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Introduction

The question under which conditions there exist non-trivial bounded harmonic functions
on Riemannian manifolds (M, g) has been of great interest to many mathematicians and
still is.

A function h : M → R is called harmonic if it is a smooth solution of the Laplace equation

∆Mu = 0, (1)

where ∆M is the Laplace-Beltrami operator on the Riemannian manifold M .

It has been known since 1957, see [Hu], that there are no non-constant bounded harmonic
functions on a complete surface, i.e. complete Riemannian manifold of dimension two,
with positive curvature. On the other hand, it follows from the Ahlfors-Schwarz Lemma,
[Ah], that a simply connected surface with curvature bounded from above by a negative
constant is conformally equivalent to the unit disc and consequently possesses non-trivial
bounded harmonic functions.

Hence it is a natural question to ask, whether curvature – sectional curvature, to be
more precise – is a good criterion in all dimensions to distinguish between Riemannian
manifolds which admit non-trivial bounded harmonic functions and so-called Liouville
manifolds, i.e. Riemannian manifolds where constant functions are the only solutions to
equation (1).

As an immediate consequence of the infinitesimal version of the Harnack inequality proven
by Yau in [Y], Theorem 3”, every positive and therefore every bounded harmonic function
on a complete Riemannian manifold (of arbitrary dimension) with non-negative (i.e. ≥ 0)
curvature is constant.

In case of a Cartan-Hadamard manifold, i.e. a complete simply connected Riemannian
manifold with non-positive (i.e. ≤ 0) sectional curvature, there is the following conjecture
of Greene and Wu, that was (in a slightly relaxed version) also a consideration of Dynkin
in [D1]. In the following, r(x) denotes the radial part of x ∈M :

Conjecture 0.1 (cf. [G-W] and [H-M], p.767).
Let (M, g) be a Cartan-Hadamard manifold with sectional curvatures

SectM
x ≤ −cr(x)−2

for some constant c and all x ∈ M in the complement of a compact set. Then there are
non-constant bounded harmonic functions on M .
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Up to now there is no proof known, but there are several affirmative results in this direction.
We are going to give a short historical overview of these results and the methods used for
their proofs:

For a Cartan-Hadamard manifold M of dimension d there is a natural geometric boundary,
the sphere at infinity S∞(M), such that M ∪ S∞(M) equipped with the cone topology is
homeomorphic to the unit ball B ⊂ Rd with boundary ∂B = Sd−1, cf. [E-O´N], [B-O´N]
and [Kl]. Using polar coordinates (r, ϑ) for M , a sequence (rn, ϑn)n∈N of points in M
converges to a point of S∞(M) if and only if rn → ∞ and ϑn →: ϑ.

Given a continuous function f : S∞(M) → R the Dirichlet problem at infinity is to find a
harmonic function h : M → R which extends continuously to S∞(M) and there coincides
with the given function f . The Dirichlet problem at infinity is called solvable if this is
possible for every such function f . Hence the question whether there exist non-trivial
bounded harmonic functions on M is naturally related to the question if the Dirichlet
problem at infinity for M is solvable.

In 1983, Anderson proved that the Dirichlet problem at infinity is uniquely solvable for
Cartan-Hadamard manifolds with pinched negative curvature, i.e. for complete simply
connected Riemannian manifolds M whose sectional curvatures satisfy

−a2 ≤ SectM
x ≤ −b2 for all x ∈M ,

where a2 > b2 > 0 are arbitrary constants. See [An], Theorem 3.2. The main idea of
the proof was to use barrier functions and Perron’s method to obtain the desired results.
Essentially the same ideas are used by Choi in 1984 to show that in case of a model
manifold (M, g) the Dirichlet problem at infinity is solvable if the radial curvature is
bounded from above by −A/(r2 log(r)). Hereby a Riemannian manifold (M, g) is called
model if it possesses a pole p ∈ M and every linear isometry ϕ : TpM → TpM can be
realized as the differential of an isometry Φ : M →M with Φ(p) = p, see [C], Theorem 3.6.
Choi furthermore provides a criterion, the convex conic neighbourhood condition, which
yields solvability of the Dirichlet problem at infinity.

Definition 0.2 (cf. [C], Definition 4.6).
Let M be a Cartan-Hadamard manifold. M satisfies the convex conic neighbourhood
condition at x ∈ S∞(M) if for any y ∈ S∞(M), y 6= x, there exist Vx and Vy ⊂M∪S∞(M)
such that Vx and Vy are disjoint open sets of M ∪ S∞(M) in terms of the cone topology
and Vx ∩M is convex with C 2-boundary. If this condition is satisfied for all x ∈ S∞(M),
we say that M satisfies the convex conic neighbourhood condition.

Due to [C], Theorem 4.7, the Dirichlet problem at infinity is solvable for a Cartan-
Hadamard manifold M with sectional curvature bounded from above by −c2, for c > 0,
that satisfies the convex conic neighbourhood condition.

Another approach to the Dirichlet problem at infinity is given from probabilistic methods
as it is well known that harmonic functions on a Riemannian manifold are characterized
by the mean value property for geodesic balls, see Theorem 2.9. This property extends
under certain conditions to the sphere at infinity, i.e. if the Dirichlet problem at infinity
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for M is solvable and almost surely Bζ := limt→ζ Bt exists in S∞(M), where (Bt)t<ζ is a
Brownian motion on M with lifetime ζ, the unique solution h : M → R to the Dirichlet
problem at infinity with boundary function f is given as

h(x) = E
(
f ◦Bx

ζx

)
. (2)

Here Bx is a Brownian motion starting in x ∈M .

On the contrary, considering a Brownian motion on M such that almost surely limt→ζx Bx
t

exists in S∞(M) for all x ∈M , one can define the harmonic measure µx on S∞(M), where
for a Borel set U ⊂ S∞(M)

µx(U) := P
(
Bx

ζx ∈ U
)
. (3)

For every Borel set U ⊂ S∞(M) the assignment

x 7→ µx(U)

defines a bounded harmonic function hU onM . Using the maximum principle for harmonic
functions it follows that hU is either identically equal to 0 or 1 or takes values in (0, 1).
Furthermore, all the harmonic measures µx on S∞(M) are equivalent. Showing that the
harmonic measure class on S∞(M) is non-trivial solves the Dirichlet problem at infinity
for M as the unique solution for a given continuous boundary function f : S∞(M) → R is
given in the form

h(x) =

∫

S∞(M)
f(y)µx(dy). (4)

This explains why studying the asymptotic behaviour of Brownian motion on M is a
convenient method to decide whether the Dirichlet problem for M is solvable or not.

The first results in this direction have been obtained by Prat between 1971 and 1975
(see [P1] and [P2]). He proved that on a Cartan-Hadamard manifold where the sectional
curvature is bounded from above by a negative constant −k2, k > 0, Brownian motion is
transient, i.e. almost surely all paths of the Brownian motion exit from M at the sphere
at infinity ([P2], Théorème 1). If in addition the sectional curvatures are bounded from
below by a constant −K2, K > k, he shows that the angular part ϑ(Bt) of the Brownian
motion almost surely converges when t→ ζ ([P2], Théorème 2). This is the reason why it
makes sense to consider harmonic measures on S∞(M) in this situation.

In 1976, Kifer presented a stochastic proof, see [K1], Theorem 2, that on Cartan-Hadamard
manifolds with sectional curvature bounded between two negative constants and satisfying
a certain additional condition (Condition 1 in [K1]) the Dirichlet problem at infinity can
be uniquely solved. However, the proof there was merely given in explicit terms for the
two dimensional case. The case of a Cartan-Hadamard manifold (M, g) with pinched
curvature without additional conditions and arbitrary dimension was finally treated by
Kifer in 1984 in a more accurate version in [K2], Section 3.

Independently of Anderson, in 1983, Sullivan presented a stochastic proof of the fact that
on a Cartan-Hadamard manifold with pinched curvature the Dirichlet problem at infinity
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is uniquely solvable (see [S], Theorem 1). The crucial point has been to prove that the
harmonic measure class is non-trivial in this case. He obtains his result as a corollary of
the following theorem:

Theorem 0.3 ([S], Theorem 2).
The harmonic measure class on S∞(M) = ∂(M∪S∞(M)) is positive on each nonvoid open
set. In fact, if mi in M converges to m∞ in S∞(M), then the Poisson hitting measures
µmi tend weakly to the Dirac mass at m∞.

In the special case of a Riemannian surface M with negative curvature bounded from
above by a negative constant, Kendall gave a stochastic proof that the Dirichlet problem
at infinity is uniquely solvable, see [Ke]. He thereby used the fact that every geodesic on
the Riemannian surface ”joining” two different points on the sphere at infinity divides the
surface into two disjoint halfs. Starting in a point x on M , with non-trivial probability
Brownian motion will eventually stay inside one of the two halfs up to its lifetime. As this
is valid for every geodesic and every starting point x, the non-triviality of the harmonic
measure class on S∞(M) follows.

Concerning the case of Cartan-Hadamard manifolds of arbitrary dimension several results
have been published how the pinched curvature assumption can be relaxed such that still
the Dirichlet problem at infinity for M is solvable. To mention just two of them which
use probabilistic methods, we refer to [H-M] and [H1]. From there we have the following
result which allows that – under certain conditions – one can omit the condition of constant
upper or constant lower bound for the sectional curvature:

Theorem 0.4 ([H1], Theorem 1.1 and Theorem 1.2).
Let (M, g) be a Cartan-Hadamard manifold. The Dirichlet problem at infinity for M is
solvable if one of the following conditions is satisfied:

i) There exists a positive constant a and a positive and nonincreasing function h with∫∞
0 rh(r)dr <∞ such that

−h(r(x))2e2ar(x) ≤ RicM
x and SectM

x ≤ −a2 for all x ∈M .

ii) There exist positive constants r0, α > 2 and β < α− 2 such that

−r(x)2β ≤ RicM
x and SectM

x ≤ −α(α− 1)

r(x)2

for all x ∈M with r(x) ≥ r0.

It was unknown for quite a long time whether only the existence of a constant negative
upper bound for the sectional curvature of a Cartan-Hadamard manifold of dimension
d ≥ 2 could be a sufficient condition for the solvability of the Dirichlet problem at infinity as
it was already proven to be in dimension 2. But in 1994, Ancona constructed a Riemannian
manifold with sectional curvatures bounded from above by a negative constant such that
the Dirichlet problem at infinity for M is not solvable, see [A1] and Chapter 4 for further
details. He shows that on his manifold M Brownian motion almost surely exits from M
at a single point ∞M on the sphere at infinity and so evidently the Dirichlet problem at
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infinity forM is not solvable. Independently of Ancona and using purely analytic methods,
there is the work of Borbély who also provides an example of a Riemannian manifold M
such that the Dirichlet problem at infinity is not solvable ([B], Theorem 1 and Theorem 2).
Unlike Ancona, Borbély shows that his manifold possesses non-trivial bounded harmonic
functions.

The present work is now concerned with several questions: Does the manifold of Ancona
also possess non-trivial bounded harmonic functions? Does Brownian motion on the man-
ifold of Borbély behave similar to Brownian motion on Ancona’s manifold? Then the two
examples can be considered to be essentially the ”same”, at least from the probabilistic
point of view. Is there a stochastic representation of the harmonic functions obtained on
the manifold of Borbély and are there further harmonic functions besides the ones Borbély
already constructed? Furthermore, is there a way to use the ideas of Ancona and Borbély
to construct further examples of Riemannian manifolds for which the Dirichlet problem at
infinity is not solvable whereas there exist non-trivial bounded harmonic functions? And
finally, do the non-trivial bounded harmonic functions, which we construct with probabilis-
tic methods provide full information about the space of all positive (bounded respectively)
harmonic functions on M?

We are going to discuss and answer these and related questions in the following chap-
ters. Writing h(M) for the (Banach) space of bounded harmonic functions on a Cartan-
Hadamard manifold M , we have the following result of Anderson:

Theorem 0.5 ([An], Theorem 4.3).
Let (M, g) be a Cartan-Hadamard manifold of dimension d, whose sectional curvatures
satisfy −a2 ≤ SectM

x ≤ −b2 for all x ∈M . Then the linear mapping

P : L∞(S∞(M), µ) → h(M),

f 7→ P (f), P (f)(x) :=

∫

S∞(M)
fdµx

(5)

is a norm-nonincreasing isomorphism onto h(M).

In the situation of Ancona’s and – as we are going to show in Chapter 3 – Borbély’s
manifold Brownian motion almost surely exits from the manifold at a single point of the
sphere at infinity independent of the starting point x. Hence all harmonic measures µx

on M are trivial. On the other hand, we are going to show in Chapter 3, Theorem 3.16
and Theorem 3.27 as well as in Chapter 4, Theorem 4.4, that these manifolds possess
non-trivial bounded harmonic functions. From that it is clear that the mapping P :
L∞(S∞(M), µ) → h(M) fails to be surjective as every harmonic function of the form P (f)
is necessarily constant.

As for the considered manifolds the Dirichlet problem at infinity is obviously unsolvable
we are going to use another ”criterion” for the proof that these manifolds possess non-
trivial bounded harmonic functions: Due to Dynkin, cf. [D1], Chapter XII, there is a
one-to-one correspondence between the space h(M) of all bounded harmonic functions on
M and the set of all Ainv-measurable functions up to equivalence. Hereby Ainv denotes
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the shift-invariant σ-field on the space C (R+, M̃ ) of continuous paths with values in the

Alexandroff compactification M̃ of M .

Given a bounded harmonic function h on M , the function H : C (R+, M̃ ) → R with

H := lim
t→ζ

(h ◦ prt), (6)

where ζ is the lifetime of a Brownian motion B on M , defines an Ainv-measurable function.
For H bounded and Ainv-measurable the function h : M → R defined by

h(x) := ExH (7)

is harmonic on M . These two mappings are inverse to each other. See Section 2.3, Lemma
2.15, for the proof.

Consequently a Riemannian manifold M does not possess non-trivial bounded harmonic
functions if and only if the shift-invariant σ-field Ainv is trivial, i.e. Px(Ainv) ⊂ {0, 1} for

all x ∈ M . This is furthermore equivalent to the fact that the exit sets U ⊂ M̃ are all
trivial for the Brownian motion on M , i.e. P{Bx

t ∈ U eventually} ⊂ {0, 1} for all x ∈ M .
See Theorem 2.18. Therefore the main task is to find non-trivial exit sets for the Brownian
motion, i.e. to find (non-trivial) possibilities to distinguish between Brownian paths. The
question under which conditions the shift-invariant σ-field for a Riemannian manifold M
is trivial and, in case of non-triviality, the question whether one can find Ainv-measurable
functions that generate the shift-invariant σ-field, has been considered in many situations.
However, in general these questions are not easy to answer. For further information we
refer to [Cr1], [Cr2], [F-O], [Cr-O-R].

This work is organized as follows:

Chapter 1 recalls some important definitions and facts concerning differential geometry. In
Section 1.3 we give a short idea how the sphere at infinity S∞(M) of a Cartan-Hadamard
manifold can be obtained and state the Dirichlet problem at infinity. Most of the presented
theorems can be found for example in [B-O´N], [E-O´N], [Kl] and [Jo].

Brownian motion on Riemannian manifolds is introduced in Chapter 2, Section 2.1. The
Lévy-Characterization and the Strong Markov property for Brownian motion are summa-
rized in Section 2.2, Theorem 2.6 and Theorem 2.7.

Most part of Chapter 2.1 is devoted to the relations between bounded harmonic functions
on a Riemannian manifold M and the asymptotic behaviour of Brownian motion on M : in
Section 2.3, Theorem 2.9, we recall some well known facts concerning the heat semigroup
(Pt)t∈R+ generated by the Laplacian ∆M and the mean value property of harmonic func-
tions. Theorem 2.11 is a stochastic criterion for the solvability of the Dirichlet problem at
infinity and provides the stochastic representation formula

uf (x) = E
(
f ◦ Bx

ζx

)
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for the unique solution to the Dirichlet problem at infinity, given a continuous boundary
function f . The σ-field of shift-invariant events is defined as well as the set mC inv/∼ of all
bounded Ainv-measurable functions up to equivalence. The definition and the proof of the
isomorphism h(M) → mCinv/∼ that we already mentioned above, is contained in Lemma
2.15. From this the Liouville criterion for Riemannian manifolds, see Theorem 2.18, is an
immediate consequence. We add some facts about transience and recurrence of Brownian
motion in Theorem 2.20 and Theorem 2.21. The final section of this chapter introduces
the Martin boundary and the minimal Martin boundary of a Riemannian manifold. The
Martin boundaryM ∗ compactifizes the Riemannian manifoldM and has the property that
every positive harmonic function on M can be obtained as an integral over the Martin
boundary M ∗. We write down some results under which conditions the Martin boundary
is known to be homeomorphic to the sphere at infinity. It turns out that for the manifold
we consider in Chapter 3 the Martin boundary has to be at least of dimension 2. We give
a short explanation of how this conclusion can be obtained from the results we are going
to prove in Chapter 3, Theorem 3.16 and Theorem 3.27.

Chapter 3 is the main part of this work. Herein we first define the Riemannian manifold
M we are interested in. The construction of the Riemannian manifold M is the same as
Borbély presented in [B]: we consider M as the warped product

M := (H ∪ L) ×g S
1,

where L is a unit-speed geodesic in the hyperbolic space H2 of constant sectional curvature
−1 and H is one component of H2 \ L. The Riemannian metric γ on M is the warped
product metric of the hyperbolic metric on H coupled with the (induced) Euclidean metric
on S1 via the function g : H ∪ L→ R+

ds2M = ds2H2 + g · ds2S1 .

By identifying points (`, α1) and (`, α2) with ` ∈ L and α1, α2 ∈ S1 and choosing the
metric ”near” L equal to the hyperbolic metric of the three dimensional hyperbolic space
H3 the manifold M becomes complete, simply connected and rotationally symmetric with
respect to the axis L. In Section 3.1 we carry out the necessary calculations and list
some conditions the function g has to satisfy in order to provide a Riemannian metric
on M for which the sectional curvatures are bounded from above by a negative constant.
Section 3.2 is dedicated to the description of the sphere at infinity S∞(M) of M . In
Section 3.3, Lemma 3.1, we write down all the properties the function g has to satisfy
such that the Riemannian manifold M becomes an example of a manifold for which the
Dirichlet problem at infinity is not solvable. We add some comments that clarify which of
the required properties are necessary for the construction of the function g and which of
them influence the asymptotic behaviour of the Brownian paths. As the construction of
the function g is described in detail in [B] we only sketch the construction in Section 3.4
and refer to Borbély for the detailed proofs.

The probabilistic consideration of the manifold M starts in Section 3.5. We write down
the defining stochastic differential equations for the Brownian motion B on M , where we
use the component processes R, S and A of B with respect to the global coordinate system
{(r, s, α)| r ∈ R+, s ∈ R, α ∈ [0, 2π)} for M .
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The non-solvability of the Dirichlet problem at infinity for the Riemannian manifold M is
an immediate consequence of Theorem 3.4:

Theorem 3.4. i) For the Brownian motion B on the Riemannian manifold (M,γ)
constructed above the following statement almost surely holds:

lim
t→ζ

Bt = L(+∞),

independently of the starting point B0. In particular the Dirichlet problem at infinity
for M is not solvable.

ii) There is a submanifold S of S∞(M) of codimension 1 with the following prop-
erty: Given a bounded continuous function f : S → R we can find a non-trivial
bounded harmonic function h : M → R which has f as limiting boundary func-
tion, i.e. limp→p̃ h(p) = f(p̃) where p → p̃ ∈ S. Writing pr3 for the map M → R,
(r, s, α) 7→ α, almost surely limt→ζ(pr3 ◦Bt) ≡ limt→ζ At exists and takes values in
the submanifold S.

Further, we have for any point p = (r, s, α) ∈M :

h(p) = Ep

(
f ◦ lim

t→ζ
(pr3 ◦Bt)

)
= Ep

(
f ◦ lim

t→ζ
At

)
.

From part i) it is clear that the asymptotic behaviour of the Brownian motion on M is
the same as in the case of the manifold of Ancona. Moreover, it turns out (see Section
3.6, Corollary 3.24, i) of Theorem 3.22) that the component R of the Brownian motion
B almost surely goes to infinity when t → ζ. In combination with Lemma 3.15 and
Lemma 3.18 we obtain the proof that the components R, S and A of the Brownian
motion on M behave the same way as the corresponding components T , X and Y on the
manifold of Ancona, see Theorem 4.4. Moreover, we get a stochastic representation of
non-trivial bounded harmonic functions on M . These harmonic functions are different to
those Borbély constructs in [B], Theorem 2. Furthermore it is a remarkable fact that in
contrary to the manifold of Ancona, where the Brownian motion almost surely has infinite
lifetime, we can show that on the manifold M the lifetime ζ of the Brownian motion is
almost surely finite, see Corollary 3.24, ii).

The proof of Theorem 3.4 is split up into several lemmata, which in combination yield the
statements i) and ii), cf. Lemmata 3.7, 3.12, 3.15, 3.16 and 3.18.

In Section 3.6 we construct further harmonic functions on M . We define a time change
of the Brownian motion such that the drift of the component process R of B becomes
equal to t, i.e. the time changed component R̃ behaves similar to the deterministic curve
R+ → R+, t 7→ r0 + t. We show in Theorem 3.22 that the process

Zt := S̃t −
∫ R̃t

0
q(r)dr

almost surely converges in R when t → ζ̃. We furthermore give a stochastic proof of the
fact that
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u(Zt) := max

{
0,

2

π
arctan

(
1

2

(
S̃t −

∫ R̃t

0
q(u)du − a

))}

defines a submartingale, cf. Proposition 3.26. Using the submartingale property of u(Zt),
we show in Theorem 3.27 that the random variable

Z
ζ̃

:= lim
t→ζ̃

Zt

is a non-trivial shift-invariant random variable, which gives further non-trivial bounded
harmonic functions on M . A short sketch of the construction of the function q is given in
Section 3.7. This function has been already used by Borbely to prove Theorem 2 of [B].

We finish this chapter with a geometric interpretation how the asymptotic behaviour of
the Brownian motion can be ”visualized” via a change of coordinates of the manifold
M . It turns out that the non-trivial shift-invariant random variable Aζ := limt→ζ At

can be interpreted as one dimensional angle which indicates from which direction the
projection of the Brownian path onto the sphere at infinity attains the point L(∞). The
non-trivial shift-invariant random variable Z

ζ̃
indicates along which surface of rotation

Cs0 × S1 inside of M the Brownian paths finally exit the manifold M . Thereby Cs0 is the
trajectory starting in (0, s0) ∈ R+ × R of the vector field (3.38), given as

V :=
∂

∂r
+ q(r)

∂

∂s
.

This kind of asymptotic behaviour is not known in the ”usual” case of a Cartan-Hadamard
manifold of pinched negative curvature. There the angular part ϑ(B) of B carries all
information and its limit random variable Θ generates the shift-invariant σ-field of B.
Hence all non-trivial information to distinguish between Brownian paths can be obtained
by looking at the angular projection of B onto S∞(M), which is not sufficient if we consider
our manifold.

Chapter 4 introduces the manifold of Ancona published in [A1] which is another example
of a Riemannian manifold where the Dirichlet problem at infinity is not solvable. For
this manifold the asymptotic behaviour of Brownian motion has been discussed in [A1].
However, Ancona did not deal with the question whether there exist non-trivial bounded
harmonic functions on this manifold. In Section 4.1 we give a short summary how the
Riemannian manifold M is defined including the conditions which the coupling function
h : R2 → R+ in the Riemannian metric

ds2γ = dt2 + e2tdx2 + h(x, t)2dy2

for M has to satisfy such that all sectional curvatures of M are bounded from above by a
negative constant. Section 4.2 illustrates how the function h is constructed on ”stripes”
of the form R × [ti, tj ] ⊂ R2. The main part of Theorem 4.4 in Section 4.3 is already
proven in [A1]. We add in part iii) of this theorem the observation that the shift-invariant
random variable Y∞ := lims→∞ Ys is non-trivial and therefore provides non-trivial bounded
harmonic functions on M . From that it is clear that the manifold M is a non-Liouville
manifold. We conclude this chapter with a geometric discussion whether there possibly
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may exist further non-trivial bounded harmonic functions on M besides the ones we get
from Y∞. In Section 4.4 we extend the given example to arbitrary dimension d ≥ 3, which
was already initiated by Ancona. The most important observation is presented in Theorem
4.7, iii). Due to these results for every continuous bounded function f : Rd−2 → R we
obtain a non-trivial bounded harmonic function u : M → R of the form

u(m) = Em
[
f ◦
(

lim
s→∞

(Ys, Z1s, . . . , Zms)
)]
,

where Y,Z1, . . . Zm, m = d− 3, are components of the Brownian motion on M .

Section 4.5 introduces a second way to define the metric function h, see Lemma 4.10. Using
this function instead of the function h of Section 4.2 to define the Riemannian metric, we
obtain a three dimensional Riemannian manifold M with the following property: Almost
surely the Brownian motion exits from M along the hypersurface {x = 0} ⊂M . However
we can still find non-trivial bounded harmonic functions on M , see Theorem 4.12. We
illustrate this asymptotic behaviour in Remark 4.13: when looking at the projection of
the Brownian motion onto the sphere at infinity one observes that the Brownian motion
finally attains the great circle {x = 0} on S∞(M). The non-trivial information, which
yields non-trivial bounded harmonic functions on M , is which point of the circle {x = 0}
the Brownian paths finally attain.

With this in mind, we modify the function h with the help of a dense sequence (ai)i∈N in
R such that the (projections of the) Brownian paths Bs(ω) are again and again close to
the circles {x = ai}, i ∈ N, on the sphere at infinity, i.e. oscillate for s→ ∞. In particular,
Brownian motion Bs does not converge for s → ∞. However, there are still non-trivial
bounded harmonic functions on M . This is proven in Theorem 4.16.

In the last Section 4.6, we collect the obtained results of Section 4.3 and 4.5 to obtain
for every dimension d ≥ 3 a Riemannian manifold M such that the asymptotic behaviour
of the Brownian motion can be ”predetermined” whereas there exist non-trivial bounded
harmonic functions on M .
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Chapter 1

Some Background on Differential

Geometry

1.1. Fundamentals and Definitions

We start with some general definitions and facts about Riemannian manifolds, which are
used in the following chapters. If not explicitly mentioned, we consider a Riemannian
manifold (M, g) of dimension d ≥ 2 (where the main chapters only treat the case d = 3)
with Riemannian metric g. The C ∞(M)-module of all C ∞-sections M → TM is denoted
by Γ(TM). A chart (h,U) for M yields a local basis ∂1, ∂2, . . . , ∂d for Γ(TM |U ), where
∂i := (dh)−1(ei), i = 1, . . . , d, and e1, e2, . . . , ed the standard basis of Rd.

A linear connection on TM is a R-linear mapping

∇ : Γ(TM) → Γ(T ∗M ⊗ TM)

which satisfies the Leibniz rule

∇(fX) = df ⊗X + f∇X, for all X ∈ Γ(TM) and f ∈ C
∞(M).

Using the canonical identification Γ(T ∗M ⊗TM) = HomC ∞(M)(Γ(TM),Γ(TM)), a linear
connection on M is a R-bilinear mapping

∇ : Γ(TM) × Γ(TM) → Γ(TM), (Y,X) 7→ ∇YX := ∇(Y,X)

which is C∞(M)-linear in the first argument and acts as a derivation in the second one.
A linear connection on TM is called metric or Riemannian if it respects the Riemannian
metric g on TM in the sense that

d(g(X,Y )) = g(∇X,Y ) + g(X,∇Y ) for all X,Y ∈ Γ(TM).

