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Chapter 1

Introduction

One of the longest standing and still not satisfactorily answered questions of mankind is
which fundamental entities constitute the world we are living in. The very concept of
a microscopic structure underlying all matter first occurred in ancient Greek philosophy,
when Demokrit suggested that everything consists of small objects, so-called atoms. It
was not before the end of the 19th century, however, that science had developed a first
picture of atomic physics, which could be thoroughly understood only with the advent of
quantum mechanics in the early 20th century. At the same time Rutherford’s scattering
experiments revealed that atoms are not fundamental, but have a substructure themselves,
which eventually was traced back to nuclei consisting of nucleons – protons and neutrons –
surrounded by electrons. Continuous efforts in the following decades established the basic
ideas of nuclear physics, but remained limited to a phenomenological description of inter-
actions among nuclei. Only when it was realized that nucleons themselves have an inner
structure and consist of even smaller particles, quarks and gluons, a fundamental theory of
the force driving the interaction of the smallest building blocks could be developed. Our
present knowledge of the basic entities and forces in nature is summarized in the Standard
Model of elementary particle physics, based on the assumption that all matter consists
of fundamental particles – quarks and leptons – which interact via the exchange of gauge
bosons. Although the gross features of this model are well-established and experimentally
verified by now, our understanding of elementary particle dynamics is still incomplete in
many aspects, including the issues of a possible existence of additional elementary parti-
cles and a yet smaller substructure underlying all quarks and leptons. It therefore needs
to be improved by ongoing experimental and theoretical efforts.

In this thesis we are focusing on the theory of the strong interaction, Quantum Chro-
modynamics (QCD), the sector of the Standard Model which at present is believed to
be the fundamental theory of hadronic structure and interactions. QCD is a non-Abelian
quantum field theory which describes the interaction of spin-1/2 quarks and spin-1 gluons.
Due to the non-Abelian character of the gauge fields, self-interactions of the gluons occur –
quite in contrast to Quantum Electrodynamics (QED) where the gauge bosons, the pho-
tons, are electrically neutral and couple therefore only to charged fermions. Similar to this
electric charge, quarks and gluons are ascribed a “color-charge”. In nature, however, the
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colored quarks and gluons cannot be observed as free particles, but only in color-neutral
combinations – hadrons, highly non-trivial bound states such as, e.g., the proton. The
formation of hadrons is due to a central feature of QCD: confinement. The complexity
of hadronic systems makes the theoretical description of strongly interacting particles an
intricate task, which only becomes feasible through another fundamental characteristic of
QCD: asymptotic freedom [1]. The strength of the strong interaction depends significantly
on the kinematic domain of the reaction. Contrary to the electromagnetic force, which
becomes stronger with decreasing separation of the interacting particles, the strong cou-
pling αs diminishes the smaller the distances become. This feature makes QCD at high
energies amenable to perturbative methods.

The basic observation underlying any such approach is manifested in factorization

theorems [2]. They state that in certain kinematic domains strong interactions can be
described as a combination of universal “soft” functions, parametrizing the distribution
of quarks and gluons inside hadrons independently of the reaction they are involved in,
and “hard” partonic quantities, which account for the interaction of quasi-free quarks and
gluons emerging from the hadrons which are involved in a specific process. In the frame-
work of perturbative QCD (pQCD) these latter pieces are calculated as a series in αs.
The definition and convergence of a perturbative expansion in quantum field theories is an
intricate task, far beyond the scope of this thesis. These issues are intimately related to
profound physics, such as a non-trivial, non-perturbative structure of the vacuum and its
excitations [3]. Nonetheless, the results of a perturbative calculation very often give good
approximations for physical observables. This remarkable feature, tested in a multitude
of reactions, makes pQCD an indispensable tool for a better understanding of hard scat-
tering processes. In the past, calculations have mostly been restricted to the leading order
(LO) in the strong coupling. Thereby, however, only qualitative aspects can be addressed.
Quantitative predictions, free of large theoretical uncertainties, require an extension of the
perturbative expansion to, at least, the next-to-leading order (NLO). The internal struc-
ture of hadrons is a long-distance phenomenon, which cannot be calculated perturbatively,
but has to be extracted from experiment or addressed by non-perturbative methods. At
present, the parton distributions of the unpolarized nucleon are well-established [4-7] from
the analysis of a wealth of hard scattering data. The verification of their universality has
given some confidence in the validity of the factorization theorems mentioned above and
thereby put the framework of pQCD on a solid footing. Altogether, the description of
spin-averaged reactions with perturbative methods has been a success story.

However, one of the most fundamental properties of elementary particles crucial for a
complete understanding of the internal structure and the dynamics driving the interaction
of hadrons and therefore of QCD itself – but not entirely accessible in experiments without
polarization – is their spin. A key issue for a better comprehension of spin is the question
of how the spin of the proton, Spz , is built up from its constituents. This is expressed by
the spin sum rule,

Spz =
1

2
=

1

2
∆Σ +∆G+ Lqz + Lgz , (1.1)

stating that Spz , which is well-known to be 1/2, is determined by the sum of the or-
bital angular momenta Lq,gz (Q) of the quarks and gluons in the nucleon, the total gluon
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polarization, ∆G(Q) =
∫ 1
0 dx∆g(x,Q) 1, and the total quark polarization, ∆Σ(Q) =

∫ 1
0 dx

[
∆u+∆ū+∆d+∆d̄+∆s+∆s̄

]
(x,Q). The spin-dependent parton distribution

functions ∆q and ∆q̄ for quarks and antiquarks of any flavor (q = u, d, s) in a longi-
tudinally polarized proton can be accessed, for instance, via the polarized deep-inelastic
scattering (DIS) of leptons off nucleons [8], parametrized by the spin-dependent inelastic
structure function

g1(x,Q) =
1

2

∑

q=u,d,s

e2q
[
∆q(x,Q) + ∆q̄(x,Q)

]
+O(αs) . (1.2)

Here, the “resolution scale” Q determines the length scale R ∼ 1/Q probed in DIS, and
x denotes the fraction of the nucleon’s momentum carried by the respective parton. The
special interest of particle physicists has been aroused by the unexpected result of the Eu-
ropean Muon Collaboration (EMC) [9] for the first moment of the structure function (1.2)
for a proton target,

∫ 1
0 dx g

p
1(x,Q), which could be translated into a surprisingly small

value for ∆Σ ' 0.1÷0.2. This finding was in complete contradiction to the naive expecta-
tion that the spin of the proton is carried mainly by its quark constituents, i.e., ∆Σ ' 1.
From the spin sum rule (1.1) it follows then that the main contributions to the proton
spin have to come from the gluon polarization and/or the orbital angular momenta Lq,gz .

So far, very little is known about orbital angular momenta. On the theoretical side,
attempts are underway which aim to define Lq,gz consistently [10, 11] and access it by QCD
sum rules [12] or in processes such as deeply-virtual Compton scattering [13], thereby pro-
viding the basis for a future extraction from experiment. Complementary to the analytical
approach, first results have been obtained in numerical lattice simulations [14-16], which
will help to constrain the orbital angular momenta as well.

Considerable efforts are now also taken to constrain the gluon polarization in the nu-
cleon. The standard process for studying nucleon structure, deep inelastic scattering, is
suitable only for a first determination of the quark distributions, as the virtual photon does
not couple to a gluon directly. The structure function g1 in Eq. (1.2) therefore depends
on the gluon polarization only indirectly via scale evolution of the parton densities and
through contributions of higher order in perturbation theory, both making an extraction
of ∆g from polarized DIS data difficult if not impracticable [17-21]. In addition, the sep-
aration of contributions from quarks and antiquarks of different flavors is impossible from
a measurement of DIS structure functions. One thus has to resort to different reactions if
definite information on the spin-dependent parton distributions of the proton is wanted.
An observable suitable for the extraction of parton densities should be free of large experi-
mental errors and theoretically under good control. Gluonic contributions should enter at
the lowest order of pQCD already, and a clear separation of channels with quarks and an-
tiquarks of different flavor is desirable. Resorting to reactions at high momentum transfer
allows to neglect unwanted, so-called “higher-twist” contributions, suppressed by inverse
powers of the hard scale specific to the reaction.

1Here, ∆g(x, Q) denotes the spin-dependent parton distribution of a gluon in a longitudinally polarized
proton, in analogy to the quark and antiquark distributions ∆q(x, Q) and ∆q̄(x, Q). A detailed definition
of these quantities is not required here, but will be given in Chap. 2.
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New, unequaled possibilities have opened up with the advent of the Relativistic Heavy-
Ion Collider (RHIC) at Brookhaven National Laboratory (BNL) in 2000 [22], the first
collider facility which is able to run in a mode with polarized protons at high energies
up to 250 GeV. The prime goal of the RHIC spin program is constraining the so far
largely unknown gluon polarization in the nucleon. On the long run, at RHIC ∆g can be
studied in a variety of channels, for instance, the production of prompt photons and heavy
flavors – reactions which have been calculated up to the next-to-leading order (NLO)
of pQCD already [23-26]. Of most immediate relevance for the determination of ∆g,
however, are single-inclusive hadron and jet production processes, as these measurements
require only a modest performance of RHIC. It is the main aim of this thesis to provide
pQCD calculations for these reactions at NLO and to show how they can serve for a
theoretical interpretation of RHIC measurements in the near future. The largely analytical
results we thereby obtain are indispensable for an extraction of the spin-dependent parton
distributions of the nucleon from data in a fast, efficient, and reliable way and will therefore
help to clarify the still unsettled proton spin puzzle related to (1.1).

Further information on the spin-structure of hadrons could be provided by current
fixed-target experiments like COMPASS at CERN [27] or a future polarized lepton-proton
collider such as the planned eRHIC facility at BNL [28]. In addition to an alternative
measurement of the gluon polarization in the nucleon, the latter would address the so far
completely unknown parton content of the polarized photon. In this work we provide the
theoretical framework necessary for an analysis of photoproduction data in fixed-target
and collider experiments at NLO QCD, which on the long run will help to further deepen
our understanding of hadronic structure gained from hadron-hadron collisions at RHIC.

Before going into the details of the respective processes we give a short outline of
fundamental concepts of perturbative QCD in Chap. 2. We start by introducing the La-
grangian of QCD, and then show how to make predictions for processes involving strongly
interacting particles at high energy with perturbative methods. We discuss the subtleties
associated with dimensional regularization in polarized calculations and principal aspects
of renormalization. We briefly sketch the concept of factorization in a formal way with-
out going into calculational details at this point. Afterwards we summarize our present
knowledge of parton distribution and fragmentation functions.

In Chap. 3 we focus on the technical issues of a next-to-leading order pQCD calculation.
Basic perturbative methods, in particular the correct implementation of polarization sums
and the phase space integration of a two-particle final state, are discussed on the basis of
the concise, but instructive Born cross sections. We then turn to the explicit calculation of
2 → 2 scattering diagrams, including virtual loop corrections, using different techniques,
and the treatment of 2 → 3 matrix elements with special emphasis on their phase space
integration. Thereafter we show how factorization works in practice.

In the following two chapters we apply the methods developed before in thorough
analyses of hadronic reactions which turn out to be particularly sensitive to the gluon
polarization of the nucleon and will soon be studied experimentally at RHIC. Chapter 4
addresses single-inclusive hadron production in longitudinally polarized proton-proton col-
lisions beyond the leading order. After giving some technical details we present the out-
come of a numerical study to clarify the remaining theoretical uncertainties associated
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with the NLO calculation. We then critically examine possible implications of first, pre-
liminary data from the Phenix collaboration at RHIC [29] on the gluon polarization of
the nucleon.

Chapter 5 deals with single-inclusive jet production at RHIC in the context of the
so-called “small-cone approximation”. Jet observables are supposed to be a particularly
clean tool for the extraction of information on the spin structure of the nucleon, since
they are free of any dependence on final state hadronization effects. We show how to
compute the parton-to-jet cross sections on a fully analytical level. These results will
greatly facilitate the analysis of upcoming data on polarized jet production in terms of
the gluon polarization in the nucleon. Then we present our numerical predictions for the
relevant spin asymmetry within the small cone approximation and compare them with
results obtained in a Monte-Carlo approach which can take the finite cone size fully into
account at the expense of a high numerical complexity.

In Chap. 6 we turn to longitudinally polarized lepton-photon interactions and study
the photoproduction of inclusive hadrons. In particular, the sensitivity of this reaction to
the spin-dependent parton distributions of the photon and the nucleon is of interest. We
perform our numerical analysis in the two kinematic domains relevant for the conceivable
eRHIC project at BNL and the COMPASS experiment, respectively. We critically discuss
that the application of perturbative methods in the low-energy range solely accessible with
fixed target experiments is not unproblematic.

Major parts of the results presented in this thesis have been published before in Phys-
ical Review D [30, 31], Physical Review Letters [32], and in [33]. The particular aim of
this work, however, is to give a detailed outline of the methods used in an NLO pQCD
calculation and to show how they can serve to provide a reliable theoretical framework for
processes of special interest. Technicalities are omitted in the publications, but are useful
for forthcoming calculations as they apply in general. They will therefore be discussed
rather explicitly in Part I of this work. The reader familiar with perturbative methods can
easily skip the corresponding sections and immediately turn to Part II with the chapters
focusing on the presentation of our phenomenological results relevant for the RHIC spin
program, COMPASS, and a possible future eRHIC facility.





