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The influence of self-phase modulation (SPM) and group-velocity dispersion (GVD) on pulse development 
in a passive mode-locked dye laser is investigated numerically by using fast Fourier transformations. 
The situation of positive SPM is considered. Four regions of laser performance may be distinguished: 
(i) In the positive GVD region pulse broadening by GVD must be balanced by the pulse-shortening effect of 
the saturable absorber, (ii) In a region around zero GVD the laser is periodically self-quenching and the 
temporal and spectral pulse shapes change periodically similar to higher-order solitons. (iii) It follows a 
negative GVD region where stable pulses of smooth temporal and spectral shapes are generated similar to 
fundamental solitons. In this region the pulse duration is practically independent of the saturable 
absorber concentration, and the saturable absorber is needed mainly for background suppression, 
(iv) Further increasing the negative GVD, pulse broadening must be balanced by the saturable absorber 
pulse shortening. 

Key words: Self-phase modulation, group-velocity dispersion, femtosecond pulse generation, passive 
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1. Introduction 
Femtosecond pulses in dye lasers1 - 3 and solid-state 
lasers (color centers,4 Nd:glass,56 Ti.sapphire 7 - 1 4 are 
generated by various mode-locking techniques: sat
urable absorber mode locking , 1 - 3 9 1 5 - 1 7 hybrid synchro
nous pumping and passive mode locking, 1 ' 3 1 5 1 7 1 8 

Kerr lens mode locking,19-20 synchronous pumping 
(gain modulation) and self-phase modulation (SPM)-
group-velocity dispersion (GVD) balanced opera
tion,1 2 acousto-optic modulation (active loss modula
tion) and SPM-GVD balanced operation,14 additive-
pulse mode locking or coupled-cavity mode lock
i n g . 4 - 6 1 1 1 3 - 2 1 - 2 4 For stable short-pulse generation it 
is crucial to compensate25 the frequency chirp that is 
due to S P M 2 6 by the time chirp that is due to G V D . 2 7 

Generally the GVD is adjusted by using a prism pair 
or a prism quadruple in the laser resonator.2 5 2 8 

Theoretical studies of the pulse development in pas-
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sive mode-locked lasers incorporating GVD and SPM 
are given in Refs. 1 and 29-37. 

In this paper we analyze numerically the influence 
of SPM and GVD on the pulse propagation of a 
passive mode-locked dye laser. The parameters used 
belong-to Rhodamine-6G as the gain medium and to 
DODCI (3,3'-diethyloxadicarbocyanine iodide) as the 
saturable absorber. The pulse amplification in the 
gain medium and the pulse absorption in the loss 
medium are included in the analysis. 3 8 3 9 An instan
taneous response of the nonlinear refractive index on 
the pulse intensity is assumed for SPM and the 
corresponding frequency chirp (optical Kerr effect).2640 

Refractive-index changes that are due to inhomoge-
neous gain medium depletion and inhomogeneous 
saturable absorber bleaching are small on a subpico-
second time scale39 and are neglected (for inclusion in 
a pure homogeneous broadening off-resonance excita
tion model see Refs. 1, 17, and 30). The GVD is 
approximated by a constant time chirp (linear depen
dence of transit time on frequency).27 

In Section 2 the laser model and the equation 
system are presented. The equations are solved 
numerically by employing fast Fourier transforma
tions to alternate between temporal description (pulse 
amplification, pulse absorption, SPM) and spectral 



description (GVD, spectral filtering). The results of 
the numerical simulations are given in Section 3, 
where first the effects of GVD and SPM in a single 
passage through the laser are studied and then the 
effects of GVD, SPM, saturable absorption, amplifica
tion depletion, and spectral filtering on the pulse 
development are discussed. Positive self-phase mod
ulated pulses are considered. 2 5 4 1 4 2 The results ap
ply as well to negative self-phase-modulated pulses if 
the sign of the GVD is changed. In Section 4 the 
simulation results are compared with experimental 
results that we obtained recently.42 

2. Theoretical Model 
A passive mode-locked femtosecond dye laser oscilla
tor generally consists of resonator mirrors, a gain jet, 
a loss jet, and a prism arrangement for GVD adjust
ment. The SPM occurs in the gain jet and the loss 
jet. The GVD takes place in the gain jet and loss jet, 
the mirrors, and the prisms. A spectral filtering 
(narrowing) is caused by the mirrors and the gain 
medium. In our analysis we separate the various 
effects in a split-step oscillator model as shown in Fig. 
Ha) . 3 3 3 4 We do not consider the transient buildup 
process of the femtosecond pulses by starting with 
the spontaneous emission38-39 but start the calcula
tions with the propagation of a femtosecond pulse 
(initial parameters are given in Table 1). 

The saturable absorption behavior of the mode-
locking dye is described by an isotropic three-level 
model [see Fig. Kb)]. The equations for the level 
populations N, A and the laser intensity ILA read as 
follows: 

Table 1. Laser Parameters Applied to Simulations 

\A "A 

Parameter Value Reference 

Laser 

ôut 0.97 
IA 35 |xm 
IG 250 M-m 
f 1 Eq. (6) 

620 nm 
AVAMP/AI^O 8 Spectral filtering 

Absorber (DODCI in ethylene glycol) 
5.2 x 10"1 6(cm2) 57 

~A 1.4 ns 58 

"FC 0.95 ps 59 
TA0 

0.85 
hs.A{0) 3.08 x 109 W/cm 2 Eq. (5) 

Gain medium (Rhodamine-6G in ethylene glycol) 

<?G 9 x 10 ~ 1 7 c m 2 39 

~F 4.1 ns 39 

"SO 4.0 ps 60 
Go 1.213 TA0~lRout~l 

Initial pulse parameters 
200 fs 
73.6 c m 1 Gaussian shape 

hL.A0)/hs,A(0) 3 
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Fig. 1. (a) Schematic arrangement of a femtosecond laser: M l , 
front mirror; M2, output mirror (reflectivity tfout); SA. saturable 
absorber jet; G, gain jet; SPM, source of self-phase modulation; F, 
source of spectral filtering (spectral narrowing); GVD. source of 
group-velocity dispersion, (b) Three-level model of a saturable 
absorber, (c) Four-level model of a gain medium. 

The transformations t' = t - nAz/c0 and z' = z are 
used, where t is the time, nA is the refractive index of 
the absorber solution, z is the distance along the 
propagation direction, c 0 is the velocity of light in 
vacuum, vL is the laser frequency, vA is the absorption 
cross section of the absorber, TA is the ground-state 
absorption recovery time, and T f c is the Franck-
Condon relaxation time of the excited state. 

The initial conditions for each round trip are 
Nu(*' = = ~\n(TA0)i((jAlA) and N^it' = -«>,*) 
= N2A*(t' = -oo, z) = 0. TA0 is the small-signal 
double-path transmission and lA is the absorber jet 
path length. 

The absorption saturation by femtosecond pulses 
may be characterized by the saturation intensity J s s A 

in the slow-saturable-absorber limit (T A » AtL, where 
AtL is the laser pulse duration). ISS,A is given by 3 8 

hs,A - (5) 

The light pulses may be focused differently to the 
absorber jet and the gain jet. The input intensity to 
the gain jet IL,GM * s related to the output intensity of 



the absorber jet / L A t 0 U t by 

(6) 

where fis the focusing parameter (f = dA

2/dG

2, where 
dG is the laser beam diameter in the gain jet and dA is 
the laser beam diameter in the loss jet). 