The Levi-Civita connection on M is the uniquely determined Riemannian connection on
TM which is additionally torsionfree, i.e. satisfies

T (X,Y ) := ∇XY −∇YX − [X,Y ] = 0 for all X,Y ∈ Γ(TM),

with the Lie bracket [X,Y ] ∈ Γ(TM), given as derivation [X,Y ]f := X(Y f)− Y (Xf) for
f ∈ C∞(M).



16 1. Some Background on Differential Geometry

With respect to a chart (h,U) of M the Levi-Civita connection ∇ is uniquely determined
by its Christoffel symbols (Γk

ij)i,j,k=1,...,d ∈ C∞(U), where ∇∂i
∂j =

∑
k Γk

ij∂k. In terms of
the Riemannian metric g on M one can compute the Christoffel symbols as

Γk
ij =

1

2

∑

`

g`k[∂igj` + ∂jg`i − ∂`gij ],

where gij := 〈∂i, ∂j〉 and gij ∈ C∞(U) with
∑

j g
ijgjk = δik.

A differentiable curve γ : I → M , where I ⊂ R, is called geodesic curve or geodesic if
γ̇ ∈ Γ(γ∗(TM)) is parallel along γ with respect to ∇, i.e. if ∇Dγ̇ = 0 where D is the
canonical vector field on I and ∇ the induced connection on γ∗(TM). In local coordinates
(h,U) a geodesic satisfies the equation

ẍi(t) +
∑

jk

Γi
jk(x(t))ẋ

j(t)ẋk(t) = 0, for i = 1, . . . , d, (1.1)

where ẋi(t) := d
dtx

i(γ(t)), etc. and xi(γ(t)) is the i-th component of γ(t) in the coordinates
given by h.

As we are interested in the existence of non-trivial bounded harmonic functions on M
as well as the asymptotic behaviour of Brownian motion on M – what is well known to
be essentially the same question, see Chapter 2 – we briefly recall the definition of the
Laplace-Beltrami operator on the Riemannian manifold M : for f ∈ C ∞(M) we have the
Hessian of f as the section ∇df ∈ Γ(T ∗M ⊗ T ∗M) with ∇ the induced connection on
Γ(T ∗M). The operator ∆ : C ∞(M) → C∞(M) given as

∆f := trace∇df,
that means ∆f(x) =

∑
i(∇df)(ei, ei) with e1, . . . , ed an orthonormal basis for TxM , is

called the Laplace-Beltrami operator on M . In local coordinates (h,U) one has the explicit
formula

∆f |U =
∑

ij

gij

(
∂i∂jf −

∑

k

Γk
ij∂kf

)
. (1.2)

A function h ∈ C 2(M) is called harmonic, if ∆h ≡ 0; it is called subharmonic, if ∆h ≥ 0
and superharmonic, if ∆h ≤ 0.

In what follows, we restrict ourselves to Riemannian manifolds with strictly negative
curvature – the reason for that will be clear in the next chapter. We give a short
definition of the concept of curvature of a Riemannian manifold: the curvature tensor
R ∈ Γ

(
T ∗M⊗3 ⊗ TM

)
of M is defined as

R(X,Y,Z) ≡ R(X,Y )Z := ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

for tangent vectors X,Y,Z ∈ Γ(TM).

Let x ∈ M . For a plane Lin{X,Y } ⊂ TxM spanned by two tangent vectors X,Y ∈ TxM
the sectional curvature is given as
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SectM
x (Lin{X,Y }) =

〈R(X,Y )Y,X〉
‖X‖2‖Y ‖2 − 〈X,Y 〉2 .

A Riemannian manifold M has strictly negative sectional curvature if there is a constant
k ∈ R \ {0} such that for all x ∈M and all X,Y ∈ TxM one has

SectM
x (Lin{X,Y }) ≤ −k2.

1.2. Cartan-Hadamard Manifolds

We recall some facts about geodesics on Riemannian manifolds before we restrict ourselves
to manifolds with negative sectional curvature.

Theorem 1.1. Let M be a Riemannian manifold, p ∈M and v ∈ TpM . Then there exists
an interval [0, ε] ⊂ R and a unique geodesic

γ : [0, ε] →M

with γ(0) = p and γ̇(0) = v. Furthermore the geodesic γ depends smoothly on p and v.

Proof. See for example [Jo], Theorem 1.4.2.

For v ∈ TpM let γv denote the unique geodesic with γ(0) = p and γ̇(0) = v. As a geodesic
curve is locally given as the solution of the differential equation (1.1) it is a consequence
of the theory of ordinary differential equations that

O(M) := {v ∈ TM : γv is defined for t = 1}
is an open subset of TM with 0 ∈ O(M), where 0 ∈ Γ(TM) denotes the zero section.

The exponential map of (M, g) is the mapping

exp : O(M) →M ×M,

v 7→ (π(v), γv(1)).
(1.3)

It is well known that exp maps an open neighbourhood of 0 ∈ Γ(TM) diffeomorphically
onto an open neighbourhood of the diagonal {(p, p) : p ∈M} ⊂M ×M .

A Riemannian manifold M is called metrically complete if for every p ∈ M and every
v ∈ TpM the unique geodesic γv is defined for all t ∈ R. Obviously metrical completeness
is equivalent to O(M) = TM .
Metrical completeness is also equivalent to completeness of M as a metric space. This is
part of the theorem of Hopf-Rinow :

Theorem 1.2 (Theorem of Hopf-Rinow).
Let M be a connected Riemannian manifold. The following statements are equivalent:

i) M is complete as a metric space, i.e. every Cauchy sequence in M converges.
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ii) There exists p ∈M for which expp = exp |TpM is defined for all v ∈ TpM .

iii) M is metrically complete, i.e. O(M) = TM .

Furthermore each of the statements i) - iii) implies that any two points p, q ∈ M can be
joined by a geodesic of length d(p, q), i.e. by a minimizing geodesic.

Proof. See for example [Jo], p.26 ff.

Definition 1.3. A simply connected metrical complete Riemannian manifold M of di-
mension d ≥ 2 with SectM ≤ 0 is called a Cartan-Hadamard manifold.

On a Cartan-Hadamard manifold we can introduce a global coordinate system due to the
following theorem:

Theorem 1.4 (Cartan-Hadamard).
Every Cartan-Hadamard manifold M of dimension d ≥ 2 is diffeomorphic to Rd. More
precisely: for a Cartan-Hadamard manifold M the mapping expp : TpM →M is a diffeo-
morphism for every p ∈M .

Proof. See for example [Ha-Th], p.505 f.

A point p ∈M is called a pole if expp : TpM →M is a diffeomorphism. Hence every point
of a Cartan-Hadamard manifold is a pole.

If we fix a pole 0 ∈M we can identify M with Rd ∼= R+ × Sd−1 and therefore introduce a
system of polar coordinates (r, ϑ) on M , where

r(p) := d(0, p) = ‖ · ‖ ◦ (exp0)
−1(p)

and ϑ(p) is the unit vector at 0 tangent to the minimizing geodesic that connects 0 and p.
We refer to these coordinate representation when later using the expressions radial part
and angular part of the Brownian motion on M .

1.3. The Sphere at Infinity and the Dirichlet Problem at In-

finity

Definition 1.5. Let M be a Cartan-Hadamard manifold. Two unit-speed geodesics
γ1, γ2 : R →M are called asymptotic if there is a constant C > 0 such that

d(γ1(t), γ2(t)) ≤ C for all t ≥ 0.

Remark 1.6. (Some facts about asymptotic geodesics, cf. [E-O´N])

i) Orientation-preserving reparametrizations of asymptotic geodesics γ1 and γ2 yield
again asymptotic geodesics.

ii) Asymptoticity provides an equivalence relation on the set of all geodesics in M . The
equivalence classes are called asymptotic classes of geodesics. For a geodesic γ let
γ(∞) denote the asymptotic class of γ. Denote by γ(−∞) the asymptotic class of γ
with the reverse parametrization.
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iii) If two asymptotic geodesics γ1 and γ2 have a common point they are the same up
to parametrization.

iv) For a geodesic γ and a point p ∈ M there exists (up to parametrization) a unique
geodesic γ1 such that γ1(0) = p and γ1 is asymptotic to γ.

We can now give the definition of the sphere at infinity of M :

Definition 1.7. Let M be a Cartan-Hadamard manifold. The boundary at infinity or the
sphere at infinity of M is the set

S∞(M) := {γ(∞)| γ : R →M is geodesic}. (1.4)

Denote M := M ∪ S∞(M).

Let p, q ∈ M where M is a Cartan-Hadamard manifold. Then it is easy to prove that
there is a unique geodesic (up to parametrization) joining p and q. Denote this geodesic
by γpq. For p ∈ M and x ∈ S∞(M) let γpx : R → M denote the geodesic through p with
γ(∞) = x if it exists and is unique. If finally x, y ∈ S∞(M) we write γxy for the geodesic
with γxy(−∞) = x and γxy(∞) = y if it exists and is unique. The following theorem
guarantees that under certain conditions for the sectional curvature SectM of M we do
not have to worry about existence and uniqueness of geodesics as defined above:

Theorem 1.8. Let M be a Cartan-Hadamard manifold with strictly negative sectional
curvature, i.e. SectM ≤ −k2 < 0 for a constant k ∈ R, k 6= 0. Then for any two points
x, y ∈M there is a unique geodesic γxy up to parametrization.

Proof. See [E-O´N] – there a proof is given under much weaker assumptions on the cur-
vature, but for our applications the assumptions made in Theorem 1.8 are sufficient.

On M one can define a topology with respect to which M is homeomorphic to the closed
ball B ⊂ Rn, and S∞(M) is homeomorphic to the boundary sphere Sd−1 = ∂B. This
justifies the name sphere at infinity for S∞(M):

Fix a pole 0 in the Cartan-Hadamard manifold M . For v, w ∈ T0M we denote by <) 0(v, w)
the angle between v and w in the vector space T0M . For points x, y ∈M the angle <) 0(x, y)
is defined as <) 0(γ̇0x(0), γ̇0y(0)). Let finally S(T0M) := {v ∈ T0M : ‖v‖ = 1}.

Definition 1.9 (cf. [C], p.695)). Let M be a Cartan-Hadamard manifold and 0 ∈ M
fixed. For every v ∈ S(T0M) and δ > 0 the cone in T0M of opening angle δ and axis v is
the set:

C(v, δ) := {x ∈M | <) 0(v, γ̇0x(0)) < δ}. (1.5)

For r > 0 we call

T (v, δ, r) := C(v, δ) \ {p ∈M | d(0, p) ≤ r}
the truncated cone of radius r in M .

The proof of the following theorem can again be found in [E-O´N]:
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Theorem 1.10. Let M be a Cartan-Hadamard manifold of dimension d and 0 ∈M fixed.
The set of all T (v, δ, r) for v ∈ S(T0M), δ > 0 and r > 0, together with the open balls
Bp(r) = {q ∈ M | d(p, q) < r} for all p ∈ M and r > 0 defines a local basis of a topology
on M . It is called the cone-topology.
The cone-topology does not depend on the choice of 0 ∈M . Equipped with this topology M
is homeomorphic to the closed unit ball B ⊂ Rd, M to the open ball B and S∞(M) to the
boundary sphere Sd−1 = ∂B. Furthermore the topology induced on M by the cone-topology
is the original topology of M .

It is useful to remark that a sequence of points (pn)n∈N ∈ M converges to a boundary
point ϑ0 ∈ S∞(M) if and only if r(pn) → ∞ and ϑ(pn) → ϑ0, see [B-O´N] and [H1].

With the sphere at infinity we now have the notion of a boundary of a Cartan-Hadamard
manifold M hence we can state the Dirichlet problem at infinity for M .

Definition 1.11 (The Dirichlet problem at infinity).
Let M be a Cartan-Hadamard manifold. The Dirichlet problem at infinity is to find for a
given continuous function f : S∞(M) → R a continuous function h : M → R such that h
is harmonic in M and h|S∞(M) = f . Here continuity refers to the cone topology.

Definition 1.12 (Solvability of the Dirichlet problem at infinity).
Let M be a Cartan-Hadamard manifold. We say that the Dirichlet problem at infinity
for M is solvable if for every continuous function f : S∞(M) → R there is a function
h : M → R as in the definition above.



Chapter 2

Brownian Motion on Riemannian

Manifolds

2.1. Definitions

Let (Ω;F ; P; (Ft)t∈R+) be a filtered probability space satisfying the usual conditions,
i.e. (Ω;F ; P) is a complete probability space and (Ft) is an increasing right continuous

family of sub-σ-fields of F with
⋃

t∈R+
Ft = F . Let M̃ := M ∪ c(M) be the Alexandroff-

compactification of M .

For an adapted stochastic process (Xt)t∈R+ : Ω → M with values in M the lifetime of X

is a stopping time ζ such that Xt ∈M for all t < ζ and P-a.s. Xt → c(M) in M̃ for t↗ ζ
on {ζ <∞}. By convention, Xt := c(M) on {t ≥ ζ}.
Definition 2.1. Let (M, g) be a Riemannian manifold and (Xt)t∈R+ : Ω →M an adapted
continuous stochastic process with lifetime ζ.
X is called semimartingale on M with lifetime ζ if for every f ∈ C ∞(M) the real valued
process f ◦X is a continuous real semimartingale with lifetime ζ.

Theorem 2.2 ([Ha-Th], Theorem 7.57).
Let (M, g) be a Riemannian manifold and let (Xt)t∈R+ : Ω → M be an M -valued semi-
martingale. There is a unique linear mapping Γ(T ∗M ⊗ T ∗M) → A , b 7→

∫
b(dX, dX)

such that for all f, g ∈ C ∞(M):

i) df ⊗ dg 7→ [f ◦X, g ◦X],

ii) f · b 7→
∫

(f ◦X)b(dX, dX),

where by definition b(dX, dX) := d(
∫
b(dX, dX)). The expression

∫
b(dX, dX) is called

integral of b along X or b-quadratic variation of X.

Definition 2.3. Let (M, g) be a Riemannian manifold and X a semimartingale with
values in M .

[X,X] :=

∫
g(dX, dX) =

∫
〈dX, dX〉 ∈ A

is called Riemannian quadratic variation of X.
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Definition 2.4. Let (M, g) be a Riemannian manifold and (Xt)t∈R+ an M -valued semi-
martingale. X is called martingale or more precisely ∇-martingale if for every f ∈ C ∞(M)

d(f ◦X)
m
=

1

2
(∇df)(dX, dX).

Herein
m
= means equal up to differentials of local martingales and ∇ is the Levi-Civita

connection.

Definition 2.5. Let (M, g) be a Riemannian manifold and (Bt)t∈R+ : Ω →M an adapted
continuous stochastic process with lifetime ζ.
B is called Brownian motion on M with lifetime ζ if for every f ∈ C ∞(M) the real-valued
process

f ◦B − 1

2

∫
∆f ◦ B dt

is a local martingale with lifetime ζ. We denote by BM(M, g) the set of all Brownian
motions on M and by BMp(M, g) all Brownian motions on M starting in p, i.e. with
P ◦ B−1

0 = δp.

2.2. Important Properties of Brownian Motion

We list some facts about Brownian motion on Riemannian manifolds that are used in the
following chapters. Most of the proofs can be found for example in [Ha-Th], Chapter 7.

Theorem 2.6 (Lévy-Characterization of M-valued Brownian motions).
Let (M, g) be a Riemannian manifold and (Xt)t∈R+ : Ω →M a semimartingale with values
in M . Then the following statements are equivalent:

i) X is a Brownian motion on M .

ii) X is a ∇-martingale with [f ◦X, f ◦X] =
∫
‖ grad f ◦X‖2 dt for every f ∈ C ∞(M).

For the Riemannian quadratic variation [X,X] =
∫
g(dX, dX) of a Brownian motion X

on M it follows that
∫ t
0 g(dX, dX) :=

(∫
g(dX, dX)

)
t
= (dimM) · t.

From the definition of Brownian motion it follows that Brownian motion on M can be
considered as an M -valued Markov process with the Laplacian ∆M as infinitesimal gener-
ator (in a suitable way). With this in mind it is not surprising that the Brownian motion
on M has the Strong Markov Property:

Theorem 2.7 (Strong Markov Property of Brownian motion).
Let (M, g) be a Riemannian manifold. For x ∈ M let Bx denote a Brownian motion in
M starting in x, i.e. with P ◦B−1

0 = δx and lifetime ζ. Writing Bt := c(M) for t ≥ ζ one

can extend B to a process with infinite lifetime and values in M̃ .

Let H : C (R+, M̃ ) → R+ be bounded and measurable. Then for every Brownian motion
B on M and every stopping time τ the following holds:

EFτ (H ◦ Bτ+•) = E (H ◦ Bx
• ) |x=Bτ almost surely on {τ <∞}. (2.1)
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2.3. Brownian Motion and Harmonic Functions

The aim of this work is to use Brownian motion on Cartan-Hadamard manifolds M to
study the Dirichlet problem at infinity for M , in particular questions of solvability. More-
over, Brownian motion provides a tool to decide about the existence of non-trivial bounded
harmonic functions on Riemannian manifolds even if the Dirichlet problem at infinity for
M is not solvable.

To understand the interplay between Brownian motion on M , solvability of the Dirichlet
problem at infinity for M and so-called Liouville properties of M , we give a short summary
of the most important facts:

Let (M, g) be a complete Riemannian manifold and (Pt)t∈R+ the minimal semigroup gen-
erated by the Laplacian 1

2∆M on M . That means (Pt)t∈R+ is a family of linear operators

Pt : b(M) → b(M), t ≥ 0

on the space b(M) of bounded measurable functions f : M → R with the following
properties:

i) PsPtf = Ps+tf for f ∈ b(M) and 0 ≤ s, t.

ii) Ptf ≥ 0 for f ∈ b(M), f ≥ 0, and Pt1 ≤ 1.

iii) (Ptf)(x) − f(x) = 1
2

∫ t
0 (Ps∆Mf)(x)ds for every test function f : M → R, i.e. C ∞-

function f with compact support.

iv) (Pt)t∈R+ is minimal, i.e. for every family (Qt)t∈R+ of positive linear operators on
b(M) satisfying the properties (i),(ii) and (iii) one has

Ptf ≤ Qtf, for 0 ≤ f ∈ b(M), t ≥ 0.

One has the following connection between Brownian motion on M and the semigroup
(Pt)t∈R+ :

Theorem 2.8 (cf. for example [Ha-Th] Theorem 7.252).
Let (M, g) be a complete Riemannian manifold and (Pt)t∈R+ the minimal subgroup gener-
ated by 1

2∆M as above. Then

(Ptf)(x) = E
(
(f ◦ Bx

t )1{t<ζx}

)
, f ∈ b(M), x ∈M, (2.2)

where Bx ∈ BMx(M, g) is a Brownian motion on M starting in x ∈M with lifetime ζx.

Theorem 2.9 (cf. [Ha-Th] and [Th]).
Let (M, g) be a Riemannian manifold, B a Brownian motion on M with lifetime ζ and
h : M → R bounded and measurable. The following statements are equivalent:

i) h is a harmonic function, i.e. h ∈ C ∞(M) and ∆Mh ≡ 0.

ii) Pth−h
t → 0 pointwise for t→ 0.
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iii) h(x) = E (h ◦ Bx
τ ) for every x ∈ M and every stopping time 0 ≤ τ < ζx almost

surely.

iv) h has the mean value property, i.e. for every x0 ∈ M and every sufficiently small
geodesic ball Bε(x0) ⊂M with radius ε centered at x0 one has

h(x) = E (h ◦ Bx
τx) for x ∈ Bε(x0),

where τx := inf{t ≥ 0 : Bx
t 6∈ Bε(x0)} denotes the first exit time of Bx from Bε(x0).

v) h ◦B is a local martingale for B ∈ BM(M, g).

As an immediate corollary of the theorem above one can derive the maximum principle
for harmonic functions:

Corollary 2.10 (Maximum principle for harmonic functions). Let (M, g) be a
connected Riemannian manifold and h : M → R harmonic. Let m := supx∈M h(x) ∈ R.
If there exists x0 ∈M with h(x0) = m, then h is constant.

Proof. (cf. [Ha-Th] p.534)
From the mean value property it follows that M0 := {x ∈ M : h(x) = m} is open and
obviously closed as h is continuous. Hence M0 = M .

As we have seen in Section 1.4 a Cartan-Hadamard manifold M of dimension d together
with the sphere at infinity S∞(M) and equipped with the cone-topology is homeomorphic
to the closed unit ball B ⊂ Rn. The theorem above shows that a harmonic function
h : M → R is determined inside a geodesic ball Bε(x0) by the values of h on the boundary
∂Bε(x0) where the Brownian motion Bx exits the geodesic ball. Under certain conditions
this is the same for the ”ball” M = M ∪S∞(M), as shown in the following theorem. From
this we get a first idea how Brownian motion can be used to solve the Dirichlet-problem
at infinity:

Theorem 2.11. Let (M, g) be a Cartan-Hadamard manifold and B a Brownian motion
on M with lifetime ζ. Suppose that for any x ∈M one has

P

{
Bx

ζx := lim
t↗ζx

Bx
t exists

}
= 1,

where limt↗ζx Bx
t is understood in the topology of M , and that for any θ0 ∈ S∞(M) and

any neighbourhood U of θ0 ∈ S∞(M)

lim
x→θ0

P
{
Bx

ζx ∈ U
}

= 1.

Then the Dirichlet problem at infinity for M is solvable.
More precisely: For any f ∈ C (S∞(M)) the function

uf (x) := E
(
f ◦ Bx

ζx

)

is the unique solution to the Dirichlet problem at infinity with boundary function f .
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Proof. The proof given here can be found for example in [H1], page 3:
From the Strong Markov Property for Brownian motion on M one has for every relatively
compact open set D and x ∈ D:

uf (Bx
τD

) = E

(
f ◦By

ζ

)
|y=Bx

τD
= EFτD

(
f ◦Bx

ζ+τD

)
= EFτD

(
f ◦Bx

ζ

)
,

where τD = inf{t ≥ 0 : Bx
t 6∈ D} is the first exit time from D. Hence

E
(
uf ◦ Bx

τD

)
= E

[
EFτD

(
f ◦ Bx

ζ

)]
= E

[
f ◦ Bx

ζ

]
= uf (x),

which proves the harmonicity of uf due to Theorem 2.9.

To prove that uf has f as boundary function we choose for given θ0 ∈ S∞(M) and ε > 0
a neighbourhood U of θ0 in S∞(M) such that |f(θ) − f(θ0)| < ε for all θ ∈ U . Then for
x ∈M :

|uf (x) − f(θ0)| ≤ E|f(Bx
ζx) − f(θ0)| ≤ εP{Bx

ζx ∈ U} + 2‖f‖∞P{Bx
ζx 6∈ U}.

With x→ θ0 it follows that lim supx→θ0
|uf (x)−f(θ0)| < ε, so in fact uf has f as boundary

function on S∞(M) and therefore is a solution to the Dirichlet problem at infinity for M .

To prove that uf is the unique solution to the Dirichlet problem assume that u is another
solution with boundary function f . Let (Dn)n∈N be an exhaustion of M consisting of
relatively compact sets Dn. Then

(
u(Bt∧τDn

)
)
t∈R+

is a uniformly bounded martingale for

every n ∈ N and therefore

u(x) = E
(
u(Bx

t∧τDn
)
)

for every n ∈ N.

With t↗ ζ and then n↗ ∞ we get

u(x) = E
(
u(Bx

ζx)
)

= E
(
f ◦Bx

ζx

)
= uf (x),

which proves the uniqueness.

Looking at the proof of the theorem above we can easily derive the following corollary
concerning non-solvability of the Dirichlet problem:

Corollary 2.12. Let (M, g) be a Cartan-Hadamard manifold with a point θ0 ∈ S∞(M)
that satisfies the following property: for the Brownian motion B on M with lifetime ζ one
has

P

{
lim
t→ζx

Bx
t = θ0

}
= 1 for every x ∈M.

Then the Dirichlet problem at infinity for M is not solvable.

Proof. Let f : S∞(M) → R be a continuous and non-constant function. Suppose there is
a continuous solution h : M → R with h harmonic on M and h|S∞(M) = f . Then again for
an exhaustion (Dn)n∈N of M as above the process

(
h(Bt∧τDn

)
)
t∈R+

is a uniformly bounded

martingale for every n ∈ N. Letting t↗ ζ and n↗ ∞, we have for every x ∈M
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h(x) = E
(
h(Bx

ζx)
)

= E (f(θ0)) = f(θ0).

This means that h is necessarily constant and equal to f(θ0). For θ ∈ S∞(M) with
f(θ) 6= f(θ0) therefore

lim
x→θ

u(x) = lim
x→θ

f(θ0) = f(θ0) 6= f(θ).

Hence u cannot have f as boundary function which is a contradiction.

As we are going to see in the following Chapters 3 and 4, two of the known examples
of Cartan-Hadamard manifolds where the Dirichlet problem at infinity is not solvable
have the above property that the Brownian motion almost surely exits the manifold for
t→”lifetime” at a single point θ0 of the sphere at infinity. However we are going to show
that in these cases the considered Cartan-Hadamard manifold is not of Liouville type but
possesses non-trivial bounded harmonic functions. Of course it is not possible to extend
these functions continuously to the sphere at infinity.

As we have seen above, Cartan-Hadamard manifolds where the Dirichlet problem at infin-
ity is solvable provide a large family of non-trivial bounded harmonic functions h : M → R

as for every continuous f : S∞(M) → R the solution h : M → R to the Dirichlet problem
at infinity with boundary function f is harmonic on M .

It is a more delicate question how to find non-trivial bounded harmonic functions on
a Cartan-Hadamard manifold (M, g) if the Dirichlet problem at infinity is not solvable.
Using the explicit formula (1.2)

∆M =
∑

ij

gij

(
∂i∂j −

∑

k

Γk
ij∂k

)

for the global chart (r, ϑ) of polar coordinates for M one would have to find a solution
h : M → R of the second order partial differential equation

∑

ij

gij

(
∂i∂jh−

∑

k

Γk
ij∂kh

)
= 0.

But in general it is not that easy to decide whether there exist solutions and – in case of
their existence – to compute the harmonic functions explicitely.

A classical method to prove existence of non-trivial bounded harmonic functions is to
use Perron’s principle: Given a subharmonic function ϕ : M → R and a superharmonic
function ψ : M → R with ϕ ≤ ψ, then there is a harmonic function h : M → R with
ϕ ≤ h ≤ ψ. Hence the problem is reduced to finding a pair of a subharmonic function ϕ
and a superharmonic function ψ on M with the above property and such that in addition
there is no constant function between ϕ and ψ. This is the method Borbély uses in [B]
to prove the existence of non-trivial bounded harmonic functions on his manifold, cf. [B],
page 234.

However, Brownian motion on M provides another approach to the construction of boun-
ded harmonic functions on M :
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Let C := C (R+; M̃ ) denote the space of all continuous paths α : R+ → M̃ on the

Alexandroff compactification M̃ of M , with the property that α(t) = c(M) for all t ≥
inf{t ∈ R+ : α(t) = c(M)}. For every t ≥ 0 there is the canonical projection

prt : C → M̃

α 7→ α(t)
(2.3)

and the time shift

ϑt : C → C

α 7→ α(t+ ·). (2.4)

The canonical projections generate the σ-field A := σ{prt : t ∈ R+} on C which is filtrated
by the sub-σ-fields At := σ{prs : s ≤ t} for t ∈ R+.