Part I

Concepts and Techniques



Chapter 2

Basic Concepts of Perturbative

Quantum Chromodynamics

In this chapter we introduce the Lagrangian of QCD which serves as starting point for
the derivation of the Feynman rules needed in the calculation of physical observables for
strongly interacting elementary particles. The underlying theoretical framework is well-
known and discussed in any textbook of pQCD, e.g., Refs. [34-36]. Next, we focus on
perturbative methods for the description of high-energy reactions in the context of the
QCD-improved parton model, which inevitably lead to artificial divergencies beyond the
lowest order approximation, thereby requiring the development of sophisticated techniques
for their proper treatment [37, 38]. In particular, we will demonstrate how to isolate
singularities in intermediate steps of a calculation and give them a well-defined meaning
by regularization. We will show the removal or renormalization of divergencies stemming
from the region where unobserved loop momenta go to infinity and demonstrate how to
do this in an explicit example. Singularities arising from the emission of collinear massless
particles from external legs are treated by means of an appropriate factorization procedure.
Finally, we give a short overview on the status of the parton distribution and fragmentation
functions relevant for the computation of hadronic observables.

This chapter is intended to give a general picture of the fundamental concepts of pQCD
without resorting to the technical details associated with a NLO calculation. These will
be discussed in Chap. 3.

2.1 The Lagrangian of QCD

The theory of strong interactions is based on the Lagrangian density

LQCD = Lclassical + Lgauge−fixing + Lghost . (2.1)

The “classical” Lagrangian is given by

Lclassical = −
1

4
F a, µνF a

µν +

Nf∑

f=1

ψ̄f,i (iγµD
µ
ij −mfδij)ψf,j . (2.2)
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Here and in the following summation over repeated indices is implicitly understood.
Lclassical describes the interaction of the gauge bosons of the theory, the massless spin-1
gluons, with the fermionic quark fields ψf,i of flavor f , mass mf , and color i. All fields
depend on the four-dimensional space-time, x, but we do not indicate the argument explic-
itly. Since the quarks belong to the fundamental representation of an SU(N = 3) gauge
theory, i runs from 1 to N = 3. In QCD, N denotes the number of colors. We adopt the
convention of Bjorken and Drell [39] with gµν = diag(1,−1,−1,−1) and set c = ~ = 1.

In four dimensions, the Dirac matrices γµ satisfy the anti-commutation relation

{γµ, γν} = 2 gµν . (2.3)

We will often use the symbolic notation /a = aµγ
µ. The Dµ

ij in Eq. (2.2) is the covariant
derivative,

Dµ
ij = ∂µδij − igsT aijAa,µ , (2.4)

with the strong coupling gs. The gluonic fields Aµa have color indices a running from 1 to
(N2 − 1) = 8. The T a are the generators of the gauge group and obey

[T a, T b] = ifabcT c . (2.5)

The fabc are the structure constants characterizing the algebra of the group. F a
µν in

Eq. (2.2) is the field strength tensor built up from the gauge fields Aa
µ,

F a
µν = ∂µA

a
ν − ∂νAaµ + gsf

abcAbµA
c
ν . (2.6)

The striking difference between QCD and an Abelian gauge field theory such as Quan-
tum Electrodynamics (QED) resides in the non-Abelian term of the field strength tensor,
gsf

abcAbµA
c
ν . It accounts for self-interactions amongst the “color-charged” gluons, in con-

trast to the neutral gauge bosons of QED, the photons, which couple only to the electrically
charged fermions of the theory.

The quantization of QCD requires an additional gauge-fixing condition for the gluon
fields. For our purposes it is useful to adopt a manifestly covariant gauge and choose
∂µAaµ = 0. Implementing this condition in the QCD Lagrangian yields an additional
term,

Lgauge−fixing = −
1

2η
(∂µAaµ)

2 . (2.7)

Since all physical observables which can be derived from LQCD must be independent of the
choice of gauge, η can in principle take any arbitrary value. The choice η = 1 (Feynman
gauge) is frequently used and will be adopted throughout this work. In covariant gauges,
Lgauge−fixing must be supplemented by a ghost Lagrangian [40],

Lghost = (∂µχa?)Dab
µ χ

b , (2.8)

with the scalar, anti-commuting Faddeev-Popov ghost fields χa and the covariant deriva-
tive in the adjoint representation,

Dab
µ = ∂µδ

ab − gsfabcAcµ . (2.9)
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The ghost term in the Lagrangian is necessary to remove unphysical polarization degrees of
freedom in the gluon fields, emerging in covariant gauges. Alternatively, the condition (2.7)
could be replaced by a non-covariant gauge, e.g., an axial gauge with Aa

3 = 0, which a priori
excludes unphysical gluon polarizations and therefore does not require the introduction of
ghost fields.

In a covariant gauge the complete Lagrangian of QCD then takes the form

LQCD = − 1

4
F a, µνF a

µν +

Nf∑

f=1

ψ̄f,i(iγµD
µ
ij −mfδij)ψf,j

− 1

2η
(∂µAaµ)

2 + (∂µχa?)Dab
µ χ

b , (2.10)

which is invariant under local gauge transformations. The actual calculation of physical
observables in the framework of QCD is cumbersome due to the non-Abelian character of
LQCD. Depending on the energy-range relevant for the calculation different methods have
been proposed to cope with the complexity of the strong interaction.

In the low-energy regime, on the one hand numerical methods are used, which rely on
a discretization of the continuous four-dimensional space-time on a lattice. This approach
turned out to successfully describe aspects of hadronic structure, such as the baryon mass
spectrum or hadronic corrections to weak matrix elements, and the strong running cou-
pling [41], and has the advantage of being conceptually consistent. However, it suffers from
a high numerical intricateness, requiring very time-consuming computations. Above these
technical difficulties lattice calculations are so far restricted to rather small volumes in
space-time, and the extrapolation from the lattice to the continuum is not unproblematic.
Another method applied at low energies is chiral perturbation theory [42], constructed as
an expansion in the momenta and masses of the physical particles, which are considered
to be small. The parameters of this effective field theory have to be determined from
experiment. More heuristic approaches rely on phenomenologically inspired models. A
large variety of methods has been proposed, starting from bag models [43] via Goldstone
boson exchange mechanisms [44], diquark potentials [45], chiral quark solitons [46], and
instanton models [47], up to all kinds of attempts to simply fit data from current ex-
periments. Although such models are indispensable for a first qualitative description of
measurements, they certainly cannot account for a thorough test of QCD itself and fall
behind other methods, if precision calculations are required.

One therefore resorts to yet another approach, perturbative Quantum Chromodynam-
ics, which is, however, applicable solely in the high momentum-transfer regime of the
strong interaction. The basic observation underlying pQCD is the decrease of the strong
running coupling αs, related to the coupling constant gs entering LQCD via αs = g2s/4π.
This feature of the strong interaction, referred to as “asymptotic freedom” [1], allows
treating hard interactions between quasi-free quarks and gluons at high energies as only
small perturbations, which can be accounted for by a series expansion in the coupling
constant αs. This approach has the advantage that the Feynman rules, which are used to
calculate physical observables describing the interaction of quarks and gluons, can be de-
rived from LQCD directly without any model assumptions or restrictions on space-time as
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in lattice gauge theories. We have listed the Feynman rules of QED and QCD in App. A.

The coefficients of a perturbation series in QCD exhibit factorial growth, i.e., they
diverge [48]. It is one of the basic assumptions of pQCD that such an expansion, despite
being divergent, is asymptotic [49]. The perturbative description of a physical, i.e., ex-
perimentally observable quantity Γ by a series

∑∞
n=0 α

n
s Γ

(n) in the limit αs → 0 does not
necessarily uniquely define Γ, even if summed to all orders. However, if

∣
∣
∣
∣
∣
Γ −

N∑

n=0

αns Γ
(n)

∣
∣
∣
∣
∣
≤ CN+1 α

N+1
s (2.11)

for all positive integer N , the series is said to be asymptotic to Γ and may reproduce the
observable to a good approximation, even though the coefficients CN do not converge. The
divergent behavior of the perturbation series often indicates non-perturbative effects [3]
and will not concern us in this thesis, as it has been shown in a multitude of reactions
that perturbation theory indeed works well in matters of practical relevance.

The qualitative behavior of a physical observable can often be estimated by a leading or-
der (LO) analysis where the perturbative expansion is truncated at the first non-vanishing
order in αs. A reliable quantitative understanding, however, requires the inclusion of
higher order corrections although the computation of such contributions can be cumber-
some in practice. Higher order corrections to an observable can be large, as was found,
e.g., for prompt photon production [50]. Above that, theoretical predictions exhibit a de-
pendence on unphysical scales, if the perturbation series is truncated at some finite order
in αs. For instance, a physical quantity Γ which is a priori independent of the arbitrary
scale µ,

µ
d

dµ
Γ = µ

d

dµ

∞∑

n=0

αns Γ(n) = 0 , (2.12)

acquires in an N -th order perturbative calculation via renormalization and factorization
procedures a residual scale dependence of order αN+1

s :

µ
d

dµ

N∑

n=0

αns Γ(n) = −µ d

dµ

∞∑

n=N+1

αns Γ(n) . (2.13)

Taking into account as many orders as possible in the perturbative expansion therefore
reduces the artificial scale dependence and thus the uncertainty of a theoretical prediction
to a minimum amount, provided pQCD is applicable. The reduction of scale dependence
when extending a perturbative calculation to higher orders is then a “measure” for the
reliability of the perturbative expansion.

The calculation of higher order QCD contributions is furthermore called for by the
ongoing hunt for signatures of “new physics”, i.e., physics beyond the Standard Model. The
large systematic uncertainties of a lowest order pQCD analysis do not allow to disentangle
presumably tiny effects of so far unobserved mechanisms from the omni-present QCD
background. Only a thorough understanding of QCD opens up ways to a search for such
phenomena.
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2.2 Regularization

Let us now turn to the introduction of theoretical methods for the handling of divergencies
emerging in a higher order perturbative calculation.

The interaction of any set of quarks and gluons is described by the invariant matrix
element Mi→f . In perturbation theory, Mi→f is computed via a series expansion in αs
with the Feynman rules given in App. A. In a LO calculation one needs not deal with
singularities. If not only the qualitative behavior of a physical observable is to be estimated
but precision results are required, the perturbation series has to be extended beyond the
leading order. As soon as higher orders in αs are considered, divergencies emerge in
the intermediate steps of the calculation, although the final result describing a physically
measurable quantity has to be finite. If the masses of the quarks involved in the reaction
are neglected, there are basically three sources for singularities:

• Ultraviolet (UV) divergencies emerge when virtual, i.e., loop corrections to LO di-
agrams are considered. Since the momentum involved in an internal loop is not
observed, it can take any arbitrary value and therefore has to be integrated over. As
the upper integration limit approaches large momenta the integral becomes singular.
An example for the appearance of UV divergencies are integrals I of the general form

p pp− k

k

I =

∫
d4k

(2π)4
f(k)

k2(k − p)2 , (2.14)

arising, e.g., in the calculation of the selfenergy of a massless quark with momen-
tum p. Naive power counting indicates already that I diverges as k → ∞. This
finding is confirmed by an explicit calculation, see Sec. 2.3.1.

• When the momentum of an emitted parton approaches zero, one encounters infrared
(IR) or soft singularities. In our previous example such a type of divergence is
encountered if the quark goes on-shell.

• Yet another source of singularities are collinear configurations. They arise when a
parton is emitted collinearly and propagates in the same direction as its “parent”.

UV divergencies are removed by an appropriate renormalization procedure as will be dis-
cussed in the following section. Singularities arising from the emission of partons collinear
to either in- or outgoing external legs are factorized into the bare parton distribution or
fragmentation functions of the hadrons associated with the respective quarks and gluons.
Contributions which are simultaneously softly and collinearly divergent and simple IR
singularities cancel in the sum of all contributions in a suitably defined observable. In
the massless limit a physically meaningful, i.e., “infrared safe” quantity is then free of
singularities [51, 52].
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However, to finally remove the singularities by renormalization, factorization, or an
appropriate combination of intermediate results, all divergencies first have to be isolated
and quantified. This procedure of making all singularities manifest is called regulariza-

tion. A proper regularization procedure should respect Lorentz invariance and unitarity
and preserve the gauge symmetry of the theory. The only consistent procedure in the
context of perturbative calculations fulfilling all these requirements [53, 54] is dimensional
regularization. This method was developed in the early seventies [53, 55] and relies basi-
cally on an extension of space-time from four to n = 4 − 2ε dimensions, with an a priori
arbitrary, but small parameter ε. In this way UV and IR singularities can be regular-
ized simultaneously, giving rise to 1/ε terms for simple poles and to 1/ε2 divergencies for
contributions which are simultaneously IR and collinearly divergent. Only after a careful
cancelation of all poles the limit ε→ 0 can be taken and, thereby, the physically relevant
result restored.

