactly supported spinors C>°(M,¥/) is a core of D, i.e.,
D is the closure of D|Cé>o(]\/[721w) w.r.t. the graph norm H?Z. If we consider the restriction
D|ces(a1,5,,) and complete it w.r.t. the graph norm [|¢[| g = [J¢lls + || Dg||s for 1 < s < oo,
then we obtain for each s a closed Dirac operator D,: Hj = dom Dy C L® — L®.

For s = 0o we define Doo: H® — L™, b = Dytp by (Dp,¥) = (p, Dotp) for all ¢ €
C(M, X)) Then D, is a closed, continuous extension of D|ce(ar5,,) but C2°(M, )
is in general no longer a core for this operator. Note that in contrast to that, in the
standard literature for LP-theory of the Laplacian, e.g. [I6], the operator for s = oo is
directly defined to be as the adjoint operator for s = 1. For s < oo one can define D
distributional as well and the resulting operator coincides with the definition given above
as will be seen in Lemma [Bl

Next, we can examine the adjoint of the operator Dy: L® — L® with respect to the duality
pairing (.,.): L* x (L*)* — C whose restriction to compactly supported spinors coincides
with the hermitian L2-product. We use the convention that this pairing is antilinear in
the second component. The adjoint D¥ is an operator in (L°)*. For 1 < s < oo and
5714 (s*)7' =1, (L*)* = L*" whereas (L™)* is larger than L'. From the formal self-
adjointness of D we see, that D« |ceo(ar,5,,) = Di|oe(ar,5,,)- Moreover, we have

Lemma B.1. For all p € H{ and ¢ € Hf*, 1 < s < oo, we have
(Dsgo,ll)) = (SvaS*’@[J)'

Proof. For 1 < s < o0, let ¢;,1; € C°(M, ) with ¢; — ¢ in Hf and t; — 1 in Hf .
Then,

/(Ds¢,¢>dvolg<—/ <Ds<pi,1/)j>dvolg:/ <<pi,Ds*wj)dvolg—>/ (p, Dg+1p)dvol,
M M M M

as i,j — 00.

Let now s = 1. For ¢ € C°(M, X)) the equality follows from the distributional definition
of Do The rest follows since C°(M, X)) is dense in Hi. The remaining case s = oo just
follows from the last one by interchanging s and s*. O

Lemma B.2. For all 1 < s < oo the operators Dg- and D7 coincide.

Proof. For ¢ € Hy’ Lemmayields (Dsp, ) = (p, Dg«1p) for all ¢ € Hj = dom Dg. This
implies ¢ € dom D} and D}y = D-1. Hence, Hi" C dom D} and Dj|y.- = Dy-: Hf C
L*" — L* . It remains to show that dom D* C Hj : Let ¢ € dom D* C (L*)* = L* . Then
there is a p € L*" such that for all ¢ € dom D it holds (D,p,%) = (@, p). In particular,
this is true for all p € C°(M, X ). In other words DXty = p in the sense of distributions.
Thus, ¢ € H} . O

Since ¢ € HY N H{ implies Dsp = D,y we often denote all those Dirac operators in the
following just by D.

Moreover, a closed operator P: dom P C V; — V5 between Banach spaces V;, and with dense
domain dom P, will be called invertible if there exists a bounded inverse P~1: V5 — V;. We
will use the phrase “P has a bounded inverse” synonymously.

Lemma B.3. Let 1 < s < 0.
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(i) If Ti is in the L° —spectrum of the Dirac operator where (s*)~' + s~ = 1, then p
1s in its L®—spectrum.

(ii) Let Dy — p be invertible. Then, (Dg — i) ' = (Ds — p)™1)* and ||(Dg — i) 71| =
1(Ds — ).

Proof. We prove this for ¢ = 0. For arbitrary p this is done analogously.

Assume that 0 is not in the L*-spectrum of D, i.e., it has a bounded inverse E = D~ !: L® —
L* with range ran E = H;. Let ¢ € L® . Since E is bounded, f: L* — C,p — (Ep, p)
is a bounded functional and, thus, f is in the dual space of L®, i.e., there is ¢ € L*" with
(p, ) = f(p) = (Ep, ) for all p € L*. Hence, p € dom E*, i.e., dom E* = L* .

Now we can estimate for all ¢ € H{ and all ¢y € L® that (D, E*)) = (EDp,¢) = (p, %)
which implies E*¢p € dom D* and D* E*p = ). Thus, ran D* = L% and D*E* =1d: L% —
L.

