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Abstract

Ideas and techniques from Khare’s and Wintenberger’s joriequm the proof of Serre’s conjec-
ture for odd conductors are used to establish that for a fixieaed infinitely many of the groups
PSLy(F;-), PGLy(F;+) (for r running) occur as Galois groups over the rationals suchttieat
corresponding number fields are unramified outside a setstmgsof/ and only one other prime.

1 Introduction
The aim of this article is to prove the following theorem.

1.1 Theorem. Let! be a prime and a positive number. Then there exists aBeif rational primes
of positive density such that for eaghe T there exists a modular Galois representation

p: Gg — GLa(Fy)

which is unramified outsid€l, ¢} and whose projective image is isomorphic to eitR&i.(F;-) or
PGLy(F;r) for somer > s.

1.2 Corollary. Let! be a prime. Then for infinitely many positive integettsie groupsPSLy(F;-) or
PGL4y(IF;-) occur as a Galois group over the rationals. O

UsingSLy(For) = PSLy(For) = PGLo(F2r) one obtains the following reformulation for= 2.

1.3 Corollary. For infinitely many positive integersthe groupSLs(IF5-) occurs as a Galois group
over the rationals. O

This contrasts with work by Dieulefait, Reverter and VilB|[ [RV] and [DV]) who proved that
the groupSLy(F;») andPGL4(IF;-) occur as Galois groups ov@rfor fixed (small)yr and infinitely
many primeqd.

In the author’'s PhD thesi$ [W] some computational evidente¢he statement of Corollafy 1.3
was exhibited. More precisely, it was shown that all grobps(IF,-) occur as Galois groups over



for 1 < r < 77, extending results by Mestre (seel[S2], p. 53), by computiegke eigenforms of
weight2 for prime level over finite fields of characteristic
However, at that time all attempts to prove the corollariefhisince it could not be ruled out the-
oretically that all Galois representations attached toutaxdorms with image contained Bz (For)
for r bigger than some fixed bound and not in &y, (Fs.) for a | 7, a # r, have a dihedral image.
With the methods from [KW1] and [KW?2] one can now find - so cdllegood-dihedral repre-
sentations in a given level times an auxiliary prime. Theseshthe property that the image of their
associated Galois representation is not dihedral. Moredie definition of good-dihedral assures
that the image contains an element of order equal to a poweceftain prime which one can make
big.
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Notations

We shall use the following notations. Byy we denote the absolute Galois group of the rational num-
bers. For arational primgwe let D, andI, be a decomposition group resp. the corresponding inertia
group at the prime. All Galois representations are assumed to be continub@s. g — GL2(F,)

is an odd Galois representation, we denoteNdbfp) and k(p) the conductor and the Serre weight
of p (see [SI]). BySk(N, x) we mean the complex vector space of holomorphic modulargaym
level N, weightk for the Dirichlet charactex. If x is trivial, we write S (V) for short.

2 Good-dihedral representations
We first state the definition @food-dihedralfollowing [KW1].

2.1 Definition. Letp : Gg — GLo(F;) be a continuous representation.
e A primeq # [ is calledgood-dihedral fop if both of the following two statements hold:

(i) The restriction ofp to I, is of the form(*g 1&) for a charactery : I, — F, of orderp®
for somes > 0 and some odd primg which dividesg + 1 and is greater thar, 5 and

greater than all prime divisors oV (p) different fromg.
(i) ¢ =1 mod 8 andq = 1 mod r for every primer # ¢ smaller than or equal to the
maximum of and the greatest prime divisor f (p) different fromg.

¢ If a good-dihedral primey exists forg, thenp is calledgood-dihedrabr ¢-dihedral In that case
we will say that the number® of (i) is theg-order ofp.



If pis g-dihedral, the ramification atis tame and the local conductoregis equal tag?, since no
line is fixed.

The following is [KW1], Lemma 6.3(i). It already shows thesfisiness of the definition of good-
dihedral in our context.

2.2 Lemma. Any ¢-dihedral representation has non-solvable image. |

We will not repeat the proof here. Let us just say that (ii)ie above definition assures that the
primeg cannot be inert in any quadratic field whose discriminany eohtains primes dividingvV ().
As p 1 ¢ — 1, the restriction of the representation iy is irreducible which then suffices to rule out
the dihedral case.