The actual calculation of partonic matrix elements in the framework of dimensional
regularization requires an extension of the Dirac algebra to n dimensions. Whereas this
is a rather straightforward procedure if only unpolarized particles are involved, special
care has to be taken if polarized observables are to be computed. This is mainly due to
the fact that γ5 and the Levi-Civita tensor εµνρσ, which show up in any projection onto
helicities [cf. (A.1)- (A.3)], are genuinely four-dimensional quantities and hence do not
have a natural extension to 4 − 2 ε dimensions. Algebraic inconsistencies stemming from
an ill-defined treatment of these quantities may yield non-vanishing artificial contributions
to polarized quantities at NLO. A fully consistent way to treat γ5 and ε

µνρσ in n dimensions
is the so-called HVBM scheme [53, 56]. It mainly consists of splitting the n-dimensional
metric tensor gµν into a four- and an (n − 4)-dimensional one. The Levi-Civita tensor is
then defined by having components in the four-dimensional subspace only. As usual, γ5
anti-commutes with γµ in four dimensions, but commutes in the other (n−4) dimensions.

In addition, all vectors, such as momenta, polarization vectors, etc., are defined in n
rather than four dimensions, the (n− 4) additional components of an arbitrary vector aµ,
the so-called “hat-momenta”, genuinely denoted by âµ. They have to be retained carefully
throughout a calculation as they may give finite contributions when combined with 1/ε-
poles. A massless spin-1 boson in n dimensions has n − 2 = 2 (1 + ε) spin degrees of
freedom. This has to be taken into account whenever the polarizations of a gauge boson
are summed over and averaged, e.g., in the computation of unpolarized matrix elements.
Above that, demanding that the action SQCD, related to the QCD Lagrangian via

SQCD =

∫

dnxLQCD(x) , (2.15)

remains a dimensionless quantity, regardless of the dimension of space-time, requires the
replacement of the dimensionless coupling constant gs of the original four-dimensional
theory by the dimensional g̃s [34, 38],

gs → g̃s = µεd gs , (2.16)

where µd is an arbitrary mass scale. The advantage of introducing this scale is that the
dimensionless gs can be retained also in n dimensions. These prescriptions, in particular
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the treatment of γ5 and ε
µνρσ, lead to a higher complexity in all steps of the n-dimensional

calculation as compared to an ordinary four-dimensional one, starting from the algebraic
evaluation of Feynman diagrams up to the computation of phase space integrals, as will
be discussed later. However, algebraic computer programs such as Tracer exist [57],
which handle the split-up of space-time into a four- and an (n − 4)-dimensional part,
including γ5 and the Levi-Civita tensor, correctly. Tracer is extremely useful in the
analytical computation of traces of Dirac matrices and contraction of Lorentz indices in n
dimensions and has been used extensively for our calculations which we have performed
in the HVBM-scheme throughout.

2.3 Renormalization

It has been mentioned above that in the calculation of virtual corrections to LO diagrams
UV divergencies are encountered. These are associated with the large-momentum limit
of the emerging loop integrals. In a renormalizable quantum field theory like QCD, such
divergencies can be removed at any order in the perturbative expansion by adding a
finite number of terms to the original, unrenormalized Lagrangian. This amounts to a
redefinition of the gluon, ghost, and quark fields, and the parameters of the theory, i.e.,
the coupling gs, quark masses (if appropriate), and gauge-fixing parameter η in LQCD:

Aaµ → Z
1/2
3 Aarµ ,

χa → Z̃
1/2
3 χar ,

ψ → Z
1/2
2 ψr ,

gs → Zg gS,r ,

m → Zmmr ,

η → Z3 ηr , (2.17)

where Z3, Z̃3, Z2, Zg, Zm are the gluon-, ghost-, and quark-field, coupling-constant, and
mass renormalization constants. The subscript r labels the renormalized fields and pa-
rameters. Color and flavor indices have been suppressed for simplicity. The gauge-fixing
parameter η is associated with the same renormalization constant Z3 as the gluon fields
in order to preserve the form of the gauge-fixing term in LQCD. Also the other renormal-
ization constants are related to each other via so-called Slavnov-Taylor identities [58, 59]
reflecting the gauge-symmetry of the Lagrangian.

So far we have only renamed the fields and parameters entering the Lagrangian. The
ultimate goal of this procedure, however, is to obtain a priori unrenormalized – so-called
bare – Greens functions Gb, e.g., two-point functions such as quark or gluon propagators,
from the rewritten LQCD in a form that all UV singularities can be reshuffled into the
multiplicative renormalization constants Zi,

Gb = ZiGr . (2.18)
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The remaining – UV finite – pieces Gr are then interpreted as the “physical” Greens func-
tions of the renormalized fields. If it is possible to follow this procedure, the Lagrangian
is said to be renormalizable. In a fixed order perturbative calculation a multiplicative
renormalization of the form (2.18) amounts to a subtraction of divergencies. For instance,
considering the Greens function of Eq. (2.18) at O(αs), we find after writing Zi and Gb as
series in αs

Gr = Z−1i Gb ' (1− αsCi) (Gb,0 + αsGb,1) , (2.19)

with coefficients Ci and Gb,1 which still contain singularities, while the lowest-order con-
tribution Gb,0 is finite. Expanding Eq. (2.19) and disregarding terms of O(α2

s) we obtain

Gr = Gb,0 + αs [Gb,1 − CiGb,0] +O(α2s) . (2.20)

The Ci in the O(αs) contribution of Eq. (2.20) serves to cancel the pole terms of Gb,1. It
is therefore often referred to as “counter term”. We will illustrate the concept sketched
here by an explicit example in Sec. 2.3.1

The renormalization procedure contains a certain amount of arbitrariness. In order to
obtain finite and therewith physically meaningful quantities, clearly all divergencies have
to be removed. However, there exists no physical constraint restricting the subtractions to
infinities only. Any number of finite terms can be subtracted along with the UV poles as
well. Therefore, a certain prescription has to be chosen for the calculation of renormalized
quantities. Depending on this rule one encounters different renormalization schemes. Ap-
plying dimensional regularization for isolating any kind of singularities suggests to simply
subtract any UV poles of the form 1/ε from the unrenormalized Greens functions and
reshuffle them into the associated renormalization constants. This method is known as
Minimal Subtraction (MS) and was developed by ’t Hooft in the early seventies [60]. On
the other hand, any poles in ε usually show up in the combination

1

ε
+ ln 4π − γE , (2.21)

where γE is the Euler-Mascheroni constant. Thus, it is more natural to subtract this
expression rather than simply the 1/ε poles. In practice, this is done by a replacement of
the regularization scale,

µ2d → µ̃2d = µ2d
eγE

4π
, (2.22)

and the subtraction of 1/ε-poles only rather than the full expression (2.21). It can be easily
seen that performing a series expansion for the factor

(
µ̃2d
)ε
, which always enters along

with the dimensionless coupling, produces exactly the terms of Eq. (2.21) as ε→ 0. This
renormalization prescription, the so-called Modified Minimal Subtraction (MS) scheme [61]
is the most commonly used in pQCD and will be applied throughout this work.

In practice, the renormalization of the sum of all virtual corrections to a massless cross
section can also be achieved by the replacement of the bare coupling αbs according to

αbs
4π

=
αs(µr)

4π

[

1− αs(µr)

4π

β0
ε
Sε

(
µ2r
µ2d

)−ε]

, (2.23)
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see, e.g., [62], with

Sε = exp {ε [ln 4π − γE ]} and β0 =
11

3
CA −

2

3
Nf , (2.24)

where CA = 3 and µr is an arbitrary scale introduced via the renormalization procedure.

Observables computed at different scales are related to each other via renormalization
group equations [60, 63]. These are based on the physical requirement that any observable
must be independent of unphysical scales, which are only an artifact of the renormalization
procedure as discussed in (2.12). If the behavior of a quantity under the renormalization
group equations is known its variation in a change of the scale from an initial value µ0 to
any other value µ is determined up to terms beyond the order in αs considered.

E.g., at NLO the running of the strong coupling αs(µ
2) is controlled by the renormal-

ization group equation

µ
∂αs
∂µ

= −β0
2π

α2s −
β1
4π2

α3s +O(α4s) , (2.25)

where β1 = 51 − 19Nf/3 and Nf is the number of flavors. Solving this equation one
obtains [64]

αs(µ) '
4π

β0 ln (µ2/Λ2)

[

1− 2β1
β20

ln
[
ln(µ2/Λ2)

]

ln(µ2/Λ2)

]

. (2.26)

Here the mass parameter Λ encodes the constant of integration in a convenient way. It
is a fundamental parameter of QCD and has to be determined from experiment. Λ also
depends on the choice of renormalization scheme. Of course, results obtained in one specific
renormalization scheme can be transformed to another one by performing an additional
finite renormalization.

2.3.1 Example: Quark Selfenergy

To illustrate the concepts and methods introduced so far by an instructive example let us
calculate the selfenergy S(p) of a quark at O(αs) in n dimensions and renormalize it in
the MS scheme. A generalization of the methods encountered in this simple task to more
complicated cases will be presented in Chap. 3.

The bare or unrenormalized selfenergy Sbil(p) of a quark with momentum p, a loop
momentum k, and color indices i, l,

p, i p, l(p− k), j

k, a

= Sbil (p) , (2.27)
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is calculated with the help of the Feynman rules of App. A. For the computation of the
color factor we use the identity

∑

a,j

T aij T
a
jl = CF δil , (2.28)

with CF = 4/3. The dimensionless coupling constant gs is replaced according to Eq. (2.16)
by g̃s = gsµ̃

ε
d. Doing so we obtain

Sbil(p) = −g̃2s CF δil
∫

dnk

(2π)n
γµ (/p− /k) γµ
k2(k − p)2 , (2.29)

with a loop integration that diverges in four dimensions as k →∞. In n < 4 dimensions,
however, it has a well-defined meaning and can be calculated in a straightforward manner.
With a projection onto the scalar integral

B̃0 =
1

i

∫
dnk

(2π)n
1

k2(k − p)2 =
1

16π2

(−p2
4π

)−ε
Γ(1 + ε)

(

2 +
1

ε

)

, (2.30)

both integrals, resulting from a decomposition of the integrand in (2.29), can be calculated.
Making furthermore use of the expansion

Γ(1 + ε) ∼ e−γEε (2.31)

we obtain

Sbil(p) = i /pCF δil
g̃2s

16π2

(−p2
4π

)−ε
e−εγE

(

1 +
1

ε

)

(2.32)

= −i /pCF δil Σb(p2) . (2.33)

After rewriting g̃s = µ̃εd gs = [µd (e
γE/4π)]ε gs and inserting αs = g2s/4π any dependence

on (eγE/4π) cancels out and we arrive at

Σb(p
2) = −αs

4π

(
µ2d
−p2

)ε(

1 +
1

ε

)

. (2.34)

This unrenormalized expression for the quark selfenergy obviously diverges as ε → 0. To
get a physically sensible, renormalized result Σ(p2), we have to subtract solely the singular
term,

Σ(p2) = −αs
4π

[(
µ2d
−p2

)ε(

1 +
1

ε

)

− 1

ε

]

, (2.35)

which yields for off-shell quarks after an expansion of the (−p2/µ2d)−ε factor

Σ(p2 6= 0) = −αs
4π

[

1 + ln

(
µ2d
−p2

)]

, (2.36)

where ε is positive and p2 6= 0.
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This renormalization prescription has to be slightly modified for external on-shell
quarks. Starting from the unrenormalized selfenergy (2.34), only a counter term 1/2ε
rather than 1/ε is subtracted for external legs since these lines are renormalized with the
square root of the respective renormalization constant,

√
Zi, rather than Zi as internal

propagators, cf. Eqs. (2.19) and (2.20),

Σ(p2) = −αs
4π

[(
µ2d
−p2

)ε(

1 +
1

ε

)

− 1

2ε

]

. (2.37)

Then, ε is analytically continued to negative values, ε→ ε̃ = −ε, giving

Σ(p2) = −αs
4π

[(−p2
µ2d

)ε(

1− 1

ε

)

+
1

2ε

]

. (2.38)

Now the quark can safely be put onto the mass-shell. Setting p2 = 0 we obtain

Σ(p2 = 0) = −αs
4π

1

2ε
. (2.39)

The UV divergence has transformed into an IR pole by the renormalization procedure. As
mentioned above, such singularities cancel if all contributions to a physically well-defined
observable are added.

2.4 Factorization

By the renormalization procedure discussed above all UV singularities emerging in a higher
order calculation can be removed. Soft divergencies cancel if all matrix elements squared
contributing to an observable are added. Still, we have to specify how to deal with singu-
larities stemming from the collinear emission of massless partons from external legs. Such
divergencies are removed by factorizing them into the bare parton distribution or fragmen-
tation functions of the hadrons the respective partons are associated with [2]. Thereby,
for instance, a singularity arising from the collinear emission of a gluon by an external
quark emerging from an incoming proton is subtracted from the partonic cross section and
shifted into the bare quark density in the proton.