The pulse amplification and the gain depletion in 
the gain jet are described by the four-level system of 
Fig. 1(c). The equation system for the level popula
tions NITG, the femtosecond pulse intensity ILJG, and 
the pump laser intensity 7p u read as follows: 

1 G 

dt' 

dNSG 

dt' 

dN2G 

dt' 

dNlG* 
dt' 

dz' 

hv, 
- (NlG - N3G)IPU + 

N IG* 

pu ' 5 0 

3 G N 
h ( N l G - N 3 G ) I P U - -

N*G N2G ®G 
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NlG*)LG 
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(7) 

(8) 
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(10) 

= vG(N2G- N1G*)ILCH 

dz' 

(11) 

(12) 

where crpu is the absorption cross section of the gain 
medium at the pump laser frequency vp u, T 5 1 and T S O 

are the intraband relaxation times in the first excited 
singlet state S x and in the ground state S0> respec
tively, TF is the fluorescence lifetime, and a G is the 
stimulated emission cross section at the laser fre
quency^. 

The system of Eqs. (7M12) may be simplified 
considerably because of the continuous pumping 
and the fast intraband relaxation time T 5 1 . The 
fast intraband relaxation T S 1 « : tR, where tR is the 
resonator round-trip time, leads to a negligible popu
lation of the level 3G. Insertion of the steady-state 
solution of Eq. (8) into Eq. (9) gives 

dN< 2G 'pu 
dt' hv. pu 

W 1 G / p u 

**G 
^r-irW2G-NlG.)iL,G. hvL 

(13) 

The pump laser continuously populates the upper 
laser level. 7p u is adjusted to keep the energy of the 
circulating femtosecond pulse constant. The popula
tion change of the upper laser caused by the pump 
laser within the femtosecond pulse passage may be 
neglected since AtL is short compared with the popula
tion accumulation time iF of the continuously excited 
gain dye. Therefore the first term on the right-hand 
side of Eq. (13) may be neglected. The relevant 
equation system for the femtosecond pulse amplifica

tion becomes 

dN*a N2G <JG 

dNlG. _ O G 
dt' 2 G 

MLG 
- ^ = vG(N2G-NLG*)IL,G. 

(15) 

(16) 

In the calculations the initial populations for each 
round trip are set to 

N2G(t' =-oo,z) = 
ln(G0) ln(TA0-lRoxlt-1) 

*GLG <*G1>G 

NlG*(t' = -oo, z) = 0, 

(17) 

(18) 

i.e., the initial populations for each round trip are 
such that the small-signal gain G0 = exp(iV2G<xG/G) 
compensates the small-signal losses TA0RQUi. lG is 
the path length of the gain jet and R0[lt is the 
reflectivity of the output mirror (reflectivity of other 
resonator mirrors is assumed to be R = 1). 

The necessary steady-state pump laser intensity 
[solution of Eq. (13) without the last term] is approxi
mately given by 3 9 

N2G(t' = -oo,z)[l - exp(-^/TF)]/ivp u _ 
^ * Ä [ l - exp( -a p JV G / G ) ] 

where NG is the total number density of the gain dye 
molecules. Equations (14M18) are used in the sim
ulations of the gain dye amplification in Section 3. 

The SPM in the gain jet and loss jet is described in 
the time space. The relation between intensity IL 

and electric field amplitude EL is 

with 

hU\z') = f^\EL{t\z')\\ (20) 

EL{t\z') = \EL(t\z')\exv[iW,z')l (21) 

where n 0 is the linear refractive index, c 0 is the speed 
of light in vacuum, and €0 is the permittivity of 
vacuum. At the beginning (number of round trips 
j = 0), the phase is set to <)>U', 0) = 0. 

SPM results from an intensity-dependent change 
of the refractive index n. 2 6 Here we consider only an 
intensity-dependent instantaneous response of n to IL 

(response time much faster than pulse duration) as is 
the case for the electronic optical Kerr effect of the 
dye solvents.126 It is 

nit') = n0 + Y \EL(t')\2 = n0 + y2IL(t'\ (22) 

where 72 = /̂(AioCoeo), n2 is the electric field coeffi
cient, and 72 is the intensity coefficient of the nonlin-



ear refractive index. For no > 0 we speak of positive 
S P M . 4 0 

The SPM changes the temporal phase <t>in(n to 

<l>out('') = <t>in(H + 4>SPM«'). (23) 

The phase change per resonator round trip (two 
passages through gain jet and absorber jet)40 is 

2TTVL 

72 
Co 

Co 

2£AILA(t\z')dz' + 2 f^ILJ0(t\z'W 

h,G(t\ lG) (24) 

The frequency chirp is vc = -(d<l)SpM/d£')/2Tr, and 
l)vcldt' is the frequency chirp factor (one speaks of 
positive frequency chirp or frequency up chirp when 
dvjdt' > 0). The SPM does not change the temporal 
intensity distribution as is seen by insertion of Eq. 
(21) into Eq. (20). 

The spectral intensity distribution IL(v') of the 
laser pulse is found by Fourier transforming EL(t') to 
EL(v')by fast Fourier transformation, 

EL(v') = f"xEL(t')exp(-i2T7v'f)dt' 

= \EL(v')\exp[i<$>(v')l 

and by using the relation 

(25) 

(26) 

The spectral intensity transformation between fre
quency v' and wave number v = V'/CQ is given by 

/(*') = c0/(v'). (27) 

The spectral filtering (spectral narrowing) of the 
laser pulse by the finite spectral gain width and the 
finite spectral width of the mirror reflectivities is 
taken into account by multiplying the spectral pulse 
intensity distribution I(v') by a Gaussian filter func
tion, i.e., lLG changes to ILF according to 

ILJT(V') = ILG(v\ /olexpl-v^/v^p 2), (28) 

where i>AMp = AvA M P[2(ln 2)1/2] 1 is the effective half 
of the He spectral amplification width (AVAMP is the 
FWHM value). The spectral filtering narrows the 
spectral intensity distribution and thereby broadens 
the temporal intensity distribution. It causes a tem
poral pulse structuring when the spectral broadening 
that is due to SPM is restricted by the spectral filter 
width (see Figs. 8, 9, and 16 below). 

A positive GVD is caused by the normal dispersion 
of the refractive index in the gain and absorber jets.39 

The GVD is varied between positive and negative 
values by proper adjustment of a prism pair or a 

prism quadruple. The transit time spreading (time 
chirp) per resonator round trip, bttr = ttr(vL = v0L + v') -
M^or,), is given by 5*tr = (dttr/dv)v\ where dtjdv is the 
time chirp factor. The phase change per round trip, 
<I>GVD(A is given by 

4>GVD(V') ~ C(>GVD(0) = / J " ̂ ( w W 

= 2TT £ Sttr(v")dv" 

1 l 9 d*tr ,o d*tr 
= ~ (x) — = TTV ^ — 

2 dü) dv 
(29) 

where o>' = 2irv' is the angular frequency. 
The GVD changes the spectral phase <J>in(v') of Eq. 