We next state the definition of a strictly compatible systeirGalois representations follow-
ing [KWT].

2.3 Definition. Let E be a number field. Air-rational2-dimensional strictly compatible system of
representationgp,) of Gg is the data of: For each finite placg of E a continuous semi-simple
representation

P - GQ — GL2(E)\)

such that:

(i) For each rational primeg and each place\ of E of residue characteristic different frog) the
Frobenius-semi-simplification of the Weil-Deligne paraenef p,|p, is independent ok, and
for almost all primesy this parameter is unramified.

(i) For almost all places\ of E, the representatiop, is crystalline atl (if A dividesl) with integral
Hodge-Tate weight&, b) that are independent éf

2.4 Theorem. (Khare, Wintenberger) Letp, : Go — GL(F,) be an odd continuous representa-
tion with non-solvable image for a prime > 5 such thaty = 1 mod 4 andp is greater than any
prime divisor ofN (p,). We supposé(p,) = 2.

Then there exists a set of prim&sof positive density such that for amy e T' the following
statement holds:

There exists a number fielll and an E-rational compatible system of representations
(px) lifting p,, such that the residual representatiopgdor all primesi < p are g-dihedral
of order a power o and are unramified outside ¢ and the primes dividingV (p,,).

Proof. This follows from [KW1], Lemma 8.2, and_ [KW1], Theorem 5.)(4vhich is proved in
[KW?2], and proceeds analogously to the couple of lines beatmproof of [KW1], Lemma 8.2.

Let us be more precise. We tak&to be the set of primes provided by an applicationof [KW1],
Lemma 8.2, t,. Thatis,T" consists of primeg which are unramified ip,, and satisfy



(i) Pp,proj(Froby,) is the conjugacy class g, ,;(c) wherec denotes a complex conjugation and
Pp.proj Stands for the projectivisation,

(i) ¢g=1 mod r for all primesr < pandg =1 mod &, and
(i) ¢ =—1 mod p.

Let nowq € T. Conditions (i) and (iii) assure that one may appeal to [K\WIHeorem 5.1(4),
with the primeg. For, one needs that|p, is of the form(% ’1‘> up to unramified twists. But, due
to ¢ = —1 mod p this becomeg ' 7). The conjugacy class of a complex conjugation takes the
form (,'Y). Condition (i) now gives that this coincides wifh|p, up to a scalar, which in turn
corresponds to an unramified twist.

Consequently,[[KWI1], Theorem 5.1(4), yields a strictly qatible systenp,) lifting 5, such
thatp,|;, is of the form(’é’ Jq) for a charactet) of I, of order a power op.

Let now! be any prime smaller tham The next step is to show that is ¢-dihedral ofg-order
a power ofp. Condition (ii) of the definition ofg-dihedral is met due to Condition (ii) provided
above, using thas, is unramified outsidé, ¢ and the prime divisors aV (p,,), still by [KWI], Theo-
rem 5.1(4). Foi = 2 this is not explicitly stated ir [KW1], but follows from th@dependence of the
Weil-Deligne parameters and the fact that a Weil-Deligngresentation is unramified if and only if
its Frobenius-semi-simplification is.

Part (i) in the definition of;-dihedral is fulfilled by construction and by the fact that thertial
Weil-Deligne parameter atis the same for any member @) ), whence we get that theorder is a
power ofp in these cases. O

3 Onimages of Galois representations

In order to determine which projective images can occur waeajthe following well-known group
theoretic result due to Dickson (séeHul], 11.8.27).

3.1 Proposition. (Dickson) Let! be a prime and{ a finite subgroup oPGLy(TF;). Then a conjugate
of H is isomorphic to one of the following groups:

¢ finite subgroups of the upper triangular matrices,
o PSLy(FF;r) or PGLy(Fyr) forr € N,

e dihedral groupsD,. for » € N not divisible by,

e Ay, Asor Sy.

We next quote two results of Ribet showing that the imagesaddiG representations of the type
we are interested in are in general not solvable.