Formally, this rearrangement proceeds as follows: A generic hadronic cross section dσ,
evaluated at a hard momentum scale Q, which allows for a factorized picture, can be
written as a convolution ⊗ of a partonic cross section dσ̂b and some soft functions, fb
and Db, which contain the bare parton distribution and fragmentation functions of the
hadrons participating in the reaction, respectively,

dσ(Q) = fb ⊗ dσ̂b (Q/µd, ε)⊗Db. (2.40)

The partonic cross section depends on the arbitrary mass scale µd, introduced by di-
mensional regularization, and exhibits divergencies, indicated by the ε in the argument,
while dσ is finite. All arguments not relevant for this discussion are omitted here and in
the following. Let us assume that all UV and IR singularities have already been removed
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from dσ̂b. Then, poles can arise solely from collinear divergencies in the partonic cross
section. The aim of the factorization procedure is to shift all singularities from dσ̂b to the
bare parton distribution and fragmentation functions, thereby giving rise to the renormal-
ized, but scale-dependent quantities f and D. To this end, one first has to separate those
parts of the partonic cross section which contain singularities stemming from collinear
parton emission in the initial and final state, dσ̂coll and dσ̂

′
coll, respectively, from the finite

piece, dσ̂. This is done at the factorization scales µf and µ′f , which are of the order of the
hard scale, but not further specified by theory,

dσ(Q,µf , µ
′
f ) = fb ⊗ dσ̂coll (µf/µd, ε)

⊗ dσ̂ (Q/µf , µf/µ
′
f , Q/µ

′
f ) ⊗ dσ̂′coll (µ

′
f/µd, ε) ⊗ Db .

(2.41)

Similar to the subtraction of UV-singularities by a renormalization procedure, dis-
cussed in Sec. 2.3, the factorization of divergencies is ambiguous. Different schemes sep-
arate a different amount of finite pieces along with the poles, thereby yielding scheme
dependent expressions for each part of the partonic cross section, the dσ̂coll, dσ̂

′
coll, and dσ̂.

In this thesis we will mostly employ the MS factorization scheme, where, similar to the
MS renormalization procedure, 1/ε-poles are subtracted along with the accompanying
(ln 4π − γE) terms [cf. Eq. (2.21)].

In an all-orders calculation the hadronic cross section dσ is free of the unphysical
scales µf and µ′f , as stated in Eq. (2.12). However, the truncation of the perturbative
expansion at a finite order of αs inhibits a complete cancelation of terms depending on µf
and µ′f beyond that order and gives rise to a residual scale dependence of dσ in Eq. (2.41).

After the isolation of divergencies by the reshuffling sketched in Eq. (2.41) all singular-
ities are absorbed in the bare parton densities and fragmentation functions, which thereby
become scale dependent,

f (µf ) = fb ⊗ dσ̂coll (µf/µd, ε) ,
D (µ′f ) = Db ⊗ dσ̂′coll (µ′f/µd, ε) . (2.42)

With this rearrangement we end up with completely finite expressions for the physical
parton distributions f and fragmentation functions D. Above that, we have removed all
divergencies from dσ̂b and obtained a finite partonic cross section dσ̂. The mass scale µd has
canceled in both, soft and hard contributions to dσ after the convolution of the collinear
contributions with the bare parton densities. The hadronic cross section finally reads
schematically

dσ(Q,µf , µ
′
f ) = f(µf )⊗ dσ̂ (Q/µf , µf/µ′f , Q/µ′f )⊗D(µ′f ). (2.43)

This expression is free of all singularities and serves as starting point for any analysis of
physical observables in pQCD. The actual choice of the factorization scales present in dσ
indicates how much of the QCD radiation emitted in a hadronic reaction is attributed to
the evolution of the parton distributions and fragmentation functions and what is left in
the hard scattering.
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2.5 Parton Distributions and Fragmentation Functions

In the applications of Eq. (2.43) most relevant for this thesis the quantity f is identified
with the parton distribution functions fHi (xi, µf ) of the particles scattering off each other
in a hadronic reaction. In the QCD-improved parton model the fHi (xi, µf ) at the leading
order in αs give the probability for finding parton i in hadron H at a scale µf carrying a
fraction xi of the hadron’s momentum, irrespective of its spin orientation,

fHi (xi, µ) ≡ fH+

i+ (xi, µ) + f
H+

i− (xi, µ) . (2.44)

Here, the f
H+

i+ and f
H+

i− stand for the distributions of a parton with its spin being aligned
or anti-aligned with the hadron’s longitudinal spin direction. Parity conservation implies
f
H−
i− = f

H+

i+ and f
H−
i+ = f

H+

i− . For spin-dependent cross sections, the main theme of this
thesis, the longitudinally polarized parton densities become relevant. In contrast to the
spin-averaged parton distributions, given in Eq. (2.44), these ∆fHi (xi, µf ), being defined
via

∆fHi (xi, µ) ≡ fH+

i+ (xi, µ)− fH+

i− (xi, µ) , (2.45)

are sensitive to the polarization of the parton inside the hadron at given xi and µ. Their
first moments,

∫ 1
0 dxf

H
i (x, µ), enter the spin sum rule in Eq. (1.1) and are therefore

closely related to the total spin of the hadron they are associated with. Beyond the
LO such a simple probabilistic interpretation of the parton distributions is no longer pos-
sible. Then, the (∆)fHi are scheme-dependent, unphysical quantities which acquire a
well-defined meaning only in combination with the partonic cross sections of a specific
reaction, as sketched in Eq. (2.43), evaluated in the same factorization scheme.

Parton distribution functions cannot be calculated with perturbative methods from
first principles. Since they are genuinely non-perturbative objects, describing the internal
structure of hadrons, they either have to be estimated resorting to models of hadronic
structure, calculated on the lattice, or determined from experiment via a fitting procedure.
Once the parton densities are known at some initial scale µ = µ0 their evolution to other
values of the scale parameter is determined by the DGLAP evolution equations [65, 66],

µ
d

dµ

(
∆fHq (x, µ)

∆fHg (x, µ)

)

=
αs
2π

∫ 1

x

dy

y

(
∆Pqq ∆Pqg
∆Pgq ∆Pgg

)

(y,αs(µ))

·
(
∆fHq (x/y, µ)

∆fHg (x/y, µ)

)

, (2.46)

and analogously for the unpolarized case, if one replaces all spin-dependent quantities by
their spin-averaged counterparts. The splitting functions (∆)Pij in Eq. (2.46) describe
the transition of parton j into parton i. They are calculable in pQCD and have been
determined up to NLO [67-70]. Very recently, the unpolarized splitting functions have
been calculated up to three loops [71-73]. Of course, a physical observable calculated to all
orders in perturbation theory must fulfill (2.12). This relation, however, applies only to
the combination of the parton distributions with the appropriate partonic cross sections,
but not to either of these pieces itself.

To extract parton densities from measurements of suitable observables one usually
starts from a functional ansatz for the x-shape of the wanted distributions at a scale µ0
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with a certain set of free parameters. The trial functions are then evolved to values of the
scale parameter µ relevant for a certain data point of the measured quantity. Using the
thereby obtained parton densities for calculating the respective observable and comparing
this theoretical prediction to experimental results, an estimate for the quality of the ansatz
is obtained. Repeating this procedure again and again for all data points and different
observables the ansatz can be optimized, e.g., in a χ2-analysis, yielding a set of parton
densities that parametrize our current knowledge on the distribution of quarks and gluons
in the hadron.

The presently available sets of spin-averaged parton distributions [4-7] are mainly based
on analyses of DIS data, provided by an abundance of accurate fixed-target and also
collider experiments at fairly high energies over the last couple of years at CERN, SLAC,
and DESY. Figure 2.1 shows the unpolarized parton distributions of the proton as obtained
by the NLO analysis of Ref. [4] at different scales. The curves demonstrate that the
densities of the u and d quarks which contain both, a valence and a sea contribution,
are peaked around x ≈ 0.3 due to their valence part, as expected from the naive parton
model. The sea quark distributions are largest at small values of x and die away above.
The gluonic component g rises strongly towards small x, its large value indicating the
importance of the gluon distribution in the proton. The lower plots in Fig. 2.1 illustrate
the statistical uncertainty of the unpolarized u-quark and gluon distributions. It can be
seen that u(x, µ) is fairly well-known over the entire x-range, and also g(x, µ) can be
determined with some accuracy at low values of x. Only at large x, the gluon density is
insufficiently constrained by present data. This issue could be addressed, e.g., in future
measurements at the Tevatron at Fermilab and the Large Hadron Collider (LHC) at
CERN, as discussed in [76].

The determination of the spin-dependent parton densities of the proton cannot be
performed at the same level of precision as in the unpolarized case due to the sparse
amount of data containing information on the structure of the longitudinally polarized
proton stemming – so far – solely from fixed-target experiments at rather low energies. The
polarized parton distributions can therefore only be estimated, if the lack of measurements
is compensated by some physical considerations and assumptions. An important ingredient
is the positivity condition which constrains the polarized parton distributions at LO,

|∆f(x, µ)| ≤ f(x, µ) , (2.47)

a feature used in many analyses. At NLO, this relation no longer strictly applies, since
parton distributions are no longer objects with a probabilistic interpretation, but scheme
dependent quantities with no immediate physical meaning. However, NLO corrections are
not supposed to completely change LO predictions. Thus, it may make sense to apply the
positivity bound also in fits beyond the leading order, keeping in mind that it must not
be interpreted as a strict upper limit in that case.

To illustrate the current status of knowledge, in Figs. 2.2, taken from Ref. [18], we show
a comparison of different sets of polarized parton distributions [17-19], as obtained in the
MS scheme. Also indicated are the statistical errors of these fits. Further uncertainties,
for instance, the freedom in choosing an ansatz for the parton distributions, increase the
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Figure 2.1: The upper plots show the parton densities xf(x,Q) (f = g, u, d, ū, d̄, s, c) in the
CTEQ6 NLO parametrization [4] at a scale µ = Q = 2 GeV (l.h.s.) and Q = 100 GeV (r.h.s.),
respectively. In the lower plots the shaded areas represent the uncertainty bands for the u-quark
and the gluon distribution functions, together with the ratios of the corresponding CTEQ5 [74]
(solid and dashed lines) and MRST2001 [75] (dotted lines) distributions to the CTEQ6 results at
a scale Q =

√
10 GeV. The figures are taken from Ref. [4].



2.5 Parton Distributions and Fragmentation Functions 23

0

0.1

0.2

0.3

0.4

0.5

10
-3

10
-2

10
-1

x

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

10
-3

10
-2

10
-1

x

-0.5

-0.25

0

0.25

0.5

0.75

1

1.25

1.5

1.75

2

10
-3

10
-2

10
-1

x

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

10
-3

10
-2

10
-1

x

Figure 2.2: Comparison of different sets of polarized parton distributions at NLO at a scale
µ = 2 GeV. The curves correspond to the parametrizations of Blümlein and Böttcher [18] (solid
lines), GRSV [17] (dashed-dotted lines), and AAC [19] (dashed lines). The dotted lines indicate the
positivity bounds (2.47) corresponding to the unpolarized distributions of Ref. [77]. The shaded
areas represent the statistical uncertainties in the respective parton densities. The figure is taken
from Ref. [18].
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errors, especially for ∆g. In particular, the valence quark distribution ∆uv is fairly well
constrained by the data used for the analysis, yielding similar results in all parametriza-
tions. From inclusive DIS data on gp1 alone it is impossible to separate quark and antiquark
distributions [cf. Eq (1.2)]. Due to the resulting uncertainty in the flavor decomposition of
the proton sea, the errors are more pronounced for ∆q̄ = ∆ū = ∆d̄ = ∆s̄ = ∆s, assuming
an SU(3) symmetric sea. The most striking point, however, is the completely unsatisfac-
tory constraint of ∆g. Entirely different ansätze for the polarized gluon distribution are
equally well capable of reproducing all available DIS data. Since this problem can only be
solved by new experiments yielding information from other reactions in addition to existing
DIS data, any set of spin-dependent parton distributions can merely suggest a reasonable
form for ∆g, but not really constrain it. The spin program at the BNL-RHIC collider is
exactly intended to cure this shortcoming. It will yield indispensable information from
various reactions sensitive to the gluon polarization of the nucleon and thereby allow for
a first determination of ∆g(x, µ) in the range 10−2 . x . 0.3. This thesis will provide
the necessary theoretical framework to analyze upcoming data for inclusive hadron and
jet production at RHIC.

Similarly to parton distributions the fragmentation functions (∆)DH
i (zi, µ

′
f ), in the

factorized cross section formula, Eq. (2.43), generically denoted by D, describe the frag-
mentation of parton i into a (polarized) hadron H at a scale µ′f , now zi being the fraction
of the parton momentum taken by the hadron. Since free quarks and gluons cannot be
observed in nature, each parton in the final state of a hard scattering process is supposed
to ultimately fragment into a hadron, giving rise to the relation

∫ 1

0
dz z

∑

H

DH
i (z, µ) = 1, (2.48)

where the sum is to be taken over hadrons H of any type. Again, once the unpolarized
fragmentation functions are known at an initial scale µ0 their evolution is determined by
Altarelli-Parisi-type evolution equations,

µ
d

dµ

(

DH
q (z, µ)

DH
g (z, µ)

)

=
αs
2π

∫ 1

z

dy

y

(

Pqq Pgq

Pqg Pgg

)

(y,αs(µ))

·
(

DH
q (z/y, µ)

DH
g (z/y, µ)

)

, (2.49)

with the Pij(z, µ) now denoting the time-like splitting functions rather than the spacelike
ones in Eq. (2.46). They are known up to NLO [68, 78, 79]. An analogous equation
describes the evolution of fragmentation functions ∆DH

i (z, µ) for polarized hadrons when
the Pij in Eq. (2.49) are replaced by the respective ∆Pij [80]. Processes with polarized
hadrons in the final state are not considered in this thesis. In principle, they can be
described with the theoretical framework developed here and are also accessible in ex-
periment, for instance via self-analyzing decay channels [81] in the case of polarized Λ
baryons.