If p € L*® and ¢ € dom D*, we get (p, E*D*p) = (Ep, D*p) = (DEp, ) = (p,p). Hence,
E*D* = 1d: dom D* — dom D*. Together with the corresponding statement from above
this gives that (D~')* = (D*)~'. Thus, 0 is not in the L* -spectrum of D. This proves (i)
and the first claim of (ii). The operator norm of an operator and its adjoint coincide, see
[26, Thm VI.2]. Thus, the equality of the operator norms follows. |

Corollary B.4. If D: H] — L9 has a bounded inverse for some q € (1,00). Then as an
operator from Hi — L*® it has a bounded inverse for all s € [q1, q2] where ¢ = min{q, ¢*},
q2 = max{q,q*}, and (¢*)~! + ¢~ = 1. In particular, the L?-spectrum of D is a subset of
the L1-spectrum.

Proof. This Lemma follows directly from the Riesz-Thorin Interpolation Theorem (using
D =(C*(M,X))) and Lemma [B.3 O

Lemma B.5. Let 1 < s < oco. Let Rs = C\ Specy.(D) be the resolvent set of D: L® — L*.
Then, the resolvent

pwE Ry (D —p)~t e B(LY)
is analytic, i.e., the map is locally given by a convergent power series with coefficients in
B(L?). Here, B(L®) denotes the set of bounded operators from L* to itself.

Proof. The proof is done similar as in the case of bounded operators [21], Satz 23.4]: Choose
to € Ry and p € C such that | — po| < [[(D — po)~t||~t. Then, one calculates that D — u
is invertible as well, see the proof of |21, Lemma 23.2]. Here we used the fact the operator
(D — p)~t and (D — pp)~* have the common core C°(M, y/). Then,
_ Nt —1\n+1 n
(D= = ((D=po)™)"" (= po)".
n=0

O

For rounding up our presentation we will next add a lemma not needed in our context but
maybe helpful to other applications.

Lemma B.6. (1) The operator D: Hi C L* — L°, s € [1,00], is an invertible map
onto its image if and only if there is a constant C > 0 with || Dy||s > C||¢||s for all
p € Hf.

(2) Under the above conditions the image D(H?) is closed.
(3) Let s71 + (s*)71 =1, s < oo, and assume the conditions from above. Then D is
surjective if and only if there is a C > 0 with | Dyl > C|lp|ls- for all ¢ € Hf.

Proof. (1) The proof is straightforward.

(2) The operator D: Hi — D(H?{), where the latter space is equipped with the L*-norm,

is a bijective bounded linear map. Hence, D(H;) is a complete subspace of L and thus

closed.

(3) Suppose that D(H7) is a proper subspace of L. Due to Hahn-Banach there is a non-zero
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continuous functional ¢: L®* — C vanishing on D(H;). We interpret ¢ as an element in
L*" using the Riesz representation theorem, i.e. 1p € L° is orthogonal on D(H}). Then,
¢ € dom (D,)*, and we even have D*iy) = 0. Hence, by Lemma Y € H{*. This
contradicts the estimate.

Now assume that D is surjective. Then there is a bounded operator D~': L® — L*, inverse
to D. Thus (D~1)*: L*" — L* is bounded as well, and (D~!)* is the inverse of D*: H{  —
L5". The fact that the latter map has a bounded inverse is equivalent to the existence of a
constant C' > 0 with [|[Dyp||s« > C||p

8% -

O

Remark B.7. The L®-spectrum of the Dirac operator D on a closed manifold (M™,g) is
independent of s. We sketch the proof: Let p be an L*-eigenvalue of D. Then regularity
theory implies that p € C°°(M,3yr) and, hence, ¢ € L*® for all 1 < s < co. In particular,
Spectt (D) € Spec. (D). Let now pu & Specyt (D), i.e., (D—pu)~': L? — L? is bounded. Let
G(z,y) be the unique Green function of D — u, see Proposition . Then, fM |G(.,y)|2dy
is bounded uniformly in y. Holder’s inequality implies that also [, |G(.,y)|dy is bounded
uniformly iny. Hence, (D—p)~': L' — L' is a bounded operator. Then interpolation gives
that (D —p)~t: L® — L® is bounded for all 1 < s < 2. Because of Specy2(D) C R the same
is true for (D — i)~': L* — L*, and by using Lemma we get that (D — pu)~t: L¥ — L*
is bounded for all 2 < s < oco. It remains s = oo: Let r > m. Then by the Sobolev
Embedding Theorem H{ — L% is bounded. Moreover, by the discussion above and using
the fact that HY carries the graph norm of D we know that (D —p)~t: L™ — HT is bounded
for i & Spec?t (D) the Hélder inequality gives that

(D—p)™': L>® - L" — H] — L™
is bounded.