Definition 2.13. Let (C ,A ) be the space of continuous paths α : R+ → M̃ as above
together with the σ-field A generated by the canonical projections. The shift-invariant
σ-field or σ-field of shift-invariant events is the σ-field

Ainv := {A ∈ A |ϑtA = A for all t ≥ 0}
= σ{H : C → R |H is A -measurable and H ◦ ϑt = H for all t ≥ 0}. (2.5)

The σ-field of terminal events is the σ-field

A∞ :=
⋂

t>0

σ{prs : s ≥ t}. (2.6)

Remark 2.14.

i) Ainv ⊂ A∞.

ii) A measurable function H : C → R is A∞-measurable if and only if there is a family
(gt)t∈R+ of measurable functions gt : C → R with H = gt ◦ ϑt for all t ∈ R+.

iii) A measurable function H : C → R is Ainv-measurable if and only if there is a
measurable function g : C → R with H = g ◦ ϑt for all t ≥ 0.

For Bx ∈ BMx(M, g) a Brownian motion starting in x ∈M with lifetime ζx let

Φx : Ω → C , ω 7→ Bx
• (ω)

be the corresponding path map. From that we get a probability measure Px := P ◦ (Φx)
−1

on (C ,A ). By Ex we denote the corresponding expectation.

Let mC be the space of all bounded measurable functions H : C → R. On mC define an
equivalence relation ”∼” as follows:

H ∼ G :⇐⇒ H = G Px-almost surely for every x ∈M.

Let mCinv/∼ denote the set of all bounded Ainv-measurable functions H : C → R up to
equivalence and h(M) the set of all bounded harmonic functions on M .
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Lemma 2.15. There is a linear isomorphism

h(M) → mCinv/∼

h 7→ H := lim
t→ζ

(h ◦ prt) .
(2.7)

Proof. The mapping above is well-defined because for every x ∈M :

Px{ lim
t→ζx

(h ◦ prt) exists} = P{ lim
t→ζx

(h ◦ prt ◦Φx) exists} = P{ lim
t→ζx

(h ◦ Bx
t ) exists} = 1.

The last equation follows from the martingale convergence theorem as (h(Bx
t ))t<ζx is a

bounded martingale. Obviously the mapping is linear.

Inverse to the above mapping is the mapping:

mCinv/∼ → h(M), H 7→ h, where h(x) := ExH.

The so defined function h is obviously harmonic: Let 0 ≤ τ < ζx be a stopping time and
x ∈M . Then using the Strong Markov property and the fact that H is Px-almost surely
Ainv-measurable we get:

E (h ◦ Bx
τ ) = E

(
EBx

τH
)

= E
(
E (H ◦ By

• ) |y=Bx
τ

)
= E (H ◦ Bx

• ) = h(x),

which proves harmonicity of h.

For every x ∈M we further have Px-almost surely limt→ζx (E• ◦H)◦prt = H. This follows
from once again using the Strong Markov property:

lim
t→ζx

(E•H) ◦Bx
t = lim

t→ζx

(
E(H ◦ By

• )|y=Bx
t

)
= lim

t→ζx

(
EFt(H ◦Bx

t+•)
)

=

= lim
t→ζx

(
EFt(H ◦ Bx

• )
)

= H ◦ Bx
• .

The other equation h = E• (limt→ζ (h ◦ prt)) for h ∈ h(M) harmonic, follows from

Ex

(
lim
t→ζ

(h ◦ prt)

)
=

∫
lim
t→ζ

(h ◦ Bx
t ) dP = lim

t→ζ

∫
h ◦Bx

t dP = lim
t→ζ

E (h ◦ Bx
t ) = h(x).

Remark 2.16. Considering the preimage Φ−1 (Ainv) of Ainv under the path map Φ corre-
sponding to the Brownian motion on M , we have a description of Φ−1 (Ainv) as the union
of all exit sets of the Brownian motion B.
To be more precise, let U ⊂ M̃ be open and define

HU := {α ∈ C (R+; M̃) : α(t) ∈ U eventually}.

Then we have up to sets of measure 0:
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Φ−1(Ainv) = {B−1
• (HU ) : U open in M̃} = { {Bt ∈ U eventually} : U ⊂ M̃ open}.

For the proof note that

{Bt ∈ U eventually} = {ω ∈ Ω : ∃ t(ω) > 0 such that Bt(ω) ∈ U for all t ≥ t(ω)}.

Obviously Φ({Bt ∈ U eventually}) ∈ Ainv. This proves ”⊃”.
For the other inclusion ”⊂” let h(x) := Ex(1A) = Px(A) for a shift-invariant set A. The
so defined function h is harmonic on M . For a number a > 0 consider the open set

U := {x : h(x) > a} ⊂ M̃.

Then {Bt ∈ U eventually} = {ω : h(Bt(ω)) > a eventually}. As h is a bounded har-
monic function, (h ◦Bt)t<ζ is a bounded martingale. By the Strong Markov property and
martingale convergence we obtain:

h ◦ Bx
t = E (1A ◦ By

• ) |y=Bx
t

= EFt
(
1A ◦ Bx

t+•

)
= EFt

(
1Φ−1(A)

)
→ 1Φ−1(A).

Definition 2.17. Let (M, g) be a connected Riemannian manifold. M is called a Liouville
manifold if every bounded harmonic function h on M is constant.

Using the lemma above and Remark 2.16 we have the following connection between the
Liouville property for a connected Riemannian manifold M , the σ-field Ainv of shift-
invariant events and exit sets of the Brownian motion B on M :

Theorem 2.18 (cf. [Th], p37ff).
Let (M, g) be a connected Riemannian manifold. Then

(M, g) is a Liouville manifold ⇐⇒ Px (Ainv) ⊂ {0, 1} for every x ∈M

⇐⇒ P{Bx
t ∈ U eventually} ∈ {0, 1} for every open

U ⊂ M̃ and every x ∈M .

(2.8)

Remark 2.19. It remains to note that

Px (Ainv) ⊂ {0, 1} for some x ∈M ⇐⇒ Px (Ainv) ⊂ {0, 1} for every x ∈M.

This follows from the fact that for A ∈ Ainv the function h : M → R with h(x) :=
Ex(1A) = Px(A) is harmonic on M . If then h(x) = 0 or h(x) = 1 for some x ∈M we have
h ≡ 0 or h ≡ 1 from the maximum principle.
The same equivalence holds for P{Bx

t ∈ U eventually}.
From the theorem above it follows that there exist non-trivial bounded harmonic func-
tions on a Riemannian manifold whenever there are non-trivial exit sets for the Brownian
motion, i.e. if there is an open set U ⊂ M̃ such that 0 < Px{Bt ∈ U eventually} < 1.
Considering Brownian paths, this means that whenever there is a non-trivial way to dis-
tinguish between Brownian paths Bt(ω) for t→ ζ then the Riemannian manifold M fails
to have the Liouville property. This is why we look for non-trivial shift invariant random
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variables and search for non-trivial exit sets for the Brownian motion. With this in mind
we can show the existence of non-trivial bounded harmonic functions under suitable con-
ditions even on a Riemannian manifold M for that the Dirichlet problem at infinity is
not solvable. We are going to use this fact for example in Chapter 3, Theorem 3.16 and
Chapter 4, Theorem 4.4.

To finish this section about the relations between Brownian motion and non-trivial boun-
ded harmonic functions on Riemannian manifolds we just add two little theorems concern-
ing the asymptotic behaviour of Brownian motion:

Theorem 2.20 (cf. [Ha-Th], Theorem 7.260).
Let (M, g) be a Riemannian manifold. Then the Brownian motion B on M is either
recurrent or transient, i.e. for every Brownian motion B with lifetime ζ on M we have
either

i) lim inf t→ζ d(B0, Bt) = 0 almost surely or

ii) lim inf t→ζ d(B0, Bt) = ∞ almost surely.

On Cartan-Hadamard manifolds (M, g), where in addition all sectional curvatures SectM

are bounded from above by a negative constant −k2, k > 0, almost surely all Brownian
paths reach the sphere at infinity S∞(M) as t→ ζ. This is part of the last theorem:

Theorem 2.21. Let (M, g) be a Cartan-Hadamard manifold with sectional curvatures
bounded from above by a negative constant −k2, k > 0. Then Brownian motion B on M
is transient. In particular we have for the radial part r(B) of B:

lim
t→ζ

r(Bt) = ∞.

Proof. The proof is an easy consequence of the the fact that Brownian motion is transient
on the hyperbolic space of constant curvature −k2. In this case of a so-called model mani-
fold transience of Brownian motion can be decided by using a certain finiteness criterion
for the coupling function f(r) appearing in the polar coordinate representation of the Rie-
mannian metric. See for example [Ha-Th], Theorem 7.262. Using a standard comparison
theorem for Brownian motion on Riemannian manifolds ([Ha-Th], Theorem 7.265) almost
surely transience of Brownian motion on M follows. See also [P2], Theorem 1, for a more
detailed discussion about the radial part of the Brownian motion.

2.4. The Martin Boundary

In Chapter 1 we defined the sphere at infinity S∞(M) of a Cartan-Hadamard manifold
M . We also mentioned that equipped with the cone-topology M = M ∪ S∞(M) is home-
omorphic to the closed ball B ⊂ Rd and S∞(M) corresponds to the boundary ∂B of B.
However, the boundary S∞(M) is a pure ”geometric” boundary construction for M as it
depends on the asymptotic classes of geodesic rays.

In this section we are going to introduce another boundary for the manifold M which
is related to analytic properties of M : the so-called Martin boundary. It is constructed
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in potential theoretic terms and has a natural probabilistic interpretation as is seen in
Section 2.3 and the end of this section.

The construction of the Martin boundary relies on the existence of a Green function G(x, y)
on M defined for all x, y ∈ M with x 6= y and C 2 outside the diagonal {(x, x) : x ∈ M}.
A Green function on M can be obtained as a minimal fundamental solution of the Laplace
equation ∆Mu = 0 with pole in x ∈ M . Hereby a C 2-function F : M \ {x} → R is a
fundamental solution of ∆Mu = 0 with pole x if −∆MF = δx in the sense of distributions.
Denote by τU the exit time of a Brownian motion Bx starting in x from a relatively
compact open set U ⊂M , U 6= M , containing x and having smooth boundary. Then the
measure GU (x, ·) on U , defined as

A 7→ GU (x,A) :=
1

2

∫ ∞

0
P (Bx

t ∈ A; t < τU) dt =
1

2
E

∫ τU

0
(1A ◦ Bx

t ) dt,

is absolutely continuous with respect to the canonical volume measure µM |U on U with
density GU (x, ·). Here 0 ≤ GU (x, ·) ∈ C 2(U \ {x}) ∩ C (U \ {x}) and

−∆MGU (x, ·) = δx on U and GU (x, ·)|∂U = 0.

Choosing a sequence (Un)n∈N of relatively compact open sets as above with Un ↗ M we
have GUn(x, ·) ↗ G(x, ·). Hereby G(x, ·), if it is finite, is a positive fundamental solution
of the Laplace equation with pole in x for every x ∈ M and one obtains a symmetric
C 2-function G : (M ×M) \ {(x, x) : x ∈M} → R. Furthermore G(x, ·) is minimal in the
sense that 0 ≤ G(x, ·) ≤ F for every fundamental solution F of −∆Mu = 0 with pole x.

The existence of such a Green function G on M is guaranteed when the Brownian motion
B on M is transient. This is part of the following theorem, wich can be found for example
in [Th]:

Theorem 2.22. Let (M, g) be a connected Riemannian manifold. Then the following
conditions are equivalent:

i) Brownian motion B on M is transient.

ii) M possesses a Green function.

iii)
∫∞
0 P (Bx

t ∈ K; t < ζ) dt = E
[∫ ζ

0 1K ◦ Bx
t dt
]
< ∞ for every compact set K ⊂ M

and every x ∈M .

Remark 2.23. In particular every Cartan-Hadamard manifold M with curvature bounded
from above by a negative constant −k2, k > 0, possesses a Green function due to Theorem
2.21.

We now follow [K2] with the construction of the Martin boundary of a Riemannian man-
ifold with Green function G.

Theorem 2.24 (Harnack inequality).
Let (M, g) be a Riemannian manifold. Then for any r2 > r1 > 0 and x ∈ M there exists
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a constant C(x, r1, r2) with the following property: if h : M → R is harmonic in Br2(x)
and strictly positive then for any y, z ∈ Br1(x) holds:

h(y) ≤ C(x, r1, r2) · h(z).

Proof. See [K2] and [Mo].

Remark 2.25. Let as before h : M → R be a positive harmonic function in Br2(x) for
x ∈ M and r2 > 0 a given constant. Using the infinitesimal version of the Harnack
inequality, cf. [Y], Theorem 3”, one can estimate the uniform Hölder norm ‖h‖α

r1
in Br1(x),

for 0 < r1 < r2, α ∈ (0, 1], cf. [Pi] p.84, as follows:

‖h‖α
r1

≤ C(x, α, r1, r2) · sup
y∈Br2 (x)

|h(y)|,

where C(x, α, r1, r2) is a constant independent of h.

From the above estimate together with the estimate in Theorem 2.24 we obtain the Har-
nack Principle using the Ascoli-Arzela Theorem:

Theorem 2.26 (Harnack Principle).
Let (M, g) be a Riemannian manifold, r > 0 and x ∈M . Let further (hn)n∈N : M → R be
a sequence of positive functions which are harmonic in Br(x) and such that there exists
y ∈ Br(x) and C > 0 with hn(y) ≤ C for all n ∈ N. Then the sequence (hn)n∈N has a
uniformly convergent subsequence. The limiting function h is harmonic in Br(x).

For the rest of the chapter let (M, g) be a Cartan-Hadamard manifold of strictly negative
curvature. Denote its Green function with G.

Fix a point 0 ∈ M and for x, y ∈ M define the normalized Green function at 0 with pole
y as the function k : M ×M → R+, given as

ky(x) := k(x, y) :=





G(x,y)
G(0,y) , for y 6= 0,

0, for y = 0, x 6= 0,

1, for x = y = 0.

(2.9)

ky(x) is continuous for y ∈M \ {x}.

Let (y) := (yi)i∈N a sequence in M with r(yi) → ∞ and choose an increasing sequence of
balls Bi ↗M such that yj 6∈ Bi for all j ≥ i. Then the corresponding functions kyj (x) are
harmonic in Bi for j ≥ i. Since kyj (0) = 1 the functions kyj , j ≥ i, are uniformly bounded
in Bi by the Harnack inequality.

The sequence (y) is called fundamental if (kyi)i∈N converges to a harmonic function h(y)

on M . It follows from the Harnack Principle that any sequence (yi)i∈N with r(yi) → ∞
possesses a fundamental subsequence. We call two fundamental sequences in M equivalent
if they converge to the same harmonic limit function h.

Definition 2.27 (Martin boundary). The set M ∗ consisting of all equivalence classes
of fundamental sequences in M is called Martin boundary of M . Let M := M ∪M ∗.
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If y ∈ M∗, then ky(x) := limi→∞ kyi(x) is a harmonic function on M , where (yi)i∈N is
a fundamental sequence in the equivalence class determined by y. Hence points y ∈ M ∗

correspond uniquely to positive harmonic functions ky on M .

For any pair y1, y2 ∈ M define

ρ(y1, y2) :=

∞∑

n=1

(m(B0(n)))−2

∫

B0(n)

|ky1(x) − ky2(x)|
1 + |ky1(x) − ky2(x)|

dµM (x),

where B0(n) is a geodesic ball with center 0 and radius n and µM denotes the Riemannian
volume on M , cf. [K2], p206.

Theorem 2.28. The function ρ : M × M → R defines a metric on M . Furthermore
M equipped with this metric is a complete compact metric space, whose topology inside
of M agrees with the topology of M as a Riemannian manifold and M ∗ is the topological
boundary of M . The structure of M is independent of the choice of the base point 0.

Proof. See [Ma], [K2] and [A-S].

The Martin boundary M ∗ of M provides full information about the space of positive
(bounded respectively) harmonic functions on M : it turns out that the Riemannian man-
ifold M is a Liouville manifold if and only if the Martin boundary M ∗ shrinks to a single
point. Furthermore every positive harmonic function has a boundary integral representa-
tion with respect to the Martin boundary of M as follows:

Theorem 2.29. Let h : M → R be a positive harmonic function. Then there exists a
Borel measure µ on M ∗ such that

h(x) =

∫

M∗

ky(x)µ(dy) for all x ∈M . (2.10)

Proof. The proof can be found for example in [Ma], [D2].

However, the Borel measure µ on M ∗ in Theorem 2.29 is not uniquely determined by the
harmonic function h. Call a positive harmonic function u : M → R minimal, if, whenever v
is a positive harmonic function on M with v ≤ u, then v ≡ cu for some constant c ∈ (0, 1].
A point y ∈M ∗ is called minimal boundary point if the function ky is minimal. Denote by
∆0 the set of all minimal boundary points. ∆0 is called minimal Martin boundary. The
minimal Martin boundary ∆0 is a Borel set in the Martin topology. We have the following
representation theorem:

Theorem 2.30 (Martin Representation Theorem).
Let h : M → R be a positive harmonic function. Then there exists a unique finite measure
µh supported on the minimal Martin boundary ∆0 such that

h(x) =

∫

∆0

ky(x)µh(dy).

Conversely for every finite measure µ supported on the minimal Martin boundary ∆0,

h(x) :=

∫

∆0

ky(x)µ(dy) (2.11)
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is a bounded harmonic function on M .

Proof. For the proof se [Ma]. For further discussion see [Pi], p.285ff.

Remark 2.31 (Probabilistic approach to the Martin boundary).
For B a Brownian motion on M the h-conditioned Brownian motion is the (canonical)
Markov process Bh on (Ωh, (A h

t )t∈R+ , (P
h
x)x∈M ), with infinitesimal generator ∆h

M where

∆h
M := [h]−1 ◦ ∆M ◦ [h],

and [h] : C∞(M) → C∞(M), f 7→ fh is the multiplication with h. Denote by ζh the
lifetime of Bh.
The h-conditioned Brownian motion almost surely converges in the Martin topology. This
is part of

Theorem 2.32 (cf. [Pi], Theorem 7.2.1 and Theorem 7.2.2).
For every y ∈ ∆0, denote with ky the corresponding harmonic function on M . Then

P
ky
x

{
lim

t→ζky
B

ky
x = y

}
= 1 for all x ∈M. (2.12)

The convergence is understood with respect to the Martin topology.
More general, let h : M → R be a positive harmonic function. Then for any x ∈M

Ph
x

{
lim

t→ζh
Bh

t exists

}
= 1. (2.13)

Furthermore for any measurable A ⊂ ∆0

Ph
x

{
lim

t→ζh
Bh

t ∈ A

}
=

1

h(x)

∫

A
ky(x)µh(dy), (2.14)

where µh is the measure in the Martin representation for h.

Taking h ≡ 1 one obtains for the Brownian motion B on M :

Px

{
lim
t→ζ

Bt exists

}
= 1 and

Px

{
lim
t→ζ

Bt ∈ A

}
=

∫

A
ky(x)µ1(dy).

(2.15)

Considering a Cartan-Hadamard manifold M with sectional curvatures bounded between
two negative constants −a2 < −b2, for a > b > 0, there is a natural homeomorphism

Φ : M∗ → S∞(M) (2.16)

from the Martin boundaryM ∗ of M to the sphere at infinity. This has been first proven by
Anderson and Schoen in [A-S], Theorem 6.3. Furthermore in this case the Martin boundary
and the minimal Martin boundary coincide. More general results in this direction have
been obtained for example in [A2].
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In the following chapter we are going to present an example of a Riemannian manifold
M with unbounded negative curvature. Although the Dirichlet problem at infinity is not
solvable for that manifold, we construct non-trivial bounded harmonic functions on M
with the help of non-trivial exit sets for the Brownian motion on M . It turns out that in
this case the Martin boundary M ∗ of M has to be at least of dimension 2. This is caused
by the following fact: Writing the Brownian motion B on M in a global chart for M as
three dimensional diffusion (Rt, St, At), see Chapter 3, it turns out that the component At

generates non-trivial bounded harmonic functions on M , see Lemma 3.16 and is – up to
a time change – stochastically independent of the components (R,S) of B. On the other
hand we obtain non-trivial bounded harmonic functions considering an Ainv-measurable
function for the diffusion (R,S), cf. Theorem 3.22 and Theorem 3.27.



Chapter 3

A Non-Liouville Manifold with

Degenerate Angular Behaviour of

BM

In this chapter we are going to present an example of a Cartan-Hadamard manifold M ,
where the Dirichlet problem at infinity is not solvable. We first start with the construction
of the manifold and some geometrical considerations concerning the Riemannian metric
and the sectional curvatures of M . The main part of the chapter is dedicated to the proof
that Brownian motion B almost surely exits from M at a single point of the sphere at
infinity. However, it turns out that there exist non-trivial bounded harmonic functions on
M . We give a stochastic proof of this result and finally conclude with some geometrical
interpretations about the asymptotic behaviour of Brownian motion on M . The manifold
we are going to present was first constructed by Borbély in [B]. Unlike Borbély who
used methods of partial differential equations and differential geometry to prove that his
manifold provides an example of a Non-Liouville manifold for that the Dirichlet problem
at infinity is not solvable, we are interested in a complete stochastic description of the
considered manifold.

Let L ⊂ H2 be a fixed unit speed geodesic in the hyperbolic half plane

H2 = {(x, y) ∈ R2 | y > 0}

equipped with the hyperbolic metric ds2
H2 of constant curvature −1. For our purposes one

can assume without loss of generality L := {(0, y)|y > 0} to be the positive y-axis. Let
H denote one component of H2 \ L and define a Riemannian manifold M as the warped
product:

M := (H ∪ L) ×g S
1,

with Riemannian metric

ds2M = ds2H2 + g · ds2S1 ,

where g : H ∪ L → R+ is a positive C ∞-function to be determined later. By identifying
points (`, α1) and (`, α2) with ` ∈ L and α1, α2 ∈ S1, we make M a simply connected
space.
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We introduce a system of coordinates (r, s, α) on M , where for a point p ∈M the coordi-
nate r is the hyperbolic distance between p and the geodesic L – i.e. the hyperbolic length
of the perpendicular on L through p. The coordinate s is the parameter on the geodesic
{L(s) : s ∈ (−∞,∞)} – i.e. the length of the geodesic segment on L joining L(0) and the
orthogonal projection L(s) of p onto L. Further α ∈ [0, 2π) is the parameter on S 1 when
using the parametrization eiα. We sometimes take α ∈ R, in particular when considering
components of the Brownian Motion, thinking of R as the universal covering of S 1.

In the coordinates (r, s, α) the Riemannian metric on M \ L takes the form

ds2M = dr2 + h(r)ds2 + g(r, s)dα2,

where h(r) = cosh2(r).

Coordinates for the Riemannian manifold M

α

L(∞)

H
L(0)

L(s)

p = (r, s, α)

r

S1

Let g(r, s) := sinh2(r) for r < 1
10 (the complete definition is given below), then the above

metric smoothly extends to the whole manifold M , whereM is now rotationally symmetric
with respect to the axis L and for r < 1

10 isometric to the three dimensional hyperbolic
space H3 with constant sectional curvature −1, cf. [B]. From that it is clear that the
Riemannian manifold (M, g) is complete.

3.1. Computation of the Sectional Curvature

From now on we fix the basis ∂1 := ∂
∂r , ∂2 := ∂

∂s , ∂3 := ∂
∂α for the tangent space TpM in

p ∈M . Herein the Christoffel symbols of the Levi-Civita connection can be computed as
follows – the indices refer to the corresponding tangent vectors of the basis:

Γ1
22 = −1

2
h′r, Γ2

12 = Γ2
21 =

h′r
2h
, Γ3

13 = Γ3
31 =

g′r
2g
,

Γ1
33 = −1

2
g′r, Γ2

33 = − g′s
2h
, Γ3

23 = Γ3
32 =

g′s
2g
,
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all others equal 0. Herein g′r denotes the partial derivative of the function g with respect
to the variable r, g′s the partial derivative with respect to s, etc.
For the computation of the sectional curvatures SectM write X = (x1, x2, x3) and Y =
(y1, y2, y3) for tangent vectors X,Y ∈ TpM in terms of the basis ∂1, ∂2, ∂3. Then one gets

〈R(X,Y )Y,X〉 =

(
−1

2
h′′rr +

1

4

(h′r)
2

h

)

︸ ︷︷ ︸
=:A

(x1y2 − x2y1)
2

+

(
−1

2
g′′rr +

1

4

(g′r)
2

g

)

︸ ︷︷ ︸
=:B

(x1y3 − x3y1)
2

+

(
−1

2
g′′ss −

1

4
g′rh

′
r +

1

4

(g′s)
2

g

)

︸ ︷︷ ︸
=:C

(x2y3 − x3y2)
2

+ 2 ·
(
−1

2
g′′rs +

1

4

g′sh
′
r

h
+

1

4

g′rg
′
s

g

)

︸ ︷︷ ︸
=:D

(x1y3 − x3y1)(x2y3 − x3y2).

as well as

‖X ∧ Y ‖2 = h(x1y2 − x2y1)
2 + g(x1y3 − x3y1)

2 + gh(x2y3 − x3y2)
2.

For this reason we conclude that the manifold M has strictly negative sectional curvature,
i.e. −k2 ≥ SectM (Lin{X,Y }) = 〈R(X,Y )Y,X〉

‖X∧Y ‖2 for a k > 0, all X,Y ∈ TpM and all p ∈M , if

and only if the following inequalities hold:

1

2
h′′rr −

1

4

(h′r)
2

h
≥ k2h, (3.1)

1

2
g′′rr −

1

4

(g′r)
2

g
≥ k2g, (3.2)

1

2
g′′ss +

1

4
g′rh

′
r −

1

4

(g′s)
2

g
≥ k2gh, (3.3)

1

g2h

(
−1

2
g′′rs +

1

4

g′sh
′
r

h
+

1

4

g′sg
′
r

g

)2

≤
(
g′′rr

2g
− (g′r)

2

4g2
− k2

)
·

·
(
g′′ss
2gh

+
g′rh

′
r

4gh
− (g′s)

2

4g2h
− k2

)
.

(3.4)

This can be explained by the fact that the quadratic form

q(X,Y,Z) := (A+ k2h)X2 + (B + k2g)Y 2 + (C + k2gh)Z2 + 2DY Z

is non-positive for all X,Y,Z ∈ R if and only if

−A ≥ k2h and −B ≥ k2g and − C ≥ k2gh and D2 ≤ (B + k2g)(C + k2gh).
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3.2. The Sphere at Infinity S∞(M)

As it is obvious that, for (s, α) ∈ R × [ 0, 2π) fixed, the curves

γsα : R+ →M, r 7→ (r, s, α)

form a foliation of M of geodesic rays we can easily describe the sphere at infinity S∞(M)
as the union of the ”endpoints” (i.e. equivalence classes) γsα(+∞) of all geodesic rays γsα

foliating M together with the equivalence classes L(+∞) and L(−∞) determined by the
geodesic axis L of M , what in detail means:

S∞(M) = L(+∞) ∪ {γsα(+∞) | (s, α) ∈ R × [ 0, 2π)} ∪ L(−∞).

Sphere at Infinity S∞(M)

L(−∞)

α

L(+∞)

(r, s, α)

(r, s, 0)

γsαγs0

γsα(+∞)
γs0(+∞)

S∞(M)

This explains why it suffices to show that the s-component St of the Brownian motion Bt

converges to +∞ for t→ ζ, where ζ is the lifetime of the Brownian motion, if we want to
show that the Brownian motion Bt on M converges for t→ ζ to the single point L(+∞)
on the sphere S∞(M) at infinity.

3.3. Properties of the Function g

We give a brief description of the properties which the warped product function g : R+ ×
R → R+ used in the definition of the Riemannian metric has to satisfy to provide an
example of a Riemannian manifold where the Dirichlet problem at infinity is not solvable
whereas there exist non-trivial bounded harmonic functions. We do not prove in detail
the existence of such a function g but we give a short idea how to construct it and refer
to Borbély ([B]) for further details.