The explicit form of the (∆)DH
i again has to be determined from experiment in a fitting

procedure analogous to the extraction of parton densities described above. Particularly
useful for this purpose are experiments at e+e− colliders, since they are not obscured
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by uncertainties associated with hadrons in the initial state like measurements at hadron
colliders and fixed-target experiments. However, presently available sets of fragmentation
functions, e.g., for pions and kaons [82, 83], and Λ-baryons [84], obtained from analyses of
data on e+e− annihilation into hadrons mainly at the Z-boson resonance, suffer from poor
constraints on DH

g and the separation of DH
u+d+s into contributions from individual flavors,

DH
u , DH

d , and DH
s . These deficiencies can only be cured by an inclusion of further data

from reactions other than e+e− annihilation. Future data on inclusive hadron production
from RHIC, discussed in Chap. 4, might be of particular use here.



Chapter 3

Technical Issues of a

Next-to-Leading Order pQCD

Calculation

In this chapter we will describe the methods required for the computation of differential
cross sections for hadronic reactions in the framework of pQCD. To this end, we resort to
single-inclusive hadron production at high transverse momenta keeping, however, in mind
that the techniques illustrated by that example can be applied – after an appropriate
modification – in any perturbative calculation of hadronic observables. In particular, we
will concentrate on the reaction

A(PA) +B(PB)→ C(PC) +X , (3.1)

where two incoming hadrons, A and B, produce another hadron C and arbitrary, un-
observed by-products X. Here and in the following PH denotes the momentum of a
hadron H (H = A,B,C). The reaction (3.1) is usually referred to as “single-inclusive”,
since just one of the particles in the final state is detected. In this feature it differs from
fully inclusive observables where the final state is not specified at all, as well as from ex-
clusive processes where all participating particles are observed. Single-inclusive processes
exhibit considerably larger cross sections than comparable exclusive reactions, and the
theoretical framework needed for their description is less complex. On the other hand,
they yield information on aspects of hadronic structure which are not accessible in fully
inclusive measurements like, for instance, ∆g.

In the presence of a hard scale, single-inclusive reactions are accessible with pertur-
bative methods. Such a scale is provided, e.g., by the transverse momentum pT of the
observed final state hadron, provided it is large (pT & 2 GeV). From now on we will fo-
cus on high-pT scattering processes. In this case, hadronic cross sections are determined
according to Eq. (2.43) [2] as a convolution of perturbatively calculable partonic cross
sections describing the hard scattering of the hadronic constituents and parton distribu-
tion and fragmentation functions, which parametrize the bound-state dynamics of the
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A
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X

fAa

fBb
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ca

b

c

dσ̂ab→cX

Figure 3.1: Sketch for the factorization of the hadronic cross section dσ for the reaction AB → CX
according to Eq. (3.2) into the parton distributions fAa and fBb , the fragmentation function DC

c ,
and the partonic cross section dσ̂ab→cX for the underlying hard scattering ab→ cX.

experimentally observable hadrons as discussed in some detail in Sec. 2.5,

d(∆)σ =
∑

a,b,c

∫

dxa dxb dzc (∆)fAa (xa, µf )(∆)fBb (xb, µf ) (∆)DC
c (zc, µ

′
f )

× d(∆) σ̂ab→cX(xaPA, xbPB, PC/zc, µr, µf , µ
′
f ) .

(3.2)

We have sketched the factorization of the reaction AB → CX into its various components
in Fig. 3.1. The sum in Eq. (3.2) is to be taken over all partonic channels ab→ cX which
contribute to the process under consideration. The xa and xb are the fractions of PA
and PB taken by partons a and b, respectively. Parton c carries a momentum of PC/zc.
The unpolarized and polarized hadronic cross sections in Eq. (3.2) are defined via

dσ ≡ 1

2

[
dσ++ + dσ+−

]
, (3.3)

d∆σ ≡ 1

2

[
dσ++ − dσ+−

]
, (3.4)

where the superscripts denote the helicities of hadrons A and B, and where we have used
that parity conservation implies dσ++ = dσ−− and dσ−+ = dσ+−. In complete analogy,
the partonic cross sections are given by

dσ̂ab→cX ≡
1

2

[
(dσ̂ab→cX)

++ + dσ̂ab→cX)
+−] ,

d∆σ̂ab→cX ≡
1

2

[
(dσ̂ab→cX)

++ − dσ̂ab→cX)
+−] , (3.5)
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with the superscripts now referring to partonic rather than hadronic helicities.
We wish to emphasize, however, that Eq. (3.2) does not apply any longer in the absence

of a hard scale. If pT acquires only low values and is not replaced by another large quantity
serving as a hard scale, such as, e.g., the heavy quark mass in open charm production, the
framework of pQCD breaks down. In the following we discuss the computation of partonic
cross sections in some detail up to NLO, i.e., O(α3

s), at high pT , where any contributions
coming with inverse powers of pT , so-called power or higher-twist corrections, can safely
be neglected.

3.1 Born Cross Sections

By introducing dimensional regularization and the concepts of renormalization and fac-
torization in Chap. 2 we have outlined the framework of a perturbative calculation in
QCD. We are now in principle in a position to compute partonic scattering cross sections
beyond the leading order approximation. Still, there are some subtleties we would like to
emphasize by discussing the calculation of cross sections at Born level, i.e., O(α2

s), rather
than immediately turn to the more involved evaluation of NLO corrections.

Within the scope of dimensional regularization, the n-dimensional differential partonic
cross section d(∆)σ̂ab→cd for the scattering of two partons,

a (p1) + b (p2)→ c (p3) + d (p4) , (3.6)

with the pi denoting the momenta of the respective particles, at a partonic center of
mass (c.m.s) energy

√
s is given by

d(∆)σ̂ab→cd =
1

2s

dnp3
(2π)n−1

dnp4
(2π)n−1

(2π)n
∑

color,
spin

|M|2ab→cd

× δ(n)(p1 + p2 − p3 − p4) δ(p23) δ(p24) . (3.7)

Here, 1/2s stems from the flux factor, which provides the proper mass dimension of the
scattering cross section. The dnpi/(2π)

n−1 are the phase space factors for the outgoing
particles. Unobserved momenta are usually integrated over. The first delta function ac-
counts for momentum conservation in n dimensions, whereas the other two ensure that the
on-shell condition for massless particles, p2i = 0, is fulfilled. Depending on the polarization
of the scattering partons,

∑
denotes an appropriate sum over unobserved spin and color

degrees of freedom for outgoing and average for incoming particles. Each quark in the
initial state is ascribed a color average of 1/CA. Gluons receive a factor 1/(C2

A− 1). Since
a fermion has two spin degrees of freedom, an additional factor of 1/2 has to be included
for unpolarized quarks. Special care has to be taken in the spin average of unpolarized
gluons, since 2(1 + ε) different polarization states are possible for a massless gauge boson
in n dimensions as discussed in Sec. 2.2. Polarized partons are in a clearly defined spin
state and thus do not receive a spin-averaging factor. The actual information on the hard
scattering is contained in the partonic matrix elementsMab→cd, which are computed up
to a fixed order in αs using the Feynman rules of App. A.
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Figure 3.2: Feynman diagrams contributing to q(p1) q̄(p2)→ g(p3) g(p4) at tree-level.

In the following we will focus on processes with two polarized particles in the initial
state. It will be convenient to explicitly decompose the matrix element squared |M|2 for
the scattering of two partons with helicity h1 and h2, respectively, into two parts,

|M|2 =
1

2

[
|M|2(+,+) + |M|2(+,−)

]
,

∆|M|2 =
1

2

[
|M|2(+,+)− |M|2(+,−)

]
, (3.8)

with the arguments denoting the helicity of the incoming particles which can acquire the
values ±1. The two components ofM do not mix,

|M|2(h1, h2) = |M|
2
+ h1 h2∆|M|2 , (3.9)

and their squares can be identified with the unpolarized and the spin-dependent parts of
the reaction, respectively, in a straightforward way. From now on we will label the helicity
of parton i by hi for fermions and λi for gauge bosons for clarity.

As an example, let us compute
∑|M|2 in n dimensions at LO for the process

q(p1, h1) + q̄(p2, h2)→ g(p3) + g(p4) , (3.10)

with initial state particles of definite helicities, whereas the produced gluons are unpolar-
ized. All quarks and gluons are assumed to be massless, p2i = m2

i = 0. It will turn out to
be convenient to express all results in terms of quantities which are Lorentz-invariant like
the scalar products of momenta – so-called Mandelstam variables, defined by

s = (p1 + p2)
2, t = (p1 − p3)2, u = (p2 − p3)2 . (3.11)

Due to momentum conservation these variables are not independent of each other and
obey

s+ t+ u = 0 . (3.12)

The three contributions toMqq̄→gg at tree level are depicted in Fig. 3.2. Using App. A
we obtain for the first diagram

M1 = c1g
2
s

∑

λ3,λ4

ε?µ(p3, λ3) ε
?
ρ(p4, λ4) v̄(p2, h2) γ

ρ (/p1 − /p3)
(−2p1 · p3)

γµ u(p1, h1) , (3.13)
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with a color factor c1 to be determined below. Since the polarization states of the outgoing
gluons, λ3 and λ4, are not specified they have to be summed over. With a similar expression
for the complex conjugate amplitude M?

1, we get after contracting repeated indices and
rewriting the projection operators for the quarks according to Eq. (A.1)

M1M?
1 = |M1|2

= |c1|2
g4s
t2

∑

λ3,λ4

εµ(p3, λ3) ε
?
ν(p3, λ3) ερ(p4, λ4) ε

?
σ(p4, λ4)

×Tr [/p1(1− h1γ5) γν (/p1 − /p3) γσ /p2(1 + h2γ5) γ
ρ (/p1 − /p3) γµ] ,

(3.14)

where the trace Tr[. . .] still has to be evaluated in n-dimensional Dirac space. This can
be done, e.g., with the help of the algebraic computer package Tracer [57] in Mathe-

matica [85], which handles γ5 and the Levi-Civita tensor εµνρσ in n dimensions correctly
in the HVBM scheme. Note that |M1|2 in Eq. (3.14) is indeed of the form (3.9), i.e.,

|M1|2 = |M1|
2
+ h1h2∆|M1|2. Contributions proportional to h1 or h2 alone vanish due

to the symmetry properties of the Lorentz structure. A separate calculation of the color
factor yields

|c1|2 = Trc[T
aT bT bT a] = CAC

2
F . (3.15)

Here the trace is to be taken in color space as indicated by the subscript. As usual, repeated
indices are summed over. Complicated color factors can be conveniently simplified by
FeynCalc [86], another tool for the evaluation of Feynman diagrams in Mathematica.
Expressions similar to Eq. (3.14) for |M1|2 are obtained for the matrix elements squared
|M2|2 and |M3|2 of the other diagrams contributing to qq̄ → gg at tree level as depicted
in Fig. 3.2, and for the interference termsMiM?

j needed for the computation of the sum

|M1 +M2 +M3|2 . (3.16)

The further evaluation of (3.16) requires the contraction of all Lorentz indices. Al-
though this procedure is rather straightforward at leading order it will be crucial to orga-
nize it economically in more complex higher order calculations to restrict the computing
time needed by the algebraic programs we use to a tolerable amount. In the unpolarized
case, the summation over all gluonic helicity degrees of freedom in the final state has to
be performed. Frequently this is done by using

∑

λ

εµ(p, λ) ε
?
ν(p, λ) = −gµν . (3.17)

This approach has the advantage that all gluonic polarization sums are replaced solely by
the respective metric tensors. Further contractions of Lorentz indices in the MiM?

j can
then be carried out easily. However, the sum in Eq. (3.17) includes unphysical polariza-
tion degrees of freedom for external, physical gluons. The contributions resulting from
such configurations have to be removed by including additional Feynman diagrams, where
external gluons are replaced by ghosts. These diagrams are depicted in Fig. 3.3 for our
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Figure 3.3: Ghost diagrams contributing to the reaction qq̄ → gg at tree-level.

sample process qq̄ → gg. The full matrix element squared for this reaction then reads

|M|2 = |M1 +M2 +M3|2 − |M4|2 − |M5|2 , (3.18)

where we have used that only ghost diagrams with equal flow of momentum can interfere
with each other. In the reaction qq̄ → gg therefore only |M4|2 and |M5|2, but no interfer-
ence terms of the typeM4M?

5, or ofM4 andM5 with one of the gluonic matrix elements
M1, M2, and M3 contribute. As ghosts obey Fermionic statistics despite being scalar
particles [40], the corresponding diagrams are added with opposite sign to the gluonic
contributions and thereby subtract terms associated with unphysical polarization states.