(25) to 

<}>out(v') = 4>in(v') + <)>GVD(V'). (30) 

The transit time spreading that is due to GVD does 
not change the spectral intensity distribution [see 
Eqs. (25) and (26)], i.e., 7l,GVD(V') = hf(v'). 

The temporal intensity distribution after spectral 
filtering and GVD is obtained by inverse Fourier 
transformation of JE^GVD(V') = \ELyG(v\ /G)|exp(-v' 2/ 
2vAMP

2)exp[i<|>0Ut(v')] giving 

£ L , G V D ( H = £ooELtGVD(v')exp(i2irv,t,)dv\ (31) 

^L,GVD(*') - o I^L,GVDW') | 2 - (32) 

The linear time chirp increases the duration of non-
self-phase-modulated pulses but does not cause a 
temporal modulation.40 The laser intensity that re
turns to the loss medium for the next, (j + l)-th, 
resonator round trip is 

/L ,A ' °" + 1 ) ( t ' ,0 ) (33) 

After each round trip the laser intensity ILA is 
corrected for equal pulse energy, i.e., 

' ^ " " " • 0 " J ^ " M ) ^ ; " " I 8 ' 0 ) 

= < A ' ( ^ 1 ) ( r , 0 ) , (34) 

where K is the intensity correction factor. The pump 
laser intensity / p u has to be adjusted to give a round-
trip gain of G = K G 0 . In the gain dynamics calcula
tions [Eqs. (14M18)] the gain G 0 was used for 
simplicity. In real experiments only a temporally 
constant pump intensity value and therefore a tempo
rally constant K value can be adjusted. Whenever 
the K values strongly vary with the number of round 
trips, the real laser output laser intensity strongly 
changes with the number of round trips and the laser 
is periodically self-quenched (gain falls below laser 
threshold and proceeds to above threshold because of 
the continued pumping; see Figs. 10 and 11 below). 



3. Simulations 
The parameters used in the numerical calculations 
apply to a femtosecond Rhodamine-6G-DODCI dye 
laser operating at \L = 620 nm. The laser parame
ters are collected in Table 1. These parameters are 
used in the calculations except as stated otherwise. 

First, the single-passage effects of the SPM and the 
GVD are presented before multiple round trips in the 
passive mode-locked laser are discussed. Finally, 
multiple round-trip effects in the laser without satu
rable absorber action and gain depletion are analyzed. 

A. Single-Passage Effects 

1. Spectral Broadening by Self-Phase Modulation 
For Gaussian temporal pulse shapes the temporal 
phase change that is due to SPM is [see Eq. (24)] 

<f>sPM('') - <f>sPM,p exp(-f 2/*L.o2), (35) 

where tLtQ = A*Lt0/[2(ln 2)1/2] is half of the lie tempo
ral pulse width and ätLiQ is the FWHM pulse duration. 
In Fig. 2 the normalized spectral pulse width Av L / 
A V L , O is plotted versus the peak phase 6SPM,P> where 
Av L i 0 is the spectral width (FWHM) of the initial 
non-self-phase-modulated Gaussian pulse of duration 
A^o and <}>SPM,P is related to the peak normalized 
frequency chirp (dvc P / d £ ' )A£ L 0

2 at t' = 0 by (dvcP/ 
dt')AtLJ = (4 In 2/Tr)<j>sPM,p = 0.8825 4>SpM,p [Eq. (24) 
is applied in derivation]. The calculations are car
ried out for zero GVD (dttr/dv = 0). The kink at 
<I>SPM,P Ä 2.5 is caused by a shoulder growing beyond 
half of the pulse height. With rising 4>SPM,P the 
spectral width grows linearly and the spectrum be-
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Fig. 2. Dependence of spectral pulse broadening Av^/Av^o on 
peak temporal phase 4>SPM.P caused by SPM phase dower abscissa) 
or normalized frequency chirp (<)vr<P/<)t' )A*/,to2 (upper abscissa). 

comes modulated. 2 6' 4 0 4 3 The temporal pulse dura
tion and the temporal pulse shape remain unmodified. 
The spectral broadening is the same for positive SPM 
(<I>SPM.P > 0) and negative SPM ((^SPMP < 0). 

2. Temporal Broadening by Group- Velocity 
Dispersion 
GVD is characterized in the following by the normal
ized time chirp <J>GVD defined as 

4>GVD = (dtjdü>)Ao>M

2 = 2TT(dttT/dv)AvL<0

2. (36) 

4>GVD is the effective change of spectral phase within 
the spectral pulse width that is due to the GVD. The 
dashed curve in Fig. 3 shows the temporal broadening 
AtL/AtLi0 versus <}>GVD * n the case of no SPM. The 
pulse duration rises slowly quadratically with increas
ing time chirp factor | d * t r / d v | . The temporal shape 
remains smooth (Gaussian); the spectral shape is not 
modified; and the spectral width AvL remains con
stant. 

3. Combined Self-Phase Modulation and 
Group-Velocity Dispersion 
The spectral pulse broadening depends only on SPM 
(is not influenced by the GVD) and is displayed in Fig. 
2. The solid curves in Fig. 3 show AtJAtLi0 versus 
<J>GVD f ° r various positive SPM phases <1>SPM,P • I n the 
positive GVD region (dttr/dv > 0) the pulse duration 
increases with rising <(>SPM,P because the broadened 
spectrum enhances the temporal spreading. The 
temporal shapes are smooth. At (dtir/dv) = 0 the 
pulse duration is independent of <J>SPM,P • I n a region 

o I i i I : i — L 
- 2 - 1 0 1 2 

NORMALIZED TIME CHIRP 0 O V D 

Fig. 3. Dependence of temporal pulse broadening MLllti<Q on 
normalized time chirp <J>GVD = 2iT(fMtr/dv)AvL,o2. There is no SPM 
for the dashed curve. The solid curves belong to 4>SPM,P = 1 (1), 5 
(2), and 10 (3). 



of -cfepM,? - 1 £ <j>GVD < 0 [equivalent to -1 < 
(dttr/dv)(dvcp/dt') < 0] the pulse duration of self-
phase-modulated pulses is shorter than the duration 
of pulses without SPM. The minimum pulse dura
tion is determined approximately by &vL&tL « 0.5. 
The positive self-phase-modulated pulses (dvcP/dt' > 
0) are compressed by the negative time chirp . 1 ' 4 0 4 3 4 4 

When the negative GVD is increased to <t>Gvr> < 

~<t>sPM,p-1> the negative time chirp overcompensates 
the positive frequency chirp and the pulse duration 
broadens. 

The vertical steps of the AtL/AtL0 curves in the 
negative GVD region are caused by the temporal 
pulse modulation in the overcompensated region.40 

At each step a temporal spike increases above the 
half-peak-intensity value. 

B. Multiple Round Trips in a Passive Mode-Locked Laser 

First, we consider the situation without SPM, then 
we study the situation without GVD, followed by 
investigation of the action of the combined effects of 
GVD and SPM on the pulse propagation in a passive 
mode-locked laser. Additionally, the satellite pulse 
suppression in the laser is discussed. 