Lemma 3.1. There is a C ∞-function g : R+ × R → R+, (r, s) 7→ g(r, s) satisfying the
following properties:

i) g′r ≥ 0 and g′s ≥ 0.
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ii) g(r, s) = sinh2(r) for r < 1
10 , and for r ≥ 1

10 it holds that:

g′r ≥ h′rg and
1

2
g′′rr −

1

4

(g′r)
2

g
≥ h′rg

′
r

8
.

iii) Denoting p(r, s) := g′s
g′rh one has (ph)′s ≥ 0 and for all s ∈ R:

∫ ∞

0
p(r, s)dr = ∞.

iv) The function p(r, s) additionally satisfies:

p ≤ 1

1000
, p′s ≤

1

1000
, | p′r | ≤

5

1000
and pp′rh

2 <
h′r

1000
.

v) For the construction of p one further needs that

(ph)′r ≥ 0 and (ph)′′rr ≥ 0.

vi) As a technical requirement, p(r, s) has to fulfill:
∫ ∞

r0

1

p(r, s)h(r)
dr = ∞

for every r0 > 0 and every s ∈ R.

We mentioned in the lemma above that some of the properties we demand from the
function g and the additionally defined function p(r, s) are more or less technical and
do not in the first instance influence the behaviour of the Brownian motion on M . The
following remark gives a brief discussion about the ”importance” of these properties.

Remark 3.2 (Some comments on the properties listed above).

i) As already mentioned in the definition of the Riemannian metric on M Property (ii)
assures that the Riemannian metric smoothly extends to the geodesic L and that
the curvature condition (3.2) is satisfied for a suitable k.

ii) The conditions (iv) stated for p(r, s) assure validity of the curvature condition (3.4)
– at least for k = 1/1000.

iii) The integral condition (iii) is needed to let the Brownian motion B = (R,S,A) on
M converge for t → ζ to the single point L(∞) ∈ S∞(M) which as an immediate
consequence implies the non-solvability of the Dirichlet problem at infinity for M .
The given condition assures that the drift term in the stochastic differential equa-
tion for the component S of the Brownian motion B compared with the drift term
appearing in the defining equation for the component R of B grows ”fast enough”
to force St going to ∞ when t→”lifetime”. This will be clear in Section 3.5, Lemma
3.18.
In [B], Lemma 2.1, Borbély uses this condition to show that the convex hull of any
neighbourhood of L(∞) is the whole manifold M . This is a natural first step in the
construction of a manifold for which the Dirichlet problem at infinity is not solvable
(cf. the Introduction and [C], [B]).
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iv) Property (vi) is needed for technical reasons. As explained below, one wants to con-
struct the function g(r, s) as solution of the partial differential equation g ′s(r, s) =
p(r, s)h(r)g′r(r, s) with given initial conditions. The above property of p then guar-
antees the existence of a solution g(r, s) on all of R+ × R for any initial condition
given on a subspace Ω ⊂ R+ × R.

3.4. Construction of the Function g

The idea to construct a function g with the properties above is as follows:
As g is given as solution of the partial differential equation

g′s(r, s) = p(r, s)h(r)g′r(r, s) (3.5)

one has to find an appropriate function p(r, s) and the required initial conditions for g to
obtain the desired function.

We will see later, that the construction of the metric on M is in some way similar to
that given in the example of Ancona, see [A1], as Borbély also defines the function p
”stripewise” to control the requirements for p, g respectively, on each region of the form
[ri, rj ]×R. Yet he is mainly concerned with the definition of the ”drift ratio” p, what makes
it a little difficult to understand the behaviour of the metric function g and to possibly
modify his example for other situations, whereas Ancona gives a more or less direct way
to construct the coupling function in the warped product. This as a consequence makes
it possible to extend his example to higher dimensions and to adapt it to other desired
situations, see for example Section 4.4 and Section 4.5.

We start with a short description how to construct the function

p0(r) := p(r, 0),

as given in [B]:
p0 is defined inductively on intervals [rn, rn+1], where rn+1−rn > 3 and r1 > 3 sufficiently
large, see below:
Define p0 := 0 on [0, 2] and as a slowly increasing function satisfying conditions (iv) and
(v) on [2, 3]. For r ∈ [3, r1] let p0(r) := p0(3) be constant, where r1 is chosen big enough
such that (p0h)(r1) > 1 and r1/h(r1) < 1/1000.
On the interval [r1,∞) we choose the function p0 to be decreasing with limr→∞ p0(r) = 0,
whereas p0h is still increasing and strictly convex. See [B], Lemma 2.3 and Lemma 2.4.

On the interval [r1, r2] for r2 big enough as given below (and in general on intervals of the
form [r2n−1, r2n]) one extends p0h via a solution of the differential equation

y′′ =
1

2y
.

Carefully smoothing the function p0 on the interval [r1, r1 + 1] ([r2n−1, r2n−1 + 1] respec-
tively) to become C ∞ does not disturb the properties (iv) and (v) of p0 and can be done
such that (p0h)

′′ > 1/(4p0h) is still valid.
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[B], Lemma 2.4, shows that in fact p0 = p0h/h decreases on [r2n−1, r2n] and again with
respect to [B], Lemma 2.3, for given r2n−1 one can choose the upper interval bound r2n

such that

∫ r2n

r2n−1

1

p0h
dr > 1 for all n.

This guarantees Property (vi) for p0.

On the interval [r2, r3] for r3 big enough as given below and in general on the intervals
[r2n, r2n+1] let p0 be constant. As above, smoothing on intervals [r2n−1, r2n] preserves the
conditions (iv), (v) and (p0h)

′′ > ε/(p0h), for 0 < ε < 1/4 small enough and independent
of n but depending on the choice of p0 on [2, 3).
If we choose for given r2, r2n respectively, the interval bounds r3, r2n+1 respectively, large
enough we get ∫ r2n+1

r2n

p0(r)dr > 1 for all n,

which finally assures Property (iii) for p0.

Following Borbély in [B], we define p(r, s) via p0(r) by using a “cut off function” χ(r, s)
as

p(r, s) := χ(r, s)p0(r).

Herein χ(r, s) is given as

χ(r, s) := ξ(s+ `(r)),

where ξ is smooth and increasing with ξ(y) := 0 for y < 0, ξ(y) := 1/2 for y > 4 and
ξ′, |ξ′′| < 1/2, ξ′′ + ξ > 0. The function `, nondecreasing with limr→∞ `(r) = ∞, is chosen
such that p(r, s) satisfies all the required properties listed in Lemma 3.1. For the explicit
definition of ` and the verification that all the requirements for p(r, s) are fulfilled see [B],
p.228ff.

To have an appropriate initial condition for solving the partial differential equation (3.5),
define g̃0(r) := sinh2(r) on

[
0, 1

10

]
. On

[
1
10 ,∞

)
let g̃0(r) be the solution of the differential

equation

f ′ =
1

sinh2 (1/10)
h′rf with initial condition f

(
1

10

)
= sinh2

(
1

10

)
.

Smoothing g̃0 yields a C∞-function g0(r) such that g̃0 = g0 on
[
0, 1

10 − δ
]
∪
[

1
10 + δ,∞

)

for an appropriate δ. The so-defined function g0 serves as initial condition to solve the
partial differential equation

g′s(r, s) = p(r, s)h(r)g′r(r, s).

For a more detailed discussion we refer to [B], as we do not need the explicit construction
of g in the ongoing text but only use the properties of the functions g, p0 and p listed
above.
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3.5. Brownian Motion on M

Let (Ω;F ; P; (Ft)t∈R+) be a filtered probability space satisfying the usual conditions and
B a Brownian motion on M considered as a diffusion process with generator 1

2∆M taking

values in the Alexandroff compactification M̃ := M ∪ {c(M)} of M as in Section 2.1,
Definition 2.5. Further let ζ denote the lifetime of B, i.e. Bt(ω) = c(M) for t ≥ ζ(ω), if
ζ(ω) <∞.

As we have fixed the coordinate system M = {(r, s, α) : r ∈ R+, s ∈ R, α ∈ [0, 2π)} for our
manifold M , we consider the Brownian motion B in the chosen coordinates as well and
denote by (Rt)t<ζ , (St)t<ζ and (At)t<ζ the component processes of (Bt)t<ζ .

The generator 1
2∆M of B can be written in terms of the basis ∂

∂r ,
∂
∂s ,

∂
∂α of TM as:

1

2
∆M =

1

2

(
∂2

∂r2
+

1

h

∂2

∂s2
+

1

g

∂2

∂α2

)
+

(
h′r
4h

+
g′r
4g

)
∂

∂r
+

g′s
4gh

∂

∂s
. (3.6)

Therefore we can write down a system of stochastic differential equations for the compo-
nents R,S and A of our given Brownian motion:

dRt =

(
h′r(Rt)

4h(Rt)
+
g′r(Rt, St)

4g(Rt, St)

)
dt + dW 1 (3.7)

dSt =
g′s(Rt, St)

4g(Rt, St)h(Rt)
dt +

1√
h(Rt)

dW 2 (3.8)

dAt =
1√

g(Rt, St)
dW 3 (3.9)

with a three-dimensional Euclidean Brownian motion W = (W 1,W 2,W 3).

As already mentioned, we are going to read the component A of the Brownian motion
with values in the universal covering R of S1.

Remark 3.3 (About the lifetime ζ of the Brownian motion).
When looking on the defining stochastic differential equations for the components R, S
and A of the Brownian motion B on M , it is a remarkable fact that the behaviour of the
component At does neither influence the behaviour of the components Rt and St nor the
behaviour of At itself as all appearing drift and covariance terms do not depend on the
component α of M and so the system of stochastic differential equations does not at all
depend on A. It is therefore clear that also the lifetime ζ of Bt does not depend on the
component At – in particular does not depend on the starting point A0 of At. We are
going to use this fact later when we prove the existence of non-trivial bounded harmonic
functions on M , see Lemma 3.16.

We are now going to state and prove the main theorem of this chapter which shows that
from the stochastic point of view the Riemannian manifold (M,γ) constructed by Borbély
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in [B] has essentially the same properties as the manifold of Ancona in [A1]. We further
give a stochastic construction of non-trivial bounded harmonic functions on M , which is
more transparent than the existence proof of Borbély relying on Perron’s principle.

Theorem 3.4. i) For the Brownian motion B on the Riemannian manifold (M,γ)
constructed above the following statement almost surely holds:

lim
t→ζ

Bt = L(+∞),

independently of the starting point B0. In particular the Dirichlet problem at infinity
for M is not solvable.

ii) There is a submanifold S of S∞(M) of codimension 1 with the following prop-
erty: Given a bounded continuous function f : S → R we can find a non-trivial
bounded harmonic function h : M → R which has f as limiting boundary func-
tion, i.e. limp→p̃ h(p) = f(p̃) where p → p̃ ∈ S. Writing pr3 for the map M → R,
(r, s, α) 7→ α, almost surely limt→ζ(pr3 ◦Bt) ≡ limt→ζ At exists and takes values in
the submanifold S.

Further, we have for any point p = (r, s, α) ∈M :

h(p) = Ep

(
f ◦ lim

t→ζ
(pr3 ◦Bt)

)
= Ep

(
f ◦ lim

t→ζ
At

)
.

Remark 3.5. We are going to show in Section 3.6 that the harmonic functions we get from
Theorem 3.4 are not the only harmonic functions we can find on M ; There are further
harmonic functions depending on the components R and S of the Brownian motion.

As we have seen at the beginning, to prove the first statement concerning the behaviour
of Brownian paths on M , it will be enough to show that limt→ζ St = ∞. We are going
to split the proof of Theorem 3.4 into several steps that in combination yield both of the
statements made in Theorem 3.4.

For the behaviour of the component R of B we need some further information about the
geometry of our manifold M :

Proposition 3.6. Let a ∈ R+. Then the region Ua := {(r, s, α) ∈ M | r ≤ a} ⊂ M is a
convex subset of M .

Proof. We have to show that for two arbitrary points p0 and p1 the region Ua also contains
the whole geodesic segment joining p0 and p1.

Let γ : [ 0, 1] → M, t 7→ γ(t) := (γr(t), γs(t), γα(t)) with γ(0) = p0 and γ(1) = p1 denote
the geodesic (parametrized by arc length) joining p0 and p1. Assuming that γ([ 0, 1]) is
not completely contained in Ua, there exist t1 < t2 ∈ [ 0, 1] such that γr(t1) = γr(t2) = a
and γ ((t1, t2)) ⊂M \ Ua.

Consider the (piecewise smooth) curve

γ̃ : [ 0, 1] →M, t 7→ (γ̃r(t), γ̃s(t), γ̃α(t))
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defined as follows:

γ̃|[ 0,t1] := γ|[ 0,t1], γ̃|[ t2,1] := γ|[ t2,1] and γ̃(t) := (a, γs(t), γα(t)) for t ∈ (t1, t2).

Then we have

`(γ̃) = `(γ|[ 0,t1]) + `(γ|[ t2,1]) +

∫ t2

t1

‖(0, γ̇s(t), γ̇α(t))‖(a,γs(t),γα(t))dt

= `(γ|[ 0,t1]) + `(γ|[ t2,1]) +

∫ t2

t1

(
cosh2(a)︸ ︷︷ ︸

≤cosh2(γr(t))

γ̇s(t)
2 + g(a, γs(t))︸ ︷︷ ︸

≤g(γr(t),γs(t))

γ̇α(t)2
) 1

2
dt

< `(γ|[ 0,t1]) + `(γ|[ t2,1]) +

∫ t2

t1

‖γ̇(t)‖γ(t)dt

= `(γ),

what contradicts the fact that the geodesic γ has minimal length under all piecewise
smooth curves joining p0 and p1. Hence necessarily γ([ 0, 1]) ⊂ Ua, i.e. the region Ua is
convex.

We are now going to prove three lemmata about the behaviour of the component processes
R, S and A of the Brownian motion when t→ ζ. As for the moment we do not have any
knowledge about the lifetime ζ of B. That means we consider the case of infinite lifetime
as well as the case of finite lifetime. It is a direct consequence of what we are going to
show in the following section (see Section 3.6, Remark 3.23) that indeed the lifetime ζ of
the Brownian motion is almost surely finite and that the component Rt converges almost
surely to ∞ when t→ ζ.

Lemma 3.7. The component R of the Brownian motion B converges almost surely for
t→ ζ and

lim
t→ζ

Rt > 2 almost surely.

Proof. Define u : M → R+, (r, s, α) 7→ 1 − tanh(r/2). Then we have

∂

∂r
u = −1

2

1

cosh2(r/2)
,

∂2

∂r2
u =

1

2
tanh(r/2)

1

cosh2(r/2)
.

and therefore

∆M u =
1

2
tanh(r/2)

1

cosh2(r/2)
−
(
h′r
2h

+
g′r
2g

)
1

2

1

cosh2(r/2)

=
1

2

1

cosh2(r/2)
(tanh(r/2) − tanh(r)) − 1

4

g′r
g

1

cosh2(r/2)

≤ 1

2

1

cosh2(r/2)
(tanh(r/2) − tanh(r))

=
1

2

1

cosh2(r/2)

(
sinh(r)

cosh(r) + 1
− sinh(r)

cosh(r)

)
≤ 0,

(3.10)
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where we have used h(r) = cosh2(r) and g′r ≥ 0.

Hence u is a non-negative bounded ∆M -superharmonic function. Consequently (u(Bt))t<ζ

is a non-negative (right-)continuous supermartingale and therefore almost surely has a
limit in [ 0, 1] for t→ ζ, which implies that almost surely Rt converges for t→ ζ.

Moreover, as p(r, s) = 0 for r ≤ 2, we know that the function g(r, s) does not depend on
the variable s for r ≤ 2. This implies that the sectional curvatures SectM in the convex
region {(r, s, α)| r ≤ 2} ⊂ M are bounded. Consequently the Brownian motion cannot
explode inside this region within finite time. We are going to explain this fact below (see
Remark 3.10). On the other hand, the defining stochastic differential equation (3.7)

dRt =

(
h′r(Rt)

4h(Rt)
+
g′r(Rt, St)

4g(Rt, St)

)
dt + dW 1,

with non-negative drift term h′

r(Rt)
4h(Rt)

+ g′r(Rt,St)
4g(Rt,St)

, implies that Rt ≥ Yt almost surely for t ≤ ζ,
where Y is the solution of the stochastic differential equation

dY = dW 1

with Y0 = R0. This is an application of the “comparison theorem of Ikeda-Watanabe”,
which can be found for example in [Ha-Th], p.341. As Rt dominates a Euclidean Brownian
motion it is clear that every converging path of B with infinite lifetime has necessarily
limit +∞, in particular it exits from the region {(r, s, α)| r ≤ 2}. Hence limt→ζ Rt > 2
which finishes the proof.

Remark 3.8 (The superharmonic function u used in the proof above).
The choice of the superharmonic function u is motivated by the following proposition that
can be found in [A1]:

Proposition 3.9 (cf. [A1], Prop.6.1).
Let M be a complete simply connected Riemannian manifold whose sectional curvatures
are bounded from above by −k2, for a real constant k > 0, and let C be a closed convex
subset of M , C 6= ∅.
Set u(m) := 1− tanh(dist(m,C)/2), m ∈M . Then u is a superharmonic function on M .

In our situation we take the geodesic axis L as a convex subset ofM and the coordinate r of
a point p = (r, s, α) ∈M is the Riemannian distance dist(p, L) of p from the convex set L.
Therefore we could have used the function u = 1− tanh(r/2) as a superharmonic function
due to the proposition above without giving a separate proof of its superharmonicity.

As mentioned in the foregoing proof we want to give an explanation of the fact that the
Brownian motion B of M cannot explode inside the convex set {(r, s, α)| r ≤ 2} in finite
time. This is caused by bounds for the sectional curvature in the considered region wich
have the following effect on the radial part of the Brownian motion:

Remark 3.10 (The effect of curvature bounds on the behaviour of the Brownian motion).
It is well known that on a complete Riemannian manifold M of dimension d with strictly
negative sectional curvature one can introduce a system of polar coordinates (r, ϑ) where
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for a point p ∈ M the coordinate r denotes the Riemannian distance d(0, p) of p from a
fixed point 0 of M (the pole) and ϑ ∈ Sd−1 the unit vector at 0 tangent to the minimizing
geodesic that connects 0 to p. Considering a Brownian motion B on M the radial part
r(Bt) of B satisfies – according to geometric Itô formula, see [Ha-Th], Theorem 7.145 –
the stochastic differential equation

dr(Bs) = dWs +
1

2
∆Mr(Bs)ds for s ≤ ζ, (3.11)

with W a Euclidean real Brownian motion, cf. [Ha-Th] for details.

Assume now that in a convex region U ⊂M , where 0 ∈ U , the sectional curvatures SectM

of M are bounded, in particular SectM
p ≥ −c2 for a constant c ∈ R and all p ∈ U . Then one

can immediately deduce that the Ricci curvature in radial direction satisfies the following
inequality

Ricp( ∂
M , ∂M ) ≥ −( dim(M) − 1)c2 = −(d− 1)c2

for all p ∈ U .

Comparing M with the model M = {x ∈ Rd : ‖x‖ < 1/c} equipped with the Riemannian
metric

gx(u, v) :=
4〈u, v〉

(1 − ‖x‖2c2)2

the comparison theorem for the Laplacian (cf. [Ha-Th], Theorem 7.243) yields:

∆Mr(p) ≤ (d− 1) c · coth(c · r(p))
for all p ∈ U . Herein the right-hand-side of the inequality equals ∆Mr(p̃) where p̃ ∈ M

with r(p̃) = r(p).
For the computation of ∆Mr(p̃) one uses the fact that on a model

∆Mr(p̃) = (dim(M) − 1) · f
′(r(p̃))

f(r(p̃))

where f is the coupling function in the polar coordinate representation

ds2 = dr2 + f(r)2dϑ2

of the Riemannian metric on M. Since M is a model, f does not depend on ϑ. For the
model used here, f(r) = 1/c · sinh(c · r), which provides the given expression.

Returning to the radial part of our Brownian motion we can make use of the upper
inequality by applying a comparison theorem for stochastic differential equations (cf. for
example [Ha-Th], Theorem 6.49): As the drift term of the defining differential equation
(3.11) of r(Bs) can be estimated from above, one concludes that r(Bs) ≤ Ys for s ≤ τ
where τ is the first exit time of B from U and Y is the solution of the stochastic differential
equation

dYs = dWs + 1/2 · (dim(M) − 1) c · coth(c Ys)ds
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starting in Y0 = 0. It is an application of the theory of one dimensional Itô stochastic
differential equations (cf. [Ha-Th], Theorem 6.50) to show that Ys almost surely has infinite
lifetime. It is therefore a matter of fact, that also the radial part r(B) of B cannot go to
infinity within finite time inside the region U , in other words: r(Bt) → ∞ in finite time is
only possible if B finally exits from U .

To proceed with the proof of Theorem 3.4 we need some technical remarks about ∆M -
superharmonic functions:

Proposition 3.11. Let u : M → R, (r, s, α) 7→ u(r, s), be nonincreasing in s and r and
further superharmonic with respect to

L :=
∂2

∂r2
+

1

h

∂2

∂s2
+

(
h′r
2h

+
1

2
h′r

)
∂

∂r
.

Then u is also ∆M -superharmonic on M .

Proof. We have u′r ≤ 0, u′s ≤ 0 and Lu ≤ 0. Hence

∆Mu =
∂2

∂r2
u+

1

h

∂2

∂s2
u+

(
h′r
2h

+
g′r
2g

)
∂

∂r
u+

g′s
2gh

∂

∂s
u

≤ ∂2

∂r2
u+

1

h

∂2

∂s2
u+

(
h′r
2h

+
1

2
h′r

)
∂

∂r
u = Lu ≤ 0.

(3.12)

Here we used g′s ≥ 0 and

g′r
g

≥ h′r for all (r, s) ∈ R+ × R,

because for r ≤ 1/10 the function g(r, s) is just sinh2(r) and so obviously g′r ≥ h′rg whereas
g′r
g ≥ h′r for r ≥ 1/10 is due to Property (ii) of the function g.

Lemma 3.12. The component St of the Brownian motion Bt converges almost surely for
t→ ζ and

lim
t→ζ

St ∈ (−∞,∞] almost surely.

Proof. For an arbitrary s0 ∈ R let us0 : M → R, (r, s, α) 7→ us0(r, s), be given as:

us0(r, s) :=

{
1 if s ≤ s0,

1 − 2
π arctan ((s− s0) sinh(r)) if s > s0.

(3.13)

Then

∂

∂r
us0 = − 2

π

(s− s0) cosh(r)

1 + (s− s0)2 sinh2(r)
,

∂2

∂r2
us0 = − 2

π

(s− s0) sinh(r) + (s− s0)
3 sinh3(r) − 2(s− s0)

3 sinh(r) cosh2(r)

(1 + (s− s0)2 sinh2(r))2
,
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∂

∂s
us0 = − 2

π

sinh(r)

1 + (s− s0)2 sinh2(r)
,

∂2

∂s2
us0 = − 2

π

−2(s− s0) sinh3(r)

(1 + (s− s0)2 sinh2(r))2
.

As u is obviously decreasing in s and r according to Proposition 3.11 it is enough to show
that Lu ≤ 0 (at least on a suitable subset of M), for the partial differential operator L
defined as in the proposition. Then us0 is also a ∆M -superharmonic function.

With the negative function n : R+ ×R → R, n(r, s) := −π
2 · h(r) ·

(
1 + (s− s0)

2 sinh2(r)
)2

we have for s ≥ s0

n(r, s) · Lus0 = −2(s− s0) sinh3(r) + h(s− s0) sinh(r)

+ h(s− s0)
3 sinh3(r) − 2h(s− s0)

3 sinh(r) cosh2(r)

+
1

2
· h′r(s− s0) cosh(r)

(
1 + (s− s0)

2 sinh2(r)
)

+
1

2
· hh′r(s− s0) cosh(r)

(
1 + (s− s0)

2 sinh2(r)
)
.

(3.14)

Using h(r) = cosh2(r) we can proceed:

n(r, s) · Lus0 = − 2(s− s0) sinh3(r) + (s− s0) sinh(r) cosh2(r)

+ (s− s0)
3 sinh3(r) cosh2(r) − 2(s− s0)

3 sinh(r) cosh4(r)

+ (s− s0) sinh(r) cosh2(r) + (s− s0)
3 sinh3(r) cosh2(r)

+ (s− s0) cosh4(r) sinh(r) + (s− s0)
3 cosh4(r) sinh3(r)

= (s− s0) sinh(r) cosh2(r)
(
−2 tanh2(r) + 2 + cosh2(r)

)

+ (s− s0)
3 sinh(r) cosh4(r)

(
2 tanh2(r) − 2 + sinh2(r)

)
.

Obviously −2 tanh2(r) + 2 + cosh2(r) is strictly positive for all r ∈ R+ and 2 tanh2(r) −
2 + sinh2(r) is positive at least for r ≥ 1. Hence we have

n(r, s) · Lus0 ≥ 0 for r ≥ 1.

As n(r, s) is negative for all (r, s) ∈ R+ × R, the function us0 has to be superharmonic
with respect to L in the region {(r, s, α)|r ≥ 1} ⊂ M , which implies that us0 is also
∆M -superharmonic on the region U := {(r, s, α)|r ≥ 1} ⊂M .

The set U is an absorbing region for B, i.e. the Brownian motion finally reaches U before
leaving the manifold M . Consequently we know that the process us0(Bt) is a positive
supermartingale as soon as B reaches U and therefore us0(Bt) almost surely admits a
limit in [0, 1] for t→ ζ, cf. [D-M] and [A1].

In particular us0(Bt) almost surely converges for all s0 ∈ Q. For that reason there is a set
N of P-measure 0, such that
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Ω \N ⊂
⋂

s0∈Q

{
us0(Bt) converges for t→ ζ and lim

t→ζ
Rt ≥ 1

}

We want to show that St(ω) almost surely converges for t→ ζ and ω ∈ Ω \N . Assuming
that St(ω) does not possess a limit for t → ζ, there is a s0 ∈ Q with St(ω) ≥ s0 + δ
and St(ω) ≤ s0 again and again for a δ > 0. Then again and again us0(Bt(ω)) = 1
and us0(Bt(ω)) = 1 − 2

π arctan((St(ω) − s0) sinh(Rt(ω))). Because St(ω) − s0 ≥ δ and
Rt(ω) →: r ≥ 2 for t → ζ one has (St(ω) − s0) sinh(Rt(ω)) →: C ≥ δ sinh(2) > 0, what
implies 1 − 2

π arctan ((St(ω) − s0) sinh(Rt(ω))) →: c̃ < 1. This is a contradiction to the
fact that us0(Bt(ω)) converges for t→ ζ.

Hence we have shown that St(ω) converges in [−∞,∞] for t→ ζ and all ω ∈ Ω \N which
shows that St has a limit for t→ ζ almost surely.

To finish the proof of the lemma we have to exclude −∞ as a possible value for limt→ζ St.
As in [A1] we use a supermartingale argument (see the remark after the proof) to obtain

us0(p) ≥ Pp

{
lim
t→ζ

St = −∞
}

for all s0 ∈ Q,

where p = (r, s, α) ∈M is the starting point of the Brownian motion B.

Assume now that Pp {limt→ζ St = −∞} = δ > 0 for a point p = (r, s, α) ∈ M . As
us0(p) → 0 for s0 → −∞ and p ∈M fixed, one can choose s0 < s, s0 ∈ Q, such that

us0(p) = 1 − 2

π
arctan((s− s0) sinh(r)) < δ,

which yields the desired contradiction. Hence limt→ζ St ∈ (−∞,∞] almost surely.