An alternative approach avoids the introduction of external ghosts and thus signifi-
cantly reduces the number of diagrams one has to evaluate. This is particularly useful
in the computation of matrix elements beyond the leading order for processes including
several external gluons, such as, e.g., the NLO reaction gg → ggg. Instead of Eq. (3.17)
the polarization sum now is replaced by the more complicated expression

∑

λ

εµ(p, λ) ε
?
ν(p, λ) =

[

−gµν +
pµrν + pνrµ

p · r

]

, (3.19)

where rµ is an arbitrary vector fulfilling r2 = 0 and p · r 6= 0. Since rµ has no physical
meaning whatsoever it has to cancel in the final result. For processes involving a number
m of external gluons it is sufficient to employ the full polarization tensor, Eq. (3.19), for
(m − 1) gluons. For the remaining polarization sum the simpler expression Eq. (3.17)
can be used. This approach has the advantage of intrinsically taking into account only
physical gluon polarizations. The introduction of external ghosts is no longer necessary.
The drawback is the complexity of the polarization sum (3.19). In particular for processes
involving several external gluons, the number of additional terms in intermediate steps of
the Lorentz-index contraction in the respective matrix elements may become enormous
and thus difficult to handle. In the end, certainly both methods of dealing with gluonic
polarization sums must yield the same results.

Having summed over the unobserved polarization states of the external gluons it re-
mains a simple task to perform the remaining contractions in the various contributions
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to qq̄ → gg. Finally we obtain

|M|2 = 8 g4s CF

{

(1−ε) ε− C2
A(1−ε)

(t2 + u2)

s2
− CACF (1−ε)2

(t2 + u2)

tu

}

,

∆|M|2 = 8 g4s CF

{

(3+ε) ε+ C2
A(1−ε)

(t2 + u2)

s2
− CACF (1+ε)2

(t2 + u2)

tu

}

. (3.20)

All hat-momenta – in principle present in calculations performed in the framework of di-
mensional regularization, as discussed in Sec. 2.2 – have been removed from these matrix
elements, since such contributions are excluded by the kinematics of a 2 → 2 scattering
process where at least one particle in the final state is observed. We wish to mention that
the transition from n to four dimensions, which implies disregarding all terms proportional
to ε or ε2, must not be performed at the level of matrix elements squared already. Such
contributions can combine, for instance when used in the factorization of collinear singu-
larities, to be discussed in Sec. 3.5, with inverse powers of ε to give finite contributions in
the partonic cross sections. Therefore they must be retained throughout all intermediate
steps of the analytical calculation. We can set ε→ 0 only in the very end. It can be easily
seen that the result (3.20) remains invariant under the transformation t ↔ u. This sym-
metry corresponds to an exchange of the two indistinguishable gluons in the final state,
p3 ↔ p4. We will encounter similar identities, so-called “crossing” relations, in the context
of more complex matrix elements beyond the leading order and use them as important
check for our calculations repeatedly.

In the unpolarized case, the matrix elements for all 2 → 2 QCD scatterings can be
obtained by crossing from the generic reactions qq′ → qq′, qq → qq, qg → qg, and gg → gg.
We have depicted the relevant LO diagrams in Fig. 3.4. For spin-dependent processes this
method does not work any longer in the diagrammatic approach we have used, since we
have retained the helicities of two particles only. For example, the matrix element squared
for a generic reaction with two polarized particles in the initial state, ~a~b → cd, does not
contain information about a process where parton c or d is polarized, which we therefore
have to calculate separately. Alternatively, the matrix elements squared for all 2 → 2
processes could be calculated by means of the helicity method which will be discussed
in Sec. 3.3. In this approach the polarization of each scattering parton is retained. The
helicity amplitudes for the generic processes specified above then serve as a tool to obtain
matrix elements squared for all partonic processes involving polarized partons.

Having evaluated |M|2 we are now in a position to compute the unpolarized and
polarized parts of the differential cross section, defined in Eq. (3.7). In experiment often
the angle and transverse momentum of the produced particles, but no further degrees of
freedom, are measured. Theoretically, such a cross section can be obtained by integrating
the matrix elements squared, |M|2, for a specific reaction over the components of all
momenta which are not observed. This is done by means of a phase space integration. The
invariant differential phase space in n dimensions entering the definition of the differential
cross section dσ̂i→f (3.7) for the scattering of i initial state to f final state massless partons
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a)

b)

c)

d)

Figure 3.4: Leading order Feynman diagrams contributing to the generic 2 → 2 processes:
a) qq′ → qq′ , b) qq → qq , c) qg → qg , d) gg → gg .

is given by

dPSf =




∏

f

dnpf
(2π)n−1

δ(p2f )



 (2π)nδ(n)




∑

i

pi −
∑

f

pf



 . (3.21)

Let us first consider the differential phase space dPS2 for the process investigated above
with two partons in the initial and final states, respectively, and assume that p4 is entirely
unobserved, whereas the scattering angle θ of the third particle is measured. We can thus
integrate over p4 and the components of p3 we are not interested in,

dPS2 =

∫
dnp3

(2π)n−1

∫
dnp4

(2π)n−1
(2π)nδ(n)(p1 + p2 − p3 − p4)δ( p23 )δ( p24 ) . (3.22)

The n-dimensional delta function can be used to perform the p4-integration, and we obtain

dPS2 = (2π)2−n
∫

dnp3 δ ( p
2
3 ) δ ([p1 + p2 − p3]2) . (3.23)

The further evaluation of dPS2 is most easily performed in the c.m.s. frame of the incoming
particles, where
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- ¾½
½
½
½½>

½
½

½
½½=

p1 p2

p3

p4

θ

~p1+~p2 = 0 ,

(p1 + p2)
2 = (p01 + p02 )

2 = s ,

(3.24)

and the zero components of the momenta denote their energy, for example p01 stands
for E1. In this particular frame, the argument of the second delta-function in (3.23),
[ 2 p1 · p2 − 2 (p1 + p2) · p3 ], can be rewritten as s − 2

√
s p03 . After decomposing the n-

dimensional p3-integration into an energy and (n − 1) momentum components, dnp3 =
dp03 d

n−1~p3, the p03 -integration can be performed and gives

dPS2 =
(2π)2−n

2
√
s

∫

dn−1~p3 δ
( s

4
− ~p 23

)

. (3.25)

The spatial part ~p3 of the n-dimensional vector p3 can be parametrized by its magni-
tude |~p3| and n − 2 angles θ1, . . . , θn−2. The components p13, p

2
3, . . . p

n−1
3 of ~p3 are given

by

p13 = |~p3| cos θ1 ,
p23 = |~p3| sin θ1 cos θ2 ,

...

pn−23 = |~p3| sin θ1 sin θ2 . . . cos θn−2 ,

pn−13 = |~p3| sin θ1 sin θ2 . . . sin θn−2 , (3.26)

where 0 ≤ θi ≤ π for i = 1, . . . , n − 3, and 0 ≤ θn−2 ≤ 2π. Identifying the angle θ1 with
the scattering angle θ the volume element in (n− 1) dimensions takes the form

dn−1~p3 = d|~p3||~p3|n−2(sin θ)n−4d cos θ dΩ(n−1) , (3.27)

with

dΩ(n−1) = (sin θ2)
n−4(sin θ3)

n−5 . . . (sin θn−2)
0 dθ2 dθ3 . . . dθn−2 . (3.28)

Since only the scattering angle θ of particle 3 is observed, we can integrate over all other
components. With the volume of angular phase space,

V (n) ≡
∫

dΩ(n) =
2π(n−1)/2

Γ
(
n−1
2

) , (3.29)

we obtain

dPS2 =
(2π)2−n

4
√
s

V (n− 1)

(√
s

2

)n−3
d cos θ

[
1− cos2 θ

]n−4
2 . (3.30)
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It is customary to re-express any dependence on cos θ in terms of the frame independent
Mandelstams s, t, u, which are related to the c.m.s. scattering angle via

t = −s
2
(1− cos θ) , u = −s

2
(1 + cos θ) . (3.31)

The final expression for the two-particle phase space in n = (4−2ε) dimensions, differential
in t and u, is then

dPS2 =
1

Γ(1− ε)

(
1

4π

)1−ε 1

2s

[
tu

s

]−ε
δ (s+ t+ u) du dt . (3.32)

Having collected all the necessary building blocks we are now in a position to compute
the (un)polarized partonic cross sections differential in t and u at O(α2

s). Taking into
account that still appropriate prefactors for the spin (Aspin, Ãspin) and color (Acol) average
have to be included, we arrive at the final result

dσ̂ab→cX

du dt
=

1

2s

dPS2
du dt

AcolAspin |M|
2

ab→cd ,

d∆σ̂ab→cX

du dt
=

1

2s

dPS2
du dt

Acol Ãspin∆|M|2ab→cd . (3.33)

The partonic cross sections at LO are known for all possible 2→ 2 reactions in QCD, see,
for example, Ref. [87] for the 4-dimensional case. The n-dimensional results are listed for
the processes relevant in this thesis in App. B. We will turn to the more interesting case
of NLO contributions in the following.

3.2 Virtual Contributions

Corrections to the Born cross sections discussed above arise if additional unobserved –
virtual – particles are emitted and re-absorbed as the scattering happens. Since each such
interaction brings in an extra factor of gs in the corresponding matrix elements, a 2 → 2
diagram with one virtual emission is altogether of O(g4s). Therefore, at O(α3

s) only the
interference of these diagrams with matrix elements at Born level can contribute to the
relevant partonic cross sections. Interferences of O(g4s) diagrams among themselves, as
well as reactions with more than one virtual emission, are already of higher order in the
perturbative expansion and will not be considered here. They will become relevant, of
course, in a next-to-next-to-leading order computation.

The corrections to LO diagrams we have to consider are then selfenergies of internal
or external parton legs, vertex corrections, and box diagrams, as sketched in Fig. 3.5.
The latter are UV finite and therefore not subject to renormalization. On the other
hand, selfenergies and vertex corrections exhibit IR as well as UV divergencies and thus
have to be renormalized properly. Although this procedure is straightforward and can in
principle be performed as described in Sec. 2.3, it requires some efforts to subtract the
poles for all UV-divergent diagrams in practice. However, the MS-renormalized building
blocks needed for the computation of such contributions have been published, e.g., in
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Figure 3.5: Schematically depicted NLO corrections to the process qq′ → qq′.

Ref. [88] in Feynman gauge. These expressions allow us to calculate diagrams including
selfenergy or vertex corrections in the MS scheme without actually renormalizing each UV
divergence ourselves. The most complicated, UV-finite box diagrams cannot be found in
the literature and have to be calculated from scratch. For the computation of diagrams
with virtual emissions we use that each 2 → 2 scattering is characterized by the same
kinematics (3.11), (3.12) and phase space (3.32) as the Born diagrams.

3.2.1 Vertex and Selfenergy Corrections

The emission and reabsorption of an additional gluon at any of the quark-gluon vertices,
symbolically depicted as

?

q, µ

k p

+ ?

q, µ

k p

=
?

q, µ

k p
,

requires the calculation of vertex corrections. Here and in the following we will use “blobs”
( ) to generically sketch these O(αs) corrections. Rather than explicitly renormal-

izing such contributions, the results of Ref. [88] allow us to simply replace the Feynman
rule for an ordinary quark-gluon vertex by the exact expression for the MS-renormalized
vertex,

−igsγµ → −igs
αs
4π

Λµ , (3.34)

where Λµ is a function of the momenta entering the vertex, q, k, and p, and the renor-
malization scale. The renormalized expressions still contain IR poles. We will take care
of these later. A replacement similar to (3.34) is possible for the ghost-gluon vertex,

gs f
abc pµ → gs

αs
4π

fabcHµ . (3.35)

The explicit form of the Λµ and Hµ depends on which parton at the vertex goes on-shell.
Since these expressions are rather lengthy we refrain from quoting them here explicitly
and refer the interested reader to Table B.II of Ref. [88]. For the three-gluon vertex at
NLO we have to insert
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6

¾ -

q, µ, a

k, ν, b p, λ, c

= −gs αs

4π f
abcGµνλ(q, k, p) , (3.36)

with a, b, and c denoting the color indices of the gluons, as usual, and p2 = k2 = 0, but
q2 6= 0. Contrary to the three-gluon vertex at LO, Gµνλ is not symmetric in q, k, and p,
which requires some care in the practical implementation of this effective Feynman rule.
The explicit form of Gµνλ is given in Table B.III of Ref. [88].

Similar to the vertex corrections, insertions for selfenergies of quarks, ghosts, and
gluons are tabulated:

p
= −i /pCF αs

4π Σ(p2) , (3.37)

p
= −i p2CA αs

4π D(p2) , (3.38)

µ ν

p
= i αs

4π Πµν(p) . (3.39)

The expressions for the Σ(p2), D(p2), and Π(p), which differ for on-shell and off-shell
lines, p2 = 0 and p2 6= 0, respectively, as explicitly discussed for the quark selfenergy in
Sec. 2.3.1, can be found in Table B.I of Ref. [88].

The procedure of calculating selfenergy corrections to Born diagrams is rather straight-
forward as long as internal lines are concerned. E.g., considering the selfenergy of the
virtual gluon in q(p1) q

′(p2)→ q(p3) q
′(p4) scattering,

=⇒ ,
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yields the O(α2s) matrix element

iMs = cbornū(p3)(−igsγµ)u(p1)
(−i)

(p3 − p1)2

×
[

i
αs
4π

Πµν(p3 − p1)
] (−i)
(p3 − p1)2

ū(p4)(−igsγν)u(p2) , (3.40)

with the same color factor cborn as for the corresponding LO diagram. The interference
MsM?

born can now easily be calculated with the techniques introduced in Sec. 3.1. Dia-
grams with internal quark- and ghost selfenergies are treated likewise.

