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0 Introduction

The motivation for this work is to generalize a concept from the theory of quadratic
forms to higher degree forms. Let us first recall some definitions for quadratic forms
(For a detailed exposition, see e.g. [28]):

Let K be a field of characteristic # 2. A quadratic form over K is a pair (V,b),
consisting of a finite-dimensional K-vector space V' and a symmetric bilinear form
b:V xV — K. The set of isomorphism classes of non-degenerate quadratic
forms over K with direct sum and tensor product is a semiring, which embeds into
a commutative K-algebra W (K), the Witt-Grothendieck ring of quadratic forms
over K. The 2-dimensional quadratic form h = (1,—1) € W(K) is called the
hyperbolic plane, and the ideal H C W(K) generated by h is the ideal of hyper-
bolic forms. The quotient ring W (K) = W (K)/H is the Witt ring of quadratic
forms over K. The structure of this ring is the principal object of study in the
theory of quadratic forms.

The dimension map dim : W (K) — Z, (V,b) — dimg (V) induces a homomor-
phism ey : W(K) — Z/2, called the dimension index. Let I = I(K) C W(K)
be its kernel, called the fundamental ideal of the Witt ring. The filtration of the
Witt ring by the powers of the fundamental ideal relates the Witt ring of quadratic
forms to Milnor K-Theory and Galois cohomology of the field K as follows:

Let KM(K) be the n-th Milnor K-group of the field K, defined by Milnor in [25].
In this article, Milnor also gives a a surjection s, : KM(K) — I"/I"", which maps
a product [l(ay)---l(a,) to the class of the n-fold Pfister form
({a1) — (1)) -~ ({an) — (1)). Milnor’s conjecture that s, is an isomorphism was
proved by Orlov, Vishik and Voevodsky in [26].

For r > 2, we have KM(K)/r =2 K*/K*", and in [31], Tate shows that
the Kummer isomorphism K*/K*" = HY(K,pu,) extends to a homomorphism
By KMW(K) — H™(K, u®") via the cup product. In ([19], p.608), Kato conjec-
tures that h,, is bijective. In the case r = 2, this had been conjectured earlier
by Milnor and by Bloch. The conjecture was proved by Voevodsky in the case
that = 2" is a power of 2 (cf. [17]). Hence we obtain commutative diagrams of
abelian groups and isomorphisms
hn

KH(K)/2 H"(K, p5")

/1,

For n = 0,1, 2, the morphism e,, has the following interpretation in terms of
quadratic forms: For n = 0, this is the dimension index eg, which was defined
above.

The morphism e; is defined as follows: For a quadratic form(V,b), the class
of the determinant det(V,b) in K*/K*? is an invariant for its isomorphism class.
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The discriminant of (Vb) is defined as d(V,b) := (—1)|-me(b)J det(V,b) (cf. [28],
Def. 2.2.1). The discriminant gives a morphism d : I — K*/K*? = HY(K, ),
and e, is the induced map on /12

The morphism e, is given by the Clifford invariant, which maps a quadratic
form to the class of its Clifford algebra in the Brauer group. This class has degree
2, so that the image of ey lies in Br(K)y, = H%(K, up) =& H?(K, u$?) (cf. [22],
Chap. 5.3).

Independently from the proof of the Milnor conjecture, it was shown for n = 3
by Arason in [1] and for n = 4 by Jacob and Rost in [15] that the map e, com-
pleting the diagram is well defined.

Now let r > 2 be an integer. One observes that, while the upper part of the
diagram has a degree r analogue, the lower part has not:

hn,r

K3 (K HY(K, ™)

2

Sn,r! ?

en,r?

Im/rm+i?
This raises the following questions:
e [s there a degree r analogue of the Witt-Grothendieck ring?

e Can we give cohomological invariants for higher degree forms generalizing
the maps e, in the diagram above?

e Can we give a degree r analogue of the hyperbolic plane or the hyperbolic
ideal and define a Witt ring of higher degree forms?

e Can we give degree r Pfister forms generalizing the maps s,, in the diagram
above?

Forms of degree r. Let K be a field such that (char(K),r!) = 1, i.e. such
that char(K) = 0 or char(K) > r. An r-form over K is a pair (V,0), consist-
ing of a finite-dimensional K-vector space V and a symmetric multilinear map
O:V x---xV — K, defined on the r-fold product of V.

The condition (char(K),r!) = 1 on the characteristic of K allows us to identify
r-forms with homogeneous forms of degree r over K as follows: Let (V,©) be an
r-form over K, and let {vy, ..., v,} be a K-basis of V. Then there is a homogeneous
form f = fo € Klzy,...,x,] such that

n n
flxy, . o xn) =000 zvs, ... > ;).
i=1 i=1
Just as in the case of quadratic and bilinear forms, we obtain a bijective cor-

respondence between isomorphism classes of symmetric multilinear r-forms and
homogeneous forms of degree . In times it will be convenient to switch from one
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viewpoint to the other. We will speak of multilinear and homogeneous r-forms, or
simply of r-forms if there is no ambiguity.

Regularity. A quadratic form on V is called non-degenerate if the induced
linear map V' — V* has full rank. A quadratic form is non-degenerate if and only
if it is non-singular, meaning that it describes a non-singular quadric. For forms
of degree r > 2, there is more than one analogue of this definition:

Definition. Let r > 2 and let 1 < k < r be an integer. An r-form (V,0) over
K is called k-regular, if, for every non-zero k-tuple (vy,...,v;) of vectors in V,
the (r — k)-form (V,©(y,,..)) given by Oy, v (Vkg1, - .-, 0p) = O(v1,...,0,) is
non-zero. A l-regular r-form is also called regular.

An r-form over K is non-singular, meaning that it describes a non-singular hy-
persurface in projective space, if and only if it is (r — 1)-regular over the separable
closure K.

The Witt-Grothendieck ring of r-forms. The starting point for this work
is the article [10], in which Harrison introduces a ring of r-forms. He shows that the
set of isomorphism classes of regular r-forms over K with direct sum and tensor
product is a commutative semiring over K, which embeds into a commutative
K-algebra W, (K), called the Witt-Grothendieck ring of r-forms.

Although the definition of the Witt-Grothendieck ring of r-forms is the same
for r = 2 and r > 2, the obtained rings have quite different properties. This is
illustrated by the following observations:

Consider the generators in the Witt-Grothendieck ring. Every quadratic form
is isomorphic to a diagonal form, and therefore the Witt-Grothendieck ring of
quadratic forms is generated by 1-dimensional forms. In particular, the Witt-
Grothendieck ring of quadratic forms over a finite field is finitely generated.

Forms of degree r > 2 are not always diagonal. We call an r-form indecom-
posable if it has no non-trivial sum decomposition. Over any field, there are
indecomposable r-forms of dimension > 1. If K is a finite field, then there are in-
decomposable r-forms of arbitrary dimension over K, and the Witt-Grothendieck
ring of r-forms over K is not finitely generated.

Now consider the relations in the Witt-Grothendieck ring. Witt’s Theorem
gives a cancellation rule for quadratic forms, which allows the construction of the
Witt-Grothendieck group. For r > 2 one obtains a stronger result: The decom-
position of an r-form into indecomposable r-forms is unique. Thus, the Witt-
Grothendieck group of degree r > 2 is a free abelian group, having much less
relations than in the quadratic case.

Separable r-forms. Another difference between the quadratic and the degree
r > 2 case comes from the following definition given by Harrison:



Definition. Let r > 2, and let (V,0) be an r-form over K. Let the center of
(V,0), written Centy(V,0), denote the set of K-endomorphisms ¢ € Endg (V)
such that

O(puy, v, U3, ..., v.) = O(v1, PV, U3, ..., Vy)

for all vy,...,v, € V. The center is a commutative K-algebra. The r-form
(V,0) over K is called separable if its center is a separable K-algebra such that
dimg (Cent(V,©)) = dimg (V).

Harrison shows that separable r-forms generate a subring W5 (K) c W, (K)
in the Witt-Grothendieck ring of r-forms, and he gives the following classification
of separable r-forms:

Let L/K be a finite separable field extension, let tr,x : L — K be the trace
map, and let b € L*. We consider L as a K-vector space with the multilinear map

trL/K<b>r L x---xL - K , (117“-;[7“) HtrL/K(bll"‘lr).

Then (L, try x(b),) is an indecomposable separable r-form over K and every inde-
composable separable r-form over K is isomorphic to an r-form (L, try«(b),) for
some L and b.

Cohomological classification of separable r-forms. In the theory of
quadratic forms, Weil descent is used to classify quadratic forms by Galois co-
homology: Since every quadratic form is diagonal, all quadratic forms of the same
dimension over K are isomorphic over a separable closure K. Therefore the set of
quadratic forms of dimension n over K is bijective to the cohomology set H!(K, O,,)
by Weil descent.

For r > 2, it is not true that all r-forms become isomorphic to a diagonal form

over the separable closure. However, restricting attention to those who do so, we
obtain a subring in the Witt-Grothendieck ring, and we find that this is the ring
of separable r-forms. This leads to a cohomological classification for separable
r-forms as follows:
The automorphism group of the diagonal r-form over K is the wreath product
S, [t of the symmetric group S, and the group pu, of r-th roots of unity in K.
The wreath product is the set S, x uP™ with the semidirect product induced by
Sp-action on p&". Using Weil descent, we obtain a classification of separable
r-forms of dimension n over K by the cohomology set H'(K, S, [ y1,). The corre-
spondence between this classification and Harrison’s classification by trace forms
is explicitly computed.

Cohomological invariants for separable r-forms. Consider the classifi-
cation of quadratic forms by cohomology sets H'(K,O,,), which was described
before. In these terms, the determinant of quadratic forms, which is closely
related to the map e; in the diagram above, is equal to the cohomology map
HY(K,0,) — H'(K,p3). In the same way, we obtain invariants for separable
r-forms from the cohomological classification:



Consider the projection from the wreath product S, [ p, to the symmetric
group S,. The cohomology set H'(K,S,) classifies isomorphism classes of sepa-
rable K-algebras of dimension n, and we find that the induced cohomology map
HY(K,S, [ ) — H'YK,S,) maps a separable r-form to the isomorphism class
of its center. Concatenation with the sign homomorphism S,, — ps gives an in-
variant map H'(K, S, [ u,) — H'(K, j12), which maps a separable r-form to the
determinant of the bilinear trace form of its center in K*/K*? = H' (K, j5).

Next, consider the permanent morphism

per : Sy [ pir — iy (‘77(@17“-7@%))'_) HO‘i'
=1

The induced cohomology map gives a first degree cohomological invariant for sep-
arable r-forms

per : W5 (K) — HY(K, ,).

Finally, consider the determinant morphism

det : S, [pr — K* | (0,(aq,...,0,)) —sgn(o) - [] s .
i=1
The image of the determinant is equal to pu, if r is even, and equal to psg, if r is
odd. Hence we obtain another first degree cohomological invariant for separable

r-forms
< HY (K, pi, . even

All these invariants are given explicitly in terms of separable trace forms.

Cohomological invariants of degree 2. We interpreted the determinant
of quadratic forms as a cohomology map of degree 1, induced by the determinant
morphism det : O,, — ps. Its kernel is the special orthogonal group SO,,, hence
the cohomology set H'(K,SO,) classifies quadratic forms of dimension n and
determinant 1. The simply-connected covering of SO,, is the spin group

0 — pe — Spin,, — SO, — 0,
and the induced long exact sequence of Galois cohomology gives a map
§: H'(K,SO,) — H*(K, us),

which is related to the morphism ey in the diagram above (cf. [21], §2.4).

Starting from the cohomological classification for separable r-forms, we want to
construct second degree invariants in this way. For this purpose, let
SO% € Sn [, (i = 1,2,3) denote the kernel of the permanent, the determi-
nant, and the sign respectively. In the case that r # 2,3 is a prime number, we
give a classification for central extensions of Galois modules

r

0 — p, — Spin,, . — SOS? — 0.



We find that there is a canonical extension Spin,, . of the group SOS?A, while the

other two groups have only the trivial extension. This leads to a second degree
cohomological invariant

§: H'(K,SOY) — H*(K, p,)

n,

for r-forms of dimension n and sign 1. However, § vanishes for r-forms of trivial
permanent, so this does not lead to a new classification result.

In the following parts, we examine several other invariants for r-forms and their
relations with the previous ones.

The generalized Leibniz formula. Let © be an r-form on the K-vector
space V and let {v,...,v,} be a K-basis of V. We consider a generalization of
the Leibniz formula for the quadratic determinant:

det,(@) = Z s Sgn(UQ Tt UT) 1_[1 @(Ui7 Vogiy - - - 7U0Ti)-
092,...,0rESn 1=

This formula has first been studied in the 19th century. In ([5], p.86), Cayley
found that, if r is even, det’ induces an invariant map

det’ : W,(K) — K/K*.

For r-forms of odd degree, however, this formula does not give a well-defined in-
variant. We find the following

Theorem(6.4). Let r be even. Then det’ = det : W?(K) — K*/K*.

The discriminant. Another invariant for r-forms is the discriminant. Given
a homogeneous r-form

f(xb cee vxn) = Z aV1~~~an,f1 o xryzn
vit-tvn=r

with coefficients a, € K, the discriminant A(f) is a polynomial expression in the
ay, which vanishes if and only if f is non-singular. The discriminant induces an
invariant map A, : W,.(K) — K/K*". We obtain the following

Theorem(7.4). Let © be a separable r-form of dimension n over K. Then

det(©)-D""" even
A (0) = o, EKF/Kifris :
per(©)Y odd

For non-separable r-forms, however, there seems to be no relation between the dis-
criminant and the other invariants. This is shown at the example of hyperelliptic
curves.



The hyperdeterminant. Defined similarly as the discriminant, the hyperde-
terminant is an invariant for arbitrary multilinear forms of degree r, where ’arbi-
trary’ means including non-symmetric forms. Let © : V x --- x V — K be such
a form, and let {v1,...,v,} be a basis of V. Let f be the homogeneous r-form in
n - r variables given by

f(azgl), e ,x&r), e ,xfp) =003 xl(»l)vi, . xl(-r)vi).
=1 i=1

The hyperdeterminant is a polynomial expression in the coefficients of f which
vanishes if and only if f is non-singular.

In the case of quadratic forms, the hyperdeterminant is equal to the discrim-
inant. In degree r > 2, however, a simple computation shows that the hyper-
determinant vanishes for diagonal r-forms of dimension n > 4. Hence there are no
classification results to be expected from this invariant in our sense.

Zeta functions of separable r-forms over a finite field. In the theory of
quadratic forms, recently the motives corresponding to the induced varieties have
become an object of study, and therefore it seems appropriate to ask whether the
determinant of an r-form just depends on the corresponding motive. Let K be a
finite field, let © be an r-form of dimension n over K, and let X C P! be the
projective hypersurface described by ©. The zeta function of X is defined as

((0,1) =((X,t) = 6]3]9(2 %tl) € Q(?),
7

where v; := card(X (F)) is the number of Fi-rational points of X. The zeta func-
tion of X is an invariant of the motive corresponding to X, and the Tate conjecture
implies that it determines the motive. Thus, if we assume that the determinant of
r-forms gives an invariant for the induced motives over k, then we would expect
that r-forms with equal zeta function should have equal determinant. However,
the following argument shows that we can not not expect too much: The zeta
function is a projective invariant, hence it remains unchanged if we exchange © by
a multiple a© with ¢ € K*. But this changes the determinant by the factor a”,
hence its class in K*/K*" is changed if the dimension n is not a multiple of the
degree r. In fact, we find the following

Theorem(8.11). Let K be a finite field such that the prime field contains the
r-th roots of unity. Let n be a multiple of r and let ©® and ¥ be separable r-forms
of dimension n over K having the same zeta function. Then © and ¥ have the
same determinant.

The proof relies on an explicit formula given by Briinjes in [2] for the zeta
function of such r-forms. Deligne shows that its coefficients are algebraic integers
in the r-th cyclotomic field Q(¢,), and André Weil computes their prime decom-
position, which allows an analysis of Briinjes’s formula proving the Theorem.



Hyperbolic forms of degree r and the Witt ring. In order to give a
definition for a Witt ring of r-forms, we want to find a degree r analogue of the
hyperbolic ideal in the Witt-Grothendieck ring. This Lemma describes what we
are out for:

Lemma(9.1). Let d : W*(K) — K*/K*" be the permanent or the determinant.
Let H C W##(K) be an ideal such that dim(H) = 0 modulo r and d(H) = 1. Let
W,(K) := Ws?(K)/H and let I, ¢ W,(K) denote the kernel of the dimension
index dim : W,.(K) — Z/r. Then d induces a surjective morphism

d:1/12 — K* K"

Having in mind the diagram we went out from, we would expect that this map
is an isomorphism for the right choice of the invariant d and the ideal H. In the
case that r # 2 is a prime number, we propose a degree r analogue of the hyper-
bolic plane hy = (1, —1):

Definition(9.2). Let ¢ := 2" ' +--- + 2 + 1 € KJz] be the r-th cyclotomic
polynomial and let L denote the separable K-algebra K[z|/(¢). Let h, be the
r-form

hy = (1), @& (L, tryx(x),),

where (1), denotes the 1-dimensional r-form z” and (L, try,« (), ) is the trace form
of degree r on the K-vector space L given by (Iy,... 1) — try«(zl ---1,).