Remark 3.13. To derive the results concerning the component St of our Brownian motion
we made use of the functions us0 that are proven to be ∆M -superharmonic on the region
{(r, s, α)| r ≥ 1} ⊂ M . As we know from Lemma 3.7, the Brownian motion B will
eventually enter this region and stay inside up to the lifetime ζ. However, there is no
(stopping) time, from that on the Brownian motion stays inside {(r, s, α)|r ≥ 1} for all
time. Hence we cannot think of us0(Bt) being a supermartingale on a stochastic interval
[τ, ζ[.

To nevertheless use convergence of bounded supermartingales and supermartingale inequa-
lities as done in the proof above we construct a supermartingale (Wt)t<ζ depending on
the given superharmonic functions us0 and the component St of Bt as follows:

Let σn ↗ ζ, σn < σn+1, a sequence of stopping times with Rσn ≥ 3/2. Here we use from
Lemma 3.7 that limt→ζ Rt ≥ 2 almost surely. Define

τ ′n := inf{t > σn|Rt = 1} and τn := τ ′n ∧ σn+1, where by convention inf ∅ = ∞.

As Bt(ω) ∈ {(r, s, α)|r ≥ 1} eventually, there is, for any ω outside a set of measure 0, an
N(ω) such that τn(ω) = σn+1(ω) for all n ≥ N(ω).
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Without loss of generality let p = (r, s, α) 6∈ {(r, s, α)|r ≥ 1} denote the starting point of
the Brownian motion B and s0 < s, s0 ∈ Q. The case where Bt starts inside {(r, s, α)|r ≥
1} can be treated analogously, mainly by omitting the first term in the following expression.

We then define an adapted process (Wt)t≤ζ given as:

Wt := 1[0,σ1](t) · us0(p) +

∞∑

n=1

1]σn,τn](t) · usn(Bt) +

∞∑

n=1

1]τn,σn+1](t) · usn(Bτn),

where by convention Sτ0 := s and for every n ∈ N the function sn : Ω → R is given as:

sn(ω) :=

n∑

i=1

(
Sσi(ω)(ω) − Sτi−1(ω)(ω)

)
+ s0.

The process (Wt)t≤ζ then has the following properties:

i) W |]τn,σn+1], W |[0,σ1] respectively, is a supermartingale as a pathwise constant process.

ii) W |]σn,τn] is a supermartingale because B|]σn,τn] ∈ {(r, s, α)|r ≥ 1}, where us0 is ∆M -
superharmonic for every s0 ∈ R.

iii) Wτn(ω)(ω) = Wτn(ω)+(ω) and

Wσn(ω)+(ω) = usn(ω)

(
Bσn(ω)(ω)

)
≤ usn−1(ω)

(
Bτn−1(ω)(ω)

)
= Wσn(ω)(ω).

From that we conclude that (Wt)t<ζ is a bounded supermartingale, which therefore almost
surely has a finite limit limt→ζ Wt and the supermartingale inequality yields:

us0(p) ≥ Ep

(
lim
t→ζ

Wt

)
=

∫

{limt→ζ Wt=1}
lim
t→ζ

Wt dP
p +

∫

{limt→ζ Wt 6=1}
lim
t→ζ

Wt dP
p

≥ Pp

{
lim
t→ζ

Wt = 1

}
= Pp

{
lim
t→ζ

1]σN(·),ζ](t) · usN(·)
(Bt) = 1

}

≥ Pp

{
lim
t→ζ

St = −∞
}
.

This is the inequality we used in the proof above.

Before we are going to show that also the component At of our Brownian motion Bt con-
verges to an almost surely finite random variable Aζ , we will state another little proposition
that will be used in the proof of Lemma 3.15:

Proposition 3.14. There is a constant C ∈ R+ such that a given function u : M →
R, (r, s, α) 7→ u(r, α) that is nonincreasing in r, convex in α and LC-superharmonic for

LC :=
∂2

∂r2
+

1

Cer
∂2

∂α2
+

1

2

∂

∂r
,

is also ∆M -superharmonic on {(r, s, α) ∈M |r ≥ 0, 5}.
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Proof. We know from Property (ii) of the coupling function g that

g′r ≥ h′rg and
1

2
g′′rr −

1

4

(g′r)
2

g
≥ h′rg

′
r

8
for r ≥ 1

10
.

Hence we get

g′′rr

g
≥ h′rg

′
r

4g
+

(g′r)
2

2g2
≥ (h′r)

2

4
+

(h′r)
2

2
= 3 cosh2(r) sinh2(r) ≥ 1, for r ≥ 0, 5.

Using a Gronwall-type argument (cf. [A1]) we conclude that g(r, s) ≥ C ·er for all r ≥ 0, 5,
all s ∈ R and a constant C ∈ R+.

For u : M → R, u(r, s, α) ≡ u(r, α) nonincreasing in r, convex in α and superharmonic
with respect to LC , one has:

∆Mu =
1

h

∂2

∂s2
u+

∂2

∂r2
u+

1

g

∂2

∂α2
u+

g′s
2gh

∂

∂s
u+

(
h′r
2h

+
g′r
2g

)
∂

∂r
u

=
∂2

∂r2
u+

1

g

∂2

∂α2
u+

(
h′r
2h

+
g′r
2g

)
∂

∂r
u ≤ LCu ≤ 0, for r ≥ 0, 5.

This relies on the fact that g−1 ≤ (Cer)−1 and

(
h′r
2h

+
g′r
2g

)
∂

∂r
u ≤

(
h′r
2h

+
h′r
2

)
∂

∂r
u ≤ 1

2

∂

∂r
u

for r such that h′r/(2h) + 1/2 · h′r = tanh(r) + cosh(r) sinh(r) ≥ 1/2, which is true for
r ≥ 1/2.

Lemma 3.15. The component At of the Brownian motion Bt converges almost surely for
t→ ζ and

lim
t→ζ

At ∈ (−∞,∞) almost surely.

Proof. Let C ∈ R and LC be given as in the proposition above.
For an arbitrary α0 ∈ R define uα0 : M → R, (r, s, α) 7→ uα0(r, α) as:

uα0(r, α) :=

{
1 if α ≤ α0,

1 − 2
π arctan

(
1
2(α− α0)

√
C · er/2

)
if α > α0.

(3.15)

Then

∂

∂r
uα0 = − 2

π
·

1
4(α− α0)

√
Cer/2

1 + 1
4(α− α0)2Cer

,

∂2

∂r2
uα0 = − 2

π
·

1
8 (α− α0)

√
Cer/2 − 1

32(α− α0)
3C3/2e3/2r

(
1 + 1

4(α− α0)2Cer
)2 ,

∂2

∂α2
uα0 = − 2

π
· −1

4(α− α0)C
3/2e3/2r

(
1 + 1

4(α− α0)2Cer
)2 .
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Obviously uα0 is nondecreasing in r and convex in α. Moreover:

LC u =
∂2

∂r2
uα0 +

1

Cer
∂2

∂α2
uα0 +

1

2

∂

∂r
uα0

= − 2

π

[
1
8(α− α0)

√
Cer/2 − 1

32 (α− α0)
3C3/2e3r/2 − 1

4(α− α0)
√
Cer/2

(
1 + 1

4 (α− α0)2Cer
)2

+
1
8 (α− α0)

√
Cer/2 + 1

32(α− α0)
3C3/2e3r/2

(
1 + 1

4(α− α0)2Cer
)2

]
= 0.

Using the proposition above uα0 is ∆M -superharmonic for every α0 ∈ R on the region
{(r, s, α) ∈ M |r ≥ 1/2}. Now the assertion that the component At of the Brownian
motion Bt converges almost surely for t → ζ follows analogously to the proof of Lemma
3.12 as well as the fact that limt→ζ At 6= −∞ almost surely.

For the remaining statement that also limt→ζ At 6= ∞, i.e. that At converges to a finite
random variable Aζ , define new functions uα0 : M → R, for α0 ∈ R, as

uα0(r, α) :=

{
1 − 2

π arctan
(

1
2(α0 − α)

√
C · er/2

)
if α ≤ α0

1 if α > α0.
(3.16)

It turns out that these functions are also superharmonic on the absorbing region {(r, s, α) ∈
M |r ≥ 1/2} of M and yield the desired (supermartingale) inequality to conclude that
Pp{limt→ζ At = ∞} = 0.

We are now in the situation to prove statement b) of our main Theorem 3.4. Therefore it
obviously suffices to show that the random variable Aζ := limt→ζ At is not almost surely
constant. For a given continuous function f : S1 → R the function

h : M → R, h(p) := Ep (f ◦ Aζ) = Ep

(
f ◦ lim

t→ζ
(pr3 ◦Bt)

)

is then ∆M -harmonic on M and if p := (r, s, α) tends to L(∞) ∈ S∞(M) such that s→ ∞
and α→: α∞ ∈ R, one has h(p) → f(α∞).

Lemma 3.16. The component At of the Brownian motion Bt converges almost surely to
a non-trivial ( i.e. almost surely non-constant) random variable Aζ : Ω → R.

Proof. According to (3.7) the component At of Bt is given by means of the stochastic
differential equation

dAt =
1√

g(Rt, St)
dWt

with a one dimensional real Brownian motion W .
One has therefore

At = A0 +

∫ t

0

1√
g(Ru, Su)

dWu,
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where the Brownian integral

∫ t

0

1√
g(Ru, Su)

dWu,

obviously does not depend on A and therefore in particular does not depend on the initial
value A0 of A; we mentioned this before. Moreover, the lifetime ζ of the Brownian motion
is also independent of A0. If we now consider the almost surely finite random variable
limt→ζ At, we have

Aζ := lim
t→ζ

At = A0 +

∫ ζ

0

1√
g(Ru, Su)

dWu,

where the integral-term does not depend on the starting point A0 from A. Therefore it is
clear, that Aζ cannot be almost sure equal to a constant, independent of the starting point
(A0, R0, S0) of the Brownian motion. This proves that Aζ is a non-trivial shift-invariant
random variable, which finishes the proof.

We are now going to state and prove the final Lemma, which together with the foregoing
Lemmata 3.7, 3.12 and 3.15 yields the fact that the Brownian motion will almost surely
exit the manifold M at the single point L(∞) ∈ S∞(M).
As we already mentioned in Section 3.2, for this result it suffices to show that almost
surely limt→ζ St = ∞.

The following proposition explains how the special choice of the function g influences the
behaviour of the components St and Rt of the Brownian motion. In fact it will be shown
that in certain regions of M the drift vector of the defining stochastic differential equation
will urge the component St to grow “faster” than the component Rt, which in conclusion
implies that limt→ζ St = ∞. As it is obvious that the effect of the drift vector in the
stochastic differential equation for the component S is mainly influenced by the explicit
definition of the function g(r, s) we will briefly recall the properties of g that are used
below to formulate the proposition:

As we have seen in Section 3.4 the function g(r, s) is given as the solution of the partial
differential equation

g′s(r, s) = p(r, s)h(r)g′r(r, s),

where the function p(r, s) is defined as p(r, s) = χ(r, s)p0(r) ≡ ξ(s+`(r))p0(r). See Section
3.4 for the explicit definition of the functions ξ, ` and p0.
As limr→∞ `(r) = ∞ and ` is increasing, for given s one can choose rs big enough such
that s+ `(r) > 4 for all r ≥ rs, what implies that ξ(s+ `(r)) = 1

2 .
We also recall the fact that there is a sequence r1 < r2 < · · · < r2n−1 < r2n < r2n+1 ↗ ∞
such that p0(r) is constant for r ∈ [r2n, r2n+1], n ∈ N. It is the main part of the following
proposition to show that we can (if necessary) slightly modify the “stripes”, where p0

is constant, such that within these stripes preferably the absolute value |St| of the s-
component of the Brownian motion Bt grows. As it is easy to see, enlarging the intervals
[r2n, r2n+1] does not influence the eventual behaviour of the components Rt, St and At of
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the Brownian motion which we proved in the preceding lemmata. With this in mind we
can now state the following technical proposition.

Proposition 3.17. Let a, b ∈ R, a < b and ` : R → R the function used in the definition
of the coupling function g, (c.f. Section 3.4). Let further η > 0.
For given r2n ≥ 1 with `(r2n)+a > 4 one can find r2n+1 > r2n such that for every Brownian
motion Bt = (Rt, St, At) starting in p = (r, s, α), where a < s < b and r = 1

2 (r2n + r2n+1),
one has

Pp{Rτ = r2n or Rτ = r2n+1} ≤ η.

Herein τ is the first exit time of B from the set

Uab := {(r, s, α) ∈M | a < s < b, r2n < r < r2n+1}.

Proof. To find r2n+1 with the desired properties we assume for the moment that p0(r) = c
for a constant c ∈ R+ for all r ∈ [r2n,∞].

It is

g′s(r, s) = p(r, s)h(r)g′r(r, s) with p(r, s) = ξ(s+ l(r))p0(r).

As ` is increasing and for all a < s < b, r ∈ [r2n,∞[ we have by assumption s + `(r) >
a+ `(r2n) > 4, i.e. ξ(s+ `(r)) = 1

2 for all r ≥ r2n and all a < s < b. This means that we
can use p(r, s) = 1

2 · c for all a < s < b and r ∈ [r2n,∞].

Let σ(r, s) := exp(εr − δs), where ε, δ > 0. Then for a < s < b and r ≥ r2n:

σ−1∆Mσ =
δ2

h
+ ε2 − δ · g′s

2gh
+ ε

(
h′r
2h

+
g′r
2g

)

≤ δ2

cosh2(r2n)
+ ε2 − δ · p(r, s) · g

′
r

2g
+ ε

(
1 +

g′r
2g

)

=
δ2

cosh2(r2n)
+ ε2 − δ · 1

2
c · g

′
r

2g
+ ε

(
1 +

g′r
2g

)

=
δ2

cosh2(r2n)
− 1

4
c · δ · g

′
r

2g
+ ε2 + ε+

g′r
2g

(
ε− 1

4
c · δ

)

≤ δ2

cosh2(r2n)
− 1

4
c · δ · cosh(r2n) sinh(r2n) + ε2 + ε+

g′r
2g

(
ε− 1

4
c · δ

)

= δ ·
(

δ

cosh2(r2n)
− 1

4
c · cosh(r2n) sinh(r2n)

)
+ ε2 + ε+

g′r
2g

(
ε− 1

4
c · δ

)
.

Choose δ < 1
8c · cosh3(r2n) sinh(r2n), then

δ

cosh2(r2n)
− 1

4
c · cosh(r2n) sinh(r2n) < −δ · 1

8
c · cosh(r2n) sinh(r2n).

For ε < 1
8c · δ one has:
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g′r
2g

(
ε− 1

4
c · δ

)
< −1

8
c · g

′
r

2g
· δ.

If we combine these two inequalities with the preceding estimate for σ−1∆Mσ we get

σ−1∆Mσ <− 1

8
c · δ · cosh(r2n) sinh(r2n) + ε2 + ε− 1

8
c · g

′
r

2g
· δ

≤− 1

8
c · δ · cosh(r2n) sinh(r2n) + ε2 + ε− 1

8
c · δ · cosh(r2n) sinh(r2n)

≤ 0 for ε small enough.

With δ and ε chosen as above, σ(r, s) := exp(εr − δs) is then ∆M -superharmonic on
{(r, s, α)|a < s < b, r2n ≤ r}.

Let further ϕ(r) := exp(−r). Then

∆Mϕ = e−r −
(
h′r
2h

+
g′r
2g

)
e−r ≤ e−r(1 − tanh(r) − cosh(r) sinh(r)) ≤ 0 for r ≥ 1.

Hence ϕ(r) = exp(−r) is ∆M -superharmonic on {(r, s, α)|a < s < b, r2n ≤ r} as well.

We then choose r2n+1 so large that at the same time

exp(δ(b − a)) · exp

(
−1

2
ε(r2n+1 − r2n)

)
≤ 1

2
η and

exp

(
−1

2
(r2n+1 − r2n)

)
≤ 1

2
η.

Then σ and ϕ are ∆M -superharmonic functions on the set

Uab := {(r, s, α) ∈M | a < s < b, r2n < r < r2n+1}

and for a Brownian motion Bt with starting point p = (r, s, α), where a < s < b and
r = 1/2 · (r2n+1 + r2n), one has:

σ(p) ≥ Ep(σ(Bτ )) =

∫

Ω
σ(Bτ ) dPp ≥

∫

{Rτ=r2n+1}
exp(ε · r2n+1 − δ · s) dPp

≥ exp(ε · r2n+1)

∫

{Rτ=r2n+1}
exp(−δ · b) dPp

= exp(ε · r2n+1) · exp(−δ · b) Pp{Rτ = r2n+1}.

This yields
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Pp{Rτ = r2n+1} ≤ exp(δ · b) · exp(−ε · r2n+1) · exp

(
1

2
ε · (r2n+1 + r2n) − δ · s

)

≤ exp(δ · b) · exp(−ε · r2n+1) · exp

(
1

2
ε · (r2n+1 + r2n)

)
· exp(−δ · a)

= exp(δ · (b− a)) · exp

(
−1

2
ε · (r2n+1 − r2n)

)
≤ 1

2
η.

On the other hand we have due to the superharmonicity of ϕ:

ϕ(p) ≥ Ep(ϕ(Bτ )) ≥
∫

{Rτ =r2n}
exp(−Rτ ) dP

p

=

∫

{Rτ=r2n}
exp(−r2n) dPp = exp(−r2n) Pp{Rτ = r2n},

which implies

Pp{Rτ = r2n} ≤ exp(r2n) exp

(
−1

2
(r2n+1 + r2n)

)
=

= exp

(
−1

2
(r2n+1 − r2n)

)
≤ 1

2
η.

Putting this together we arrive at:

Pp{Rτ = r2n or Rτ = r2n+1} ≤ η,

which finishes the proof.

We are now able to prove the last remaining Lemma:

Lemma 3.18. Almost surely
lim
t→ζ

St = ∞.

Proof. Since we proved in Lemma 3.12 that almost surely limt→ζ St ∈ (−∞,∞], it suffices
to show that |St| → ∞ almost surely for t → ζ. As the Brownian motion B on M is
transient, we know that the absolute value of at least one of the components Rt and
St of Bt has to go to ∞ as t → ζ. Thus without loss of generality we may assume
that limt→ζ Rt = ∞ almost surely because we already know that St(ω) → ∞ whenever
limt→ζ Rt(ω) is finite.

Using the foregoing proposition we can further assume that the sequence r1 < r2 < · · · <
r2n < r2n+1 ↗ ∞ is chosen such that

Ppn{Rτn = r2n or Rτn = r2n+1} ≤ 2−n

where τn is the first exit time from the set

Un := {(r, s, α) ∈M | r2n < r < r2n+1,−n < s < n}
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of a Brownian motion started in pn =
(

1
2(r2n+1 + r2n), s, α

)
for −n < s < n.

Let Bt be a Brownian motion on M with starting point p0 = (r0, s0, α0). By assumption
one has stopping times tn ↗ ∞ with Rtn(ω)(ω) = 1

2(r2n+1 + r2n). Define pn(ω) :=
Btn(ω)(ω).

We further define τn := inf{t > 0|Bpn
t ∈ M \ Un} and σn := inf{t > tn|Bt ∈ M \ Un}.

Then σn = tn + τn and we have

Pp0{|Sσn | ≥ n} = Ep0
(
1{|pr2|≥n} ◦Bσn

)

=

∫
E
(
1{|pr2|≥n} ◦Bpn

τn

)
|pn=Btn

dPp0

=

∫
Ppn(ω){|Sτn | ≥ n}dPp0(ω)

≥ (1 − 2−n)Pp0(Ω) = 1 − 2−n.

Hence Pp0{|Sσn | < n} = 1 − Pp0{|Sσn | ≥ n} ≤ 2−n for all n ∈ N and therefore:

∞∑

n=1

Pp0{|Sσn | < n} ≤
∞∑

n=1

2−n ≤ 1

1 − 1/2
<∞.

Borel-Cantelli provides in this situation:

Pp0 {lim sup{|Sσn | < n}} = 0,

hence Pp0{lim inf{|Sσn | ≥ n}} = 1, which means that almost surely |Sσn | ≥ n eventually,
and therefore almost surely Sσn → ∞ (as limt→ζ St ∈ (−∞,∞]). For that reason St almost
surely possesses a subsequence Sσn → ∞, which implies that St → ∞.

3.6. Non-Trivial Shift-Invariant Events for B

As we have seen in Chapter 2 there is a one-to-one correspondence between the σ-field A inv

of shift-invariant events for B up to equivalence and the set of bounded harmonic functions
on M . We are going to use this fact and give a probabilistic proof for the existence of
non-trivial shift-invariant random variables, which as an immediate consequence yields
the existence of non-trivial bounded harmonic functions on M . Furthermore we get a
stochastic representation of the constructed harmonic functions that can be interpreted as
”solutions of a modified Dirichlet problem at infinity”. For this the considered boundary
functions are not of ”pure angular type” as in the usual Dirichlet problem at infinity,
where the boundary function is a function f : S∞(M) ∼= Sd−1(M) → R and the stochastic
representation of the solution h only depends on the angular part ϑ(B) ∈ Sd−1(M) of the
Brownian motion.

In our situation it turns out (as seen in Section 3.5, Lemma 3.16) that the shift-invariant
random variable Aζ is non-trivial and can be interpreted as ”1-dimensional angle” on the
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sphere S∞(M) at infinity. As we will see in Chapter 4 this has the same meaning as that
of the random variable Y∞ in Ancona’s example: Aζ gives the direction on the sphere at
infinity, wherefrom the Brownian motion B converges to the single point L(∞). See also
the geometrical interpretation below. As the limit Bζ ∈ S∞(M) is trivial this is obviously
the only (non-trivial) information for Brownian paths to differ when just looking at their
projection onto S∞(M). This is why one could believe that the random variable Aζ itself
already generates the shift-invariant σ-field Ainv, what as a consequence would imply that
every bounded harmonic function h on M has a stochastic representation

h(x) = Ex[f ◦Aζ ] = Ex

[
lim
t→ζ

f ◦ (pr3(Bt))

]

with f : S1 → R continuous. However, in his paper Borbély gives a way to construct
a family of rotationally invariant, i.e. independent of α, harmonic functions ψ(r, s) that
obviously cannot be of the above form. As he uses ”Perron’s principle” for the construction
he does not really get a representation of the obtained harmonic functions. We have learnt
from this that there must be a further way to obtain non-trivial shift-invariant events when
just using the components St and Rt of the Brownian motion or a ”combination” of them.
Indeed, it turns out that the random variable

lim
t→ζ

(
S̃t −

∫ R̃t

0
q(r)dr

)

yields the desired non-trivial shift-invariant random variable. Herein S̃ and R̃ are time-
changed versions of S and R and q : R+ → R is a function already constructed by Borbely.
From that we get additional (to that depending on the component α) harmonic functions
via the stochastic representation

h(x) = Ex

[
g ◦
(

lim
t→ζ

(
S̃t −

∫ R̃t

0
q(r)dr

))]
,

where g : R → R is a bounded continuous function.

In the following we are going to prove the results mentioned above with probabilistic
methods. As we use the same function q(r) as Borbély we will just write down its properties
that are essential for the proof and refer to the following Section 3.7 for a short sketch of
Borbély’s construction. We conclude this chapter with a geometric interpretation of the
results obtained in Section 3.8.

Fix a ∈ R and let T0 ∈ R such that p0(r)h(r) > 240 and
√
h(r) = cosh(r) > 80 for r ≥ T0.

Let further T1 > T0 such that χ(r, s) = 1/2 for r ≥ T1 and s ≥ a − 1. Then we have
p(r, s) = 1/2 · p0(r) for r ≥ T1 and s ≥ a− 1.

Lemma 3.19. There is a C ∞-function q : R+ → R with the following properties:

i)

q(r) = − sinh(r)

cosh2(r)
=

(
1√
h

)′

for r ≤ T1.
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ii) For r > T1 the function q satisfies the inequalities

−3|q| < q′ <
1

cosh(r)
,

(
1√
h

)′

≤ q ≤ p0

2
− 40

h
.

iii) There is a T2 > T1 such that

q(r) =
p0(r)

2
− 40

h(r)
for r ≥ T2.

Proof. See the following Section 3.7 and [B].

As we will see in Section 3.8 (and have already seen in Proposition 3.17 and Lemma

3.18) the ”drift ratio” p(r, s) = g′s
g′rh influences the interplay of the components St and Rt

of the Brownian motion and because of that determines the behaviour of the Brownian
paths. For this reason it is more convenient to work with a time changed version B̃t of
our Brownian motion, where the drift of the component R̃t is just t and the drift of S̃t is
essentially given by p. This can be realized with a time change 〈τ〉 defined as follows:
Let

T (t) :=

∫ t

0

(
h′r
4h

+
g′r
4g

)
(Su, Ru) du

and τt := T−1(t) ≡ inf{s ∈ R+ : T (s) ≥ t} for t ≤ T (ζ). The components R̃t, S̃t, Ãt of
the time changed Brownian motion B̃t := Bτt are given for t ≤ ζ̃ := T (ζ) by the following
system of stochastic differential equations:

dR̃t = dt +
1√

h′
r

4h(R̃t) + g′r
4g (R̃t, S̃t)

dW 1 (3.17)

dS̃t =
g′s(R̃t, S̃t)

(gh′r + g′rh)(R̃t, S̃t)
dt +

1√
h(R̃t)

(
h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
) dW 2 (3.18)

dÃt =
1√

g(R̃t, S̃t)
(

h′
r

4h(R̃t) + g′r
4g (R̃t, S̃t)

) dW 3. (3.19)

As B̃ is the time changed Brownian motion B, one has from Section 3.5:

i) lim
t→ζ̃

R̃t exists almost surely and lim
t→ζ̃

R̃t > 2 almost surely,

ii) lim
t→ζ̃

S̃t = ∞ almost surely,

iii) lim
t→ζ̃

Ãt exists almost surely and is almost surely finite.

We need two technical results before proving the main theorem of this section:
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Remark 3.20. For every (r, s) ∈ R+ × R:

h′r
4h

+
g′r
4g

≥ 1

10
.

Proof. For r ≤ 1/10 one has g(r, s) = sinh2(r) and from that

h′r
4h

+
g′r
4g

=
sinh(r)

2 cosh(r)
+

cosh(r)

2 sinh(r)
≥ 5.

For r > 1/10 one has from Lemma 3.1, ii) that g ′r ≥ gh′r. Hence

h′r
4h

+
g′r
4g

≥ sinh(r)

2 cosh(r)
+

1

2
sinh(r) cosh(r) ≥ 1

10
,

which yields the desired inequality.

Proposition 3.21.

∫ ζ̃

0

1

cosh(R̃t)
dt <∞ and

∫ ζ̃

0

1

cosh2(R̃t)
dt <∞ almost surely.

Proof. One has

cosh(r) =
1

2

(
er + e−r

)
≥ 1

2
er,

cosh2(r) =
1

4

(
e2r + 2 + e−2r

)
≥ 1

4
e2r.

As r ≥ 0 and therefore e2r ≥ er it is sufficient to show that
∫ ζ̃
0 e

−R̃t dt <∞ almost surely.
We show that

E

[∫ ζ̃

0

1

eR̃t/6
dt

]
<∞.

This yields the desired claim.

Let

Mt :=
1

6

∫ t

0

1√
h′

r
4h(R̃s) + g′r

4g (R̃s, S̃s)
dW 1.

Then due to Remark 3.20 we can estimate the term appearing in the denominator by the
constant 1/10. We therefore obtain the estimate:

1

2
[M ]t =

1

72

∫ t

0

1
h′

r
4h(R̃s) + g′r

4g (R̃s, S̃s)
ds ≤ 1

72

∫ t

0
10 ds =

5

36
t.