1. Group-Velocity Dispersion Effects without 
Self-Phase Modulation 
In the following analysis no SPM is present (72 = 0). 
The effect of the GVD depends only on the absolute 
value of 4>GVD- The influences of dtiTldv, AVAM P / A V L O , 
IoL,A(0)/hs,A(0), and f = IL,G/IL,A are investigated. 
IOL,A(0) is the input peak intensity of the laser pulse to 
the saturable absorber at the beginning of the calcula
tions (j = 0), and 7SS,A 0 ) is the saturation intensity of 
the slow saturable absorber at the initial pulse dura
tion AtL0. 

The dependence of the normalized pulse duration 
AtL/AtL0 on the number of round trips j is shown in 
Fig. 4. The curves in Fig. 4 belong to different 
effective spectral phases 4>GVD- The pulse duration 
increases with rising GVD. After a few hundred 
round trips steady-state pulse durations are ap
proached at which the temporal broadening that is 
due to GVD is compensated by the saturable absorber 
action. The spectral pulse development is shown by 
the solid curves in Fig. 5. With rising GVD the 
spectral pulse width becomes smaller. 

The influence of the finite effective amplification 
width AVAMP on the temporal pulse development is 
illustrated in Fig. 6(a). The normalized pulse dura
tions A ^ X Ö O / A ^ O after 150 round trips are displayed 
in Fig. 6. By reducing the spectral gain width AVAMP, 
the steady-state pulse durations broaden because of 
spectral gain narrowing. For large time chirps the 
steady-state spectral pulse width gets small and the 
steady-state pulse duration becomes readily indepen
dent of A VAMP. 

The dependence of the pulse development on the 
normalized initial peak pulse intensity / O J L A ( 0 V / S S , A ( 0 ) 

is displayed in Fig. 6(c). There is an optimum 

o 

—I—1 1 

- / 

1—1—1—1—1—1 r—f T—i—1—l— 

- / / - — 

"/ / 
(2) 

A. 
il) 

1 i_ 1 , I 1 .1 ± 1 - J 1 L 1 .1, , 
"Ö 1ÖÖ 2ÖÖ 300 

NUMBER OF TRANSITS j 

Fig. 4. Dependence of pulse duration A/*, on the number of 
resonator round trips for various GVD's without SPM. The 
normalized time chirps are (J>GVD = 0(1), 0.104 (2), 0.208 (3), and 
0.416 (4). The parameters of Table 1 apply. 

intensity of 7OL,A ( 0 ) / /SS,A { 0 ) Ä 3 for the generation of 
the shortest steady-state pulses. At this intensity 
value the pulse-shortening action of the saturable 
absorber is most active. 3 8 3 9 

The influence of gain depletion on the steady-state 
pulse duration is indicated in Fig. 6(b), where f = 
IL,G/IL.A is varied. The steady-state shortest pulse 

T—i—r—T—1—1—1—1—1—1—1—1 ' \j 1 

/ 

(4)-
/ 

NUMBER OF TRANSITS j 

Fig. 5. Dependence of spectral pulse width AvL (solid curves) and 
of temporal peak pulse position tp (dashed curves) on the number of 
round trips for various GVD's without SPM. The curves apply to 
the same parameters as in Fig. 4. 
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Fig. 6. Dependence of pulse duration btL in a passive mode-locked 
laser after 150 round trips on (a) amplification width AVAMP; (b) 
intensity focusing factor /*; and (c) initial peak laser intensity 
/OZ,.A (0). There is no SPM present (72 = 0). The normalized time 
chirp is 4>GVD - 0 (curves 1), 0.208 (curves 2), and 0.416 
(curve 3). For (b) and (c) the spectral narrowing is given by 
AvAMp/Av£,o - 2; otherwise the parameters of Table 1 apply. 

the pulses are continuously shortened by the satura
ble absorber action and the spectral width of the 
bandwidth-limited pulses broadens correspondingly. 
For AVAMP 00 and 72 * 0 (SPM) the effect of SPM is 
accumulative and the spectra are continuously broad
ened and modulated (dashed curve 2 in Fig. 7). The 
temporal pulse-shortening action of the saturable 
absorber is not influenced by the SPM [dashed curve 
2 for 72 = 2 x 10"19 m 2 W" 1 coincides with dashed 
curve 1 for 72 = 0 in Fig. 8(a)]. The shift of the 
temporal peak position with the number of transits is 
shown by the dashed curves in Fig. 8(b). 

A spectral filtering occurs in the laser by the finite 
spectral gain width of the active medium and the 
finite spectral width of the mirror reflectivities. The 
solid curves in Figs. 7 and 8 belong to A V A M P / A V L > 0 = 8. 
The spectral broadening is limited by the finite 
effective amplification width Av^p (solid curves in 
Fig. 7). For 72 * 0 (SPM) the spectrum is modulated. 
Abrupt changes of the spectral halfwidth occur when
ever spectral spikes rise beyond or decrease below half 
of the spectral peak value (solid curve 2 in Fig. 7). 
The restriction of spectral broadening leads to a 
temporal modulation of the pulse shape and to a 
periodic abrupt change of the pulse duration [solid 
curve 2 in Fig. 8(a)]. In regions of short duration a 
single spike is above the half-peak-height value. In 
regions of long pulse duration there are 2 or 3 spikes 
above the half-peak-height value. The spectral and 
temporal pulse shapes in a region of minimum pulse 
duration (j = 149) and of maximum pulse duration 
(j = 164) are shown in Fig. 9. The parameters are 

durations are obtained for f -» 0 where no gain 
depletion occurs. The steady-state pulse durations 
are longest for f « 7. The pulse-broadening action 
results because the leading edge of the pulses is 
predominantly amplified.39 It should be noted that 
for f > 10 (IL,GVGIIL,AVA > 2) the ability of back
ground suppression is lost and therefore no self-
starting femtosecond pulse generation (starting from 
spontaneous emission) is possible.3 9 4 5 

The shift of the temporal peak position tP of the 
pulses as a function of the number of round trips j is 
shown by the dashed curves in Fig. 5. The shift to 
longer times is caused by the slow absorption recov
ery time T a of the saturable absorber (T A » ltL) that 
predominantly attenuates the leading edge of the 
pulse. The temporal shift of the peak pulse position 
increases with increasing GVD because of the rising 
pulse duration with rising GVD. 

2. Self-Phase Modulation Effects without 
Group- Velocity Dispersion 
In the following the passive mode-locked laser is 
operated under a zero GVD condition by proper 
adjustment of the intracavity prism arrangement. 

The situation without spectral filtering (Av^p/ 
AVI,O -* °°) is illustrated by the dashed curves in Figs. 
7 and 8. For 72 = 0 and dtir/dv = 0 (dashed curves 1) 
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Fig. 7. Dependence of spectral pulse width on the number of 
resonator round trips in the case of zero GVD for the passive 
mode-locked laser: dashed curves, Av A M p - * » (no spectral filter
ing); solid curves, AVAMP/AV/.,O = 8; curves 1, 72 = 0 (no SPM); 
curves 2,72 = 2 x 10"1 9 m 2 W~ *. The other parameters are given 
in Table 1. 
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Fig. 8. Dependence of (a) pulse duration \tL and (b) temporal 
peak position tP on the number of resonator round trips in the case 
of zero GVD for the passive mode-locked laser. The curves 
represent the same parameters as in Fig. 7. 

the same as for the solid curves 2 in Figs. 7 and 8 (72 = 
2 x 10"19 m 2 W- 1 , dtjdv = 0). The shift of the 
temporal peak position with the number of transits is 
displayed by the solid curves in Fig. 8(b). 