3.2 Proposition. (Ribet) Let f € S2(N, x) be an eigenform of levéy and some charactey which
is not a CM-form. Then for almost all primesthe image of the representation

pp : Go — GLy(Fy)

attached tof restricted to a suitable open subgroup < Gq is {g € GLz(F)|det(g) € F} for
some finite extensian of F,,.

Proof. Reducing modulo a suitable prime abgyehis follows from Theorem 3.1 of [R1], where
the statement is proved for thpeadic representation attachedfto O

3.3 Proposition. (Ribet) Let N be a square-free integer anfl € S»(N) a newform for the trivial
character. Then for all primeg > 2, the image of the Galois representation

pp : Go — GLa(Fy)
attached tof contains the grousLy(IF,) if o, is irreducible.

Proof. The representatiop,, is semi-stable (seé[R2], p. 278). As it is assumed to beunibte,
the proposition is just a restatementof [R2], Corollary. 2.3 O

We will use these two results by Ribet in order to establighsimple fact that for a given prime
[ there exists a modular form of level a powerlovhose modp Galois representations have non-
solvable images for almost all

The following lemma can be easily verified using e.g. Willi&tein's modular symbols package
which is part of MAGMA ([Magma]).

3.4 Lemma. In any of the following spaces there exists a newform witf@mMt S, (27), So(34),
So(53), So(73), S2(132).

3.5 Lemma. Let! > 11,1 # 13 be a prime andf € Sy(l) a newform. Then for almost all primes
the image of the Galois representation

pp : G — GL2(Fy)
attached tof contains the grouSLy(F)).

Proof. Due to the assumption drthe existence of a newform ik (/) is guaranteed. By Propo-
sition[3.3 it suffices to prove that, is irreducible for almost alp.

Since its Frobenius traces are given by reductions of theiérocoefficients off, it is clear that
p, is non-trivial for almost alp. Non-triviality, however, implies that the conductorgfis I. For, it
can only bel or /. If it were 1, then level lowering would imply thgi, comes from an eigenform in
S2(1) = 0, contradicting the non-triviality.

So, we suppose that the conductorpgfis I. The definition of the conductor shows that there
exists a € I; such thap,(0) = (§ ¢ ) for somea # 0. This yields thap, is irreducible. 0
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3.6 Corollary. Let! be a prime. Then for almost all primgghere exists a modular Galois represen-
tation
pp : Go — GLa(Fy)

such thatk(p,) = 2, the conductor of,, is a power ofl and the image df, is non-solvable.

Proof. If [ € {2,3,5,7,13} we appeal to Lemmi@a_3.4 together with Proposifiod 3.2 in otder
obtain the claim. For the othérwe may use Lemmia3.5. We use tisdt; (F,,) is non-solvable for
p > 2. O

4 Proof and remarks

In this section we prove the main theorem of this note and centron possible generalisations.

Proof of Theorem[I1. Corollary[3® provides us with a prime > [ and a modular Galois

representatio, : Go — GL2(IF,) satisfying

() p=1 mod 4,

(i) no groupGL4(FF;«) contains an element of ordgrfor anya < s, and
(iii) p, has non-solvable image, its conductor is a powdrafdk(p,) = 2.

From Theoreni_Z14 we obtain a set of primieof positive density such that for ajl € T there
exists a compatible systefp,) such thatp, is ¢-dihedral of order a power gf andp; is unramified
outside{l, ¢}. LemmdZP tells us that the imagemfis non-solvable. Consequently, Assumption (ii)
made orp implies that the image gf; is not conjugate to a subgroup @i (F;«) for anya < s.

Composingp, with the natural projectiorGLy(F;) — PGLy(IF;), the image is of the claimed
form by Proposition-3]1. O

4.1 Remark. The author is intending to develop the basic idea used hetheft) in particular, in
order to try to establish an analogue of Theorem 1.1 suchttiatrepresentations ramify at a given
finite set of primes and are unramified outsidg U {/, ¢}.

4.2 Remark. It is desirable to remove the ramification at For that, one would need tha is
unramified at. This, however, seems difficult to establish.
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