From the Novikov criterion it follows that E (−M) := e−M− 1
2
[M ] is a martingale with

E

(
e−Mt−

1
2
[M ]t

)
= 1 for all t ∈ R+.
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Using this, the upper bound for 1
2 [M ]t and the explicit representation R̃t = t + 6Mt, we

get:

E

[
1

eR̃t/6

]
= E

[
e−Mt−

1
2
[M ]t

e
1
6
t− 1

2
[M ]t

]
≤ E

[
e−Mt−

1
2
[M ]t

e
1
36

t

]
= e−

1
36

t. (3.20)

It follows that

E

[∫ ζ̃

0

1

eR̃t/6
dt

]
≤
∫ ∞

0
E

[
1

eR̃t/6

]
dt ≤

∫ ∞

0
e−

1
36

t dt <∞. (3.21)

We can now state and prove the main theorem of this chapter:

Theorem 3.22. Let q : R+ → R be as in Lemma 3.19 and

Zt := S̃t −
∫ R̃t

0
q(r)dr.

Then lim
t→ζ̃

Zt exists almost surely and is almost surely finite.

Proof. From Itô’s formula we have

dZt = dS̃t − q(R̃t) dR̃t −
1

2
q′(R̃t) dR̃tdR̃t

=
g′s

gh′r + g′rh
dt+

1√
h
(

h′

r
4h + g′r

4g

) dW 2 − q dt− q · 1√
h′

r
4h + g′r

4g

dW 1

− 1

2
q′ · 1

h′

r
4h + g′r

4g

dt

=

(
g′s

gh′r + g′rh
− p

)
dt

︸ ︷︷ ︸
(4)

+
1√

h
(

h′

r
4h + g′r

4g

) dW 2

︸ ︷︷ ︸
(2)

+(p− q) dt︸ ︷︷ ︸
(5)

− q · 1√
h′

r
4h + g′r

4g

dW 1

︸ ︷︷ ︸
(1)

− 1

2
q′ · 1

h′
r

4h + g′r
4g

dt

︸ ︷︷ ︸
(3)

.

(3.22)

To prove the pathwise convergence of Zt for t → ζ̃ we show that
∫ ζ̃
0 over each of the five

terms (1) − (5) in the above formula converges pathwise.

We split the proof in five steps, where each one proves the convergence of the corresponding
term of (3.22).

Choose Ω′ ⊂ Ω with P(Ω′) = 1 and such that R̃t(ω), S̃t(ω) and Ãt(ω) is a convergent path
of Bt(ω) for every ω ∈ Ω′.
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(1) Let

M1
r :=

∫ r

0
q(R̃t)

1√
h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
dW 1

t . (3.23)

For real-valued continuous local martingales X we have

{[X]∞ <∞} = { lim
t→∞

Xt exists in R} except for a set of measure 0.

As every local martingale with finite lifetime can be transformed by a change of time into
a local martingale with almost surely infinite lifetime, cf. for example [Ha-Th] p.236, it
suffices to show that lim

t→ζ̃
[M1]t exists almost surely in R.

From Lemma 3.19 we have that |q(r)| < C1 for a constant C1 > 0 and all r ∈ R+.

In i) we have seen that lim
t→ζ̃

R̃t > 2 almost surely. Hence for every path R̃t(ω), ω ∈ Ω′,

there exists N(ω) < ζ̃(ω) such that R̃t(ω) > 1/10 for all t ≥ N(ω).
Then for all t ≥ N(ω)

h′r
4h

(R̃t(ω)) +
g′r
4g

(R̃t(ω), S̃t(ω)) ≥ h′r
4h

(R̃t(ω)) +
1

4
h′r(R̃t)(ω) ≥ C2 cosh(R̃t(ω))

for a constant C2 > 0. For ω ∈ Ω′ therefore holds

[M1]
ζ̃

=

∫ ζ̃

0
q2(R̃t)

1
h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
dt ≤

∫ ζ̃

0

C2
1

h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
dt

≤ C2
1

∫ N(ω)

0

1
h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
dt

︸ ︷︷ ︸
<∞

+
C2

1

C2

∫ ζ̃

N(ω)

1

cosh(R̃t)
dt

︸ ︷︷ ︸
<∞, due to Prop. 3.21

<∞.
(3.24)

(2) Let further

M2
r :=

∫ r

0

1√
h(R̃t)

(
h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
) dW 2

t . (3.25)

Then with Remark 3.20 one has for every ω ∈ Ω′

[M2]
ζ̃

=

∫ ζ̃

0

1

h(R̃t)
(

h′
r

4h(R̃t) + g′r
4g (R̃t, S̃t)

) dt ≤
∫ ζ̃

0

10

cosh2(R̃t)
dt <∞. (3.26)

The last inequality follows again from Proposition 3.21. Consequently lim
t→ζ̃

M2
t exists

almost surely as well.

We now focus on the convergence of the drift terms of Zt. To keep the following formulas
readable we omit the dependence of ω ∈ Ω′, yet the expressions are to be understood
pathwise.
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(3) Again from Lemma 3.19 we have that |q ′(r)| < C3 for a constant C3 > 0 and all
r ∈ R+. So as in (1)

∣∣∣∣∣

∫ ζ̃

0

1

2
q′(R̃t)

1
h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
dt

∣∣∣∣∣ ≤ C3

∫ ζ̃

0

1
h′

r
4h(R̃t) + g′r

4g (R̃t, S̃t)
dt <∞. (3.27)

(4) With the definition p(r, s) = g′s/(hg
′
r) of p we have the following estimate for the first

drift term of Zt:

∣∣∣∣
g′s

gh′r + hg′r
− p

∣∣∣∣ =

∣∣∣∣ p ·
gh′r

gh′r + hg′r

∣∣∣∣ =

∣∣∣∣∣∣
p · 1

1 + hg′r
gh′

r

∣∣∣∣∣∣
≤
∣∣∣∣ p ·

1

1 + h

∣∣∣∣ (3.28)

Using this and the fact that p(r, s) ≤ C4 for all (r, s) ∈ R+ × R and a constant C4 > 0
(see Lemma 3.1) we get

∣∣∣∣∣

∫ ζ̃

0

(
g′s(R̃t, S̃t)

gh′r(R̃t, S̃t) + hg′r(R̃t, S̃t)
− p(R̃t, S̃t)

)
dt

∣∣∣∣∣ ≤
∫ ζ̃

0
p(R̃t, S̃t) ·

1

1 + h(R̃t)
dt

≤ C4

∫ ζ̃

0

1

cosh2(R̃t)
dt <∞.

(3.29)

(5) For the remaining drift term of Zt we again recall Lemma 3.19: according to that
there is a T2 ∈ R+ such that q(r) = 1

2p0(r) − 40/h(r) for all r ≥ T2.

For ω ∈ Ω′ we fix N(ω) such that R̃t(ω) ≥ T2 for all t ≥ N(ω). Presently we only know
lim

t→ζ̃
Rt > 2. Thus we just state here that it is possible to find such a N(ω) and refer to

the following Remark 3.23 for the verification. Using this we get:

∣∣∣∣
∫ ζ̃

0

(
p(R̃t(ω), S̃t(ω)) − q( R̃t(ω))

)
dt

∣∣∣∣ ≤
∣∣∣∣
∫ N(ω)

0

(
p(R̃t(ω), S̃t(ω)) − q(R̃t(ω))

)
dt

∣∣∣∣
︸ ︷︷ ︸

<∞

+

+

∣∣∣∣
∫ ζ̃

N(ω)

(
p(R̃t(ω), S̃t(ω)) − 1

2
p0(R̃t(ω)) +

40

h(R̃t(ω))

)
dt

∣∣∣∣.

(3.30)

As ∫ ζ̃

0

40

h(R̃t)
dt =

∫ ζ̃

0

40

cosh2(R̃t)
dt <∞ almost surely,

it is sufficient to show that

∫ ζ̃

N(ω)

(
p(R̃t, S̃t) −

1

2
p0(R̃t)

)
dt <∞ almost surely.
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We have seen in Section 3.4 that p(r, s) = χ(r, s)p0(r) where χ(r, s) = ξ(s + `(r)) with
` : R+ → R+ and ξ(y) = 1/2 for y ≥ 4. If we choose N ′(ω) (N ′(ω) > N(ω) say) such that
S̃t(ω) > 4 for all t ≥ N ′(ω) – this is possible as we know that lim

t→ζ̃
S̃t = ∞ almost surely

– we have

p(R̃t(ω), S̃t(ω)) =
1

2
p0(R̃t(ω))

for all t ≥ N ′(ω) and therefore

∫ ζ̃

N(ω)

(
p(R̃t, S̃t) −

1

2
p0(R̃t)

)
dt =

∫ N ′(ω)

N(ω)

(
p(R̃t, S̃t) −

1

2
p0(R̃t)

)
dt <∞.

This finally proves the existence of lim
t→ζ̃

Zt in R.

Remark 3.23. In the foregoing proof we used the fact that not only lim
t→ζ̃

R̃t > 2 but

that for every ω ∈ Ω′ there exists a number N(ω) such that R̃t(ω) > T2 for all t ≥ N(ω).
This relies on the following observation:

Let

Z ′
t := S̃t −

∫ R̃t

0

1

2
p0(u) du.

Then using again Itô’s formula we obtain the same representation of dZ ′
t as in (3.22) when

replacing the drift term (3) with

−1

4
p′0(R̃t)

1
h′

r
4h + g′r

4g

dt

and the drift term (5) with

(
p− 1

2
p0

)
dt.

As also p′0 is bounded

∣∣∣
∫ ζ̃

0

1

4
p′0(R̃t)

(
h′r
4h

+
g′r
4g

)−1

dt
∣∣∣ <∞ almost surely

with exactly the same argument as in (3). Further we have already shown in (5) that
∫ ζ̃
0

(
p(R̃t, S̃t) − 1

2p0(R̃t)
)
dt <∞. The last argument relies on the fact that lim

t→ζ̃
S̃t = ∞

almost surely.

It is then an immediate consequence that lim
t→ζ̃

Z ′
t almost surely exists in R. From this it

follows at once that lim
t→ζ̃

R̃t = ∞ almost surely. Otherwise lim
t→ζ̃

∫ R̃t

0
1
2p0(u)du would

be finite as well, what in combination with the fact that lim
t→ζ̃

S̃t = ∞ almost surely

leads to a contradiction. Using lim
t→ζ̃

R̃t = ∞ it follows at once that the lifetime ζ̃ of the

time changed Brownian motion B̃ is almost surely infinite.
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We formulate a corollary concerning the ”original” – i.e. non time changed – Brownian mo-
tion B. Together with Theorem 3.4 we then have a complete description of the asymptotic
behaviour of the Brownian motion B on M .

Corollary 3.24. Let Bt = (Rt, St, At) the Brownian motion on M with lifetime ζ.
Then

i) limt→ζ Rt = ∞ almost surely.

ii) ζ is almost surely finite.

Proof.
i) is an easy consequence of Remark 3.23 above where we showed that lim

t→ζ̃
R̃t = ∞

almost surely. The paths of Rt are the same as the paths of the time changed component
R̃t just with different parametrization.

ii) Furthermore we showed in the proof of Theorem 3.22, (1), that lim
t→ζ̃

M1
t almost

surely exists. But M 1
t was just the ”noise” part of R̃t. If we reverse the time-change for

B, the ”noise” part
∫ t
0 dW

1
s of Rt has then to converge as well. As W 1 is a real Brownian

motion
∫ ζ
0 dW

1
t cannot converge unless ζ is almost surely finite.

Remark 3.25. It is important to remark that the lifetime ζ of the Brownian motion on
M is almost surely finite. This is the only difference in the asymptotic behaviour of the
Brownian motion on the manifold of Borbély and the manifold of Ancona which we are
going to discuss in the following chapter.

What we have proven up to now is the pathwise convergence of the process

Zt = S̃t −
∫ R̃t

0
q(r)dr for t→ ζ̃ .

Obviously this limit Z
ζ̃

is a shift-invariant random variable for the Brownian motion

B. However to get non-trivial shift-invariant events (and from there non-trivial bounded
harmonic functions) we have to rule out the case that the limit Z

ζ̃
is a constant independent

of the starting point (r, s, α) of the Brownian motion B. This can be done by using a
submartingale argument. We first prove a proposition to obtain a bounded (and therefore
uniformly integrable) submartingale ”containing” the process Zt to which we can apply
the submartingale inequality. We could also use the fact that for a ∈ R as chosen before
Lemma 3.19 the function

ua(r, s) := max

{
0,

2

π
arctan

(
δ

(
s−

∫ r

0
q(u)du − a

))}

is subharmonic for a suitable δ that does not depend on a, which is proven in [B]. But we
give here a direct stochastic proof that ua(R̃t, S̃t) is a submartingale for a ∈ R as above
and δ = 1

2 .

Proposition 3.26. Let a ∈ R be as in Lemma 3.19. Then the process u(Zt) ≡ u(R̃t, S̃t)
given as
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u(Zt) :=





0 for Zt < a,

2
π arctan

(
1
2

(
S̃t −

∫ R̃t

0 q(u)du− a
))

for Zt ≥ a,

is a submartingale.

Proof. To show the submartingale property we consider the drift terms of u(Zt). Thereby

we can obviously restrict ourselves to the case Zt ≥ a, i.e. S̃t−
∫ R̃t

0 q(u)du ≥ a. For Zt < a
the term u(Zt) is equal to 0. Writing down Itô’s formula for u(Zt) we obtain by omitting
the local martingale parts (which is indicated by

m
=):

π

2
du(S̃t, R̃t)

m
=

g′s
gh′r + g′rh

·
1
2

1 + 1
4(Zt − a)2

dt+
−1

2q(R̃t)

1 + 1
4(Zt − a)2

dt

+
1

2
·

1
4(Zt − a)

(
1 + 1

4(Zt − a)2
)2 · 1

h
(

h′
r

4h + g′r
4g

) dt+
1

2
· −1

2q
′(R̃t)

1 + 1
4(Zt − a)2

· 1
h′

r
4h + g′r

4g

dt

+
1

2
· −

1
8q

2(R̃t)(Zt − a)
(
1 + 1

4(Zt − a)2
)2 · 1

h′
r

4h + g′r
4g

dt

(3.31)

If we can show that this drift term is positive, then the submartingale property of u(Zt)
follows at once.

The factor 1
2 · 1

1+1/4(Zt−a)2
appearing in all terms of the above sum is strictly positive so

we do not have to worry about it. It therefore remains to show that

g′s
gh′r + hg′r

− q − 2q′

h′
r

h + g′r
g

− 1

2
·

1
4(Zt − a)

1 + 1
4(Zt − a)2

·


 2 + q2h

h
(

h′
r

4h + g′r
4g

)


 (3.32)

is positive if Zt ≥ a.

Observe that for x ≥ 0 the function 1/4 x
1+1/4 x2 is bounded from above by 1/4. Hence we get

with g′s = pg′rh

(3.32) ≥ pg′rh

gh′r + hg′r
− q − 2q′

h′

r
h + g′r

g

− 1

8
· 8 + 4q2h

h
(

h′
r

h + g′r
g

) (3.33)

As the denominator gh′r + hg′r is positive it remains to show that

pg′rh− qgh′r − qhg′r − 2q′gh− g

(
1 +

1

2
q2h

)
(3.34)

is positive where Zt ≥ a.

For the proof we consider four different intervals for r, which correspond to the definition
of p and q. Remind that h(r) = cosh2(r) for all r ∈ R+.
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(1) R̃t ≤ 1
10 : We know that for r ≤ 1

10 the function g(r, s) equals sinh2(r), i.e. p = 0, and

that q(r) = − sinh(r)

cosh2(r)
.

Hence

(3.34) =
2 sinh2(R̃t)

(
2 cosh2(R̃t) − sinh2(R̃t)

)

cosh(R̃t)
− sinh2(R̃t)

(
1 +

sinh2(R̃t)

2 cosh2(R̃t)

)
=

=
2 sinh2(R̃t)(cosh

2(R̃t) + 1)

cosh(R̃t)
− sinh2(R̃t)

(
1 +

sinh2(R̃t)

2 cosh2(R̃t)

)
≥ 0.

(2) 1
10 ≤ R̃t ≤ T1: For 1

10 ≤ r ≤ T1 we know that g′r ≥ gh′r and q = − sinh(r)

cosh2(r)
.

Hence

(3.34) = pg′rh+
2 sinh2(R̃t)

cosh(R̃t)
g + sinh(R̃t)g

′
r −

4 sinh2(R̃t) − 2 cosh2(R̃t)

cosh(R̃t)
g

− g

(
1 +

sinh2(R̃t)

2 cosh2(R̃t)

)
(as g′r ≥ gh′r and p ≥ 0)

≥ g

[
2 sinh2(R̃t)

cosh(R̃t)
+ 2 sinh2(R̃t) cosh(R̃t) −

4 sinh2(R̃t) − cosh(R̃t)

cosh(R̃t)

−
(

1 +
sinh2(R̃t)

2 cosh2(R̃t)

)]

= g

[
2 sinh2(R̃t) cosh2(R̃t) + 2

cosh(R̃t)
−
(

1 +
sinh2(R̃t)

2 cosh2(R̃t)

)]
≥ 0.

Before treating the remaining cases where R̃t ≥ T1 we remark that T1 is chosen such that

p(r, s) =
1

2
p0(r) for r ≥ T1 and s ≥ a− 1.

If we have R̃t ≥ T1 and additionally assume Zt = S̃t −
∫ R̃t

0 q(r)dr ≥ a then

S̃t ≥ a+

∫ R̃t

0
q(r)dr.

This yields automatically S̃t ≥ a− 1 because q(r) ≥ 0 for r ≥ T ′
1, where T ′

1 ≥ T1, and for

r ≤ T ′
1 we have q(r) ≥ − sinh(r)

cosh2(r)
, what means

∫ R̃t

0
q(r)dr ≥

∫ T ′

1

0
− sinh(r)

cosh2(r)
dr ≥

∫ ∞

0
− sinh(r)

cosh2(r)
dr = −1.

This is why we can replace p with 1
2p0 in the two remaining cases.
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(3) T1 ≤ R̃t ≤ T2: For T1 ≤ r ≤ T2 we have

sinh(r)

cosh2(r)
≥ −q(r) ≥ 40

h(r)
− 1

2
p0(r) and 3|q(r)| ≥ −q′(r) ≥ − 1

cosh(r)
.

It follows that

(3.34) ≥ 40

h
gh′r −

1

2
p0gh

′
r + 40g′r − 2g cosh(R̃t) − g

(
1 +

1

2
q2h

)
(as g′r ≥ gh′r)

≥ g

(
40

h
h′r + 40h′r −

1

2
p0h

′
r − 2 cosh(R̃t) −

(
1 +

1

2
q2h

))
(as p0 < 1)

≥ g

(
80 sinh(R̃t)

cosh(R̃t)
+ 79 cosh(R̃t) sinh(R̃t) − 2 cosh(R̃t) −

(
1 +

1

2
q2h

))

≥ g

(
80 sinh(R̃t)

cosh(R̃t)
+ 79 cosh(R̃t) sinh(R̃t) − 2 cosh(R̃t) −

(
1 +

1

2
cosh2(R̃t)

))

≥ 0,

where we have to remark that T0 is chosen such that
√
h(r) = cosh(r) > 80 for r ≥ T0,

see Lemma 3.19, what implies that T0 ≥ 5 and therefore T1 ≥ 5.

(4) R̃t ≥ T2: We now have q(r) = 1
2p0(r) − 40

h .

Hence

(3.34) = −1

2
p0gh

′
r +

40

h
gh′r + 40g′r − 2p′0gh− 80h′r

h
g − g

(
1 +

1

8
p2
0h− 20p0 +

800

h

)

≥ g

(
−1

2
p0h

′
r −

40h′r
h

+ 40h′r − 2p′0h− 1 − 1

8
p2
0h+ 20p0 −

800

h

)
.

As p0 < 1 and p′0 < 1 we have

(3.34) ≥ g

(
−1

2
h′r − 80

sinh(R̃t)

cosh(R̃t)
+ 40h′r −

17

8
h− 1 + 20p0 −

800

h

)

≥ g

(
79 cosh(R̃t) sinh(R̃t) − 81 − 17

8
cosh2(R̃t) −

800

cosh2(R̃t)

)
≥ 0.

We are now in the situation to prove the second main theorem of this chapter. With that
we get a purely stochastic proof that there exist non-trivial bounded harmonic functions h
on M depending only on the variables r and s. Furthermore we have an explicit stochastic
representation of these harmonic functions via the formula

h(r, s, α) ≡ h(r, s) = E(r,s,α)

[
g ◦
(

lim
t→ζ̃

Zt

)]

with g : R → R a bounded continuous function.
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Theorem 3.27. Consider Zt = S̃t−
∫ R̃t

0 q(u)du as before. Then the limit random variable
lim

t→ζ̃
Zt is non-trivial, i.e. is not almost surely a constant independent of the starting

point of the Brownian motion B.

Proof. Assume that lim
t→ζ̃

Zt almost surely equals a constant C, where C is independent

of the starting point (r, s, α) of the Brownian motion B.

From Proposition 3.26 we know that

u(Zt) :=

{
0, for Zt < a
2
π arctan

(
1
2(Zt − a)

)
, for Zt ≥ a

is a bounded submartingale.

When starting B in (0, a+ 1, 0) we get from the submartingale inequality:

0 <
2

π
arctan

(
1

2

)
=

2

π
arctan

(
1

2

(
S̃0 −

∫ R̃0

0
q(r)dr − a

))
≤ E(0,a+1,0)

[
lim
t→ζ̃

u(Zt)

]
.

In particular P{lim
t→ζ̃

u(Zt) 6= 0} > 0. This implies that C > a, because otherwise we

would have lim
t→ζ̃

u(Zt) = 0 almost surely in contradiction to the inequality above.

When now starting B in the point (0, C+1, 0) we again have the supermartingale inequality
to derive

2

π
arctan

(
1

2
(C + 1 − a)

)
=

2

π
arctan

(
1

2

(
S̃0 −

∫ R̃0

0
q(r)dr − a

))

≤ E(0,C+1,0)

[
lim
t→ζ̃

u(Zt)

]
= E(0,C+1,0)

[
2

π
arctan

(
1

2
(C − a)

)]

=
2

π
arctan

(
1

2
(C − a)

)
<

2

π
arctan

(
1

2
(C + 1 − a)

)
,

which is a contradiction. Consequently lim
t→ζ̃

Zt has to be a non-trivial random variable,
what finishes the proof.

3.7. Construction of the Function q

In Lemma 3.19 we listed the properties the function q has to satisfy. As the explicit
construction of q is already done in [B] we just give a short description (following Borbély)
how to get a function q with the required properties:

Let a ∈ R+ and T0 such that p0(r)h(r) > 240 and
√
h(r) > 80 for r > T0. Let further

T1 > T0 such that p(r, s) = 1
2p0(r) for r ≥ T1 and s ≥ a− 1.
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For r ≤ T1 the function q is defined as

q(r) :=

(
1√
h

)′

= − sinh(r)

cosh2(r)
.

For r ≥ T1 choose a strictly increasing C ∞-extension of − sinh(r)

cosh2(r)
such that q(r) > 0 for r

large enough and

(
1√
h

)′′

< q′ <
1√
h
.

As 1
2p0(r) − 40

h(r) > 0 with

lim
r→∞

(
1

2
p0(r) −

40

h(r)

)
= 0

(due to the construction of p0, see Section 3.4) there is an r > T1 with q(r) = 1
2p0(r)− 40

h(r) .
Let

T2 := inf

{
r > T1 : q(r) =

1

2
p0(r) −

40

h(r)

}
.

For r ≥ T2 set

q(r) :=
1

2
p0(r) −

40

h(r)
.

The desired function q is then a smoothened version of the function defined above.

Borbély shows in [B], p.232, that indeed the function q obtained this way has the addi-
tionally required properties

−3|q| ≤ q′ ≤ 1√
h

and

(
1√
h

)
≤ q ≤ 1

2
p0 −

40

h
.

3.8. Geometric Interpretation of the Asymptotic Behaviour

of Brownian Motion

We conclude this chapter with some observations to explain how the behaviour of the
Brownian paths on M can be interpreted geometrically.

We have seen in Section 3.5, Lemma 3.16 and Section 3.6, Theorem 3.22 that the ran-

dom variables limt→ζ At and lim
t→ζ̃

[
S̃t −

∫ R̃t

0 q(r)dr
]

serve as non-trivial shift-invariant

random variables for B and hence yield non-trivial shift-invariant events for B.

As we indicated in Section 3.6 the random variable limt→ζ At can be interpreted as a one
dimensional angle that gives the direction on the sphere S∞(M) at infinity, from where
the Brownian path attains the point L(∞) ∈ S∞(M). This is in some way related to the
behaviour of Brownian motion on a three dimensional Riemannian manifold, where one
can solve the Dirichlet problem at infinity: Here, we have the converging angular part
ϑ(B) of the Brownian motion as a two-dimensional angle, the limit of which gives the
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direction on S∞(M) where the Brownian motion exits the manifold. In our case the exit
set of B is the point L(∞) ∈ S∞(M) but we can still see from where the Brownian paths
arrive at this point.

More striking than the random variable limt→ζ At is the meaning of the non-trivial shift-

invariant random variable we get from the components St and Rt, S̃t, R̃t respectively,
of B. This obviously does not occur in the ”usual case” where the Dirichlet problem at
infinity is solvable.

To give a possible geometric interpretation of the non-trivial shift-invariant random vari-

able lim
t→ζ̃

[
S̃t −

∫ R̃t

0 q(r)dr
]

we again have a look at the stochastic differential equations

for S̃t and R̃t:

dR̃t = dt +
1√

h′
r

4h + g′r
4g

dW 1
t

dS̃t =
g′s

gh′r + g′rh
dt +

1√
h
(

h′
r

4h + g′r
4g

) dW 2
t .

We have seen in Section 3.6 that the local martingale parts

M1
t =

∫ t

0

(
h′r
4h

+
g′r
4g

)−1/2

dW 1 and M2
t =

∫ t

0

(
h

(
h′r
4h

+
g′r
4g

))−1/2

dW 2

of R̃t and S̃t converge almost surely for t→ ζ̃.
That is the reason why the component R̃t, when observed at times t near ζ̃ (or when start-
ing B near L(∞)), should behave similar to the solution r(t) := r0 + t of the deterministic
differential equation

ṙ = 1.

From the stochastic differential equation above we have

S̃t = S0 +

∫ t

0

g′s(R̃t, S̃t)

g(R̃t, S̃t)h′r(R̃t) + h(R̃t)g′r(R̃t, S̃t)
ds+M2

t

where the local martingale M 2
t converges for t → ζ̃ and R̃t is expected to behave like

r0 + t, when the starting point (r0, s0, α0) of B is chosen near to L(∞). One could
therefore expect S̃t to behave (for t near to ζ̃) like the solution s(t) starting in s0 of the
deterministic differential equation

ṡ =
g′s(r(t), s)

g(r(t), s)h′r(r(t)) + h(r(t))g′r(r(t), s)
. (3.35)

The problem is to find a rigorous way to describe what ”should behave like” really means.
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Considering the solutions r(t), s(t) of the deterministic differential equations above, one
has to remark that Γs0 : R+ → R+ × R given as Γs0(t) := (t, s(t)) with Γs0(0) = (0, s0) is
the trajectory of the ”drift” vector field

Vd =
∂

∂r
+

g′s
gh′r + hg′r

∂

∂s
(3.36)

starting in (0, s0) = L(s0).
As we are going to see below (see Remark 3.28), the ”endpoint” Γs0(+∞) ≡ limt→∞ Γs0(t)
of all the trajectories is just L(∞) ∈ S∞(M). Furthermore, for every point (r, s) ∈ R+×R

there is exactly one trajectory Γs0 of Vd with Γs0(r) = (r, s), i.e. the union

⋃

s0∈R

Γs0

defines a foliation of H. Recall that H is one component of H\L and M = (H ∪L)×g S
1.