Curve (Bl) in Fig. 10(a) shows the variation of the 
intensity correction factor K for constant pulse energy 
along the number of round trips j for 72 = 2 x 10"19 

m 2 W 1 , dtjdv = 0, and AVAMP/AVL,O = 8. The 
parameters are the same as for the solid curves 2 in 
Figs. 7 and 8. In real passive mode-locked lasers 
only constant or slowly varying K( j) can be realized 
by the pump laser. A situation of strongly varying 
K( j) as displayed by curve (Bl) in Fig. 10(a) results in 
a periodically self-quenched laser action.42 As the 
SPM broadens the pulse spectra, the pulse amplifica
tion at constant pump rate reduces and the laser falls 
below threshold (net gain per round trip is <1, 
energy of circulating pulse decreases). Because of 
the continuous pumping, the laser action and the 
femtosecond pulse generation restart periodically. 
The real situation of a constant pump rate is illus
trated in Figs. 11(a) and 1Kb) where the normalized 
output pulse energy WLj/WLy0 and the spectral width 
ratio Av L 1 0 j 7Av^ 0 are displayed versus the number of 
transits j for dttr/dv = 0, AVAMP/AV^O = 8, TA0 = 0.85, 
and Kjr = K = 1.12. A v L 1 0 j is the full spectral width of 
the pulse spectrum at one tenth of the peak height for 
the j th transit. 
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Fig. 9. (a), (c) Temporal and (b), (d) spectral pulse shapes of 
self-phase-modulated pulses without GVD in a passive mode-
locked laser (laser operation region B). The parameters are the 
same as for the solid curves 2 in Figs. 7 and 8 (72 = 2 x 10" 1 9 m 2 

W 1 , attr/dv ~ 0, AVAMPMV^O = 8). The number of transits are j = 
149 (a), (b) and 164 (c), (d). The dashed curves show the initial 
pulse shapes. 
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Fig. 10. Intensity correction factor K for conservation of pulse 
energy in multiple transits for (a) passive mode locking (data of 
Table 1) and (b) without passive mode locking (TAo = 1, G 0 = 
1). The curves apply to 72 = 2 x 10 1 9 m 2 W _ 1 and A VAMP/-W.O = 
8. The normalized time chirps are <J>OVD = 0.052 (A), 0 (Bl), 
- 0 . 0 5 2 (B2), - 0 . 2 0 8 (C),and - 0 . 8 3 1 (D). 
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Fig. 11. Variation of (a) normalized pulse energy WLJ/WL,O and 
(b) normalized spectral width Avuo.y/Av£, > 0 versus the number of 
round trips j for constant pump laser excitation. 72 = 2 x 10' 1 9 

m 2 W - i , AVAMP/AVLO = 8, dtjdv = 0, and K = const = 1.12; the 
other parameters are given in Table 1. Av^io is the full spectral 
width at one-tenth pulse height; Av£, 0 is the initial spectral 
half-width (FWHM). 

It should be noted that at zero linear time chirp 
dttr/dv = 0 some GVD remains because of cubic and 
higher-order terms in the GVD phase <J)GVD- 2 7' 4 3' 4 4' 4 6 , 4 7 

But these small higher-order terms do not change the 
periodic self-quenching laser operation (see Figs. 19 
and 20 below). 

3. Combined Effects of Self-Phase Modulation and 
Group-Velocity Dispersion 
The pulse duration ratio AtLA50/AtLtQ and the spectral 
width ratio AvL 1 5 0 / A v L 0 after 150 resonator round 
trips (nearly steady-state situation) versus the normal
ized time chirp <J>GVD are depicted in Figs. 12 and 13, 
respectively, for various intensity coefficients of the 
refractive index 72 > 0 [curves (2)-(4), positive SPM] 
and 72 = 0 [curves (1), no SPM]. The solid curves 
belong to A v A M P / A v L 0 = 8, while the dashed curves 
belong to AVAMP - * x and 72 = 2 x 10"19 m 2 W"1. 

In the positive GVD region (dttr/dv > 0) the pulse 
duration rises quickly with increasing time chirp 
coefficient dttT/dv. The positive SPM (72 > 0) en
hances the temporal pulse spreading. The strong 
temporal broadening with rising dttr/dv reduces the 
spectral broadening by SPM so that the steady-state 
spectral width reduces with increasing hUTidv. A 
steady-state laser operation is achieved by the satura
ble absorber pulse-shortening action that counteracts 
the pulse-broadening action of the positive GVD. 
The temporal and spectral pulse shapes are smooth. 

NORMALIZED TIME CHIRP 0G V O 

Fig. 12. Dependence of pulse duration on time chirp in a passive 
mode-locked laser. The pulse duration A / / , after7' = 150 transits is 
displayed for various nonlinear refractive-index coefficients 72 = 0 
(1), 2 x l O - ^ n ^ W - 1 ^ ) ^ x 1 0 - 1 9 m 2 W - 1 ( 3 ) , a n d 8 x 10 1 9 m 2 

W" 1 (4). The solid curves apply to AVAMP/AV/, < 0 = 8. In the 
interrupted region around Mtr/dv = 0 the durations change 
periodically in an abrupt manner (self-quenching laser regime). 
The dashed curve belongs to AI>AMP - * 0 0 and 72 - 2 x 10~1 9 m 2 W 1 ; 
the other parameters are given in Table 1. 

For 72 = 2 x 10- 1 9 m 2 W" 1 and <j>GVD = 0.052 the 
temporal and spectral pulse shape after j = 300 round 
trips are displayed by the solid curves in Figs. 14(a) 
and 14(b), respectively, and the temporal dependence 
of the intensity correction factor K is shown by dashed 
curve (A) in Fig. 10(a). The smooth K( j) dependence 
indicates a stable steady-state pulse propagation. 