With this definition, h, is a separable r-form of dimension r» and permanent 1.
If the field K contains a primitive r-th roots of unity (, then A, is isomorphic to
the diagonal r-form a7 + (ab + -+ + (" ar.

In order to test this definition, we let H be the ideal generated by h, and com-
pute the group /1?2 in the case that K is a finite field. We find, however, that this
group is not even finitely generated, hence the permanent is far from giving an
isomorphism here. This indicates that we have to choose the ideal of hyperbolic
r-forms much bigger.

Pfister forms of degree r. Looking at the last of the four questions posed
in the beginning, we face a major problem: The Milnor K-algebra is a graded
anticommutative ring, in the sense that we have zy = (—=1)™" for + € KM and
y € KM. 1In the case r = 2, this was no problem, since we only considered
K-groups modulo 2. For r > 2, however, we can not expect to find an analogue of
the definition of the Milnor isomorphism generated by Pfister forms of degree 1,
as long as our Witt-Grothendieck ring is commutative. This is clearly the case, so
that we have to leave this questions open.



Contents of the sections. The sections of this thesis are organized as follows:
The first section gives the basic concepts for the work with r-forms, including the
definition of the Witt-Grothendieck ring.

Section 2 introduces the language of homogeneous r-forms and gives trans-
lations between multilinear and homogeneous r-forms.

Section 3 introduces the center of r-forms and the ring of separable r-forms
with its classification by trace forms.

Section 4 studies the cohomological classification of separable r-forms using
descent and gives first degree cohomological invariants for these.

Section 5 asks for the existence of second degree cohomological invariants.

Section 6 examines the generalized Leibniz formula.

Section 7 introduces the discriminant and the hyperdeterminant of r-forms and
examines their relations with the invariants defined in section 4.

Section 8 studies zeta functions of separable r-forms over a finite field and their
relation with the determinant.

Section 9 proposes a definition for the hyperbolic plane of degree r and com-
putes the induced Witt ring.
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Especially, I want to thank Dr. Lars Briinjes, who shared my interest in higher
degree forms and layed the foundation for the section on the zeta function.

Last, but not least, I thank my wife, Fukami Kurotori, for her everlasting
cheerful support that makes everything possible.
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1 The Witt-Grothendieck Ring of r-Forms

This section gives the basic notations and definitions for our work with r-forms.
Most of the material presented here is due to the work of Harrison and Pareigis in
[10] and [11], and it is included here without further reference. All statements are
formulated for r-forms over a field, though it is not difficult to generalize many of
them to r-forms over rings (cf. [10],[11]). Here we use the language of multilinear
r-forms, and the next section will deal with the equivalent statements for homo-
geneous r-forms.

Throughout this thesis, let » > 2 be an integer and let K be a field in which r!
is invertible.

1.1 Definition. (r-Forms over K) An r-form over K is a pair (V,0), consist-
ing of a finite-dimensional K -vector space V' and a symmetric K-multilinear map
©: V" — K. An isomorphism t : (V,0) — (W, ¥) of r-forms is an isomorphism
of K-vector spaces t : V. — W such that V(tvy,...,tv,) = O(vy,...,v,.) for all
Vi, ..., € V.

1.2 Definition. Let (V,0) be an r-form over K.

(i) For 1<k <randvy,...,vp €V, let O,
by Ooy,vop) (Vkg15 - - -, Ur) 1= O(v1, ..., vy).

w) denote the (r—k)-form given

(i) Anr-form (V,0) is called k-reqular if, for every non-zero k-tuple (vy, ..., vg)
of wectors in V', the (r — k)-form (V, Oy, ) is non-zero. A I-reqular
r-form is called regular.

,,,,,

Remark. It is not difficult to see that an r-form © is k-regular if and only if,

-----

be found in Lemma 2.1 in the next section.

1.3 Definition. (Sums and Products of r-Forms, Scalar Extension)

(i) Let (V,0) and (W, ¥) be r-forms over K. Forv; € V and w; € W let
(O @ V)(vy Dwy,...,v Dw,) :=0O(vy,...,v.) + ¥Y(wy,...,w,).
Let (V,0) @& (W, W) denote the r-form (V& W, 0 & W) over K.
(i1) Let (V,©) and (W, W) be r-forms over K. Forv; € V and w; € W let
ORV) (v @ wy,...,v, @w,) :=O(vy,...,v.)  Y(wy,...,w,).
Let (V,0) Qg (W, W) denote the r-form (V @x W,0 @ ¥) over K.
(11i) Let L/K be a field extension. Forv; € V andl; € L, let
O @l,..., 0, @) =1 1,0(v1,...,0,).
Let (V,0), denote the r-form (V @ L,Or) over L.

11



(iv) Let L/K be a finite field extension, let (U, ®) be an r-form over L, and let
t € Homg (L, K) be non-trivial. Consider U as a K-vector space with the
K-multilinear map

tod:Ux---xU — K.

Let t(U, ®) denote the r-form (U,t o ®) over K.

1.4 Notations and Examples.
(i) An r-form is called indecomposable if it has only trivial sum decomposition.
(ii) Let a € K*. Then the map
(a), : K" = K | ki,...,k.— aky---k,
defines an indecomposable r-form (K, (a),) of dimension 1 over K.
(1ii) A sum of 1-dimensional r-forms is called diagonal. We write
(K", (a1, - . an)r) i= (K, {a1),) © - -+ @ (K, (an)s)
for an n-dimensional diagonal r-form.

() Let L/K be a separable K -algebra of finite type, let tr,, : L — K be the trace
map, and let b € L*. As in Definition 1.53(iv), we may see L as a K-vector
space, and the map

try (DY L7 — K Dy, Ly try (bl - - 1)

defines an r-form (L, tr, (b)) over K. This type of r-forms will frequently
occur in the following sections.

1.5 Lemma. (Unique Decomposition of r-Forms) Let (V,0) be an r-form
over K.

(i) There is a reqular r-form (V' 0") over K, unique up to isomorphism, such
that (V, ©) is isomorphic to the direct sum of (V',©") and a zero r-form.

(ii) Let r > 3 and let (V,0) be regular. Then (V,©) is isomorphic to a direct
sum of indecomposable reqular r-forms, which are uniquely defined up to
1somorphism and order.

Proof: (i) One checks that Vy := {v € V | ©() = 0} C V is a K-vector subspace.
Choose a complement V' C V such that V =V’ @& 1} and let ©' := O|y.

(ii) Existence is clear. In order to prove its uniqueness, it suffices to show that the
intersection of two direct summands is again a direct summand.

We prove a preparational argument: For any subspace U C V, let

Ut={veV|Oy,y=0foralue U} CV.

12



We claim that a subspace U in a regular space V is a direct summand in V if
U+ U+ =V. In fact, V is regular if and only if V+ = 0, and then U + U+ =V
implies U N U+ C U NU* = (U + U+L)* = V+ =0, which means that U is a
direct summand.

Now let U, W C V be direct summands. We claim that U = UNW + U N W+,
Since UNW+ C UN(UNW)*, this implies U = UNW +U N (UNW)*, and by
the previous argument this shows that U N W is a direct summand in U, and thus
also in V', which finishes the proof.

Letw € U and let v/ € W, u"” € W+ such that u = v/ +u". Let & = @' +u” € U+ and
let vg = v+ Y, ..., v, = v+ € V with @', vj,..., 0. € W, @" vy,... 0" € Wt.
Then

!5 !~ ~1 / " !/ 1 !~ / /
O, u,vs,...,v,) = O, a +a", v+ vy,...., 0. +v) =0, u, v, ... v)

=0 +u" i +u" v}, ... vl) = O(u, @, v, ..., 0.) =0.

T

This shows that ©, 4 = 0 for all u € U+, so that we have v/ € U+ = U. Hence
u=1u+u" € UNW +UNWH=, which proves the Lemma. O

1.6 Notation. The uniqueness statement in Lemma 1.5(i) allows us to introduce
the following notation: In what follows, an r-form shall denote the isomorphism
class of a reqular r-form.

1.7 Example. The following example shows that the statement of Lemma 1.5(11)
1s wrong for r = 2: Let K be a finite field of odd characteristic and let a € K*
such that a # 1 in K*/K**. Then (1,1)5 = {(a, a)s, but (1)5 # {(a)s (/28], Chap. 2,
Th. 3.8).

1.8 Theorem. (Witt Cancellation) Let r > 2 and let U, V and W be r-forms.
Then U W =2V & W if and only if U = V.

Proof: For r > 3, this follows from Lemma 1.5. For r = 2, this is classical Witt
Cancellation (cf. [28], Chap. 1, Cor. 5.8). O

1.9 Theorem. (The Ring of r-Forms)

(i) Let WTJ“(K) denote the set of isomorphism classes of reqular r-forms over
K. Then Wﬁ(K), together with the direct sum and the tensor product of
r-forms given in Definition 1.3, forms a commutative semiring with unit
element (K, (1),).

(ii) Let W,(K) denote the Grothendieck ring associated to WH(K) (cf. [28],
Chap. 2, Th. 1.1). Then W,(K) is a commutative K -algebra with unit el-
ement (K, (1),), we call it W,(K) the Witt-Grothendieck ring of r-forms
over K. The elements of WT(K) are equivalence classes of formal differ-
ences [© — W] of reqular r-forms ©,¥ over K, where © — WV and ©' — V' are
equivalent if there is an isomorphism of r-forms © @ V' =2 ' @ V. The map
O — [0 — 0] gives a canonical embedding of semirings W (K) C W,(K).

13



(iii) Let r > 3. Then the additive group of WT(K) is a free abelian group, gene-
rated by the isomorphism classes of indecomposable r-forms over K.

(iv) The unit group in W,(K) consists of the 1-dimensional r-forms and is iso-
morphic to the group K*/K*".

(v) The diagonal r-forms generate a subring WP (K) C W,(K), which is iso-
morphic to the group ring Z[K*/K*"].

(vi) Let L/K be a field extension. In Definition 1.3(iii), we defined the scalar
extension of r-forms over K with L. This induces a ring homomorphism

Wo(K) —  Wi(L),

(vii) Let L/K be a finite field extension and let 0 # t € Homg (L, K). By the

b

construction in Definition 1.3(iv), t induces a morphism of W,.(K)-modules

bW — (E),
(V,0) — t(V,0).

Proof: (i) In order to prove the ring axioms, it is easily checked that the obvious
isomorphisms of K-vector spaces are in fact isomorphisms of r-forms and that they
are compatible with isomorphism classes.

(ii) The formulation of the equivalence relation and the injectivity of the canonical
map W (K) — W,(K) require the statement on Witt Cancellation proved in
Theorem 1.8.

(iii) This is clear from Lemma 1.5.

(iv)-(vii) are clear. O

1.10 Lemma. (Scalar Extension and Tensor Product of Trace Forms)
Let L/K be an algebraic field extension and let M /K be a finite separable field
extension, both contained in a separable closure K. Let oy, ...,0, € Homg (M, K)
be representatives for the different orbits under Gp-action by left translation. Let
(W, W) be an r-form over M. For o € Homg(M,K), let LoM C K denote
the composite field containing L and o M and let (W Qqp Lo M, W ,0r) denote the
r-form over Lo M defined by Vi o0 (w1 @1, ..., w,Qz,) =[], 2p-0V(wy, ..., w,)
for wy € W, x, € LoM (note that for m € M,w € W,z € LoM we have
mwr=w®omz in W Quy LoM, so that (W Quepr LoM, Y ,0) is a well
defined r-form over LoM ).

(i) There is an isomorphism of K-algebras

LoxM = @®LoM
=1

l@m +— (loym); .

14



The orbit decomposition of Homy (M, K) under Gp-action is given by
Homg (M, K) = |J Homp(Lo;M, K) 0; .
i=1

(ii) There is an isomorphism of r-forms over L

s

(W @k L, (trayx¥)) — D (W Ro,m L oM, trLaiM/L(\IJLUM»

=1

Wkl = (W®puml)i

In particular, for c € M* we have

(M, tTM/K<C>'I’) ®K L &= @(L O'Z‘M, tI‘LJiM/L<O'iC>7«> .

=1

(iii) Let L/K be finite separable, and let (V,0) be an r-form over L. Then there
s an isomorphism of r-forms over K

(Vi tr,x©) @k (W, tryP) =

S

D (VRLLoM)®Lom(W e L oiM), trp ek (OLo @ Vo))

=1
vRw i (v®L 1) Qpo,m (W g 1))iz1,. s

In particular, for b € L* and ¢ € M* we have

s

(L tro (b)) @1 (M, trypuc)r) = @(L oM, triq,nmx(boic),) -

i=1

Proof: (i) Let a € M be a primitive element for M/K and let f € Klz]| be
its minimal polynomial. Then f = [[ (z — oa), where the product runs over
o € Homg(M, K) and the orbit decomposition under G-action gives the de-
composition f = fi--- fs to irreducible elements in L[z]. We have an isomor-
phism of K-algebras L & M = L ey K[z)/(f) = L{)/(f) = Lis)/(fi- f.),
and since f is separable, the Chinese Remainder Theorem gives a decomposition
Lix]/(fi--- fs) =D, Llz]/(fi) = D, L(g;a) =@, Lo, M. Forl € L and m € M,
we have [®1 +— (I,...,1), 1®@m — (o1m,...,csm) under this isomorphism. Hence
leam=(1I®1)(1®m)w— (loym,...,losm). We have seen that the set of linear
factors of f; is bijective both to the orbit of o; and to the set Homy (L o;M, K)
and these bijections give the formula for the orbit decomposition.

(ii) Clearly our map is L-linear, and next we will show that it is a morphism of
r-forms. From (i) we know try,« = Y, trro,m/1 04, hence for wy, ..., w, € W and
ly,...,l, € L we have

15



(traw V) (w1 @ by, wr ® 1) = H l; - trM/K‘I’(wh W)
= Hll . ZtILgiM/L(O'i\IJ(wl, Ce ,w,,)) = ZtrLUiM/L(H ll . O‘i\If(’wl, Ce ,wr))
= ZtrLa'iM/L<\I]LUiM)(w1 X ll, v, Wy X lr> .

It remains to show that our map is bijective. It is injective, since it is a morphism
of regular r-forms and from (i) we know that [M : K] = > .[Lo;M : L]. Hence

dimp (W @ L) = dimg (W) = dimy (W) - [M : K] = dimy (W) - Y [Lo:M : L]

7

= ZdingiM(W Qg LoyM) - [Lo;M = L] = dimL(@W Qg,n Loy M),

which proves that it is surjective.
(iii) We proceed as in (ii): Our map is K-linear, and since tryx = Y. tTro,m/1 03,
we have

try k(1) -ty (m) = try (1 tryx(m))
= tI‘L/K(l . ZtrLoiM/L(O-im)) = ZtrLaiM/K(l O’im)
forl € L and m € M. Then for vy,...,v, € V, wy,...,w, € W we have

(try, kO @ try V) (v1 @ wy, ..., w1 @ w,)
= try,kO(v1, ..., ) - oy Y(wy, ..., w,)
= ZtrLOiM/K((—)(U17 . ,UT) : ai\I!(wl, c. ,wr))

= ZtrLaiM/K(@LaiM(Ul ®L...,001) Vigyw @1,...,w®1))
= ZterM/K@LUiM QUrem(1®@1) @ (w®1),...,(0,®1)® (v, ®1)) .

This shows that our map is a morphism of r-forms. Bijectivity follows with the
same argument as in (ii). O
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2 Multilinear and Homogeneous r-forms

Over a field of characteristic # 2, bilinear forms correspond to quadratic forms,
i.e. to homogeneous polynomials of degree 2. In this section, we will examine
the analogous correspondence between symmetric multilinear r-forms and homo-
geneous polynomial of degree r. Keep in mind the previous assumption that 7! is
invertible in K.

The following notation will be used for writing homogeneous polynomials of
degree r in n variables. For n € N, let I(r,n) C N" be the set of non-negative
n-tuples v = (v4,...,v,) such that vy +--- + v, = r. For v € I(r,n) we
write (1) = yl!_’_’.!yn! and z¥ := z* - 2% € Klxy,...,x,]. Using this notation,
any homogeneous polynomial of degree r in n variables over K has the form
flz1,...,x,) = > a,x” with coefficients a, € K(v € I(r,n)). We say that

vel(rn)
f,9 € K[xy,...,x,] are isomorphic if there is ¢ € GL, (K) such that f(x) = g(pzx).

2.1 Lemma. (Multilinear and Homogeneous r-Forms)
Let V' be a K-vector space and let {vq,...,v,} be a K-basis of V.. For an r-form
(V,©) on V, let f = fo € K|x1,...,x,] be defined by

[, zn) = 08w, ... Bixiv;).

Then f is a homogeneous polynomial of degree r and the map © — fgo gives a
bijection between isomorphism classes of r-forms over K and isomorphisms of ho-
mogeneous polynomials of degree r in n variables. In particular, an r-form (V,0)
is determined by its values O (v, ... ,v) forv e V.