If we define a coordinate transformation

Φ : R+ × R → R+ × R

(r, s) 7→ (r, s0) ≡ (Φr(r, s),Φs(r, s)),
(3.37)

where s0 is the starting point of the unique trajectory Γs0 with Γs0(r) = (r, s) we obtain
coordinates for R+ × R where the trajectories Γs0 of Vd are just horizontal lines.

If we also apply the coordinate transformation Φ to the components R̃t and S̃t of the
Brownian motion we can interpret the behaviour of the components R̃t and S̃t with respect
to the trajectories Γs0 of Vd, that means with respect to the deterministic solutions r(t)
and s(t), when looking at the new components Φ(R̃t, S̃t) = (Φr(R̃t, S̃t),Φs(R̃t, S̃t)). The
component Φr(R̃t, S̃t) obviously equals R̃t. Yet, if one knew that for t → ζ̃ the new
component Φs(R̃t, S̃t) possesses a non-trivial limit, that would mean that the Brownian
paths (their projection onto (H∪L), to be precise) finally attain the point L(∞) ∈ S∞(M)
from the direction of one (limiting) trajectory Γs0 , where s0 = lim

t→ζ̃
Φs(R̃t, S̃t). Hence

another non-trivial information about the asymptotic behaviour would be along which
trajectory (or more precisely: along which surface of rotation Γs0 ×S1) the Brownian path
finally exits the manifold M .

The remaining problem is to verify that the so-defined new component Φs(R̃t, S̃t) converges
to a non-trivial random variable for t → ζ̃. As we have seen, Φs(R̃t, S̃t) is defined to be
the starting point of the deterministic curve s(t), satisfying the differential equation (3.35)
with s(R̃t) = S̃t. But the solution s(t) is of the form

s(t) = s0 +

∫ t

0
f(r(u), s(u))du

with f = g′s/(gh
′
r + hg′r). In particular, s(t) explicitly depends on s(u) for u ≤ t. That

is the reason why, when applying Itô’s formula to Φs(R̃t, S̃t), there appear first order
derivatives of the flow

Ψ : R+ × R → R+ × R, (r, s) 7→ Γs(r)
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with respect to the variable s. Estimating these terms does not seem to be trivial and
does not provide good estimates to prove convergence of Φs(R̃t, S̃t) when t→ ζ̃.

One possibility to circumvent this problem is to find a vector field V on T (R+ × R) of
the form ∂/∂r + f(r)∂/∂s whose trajectories also foliate H and are not ”far away” from
the trajectories Γs0 of Vd – in particular the trajectories of V have to exit M through the
point L(∞) ∈ S∞(M) as well.

As we have seen in Section 3.6, Theorem 3.22,

∣∣∣∣
g′s

gh′r + hg′r
− p

∣∣∣∣ ≤
∣∣∣∣ p ·

1

1 + h

∣∣∣∣ .

Further for r ≥ T2 the function q(r) is defined as 1
2p0 − 40

h , in particular q(r) does not
differ much from the function p(r, s) which equals 1

2p0 for r and s large. Hence q(r) is a
good approximation for gs/(gh

′
r +hg′r) for r large, and does not depend on the variable s.

We therefore consider the vector field

V :=
∂

∂r
+ q(r)

∂

∂s
. (3.38)

Starting in (0, s0) ∈ R+ × R the trajectories Cs0 of V have the form

Cs0(t) =

(
t, s0 +

∫ t

0
q(u)du

)
.

As we are going to see below, we also have limt→∞Cs0(t) = L(∞), see Remark 3.28, and
the union

⋃

s0∈R

Cs0

forms a foliation of H.

For (r, s) ∈ R+ × R there is exactly one trajectory Cs0 of V with Cs0(r) = s. Its starting
point s0 can be computed as s0 = s −

∫ r
0 q(u)du. We can therefore define a coordinate

transformation

Effect of the coordinate transformation Φ

−→
Φ

L(+∞)

Φ(L(+∞))

Cs0

s0 Φ(Cs0
)
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Φ : R+ × R → R+ × R,

(r, s) 7→
(
r, s−

∫ r

0
q(u)du

)
.

(3.39)

As seen in the picture above, the trajectories Cs0 of V are horizontal lines in the new
coordinate system.

In the changed coordinate system the components R̃t and S̃t of B then look like

Φ(R̃t, S̃t) =

(
R̃t, S̃t −

∫ R̃t

0
q(u)du

)
≡
(
Φr(R̃t, S̃t),Φs(R̃t, S̃t)

)
. (3.40)

As we have proven in Section 3.6, Theorem 3.22,

lim
t→ζ̃

[
S̃t −

∫ R̃t

0
q(u)du

]
≡ lim

t→ζ̃
Φs(R̃t, S̃t)

exists and is a non-trivial shift-invariant random variable. Therefore the non-triviality of
lim

t→ζ̃
Φs(R̃t, S̃t) provides the possibility to differentiate between Brownian paths when

examining along which of the trajectories Cs0 of V , i.e. more precisely along which surface
of rotation Cs0 × S1, the path finally exits the manifold M . Hence the trajectories Cs0

of the vector field V provide a set of ”directions” to distinguish between Brownian paths.

This is the geometric meaning of lim
t→ζ̃

[
S̃t −

∫ R̃t

0 q(u)du
]
.

It finally remains to complete the section with the proof that the trajectories of the vector
field V as well as the trajectories of the vector field Vd exit the manifold M in the point
L(∞). This is done in the final remark:

Remark 3.28.

lim
t→∞

Cs0(t) = L(∞) and lim
t→∞

Γs0(t) = L(∞) for every s0 ∈ R.

Proof. It is enough to show that the ”s-component” of each trajectory Cs0 , Γs0 resp.,
converges to ∞ with t→ ∞. The s-component of Cs0 is

s(t) = s0 +

∫ t

0
q(r)dr,

the s-component of Γs0

s(t) = s0 +

∫ t

0

g′s(r, s(r))

g(r, s(r))h′r(r) + h(r)g′r(r, s(r))
dr.

Since for t ≥ T2 we have

q(r) =
1

2
p0(r) −

40

h
,

it follows immediately that limt→∞

∫ t
0 q(r)dr = ∞ because

∫∞
0

40
h(r)dr <∞ and

lim
t→∞

∫ t

0
p0(r)dr = ∞
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due to Section 3.3, Lemma 3.1, Property (iii).

For the second term we notice that s0 +
∫ t
0 f(r, s(r))dr with f = g′s/(gh

′
r + hg′r) is nonde-

creasing as the integrand is positive. Moreover we have seen above and in the foregoing
sections that ∣∣∣∣

g′s
gh′r + hg′r

− p

∣∣∣∣ ≤
∣∣∣∣ p ·

1

1 + h

∣∣∣∣ .

As ∫ ∞

0
p(r, s)

1

1 + h(r)
dr ≤

∫ ∞

0

1

1 + h(r)
dr <∞

it suffices to show that limt→∞

∫ t
0 p(s(r), r)dr = ∞. This is true as s(r) ≥ s0 for all r ≤ t

and therefore for r large enough we have p(s(r), r) = 1
2p0(r). Then the claimed result

follows exactly as above.



Chapter 4

Further Constructions of

Non-Liouville Manifolds of

Unbounded Curvature

In the foregoing chapter we presented the example of Borbély and gave a stochastic proof
that the Dirichlet problem at infinity for the constructed manifold M is not solvable.
We furthermore showed that there exist non-trivial bounded harmonic functions on M
obtained from the non-trivial shift-invariant random variables Aζ := limt→ζ At and Z

ζ̃
:=

lim
t→ζ̃

Zt. As already mentioned, the example given in [B] was not the first to provide
such a manifold. In 1994 Ancona gave an example of a Riemannian manifold for which
the Dirichlet problem at infinity is not solvable (cf. [A1]). As one possibility to prove the
non-solvability of the Dirichlet problem at infinity he used Brownian motion on M and
showed that all Brownian paths exit the manifold M almost surely at a single point ∞M of
the sphere at infinity. We adopted some of his ideas in the foregoing chapter to derive the
same result for the manifold of Borbély. However, Ancona did not deal with the existence
of non-trivial bounded harmonic functions on his manifold.

As it turns out – considering probabilistic properties – the two manifolds of Ancona and
Borbély are essentially the same. Hence it is quite obvious that there also exist non-
trivial bounded harmonic functions on the manifold of Ancona, to be obtained with the
help of non-trivial shift-invariant random variables we derive as P-a.s. limits of Brownian
functionals. As we are going to show below (see Section 4.1) it is quite easy and the same
proof as in Section 3, Lemma 3.16 to show that lims→∞ Ys, where Y is one component
of the Brownian motion, at once yields a non-trivial shift-invariant random variable and
therefore the existence of non-trivial bounded harmonic functions on M . Though it may
be obvious from the construction of the manifold and from geometrical considerations that
there is a second non-trivial shift-invariant random variable corresponding to the random
variable lim

t→ζ̃
Zt of Section 3.6, it does not seem obvious to prove its existence. We give

an explanation of that below.

However, compared with the example of Borbély it is an advantage of Ancona’s manifold
that the metric is constructed more or less explicitly – and not with the help of the
drift ratio p(s, r) as in [B]. This makes it possible to extend the example on the to
higher dimensions and to slightly modify the construction to obtain additional examples
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of manifolds, where the Dirichlet problem at infinity is not solvable: considering [A1],
Theorem B, there is a Riemannian manifold (M, g) where for every point ϑ0 ∈ S∞(M)
and every neighbourhood Uϑ0 of ϑ0 with probability 1 Brownian motion B on M hits Uϑ0

infinitely many times. In particular, the angular part ϑ(Bs) of Bs ”oscillates” for s→ ∞,
i.e. does not converge at all. We slightly modify the construction to obtain a Riemannian
manifold (M,γ) such that the angular part ϑ(Bs) of the Brownian motion on M does
not converge on S∞(M) but we can show that there exist non-trivial bounded harmonic
functions on M , see Theorem 4.16.

In the following sections we give a short description of the manifold constructed by Ancona
– in particular of the construction of the Riemannian metric on M . For explicit details we
refer to [A1], and as many of the methods are analogous to the ones presented in Section
3 we omit most of the proofs. We again give a geometrical interpretation and then extend
the given examples to higher dimensions.

4.1. The Manifold of Ancona

The following notations are the same as in [A1]:

Let (M,γ) be a Riemannian manifold of dimension 3 defined as

M := R3 = {(x, y, t) : x, y, t ∈ R}
with Riemannian metric γ given in the global coordinates x, y and t as

ds2γ = dt2 + e2tdx2 + h(x, t)2dy2,

where h : R2 → R+ is a smooth positive function, nondecreasing in t and fulfilling h(x, t) =
et for t ≤ 0.

M is complete and has strictly negative sectional curvature SectM ≤ −α2 for α ∈ [−1; 1] \
{0} if and only if

h′′tt
h

≥ α2, (4.1)
(
h′t
h

+
h′′xx

e2th

)
≥ α2, (4.2)

(
h′′xt

eth
− h′x
eth

)2

≤
(
h′′tt
h

− α2

)(
h′t
h

+
h′′xx

e2th
− α2

)
. (4.3)

For the idea how such a function h : R2 → R can be constructed see the remark after
Lemma 4.1.
The sphere at infinity S∞(M) is given as

S∞(M) = {ζ(x,y) : (x, y) ∈ R2} ∪ {∞M}
where ζ(x,y) := τ(x,y)(∞) denotes the equivalence class determined by the geodesic
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τ(x,y) : R →M, t 7→ (x, y, t)

for (x, y) ∈ R2 fixed and t → ∞. The single point ∞M is the common equivalence
class τ(x,y)(−∞) determined by all geodesic rays τ(x,y) as t → −∞. The proof that
τ(x1,y1)(−∞) = τ(x2,y2)(−∞) for all (x1, y1), (x2, y2) ∈ R2 is easily done.

We furthermore have the Laplace Beltrami operator on M given by:

∆M =
∂2

∂t2
+

1

e2t

∂2

∂x2
+

1

h2

∂2

∂y2
+

(
1 +

h′t
h

)
∂

∂t
+

h′x
e2th

∂

∂x
.

It is obvious that the constructions of Ancona and Borbély follow the same principles:
both manifolds are constructed as warped products of complete Riemannian manifolds
or subspaces of them. The coefficients of the Riemannian metric do not depend on the
coordinate y, α respectively, and hence the Laplace-Beltrami operator does not depend in
first order on the variable y, α respectively. As we are going to see below this has the effect
that also the component Yt of the Brownian motion B on Ancona’s manifold M as well
as the component At in Chapter 3 are local martingales that possesses a non-trivial limit
Yζ , Aζ respectively, for t → ζ. Here ζ denotes again the lifetime of the Brownian motion
on M . This is the same result we used in the foregoing chapter to prove the existence of
non-trivial bounded harmonic functions on the manifold of Borbély.

Before we are going to state the main theorem of this chapter concerning the Brownian
motion on the constructed manifold, we give a short list of the properties the warped
product function h(x, t) has to satisfy

4.2. Properties and Construction of the Function h

In the following text (Bs)s<ζ = (Xs, Ys, Ts)s<ζ denotes the Brownian motion on M with
lifetime ζ.

For j ∈ N let [t4j+1, t4j+2] be an interval in R with t4j+2 ≥ t4j+1 + 1. Denote with Φj the
function on [t4j+1, t4j+2] defined as follows:

Φj(t) := 1 +

∫ t

t4j+1

ϕj(s)e
−2sds for t ∈ [t4j+1, t4j+2], (4.4)

where ϕj is a smooth increasing function with ϕj(t) = 0 for t ∈
[
t4j+1, t4j+1 + 1

2

)
and

ϕj(t) = ϕj on
(
t4j+1 + 3

4 ,∞
)

for a positive constant ϕj ∈ R+. See Remark 4.2 for the
choice of the ϕj .

Let further βj : [−j, j] → R+ be given as

βj(x) :=
√
ej+1 + e2j+2

︸ ︷︷ ︸
=:bj

+ex. (4.5)

The existence of a suitable warped product function h : R2 → R+ such that the corre-
sponding Riemannian manifold has strictly negative sectional curvatures and provides an
example where the Brownian motion B almost surely converges to the single point ∞M

of S∞(M) is part of the following lemma:
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Lemma 4.1. There is a smooth function h : R2 → R+ and a sequence (ti)i∈N of real
numbers with t0 ≥ 0 and ti+1 ≥ ti + 1 for all i ∈ N, satisfying the following properties:

i) h(x, t) = et for t ≤ t0 and t4j+3 < t < t4(j+1) for all j ∈ N.

ii) h(x, t) = et · exp (Φj(t)βj(x)) on Uj := {(x, y, t) : |x| < j, t4j+1 ≤ t ≤ t4j+2} and one
has

Pm {Tτ = t4j+1 or Tτ = t4j+2} ≤ 2−j ,

if τ := inf{t ≥ 0 : Bm
t 6∈ Uj} denotes the first exit time of the Brownian motion

B = (X,Y, T ), starting in m = (x, y, t) with |x| < j and t = (t4j+1 + t4j+2)/2, from
the set Uj.

iii) h is increasing in x and in t and depends only on the variable t for ”large” x.

iv) h satisfies the curvature conditions (4.1),(4.2) and (4.3).

Proof. The proof can be found in [A1], Propositions 2.1 and 3.3, Lemmata 3.4, 3.9, 4.1,
4.2 and 5.2.

Definition of the function h : R2 → R+

h(x, t) = et

t0 t1 t3 t5

U1

U2

︸ ︷︷ ︸
h(x, t) = et exp(Φ1(t)β1(x))

x

t

1

2

−1

Remark 4.2.

i) The condition h(x, t) = et for t ≤ t0 and t4j+3 ≤ t ≤ t4(j+1) implies that on the
corresponding ”stripes” R2 × [t4j+3, t4(j+1)] the Brownian motion B on M behaves
like a time changed Euclidean Brownian motion with an additional drift term t in
the T -component (see (4.7) ff. where we compute the defining stochastic differential
equation for B). Hence the exit time τj from R2 × [t4j+3, t4j+3 + 1] of a Brownian
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motion started in (x, y, t) with t = (2t4j+3 + 1) /2 is independent of j. As an imme-
diate consequence, Borel-Cantelli yields that B has almost surely infinite lifetime if
lims→ζ Ts = ∞.

ii) Condition (ii) immediately implies that the x-component of the Brownian motion
grows in some sense ”faster” than the t-component of B – at least within the sets
Uj . From that it follows again with a simple Borel-Cantelli argument and using the
Strong Markov Property that as an (immediate) consequence of lims→ζ Ts = ∞ we
can deduce that lims→ζ Xs = ∞ almost surely if we know in addition that lims→ζ Xs

almost surely exists in (−∞,∞].

iii) We requested in Chapter 3, Lemma 3.1, property (iii) that the ”drift ratio” p(r, s)
has to fulfill the condition

∫∞
0 p(r, s)dr = ∞ for every s ∈ R. In this context we

define the ”drift ratio” as h′x/(e
2th′t), see below. Then we have from [A1], Lemma

4.2, that

∫ ∞

0
δK(t)dt = ∞ (4.6)

for every compact set K ⊂ R and δK(t) := inf
{
h′x/(e

2th′t) : x ∈ K
}
. For the proof

it is necessary to choose on the intervals [t4j+1, t4j+2] the constant ϕj and then the
upper interval bound t4j+2 large enough such that

∫ t4j+2

t4j+1

δj(t)dt ≥ 1.

Herein δj(t) := inf
{
h′x/(e

2th′t) : |x| ≤ j
}

for t4j+1 ≤ t ≤ t4j+2. (cf. [A1], Proposition
2.1). This corresponds to the condition for the drift ratio of Chapter 3.

iv) Condition (iii) can be understood as follows: for every interval [t4j , t4j+3] there is a
constant Kj such that h(x, t) is independent of the variable x for |x| > Kj .

v) The construction of the function h(x, t) is clear on the region t ≤ 0, on the ”stripes”
[t4j+1, t4(j+1)]×R and on the sets Uj for j ∈ N, as the map h is explicitely given for
these parts of M .
Moreover one can require h(x, t) to be given in the form h(x, t) = et ·exp (Φj(t)βj(x))
on the set

Jj := {(x, t) : x ≤ x0 − a0e
−t4j , t4j+1 ≤ t ≤ t4j+2}

for a constant a0 (see [A1], p.202) and every j ∈ N. This is indicated in the picture
above and outlined in [A1], Remark 3.7. The proof that the so defined ”pieces” of
h can be smoothly glued together such that the curvature conditions for h are still
satisfied is given in Proposition 3.3 and Lemma 3.9 of [A1].
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4.3. Theorem A of Ancona

The Riemannian manifold (M,γ) constructed above serves as an example to prove the
following theorem which is one of the main theorems of [A1]:

Theorem 4.3 (cf. [A1], Theorem A).
There is a complete simply connected Riemannian manifold M of dimension 3 with sec-
tional curvatures bounded from above by −1, and a point ζ0 ∈ S∞(M) such that

i) the Brownian motion Bs on M almost surely has infinite lifetime,

ii) with probability 1, the Brownian motion Bs exits from M at ζ0.

Consider the Brownian motion (Bs)s<ζ = (Xs, Ys, Ts)s<ζ with lifetime ζ on the Rieman-
nian manifold (M,γ). Then the components X,Y and T of B are given as solutions of
the following system of stochastic differential equations:

dTs =
1

2

(
1 +

h′t(Xs, Ts)

h(Xs, Ts)

)
ds + dW 3

s , (4.7)

dXs =
h′x(Xs, Ts)

2h(Xs, Ts) · e2Ts
ds +

1

e2Ts
dW 1

s , (4.8)

dYs =
1

h(Xs, Ts)
dW 2

s , (4.9)

with a three dimensional Euclidean Brownian motion (W 1,W 2,W 3).

The proof of Theorem A is an immediate consequence of the following theorem:

Theorem 4.4. Let M be the Riemannian manifold constructed above and let (Bs)s<ζ =
(Xs, Ys, Ts)s<ζ be the Brownian motion on M with lifetime ζ. Then the following state-
ments hold true for the components of B:

i) lims→ζ Ts = ∞ almost surely.

ii) lims→ζ Xs = ∞ almost surely.

iii) lims→ζ Ys exists almost surely and is almost surely finite.
Furthermore lims→ζ Ys is almost surely a non-trivial shift invariant random vari-
able. Hence for every bounded continuous function f : R → R there is a non-trivial
bounded harmonic function u : M → R, m 7→ u(m), given as

u(m) := Em

[
f ◦
(

lim
s→ζ

Ys

)]
.

In particular, M possesses non-trivial bounded harmonic functions.

iv) ζ = ∞ almost surely.
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Proof. It follows from [A1], Lemma 5.1, that almost surely limt→ζ Ts = ∞, lims→ζ Ys

exists and is finite and lims→ζ Xs exists in (−∞,∞]. As remarked above, lims→∞Xs = ∞
follows from Property (ii) of the function h(x, t) and lims→ζ Ts = ∞. A proof of this
can be found in [A1], Proposition 5.4. Last, the almost surely infinite lifetime of Bs is a
consequence of Property (i) of h(x, t) and is due to [A1], Lemma 5.3 and Proposition 5.4.

For the last claim that lims→ζ Ys is almost surely a non-trivial shift-invariant random
variable recall from (4.9) that the component Ys of Bs is a local martingale given by

Ys = Y0 +

∫ s

0

1

h(Xr, Tr)
dW 2

r ,

where the integrand is independent of Ys and in particular independent of the starting
point Y0 of Ys. The proof is then completely analogous to the proof of 3, Lemma 3.16.

Remark 4.5 (Some geometrical aspects).
As indicated at the beginning of this chapter, we will finish this section with some ge-
ometrical considerations: We have defined the drift ratio h′

x/(e
2th′t) for (M,γ) which is

essentially the drift we have for the x-component of the time changed Brownian motion
B̃s := Bτs where τs := T−1(s) and

T (s) =

∫ s

0

1

2

(
1 +

h′t
h

)
dr.

Consider now the drift vector field on M

Vd :=
∂

∂t
+

h′x
e2th′t

∂

∂x
.

Let Γx0 : R → R2, s 7→ Γx0(s), be the trajectory of Vd starting in the point (x0, 0) ∈ R2.

Then it is an easy consequence of (4.6) that for s→ ∞ all the trajectories Γx0 of Vd exit
from M at the point ∞M . Moreover as h′x = 0 for t ≤ 0, the trajectories Γx0 are horizontal
lines for s ≤ 0 and there coincide with the geodesics τ(x0,0) defined at the beginning of this
chapter. From that it is clear that for s→ −∞ all the trajectories Γx0 have their ”origin”
in the point ∞M . Furthermore the trajectories Γx0 form a foliation of R2 and so give rise
to a coordinate transformation for R2.

With respect to that it arises as a natural question if there are – in analogy to the example
of Borbély – further non-trivial shift invariant events for B (and therefore further non-
trivial bounded harmonic functions) besides the ones we get from the non-trivial shift
invariant random variable lims→∞ Ys. One can think of the possibility to distinguish
between different paths of B in looking along which trajectory Γx0 the Brownian path
exits from the manifold M . If we define a coordinate transformation Φ : R2 → R2

assigning to each point (x, t) the point (x0, t), where x0 is the starting point of the unique
trajectory Γx0 with Γx0(t) = (x, t) analogously to Section 3.8, and consider the diffusion
Φ(Xs, Ts), there remains the problem to explicitly compute the new x-component. We
already pointed this out in Section 3.8. In contrast to the example of Borbély it is not
that easy to determine a function q(t) which is a good approximation for the drift ratio
h′x/(e

2th′t) for large t – maybe the function δK(t) could do that part for a certain compact
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set K. However, as mentioned before, the function h does not depend on the variable x
for large x, which means that the drift ratio vanishes for x large. Thus we cannot find
any lower bound 6= 0 for h′x/(e

2th′t) depending only on the variable t. We did not succeed
yet in finding a suitable upper bound for the drift ratio. However, it seems to be quite
likely that one can find non-trivial bounded harmonic functions using the drift ratio and
the drift vector field Vd. We leave this as an open question.

4.4. Theorem A Extended to Higher Dimensions

In the following section we work out an idea that was already given in Ancona; the
extension of Theorem A to higher dimensions. We are going to state this in the following
theorem.

Theorem 4.6 (cf. [A1], p.217).
For every d ≥ 3 there is a complete simply connected Riemannian manifold (M,γ) of
dimension d with sectional curvatures bounded from above by −1/4, and a point ζ0 ∈
S∞(M) such that:

i) almost surely Brownian motion B on M has infinite lifetime,

ii) with probability 1, Brownian motion B exits from M at ζ0.

As in the foregoing chapter we briefly sketch the construction of a Riemannian manifold
of dimension d with sectional curvatures bounded from above by −1/4 following Ancona
and then consider the behaviour of the components of the Brownian motion Bs on M
with lifetime ζ for t → ∞. As we are interested in the existence of non-trivial bounded
harmonic functions on the manifold, we additionally give a way to construct, given a
bounded continuous function f : Rd−2 → R, a non-trivial bounded harmonic function
u : M → R which possesses f as ”boundary function” in a suitable sense.

We start with the construction of the Riemannian manifold (M,γ) using again the nota-
tions of Ancona:

Let d := m+3 for an integer m ≥ 1 and let M := Rd = {(x, y, z1, . . . , zm, t) : x, y, t, zj ∈ R}
be equipped with the Riemannian metric

ds2γ = dt2 + e2tdx2 + h(x, t)2dy2 + e2t
m∑

j=1

dz2
j .

The function h(x, t) is constructed as in the foregoing section satisfying the properties
of Lemma 4.1. However, to guarantee Property (ii) for the Brownian motion B =
(X,Y,Z1, . . . , Zm, T ) on M , starting in the point m = (x, y, z1, . . . , zm, t) with |x| < j
and t = (t4j+1 + t4j+2)/2, one has to slightly modify the choice of the sequence (ti)i∈N.

Remark that, as in the case of dimension 3, for (x, y, z1, . . . , zm) ∈ Rd−1 fixed one has the
geodesic

τ(x,y,z1,...,zm) : R →M, t 7→ (x, y, z1, . . . , zm, t)
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and as before all the geodesics τ(x,y,z1,...,zm) emanate from the same point ∞M of the sphere
at infinity. Hence we can describe the sphere at infinity S∞(M) as the set

S∞(M) = {ζ(x,y,z1,...,zm) : (x, y, z1, . . . , zm) ∈ Rd−1} ∪ {∞M},

where ζ(x,y,z1,...,zm) := τ(x,y,z1,...,zm)(∞) denotes the equivalence class determined by the
geodesic τ(x,y,z1,...,zm) for t→ ∞.

On M we have the Laplace-Beltrami operator

∆M =
∂2

∂t2
+

1

e2t

∂2

∂x2
+

1

h2

∂2

∂y2
+

1

e2t

m∑

j=1

∂2

∂z2
j

+

(
1 +m+

h′t
h

)
∂

∂t
+

h′x
e2th

∂

∂x
.

We can therefore interpret the Brownian motion B = (X,Y,Z1, . . . , Zm, T ) with lifetime
ζ on M as solution of the following system of stochastic differential equations:

dTs =
1

2

(
1 +m+

h′t(Xs, Ts)

h(Xs, Ts)

)
ds + dW d

s

dXs =
h′x(Xs, Ts)

2h(Xs, Ts) · e2Ts
ds +

1

e2Ts
dW 1

s

dYs =
1

h(Xs, Ts)
dW 2

s

dZ1s =
1

eTs
dW 3

s

...
...

dZms =
1

eTs
dW d−1

s ,

with a Euclidean Brownian motion (W 1,W 2, . . . ,W d) on Rd.