In a time chirp region around zero GVD that 
extends from dttr/dv < 0 to dttr/dv > 0, the spectral 
broadening is limited by the spectral filtering of the 
finite effective amplification width Avmp. The tem-

0> 1 1 I 1 »• 1 1 1 • •• 1 I 1 1 1 1 I I i L 
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Fig. 13. Dependence of spectral pulse width in a passive mode-
locked laser on time chirp for various nonlinear refractive-index 
coefficients 72: (a) AVAMP/AVL.O = 8 with 72 = 0 (1), 2 x 10"19 m 2 

W - 1 (2), 4 x 10- 1 9 m 2 VV- 1 (3), and 8 x 1 0 1 9 m 2 W" 1 (4); (b) 
AVAMP - * 0 0 and 72 = 2 x 10 1 9 m 2 W" 1 . The hatched region 
between the dashed borders indicates the region of periodic pulse 
duration variation within the first 300 round trips. 
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Fig. 14. (a), (c) Temporal and (b), (d) spectral pulse shapes after 
300 round trips; 72 = 2 x 10 1 9 m 2 W~ 1 and AVAMPMV L , 0 = 8 for all 
curves. The initial pulse shapes are shown by the dashed curves 
in Figs. 9(a) and 9(b). (a), (b) <t>c,vD = 0.052 (laser operation region 
A ) with saturable absorber action (solid curves) and without a 
saturable absorber (dashed curves), (c), (d) <J>GVD = - 0 . 7 1 4 (laser 
operation region D) with a saturable absorber (solid curves) and 
without a saturable absorber (dashed curves). 

poral and spectral pulse shapes of the self-phase-
modulated pulses are modulated. The spectral and 
temporal half-widths change periodically in an abrupt 
manner [similar to solid curves 2 in Figs. 7 and 8(a)]. 
In this spectral and temporal modulation region the 
solid curves in Figs. 12 and 13 are interrupted. Solid 
curve (B2) in Fig. 10(a) shows the modulation of K(J) 
for <)>GVD = -0.052. In the experimental situation 
the laser action is periodically self-quenching in the 
interrupted regime because the laser falls below 
threshold by the spectral broadening of the SPM 
effect. 

In a negative G V D region near the zero G V D 
position dttr/dv = 0 beyond the periodically self-
quenching region, the steady-state pulse durations 
are shorter than the initial pulse duration A ^ 0 - The 
bandwidth product AvLAtL reduces below the initial 
value of AvLtQAtLtQ = 2 In (2)/TT (bandwidth-limited 
Gaussian pulses). A temporal and spectral pulse 
shape at <J>GVD = -0.208 is shown by the solid curves 
in Figs. 15(a) and 15(b), respectively, after 300 round 
trips. Solid curve (C) in Fig. 10(a) displays a nearly 
constant K(J) for <J>GVD = -0.208. 

With increasing negative G V D the pulse durations 
broaden. This temporal broadening reduces the SPM 
effect and the spectral halfwidth reduces. For the 
solid curves the spectral and temporal pulse shapes 
are smooth. The rise of pulse duration with increas-

~ 10" 
X 

*7\ ' 
: M ,7 \\ 

1 i 

"(d) / \ 

\ \ \ \ 
-200 -100 0 100 200 -100 0 100 200 

FREQUENCY v' (cnf1) 

TIME t' (ps) 

Fig. 15. (a), (c) Temporal and (b), (d) spectral pulse shapes of 
self-phase-modulated pulses in the negative GVD region after 300 
round trips; 72 = 2 x 10"19 m 2 W" 1 ; <t>GvD = -0.208 (stable laser 
operation region C): (a), (b) passive mode-locked laser; (c), (d) 
pulse propagation in the resonator without a saturable absorber. 
The parameters of Table 1 apply otherwise. The dashed curves in 
(a) and (b) show the initial pulse shapes. 

ing negative G V D is much slower than the steep rise 
of pulse duration with increasing positive G V D . The 
positive frequency chirp (caused by the positive SPM) 
and the negative time chirp (negative G V D ) combine 
subtractively and reduce the temporal and spectral 
broadening. For <J>GVD = -0.714, the temporal and 
spectral pulse shapes after 300 round trips is shown 
by the solid curves in Figs. 14(c) and 14(d). The 
slowly varying curve (D) in Fig. 10(a) shows K( j) for 
<I>GVD = -0.831. 

The dashed curves in Figs. 12 and 13(b) are calcu
lated for 72 = 2 x 10"19 m 2 W - 1 and AVAMP - * °°. The 
temporal pulse shapes remain smooth in the region 
around zero G V D . The spectral shapes are slightly 
modulated and the spectral half-width changes period
ically with the number of round trips. The spectral 
half-width variation within the first 300 round trips 
is indicated by the hatched area within the dashed 
borders. In the region around zero G V D , the spec
tral broadening continues to increase with the num
ber of round trips (no steady-state value is ap
proached). The intensity correction factor K(J) is 
constant and independent ofdttr/dv (K « 1.017 for the 
parameters in Table 1). 

4. Background Suppression 
Saturable absorbers with a fast intraband partial 
absorption recovery have the potential of background 
suppression.3 9 4 0 Here the background suppression 
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Fig. 16. Main pulse and satellite pulse reshaping in the resonator. 
The number of round trips is j = 300. The initial temporal and 
spectral shapes are shown by the dashed curves in (a) and 
(b). Otherwise the parameters are the same as in Fig. 15 [for (a) 
and (b) with a saturable absorber; for (c) and (d) without a 
saturable absorber]. 

action is illustrated in Figs. 16(a) and 16(b). The 
propagation of a main pulse and a satellite pulse is 
considered. The initial temporal and spectral pulse 
shapes are shown by the dashed curves. The initial 
spectrum is modulated by the presence of the satellite 
pulse.48 The SPM and GVD data are selected to be 
72 = 2 x 10"19 m 2 W" 1 [<|>smp(0) = 0.1068] and <J>GVD = 
-0.208, respectively (region of stable femtosecond 
pulse generation). The spectral filtering is AVAMP/ 
AvL>o = 8. The satellite light peak intensity reduces 
from I^PUUP = 0.5 at j = 0 to 3 x 10~4 at j = 300. 
The spectral shape becomes rather smooth because of 
the satellite pulse suppression. 

C. Multiple Resonator Round Trips without Passive Mode 
Locking 

The pulse-shortening action of the saturable absorber 
and the pulse-broadening action of the gain medium39 

are excluded in this section (TA0 = 1, G 0 = 1) in order 
to study the pulse-forming effects of GVD and SPM 
separately. The situations of GVD without SPM, of 
SPM without GVD, and the combined action of SPM 
and GVD are considered. The problem of back
ground suppression is discussed. 

1. Group-Velocity Dispersion without Self-Phase 
Modulation 
The curves 1 in Figs. 17 and 18 show the dependences 
of the pulse durations AtLj and of the spectral widths 
Avjr,j on the number of transits j, respectively, for 
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Fig. 17. Development of the pulse duration in multiple transi
tions through the resonator without a saturable absorber ( TAD - 1) 
and without active medium action (G ( ) =1). The dashed curves 
represent AVAMP -* 0 0 and zero GVD. The solid curves represent 
AVAMP/ Av£,o = 8 and zero GVD. Curves 1,72 = 0 (no SPM); curves 
2, 72 = 2 x 10"19 m 2 W" 1 ; the dotted curve represents 72 = 2 x 
10"1 9 m 2 W" 1 , <J>GVD = -0.208, and AVAMP/AV/.. 0 = 8. The other 
parameters are taken from Table 1. 

NUMBER OF TRANSITS j 

Fig. 18. Development of the spectral pulse width in multiple 
resonator round trips for T^o = 1 and Go = 1. The curves 
represent the same parameters as in Fig. 17. 



zero GVD and zero SPM. In the case of spectral 
filtering (solid curves 1, AvAMy>/AvL0 = 8) the pulse 
duration increases gradually and the spectral width 
narrows gradually. No steady-state pulse duration 
is approached. Without spectral filtering (AV^MP -* 
oo, dashed curves 1) the temporal and spectral widths 
remain constant. 