Lemma B.8. Let 1 < s < 0o, and let Spec). (D) # C. Then the complex number 1% is in
the L*-spectrum of D? if and only if i or —p is in the L*-spectrum of D.

Proof. We start with the “only if” part. So assume that both p and —p are not in the L°-
spectrum of D. Then we have bounded operators (D —pu)~': L® — L® and (D+p)~!: LP —
LP. Tt is then easy to verify that (D — p)~to (D + u)~t: L® — L* is a bounded inverse of
D? — %2 = (D + p)o (D — p). Thus p? is not in the LP-spectrum of D?2.

In order to prove the “if” statement, we assume that p? is not in the spectrum of D2
Then D? — i? has a bounded inverse P := (D? — p?)~: L® — L*. Let ¢ € P(L*). Then
Y € L* and D) € L*. Next we will show that this implies D1 € L*. For that we choose
A & Spectt (D). Then Dy = (D — X\)~'(D? — A?)¢) — M\, and hence D) € L®. Thus,
P(L®) Cc H}. Hence Q1 := (D £ p) o P is a bounded operator with dom @, = L*, and
one easily checks that this a right inverse to (D F u). Similarly, one shows that Q2 :=
Po (D =+ p)is a left inverse of (D F p). A priori Q2 is only defined on Hf, but using
Q1 =Q10(DFp)oQy = Q2 it is clear that Q2 and @y coincide on Hf. So the integral
kernels of @)1 and @2 have to coincide, so Q)1 is a left and right inverse of (D F 1) and thus
4 is not in the spectrum of D. (|

Remark B.9. In the case 1 < s < co and M of bounded geometry, one can also prove that
Spect’ (D) = C implies Specy’ (D?) = C: As in the proof of the “if” statement from above
one has to show that Dy € L*. This can be proven using regularity theory on manifolds of
bounded geometry.

Lemma B.10 (Pointwise symmetries). Let 1 < s < co. Let (M, g) be an m-dimensional
Riemannian spin manifold.
(i) m =0 mod 2: The number u is in the L*-spectrum of D if and only if —p is in
the L?-spectrum of D if and only if i is in the L®-spectrum of D.
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(i) m =1 mod 4: The number u is in the L°-spectrum of D if and only if —[ is in
the L?-spectrum of D.

(ili) m =3 mod 4: The number p is in the L*-spectrum of D if and only if fi is in the
L5 -spectrum of D.

Proof. By [17, Prop. p. 31] we have a map «a: ¥, — %, that is

e a Spin(m)-equivariant real structure that anticommutes with Clifford multiplication
if m=0,1 mod 8.

e a Spin(m)-equivariant quaternionic structure that commutes with Clifford multipli-
cation if m = 2,3 mod 8.

e a Spin(m)-equivariant quaternionic structure that anticommutes with Clifford mul-
tiplication if m = 4,5 mod 8.

e a Spin(m)-equivariant real structure that commutes with Clifford multiplication if
m =6,7 mod 8.

Note that by definition real structure means that a? = Id and «a(iv) = —ia(v). Moreover,
quaternionic structure means that o? = —Id and a(iv) = —ia(v).

Due to the Spin(m)-equivariance « induces a fiber preserving map & on the spinor bundle
with the same properties as above. Thus,

~ ao(—=D—p)(¢) m=0,1 mod 4
(Du)oa(sﬁ){do(p_lg(;; m=2,3 mod 4.

Thus, if p is in the L*-spectrum of D then —f (resp. i) in the L#-spectrum of D for m = 0,1
(resp. 2,3) mod 4. This gives (ii) and (iii).

If m is even, then D(wy - @) = —wys - Dp. Thus, the spectrum is symmetric when reflected
on the imaginary axis. Together with the symmetries from above, (i) follows. O

Lemma B.11 (Orientation reversing isometry). Let 1 < s < oco. Assume there is an
orientation reversing isometry f: M™ — M™ that “lifts” to the spin structure as described
in the proof. Then p is in the L®-spectrum of D if and only if —p is in the L°-spectrum of
D.