Proof: Let f € K|xy,...,z,] be homogeneous of degree r. Since r! is invertible

in K, we can write f(z) =3, c7q.n (")a,z” with a, € K. Now there is a unique

r-form © on V satisfying ©(vy,...,v1,...,0s,...,0,) :=a, for v € I(r,n) and one
——— S——

Un,

vy
checks f = fg. Clearly, this correspondence respects isomorphism classes. 0

With the identification from the Lemma, we may switch between the view-
points of multilinear r-forms and homogeneous polynomials of degree r over K,
which we shall call homogenous r-forms for convenience. We shall simply speak of
r-forms, if there is no ambiguity.

Let (V,©) be a multilinear r-form, let {v;} be a basis, and let the homogeneous

r-form f be given as in the Lemma. We denote this correspondence by © togn) f.
We say that the multilinear r-form (V,0) is non-singular if the corresponding
homogeneous r-form f is non-singular, meaning that the projective hypersurface
described by f in non-singular.
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2.2 Lemma. (Homogeneous r-forms and k-Regularity)

Let (V,0) be an r-form over K, let {vy,...,v,} be a K-basis of V and let

f e Klzy,...,x,| such that@ﬁgf.

(i) Let 1 < k < r. Then Own, o) e 2 () for 1 <i; <n.

7!
(r—k)! O0xiq -0y,

(ii) We say that x € K" is a k-fold zero of f if all k-fold partial derivatives of f
vanish at x. (V,0) is (r — k)-regular if and only if the only k-fold zero of f
is x = 0. In particular, © is non-singular if and only if it is (r — 1)-regular
over the separable closure K.

Proof: (i) For zy,...,z,,y € K, the correspondence © &l f gives

[y, xj4y, .o m) — [, x) =y - rO(v;, Sizvg, .. D) + y2(0 ).

Hence the differential quotient yields 22 ( f) RN O(v;)- This proves (i) for k =1
J

and one proceeds by induction on k.

(ii) By (i), a k-fold zero x of f corresponds to a vector v = Y;x;v; € V with

v) = 0, where v occurs r — k times, and vice versa. O

.....

2.3 Lemma. (Homogeneous r-Forms and Tensor Product)

Let (V,©) and (W, ¥) be r-forms over K with bases {v1,...,v,} and {wy, ..., wy}.
Let I(r,nxm) be the set of (nxm)-tuples of weight r. For A\=(\;;) € I(r,nxm), let
YiXej € I(r,n) and X;N\ie € I(r,m) denote the sum of columns (rows respectively)

of \. Let f € Klxy,...,x,| such that © duil, f, let g € K[xy,...,x,] such that

v Lol g, and let f @ g € K|[x11,...,Znm]| such that © @ ¥ i f®g. Assume

that f(z1,...,2,) = Y. (D)aya” and that g(z1,...,2,) = > (;)b“x“ with

vel(r,n) nel(r,m)
coefficients a,,b, € K. Then
(fegl)= X (asrmnbergr™
AeI(r,nxm)

Proof: In Lemma 2.1, we saw that the coefficients of f and g are given by

/

a, =01, ..., V1, Unye e, U) bM:\II(EUI,...,wL...,ym,...,wm)
N—— ~~ ~
Vi Un H1 Hm

for v € I(r,n) and p € I(r,m). Writing f ® g = Excrrnxm) (;)chA we have

c,\:@®\If(v1®w1,...,v1®w£,...,vn®wm,...,vn®w7@)
TV TV

A1 Anm

:@(2}1,...,vl,...,zjn,...,v@)-\11(301,...,w;,...,wm,...,wm)
—_——

Zj)\lj Ej)\nj il YiXim

= a(szoj)b(Ei)\io)'
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2.4 Lemma. (Tensor Product and k-Regularity)
Let (V,0), (W, ¥) be r-forms over K.

(i) Let 1 <k <r—1. If©® KV is k-regular, then both © and V¥ are k-reqular.
(ii) If © and ¥ are regular, then © @k ¥ is regular.

(11i) Fork > 1, the tensor product of k-reqular r-forms is not k-regular in general.

Proof: (i) Let 0 # v € V with O, ) = 0. Then (0 ® V)uguw,...vew) = 0 for all
weW.

(ii) Assume that VU is regular, and that © @V is not. Let {v;} and {w,} be K-bases
for V-and W and choose 0 # u =}, ;u;; v; ® w; such that (0 ® ¥)(,) = 0. Then
for all is, j2,..., 1., j» we have

0=06 (%9 \II(U,UiZ & Wiyy -+« -5 Vg, & ij) = Zuij@(vi, Vjgy e ,Uu)‘l’(’wj, Wiy s - - - ,U)jr).
1,J

Fori=1,...,n, let u; := Zj ujw; € W,ie uw= > v; ®u;. Choose k such that
uy # 0. Since V¥ is regular, there exist jo, . .., j, such that 0 # U(u, wj,, ..., w; ) =
> uk U (wy, wyy, ... wy,). For o =1,... 0, let y; :== W(u;, wy,, ..., w;,) € K and
let y = y(j2,...,Jr) == > ;yiv; € V. Since y, # 0, we have y # 0. But for all
i9,...,1, we have

@(y7 Uigy+ -+ Uir) :Z yi\Ij<Ui7 Vjgs v+ - 7Uir)
3
:Z uij@<vi7 ’UZ'Q, Ce ,UiT)\I](’LUj, ’LUjQ, ce ,’w]'r) :O
17-7
This shows that © is not regular.
(iii) We provide an example: The polynomials a} + z125 ' 4 x5 are non-

singular. Using the notation of the previous Lemma with the standard basis in
K2, one checks that

(@] + 2125 + (1) 21257 ® (2] + 2125 +202y)
=27 +analyt +anatyt Faepalt + (=) g al !
o (enahy !t +rnahy + (=1 enagt + (1) el
+ = (@ ahy |+ wpamaly ' + (—1) zsaahy + (1) wswsaly ).

This r-form has a singularity at T11 — 12 = X13 — T91 — X9 — 31 — I33 — 0,
To3 = 17ZL'32 = —1. O
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3 The Center of r-Forms, Separable r-Forms
3.1 Definition. (The Center of an r-Form)
Let r > 3 and let (V,0) be an r-form over K. We define

Cent(©) = Centx (V,0) := {¢ € Endg (V) | Opu0) = Oupv) for all u,v € V'}.
3.2 Lemma. Let r > 3 and let (V,0) and (W, V) be r-forms over K.

(i) Cent(O) is a commutative K -algebra.

(ii) The r-form (V,0) is indecomposable if and only if Cent(©) is an irreducible

algebra.
(117) Cent(© @k V) = Cent(0) ®x Cent (V).
() Let L/K be a field extension. Then Centr,(V &gk L, ©r) = Centg(V,0)Rxk L.

(v) Let L/K be a finite field extension, let (U, ®) be an r-form over L and let
0#t € Homg (L, K). Then Centg (U, t®) = Centr (U, D).
(vi) Let {vi,...,v,} be a K-basis of V and let f € Klzy,...,z,] be given by

o L f. Then Cent(0) = {M € M, (K) | M*J = JM}, where J = (69?1'23];3')

1s the Hesse matrix for f.

Proof: (i) We need to show that multiplication in Cent(©) is commutative and
that Cent(©) is closed under multiplication. Let ¢, 7 € Cent(©), and let u, v, w €
V. Then @(gm'u,v,w) = G(Tu,gov,w) = @(u,cpvﬂ-w) = @(gou,v,‘rw) = G(Tgou,v,w)- Hence
©T = T, since O is regular. Now O (,ru0) = O(ru,po0) = Ourer) = O(u,prv), 50 that
o1 € Cent(0).

(ii) A decomposition of r-forms clearly induces a decomposition of the center.
Hence, let Cent(©) be decomposable. Then there is a non-trivial idempotent
element f € Cent(©) and one checks that V' = imf @ kerf is a direct sum of
r-forms and (V, ©) is decomposable.

(iii) The inclusion “D” is clear, hence we need to show “C”. Choose a K-basis
fi,..., fs of Centg(©) (g1, ..., g of Cent(¥)) and extend it to a K-basis fi,..., f,
of Endg (V) (g1, .., gm of Endg(WV)).

Let k € Centgx(© ® W) Then k has the form k = >, a;;fi ® g; with a;; € K
(1<i<n,1<j<m). Foruv,...,v. €V, let

hi = hi(vr,. .o o) i= 37 5 ai; O(fi(vr), v, ..., vp) g5 € End(W),
) =2 @i O(vr, fi(ve), v, ..., vr) g; € End(W).
Then for wy, ..., w, € W we have
U (hy(wy),ws, ..., w,)
= Z” ai;O(fi(v1), vz, ..., vr)U(gj(w1), wa, ..., wy)
=0 V(k(vy ®wy),va @ Wy, ..., v, @ w,)
=0 V(v ®wy, k(vy @ ws),v3 @ ws, ..., w,)

= \Il(wl, hg(wg),wg, PN ,wr).

hg = hg(Ul,...,UT
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In other words, V(4 uw; ws) = Y (w haws)- LhUs,

\Ij(hml,wz,wg) = \Ij(h1w1,w3,w2) - \I/(whhzws,wz) - \I/(wz,hzw3,w1) - \Il(h1wz7w3,w1) = \I/(wl,h1w27w3)7

and therefore hy € Cent(V). Now hy = X;0(3;a,fi(vl),va,...,v,)g; and by
the choice of the basis {g;} we have ©(X;a;; f;(vl),vs,...,v,) = 0 for j > ¢ and
vi,...,v, € V. Since O is regular, this implies ¥;a,; f; = 0 for j > ¢ and therefore
a;j = 0 for j > t. Similarly one shows a;; = 0 for ¢ > s, which finishes the proof.
(iv) Again, “D” is clear, and we need to show “C”. Let k € Cent(©,). Then k has
the form k= )" | fi ® s; with f; € Endg(V),s; € L. Let Iy,..., 1, be a K-basis
for the K-submodule in L generated by si,. .., s,, and let k = >, - a;;(f; ®1;) with
a; € K. For j =1,....mlet kj := 3", a;;f; € End(V), so that k = > k; ® ;.
For vq,...,v. € V, we have

Zl] @(k](vl)a V2, ... 7’U7") = G)L(k(vl)a V2, ... 77]7")
j
= Or(v1, k(v2),v3...,0,) Z l; ©(v1, kj(v2), vs, ...y ).
j

For j = 1,...,m, this implies O(k;(v1),v2,...,v,) = O(v1,k;(vs),vs,...,0v,) by
comparing the coefficient for ;. Hence k; € Cent(©) for j = 1,...,m, and there-
fore k =3, k; ®l; € Cent(0) @k L.

(v) Again, “D” is clear, and we need to show “C”. Let f € Centy (t W) C Endg (V).
First we will show that f is L-linear. For vy,...,v, € V and b,c € L we have

tcU(f(bv),ve,...,v.)) =tV (f(bvy),va,...,cv.) =tV (bvy, f(va),...,cuv)
=tV (vq, f(v2),...,bcv,) = tW(f(v1),v2,...,bcv.) = t(cU(bf(v1),v2,...,0.)),

and therefore O(f(bvy),va,...,v,) = O(bf(v1),va,...,v,) since t is non-trivial.
Since V¥ is regular, this implies that f is L-linear and a similar argument shows
f € Centr (V).

(vi) Let ¢ € Endg(V), and let M € M, (K) represent ¢ in the basis {v;}. By

Lemma 2.2(1), we have O gy, o) = 3, My, 0y b 3, Myiy, = (JM),; and
analogously Oy, wu;) L, (M*'J);;. Hence ¢ € Cent(©) if and only if M*'J = JM.

O

Remark. For r = 2, Definition 3.1 does not give a K-algebra: Let z € K,
x # 1,0, and consider the quadratic form (1,z);. Then (ég) and (gg) are in the
center, but their product is not.

Example. Let » > 3, and consider the r-form 2" + 2" ~!y. Using Lemma 3.2,
one checks that its center is isomorphic to the irreducible K-algebra Kx]/(z?).
In particular, this shows that indecomposable r-forms of dimension > 1 exist over
any field, in contrast to the situation in degree 2.
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The following Lemma is cited from ([24], Chap. 1, Prop. 3.1):

3.3 Lemma. For a finite-dimensional commutative K-algebra A, the following
conditions are equivalent:

(i) The Jacobson radical of A @y K is zero.
(ii) A ®x K is isomorphic to a finite product of copies of K.
(11i) A is isomorphic to a finite product of separable field extensions of K.

(i) The trace pairing A x A — K, (a,b) — try«(ab) is non-degenerate. O

3.4 Definition. A K-algebra is called separable if it satisfies the conditions in
Lemma 3.5.

The following Lemma is a collection of statements from [§]:

3.5 Lemma. Let A and B be K-algebras and let L be a field extension of K. Let
A ®k B denote the K-algebra with product given by (a @ b)(a’ @ V') = aa’ @ bY'.

(i) A®g B is separable over K if and only if A and B are separable over K.
(i) A®pg L is separable over L if and only if A is separable over K

(iii) Let A be an L-algebra which is separable over K. Then A is separable over L.

Proof: (i) follows from ([8], Chap. 2, Prop. 1.6 and Cor. 1.9).
(ii) follows from (loc. cit., Corollaries 1.7 and 1.10).
(iii) is found in (loc. cit., Prop. 1.12). O

3.6 Lemma.

(i) Let (V,©) be 2-reqular over K. Then Cent(V,©) is a reduced ring. Further-
more, if V is 2-reqular over K, then Cent(©) is a separable K -algebra.

(i) If L := Cent(V,0) is a reduced ring, then [L : K] < dimg (V).

(111) If L := Cent(V, ©) be a field, such that [L : K| > dimg (V). Then there is an
isomorphism of r-forms (V,0©) = (L,t(1),) for a non-zero t € Homg (L, K).
If L/K is separable, then (V,0) = (L, tr, x(b),) for some b € L*.

Proof: (i) Let 0 # t € Cent(©) such that ¢* = 0, and choose v € V with ¢(v) # 0.
Then O y,1) = O20,0) = 0, in contradiction to the assumption that © is 2-regular.
This shows that Cent(©) has zero nil radical. If V' is 2-regular over K, then the
same argument shows that Cent(0) ® K has zero nil radical, hence it is separable
by Lemma 3.3.
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(ii) L is an artinian reduced K-algebra, hence it is isomorphic to a finite product
of finite field extensions of K. By Lemma 3.2(ii), we may therefore assume that
L is a field. V is an L-vector space, and counting dimensions one checks that
dimg (V) =[L: K| -dim,(V) > [L: K].

(iii) By (ii), we have [L : K] = dimg(V). Choose 0 # v € V and define maps
f:L—=V f(l):=lwandt: L — K,t(l) :=06(v,v,...,v). Clearly t is K-linear,
f is an isomorphism of K-vector spaces and for [y, ...,l. € L we have

O(f(ly), ..., f(1.) = O, ..., L) = O - Lv,v,...,v) =t(ly 1)

Hence f : (L,t(1),) — (V,0) is an isomorphism of r-forms over K. Now let L
be separable. By Lemma 3.3(iv), the trace pairing induces an isomorphism of

K-vector spaces L — Homg (L, K). Hence we have t(1), = try(b), for some
be L. U

3.7 Definition. An r-form (V,0) over K is called separable if Centyg (V) is a
separable K -algebra and dimg (V') < dimg (Centg(V)).

3.8 Lemma. (Separable r-Forms)
Let r > 3 and let (V,0) and (W, V) be r-forms over K.

(1) If (V,©) is separable, then dimg (V) = dimg (Centg (V)).

(i) Let (V,0) be indecomposable. Then (V,0©) is separable over K if and only
if there is a finite separable field extension L/K and b € L* such that
(V,0) = (L, try x(b),). Two indecomposable separable r-forms (L, tr, (b))
and (M, try«(c),) over K are isomorphic if and only if there is a K-linear
isomorphism of fields ¢ : L = M such that o(b) = ¢ mod M*".

(iii) (V,0) @ (W, W) is separable if and only if (V,0) and (W, ¥) are separable.
(iv) (V,0)® (W, V) is separable if and only if (V,©) and (W, V) are separable.

(v) Let L/K be a field extension. (V,0) is separable over K if and only if
(V @k L,0Oy) is separable over L. In particular, (V,0) is separable over K
if and only if (V,0)g is isomorphic to the Fermat form (K™, (1,...,1),) of
the same dimension over K.

(vi) Let L/K be a finite field extension, let (U, ®) be an r-form over L and let
t € Homg (L, K) such that t(U,®) is separable over K. Then (U, ®) is
separable over L.