The dependence of the pulse duration on the time 
chirp after 300 round trips is shown in Fig. 19(a). 
The pulse duration A ^ 3 0 o is shortest for zero GVD. 
It rises quadratically with | dtir/dv |. The solid curve 
represents AvmP/AvL0 = 8 (spectral filtering) and the 
dashed curve represents AI>AMP 0 0 • For dttT/dv * 0 
no steady-state pulse duration is approached because 
of the continuing pulse spreading by the GVD. The 
spectral pulse width does not depend on the GVD as is 
shown in Fig. 20(a). 

2. Self-Phase Modulation without Group-Velocity 
Dispersion 
The spectral pulse broadening that is due to SPM is 
illustrated by curves 2 in Fig. 18. Without spectral 
filtering (dashed curve 2) the spectral width grows 
continuously with the number of round trips. The 
spectra are modulated. The intensity correction fac
tor is K(J) = 1. A spectral filtering limits the 
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Fig. 19. Dependence of the pulse duration on GVD in the 
resonator without a saturable absorber and without gain medium 
action (TAo - 1, O 0 = 1). Otherwise the parameters of Table 1 
apply. Solid curves, AVAMPM^.O = 8 (spectral filtering); dashed 
curves, Av A M p - * *>. (a) y2 - 0 (no SPM); the curves represent 300 
round trips; no steady-state pulse duration is reached for dtiT/dv * 
0. (b)72 = 2 x 10- 1 9 m 2 W- l ; (c)72 = 8 x l O - ^ W " 1 . Region A, 
pulse duration after 300 round trips. The duration continues to 
increase. Region B (periodically self-quenched region), the pulse 
duration varies periodically within the diagonally hatched region 
(similar to Fig. 8). For AVAMP/AI>/„O = 8 the mean pulse duration 
continues to increase slowly with the number of transits. Region 
C (fundamental solitonlike region), the pulse duration oscillates 
smoothly within the vertically hatched region (see the dotted curve 
in Fig. 17). The pulse duration remains within the hatched region 
with the number of round trips (checked as many as 900 transits). 
Region D, the pulse duration continues to increase with the 
number of round trips. 

spectral broadening (solid curve 2). The spectral 
shapes are modulated. The spectral widths change 
abruptly whenever spectral spikes rise above or fall 
below half of the peak value. The behavior is similar 
to the passive mode-locked situation (Fig. 7). The 
intensity correction factor K is modulated as is seen by 
solid curve (Bl) in Fig. 10(b) (periodic self-quenching 
behavior). 

The temporal pulse behavior that is due to SPM is 
shown by curves 2 in Fig. 17. Without spectral 
filtering the pulse duration remains constant, inde
pendent of the number of transits. The spectral 
filtering causes a modulation of the temporal pulse 
shape. An abrupt rise of the pulse duration occurs 
whenever spikes grow beyond the half-peak value. 
The average pulse duration increases with the num
ber of transits (no steady-state value is approached). 

3. Combined Effects of Self-Phase Modulation and 
Group-Velocity Dispersion 
The temporal and spectral pulse development in the 
case of SPM and GVD is illustrated in Figs. 19(b) and 
19(c) and 20(b) and 20(c). The temporal and spec
tral widths after 300 resonator round trips are dis
played in the case for which the half-width changes 
monotonically with the number of transits. Other
wise the hatched regions indicate the variation range 
within the first 300 round trips. The nonlinear 
refractive-index coefficients are 72 = 2 x 10"19 m 2 

W - 1 [<t>SPM p { 0 ) = 0.1068] for Figs. 19(b) and 20(b) and 
7 2 = 8 x iO" 1 9 m 2 W" 1

 [ (t> S PMP l 0 ) = 0.4272] for Figs. 
19(c) and 20(c). 

Moving from large positive GVD (dttr/dv > 0) 
toward large negative GVD (dttT/dv < 0), we can 
distinguish four different operation regimes (these 
regions are indicated in Figs. 19 and 20 for the solid 
curves, i.e., &vm?/AvL# = 8): 

(i) In region A the pulse duration rises strongly 
with increasing positive time chirp coefficient 

NORMALIZED TIME CHIRP 0< 

Fig. 20. Dependence of the spectral pulse width on GVD in the 
resonator without a saturable absorber and without gain medium 
action. The curves in (a)-(c) represent the same parameters as in 
Fig. 19. 



dtjdv > 0. The temporal broadening is enhanced if 
no spectral filtering is present [dashed curve in Fig. 
19(b)]. The temporal broadening increases continu
ously with the number of round trips. The spectral 
widths decrease with rising positive GVD because for 
longer pulses the effect of SPM is reduced. The 
spectral width is broader if no spectral filtering is 
present. The temporal and spectral shapes are 
smooth as is illustrated by the dashed curves in Figs. 
14(a) and 14(b) (72 = 2 x 10"19 m 2 W"\ 4>GVD = 0.052, 
A V A M P / A V L i 0 = 8). For these data K(J) is shown by 
dashed curve (A) in Fig. 10(b). Without spectral 
filtering, i.e., AVAMP -»00, it is K( j) = 1. 

(ii) In region B the temporal and spectral shapes 
are modulated and they change their shape quasi-
periodically with the number of transits. The tempo
ral and spectral half-widths change abruptly when
ever a spike increases above or decreases below the 
half-peak value. Within the first 300 round trips, 
the half-widths vary within the diagonally hatched 
regions. In the case of spectral filtering (solid curves, 
AvAMp/Avjr, t 0 = 8) the average temporal half-width 
continues to increase with the number of round trips. 
K(J) is modulated as is seen by solid curves (Bl) and 
(B2) in Fig. 10(b) (periodic self-quenching behavior 
for constant pump pulse excitation). The temporal 
and spectral pulse development shows some higher-
order solitonlike behavior. 2 7' 3 5' 3 7' 4 3^ 4 4 4 6' 4 7' 4 9- 5 2 The 
higher-order solitonlike behavior includes the zero 
GVD position and extends slightly to the positive 
GVD region. In the case of no spectral filtering 
[dashed curves in Figs. 19(b) and 20(b)] the higher-
order solitonlike region is restricted to dtiT/dv < 0. 
The soliton order increases toward dttT/dv -* -0 . 
The pulse shapes and half-width repeat periodically 
(true higher-order solitonlike behavior).37 The inten
sity correction factor is K( j) = 1. 