Theorem 4.6 now is an immediate consequence of the following theorem:

Theorem 4.7. For d ≥ 3 let (M,γ) denote the Riemannian manifold of dimension d
constructed above and let (Bs)s<ζ = (Xs, Ys, Z1s, . . . , Zms, Ts)s<ζ be the Brownian motion
on M with lifetime ζ. Then the following statements hold true:

i) lims→ζ Ts = ∞ almost surely.

ii) lims→ζ Xs = ∞ almost surely.

iii) The limits lims→ζ Ys, lims→ζ Z1s, . . . , lims→ζ Zms almost surely exist and are almost
surely finite.
Furthermore lims→ζ Ys, lims→ζ Z1s, . . . , lims→ζ Zms are almost surely non-trivial
shift-invariant random variables. Consequently for every bounded continuous func-
tion f : Rd−2 → R there is a non-trivial bounded harmonic function u : M → R,
m 7→ u(m) given as
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u(m) := Em

[
f ◦
(

lim
s→ζ

(Ys, Z1s, . . . , Zms)

)]
.

In particular, M possesses non-trivial bounded harmonic functions.

iv) ζ = ∞ almost surely.

Proof. We give a short sketch of the proof as most part of it can be adopted directly from
Ancona and the proof of Theorem 4.4.

Statement i) is a consequence of the fact that the real valued function on M given by
(x, y, z1, . . . , zm, t) 7→ e−t is ∆M -superharmonic and that the sectional curvatures of M
are bounded on each region of the form {t ≤ a} for a ∈ R, see [A1], Lemma 5.1.

Part iv) immediately follows from the construction of the function h and lims→ζ Ts = ∞,
cf. [A1], Lemma 5.3.

The claimed result lims→ζ Xs ∈ (−∞,∞] follows as in [A1], Lemma 5.1 because as m ≥
1 a smooth function u(x, y, z1, . . . , zm, t) ≡ u(x, t) on M is ∆M -superharmonic if it is
nonincreasing in the variables x and t and in addition superharmonic with respect to

L :=
∂2

∂t2
+

1

e2t

∂2

∂x2
+
∂

∂t
.

By a Borel-Cantelli argument, using Property (ii) of the metric function h and lims→ζ Ts =
∞, we obtain that in fact lims→ζ Xs = ∞, cf. [A1], Lemma 5.4.

To prove the almost sure existence and finiteness of lims→ζ Ys and lims→ζ Zis for i =
1, . . . ,m, we note the following fact:

A function u : M → R with u(x, y, z1, . . . , zm, t) ≡ u(y, t), u(zi, t) respectively, is ∆M -
superharmonic on the absorbing region {t > 0} ⊂M if it is nonincreasing in t, convex in
y, zi respectively, and superharmonic with respect to

L =
∂2

∂t2
+

1

et
∂2

∂y2
+
∂

∂t
,

Li =
∂2

∂t2
+

1

et
∂2

∂z2
i

+
∂

∂t
respectively.

Using this, it follows that the functions

u(y, t) =

{
1 for y ≤ y0 (y ≥ y0 resp.)

1 − 2
π arctan

(
1
2 |y − y0|e

t
2

)
for y > y0 (y < y0 resp.)

u(zi, t) =

{
1 for zi ≤ zi0 (z ≥ zi0 resp.)

1 − 2
π arctan

(
1
2 |zi − zi0|e

t
2

)
for zi > zi0 (zi < zi0 resp.)

are ∆M -superharmonic on {t > 0} for every y0, zi0 ∈ R.
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Now it follows as in [A1], Lemma 5.1, that almost surely Yζ := lims→ζ Ys, Ziζ := lims→∞Zis

for all i = 1 . . . ,m exist and are almost surely finite shift-invariant random variables.

The proof that the random variables Yζ and Ziζ are almost surely non-trivial is obtained
as in Section 4.3, Theorem 4.4, from the fact that the component processes (Ys)s<ζ and
(Zis)s<ζ are local martingales and that within their integral representations

Ys = Y0 +

∫ s

0
h(Xr, Tr)

−1 dW 2
r and Zis = Zi0 +

∫ s

0
e−Tr dW 2+i

r

the integrand is independent of the component process Y and Z itself and in particular of
its starting point.
The existence of harmonic functions u : M → R as claimed is now an immediate conse-
quence.

4.5. Further Constructions and Considerations

Let again (M,γ) denote the Riemannian manifold of dimension 3 with M := {(x, y, t) :
x, y, t ∈ R} and Riemannian metric

ds2γ = dt2 + e2tdx2 + h2(x, t)dy2

as considered in Section 4.1.

As we have seen in Section 4.3, the behaviour of Brownian motion on M depends on
the choice of the function h : R2 → R. Property (ii) of Lemma 4.1 is the main reason
why the x-component of the Brownian motion Bs on M is forced to converge to ∞ for
s → ζ. To obtain further examples of Riemannian manifolds where Brownian motion B
shows interesting asymptotic properties, it is therefore obvious that one has to modify the
definition of the function h. In [A1], p.215, there is pointed out a second possibility to
define the function h such that the Riemannian manifold M possesses strictly negative
sectional curvatures. Ancona uses this function in the first step of the proof of the following
theorem:

Theorem 4.8 (cf. [A1], Theorem B).
There exists a complete simply connected Riemannian manifold M of dimension 3, with
sectional curvatures bounded from above by −1 and such that

i) the Brownian motion Bs on M almost surely has infinite lifetime,

ii) with probability 1, every point on the sphere at infinity S∞(M) is a cluster point of
Bs (when s→ ∞).

Proof. For the proof see [A1], p.215.

Remark 4.9. Up to now we did not succeed in deciding whether there exist non-trivial
bounded harmonic functions on the manifold that Ancona constructed to prove Theorem
B. This is caused by the fact that to prove the theorem above one has to make the metric
function h dependent on the variable y to be able to control the asymptotic behaviour
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of the component Y of the Brownian motion as well. See [A1], p. 213f, first step. If h
additionally depends on y, we have to change the Laplace-Beltrami operator on M to:

∆M =
∂2

∂t2
+

1

e2t

∂2

∂x2
+

1

h2

∂2

∂y2
+

(
1 +

h′t
h

)
∂

∂t
+

h′x
e2th

∂

∂x
+
h′y
h3

∂

∂y
.

As ∆M now depends in first order on the variable y the component Y of the Brownian
motion fails to be a local martingale and becomes dependent on the behaviour of the
path Y (ω). As a consequence, the method used before to obtain non-trivial shift-invariant
random variables does not work here.

However, we are going to use the ideas of Ancona to give an example of a Riemannian
manifold (M,γ) of dimension 3 such that the Brownian motion Bs on M does not possess
a limit for s → ∞ on the sphere at infinity S∞(M), whereas there still exist non-trivial
bounded harmonic functions on M .

We start with the definition of the function h : R2 → R+ (remember the definition of the
functions Φj and βj at the beginning of Section 4.2):

Definition of the function h : R2 → R+

h(x, t) = et

t0 t1 t3 t5

−U1

U1

−U2

U2

︸ ︷︷ ︸
h(x, t) = et exp(Φ1(t)β1(x))

x

t

1

2

−1

P
P

Pq

h decreasing in x

�
�

�1

h increasing in xJ0

−J0

Lemma 4.10. There is a smooth function h : R2 → R+ and a sequence (ti)i∈N of real
numbers with t0 ≥ 0 and ti+1 ≥ ti + 1 for all i ∈ N satisfying the following properties:

i) h(x, t) = et for t ≤ t0 and t4j+3 ≤ t ≤ t4(j+1) for all j ∈ N.

ii) h(x, t) is an even function of x which is increasing in x for x ≤ 0 and decreasing in
x for x ≥ 0. The function h increases in the variable t.

iii) h(x, t) = et · exp (Φj(t)βj(x)) on Jj := {(x, y, t) : x < −2a0e
−t4j , t4j+1 ≤ t4j+2},

where a0 > 0 is a constant (see [A1], p.203).
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iv) The sequence (ti)i∈N can be chosen such that

Pm {Tτ = t4j+1 or Tτ = t4j+2} ≤ 2−j ,

if τ := inf{t ≥ 0 : Bm
t 6∈ Uj} denotes the first exit time of the Brownian motion

from the set Uj := {(x, y, t) : −j < x < −a0e
−t4j , t4j+1 ≤ t4j+2}, where Bm is

the Brownian motion on M starting in m = (x, y, t) with −j ≤ x ≤ −2a0e
−t4j and

t = (t4j+1 + t4j+2)/2.

Remark 4.11. It is obvious that due to the symmetry of the dependence of the function h
on the variable x we also have from (iv) that

Pm′ {Tτ ′ = t4j+1 or Tτ ′ = t4j+2} ≤ 2−j,

if τ ′ := inf{t ≥ 0 : Bm
t 6∈ −Uj} denotes the first exit time of the Brownian motion from

the set −Uj := {(x, y, t) : a0e
−t4j < x < j, t4j+1 ≤ t4j+2}, where Bm′

is the Brownian
motion on M starting in m′ = (x, y, t) with 2a0e

−t4j < x < j and t = (t4j+1 + t4j+2)/2.

Proof. The existence of a function h : R2 → R with the properties above can be derived
from [A1], Proposition 3.3, Remark 3.8 and Lemmata 4.1, 4.2, 5.2.

We have the following theorem about the asymptotic behaviour of Bs for s→ ζ:

Theorem 4.12. Let (M,γ) be the Riemannian manifold with Riemannian metric γ ob-
tained from Lemma 4.10 above and let (Bs)s<ζ = (Xs, Ys, Ts)s<ζ be the Brownian motion
on M with lifetime ζ. Then the following statements hold true:

i) lims→ζ Ts = ∞ almost surely.

ii) lims→ζ Xs = 0 almost surely.

iii) lims→ζ Ys almost surely exists and is almost surely finite.
Furthermore lims→ζ Ys is almost surely a non-trivial shift-invariant random vari-
able. Hence for every bounded continuous function f : R → R there is a non-trivial
bounded harmonic function u : M → R, m 7→ u(m), given as

u(m) := Em

[
f ◦
(

lim
s→ζ

Ys

)]
.

In particular, M possesses non-trivial bounded harmonic functions.

iv) Almost surely ζ = ∞.

Proof. i) and iv) follow exactly as in [A1], Lemma 5.1.

For the proof that lims→ζ Ys almost surely exists and is finite, observe that for each y0 ∈ R

the functions uy0 : M → R, (x, y, t) 7→ uy0(x, y, t), given as

uy0(x, y, t) :=

{
1 for y ≤ y0 (y ≥ y0 resp.),

1 − 2
π arctan

(
1
2 |y − y0|et/2

)
for y > y0 (y < y0 resp.)
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are superharmonic on {t ≥ 0} with respect to

∆M =
∂2

∂t2
+

1

e2t

∂2

∂x2
+

1

h2

∂2

∂y2
+

(
1 +

h′t
h

)
∂

∂t
+

h′x
e2th

∂

∂x
,

where h is as in Lemma 4.10. Clearly h′x does not have influence on the sign of ∆Muy0 .
Using this assertion, iii) follows exactly as in [A1], Lemma 5.1 and Theorem 4.4.

To prove that lims→ζ Xs almost surely exists and is finite, we recall (following [A1], Lemma
5.5) that a function u : M → R, (x, y, t) 7→ u(x, t), is ∆M -superharmonic on {t ≥ 0} if u
is convex in x, decreasing in the variable t, decreasing in x as long as x ≤ 0, increasing in
x for x > 0 and superharmonic with respect to

L :=
∂2

∂t2
+

1

et
∂2

∂x2
+
∂

∂t
.

For every positive a ∈ R the functions ua : M → R, (x, y, t) 7→ ua(x, t), with

ua(x, t) :=





1 for |x| ≥ π
2a ,

1 − 2
π arctan

(
cos(a·x/2)

sinh(ae−t/2)

)
for |x| < π

2a

fulfill the requirements above and serve as ∆M -superharmonic functions on the absorbing
region {t ≥ 0} of M . Using these superharmonic functions and the already proven fact
that lims→ζ Ts = ∞, it follows that lims→ζ Xs almost surely exists.
We can now use the supermartingale inequality (see also Section 3, Remark after Lemma
3.12) to obtain for every m ∈M and every a > 0:

ua(m) ≥ Em

(
lim
s→ζ

ua(Bs)

)
≥ Pm

{
lim
s→ζ

Xs = −∞
}

+ Pm

{
lim
s→ζ

Xs = +∞
}
.

From that it follows that lims→∞Xs is almost surely finite.

The fact that lims→ζ Xs = 0 almost surely follows again from the Strong Markov Property
of the Brownian motion together with a Borel-Cantelli argument; we hereby make use of
Property (iv) of Lemma 4.10 and the already proven fact that lims→∞Xs is almost surely
finite. Hence preferably the Brownian paths eventually exit the sets Uj at the upper
boundary x = −a0e

−t4j and the sets −Uj at the lower boundary x = a0e
−t4j . The choice

of the sequence (ti)i∈N with ti ↗ ∞ yields that
∣∣a0e

−t4j
∣∣ → 0. From this it follows that

lims→ζ Xs = 0 almost surely.

Remark 4.13. We have just constructed an example of a Riemannian manifold (M,γ)
with the property that the Brownian motion B almost surely exits from M along the
hypersurface {x = 0} ⊂M , whereas the y-component still possesses a non-trivial limit. In
terms of the sphere at infinity this has the following meaning: On S∞(M) we can observe
that the projection of B onto S∞(M) approaches the circle

{x = 0} := {ζ(x,y) ∈ S∞(M) : x = 0}
determined by the coordinate x = 0, but one can distinguish between Brownian paths by
looking to which point of the circle the Brownian path converges.
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In the picture below there is the circle {x = 0} together with some possible limit points
ζ(0,y0) := (0, y0), ζ(0,y1) := (0, y1) for Brownian paths, determined by the intersections of
the ”circles” where y is constant with x = 0. Note that in this picture 0 < y0 < y1:

S∞(M) with the circle {x = 0}

∞M

{x = 0}

(0, 0)
•

{y = y0}

{y = y1}

(0, y0)•

(0, y1)•

We are now going to present the changes that have to be made in the definition of the
Riemannian manifold above to obtain an example of a Riemannian manifold such that the
Brownian motion Bs does not converge for s→ ∞ whereas there exist non-trivial bounded
harmonic functions.

Looking at the example above, we managed to force the Brownian paths to exit from the
manifold M at the circle {x = 0} of the sphere at infinity S∞(M), whereas there is still
”freedom” to choose at which point ζ(0,y) ∈ {x = 0} the Brownian path will exit from M .
This degree of freedom – i.e. the non-triviality of the random variable Y∞ := lims→ζ Ys –
provides non-trivial bounded harmonic functions for the Riemannian manifold M .

It is therefore obvious that in order to guarantee the existence of non-trivial bounded
harmonic functions on the Riemannian manifold M we should preserve the behaviour of
the y-component of the Brownian motion B on M . In particular, this can be achieved in
changing the metric function h as long as we do not make it dependent of the variable
y. The idea is now to change the metric function h by shifting the sets Uj with the help
of a dense sequence (aj)j∈N in R such that the x-component of the Brownian motion is
eventually close to the aj and so obviously cannot converge.

When considering the projections of the Brownian paths on the sphere at infinity S∞(M)
this means that we want to make the Brownian path ”oscillate” between the different
circles {x = aj} ⊂ S∞(M) for s → ζ, whereas the path is eventually close to the circle
{y = y0}, when y0 = lims→ζ Ys(ω).

Remark 4.14. For the proof of Theorem B, Ancona uses a dense sequence (aj , bj)j∈N in
R2 and modifies the metric function h such that for j odd he makes h dependent of the
variable y by just replacing x with y.

Doing this with the function h of Lemma 4.10, it follows that almost surely lims→ζ Xs =
lims→ζ Ys = 0, where still lims→ζ Ts = ∞ holds for the component T of the Brownian
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motion B ([A1], Lemma 5.5). This means that all Brownian paths exit from M almost
surely at the single point (0, 0) := ζ(0,0) ∈ S∞(M), see the picture above. With the
help of the dense sequence (aj , bj)j∈N one can now make the Brownian path oscillating
between the different circles {x = aj} ⊂ S∞(M) and at the same time between the circles
{y = bj} ⊂ S∞(M). This proves that every point of S∞(M) is a cluster point for the
Brownian motion when s→ ζ.

Fix now a dense sequence (aj)j∈N in R. Let (ti)i∈N and h : R2 → R+ as in Lemma 4.10.

We then define the function h̃ : R2 → R+ as follows:

h̃(x, t) :=

{
h(x, t) for t4j+3 + 1

2 ≤ t ≤ t4(j+1) − 1
2 , x ∈ R,

h(x− aj , t) for t4j − 1
2 < t < t4j+3 + 1

2 , x ∈ R.
(4.10)

As h(x, t) = et for t ≤ t0 and t4j+3 ≤ t ≤ t4(j+1) this definition leads to a well defined

smooth function h̃ such that the obtained Riemannian manifold (M, γ̃) still has the same
description of the sphere at infinity S∞(M) as above and still has sectional curvatures
bounded from above by −1/4. In order to verify that in fact SectM ≤ −1/4, it may be
necessary to replace the constant bj :=

√
ej+1 + e2j+2 in the definition of the function βj

(see before Lemma 4.1) with a new constant b̃j depending on aj. However, this does not

influence at all the properties of the function h̃.

Clearly the following lemma holds:

Lemma 4.15. Let (M, γ̃) be the Riemannian manifold obtained when using the function
h̃ : R2 → R+ as above to define the Riemannian metric γ̃. Let

Uj := {(x, y, t) : t4j+1 < t < t4j+2, −j + aj < x < −2a0e
−4tj + aj} and

−Uj := {(x, y, t) : t4j+1 < t < t4j+2, 2a0e
−4tj + aj < x < j + aj}.

We then have:

Pm {Tτ = t4j+1 or Tτ = t4j+2} ≤ 2−j as well as

Pm′ {Tτ ′ = t4j+1 or Tτ ′ = t4j+2} ≤ 2−j,
(4.11)

where τ := inf{t ≥ 0 : Bm
t 6∈ Uj} and τ ′ := inf{t ≥ 0 : Bm′ 6∈ −Uj} denote the exit times

of the Brownian motion Bm from the set Uj, when started in the point m = (x, y, t) with
t = (t4j+1 + t4j+2)/2 and −j+aj < x < −2a0e

−4tj +aj, as well as of the Brownian motion
Bm′

started in the point m′ = (x, y, t) with t = (t4j+1 + t4j+2)/2 and 2a0e
−4tj + aj < x <

j + aj from the set −Uj.

We can now easily derive the following theorem:

Theorem 4.16. Let (M, γ̃) be the Riemannian manifold defined above. Let B = (X,Y, T )
be the Brownian motion on M with lifetime ζ. Then the following statements hold:
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i) Almost surely lims→ζ Ts = ∞.

ii) Almost surely lims→ζ Ys exists and is finite.
Furthermore Yζ := lims→ζ Ys is an almost surely non-trivial shift-invariant random
variable. Hence for every bounded continuous function f : R → R there is a non-
trivial bounded harmonic function u : M → R, m 7→ u(m), with

u(m) := Em

[
f ◦
(

lim
s→ζ

Ys

)]
.

iii) Almost surely ζ = ∞.

iv) With probability 1, every real number is a cluster point for the component X of the
Brownian motion B as s→ ζ. In particular, the Brownian motion does not converge
on the sphere at infinity when s→ ∞.

Proof. The only assertion to show is iv). Using Lemma 4.15 above, it follows from the
Strong Markov Property that with probability ≥ 1 − 2−j the Brownian motion started in
m ∈M hits the set

{
(x, y, t) : |x− aj | ≤ 2a0e

−t4j , t4j+1 < t < t4j+2

}
.

For a point a ∈ R choose a subsequence (ajk
)k∈N of (aj)j∈N with ajk

→ a. Then from
ti ↗ ∞ and Borel-Cantelli it follows that with probability 1 the component Xs of the
Brownian motion is eventually arbitrarily close to a. This proves iv).

We are going to finish this chapter with some ideas how the Theorems 4.4, 4.7 and 4.16
presented in the foregoing chapters can be used to obtain a large variety of Riemannian
manifolds of dimension d ≥ 3, where Brownian motion shows different asymptotic be-
haviour.

4.6. Some Concluding Remarks

In the foregoing chapters we presented two different possibilities to influence the asymp-
totic behaviour of the components of the Brownian motion: On the one hand there is
the possibility to enforce certain limit values for the components; for example we showed
in Theorem 4.12 how to achieve lims→ζ Xs = 0. It is not difficult to see how to obtain
lims→ζ Xs = a for an arbitrary a ∈ R. Furthermore it is not difficult to achieve ”os-
cillating” components, as described in Theorem 4.16. On the other hand we can obtain
non-trivial shift-invariant random variables as limits of component processes as long as we
assure that the metric function h is independent of the respective variable, see Theorem
4.7.

Putting all this together we can prove the following theorem:

Theorem 4.17. Let n ≥ 2 and n1, n2, n3 ∈ N with n1 + n2 + n3 = n. Then for each
(a1, . . . , an1) ∈ (R∪ {−∞,∞})n1 there is a complete simply connected Riemannian mani-
fold (M ; γ), where
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M := {(x1, . . . , xn1 , y1, . . . , yn2 , z1, . . . , zn3 , t) : x1, . . . , xn1 , y1, . . . , yn2 , z1, . . . , zn3 ∈ R},

with sectional curvatures bounded from above by −1/4 such that for the Brownian motion

(Bs)s<ζ = ((Xis)i≤n1 , (Yis)i≤n2 , (Zis)i≤n3 , Ts)s<ζ

with lifetime ζ on M holds:

i) Almost surely lims→ζ Ts = ∞.

ii) Almost surely lims→ζ Xis = ai for every i = 1, . . . , n1.

iii) With probability 1, every point in Rn2 is a cluster point for (Y1s, . . . , Yn2s) as s→ ζ.

iv) Almost surely lims→ζ Zis exists for every i = 1, . . . , n3 and is finite. Furthermore
lims→ζ Zis is an almost surely non-trivial shift-invariant random variable. Hence
for every bounded continuous function f : Rn3 → R there is a non-trivial bounded
harmonic function u : M → R, m 7→ u(m), with

u(m) := Em

[
f ◦
(

lim
s→ζ

(Z1s, . . . , Zn3s)

)]
.

In particular, M possesses non-trivial bounded harmonic functions if n3 6= 0.

v) Almost surely ζ = ∞.

Proof. From the foregoing chapters and the considerations above, it is clear that it suffices
to find a suitable Riemannian metric γ on M , such that all the required properties can be
fulfilled.

To simplify notations we assume without loss of generality that n1 = n2 = n3 = 1, i.e. we
give the explicit metric for a Riemannian manifold

M = {(x, y, z, t) : x, y, z, t ∈ R}
and an arbitrary point a1 ∈ R∪ {−∞,∞}. We denote by h : R2 → R the metric function
constructed in Lemma 4.10 if a1 6∈ {−∞,∞} or constructed in Lemma 4.1 if |a1| = ∞.
We furthermore fix a dense sequence (bi)i∈N in R and denote by h̃ : R2 → R the metric
function with the properties of Lemma 4.15.

Let (ti)i∈N the sequence of real numbers mentioned in the construction of the metric
function h. We then define the Riemannian metric γ on M in the global coordinates
x, y, z, t:

On t ≤ t0 :
ds2γ = dt2 + e2t dx2 + e2t dy2 + e2t dz2,

on t4(2j) < t < t4(2j+1), for j ∈ N:

ds2γ = dt2 + e2t dx2 + h2
a1

(x, t) dy2 + e2t dz2,
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and on t4(2j+1) < t < t4(2j+2), for j ∈ N:

ds2γ = dt2 + h̃2(y, t) dx2 + e2t dy2 + e2t dz2.

Herein the function ha1(x, t) is defined as follows:
If |a1| = ∞, then ha1(x, t) := h(sgn(a1)x, t) with the function h as in Lemma 4.1.
If |a1| <∞, then ha1(x, t) := h(x− a1, t) with the function h as in Lemma 4.10.

As on the stripes R × [t4j+3, t4(j+1)] the functions h, h̃ respectively, equals et the metric
defined above is a Riemannian metric, and the manifold (M,γ) has (obviously) sectional
curvatures bounded from above by −1/4.

It is now an immediate result that for the components X,Y,Z and T of the Brownian
motion B with lifetime ζ holds:

i) lims→ζ Ts = ∞ almost surely.

ii) lims→ζ Xs = a1 almost surely.

iii) With probability 1, every point of R is a cluster point for Ys as s→ ζ.

iv) lims→ζ Zs almost surely exists and is finite. lims→ζ Zs is an almost surely non-trivial
shift-invariant random variable.

v) Almost surely ζ = ∞.

This proves the theorem in the special case n1 = n2 = n3 = 1. From the definition of γ
above, it is clear how to extend the definition of γ in adding further cases for the variable
t and defining the metric γ on the corresponding stripe with the help of suitable functions
hai , h̃ respectively, as in Lemma 4.1, 4.10 or 4.15.
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Seminar on Stochastic Processes 1991, 29 (1992), 15–37.

[Cr-O-R] M. Cranston & S. Orey & U. Rösler. Exterior Dirichlet Problems and
the Asymptotic Behaviour of Diffusions. Springer: Lect. Notes in Control and
Inform. Sci. 15 (1980).



Bibliography 97

[D-M] C. Dellacherie & P. A. Meyer. Probabilités et Potentiel. North-Holland
Mathematics Studies, Amsterdam, 1980.

[Do] J. L. Doob. Conditional Brownian Motion and the Boundary Limits of Har-
monic Functions. Bull. Soc. Math. France 85 (1957), 431–458.

[D1] E. B. Dynkin. Markov Processes. Springer, Berlin, 1965.

[D2] E. B. Dynkin. The Space of Exits of a Markov Process. Russ. Math. Surv.
24/4 (1969), 89–157.

[D3] E. D. Dynkin. Excessive Functions and the Exit Space of a Markov Process.
Theor. Prob. Appl. 15 (1970), no. 1, 37–54.

[E-O´N] P. Eberlein & B. O’Neill. Visibility Manifolds. Pacific J. Math. Vol.46
(1973), no. 1, 45–109.

[F-O] B. Fristedt & S. Orey. The Tail σ-Field of One Dimensional Diffusions.
Springer: Proc. Sympos. Stochastic Diff. Eqn’s. 1978.

[G-W] R. E. Greene & H. Wu. Function Theory on Manifolds which Possess a
Pole. Springer: Lect. Notes in Math. 699 (1979).

[Ha-Th] W. Hackenbroch & A. Thalmaier. Stochastische Analysis. B. G. Teubner
Stuttgart, 1994.

[H1] E. P. Hsu. Brownian Motion and Dirichlet Problems at Infinity. Ann. Probab.
31 (2003), no.3, 1305–1319.

[H2] E. P. Hsu. Stochastic Analysis on Manifolds. Amer. Math. Soc.: Graduate
Studies in Mathmatics 38, 2002.

[Hu] A. Huber. On Subharmonic Functions and Differential Geometry in the Large.
Comment. Math. Helv. 32 (1957), 13–72.

[H-M] E. P. Hsu & P. March. The Limiting Angle of Certain Riemannian Brow-
nian Motions. Comm. Pure Appl. Math. 38 (1985), 755–768.

[I-W] N. Ikeda & S. Watanabe. Stochastic Differential Equations and Diffusion
Processes. North-Holland, Amsterdam, 1981.
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Riemanienne à Courbure Négative. C.R. Acad. Sci. Paris Sér. A-B 272 (1971),
1586–1589.

[P2] J. J. Prat. Étude Asymptotique et Convergence Angulaire du Mouvement
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