Proof: (i) This is clear from Lemma 3.6(ii).
(ii) The first part follows from Lemma 3.6(iii). Let L and M be finite separable
field extensions of K, let b € L*, ¢ € M* and let g : (L, try (b)) — (M, try,x(c),)
be an isomorphism of r-forms over K. Then
trasc(eg(ly) -+ g(lr)) = trop(bly - - 1r)
= try(b- 1 hily Iy lp) = tru(eg(1)g(hilz)g(ls) -+ g(lr))
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for ly,...,l, € L and therefore g(1)g(l1ls) = g(l1)g(l2) by Lemma 3.3(iv). We
define e := g(1) and ¢ : L — M,l — e"*g(l). Then ¢ is a morphism of rings and
hence an isomorphism of fields, since dimg (L) = dimg(M). Then we have

trayic(ce”o(l) -+ o(lr)) = trauc(cg(la) - (1))
= tl”L/K(bll T lr) = trM/K(gb(b)gb(h) T ¢(lr>>7

and therefore ¢(b) = ce”. The reverse implication is clear.

(iii) A sum of separable r-forms is obviously separable. Let (V,©) be a separable
r-form and let (V,0) = >".(V;,0;) be its decomposition into indecomposable r-
forms. Then Cent(©) = @, Cent(©;) and each Cent(0;) is a separable field exten-
sion of K by Lemmas 3.2(ii) and 3.3(iii). By hypothesis, we have . dimg(V;) =
dimg (V) < dimg(Cent(©)) = . dimg(Cent(0;)), and by Lemma 3.6(ii), we
have dimg (V;) > dimg (Cent(0;)) for each i. Hence dimg(V;) = dimg (Cent(0;)),
and (V;, ©;) is separable over K for each i.

(iv) By Lemma 3.3(i), the algebra Cent(©) @ Cent (V) is separable over K if and
only if Cent(©) and Cent(¥) are separable over K. Hence the tensor product of
separable r-forms is obviously separable. Now let (V, ©)® (W, ¥) be separable over
K. Then we have dimg (Cent(V)) - dimg (Cent(V)) = dimg (V) - dimg (W). Since
Cent(0) ® Cent(¥) = Cent(O© ® V) is separable over K, we know that Cent(©)
and Cent (W) are both separable over K and therefore dimg (Cent(0)) < dimg(V),
dimg (Cent(V)) < dimg (W) by Lemma 3.6(ii). Hence we have equality of dimen-
sions, hence (V,0) and (W, ¥) are separable over K. (v) follows from Lemmas
3.2(iv) and 3.5(ii). Remark: The scalar extension of an indecomposable separable
r-form was explicitly computed in Lemma 1.10(iii).

(vi) follows from Lemmas 3.2(v) and 3.5(iii). O

From the lemma, we get
3.9 Theorem. (The Ring of Separable r-Forms) )
The set of separable r-forms is a subring WP(K) C W,.(K). WP(K) is the

union, of the images of the trace maps tr, . - WP (L) — W,(K), where L/K runs
over all finite separable field extensions of K.
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4 Cohomological Classification
of Separable r-Forms

In the case of quadratic forms, there is an interpretation of the determinant in
terms of Galois cohomology, which is given as follows:

Let (V,b) be a quadratic form of dimension n over K. Since every quadratic
form is diagonal, there is an isomorphism (V,b)z = (K™, (1,...,1)3) of quadratic
forms over the separable closure K. The automorphism group of the quadratic
form (K™, (1,...,1),) is the orthogonal group O,. By Weil descent, this gives a
bijection between the set of isomorphism classes of quadratic forms of dimension n
over K and the cohomology set H'(K,O,). Note that O, is not an abelian group,
so that we are dealing with non-abelian Galois cohomology, and H! is not a group,
but a pointed set. For a detailed exposition on non-abelian group cohomology, the
reader may refer to ([29], Chap. I, §5).

For n € N, the determinant morphism det : O,, — pus induces a coho-
mology map det : HY(K,0,) — H'Y(K,py). Identifying quadratic forms with
the elements of cohomology sets H' (K, py) via Weil descent and H'(K, up) with
K*/K*? via the Kummer isomorphism, this map coincides with the determinant

det : W(K) — K*/K*? (cf. [21], §2.4).

We want to apply this technique to r-forms, so we shall recall how the bijections
obtained by Weil descent are explicitly given. The following Lemma is cited from
([30], Chap. X, Prop. 2.4):

4.1 Lemma. (Weil Descent)

Let L) K be a Galois field extension and let W € W,(L) be an r-form over L. Let
E(L/K,¥) be the set of r-forms over K which become isomorphic to ¥ over L.
For © € E(L/K, W), let f: O = U be an isomorphism over L. Then the map
a=a(®): G(L/K) — Auty (V) given by s — a, := f *f~ is a I-cocycle and the
assignment © — a induces a bijection

BE(L/K, W)  H'(L/K, Aut,(¥)).

We introduce some notation: Let n € N, and let A be a set. We write the
elements of the n-fold direct sum A®™ as vectors X;a,e; with a; € A. The left action
of the n-th symmetric group S, is denoted by 7(X;a;¢;) := ¥;a,e,; for o € S,, and
Ziaiei € A%,

4.2 Definition. Let A be a group. The wreath product S, [ A of S, with A
is defined as the set S, x A®™ with the semidirect product, which is defined as
(0,a) - (1,0) = (07,a°b) for o,7 € S,, and a,b € A®".

We have a short exact sequence of groups

1 A®n Sp[AZ~ S, —=1 (1)
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with a natural splitting given by ¢ — (o, 1). In the case that A C R* is a subgroup
of the multiplicative group of some ring R, we identify 5, [ A with a subgroup of
GL,(R) by the embedding

Sn A — GL,(R),

(0, Siae;) (51',03' Gi)i,j-
where 9, ; is the Kronecker symbol.

Now let G be a group and let A be a multiplicative G-group. The follow-
ing notations are taken from Serre’s exposition on non-abelian group cohomology
n ([29], Chap. I, §5): Consider S, as a G-group with trivial G-action, and let
p € Hom(G, S,) be a 1-cocycle. Then p induces a twisted G-action on A®" by
S (Xiaie;) = Siaze,,; (cf. [29], Chap. 1, §5.3). This G-module is denoted by ,(A®™).
We get a short exact sequence of twisted G-groups

I — p(A@n) - p(San) - p(Sn) —1,

where ,(S,) is the set S,, with G-action given by “o = pop; ! for s € G, 0 € S,,.
The cocycle p € Hom(G, S,,) describes a G-action on the set {1,...,n}. Let
n = Xng be the orbit decomposition under this action. This induces decomposi-
tions p = @, pr and ,(A%") = P, ,.(A%™) with p, € Hom(G, S, ). We say that
p is transitive if it describes a transitive G-action on the set of n elements, i.e. if
k =1 in the above notation.

The following lemma gives a classification of separable K-algebras by Galois
cohomology with values in the symmetric group:

4.3 Lemma. Let G := G(K/K) be the absolute Galois group of the field K,
and let S,, be the trivial G-module. Then there is a bijection between the coho-
mology set H'(K,S,) and the set of equivalence classes of separable K -algebras
of dimension n modulo K-algebra-isomorphism, given as follows: For a transi-
tive cocycle p € Hom(G, S,), let L(p) C K be the field fived by the stabilisator of
some point in {1,...,n}. For arbitrary p with orbit decomposition p = @@, pi let
L(p) = @, L(pr). The inverse map is given by assigning a separable field exten-
sion L/ K of dimension n to the cocycle corresponding to the action of G on the

set G /Gp.

Proof: This can be seen as an application of Weil Descent in a more general setting
that the one given in Lemma 4.1. In this situation, however, one may simply check
that the given maps are inverse bijections. 0

4.4 Lemma. LetV be an indecomposable r-form over K. Then Vg = W&--- W

with an indecomposable r-form W over K. V is separable if and only if W is
1-dimensional over K.
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Proof: Let Vi = @;:1 ‘N/j@mj be the decomposition into pairwise inequivalent inde-
composable r-forms V; over K. By Lemma 4.1, Aut(Vz) = @ i Aut(V) induces
a decomposition V' = @;:1 V; of r-forms over K . But V is indecomposable, hence
s =1.

Remark: In the special case that (V,©) is separable, this was already proved in
Lemma 3.8(ii). O

4.5 Lemma. Letr > 3 and let (V,0) be an indecomposable r-space over K. Then
Aut (Ve 0%9") = S, [Aut (V,0) .

In particular, the automorphism group of a diagonal r-form of dimension n over
K is the wreath product S, [ ;.

Proof: Let A € Aut(V®" 09"). Write V" = Ve; @ --- @ Ve, and assume that
A=3;Aij with A;; € Hom(Ve;, Ve;) = End(V). We will show that for every
j€{l,...,n} there is k = k(j) € {1,...,n} such that A;; = 0 for ¢ # k. Since
A is an automorphism, this implies that j — k(j) is a permutation and that
Ay € Aut(V) for j =1,...,n. Then A =", 6 xi)Aip-—13) € S [Aut(V). Let
j€{l,...,n} and choose k € {1,...,n} with Ag; # 0. For i # k we have

O(Ag;V, Ai;V,V,...,V)

= O0%"(A(Ver), A(Ve;), Vey, ..., Ve;)

C O (A(Vey), A(Vey), A(VE™), ..., A(VE"))

= 0% (Vey, Ve, Vo .. Vo) = 0.
If Ay; is invertible, then A;; = 0 since © is regular. Assume Ay; is not invertible
and let V' := im(Ay;), V" = @, im(4;;). Then the restriction of A gives an
isomorphism of r-forms

(V,0) = (Ve;, 0 |ye;) = (V!, 0% |y) & (V", 0% |yn) .
This contradicts the assumption that (V,©) is indecomposable. 0
For A € GL,(K), B € GL,(K), let

CL11B cee CblnB
) € GLuyn(K) A0 B = | | e a0,
amB - auB

A0

A@B::(O B

Together with the inclusions S, [y, C GL,(K), this addition and multiplication

induce the structure of a semiring on the set |J H'(K, S, [ ). For this we have
neN

4.6 Theorem. Descent gives an isomorphism of semirings
W) 5 ) HY(K, Su [ ).
neN

Proof: Immediate from the previous lemmas. 0
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4.7 Lemma. Let (L, tr,(b),) be an indecomposable separable r-form of degree
n over K. Letty,...,t, € Gk be a set of representatives for Gi /G and choose
B € K with 3" =b. Let p € Hom(Gx, S,) such that st; € t,.Gr, for s € Gk and
i=1,...,n, or equivalently, such that p corresponds to L/K wunder the bijection
in Lemma 4.3. Then the image of (L, tr, (b)) under the bijection in Lemma 4.6
18 given by the cocycle

GKHSnfMT ) S'_><psvz%ei)'
psti

Proof: Let I1,...,l, be a basis of L/K. By Lemma 1.10(ii), there is an isomor-
phism of r-forms over K

<L7trL/K<b>T>I_( :) (Rn7<1a"'71>1“)7

Let B := (;(0l;)) be its coordinate matrix in the K-basis Iy ® 1,...,1, ® 1 of
L ® K and the standard basis of K™. By Lemma 4.1, we need to compute the
cocycle s — B *B~1:

n

S — S — - Bi,l/ S S -
(B*B™Y)ij= > Bin (B )y =3 g B,-,, B )

v=1 v=1 ps v
_ n t:(Bl) _1 - t:(8) n B
= 2wt Poto (B0 = 5.5y (2 Bortis (B i)

N 71 (5)) o
- stp,li(ﬁ) L,Ps]

O

4.8 Theorem. Via the identifications in Lemma 4.3 and Theorem 4.6, the sur-
jective map

Cent : U HY(K, S, [ j,) — U HY(K,S,)

nelN neN

induced by the projections S, [ u, — S, is the map associating to an r-form its
center.

Proof: The projection splits, hence the center map is surjective. From Lemma 3.8,
we know that every indecomposable r-form over K with center L is isomorphic
to (L,try,x(b),) for some b € L*. Lemma 4.7 shows that the cocycle given by
projection to S, is just the one describing L. U

In order to classify separable r-forms using Galois cohomology, we need to
compute Galois cohomology of ,(S,) and ,(u"), where Galois action is twisted
by a cocycle p € Hom(Gf, S,,). On the wreath product S, [ p, this action is given
as ¥ (o, Sosaier) = (psopyt, > Saze,,) for s € Gk, 0 € Sy, a; € p1, and actions on
S, and p$™ are given by projection from this.
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4.9 Lemma. (Hilbert 90)
Let M/K be a Galois extension, and let p € Hom(Gk,S,). Then we have
HY Gy, p(M77)) = 1.

Proof: Using direct sum decomposition, we may assume that p is transitive. First,
let M /K be finite. Write G = G /. As in the classical proof (cf. [30], Chap. X, §1,
Prop. 2) it suffices to show that, given a cocycle s — ay, there exists ¢ € M*®™ such
that the Poincaré sum b := > . as® ¢ € M*®" is invertible. Let a, = > (as)ieq,
c = ,ce, b= > be with (as);,¢;,b; € M*. We have to find ¢ such that
bi =) .(as)i’c,-1; # 0 for i = 1,...,n. By linear independence of characters, we
may choose ¢; € M* such that by = ) (as)1°c; # 0 and let ¢ = -+ = ¢, = c.
We will show that this implies b; # 0 for ¢ = 2,...,n. Since p is transitive, there
exists t € G such that ¢ = p;1. The cocycle condition for ays with respect to
the twisted G-action gives (as)i = (ar)i’(as),-1; = (@)i'(as)1 for s € G. Hence
by = > (as)ifer = > (as)i®c1 = > (ar)i'(as)1cr = (ap);" by # 0. For an infinite
extension, take the direct limit over its finite subextensions. [

4.10 Lemma. Let p € Hom(Gg, S,) be transitive and let L/ K be the correspond-
ing field extension. Then

(i) H(G e, o(K*°")) = L*.
(it) HY(G,p(p")) = L* /L™
(iii) H°(Gk, ,(Sn)) = Autg (L)°PP, the opposite group.

Proof: Let t,...,t, € Gk be representatives for Gx/Gr. For s € Gk let
5 € Hom(L, K) be the restriction to L. The groups Gg and S, both act on
Hom(L, K) = {t1,...,t,} and p is given by st; = {, ;. Assume furthermore that
ti =1¢€ Gg.

(i) Clearly, the map L* — H°(G, ,(K*®")) given by [ — >".t;(I)e; is injective.
Let a = >, ae; € H(Gg, ,(K*®")). Then *a = a for all s € Gy, hence a; € L*,
For i = 1,...,n we have )'a = a, hence a; = t;(a;). Thus, a = Y, t;(a)e;, hence
our map is surjective.

(ii) Like in the classical proof for H' (K, u,) = K*/K*", we write down the co-
homology sequence for 0 — ,(uP™) — ,(K*®") — ,(K*®") — 0 and use (i) and
Hilbert 90.

(iii) For s € Gk and ¢ € S, we have *o = p,op;', so the fixed group consists
of those permutations which commute with the action of Gy on Homg (L, K).
The action of Autg (L) on Homg (L, K) by right translation gives an embedding
Autg(L)°PP — H°(Gk,,(S,)). In order to prove surjectivity of this map, let
o € H'(Gk, ,(S,)). Then 5(“ ¢;) = 7(*t1) = ° ¢; for all s € G, which shows that
7t = t,1 € Autg(L). Furthermore, we have 7 ¢; = 7(* t;) = (7 ¢;) = {;t, for all
1 =1,...,n, which shows that ¢ is given by right translation with ¢,;. 0
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4.11 Lemma. Let L/K be a finite separable field extension. Then the isomor-
phism classes of r-forms with center isomorphic to L correspond bijectively to the
orbits in L*/L*" under the action of Auty(L).

Proof: This follows from Theorem 4.8, Lemma 4.10, and ([29], Chap. 1, §5.5, Cor. 2
to Prop. 39). O

Remark. We have given a new proof for the classification of separable r-forms
in Lemma 3.8(ii).

Now we want to use the cohomological classification for separable r-forms to
define first degree cohomological invariants. For this purpose, we study group
homomorphism on the wreath product:

4.12 Definition. Let M, (K) denote the space of n X n-matrices over the field K .
The permanent per : M,,(K) — K is defined by the modified Leibniz Formula

per(a;;) == > 1 aio;-

oSy i=1

In particular, for a = (o, (aq,...,a,)) € Sy [ iy, we have per(a) = [ ;.
i=1

4.13 Lemma. Let r,n > 0. Then
Hom(S,, [ pr, K*) = Z/(r) x Z/(2),

where 7,/(r) is generated by the permanent per : Sy, [ . — p-, and 7/(2) is gen-
erated by the sign sgn : Sy [ ftr — Sp 2 1.

Proof: From the short exact sequence (1), we obtain the exact sequence of first
terms

0 — Hom(S,,, K*) === Hom(S, [ y,, K*) — Hom(u", K*)%".

The group Hom(S),, K*) is isomorphic to Z/2, generated by the sign, and the group
Hom (", K*)S» is isomorphic to Z/r, generated by the product II. The right arrow
splits by II +— per, hence the sequence is a direct product. 0

4.14 Definition. (Cohomological Invariants for Separable r-Forms)

We identify separable r-forms with elements of the cohomology sets H' (K, S, [ i)
via the bijection in Theorem 4.6 and H' (K, pu,) = K*/K*" via the Kummer iso-
morphism.