Proof. The proof follows the lines of [3, Appendix A]. In this reference, f is required to
be a reflection at a hyperplane of M. But this doesn’t change the part we need: We
lift f to the bundle Pso(,)M of oriented orthonormal frames by mapping the frame & =
(€1,...,em) to fuf = (—=df(e1),df(e2),...,df(em)), so fu: Psomm)yM — Pso(m)M. Since
f is an orientation reserving isometry,

f«(EA) = f . (E)JAJ for all A € SO(m)

where J = diag(—1,1,1,...,1). The map f is assumed to lift to the spin structure, i.e.,
there is a lift f,: Pspin(m) (M) = Pspin(m) (M) with 9 o fi = f« o ¥ where ¢ denotes the
double covering ¥: Popin(m)(M) — Pso(m)(M). By [3, Lemma A.1 and Lemma A.4|, f then
lifts to a map f4: Xar — s on the spinor bundle which fulfils f;(Dy) = —D(fyp). a

Example B.12.

(i) Let M™*! be a Riemannian spin manifold with a spin structure 9 as above. Assume
that up to isomorphism this is the unique spin structure on M. Let f: M — M be an
orientation reversing isometry. By pulling back the double covering PspinM — PsoM by
f« we obtain the double covering f*9 : f*PspinM — PsoM. We then turn f*Pgpin M into
a Spin(n + 1)-principal bundle by conjugating the action of Spin(n + 1) on PgpinM with
Clifford multiplication with eg. Then f*¢ is a spin structure on M. Thus an isomorphism
from ¥ to f*¥ yields a map f; as above.

(ii) Consider the map f = f; x id: M = Hf*! x N™® — M”* where f; is an orientation
reversing isometry as in (i). Then, f is again an orientation reversing isometry. Using
Pso(H, x N) = (Pso(HET!) x Pso(N)) xg SO(m) where £: SO(k + 1) x SO(n) — SO(m)
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is the standard embedding and using the analogous describtion for Pspi,(H. x N), see
Section one see that also f lifts to the spin structure.

APPENDIX C. DIRAC EIGENVALUES OF GENERIC METRICS

Proposition C.1. Let (M, g) be a closed, connected Riemannian spin manifold, let u € R.
Let U C M be a nonempty open subset. In case that p = 0, assume additionally that
the a-genus of M is zero. Then, there is a metric § on M with g = g on M \ U and
ker (D9 — p) = {0}.

Proof. For u = 0, the proposition follows from [3, Theorem 1.1]. For p # 0, the proof is a
direct consequence of the following lemma. |

Lemma C.2. Let (M, g) be a closed, connected Riemannian spin manifold, let p € R\ {0},
and let U C M be a nonempty open subset. Then there is a function f € C°(M,RT) with
flanw =1 such that ker (D79 — i) = {0}.

Proof. Choose f € C°°(M,R*") with f|ynp = 1 such that d = dim(Ey ,, := ker (D9 —p)) is
minimal. Assume d > 0, and set gog = fg. For o € C°°(M) with suppa C U and ¢ close to 0
we define g; := (1+ta) fg. Then by [9] there are real analytic functions p1, ..., uq: (—€,€) —
R with 1;(0) = u such that Spec}:(D9) N (u — 6,1 + 0) = {p(t),...,pa(t)} including
multiplicities. It is shown in [9] that there is an orthonormal basis (1), ... (@) of Ey ,
depending on the choice of « such that

d 1
ah:o%(t) =5 /M(ozgo, Qi )dvoly,

where Qu(X,Y) = JRe (X - Vyy + Y - Vxb, ). Thus,
(90, Q) = Z<67' . Verw(i)7¢(i)> — ’u|w(i)|2.

T

As d is minimal, we see that %|t:0ui(t) = 0, and thus for all a as above

d
1 )
—= E ) |2dvoly, = 0.
2/ a,ui:1|z/1 |“dvolg,

Note that ¢ := 3% [¢)]2 € (M) does not depend on the choice of o. This can be seen
by direct calculation with base change matrices or alternatively by observing that ¢ is the
pointwise trace of the integral kernel of the projection to E,,. With p # 0 this implies that
¢ and thus all ¥/ vanish on U. The unique continuation principle implies then ¢ = 0
which gives a contradiction. (]
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