Care has to be taken in the calculation of virtual corrections to external legs, as already
mentioned in Sec. 2.3.1. If, for instance, in the afore-mentioned process a virtual gluon is
emitted from the external quark line we obtain the matrix element

iMe = cbornū(p4)(−igsγµ)u(p2)
(−i)
t

×ū(p3)(−igsγµ)
i /p1
p21

[

−i /p1CF
1

2

αs
4π

Σ(p21)

]

u(p1) , (3.41)

where we have included the extra factor of 1/2 required for the computation of selfenergy
corrections for external legs as discussed in Sec. 2.3.1. Since p21 = 0 for the on-shell quark,
Me seems to be ill-defined due to the internal quark propagator which brings a factor of
1/p21. However, if the numerator of this propagator, /p1, is combined with the extra /p1
in the expression for the quark selfenergy, it exactly cancels the apparent singularity.
Afterwards the limit p1 → 0, including the replacement Σ (p1) → Σ (0), can safely be
taken. The evaluation ofMeM?

born is then a simple task. Generally, the computation of
diagrams with selfenergy corrections for external partons with momentum q is performed
by explicitly putting them off the mass-shell, q2 6= 0, and retaining any terms proportional
to q2. In the course of the calculation any denominators of the form 1/q2 will cancel out.
At the end one can safely set q2 = 0. The expressions for selfenergies of external parton
legs, Σ (0), D (0), and Π (0), cannot be obtained from those for off-shell partons but are
tabulated separately. Like Σ (0), explicitly calculated in Sec. 2.3.1, also the selfenergies of
on-shell ghosts and gluons exhibit poles, reflecting the IR-sensitivity of these contributions.

3.2.2 Box Contributions

As mentioned above, diagrams including boxes have to be calculated from scratch, since
for such contributions no precalculated building blocks are available like those for the
vertex and selfenergy corrections discussed in the previous section. Because of the closed
loops in each of these graphs n-dimensional integrals over the loop momentum have to be
evaluated, as illustrated for a box contributionMb to the process q q′ → q q′,
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¾

?

-

6

q

q1

q2

q3

p1

p2

p3

p4

q1 = q + p1 ,

q2 = q + p1 + p2 ,

q3 = q + p1 + p2 − p4 . (3.42)

Here, q is the loop momentum which is unobserved and can take any value. Therefore it
has to be integrated over. The momenta of the remaining internal lines, q1, q2, and q3,
are determined by imposing momentum conservation at each vertex. One then arrives at

iMb = cbox

∫
dnq

(2π)n
ū (p3)(−igsγµ)

(−i /q)
q2

(−igsγν)u(p1)

× (−i)
q21

(−i)
q23

ū (p4) (−igsγµ)
i /q2
q22

(−igsγν)u(p2) . (3.43)

with the appropriate color factor cbox. The further evaluation of this matrix element
requires the computation of the integral

∫
dnq

(2π)n
qρ qσ2

q2 q21 q
2
2 q

2
3

= (p1 + p2)
σ

∫
dnq

(2π)n
qρ

q2 q21 q
2
2 q

2
3

+

∫
dnq

(2π)n
qρ qσ

q2 q21 q
2
2 q

2
3

, (3.44)

which can be reduced by means of a Passarino-Veltman decomposition [89] into a set of
calculable scalar integrals, as outlined in App. C. Applying this procedure, one ends up
with an expression for iMb which no longer depends on the loop momentum q. Then
MbM?

born can be calculated as usual by evaluating traces and contracting all Lorentz
indices in n dimensions. Since box diagrams are UV finite they need not be renormalized.
IR divergencies show up as poles in ε in the matrix elements and have to be retained
carefully. Their cancelation will be discussed later.

3.3 Helicity Method

Although the procedure of calculating partonic matrix elements diagram by diagram is
quite straightforward, it takes some efforts to actually evaluate all relevant contributions
to a certain reaction, in particular beyond the leading order. We therefore briefly discuss
an alternative method, which not only systematizes the computation of 2 → 2 partonic
cross sections, but also provides us with an important tool to double-check the results for
the virtual corrections obtained in the afore described, conventional manner.

The basic idea of this “helicity method” [90, 91] is to make as much use as possible
of the color and helicity structure of partonic scattering amplitudes to reduce the num-
ber and complexity of the expressions showing up in intermediate steps of a calculation
to a minimum amount. One starts with the calculation of individual, so-called “helicity
amplitudes”, which describe the scattering of partons with definite helicities and – after
squaring – enter the relevant partonic cross sections. Only in the end of the calculation
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helicity and color of the respective partons are fixed. A summation over the appropriate
degrees of freedom will then yield the wanted unpolarized or polarized matrix elements
squared for the reaction. The strength of this approach is that it exploits symmetry
relations and conservation laws extensively, thereby ruling out many, in principle con-
tributing, amplitudes from the very beginning which significantly simplifies further steps
of the calculation. In contrast to that, symmetry principles are rarely implemented in the
conventional “diagram by diagram” technique, where they manifest themselves often only
in the end of a lengthy calculation. A minor drawback of the helicity method is that it
does not a priori yield partonic matrix elements in the HVBM regularization scheme we
employ throughout this work. Due to the genuine singularity structure of a generic virtual
contribution V to a 2 → 2 scattering process it is, however, possible to unambiguously
transform results from a given to another regularization scheme. In the following we will
label the regularization scheme specific to the helicity method as “helicity scheme”.

In Ref. [92], NLO corrections to the basic 2 → 2 reactions qq ′ → qq′, qq → qq,
gg → qq̄, and gg → gg have been calculated within the helicity scheme. From these results
virtual corrections to all QCD tree-level diagrams can be obtained by simple crossing
relations, since the polarizations of all scattering partons are kept in the corresponding
helicity amplitudes. For example, qg → qg emerges from gg → qq̄ after exchanging the
gluon in the initial state with the outgoing antiquark. In terms of Mandelstam variables
this amounts to an exchange of s and t, whereas u remains unaffected. Transforming
the antiquark into a quark requires an additional overall factor of (−1), thus yielding
|M|2qg→qg(s, t, u) = −|M|2gg→qq̄(t, s, u). It has been shown that each of the resulting NLO
contributions is of the form

V (h)(s, t, u) = B (h)(s, t, u)

{

− 1

ε2

∑

n

C(an)−
1

ε

∑

n

γ (an)

}

+
1

ε

∑

m<n

ln

(
2pn · pm

s

)

B̃ (h)
mn(s, t, u) + Ṽ (h)(s, t, u) , (3.45)

where the sums run over all external legs (m,n = 1 . . . 4), and the pi denote the external
parton momenta. C(a) is the color charge of parton a, with a being either a gluon (g) or
a quark (q),

C(g) = CA , C(q) = CF , (3.46)

and the γ(a) are defined via the behavior of the Altarelli-Parisi kernel Paa(ζ) near ζ = 1,

∫ 1

z
dζPaa(ζ) = 2C(a) ln(1− z) + γ(a) +O(1− z) , (3.47)

yielding

γ(g) =
β0
2
, γ(g) =

3CF
2

. (3.48)

The B(h) denotes the four dimensional Born cross section for the reaction under considera-
tion, whereas the B̃(h)mn stand for the “color-linked” matrix elements squared in the helicity
scheme. The latter can be obtained from the tree-level diagrams for the respective 2→ 2
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Figure 3.6: Contributions to the generic 2→ 3 processes: qq → qqg, qg → qgg, gg → ggg.

process by an appropriate modification of color factors and are listed in Ref. [93]. The
finite remainder is contained in Ṽ(h). To establish the relationship between the helic-
ity scheme result V (h) and the corresponding quantity V (dr) in conventional dimensional
regularization, it is important to note that any dependence on the regularization scheme

resides in the coefficients of the poles, B(h) and B̃(h)mn. Whereas in the helicity scheme
they are genuinely four-dimensional, the respective quantities in conventional dimensional
regularization are calculated in n dimensions making use of the HVBM scheme. The finite
expressions Ṽ(h) = Ṽ(dr) are not affected by any such scheme convention. Thus, simply

replacing the B(h) and B̃(h)mn by their n-dimensional counterparts calculated in the HVBM
scheme transforms V (h) into V (dr), the virtual correction to a 2 → 2 cross section in
conventional dimensional regularization.

With this transformation prescription for virtual cross sections in different regulariza-
tion schemes in mind we are in a position to use the results of Ref. [93] as starting point
for getting all unpolarized and polarized 2 → 2 cross sections at NLO in conventional
dimensional regularization. We find that the results for the virtual corrections of the basic
QCD cross sections obtained by means of this helicity method are – after the appropriate
scheme transformation – in perfect agreement with those computed in the “standard way”
diagram by diagram.

3.4 Real Contributions

In addition to the virtual corrections to the Born cross sections discussed above, a full
NLO calculation includes contributions from processes where an extra (real) parton is
emitted,

a(p1) + b(p2)→ c(p3) + d(p4) + e(p5) . (3.49)

Again, partonic cross sections of O(α3
s) arise. In analogy to the 2→ 2 reactions discussed

in the previous sections, all 2 → 3 processes can be derived from the basic scatterings
qq′ → qq′g, qq → qqg, qg → qgg, and gg → ggg after an appropriate crossing procedure
in the unpolarized case. We have sketched some examples for these reactions in Fig. 3.6.
Rather than using crossing relations for the computation of matrix elements we will calcu-
late the cross sections for all partonic 2→ 3 processes from scratch and employ crossing as
a valuable check for our results. This is anyway required in the polarized case as outlined
in Sec. 3.1.
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The actual computation of the relevant matrix elements proceeds along the same lines
as for a LO calculation, but requires the evaluation of a significantly larger number of
diagrams. Due to the additional parton leg in the final state the calculation of 2 → 3
scattering diagrams can be rather time consuming. In particular, the evaluation of traces
with many Dirac matrices, which arise from diagrams including several quarks, and of
expressions involving the Levi-Civita tensor, which emerges whenever polarized gauge
bosons are to be considered, makes the analytical evaluation of Feynman diagrams at
NLO – though straightforward – a tedious task.

Above that, the “unphysical” hat components of n-dimensional momenta can no longer
be disregarded in a calculation involving more than one unobserved parton in the final
state. It has been mentioned in Sec. 2.2 that in principle within the framework of di-
mensional regularization any momentum kµ is defined in n = 4 − 2ε dimensions, the

(n− 4)-dimensional components being denoted by k̂µ. However, measuring the momenta
of three particles and imposing momentum conservation in a 2 → 2 process ensures that
the cross section for such a reaction is free of contributions from hat momenta. This is no
longer the case for a 2 → 3 scattering, where only the sum of hat momenta of all unob-
served particles is fixed by kinematics. Assuming that partons a, b, and c are observed in
experiment, the hat momenta of partons d and e in (3.49), p̂4 and p̂5 are equal, but oppo-
site. They can acquire any arbitrary value as long as their sum vanishes, i.e., p̂4 + p̂5 = 0.
This will be used for the parametrization of momenta presented in App. D. Once we set
p̂4 = −p̂5 we have to retain all terms including any dependence on p̂4 throughout our
calculation and take them carefully into account in the phase space integration.

3.4.1 Three-Body Phase Space

The calculation of the phase space for a 2→ 3 scattering with two unobserved particles in
the final state differs considerably from the 2→ 2 case where the momentum components
of only one particle have to be integrated out completely. As a first step, we introduce a set
of ten Mandelstam variables to express all possible scalar products in terms of invariants,

s = (p1 + p2)
2 ,

s12 = (p3 + p4)
2 ,

s13 = (p3 + p5)
2 ,

s23 = (p4 + p5)
2 ,

t = (p1 − p3)2 ,
t2 = (p1 − p4)2 ,
t3 = (p1 − p5)2 ,

u = (p2 − p3)2 ,
u2 = (p2 − p4)2 ,
u3 = (p2 − p5)2 .

(3.50)

This set is by no means unique, but suitable for our purposes. Due to momentum conser-
vation the variables are related to each other via

u3 = −s− u− u2 ,
t3 = −s− t− t2 ,
s23 = s+ t+ u ,

s13 = s+ t2 + u2 ,

s12 = −s− t− t2 − u− u2 . (3.51)



3.4 Real Contributions 43

We will make extensive use of these relations in the phase space integration of partonic
matrix elements squared to be discussed in the following section.

Now we have to deal with the actual three-body phase space. A convenient way for
handling this type of kinematics is to split up of the full 2→ 3 phase space into a 2→ 2
scattering, followed by a 1→ 2 decay:

a(p1)

b(p2)
c′(r)

c (p3)

d(p4)

e(p5)

Here, we introduce the auxiliary vari-
able

r = p4 + p5 , (3.52)

for the momentum of the intermediate
state c′ which subsequently decays into
the two unobserved partons d and e.