(i) Let per : W5 (K) — K*/K*" be the cohomology map

per : H' (K, Sy [ p,) — H' (K, ).
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(ii) Let sgn: WiP(K) — K*/K*2 be the cohomology map
sg - H1<K7 Snf/J“T) - HI(K7M2>‘

. Ti/sep * *T
(ii) Let { ;:tt : ﬁmjgep((;(()):é{*//][é% } be the cohomology map

det : HY(K, S, [ ) — HY (K, ) THEN
det : HY(K, S, [ ) — HY (K, pa,) YT odd [

4.15 Lemma. Let ¢ be one of the invariants per, sgn, det. For separable r-forms
© and ¥ over K we have

PO &) = p(0) - (1),
0(O ® V) = p(0)4mY . p(p)dmo,

Proof: The equations hold for the respective maps | J S, [ 1 — K* on the matrix

n>0

algebra. 0

4.16 Lemma. For an indecomposable separable r-form (L, tr, ,(b),) we have

(ii) sgn(L, try (b)) = det(tr, ) € K*/K*?, where det(tr, ) is the determinant
of the bilinear trace form tr,, : L x L — K.

~f Nyk(b) det(tr, )2 e K*/K*2 ., even
(11i) det(L, tr;,(b),) = { N, (b)? det(tr, ) € K* /K" if v is odd (-

Proof: We use the notation from Lemma 4.7. Under the bijection in Theorem
4.6, the r-form (L, try,«(b),) corresponds to the class of the cocyle s — B *B~!
in HY(K, S, [ j1,), where B = (t;(8l,)) € GL(K). Hence per(B *B~!) is equal to
(IL t:8) «I1;t:3)"" by Lemma 4.7. Kummer’s isomorphism K*/K*" =~ H'(K, u,)
maps the class of a € K* to the class of the cocycle s — a o', where a € K is
an r-th root of a Hence per(L, try,«(b),) = (I[; t:3)" = Ny,«(b), which proves (i).
(ii) By 4.7, sgn(L, tryx(b),) does not depend on b, so that we may assume b = 1
and have

sen(L, try (b)) = sgn(L, try x(1),) = det(L, try x(1),) = det(B)%.

Now B'B = (tryx(l;l;)) represents tr,, in the basis lj,...,l, of L/K, hence
det(try, k) = det(B)?* = sgn(L, try x(b),).

(iii) The determinant is the product of the sign and the permanent. The exponents
in the formula results from the fact that the cohomology map K*/K** — K*/K*™"
induced by the inclusion u,, C p,n, maps the class of a to the class of a™. ]
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Example: Classification of separable elliptic curves

Elliptic curves are a well studied family of 3-forms, and it seems natural to com-
pare our classification result for separable 3-forms to the classical classification of
elliptic curves.

We recall some basic definitions for elliptic curves: An elliptic curve over K is
a non-singular 3-form of dimension 3 with a fixed K-rational point. An isomor-
phism of elliptic curves is a projective isomorphism of 3-forms respecting the fixed
point. Note that, talking about 3-forms, it is understood that the ground field has
characteristic # 2, 3.

4.17 Lemma. Fuvery elliptic curve over K 1is isomorphic to an elliptic curve in
Weierstrass form

f=a%—y?z — 27cy22% — Hdcg2®

with ¢4, c6 € K and A(f) := (¢} — ¢2)/123 # 0. For an elliptic curve f in Weier-
strass form, let j(f) := 3 /A(f), called the j-invariant. Then two elliptic curves
are isomorphic over K if and only if they have the same j-invariant.

Proof: This is found in ([20], Chap. II1.2). O

4.18 Lemma. An elliptic curve is a separable 3-form if and only if its j-invariant
is zero. Explicitly, let f(x) = 2% — y*2 — bdcgz® an elliptic curve with j(f) = 0,
and let b .= 8cg € K*. Then

flx) =a% —y?z — 2T7bz3 &

{ (1,b,b)3 ifbe K+ }
(1)s @ (K(\/B),trK(\/l—))/K<b>3) ifbg K2 [

Proof: From 3.8(v) we know that f is separable if and only if it is isomorphic
to the Fermat form f; := 2% + 4® + 23 over K, and this is isomorphic to the

Weierstrass form f, := 2 — y?z — 2123, where the isomorphism f, = f; is given by

= < é }Zg —323 ) € GL3(K). Since j(f2) = 0, every separable elliptic curve
has j-invariant zero by Lemma 4.17.

We can now use descent to classify elliptic curves over K with j = 0 on the one
side and separable 3-forms of dimension 3 on the other, and switch from one to the
other with ¢: The automorphism group Aut}%l( f2) of fo as an elliptic curve over
K is g, the group of 6-th roots of unity, where jg acts on K? via pg — GL(K),
a1, = diag(1, o™t a?) (cf. [14], Chap. 3, (4.2)). Hence H' (K, ug) = K*/K*®
classifies elliptic curves over K with j = 0 by descent (cf. Lemma 4.1) as follows:
Let f = 23 —y%2 —54cg2® an elliptic curve over K with j(f) =0, let b := 8¢5 € K*,
and let 3 € K be a sixth root of b. Then v := diag(1, 37}, 5?) € GL(K) gives an
isomorphism f = f, over K, so that f is identified with the class of the cocycle
5 ¢Bs¢5_1 = 9Y(gsp-1)- Under the Kummer isomorphism, the corresponding

32



cocycle s — 3371 in H' (K, pg) is identified with the class of 3% = b in K*/K*".
The isomorphism ¢ : fo — f gives an embedding

e = AUt%l(fz) — Autz(1,1,1)3 = S5 [ s,

-1 _ : a2 o3 0 02(1 — a3 0 _ (5le®) 2 2
= PP = ( 0 LOra) ol e ) (01D (1,a2,a2)) ,
where 0 := (23) € Sz and [ : us — 7Z/(2), @« — (1 + a?)/2 is the canonical
isomorphism.

The induced cohomology mapping H*(K, ug) — H'(K, Ss [ uu3) takes the class of
the cocycle s — (357! to the class of the cocycle s — /(307 (1, 52552, 325 3-2),
and it remains to show that this corresponds to the separable 3-form given in the
Lemma: Note that 3% is a third root (3 is a square root of b), so that the class of
cocycle s — 325372 (s 2373) in H'(K, pu3) (in H' (K, ps)) corresponds to the
class of b in K*/K*? (in K*/K*?) under the Kummer isomorphism.

Let b € K*2. Then s — (32373 is trivial, so that our cocycle is diagonal and clearly
corresponds to the diagonal 3-form (1,b,b)5. Let b & K*2. Then s — o/(#*%7°)
corresponds to the quadratic extension K(v/b)/K under the bijection in Lemma
4.3, and our cocycle corresponds to the 3-form (1)3 @ (K(\/E),trK(\/g)/K@)g) by
Lemma 4.7. 0
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5 Cohomological Invariants of Degree 2

Once more, we will study a technique from the theory of quadratic forms in order to
obtain analogous results for forms of higher degree. As described in the beginning
of Section 4, Weil descent gives a classification for quadratic forms of dimension
n over K by the cohomology set H'(K,O,), and in this sense the determinant of
quadratic forms is given by the determinant det : O,, — . Therefore H'(K, SO,,)
classifies quadratic forms of dimension n and determinant 1:

1 —— HY(K,SO,) — HY(K,0,) — H' (K, y12) — 1

| | |

W(EK) gim = n W(K)dim:n K*/K*2

det =1

Now the semi-simple extension 1 — ps — Spin,, — SO,, — 1 induces a long exact
cohomology sequence and this gives a degree 2 invariant H'(K, SO,,) — H*(K, js)
for quadratic forms which is related to the Witt invariant (cf. [21], §2.4).

We want to generalize this construction to forms of degree r > 3. The idea is as
follows: Having in mind the classification of separable r-form by the cohomology
set HY(K, S, [ u,) from Section 4, we want to find a suitable 'determinant’ map
det : S, [y, — K* and let SO,.,, C S, [ i, denote its kernel. Then we construct
a central extension of Gg-modules 1 — u, — FE,,, — S0O,, — 1 and obtain a
cohomology map

HY(K,SO,,) — H*(K, i)

in the long exact cohomology sequence. This gives us a second degree cohomolog-
ical invariant for separable forms of dimension n and ’determinant’ 1.

In 4.13, we saw that the choices for our "determinant’ are basicly the permanent,
the sign, and the determinant. Now let r be odd, and let n > 2. We define
subgroups SO C S, [ pur (i = 1,2,3) by the short exact sequences

0—= SO — S, [ iy === ptr —0, (1)
0—— SO — S, [ ptr —*> pir —>0, (2)
0—= SO —— S, [ty ~== p2 —>0. (3)

In order to construct central extensions, we may first ignore Galois module
structure and search for central group extensions. These are classified by the
cohomology set H*(SO,.p, j1,), where SO,.,, operates trivially on .
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5.1 Lemma. Let r # 2 be a prime number, and let u, be the trivial S, [ pi.-
module. Then

(i) H*(SO5, ) =0
(ii) Letr # 3 andn > 4. Then HZ(SO,EQ,MT) =0.

(iv) Let v # 3 and n > 4. Then the inflation map induced by the surjection
SOS’% 9 i induces an isomorphism HQ(SO,(%)I, ) = py

Before beginning with the proof of the Lemma, we conclude with

5.2 Theorem. (Canonical Central Extension of SO®)
Let r # 2,3 be a prime number, and let n > 4. Then there is a canonical central
extension of Galois modules

00— Uy —— Spinmr —_— SOSL —().

This induces a cohomological invariant 6 : H'(K, SO,EE’Z) — H*(K, u,) of second
degree for r-forms of dimension n and sign 1 in the long exact cohomology se-
quence. The invariant 0 vanishes for forms of determinant 1.

Proof: The central group extension described by the generator of H?(pu, i) = 1,
is the group g2 of r?-th roots of unity:

0—— Hr —— M2 —— [y ——).
The inflation map induced by the surjection det : SOS’% — p, maps this sequence

to the pullback along det, given by the commutative diagram of groups with exact
rows and columns

00— Uy —— Spinmﬂ ——= SO 31)ﬂ — ()

|

0 fr 2 Hor 0.

Since det : S, [ jtr — pigr splits, H'(K,90%) — HY(K, S, [ i) is injective and
thus equal to the kernel of the determinant map. In other words, forms of de-
terminant 1 are classified by H'(K,SO®). From the diagram it is clear that
the composed map H'(K, SOfEl) — HY(K, SOS}) 2, H?*(K, p,) factors through
H'(K,Spin,, ), hence it must vanish. O
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Our interest in degree 2 cohomological invariants is in giving a finer classifi-
cation of those forms, for which the degree 1 invariants in H'(K, ) vanish. In
odd degree, this is the permanent. But if the sign and the permanent vanish, then
so does the determinant, and hence also 6. Thus, there is no new classification here.

For the proof of Lemma 5.1, we will need some Lemmas. This one was given
by Brocker in [3]:

5.3 Lemma. (Homology of the Symmetric and Alternating Group)
(Brocker)

Let p be a prime and let ¢ = 0 or 1. Let ,uj(gq) denote the cyclic group of order p
considered as an S,-module by oa = a*™°) for o € S,, a € ty. For a sequence
(a1, ...,a;) of integers let dim(ay, ..., q) := Xt _p'*a; and rank(ay,...,q;) == p'
and let B, , be the set of sequences (ay,...,a;) of length 1 > 0 such that

o a;>--->a >0,

. ar =0 or1 mod2(p—1) Fatant e tan is 4 "
ag=p—1o0rp—2mod2(p—1) 7T 0 k=1 odd [~

Let F(p,q) denote the free 7/p-algebra generated by B(p,q). For a prod-
uct v = aV---a™ € F(p,q) of sequences a') = (agi),...,a(j)) € B(p,q) let
dim(z) := >, dim(a®) and rank(z) := 3", rank(a). Let U(p,q) be the algebra
given by F(p, q) modulo the relations vy = (—1)7@Yyx where x and y are products
of sequences and f(z,y) := dim(z)dim(y) + ¢ - rank(z)rank(x). Then H;(S,, uéq))
is isomorphic to the p,-submodule in U(p,q) generated by elements of dimension
i and rank n. If p # 2, then H;(An, pp) = H;(Sy, uéo)) &) Hi(Sn,uS)).

Proof: The ring F(p, q) is given in ([3], Def. 4.1). The homology of S, is given in
(loc. cit., Theorem 5.8) and that of A, in (loc. cit., Theorem 7.1). O

5.4 Corollary. Let p be a prime number and let n > 2. Then
g2 forp=2n>2,
Hl(Sna,Ué)q)) = M3 f07’p23,q:1,n:3,4,
0 else.

142 forp=2,n=23,

po @ pp  forp=2,n >4,
143 forp=3,q=1,n=3,4,6,7,
0 else.

H2<Sn7uéq)) =

For p # 2 we have

-~ forp=3,n=3,4,
Hl(AnnU’p) = { /63 else.

-~ orp=3,n=23,4,6,7,
Hy(An, pp) = { /63 ];lse.
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Proof: H;(S,, ug)) is generated by products of sequences in B(p, q) of dimension i
and rank n. Using the relations zy = (—1)/@¥yx, we find that the set of products
in lexicographic order gives a basis. Such a product is zero if and only if p # 2
and a sequence a € B(p, q) with f(a,a) =1 mod 2 appears twice as a factor, since
in this case we have a®> = —a?. We will count all such products of sequences: We
observe that p > 7 in in the considered cases and therefore all sequences appearing
have length < 1, for a sequence of length > 2 has rank > p. Note that the empty
sequence () is an element in B(p, ¢). The set of products of sequences of length < 1
of dimension 7 and rank n is {()"?(1)} for i = 1 and {()"7?(2), ()"~ %} for i = 2.
One checks that the sequence () is contained in B(p, ¢) for all p and ¢ and that the
sequences (1), (2) are contained in B(2,0), B(2,1), B(3,1) and are not contained in
B(p, q) for other p and ¢q. Then one checks that f((),()) = ¢, f((1),(1)) = 1 + ¢p?
and therefore ()2 =0 for p # 2,¢g=1 and (1)> =0 for p # 2,q = 0. We get

Hi(Sp, iy 2= (m2(1)  7/2 for n > 2,

Hy(So, i) = ("3(1)  2/3 for n = 3,4,
Hy(Sn, ") = ()"%(2)  Z/2 for n = 2,3,
Ha(Su,ps”) = (7721 Z/2 @ ()"*(1)2Z/2 forn >4,

Hy(Sn ) = ()"3(2)  2/3 for n = 3,4,
Hy(Saypy”) = (7012 7Z/3 for n = 6,7,
Hy(Sp, iy = 0 else (i =1,2).

O

5.5 Lemma. Letn > 2 and let G be an abelian group. Consider G as an S, -
module with trivial action and G®" as an S,-module in the obvious way. Then
there is an isomorphism of S,-modules

Mg (G) = G,

where Mg:‘l(G) denotes the (S,—1 C Sp)-induced module. For n > 3, we have an
analogous isomorphism of A,-modules

My (G) = GO

Proof: We recall the definition of the induced module: For an inclusion A C B of
groups and an A-module G, the (A C B)-induced module M#(G) is the set

M%Z(G) :={f:B — G| f(ab) = af(b) for a € A,b € B}
of A-linear maps f : B — G. M#(G) carries a B-action given by (cf)(b) = f(bc)
for b,c € B. Let S,_; C S, be given by the inclusion {1,...,n —1} C {1,...,n}.
Choose o1, ...,0, € S, such that 0;(i) = n. Then 7 € S, is contained in the coset
Sp—10; if and only if 7(i) = n. We claim that the map
MG G) — GO, f = f(on),..., (o)
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is an isomorphism of S,-modules. This map is clearly bijective. To show that
it is S,-equivariant, we need to show that f(o;7) = f(o,-1;) for 7 € S, and
feM g:_l(G) . This is equivalent to saying that o;7 is contained in the coset
Sn_10.-1;. This is the case, since 0,77 'i = o(i) = n. The proof for A, ; C A, is
analogous. O

5.6 Lemma. Let A be an abelian group and let 1 — G' — G 5 G" — 1 be a split
exact sequence of groups acting trivially on A. Then the Hochschild Serre spectral
sequence gives a filtration F*> C F* C F° = H*(G, A) by subgroups such that

F2 — HQ(GH,A),
Fl/F2 — HI(GH,Hl(G/,A)),
FO/F' = ker(dy®: H'(G", H*(G', A)) — HXG", H'(G', A))) .

Proof: We consider the Hochschild Serre spectral sequence
HP(G", HY(G', A)) = EY? = EPT1 = HPMI(G, A).

The splitting morphism G” — G induces splitting morphisms for the edge mor-
phisms inf : H(G",A) — H'(G,A). This means that the edge morphisms are
injective, so that the differentials d:="""! : EFi=""~1 — E% vanish for all r and
1. Therefore we can express the quotients in the filtration of the limit term
E? = H*(G, A) in terms of level 2:

B2 = (70 EY' = Ey' | B2 = E9? =ker(dy” : Ey® — E3).
5.7 Lemma. Let r # 2 be a prime number . Then

(Z) Hl Snu:uT) (STL’/‘L’!’> =0.
(it) H'(Sn, i)
(1ii) H*(Z", )

I

(

(

( N 1

(iv) HO(Sn, N* i) = 0.
(v) H (s ) = HHZE g, p1r) = 10 o
(vi) H'(Sp, i7"/ ) =

(vii) HO(Sn, H*(Z%_y, ptr)) = 0.