(iii) In region C (in the negative GVD range) a 
stable pulse propagation occurs. The temporal and 
spectral pulse widths oscillate around mean values as 
is seen by the dotted curves in Figs. 17 and 18. The 
vertically hatched areas in Figs. 19 and 20 show the 
range of monotonic modulation. There the spectral 
and temporal shapes are rather smooth. In Fig. 
15(c) a temporal pulse shape and in Fig. 15(d) a 
spectral pulse shape are shown. The temporal and 
spectral behavior indicates a fundamental solitonlike 
behavior (N = 1 solitonlike).27'35'37'43'44-49 The posi
tive frequency chirp dvjdt is compensated (canceled) 
by the negative time chirp dttT/dv. In the course of 
the round trips the pulse duration adjusts in such a 
way that a compensation of frequency chirp and time 
chirp occurs. In a certain GVD range the steady-
state pulse duration is even shorter than the initial 
pulse duration. A steady-state temporal and spec
tral pulse propagation is obtained for both AVAMP/ 
AvL0 = 8 (in calculations of as many as 900 round 
trips the pulse durations and spectral widths re

mained within the hatched region) and AVAMP - » 00. 
The steady-state temporal and spectral widths are 
practically the same for Avmp/&vLt0 = 8 (solid curves) 
and A VAMP 0 0 (dashed curves). K(J) is shown by 
curve (C) in Fig. 10(b) for AvmP/AvM = 8 and <t>GvD = 
-0.208. The extension of the negative GVD range 
for stable steady-state pulse propagation (region C) 
depends on the strength of the SPM. It does not 
exist for zero SPM [Figs. 19(a) and 20(a)] and it 
broadens with increasing positive SPM as is seen in 
Fig;s. 19(b) and 19(c) and 20(b) and 20(c). 

(iv) In region D the pulse duration continuously 
grows with the number of round trips j (no steady-
state situation is approached). The temporal broad
ening increases with rising negative GVD (growing 
I dttr/dv J). The temporal shape of the long pulses is 
modulated as is seen by the dashed curve in Fig. 14(c) 
for 72 = 2 x 10- 1 9 m 2 W" 1, <t>GvD = -0.714, and 
AVAMP/AV^O = 8. The spectral width has a steady-
state value that is well below the initial spectral 
width. For 7 = 2 x 10"19 m 2 W" 1, <j>GVD = -0.831, 
and A V A M P / A ^ O = 8, K(J) is shown by the solid curve 
(D) in Fig. 10(b). The negative time chirp overcom-
pensates the positive frequency chirp and leads to a 
continuous temporal pulse broadening. The spec
tral pulse shape is modulated in the wings [see dashed 
curve in Fig. 14(d)]. 

In real passive mode-locked lasers the regions A, B, 
C, and D are characterized by the following laser 
performances: region A gives the positive G V D -
saturable absorber balanced regime; region B de
scribes the periodic self-quenching laser regime; re
gion C is the stable negative GVD balanced laser 
operation regime (prism balanced laser operation); 
and region D presents the negative GVD overcompen-
sated saturable absorber balanced regime. 

4. Satellite Pulse Effects 
In Subsection 3.C.3 it was shown that even without 
saturable absorber action stable steady-state funda
mental solitonlike pulse propagation occurs in the 
negative GVD region C where the negative time chirp 
compensates the positive frequency chirp. For self-
starting femtosecond lasers a background suppres
sion mechanism is necessary. In the stable pulse 
propagation region C we studied the propagation of a 
main pulse and a satellite pulse. An example is 
shown in Figs. 16(c) and 16(d). The initial pulses 
are shown by the dashed curves in Figs. 16(a) and 
16(b). No satellite pulse suppression occurred. 

For femtosecond lasers that operate in the S P M -
GVD balanced region C, a passive mode-locking mech
anism is necessary for background and satellite pulse 
suppression such as partial fast saturable absorption 
(used in Subsection 3.B of this paper,42 hybrid mode-
locking, 1 7 1 8 Kerr lens mode locking, 1 9 2 0 synchronous 
pumping,12 active loss modulation,14 or additive pulse 
mode locking. 4" 6 1 1 1 3' 2 1- 2 4 



4. Comparison with Experiments 
Recently we investigated experimentally the femtosec
ond pulse generation in a linear passive mode-locked 
Rhodamine-6G-DODCI dye laser.42 The saturable 
absorber, gain medium, and resonator parameters 
used in the simulations apply to our experimental 
situation. The experimental nonlinear refractive-
index coefficient y2 is from approximately 2 x 10~20 

m 2 W 1 to 3 x 10~20 m 2 W ' 1 (72 of the solvent 
ethylene glycol 5 3 5 4). The GVD was varied between 
<i>GVD = 0.01 and -0.02 (AvL0 = 73.6 cm' 1 , see Table 
1) by prism-pair adjustment. For the small experi
mental nonlinear refractive-index coefficient 7 2 , the 
varied time chirp range covers the four performance 
regions from A to D of the SPM-GVD interaction. 
The experimental laser behavior in the four regions 
agreed with the numerical simulations described in 
this paper. 

The small experimental SPM effect (small 72, small 
gain jet thickness lG, and small absorber jet thickness 
lA) makes the experimental prism-pair-balanced sta
ble fundamental solitonlike pulse formation regime 
rather small. It may be enlarged by extending the 
jet thicknesses, by increasing the nonlinear refractive-
index coefficient by adding a liquid of high optical 
Kerr coefficient to the dye solutions,54 or by inserting 
an additional nonlinear sample in a third resonator 
cavity focus.55-56 In mode-locked solid-state lasers 
the SPM effect in the gain medium is larger because 
of its larger size. 

In the GVD-balanced fundamental solitonlike laser 
operation regime the laser performance parameters 
such as pulse duration and spectral width become 
practically independent of the saturable absorber 
action after a single pulse has been formed in the 
self-starting mode-locking process. In this stable 
GVD-balanced operation regime the improved mode-
locking action of the saturable absorber in a colliding-
pulse mode-locking arrangement has no influence on 
the laser performance.25 4 1 4 2 

5. Conclusions 
The influence of self-phase modulation and of group-
velocity dispersion on the operation of a passive 
mode-locked Rhodamine-6G-DODCI femtosecond dye 
laser has been analyzed numerically in detail. For a 
fixed frequency chirp caused by self-phase modula
tion, the laser behavior depends on the time chirp 
caused by group-velocity dispersion. For positive 
self-phase-modulated pulses four performance re
gions have been distinguished by moving from posi
tive to negative group-velocity dispersion. These 
ranges are (i) the saturable-absorber-balanced posi
tive GVD region, (ii) the periodically self-quenching 
region around zero GVD (some higher-order soliton
like behavior), (iii) the stable fundamental solitonlike 
GVD-SPM-balanced negative GVD region, and (iv) 
the saturable-absorber-balanced (chirp overcompen-
sated) negative GVD region. In the case of negative 

self-phase-modulated pulses the same results are 
obtained if the sign of the GVD is changed. 

In the stable fundamental solitonlike pulse forma
tion region the saturable absorber action is needed 
only for background suppression in the self-starting 
laser process. The improved saturable absorber ac
tion in a colliding-pulse mode-locked arrangement 
becomes unnecessary25-41'42 (pulse duration is deter
mined by fundamental solitonlike GVD-SPM chirp 
compensation). 

The simulations have been carried out for the 
experimental parameters of a passive mode-locked 
Rhodamine-6G~DODCI femtosecond dye laser that 
operates at 620 nm. The results obtained are quite 
general and give insight to passive and hybrid mode 
locking of dye lasers, as well as to the femtosecond 
pulse generation in solid-state lasers (Tirsapphire, 
Nd:glass, and color centers). 

The authors thank the Deutsche Forschungsge
meinschaft for financial support and the Rechenzen
trum of the University of Regensburg for the alloca
tion of computer time. 
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