(viii) H*(Sy, H* (4 y—y: pr)) = 0.

Throughout the Lemma, S, can be exchanged by A, if we assume r # 2,3 and
n > 4.
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Proof: We prove all statements for S,,. The proof for A, is analogous if not
mentioned otherwise. We begin with a list of short exact sequences which will be
used for following computations: We write the group p, additively. Let p,'y;_; be
defined by the short exact sequence

0 — Hymi=1 py = b 0 (4)

with the non-canonical splitting given by a +— (a,0,...,0). Then we have
028 —>Ls—g —> Hrn=1 —>0 ()
0— 7%, n—5~17 0 (6)

with the non-canonical splitting given as in (4).

(i): By Corollary 5.4, we have H(S,, pt.) = Ha(Sn, ) = 0. An application of
the Coefficient Theorem of Cohomology (cf. [12], Theorem VI.15.1) shows that H*
and H? vanish as well.

(ii): By Lemma 5.5, we have M‘Sg:‘l(m) =~ 4" hence H'(S,, u") = H*(S,_1, ptr)
by the Shapiro Lemma. This vanishes by (i).

(iii): Using the Kiinneth Formula for group homology ([12], Theorem VI.15.2)
inductively, one proves Hy(Z", 7Z) = N> Hy(Z",7Z) = \*7Z". Then the Coefficient
Theorem of Cohomology yields H2(Z", u,) = Hom(A\> Z", j1,,) = N> .

(iv): Let a = Si; ai; e; Aej € N> p. Assume that a is S,-invariant. For i < j let
o be the transposition (ij) € S,. Then ca = a implies a;; = —a;;, hence a;; = 0.
Now let a be A,-invariant, and let ¢ < j. Choose j, k such that 7,7, k,[ are
pairwise different (note that n > 4) and let o := (ij)(kl) € A,. Then oa = a
implies a;; = —a;;, hence a;; = 0.

(v): Apply the functor Hom( _, u,) to the short exact sequences (4) and (6).
(vi): In the long exact sequence induced by S,-action on (4) we have

T Hl(Sm/%?) - Hl(Sm,U?/lur) - HQ(SMIUT) -

The outer terms vanish by (i) and (ii), hence the middle term also vanishes.
(vii): Applying Lemma 5.6 to the exact sequence (5), trivially acting on p,., yields
a filtration F' C FY = H*(Z"™, ), and thus a short exact sequence

0 o H(Z", ) — FO/F' — 0,

such that F' = HYZ, H (Z%_,,1t,)) and F°/F' = H*(Z%_,,p). We have
HY(Z, HN(Z%_g, 1ir)) = /e by (v), and H*(Z", ) = A"t by (iii), hence
this reads

0——= /sy —= Nyt —— H* (L, p1;) —0.
Now the long exact sequence induced by S,-action yields

T HO(Sn>/\2 U;L) - HO(SnaHQ(Z%:OaMT)) - Hl(Snnu?/lur) —
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The outer terms vanish by (iv) and (vi), hence the middle terms also vanishes.
(viii): In the Hochschild Serre spectral sequence induced by trivial action of the
short exact sequence (5) on u, we have the first term exact sequence

0— H' (g, o) — H (LY, )= H (ZL8— g, pr)— H? (i iy i) — H (Z8_, 1)

By (v), the second arrow is an isomorphism, and the third term is isomorphic to
w1/ i, Hence the fix modules under S,,-action give an exact sequence

0—= HO(S,, u/ i) — H(Sn, H* (1 11—y pir)) — HO(Sp, HX(Z3_ o, ir)).

Clearly, the left term is zero, and so is the right one, by (vii). Hence the middle
terms is also zero. U

Proof of Lemma 5.1: From Definition 4.2 of the wreath product, we have the split
exact sequence

Pullback of this sequence by the inclusions SO D C S, [ e gives split exact se-
quences

0— Hrn=1 —> SO 2= 8, —0, 8)
0—> Hpn—1 — SOY) == 4, 0, (9)
0— pp —= S0¥ 2> 4, 0. (10)

(i) Apply Lemma 5.6 to the sequence (8) and get a filtration F? C F' C FY =
H2(SOL), 11,) such that

F2 = H*(Sn 1) 270,

Fl/F2 = Hl(SnaHl(MZH:th))
FO/F1 C HO(SnaHQ(MZH:th))

5.7 (v) 7 (vi)

Hl( m:ur/:uf) e 0,
57 (wiid)

(ii) is proved with the same argument from the sequence (9).
(iii) Apply Lemma 5.6 to (10) and get a filtration F2 C F!' C F° = H2(SO%), 1,)
such that

5.

K

F2 = HXAn, ) 200,

Fl/F2 = I(AWHI(MT’ )) ( na:ufr) 0,
FO/FY C H(Ap, H (s ) = HO (A, H (ptry 1)) = H (pirs i)

7 (i)

This gives an injection H2(SO), p,) — H2(ur, pir). Now consider the exact se-
quence

0—= SO®) —= S0 4s yi, — 0,



From the Hochschild-Serre spectral sequence induced by action on p,., we get an
exact sequence of first terms

HO(NTle(SOg%a/M» —= H?(ptr, pir) o HQ(SOS?L/LT)‘

The group SO is isomorphic to the semidirect product A, x iy =y induced by

r,n
1 n
Ap-action on p'y_,. Hence we have

H'(SOY), pir) = Hom(A, N?,H:laﬂr) = HOIH(N?,H:MMT)An =0.

rn

This shows that the inflation map is injective and thus bijective, since we gave a
reverse injection before. 0
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6 The Generalized Leibniz Formula

In this section, we study a generalization of the Leibniz formula for the quadratic
determinant in order to obtain an invariant for higher degree forms.

Let V' be a K-vector space of dimension n and let » > 2 be an integer. An r-
multilinear (not necessarily symmetric) form on V' is an r-fold tensor © € (V&")* =
(V*)®". In the case r = 2 the determinant of bilinear forms in the map det :
V*®@V* — K which is uniquely defined up to multiple by the equivalent conditions

(i) The determinant is multilinear and alternating in the first argument,
(ii) The determinant is multilinear and alternating in the second argument.

and after choosing a K-basis {vy,...,v,} of V, it is computed by the Leibniz
formula

det(©) = > sgn(o) [ O(vi, vys).
oc€Snh i=1
6.1 Definition.

(i) Fork =1,...,r, the action of End(V') on the k-th argument induces a (right)
action on the space of multilinear r-forms on V' which we write

(O 0k ©)(V1,. .., 0) == O(V1, . oo, Vg1, PV, Va1 - - -5 Uy)

for © € (V)*, ¢ € End(V). We say that a map D : (V®")* — K s
multilinear and alternating in direction k if we have D(©okp) = det(p)-D(O)
for © € (V®)*, v € End(V).

(i) The actions oy, ... 0, from (i) are pairwise commutative. Let

(Oop)(vy,...,v.):= (O ooy -0, 0)(v1,...,0.) = O(pvy,...,pV)

denote the simultaneous action on all arguments of ©. In particular, equiv-
alence of r-form means equivalence under the restriction of this action to

GL(V).

6.2 Lemma. Let {vi,...,v,} be a K-basis of V and let det’ : (VE)* — K be
given by the generalized Leibniz formula

n

det/(®> = Z SgIl(O'Q e UT) H @(Ui7 Vooiy « » 7U0'Ti)'
02,...,00ESn =1
(i) det’ is multilinear and alternating in directions 2, ...,r.

(11) If r is even, then det’ is invariant under S,-action. In particular, it follows
from (i) that det’ is multilinear and alternating in direction 1.
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(i11) Let r be odd, and let © € (VE)* be the diagonal form given by

@(Uily--.,UiT)::{é Zfll:"':lr}.

else

Then det’(© o ) = per(p) - det(p)" !, where per(y) is the permanent from
Definition 4.12.

Proof: (i) Let © € (V¥")* and let ¢ € End(V') be given by yv; = ¥;a;;v;. Then

det,<® Og go) = Z Sgl’l(O‘g e UT) H @(Ui7 gpva'gia va’gia LR aUO'M')

02,...,0p
n
— z Sgn(UQ ) H (Z aa’gz v (v’h Uy, UU3’Z7 .. 7U0'ri))
02,...,01 =1
n n
= z Sgn(UQ O-r> Z Z <H ao‘gz v (Uia Uy, Uo‘3i7 ) 7vari)>
T2,...,0p v1=1 vn=1
n n n n
= % saloro) o 3 (8 snion) v ) 000ttt
03,4...s0p v1=1 Un= 02€Sn i=1 =1
n n n
= > sgn(oz---0,) > > det(aiy,) [T ©i, vy, Vosis - - - Voyi)-
03,y Op =1 Un= i=1
Now det(a;,,) vanishes unless (v1,...,v,) is a permutation. Hence this is equal to

Z Sgn(03 T UT‘) Z det(ai,agi) H @(vi7 Vosiy Vogiy - - - 7/UO'T1')
=1

03,..,0p 02€S,

= . sgn(oz---oy) sgn(oz) det(ay;) [T O(vi, Vosi, Vogis - - -, Vo)

09,y...,0p i=1
= det(y) - det/(O).
The same computation works for the directions 3, ..., r.

(ii): Let 7 € S,, let 09,...,0, € S,, and let 0y := 1 € S,, denote the identity.
Then

n n n
H T@(UU”’, UU2’£’ e 7U<7Ti) = H @<U0T1i7 on-gi; e ,UO-TTZ‘) = H @(Ui, UUrzU:lli’ e 7U0-T7‘0-;11i)'
i=1 i=1 i=1

Now the map S"~! — S'~! given by (09,...,0,) — (0520.],...,0,0.]) is a per-

r—2

mutation, and sgn(aﬂaﬂ1 o 00) =sgn(oe - 'UTT)-Sgn(JTl) =sgn(oy - 0,),

so that we have

det'("©) = > sgn(oz-+0,) [1 7OVo1i, Vonis - - - s Vi)

02,...,0p =1

n
= Y sgn(o0 - 0n07) [T O(v;, Vg rgotis Vg 0mli) = det’(©) .

02,...,0p =1



(lll) det/<® © (10) = Z sgn(02 e Ur) L 6(‘;01}1" PUosiy - - - agpvari)

09, s0p 7
n n n
= > sgn(o2-0n) [T 22+ D0 Qi Qois *** Goyine O(Vsys -+, 0,)
T2,euny or =1 v1=1 vr=1
n n
= Z Sgn(JQ U?") H Z Qi v Qgyi.v Ag,5v
09,y.eny or i=1 v=1
n n n
= Z Z Z SgN( 02 JT) H @1, Aooiv * Aoy,
v1=1 vp=1 o2,...,0pr i=1
n n n ' n
= > 2 Iai, T X sgnlow) [T aoyiw,
vi=1  up=1 i=1 k=2 \ 0/E8n i=1
n n n
=2 2 Ilaiy, det(ai,,) ™
ri=1 vp=1 i=1
Now det(a;,,) vanishes unless (v1,...,v,) is a permutation, hence this is equal to
n n
> I aie, det(aioy) ™ = > I aio, (sgn(o) det(y) )1
oeSy =1 o€Sy i=1
Now sgn(o)"~! = 1, since r is odd, hence this is equal to per(y) det(¢) . O

Remark. A similar result was given by Cayley in ([5], p.86). See also ([27],
§54) and [18]. We obtain the following

6.3 Theorem. The generalized Leibniz formula given in Lemma 6.2 induces an
mvariant

det’ : WH(K) — K/K*"
for r-forms if and only if r is even.

Proof: If 7 is even, then det’ is multilinear and alternating in each of the directions
1,...,7, hence we have det’(©o¢) = det(p)"-det'(0) for © € (VE)* ¢ € End(V).
This shows that the class of det’(0) in K/K*" is independent from the choice of
the basis in Lemma 6.2, and that it is well defined for r-forms of even degree.

Let 7 be odd. By Lemma 6.2(iii), the values of det’ on the equivalence class of the
diagonal r-form (1, ..., 1), are given by the set {per(A)det(A)" ' | A € GL,(K)}.
But for each x € K there is an A € SL(K) such that per(A) = z, hence the class
of det’(1,...,1), in K/K*" is not well defined. O

We want to compare det’ to the determinant det defined in Lemma, 4.14:

6.4 Theorem. Let r > 2 be even, and let © be a separable r-form over K. Then

det'(©) = det(O).
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In the following sections, we will therefore use the following

6.5 Notation. Let r be even. The theorem allows us to write
det := det’ : W(K) — K/K*".

Proof of Theorem 6.4: Let (L, tr,x(b),) be an indecomposable separable r-form
over K. Let {ly,...,l,} be a K-Basis of L and let Homg (L, K) = {t1,...,t,}.
Then

det'(L, try k(b)) = > sgn(oy---0,) ] ( ty(blilyy- - lgri))
v=1

02,...,0p i=1

(1)

=2 > 2 sen(ozeon) [T, (blileyi -+ lo,i)
v1=1 vpn=1 02,...,0pr i=1
Now we show that >~ sgn(oa---0,) [[ tu,(bliloyi - - - l5.;) vanishes unless the vec-
02,...,0p =1
tor (v1,...,v,) is a permutation. In this case, we may assume without loss of gen-
erality that v; = 1, and let m denote the transposition (12) € S,,. Then v; = vy
fori=1,...,n and for o,,...,0, € S, we have
H tl’z(b Li l02i e lﬂri) = H tVz(b ll) H H tl/i(lUki) = H tl/z(b ll) H H tl/m‘(lmcm')
i=1 i=1 k=2 i=1 i=1 k=2i=1
= [T, (04) IT [Tt (loymi) = [Tt (0liloymi*+ + loymi) -
i=1 k=2i=1 i=1
The map S ! — 8™ (09,...,0,) — (09m,...,0,7) is a permutation, and we
have sgn(m)"~! = —1, since r is even. Therefore
Z SgH(O'Q' "O'T) H tyz(blz logi' . 'lgri)
02,...,00ESp, i=1

= Z Sgn(027r LR O'rﬂ') tVi (b ll 10-27”' s lgrﬂ-i)

e

1

= — Z Sgn(ag cee O'T> tyl<b lz ZJZZ' e lgri) =0.

Q
v
Q
S
m

n

3

-
S

Q
2
Q
S
m
»
<
Il
L

Hence (1) is equal to

o> sgn(oa-cor) [[to-1:(bliloyi o)
i=1

= Z E Sgn(UZ T 07”) tz(b lgilgzo'i T larai)
=1

o€ESy 02,...,0r i
The mapping S — Sr (0,09,...,0,) — (0,020,...,0.0) is a permutation, and
we have sgn(o - 090 -+ -0,.0) = sgn(oy---0,) - sgn(o)” = sgn(os - - - 0,). Hence the
sum is equal to

Now® S sen(or---0n) 1T 11 #illoys)



7 Discriminants
Let char(K) = 0. The following definition is cited from ([9], Chap. 1, 1.B):

7.1 Definition. Let V' be a finite-dimensional K -vector space and let P = P(V)
be its projective space. Let X C P be an wrreducible closed algebraic variety. Let
XY C P* be the projectively dual variety. Then XV is irreducible. Let Ax denote
the X -discriminant, which is defined as follows:

If codim(X") =1, then Ax is the defining polynomial of XV.

If codim(X") > 1, then Ax = 1.

Note that Ay is defined only up to a non-zero constant multiple. There are two
interesting ways to obtain invariants for r-forms from this definition. We present
them here and compare them to the invariants studied before:

The Discriminant

As defined before, let I(r,n) C N™ be the set of non-negative n-tuples of weight

r, and let {z¥ = a* - a2l | v = (v1,...,vn) € I(r,n)} be the set of monomials
of degree r in n variables x1, ..., x,.

Let V = K™ and let X = P(V) < P(S"V) be the Veronese embedding. The
space (S"V)* is identified with the space of r-forms f = > a,2" of degree r in
vel(r,n)
n variables, and XV C P(S"V)* consists of the forms f for which the hypersurface
(f =0) C P(V) is singular. Let A, ,, := Ax be the X-discriminant.

7.2 Lemma.
(i) For anr-form f= > a,a” over K, the discriminant A, ,(f) is a polyno-
vel(r,n)
mial expression in the coefficients a, and homogeneous of degree n(r—1)""1.
It is uniquely defined in Z,[a,] by the requirement that A, (x4 - -+z]) = 1.

(ii) Let f be an r-form, let ¢ € End(V), and let f o p(x) = f(px) (cf. 6.1).
Then

Arn(f 0 9) = Apu(f) - det(p) 0"

(i1i) Each monomial [] al occuring in A,, satisfies the equations

vel(rn)
Smy,vi=r(r—=1)"1 (i=1,...,n).
(iv) Let f and g be r-forms with dim(f) = n, dim(g) = m. Then
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Ar,n+m(f @D g) = Ann(f)(’/‘—l)m . Anm<g)(r—1)n‘

Proof: (i) is shown in (][9], Chap. 13, 1.D). There, the discriminant is uniquely
defined by the requirement that it is irreducible over Z. For this normalization, it
is shown in ([9], Chap. 13, Prop. 1.7, (1.10)) that the discriminant of the diagonal
r-form x§ + - -+ 4 2], is equal to £r®, where

n—1

a=a(r,n) = Z(—l)’( )(n— 1— )1
i=0

Hence we have coeflicients in Z, in our normalization.

(ii) The expressions A, (f o ¢) and A, (f) - det(y) considered as polynomials
in the coefficients of f and ¢, have the same zeros, so by the Nullstellensatz
A (fop) = AL(f)P - det(p)? with p,¢ € N. Comparing the homogeneous
degree given in (i) on both sides we can determine p and ¢: For the coefficients
{a, |v € I(r,n)} of f we have

pon(r— 1" =p-degy,y(A(f) + ¢ deg,y (det(p))
= degy,, ) (A(f)P - det(p)?) = degyq, ) (A(f 0 )
= deg,,j(A(f)) - degyy,y (f o) =n(r — 1)1,

and thus p = 1. For the coefficients {a;;} of ¢ we have
q-n=p-degy, 1 (A(f)) + q - degy,, ;(det(p))
= degy,, 1(A(f)" - det(p)?) = degy,, 1 (A(f 0 ¥))
= degy,, } (A(f)) - deg(y, ) (fop) =n(r —1)" 1.7,

and thus ¢ = r(r — 1)" 1.

(iii) By (][9], Chap.9, Prop. 1.3), the vector ) . m,-v € N" is the same for all mono-
mials [[, aj" occuring in A, ,,. Now let a4, ...,a, € K and consider the diagonal
r-form {(ay,...,a,), = Y., a;x;. Over K, we have {(ay,...,a,), = (1,...,1), 0,

where «; € K is an 7-th root of a; and ¢ = p(ay,...,a,) € End(V) is given by
x; — ;. Now (ii) gives

Avlar, .. an)e = Arn(1, ... 1), - det(@) 0= D" = T al" D"
This shows that the monomial H Mye (r= Dn occurs in A, ,,, where re; is the r-fold
i=1
multiple of the i-th unit vector. Therefore > m,-v; =r(r—1)""!fori=1,...,n.

(iv) By the Nullstellensatz again, we have A, 10 (f @ 9) = Ay (f)P-Arn(g)? with
p,q € N and putting in diagonal forms f = (ay,...,a,), and g = (by,..., by), we
get

(H azH b)r 1yntm—1 A(f@g):A(f)p.A(g)q: Hbqr1

and therefore p = (r — )™, g = (r — 1)™. O
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Remark. In [9], all this is done for K = C. It is also true for any field of
characteristic 0, since we can restrict to the field Q3(a,) containing the coefficients
of f and embed this into C. For a field of characteristic p with (p,r) = 1 we believe
that the lemma is still true if we replace Z by the prime field.

7.3 Lemma. Let (V,0) be a multilinear r-form over K with basis vy, ..., v, and

let f € Klxy,...,x,] be the homogeneous r-form given by © R f (c¢f. Lemma
2.1). Then the following statements (i) to (iii) are equivalent:

(i) The discriminant A, ,,(f) is non-zero.
(i) The homogeneous r-form f is non-singular.
(iii) The multilinear r-form © is (r — 1)-regular over the separable closure K .

(V,0) is non-singular if and only if its indecomposable summands are. If (V,0)
is indecomposable, then (i) to (iii) are equivalent to

(iv) There is a finite separable field extension L/K and an indecomposable non-
singular r-form (U, ®) over L with center L such that (V,0) = (U, tr,«®).

Proof: (1)< (ii) is stated in ([9], Chap. 13, 1.D).
(i)« (iii) follows from Lemma 2.2(ii).
(ii)<(iv) is proved in ([10], Prop. 4.5). O

We want to compare the discriminant to the invariants studied before. Let per
be the permanent of separable r-forms defined in 4.14. If r is even, let det be the
determinant of even degree r-forms defined in Lemma 6.2.

7.4 Theorem. (Discriminant of r-Forms)
The discriminant of r-forms induces a map A, : W,.(K) — K/K*" having the
following properties:

(i) Let ©,¥ be r-forms over K with dim(©) = n, dim(¥) = m. Then

A(OBT) = A (O) D" A(B)D" € K/K*,

(ii) Let r > 3. There are r-forms O,V over K such that
AO)-A(Y)#0, A(O®VY)=0.

(i1i) Let © be a separable r-form of dimension n over K. Then
A (0) = { det(©) ™" } € K* /K" if r is { coen } |

per(©)r—0""" odd
(iv) Let r be even. There are r-forms © over K such that

A(B)£0 , det() = 0.
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Proof: By Lemma 7.2(ii), the class of A,.,, in K/K*" is invariant for isomorphism
classes of r-forms. Hence our map A, is well defined.

(i) follows from Lemma 7.2(iv).

(ii) An example was given in the proof of Lemma 2.4(iii).

(iii) Using (i), it suffices to show this for an indecomposable separable r-form
(L, try,«(b),). Things are obvious for n = 1, so let n > 2. In Lemma 4.7, we
defined the matrix B € GL,,(K) and showed that (L, tr (b)) = (1,...,1), 0 B
over K. Hence we have A, ,,(L, try i (b),) = det(B) """ by Lemma 7.2(i).

Let 7 be even. In Lemma 4.16 we showed det(L, tr, «(b),) = det(B)" € K*/K*",
hence A, (L, try i (b)) = det(L, try . (b)) D" "

Let 7 be odd. Then sgn™D""" vanishes, hence per™=1"" = det" V""" on
the wreath product. Therefore per(L,tr, (b)) V""" € K*/K* is given by
det(B) =U""" = A, (L, try i (b),). (iv) Examples are given in Lemma 7.5. [

7.5 Lemma. (Discriminant and Determinant of Hyperelliptic Curves)
Let f € K[x] be a monic polynomial of degree r and let F € Klz,y,z] be the
homogenization of the polynomial y"~* + f(x). Then

(7/) Ar,?)(F) = Ar,Q(f)T_Q'
(i1) If r is even, then det(F') = 0.

Proof: (i) More generally, let f = by + bjz + --- + b2" and let F(z,y,2) =
booy" "tz 4+ Y, bix’z"". We show that F' is non-singular if and only if b, and
b, are non-zero, and f is non-singular. Let b, = 0. Then F' has a singularity
at (0,1,0). Let b, = 0. Then F(z,y,0) = g—f(x,y, 0) = g—g(:p,y,O) = 0, and
9 (2,9,0) = booy" ' + b,_12" ! has a non-trivial zero in K. Hence F is singular.
Now let byob,. # 0. Then F' has exactly one zero (0,1,0) and no singularity at oo,
and F' is singular at (x,y, 1) if and only if y = 0 and f is singular at z.

By the Nullstellensatz, it follows that A, 3(F) = cbd b'A,o(f)” with ¢ € K and
A\, v € N. Now consider f = b.a" + by and F = byy" 2 + b.a” + byz". The
polynomial f is singular if and only if b,by = 0, hence A, » must contain a monomial
biby?. Then rvy = rvp = r(r — 1) by Lemma 7.2(iii), hence A,o(f) = br71by .
Now A, 5 contains the monomial b2 b~ VpD “and by 7.2(iii) again, we have
rp+v(r—1) =@ —-DN=X+rv(r—1) = r(r —1)% Hence A = r(r — 1),
p=r—1andv=1r—2.

(ii) By Theorem 6.4, det can be computed using the generalized Leibniz formula

3
det(F)= > sgn(og---0,) []ali,oq,...,0.1),
02,...,00€S3 =1
where (z1, 29, z3) = (2,v, 2) and a(iy, ..., 4,) is a multiple of the coefficient for the
monomial z;, - - - x;, in F' (cf. Lemma 2.1). For each monomial [[; a(i, 091, . . ., 0,0)

in det, the index 2 occurs r times in the arguments of the factors all together.
But in all the monomials of F', the variable y = x5 occurs only » — 1 times in the
monomial y" "'z, hence at least one factor in each monomial of det must vanish.

O
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The Hyperdeterminant

Let V= K" and let X = P(V) x --- x P(V) — P(V®") be the Segre embed-
ding. The space (V®")* is identified with the space of (not necessarily symmetric)
multilinear r-forms

1 1 T r n n 1 r
f:f(q:g),...,q:,(l),...,xg),...,:cg)): IIREEDY az‘l...iﬂ"gl)"'x(‘ ),

i1=1 ip=1

The dual variety XY C P(V®")* consists of the forms f for which the hypersurface
(f =0) c P(V®") is singular. Let hdet,, := Ax be the X-discriminant, also
called the hyperdeterminant of format n x --- x n (cf. [9], Chap. 14, 1.A).

7.6 Lemma. Let r > 2, let (V,0) be an r-form, and let f € K[:cgj)] be the
multilinear r-form given by

f(xgl), ot ,xﬁ’), . ,ng)) =00> xgl)vi, . x,gr)vz-).
=1 i=1

(i) The hyperdeterminant hdet, ,(f) is a homogeneous polynomial expression in
the coefficients of f.

(i) The hyperdeterminant hdet, ,,(f) vanishes if and only if there are non-zero

vectors V. ... ") € K™ such that
d
fz) = dz{j) (z) =0
foreveryi=1,... nandj=1,...,r.

(i1i) The hyperdeterminant hdet, ,,(f) vanishes if and only if there are non-zero
vectors vV, ... v € V @ Kbar such that

O(vWM, ..., o™y, ) =0
for everyu € V @y Kbar and j =1,...,r.

Proof: (i): This is found in ([9], Chap. 14, Th. 1.3). (ii) and (iii) follow from ([9],
Chap. 14, Prop.1.1). O

7.7 Lemma. (Hyperdeterminant of r-Forms)
(i) Let f be an r-form with A, (f) = 0. Then hdet,,(f) = 0.
(ii) For bilinear forms, the hyperdeterminant is equal to the discriminant.

(iii) For cubic forms of dimension 2, the hyperdeterminant is equal to the dis-
criminant.

(iv) For a diagonal r-form of dimension n, the hyperdeterminant vanishes if r = 3
andn >3 orr >4 andn > 2.
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Proof: (i) By Lemma 7.3(iii) and the remark after Definition 1.2, there is a vector
v € V ®g K such that ©, , = 0 € V*. Then v = ... = v(" := v satisfies
condition for the vanishing of the hyperdeterminant in Lemma 7.6(iii).

Let The negation of 7.3(iii) implies 7.6(iii).
(ii): [9], Chap. 14, Prop. 1.1.
(iii) This follows from the formulas for Az, and in hdets o given in ([9], Chap. 12,
(1.34)) and (][9], Chap. 14, Prop. 1.7). Note that, in the notation used there, we
have

3 3
ag = (370)61000 = Qoo , @1 = (271)%01 = 3agpo1 = 3ag10 = 3a1o0,

3 3
Qs = (172)61011 = 3ao11 = 3a101 = 3a110 , a3 = (0,3)61111 = @111

(cf. Lemma 2.1), and that the normalization of the two formulas differs by the
factor 27 .

(iv) We use the condition in Lemma 7.6(iii). Let e; € K™ denote the i-th unit
vector. In the case r = 3 and n > 3, let vV := ¢; (i = 1,2,3). In the case r > 4,
let vY = v® := ¢ and v® = ... = v = ¢,. Then hdet,,(f) vanishes by
Lemma 7.6(iii). O
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8 Zeta Functions of Separable r-Forms
over Finite Fields

This section is motivated by the study of motives corresponding to varieties over
a field. In the theory of quadratic forms, recently the motives corresponding
to the induced varieties have become an object of study, and therefore it seems
appropriate to ask whether the determinant of an r-form just depends on the
corresponding motive.

Let K be a finite field, and let » > 2. Let (V,0) be an r-form of dimension n
over K, and let X C P%! be the projective hypersurface described by © = 0. A
well-studied invariant of the motive corresponding to X is the zeta function, and
the Tate conjecture implies that it determines the motive. Thus, if we assume
that the determinant of r-forms gives an invariant for the induced motives over
k, then we would expect that r-forms with equal zeta function should have equal
determinant. However, the following argument shows that we can not not expect
too much: The zeta function is a projective invariant, hence it remains unchanged
if we exchange © by a multiple a® with @ € K*. But this changes the determinant
by the factor a”, hence its class in K*/K*" is changed if the dimension n is not a
multiple of the degree 7.

We want to compare determinant an zeta function of ©. The zeta function is
defined as

((0,1) = ¢(X,1) 1= eap(}_ =t') € Q]

i>1

where v; := card(X(F,)) is the number of F-rational points of X. If (V,0)
is non-singular, then the Weil conjectures, proved by Dwork and Deligne, imply
that (0, 1) is a rational function, and that it can be computed in terms of étale
cohomology using the Lefschetz Trace Formula:

8.1 Lemma. Let (V,0) be a non-singular r-form of dimension n over K, and
let X C 113’}(_1 be the projective hypersurface described by ©. Let K be a separable
closure of K, let X == X xx K, and let Fx : X — X be the geometric Frobenius.
Let | # char(K) be a prime, and let Q(O,t) := det(1 — F¥t|HL (X, Q) € Q[t].
Then Q(©,t) has integer coefficients, and the zeta function of © is given as

_ 1
— (=pr-t
¢(6,1) = Q(6,1) II  —qeen
i=1,...,n—2, i£ 252
Proof: This follows from the Weil conjectures (cf. [24], Theorem VI.12.4) and the
description of the groups H% (X, Q;)) in ([6], Theorem 1.6). O

Now let (V,0) be a separable r-form. In particular, this means that X is
non-singular, and the formula from the theorem holds. Let Y C 113_7}(_1 denote the
Fermat hypersurface of degree r, given by the diagonal r-form (K™, (1,...,1),).
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In Lemma 3.8(v), we showed that (V,0) and (K™, (1,...,1),) are isomorphic over
K, or, in other words, that (V, ©) is a form of the Fermat form. In particular, this
means X = Y. In Theorem 4.6, we identified separable r-forms of dimension n
over K with the elements of the cohomology set H'(K, S, [ ).

We fix some notation: Let K be a finite field which contains the r-th roots
of unity, i.e. K = IF, such that ¢ = 1 mod r. Let K = I, be a finite field. For
n € N, let b, € F},. be a generator of the multiplicative group in the n-th extension
field of K. We may choose the family of generators {b, | n € N} as a prOJectlve

system with respect to the norms, i.e. such that Np . p . (bm) = bqn’1 = b, for
all m,n € N with n|m. By Lemma 3.8, every indecomposable separable r-form
over K is isomorphic to (Fgn, trp, . /r, (bl,),) for some n and i. Let ¢ = ¢, denote

the primitive r-th root of unity b} I e K , and let o,, denote the transitive cycle

(1.n) € S,,.

8.2 Lemma. The cohomology class in H (F,, S, [ j1,) corresponding to the r-form
(Fgn, trw,0 jw, (0h)r) contains a 1-cocycle z € Z'(Fy, Sy, [ pir) such that for the arith-
metic Frobenius f = f, € Gy, we have

zp = (o0, (C"1,...,1)) €S, [ .

Proof: This cocycle is computed in Lemma 4.7: In the notation used there, we
choose b := b, B € F, an r-th root of b, and ¢; := f7~! for j = 1,...,n. Then
py =0, €S, and

t;(3) _ fj_ll(ﬁ) :{ Bl = (i forjzl }
Tty (0) 79 () 1 for j > 1

U

Let ¥ := z; = (0,,(¢%1,...,1)). We introduce some more notation: Let
iy C K be the group of r-th roots of unity, let A := p!*/u, be the quotient by the
diagonal embedding s, < p” and let A := {a = (a1,...,a,) € (Z/r)"| Sia; = 0}.
Then A 2 Hom(A, i,) by the pairing

Ax A= p,, al@) =L af for a=(ay,...,a,) € u@"

The group A C S, [ pir/ pir = Aut(Y) (cf. Lemma 4.5) acts on H, *(Y, ;) by func-
toriality. For a € A, let V, := {v € HL (Y, Q) |a*v = a(a) - v for all a« € A}.
LetA;'—{aeA]aﬁéOforzfl N}

Now let L = Q(u,) be the r-th cyclotomic field, and fix an embedding L C C.
Let f be the order of p = char(K) in G = G = (Z/r)*, let H C G be
the subgroup generated by p. Let g := p/. Then F,, is the smallest field of
characteristic p containing the r-th roots of unity and we have ¢ = ¢ for some
m € N.
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8.3 Lemma. Let p be a prime ideal in L lying over p. Then
(1) The residue field and the decomposition group of p are k(p) =F, , G, = H.

(ii) Identifying x(p) = Iy, by (i), there is a unique character x = x, : F; — C
of exact order r such that x,(u) = ui~Y" mod p foru € F,.

Proof: (i) Since (p,r) = 1, p is unramified in L, Gy = G ) /r, is generated by p,
thus equal to H.

(ii): For u € Iy, u9~Y" is an r-th root of unity. The roots of z" — 1 in L are
distinct modulo p, hence x(u) € L is uniquely defined. O

8.4 Definition. For a € A], the Jacobi sum is defined as

J(a) = Jy(a) = (=1)" I1 X(ug)® - -+ X (up)™ € L.
U2y ...y un € K*
U - Fup = —1

The following lemma gives a formula for the zeta function of separable r-forms
over [F,, which was proved by Briinjes in [2]. Our formula is slightly different from
the one given by Briinjes, but the proof follows his exposition:

8.5 Lemma. Let A’ /o denote the set of orbits [a] C A" under the action of Z

via Z — Sy, m — o™, and for a € A}, let l(a) := card([a]) denote the length of
its orbit. Then

Q(O,1) = Qu,..0t) - Il Qu(©,1),
where

1— q—%2 if n is even
Q,..0)(t) == { 1 if n s odd } and

Q[a](@,t) =1- ( H gia(og)) (J(a)sgn(o) t)l(a)'

For the proof, we need some lemmas:

8.6 Lemma. For the action of the geometric Frobenius morphisms Fx and Fy
on H2(X, Q) = HL *(X,Q)), we have Fy = 9" o Fy.

Proof: This is proved in ([2], 3.12 (16)). O
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8.7 Lemma. V = H. *(Y, Q) has a decomposition of Q;[Gk]-representations

,,,,,

) 1 ifn is even
We have dimg,(Vo,..0) = 0 z?n is odd

The action of the geometric Frobenius Fy respects this decomposition. It acts on
n—2
Vio,....0) with the eigenvalue ¢~ = , if n is even, and on V, with the eigenvalue Jy(a)

-----

foraec A.

} and dimg,(V,) = 1 for a € A

Proof: This is proved by Deligne in ([7], Prop. 7.11). O

8.8 Lemma. There is a basis {v, |a € AL} of @ V, such that v, € V, and
acAl

Vv, = o ta(a)sgn(o)vy-14

for each a € Aj,. ¥ acts trivially on Vig,... o).
Proof: This is proved in ([2], 9.17). O

Proof of Lemma 8.5: Putting the lemmas together, we see that the action of Fx

-----

where

o s 1= q*nTi2 if n is even
Quo..o(t) = det(l = Fx [Vio...0)) = { 1 if 7 is odd }

Q)(0,1) :=det(1 — F | V}q) for a € Aj,.

Let a € A7 and let [ := I(a). By 8.6, we may choose a basis {Uya, Vs2q, - - -, Uglq } Of
Vig such that v,i, € Vi, and 9*v,i, = o' ta(a)sgn(o)v,—1, for i = 1,...,1. Then
we know from the Lemmas that FY |V}, is given by the matrix (M}, € M;(L)),
where

0 1 0 0
Ma=| = 7 Y i1, My = () for 1 =1
a . , a
- T
X 0 0
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Expanding the matrix 1 — Myt along the first column, one checks that

Q) (0,t) = det(1 — Mgt) =1 — ;Hla:it =1- (l]j) aia(a)) (J(a)sgn(o)t).

In order to analyze the formula in Lemma 8.5, we want to know the prime
decomposition of the Jacobi sum J,(a) in L = Q(u,). This can be computed with
Stickelberger’s Theorem. We identify the primitive r-th root of unity ¢ € K* with
its image x(¢) € L, and let the isomorphism (Z/r)* = G = G be given by
t +— s, where s;(¢) := ¢'. In Lemma 8.3, we saw that the decomposition group of
p is the subgroup H C G generated by p, which has order f. Let ¢y,...,ts € (Z/r)*
be representatives for the classes in G/H and let p; := a:tlip(i =1,...,s) be the
different prime ideals in L over p. For x € Q, let (z) € Q be the fractional part of
x, i.e. the unique number with 0 < (x) < 1 and (z) — z € Z.

The formula in the next lemma is found in ([33], (8)).

8.9 Lemma. Let q = ¢f*. Then the prime decomposition of Jy(a) in L is

tupjai

(Jy(a)) = p5"@ - pe@ with ¢, (a) ==m Y (D ( ) —1) € Z.

j=0 i=1

Proof: First, let K = F,,. Let (, € C be a primitive p-th root of unity and let

P be the prime ideal in L({,) with p = PP~ Let A : K* — p, be the additive

character A\(u) := ;TK/FP(U) and let g(a;) = g(x*) := > x(u)*A(u) be the Gauss
ueK*

sum for x*. André Weil shows in ([32], p501) that J,(a) = %g(al) —g(ay) =

Ngjr,(p) tg(ar) - - g(a,) and Stickelberger’s Theorem (cf. [23], Th. 1.2.2) gives

(9(a;)) = PE=O@) in L(G,),

with the Stickelberger element ©(a;) := Y- (¥)s; € Q[G]. Thus,
teG

(Jy(a)) = PE=De@) = pele),

with w(a) == Y O(a;) + > s¢ = Y (3 (™) — 1)sZ; € Z[G]. Collecting the
i=1 teq teG i=1
coefficients in each coset of H yields the Lemma for m = 1. For q = ¢, we

have J,(a) = Jy(a)™ by Lemma 8.7, since J,(a) is the eigenvalue on V, for the
geometric Frobenius on Y/F,. O

8.10 Lemma. Assume that the prime field I¥), already contains the r-th roots of

unity, i.e. p =1 mod r, and that n is a multiple of r. Then (1,...,1) € Al and
for any a € A, the Jacobi sums J(a) and J(1,...,1) generate the same ideal in
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L if and only if a = (1,...,1).

Proof: We compare the prime decomposition for the Jacobi sums given in Lemma
8.9: Since p = 1 mod r, the decomposition group of p vanishes, and we have o(r)
distinct primes {p; |t € G} in L lying over P Let a € A : n . Then a; Z 0 mod

r for i = 1,...,n and therefore ¢;(a) = mZ(‘i) 1>m21—1—cl(1 5 1)
i=1

and equality holds if and only if a = (1,...,1). O

8.11 Theorem. Let K be a finite field of characteristic p, whose prime field
F, contains the r-th roots of unity. Let n be a multiple of r and let (V,0) and
(W, W) be r-forms of dimension n over K having the same zeta function. Then
det(©) = det(V), where det is the determinant of separable r-forms from Defini-
tion 4.14.

Proof: Let z,y : Gx — S, [ pur be the 1-cocycles from Lemma 8.2, correspond-
ing to © and VU, and let zy = (o, (a1,..., o)), yr = (7, (f1,...,B,)). Since ©
and U have the same zeta function, we have [] Qu(©,t) = [I Qu(¥,t)
l[al€Ar o l[aleAr /T
by Lemmas 8.1 and 8.5. Since Qp,. 11(0,t) = 1 —sgn(o)([[; as)Jy(1,..., 1)t =
1 —det(zf)Jy(1,...,1)t, we know that zo := (J,(1,..., 1)det(zf))*1 is a zero of
Q) (¥, t) for some a € Aj,. But then it follows from the formula for @[y, given
in Lemma 8.5, that J,(a) = £J,(1,...,1) with some root of unity £ and therefore

a=(1,...,1) by Lemma 8.10. Now Qp, 1j(¥,29) = 1 — Zzgyfi 0 and since f

generates G = 7 topologically, the value det(zs) = det(0)(f) at f determines
the class of det(©) in H'(K, p,), so we have det(©) = det(¥). O

.....
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9 Hyperbolic r-Forms and the Witt Ring

In the Witt-Grothendieck ring of quadratic forms, the additive subgroup H gener-
ated by the hyperbolic plane h = (1, —1) is an ideal, and the Witt ring of quadratic
forms is defined as the factor ring W (K) := W(K)/H. Let I := ker(W — 7)
denote the augmentation ideal and let I := ker(W (K) — 7Z/2) denote the funda-
mental ideal. Let det be the determinant map det : W+ (K) — K*/K*? to W,(K).
The discriminant of the quadratic form ¢ is defined as d(q) := (—1) Ld”g@wdet(q).
The discriminant induces a group isomorphism ey : [/1? = K*/K*2,

In order to give a definition for a Witt ring of r-forms, we want to find degree
r analogues of the discriminant and the hyperbolic ideal in the Witt-Grothendieck
ring of r-forms. The following lemma lists the minimal requirements one would
expect from such a pair:

9.1 Lemma. Let r > 2 and let K be a field such that r! is invertible. Let d :
WeeP(K) — K*/K*" be the permanent or the determinant, where the determinant
s available only ifr is even. Let H C WﬁeP(K) be an ideal such that dim(H) =0
modulo v and d(H) = 1, and let W,(K) := W**(K)/H. Let I, ¢ W*¥?(K)
denote the kernel of the dimension map dim : W3 (K) — Z, and let I, C W,(K)
denote the kernel of the dimension index dim : W,.(K) — 7Z/r. Then there is a
commutative diagram of abelian groups with short exact rows and columns

0 0 0

0 Hy I I, 0

0 H Wo(K) — W,(K) —=0

0 rZ Z 7.)r 0
0 0 0

and d induces a surjective group homomorphism
d:I./]I? — K*/K*.

Proof: The diagram is clear from the definition. We have d(H) = 1, so that d is
well defined on I, and the product formula in 4.15 shows d(?) = 1. The induced
map is clearly surjective. U

Having in mind the situation for quadratic forms, we would expect that this
map is an isomorphism for the right choice of d and H. Up to now, there is no
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good proposal for H, but following an idea of Carlsson given in [4], we propose the
following degree r analogue of the hyperbolic plane hy = (1, —1), which should be
contained in H:

9.2 Definition. Let r # 2 be a prime and let ¢(z) == 2" '+ -+ x+1 € K[z] be
the r-th cyclotomic polynomial. Since r! # 0 in K, the polynomial ¢ is separable,
and L := K[z]/(¢) is a separable K -algebra of dimension r—1 over K. We define

hy i= (1), @ (L, try u{x),) € WP (K).
9.3 Lemma.
(i) The r-form h, has dimension r and permanent 1.
(i1) Every element in K occurs as a value of the homogeneous r-form h,..
(111) If K contains a primitive r-th root of unity ¢, then h, = (1,(,..., (" 1),.

Proof: (i) It is clear that dim(h,) = r. By Lemma 4.16, we have

r—1
d(hr) = NL/K(LL') = 1:[11'2 =1e€ K*/K*T

(ii) Let @ € K. Then t1rL/K(:c(7fi2 +x)") = i (r)

D) ()Rt (@), For i > 0 we
k=0

r

have

N (r—1)i _ r—1 ifi=0modr
try k(') =2"+...x {_1 olse :

Together this gives tr . (z(% +2)") =r- ()% - > (1) (%) f=a— (% +1).
k=0

Now let v:= (% +1,% +z) € K& L. Then
hp(v, ..., v) = (G + 1)+ truc(z(s +2)7) = a

(iii) If ¢ € K is a primitive r-th root of unity, then ¢ decomposes over K and

we have an isomorphism of K-algebras L — K% ! [+ (oyl,...,0,_11), where
0; € Homy (L, K) is given by x — ¢*. One checks that this induces an isomorphism
of r-spaces which proves the Lemma. O

In order to test this definition, we let H be the ideal generated by h, and
compute the group I/I? in the case that K = T, is a finite field. The group
K*/K* is cyclic of order r if ¢ = 1 modulo r, i.e. if K contains the r-th roots of
unity. If K does not contains the r-th roots of unity, then K*/K*" is trivial. The
group I/I? that comes out from the Lemma, is not even finitely generated. This
suggests that we may have to choose H much bigger than (h,) in order to obtain
the imagined results.
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9.4 Notation. Let K = T, be a finite field. For n € N, let K, denote the
extension field Fyn and let b, € K be a generator of the multiplicative group. Here

we choose the family of generators {b, | n € N} as a projective system with respect
g -1

to the norms, i.e. such that N, x, (bm) = b ' = b, for allm,n € N with n|m.
Forn € N and0 <1 <, lety, denote the n- dzmenszonal mdecomposable separable
r-form (K, trg, ;x(b%),) € Wser(K), and let 2% =y —n 40 € I,. By 3.8, every
indecomposable separable r-form over K is isomorphic to y! for some n and i, so
W, (K) is generated by the y. and I,(K) is generated by the 2t (n € N,0 < i < r).

9.5 Lemma. (The Ring of Separable r-Forms over a Finite Field)
Let r # 2 be a prime and let K =, be a finite field. Let H := (h,.).

(i) Let g =1 modr, i.e. F, contains r-th roots of unity. Then W5 (F,) is a free
Z-module with basis {y, | n > 1,0 < i < r} and I/I* is a free Z/r-module
with basis {21} U{zL |v >1,0<i<r}.

(11) Let ¢ # 1 modr, i.e. Fy does not contain r-th roots of unity. Then er”(]Fq)
is a free Zi-module with basis {y° | n > 1} U {y(lr e | M= 1} and I/I? is a
free Z./r-module with basis {z% | v > 1} U {zry o1y | v =0}

Proof: Every indecomposable separable r-form over I, is equivalent to ¢’ for some
n and ¢, hence Wsep (F,) is generated by the y and I, is generated by the z!. We
have I, /I2 = I,/(I2 4 Hy) = I, /(I +h,1,) and h, = ry¢ mod I, implies 71, = h, 1,
mod I: /2 and thus rl, C I?. Therefore I,./I? is a Z/r-module given by generators
z; and relations coming from multiplication in I,. For any n,m € N we have
K, N Ky =Kum, Ky Ky = Kppm and 1.10 gives product formulas

(1) iq[mni]il‘Fqqu[mmTﬂil
Vovh= @ (Kpeptrlahoah) = St T (1)
O'EG(K(,,LJ,”/K) =1
. . (mvn) iq[mr‘bn]—l+ k .q[mnvln]_l ‘
o Fm = = Z[m;fl T —nzl —mzl (2)

(i) Let ¢ = 1 mod r. For n € N, the group K}/K" is cyclic of order r and
the Frobenius automorphism operates trivially. Thus, by 3.8(ii), the equiva-
lence classes of indecomposable separable r-forms of dimension n over I, are
y0,...,y/~. This establishes the set of generators for Ws(IF,). With ¢ = 1

we have ¢¥ = 1 and qmn -1 — kmg}/n Ly = @ mod r, so (2) yields the

following relations modulo If.

.

nzl +mzl = (mmn)z " " forn,m €N, 0<i,5<r. (3)
With n = m = 1 we get 2} +21 = 2" and thus 21 = iz} for 0 < i < r. With
m=1,i=0weget 22 +nzl =2" and n=m, i = j = 0 yields nz? = 0. For

(n,7) =1, we get 22 € (n,7)20 = 0 and there is n™! with nn™! =1, so we get

2= =20 it =20 izl =iz for (n,r) =1, 0<i <7 (4)

3
n n
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Relation (3) with m =, v > 1, (r,n) = 1 yields 22", = nzl, 4+ 1720 0 & nzl, and
therefore

2 =nZ" for (n,r)=1,v>1,0<i<r (5)
Relations (4) and (5) establish the generating set for I,./I?. Taking the free module
on this basis and using (4) and (5) as definition for the other z! one checks back
that all relations (3) are valid, so that the modules are isomorphic.
(i) Let ¢ # 1 mod 7. For n € N, r divides ¢" — 1 if and only if » — 1 divides n, so
K:/K™ ={1,a,,...,a" '} is cyclic of order r if r — 1 divides n and trivial else.
Ifr—1 divides n, the Frobenius automorphism operates transitively on the set
{ay,...,a’"'} € K}/K}", so by 3.8(ii) the equivalence classes of indecomposable
separable r-forms of dimension n over I, are y2 and y,.. This establishes the set of

generators for TV (F,). Again, we can simplify the product formula (2) and have

c[myn] | .k [myn]
. . . , -1 7 pos +]q po . . . . .
relations nz) +mz, = ,(Cmgl ) o] , since either ¢ = 0, or r — 1 divides
q[m "] 1 [m n]

n and then ¢" = 1 and = mod 7, same for j and m. In particular, we

get the following relamons

mz,, + nz

Relation (3') with m =n, i = j = 0 yields nz, = 0, and therefore
20 =0 for (r,n) =1, (5)

3/ /
2%, 2 nzl, +rvz0 © nz%, for (r,n) =1,v > 1. (67)

Let (r,n) = 1 and let n = njny where n; is the maximal divisor of n prime to
r — 1. Then

—

) ()
(T - 1)2:V(r—1)n2 = (T’ - 1)n22r1’(r 1) +r (T - 1) Zr—l)ng = (7" - 1)”‘2’2’}”&—1)'

This implies Zi”(r—l)nQ = n2zrl,y(r 1)» and we get
1 (4_/) 1 v 0
Zr”(rfl)n = nlzr’/(rfl)ng +r (’I“ - 1)n22n1 ,
) (7)
= ”1Zw(r Dny — ”1”22#(%1) nzrl’(r 1)

Relations (57) to (7’) establish the generating set for I,./I2. Taking the free module
on this basis and using (5’)-(7’) as definition for the other 2! it is a tedious task
to check back that all the relations induced by (2) are valid. This shows that the
modules are isomorphic. O
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