From the general expression for the Lorentz invariant phase space in n dimensions,
Eq. (3.21), we obtain the required three-particle differential phase space,

dPS3 =

∫
dnp3

(2π)n−1

∫
dnp4

(2π)n−1

∫
dnp5

(2π)n−1

× (2π)n δ(n)(p1 + p2 − p3 − p4 − p5) δ( p23 ) δ( p24 ) δ( p25 ) , (3.53)

which can then be rewritten as

dPS3 = (2π)(3−2n)
∫

ds23

I
︷ ︸︸ ︷∫

dnp3 d
nr δ(n)(p1 + p2 − p3 − r) δ( p23 ) δ( r2 − s23 )

×
∫

dnp4 d
np5 δ

(n)(r − p4 − p5) δ( p24 ) δ( p25 ) .
︸ ︷︷ ︸

II (3.54)

Apart from some constant prefactors, contribution I in Eq. (3.54) resembles the usual
two-particle phase space [cf. Eq. (3.22)] for the massless parton c and the (unobserved)
state c′ with an effective mass r2 = s23. Proceeding in the same way as for the ordinary
2→ 2 phase space we obtain

I =
π

n−2
2

Γ
(
n−2
2

) d cos θ

[
(s− s23)2

4s

]n−3
2

(sin θ)n−4
1

2
√
s
, (3.55)

with θ denoting the scattering angle of parton c with respect to ~p1.

The 1 → 2 phase space II in Eq. (3.54) is most easily evaluated in the rest frame
of the auxiliary state c′ where r = (r0,~0). The p3-integration is performed by using the
n-dimensional delta function. For the remaining integrals we have to keep in mind that
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the hat momentum p̂4 does not necessarily vanish in a 2→ 3 scattering process including
polarized partons. We thus have to carefully split the volume element into a four- and an
(n− 4)-dimensional part,

dnp4 = d4p4 d
n−4p̂4 . (3.56)

Since the matrix elements we are considering depend only on the magnitude of p̂4 the
integration over its angular components can be done using

dn−4p̂4 = d|p̂4| |p̂4|n−5 dΩ(n−3) =
1

2
d(p̂24) (p̂

2
4)

n−6
2 dΩ(n−3) . (3.57)

The spatial components of d4p4 in Eq. (3.56) are then parametrized according to Eq. (D.2)
in App. D in terms of the angles θ1, and θ2, with p

0
4 =
√
s23/2 and py4 arbitrary. Rewrit-

ing the delta functions in terms of the relevant variables and performing the p04 and py4
integrations one ends up with

II =
π

n−4
2

Γ
(
n−4
2

)

√
s23
8

∫

dθ1dθ2 sin2 θ1 sin θ2 d(p̂
2
4)(p̂

2
4)

n−6
2

1
√

s23
4 sin2 θ1 sin

2 θ2 − p̂24
. (3.58)

Now I and II can be combined to give

dPS3 =
(4π)−n

Γ
(
n−2
2

)
Γ
(
n−4
2

)
1

2
√
s

∫

ds23
√
s23 dcos θ (sin θ)

n−4
[
(s− s23)2

4s

]n−3
2

×
∫

dθ1 dθ2 sin2 θ1 sin θ2 d(p̂
2
4) (p̂

2
4)

n−6
2

1
√

s23
4 sin2 θ1 sin

2 θ2 − p̂24
. (3.59)

Keeping in mind that s23 = s + t + u, t = (p1 − p3)2, and u = (p2 − p3)2 we can easily
express the integration variables s23 and cos θ in terms of the more familiar Mandelstam
variables s, t, and u,

cos θ =
u− t
u+ t

, ds23 d cos θ = −
2

t+ u
du dt . (3.60)

Demanding a real value for the square root
√

s23
4 sin2 θ1 sin

2 θ2 − p̂24 sets an upper bound

for the p̂24 integration:

p̂24,max =
s23
4

sin2 θ1 sin
2 θ2 . (3.61)

It is then convenient to introduce a dimensionless integration variable,

x =
p̂24

p̂24,max
. (3.62)

The emerging integral,
∫ 1

0
dx

x
n−6

2√
1− x = B

(
1

2
,
n− 4

2

)

, (3.63)
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with the Euler Beta function B(x, y), is normalized such that it gives unity, if the matrix
element which is to be phase space integrated is free of any dependence on hat momenta
as, e.g., in the unpolarized case. Finally, we obtain for the three-particle phase space
differential in u and t

dPS3
dtdu

=
1

(4π)n
1

Γ (n− 3)

1

s
(s23)

n−4
2

[
tu

s

]n−4
2

×
∫

dθ1dθ2 (sin θ1)
n−3(sin θ2)

n−4 1

B
(
1
2 ,

n−4
2

)

∫ 1

0
dx

x
n−6

2√
1− x . (3.64)

Sometimes it is useful to express all Mandelstams in terms of the dimensionless variables

v = 1 +
t

s
and w =

−u
s+ t

. (3.65)

The corresponding phase space then takes the form [24]

dPS3
dvdw

=
s

(4π)4Γ (1− 2ε)

[
4π

s

]2ε

v1−2ε (1− v)−ε [w (1− w)]−ε

×
∫

dθ1dθ2 (sin θ1)
1−2ε (sin θ2)

−2ε 1

B
(
1
2 ,−ε

)

∫ 1

0
dx

x−1−ε√
1− x . (3.66)

3.4.2 Phase Space Integration

Contributions to differential cross sections are calculated analogously to the LO case (3.33)
by integrating the respective matrix elements squared over the entire phase space of the
unobserved partons, attaching the flux factor, and by appropriately averaging over spin
and color degrees of freedom:

dσ̂ab→cX

dv dw
=

1

2s

dPS3
dv dw

AcolAspin |M|
2

ab→cde ,

d∆σ̂ab→cX

dv dw
=

1

2s

dPS3
dv dw

Acol Ãspin∆|M|2ab→cde . (3.67)

As mentioned above, the x-integration gives unity for terms independent of hat momenta
and

1

B
(
1
2 ,−ε

)

∫ 1

0
dx
x−(1+ε)√
1− x p̂

2
4 = − 2ε

1− 2ε

s23
4

sin2 θ1 sin
2 θ2 (3.68)

for terms being proportional to p̂24, which is related to x as specified in Eq. (3.62). No other
functional dependence on p̂4 arises in the matrix elements squared for a 2 → 3 partonic
scattering reaction at O(α3

s). Note that according to Eq. (3.68) all integrals containing
hat momenta acquire an overall factor of ε and thus contribute in the limit ε→ 0 only in
combination with 1/ε-poles as we will see below.
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To evaluate the angular integrals one parametrizes each expression of Mandelstam
variables in the matrix elements squared in the rest frame of p4 + p5 with the help of
one of the three “sets” for the momenta p1, p2, and p3 given in App. D. The use of the
appropriate set is crucial, since all integrals have to be cast into the standard form [94]

I(j,l) =

∫ π

0
dθ1 sin

1−2ε θ1

∫ π

0
dθ2 sin

−2εθ2
1

(1− cos θ1)j(1− cos θ1 cosχ− sin θ1 cos θ2 sinχ)l

= 2π
Γ(1− 2ε)

Γ(1− ε) 2−j−l
B(1− ε− j, 1− ε− l)

Γ(1− ε) 2F1(j, l, 1− ε; cos2
χ

2
) ,

(3.69)

to become amenable to an analytical integration. Here, 2F1(a, b, c; z) denotes the hyper-
geometric function and χ stands for ψ, ψ′, ψ′′, or an appropriately shifted “angle” (e.g.,
ψ+π) introduced by the parametrization of the Mandelstam variables in Eqs. (D.3), (D.4),
and (D.5).

In practice, not all terms in a matrix element squared a priori exhibit the form (3.69).
Often, before parametrizing the momenta extensive partial fractioning has to be performed
to finally obtain expressions that can be integrated by employing the master formula
Eq. (3.69). Let us illustrate this by a brief example [95]: A contribution proportional to
1/u3t3s12, for instance, cannot be brought into the form (3.69) by any of the parametriza-
tions given in App. D, since it contains a product of three Mandelstam variables in the
denominator. To evaluate the needed integral nonetheless, it is therefore rewritten with
the help of Eqs. (3.51) as

1

u3 t3 s12
=

1

s

[

− 1

u3s12
− 1

t3s12
+

1

t3u3

]

. (3.70)

Now, each term on the right-hand-side can be cast into the form of Eq. (3.69), since the
prefactor 1/s is independent of the integration variables θ1 and θ2. E.g., 1/u3s12 can be
parametrized either in set 2 or in set 3 corresponding to Eqs. (D.9) and (D.10), respectively.
Set 1 (D.8) is not suitable as it yields expressions different from the standard form (3.69),
which cannot be integrated with the given master formula. A similar partial fractioning
as the one sketched in Eq. (3.70) can be performed for each term in the matrix elements
squared relevant for our purposes.

In general, only the case j ≤ 1, l ≤ 1 in Eq. (3.69) occurs. For j or l < 0 the series
expansion for 2F1(a, b, c; z) terminates, yielding a simple result for the I (j,l). Making use
of the identities

Γ(x+ 1) = xΓ(x) ,

B(x, y) =
Γ(x) Γ(y)

Γ(x+ y)
, (3.71)

2F1(0, 0, c; z) = 2F1(0, 1, c; z) = 2F1(1, 0, c; z) = 1 ,
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integrand integral integrand integral

1
1−cos θ1 − (1−2ε)

2ε I(0,0) cos θ1
1−cos θ1 − 1

2εI
(0,0)

cos2 θ1
1−cos θ1 − 1

2εI
(0,0) sin2 θ1 cos2 θ1

1−cos θ1
1

2(1−ε)I
(0,0)

cos2 θ1
1

3−2ε)I
(0,0) cos2 θ1

1−cos θ1 − 1
2εI

(0,0)

cos3 θ1
1−cos θ1 − 3

2ε
1

(3−2ε)I
(0,0) sin2 θ1 cos θ1 cos2 θ2

1−cos θ1
1

2(1−ε)(3−2ε)I
(0,0)

Table 3.1: Phase space integrals for terms emerging in 2→ 3 matrix elements.

we obtain

I(0,0) =

∫ π

0
dθ1 sin

1−2ε θ1

∫ π

0
dθ2 sin

−2ε θ2 =
2π

1− 2ε
. (3.72)

The results for other phase space integrals with l = 0 are listed in Tab. 3.1. The case
j = l = 1 is a little bit more involved, as

2F1(1, 1, 1− ε; cos2
χ

2
) ≈

(

sin2
χ

2

)−1−ε [
1 + ε2Li2

(

cos2
χ

2

)]

, (3.73)

where Li2 is the dilogarithm function. After expressing χ in terms of v and w, see
Eq. (3.65), according to Eq. (D.7), the factor

(
sin2 χ

2

)−1−ε
produces a pole as w → 1.

Combined with the prefactor (1−w)−ε from the phase space integral (3.66) this singular-
ity is handled by the identity

(1− w)−1−ε = 1

ε
δ(1− w) + 1

(1− w)+
− ε

(
ln(1− w)
1− w

)

+

+O (ε2) , (3.74)

where [g(z)]+ denotes a so-called “+”-distribution, defined via an arbitrary test function
f(z) by

∫ 1

0
dz f(z) [ g(z)]+ ≡

∫ 1

0
dz [f(z)− f(1) ] g(z) . (3.75)

Eq. (3.74) can easily be verified by integrating both sides over a test function according
to Eq. (3.75).

For all terms including hat momenta an additional factor of sin2 θ1 sin
2 θ2 emerges from

the x-integration, see Eq. (3.68) . This amounts to a simple shift ε → ε′ = ε − 1 in the
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angular integral Î(j,l), Eq. (3.69), thereby yielding

Î(j,l) =

∫ π

0
dθ1 sin

1−2ε θ1

∫ π

0
dθ2 sin

−2ε θ2

[

− 2ε

1− 2ε

s23
4

sin2 θ1 sin
2 θ2

]

× 1

(1− cos θ1)j(1− cos θ1 cosχ− sin θ1 cos θ2 sinχ)l

=

[

− 2ε

1− 2ε

s23
4

]

2π
Γ(1− 2ε′)
Γ(1− ε′) 2

−j−lB(1− ε′ − j, 1− ε′ − l)
Γ(1− ε′) 2F1(j, l, 1− ε′; cos2

χ

2
) .

(3.76)

Thus we obtain

Î(0,0) =

[

− 2ε

1− 2ε

s23
4

]
2π

3− 2ε
and Î(2,0) =

[

− 2ε

1− 2ε

s23
4

](

−π
ε

)

. (3.77)

For the computation of

Î(2,1) =

[

− 2ε

1− 2ε

s23
4

](

− π

2 ε

) 1− 2ε

1− ε 2F1(2, 1, 2− ε; cos2
χ

2
) (3.78)

we use

2F1(a, b, c;−z) = 2F1(b, a, c;−z) and 2F1(−n, b, b;−z) = (1 + z)n (3.79)

and perform a series expansion for 2F1(1, 2, 2− ε; cos2 χ
2 ) in ε, which gives up to O(ε)

Î(2,1) =

[

− 2ε

1− 2ε

s23
4

](

− π

2 ε

) 1− 2ε

1− ε
1

sin2 χ
2

. (3.80)

Finally, Î(2,2) = Î(2,1). Terms proportional to Î(j,l) with j or l ≤ 2 vanish in the limit
ε→ 0 because of the overall ε stemming from the x-integration [cf. Eq. (3.68)], unless this
factor is canceled by an additional pole. Such poles can only arise from terms proportional
to p̂24/s

2
23, where s23 ∼ (1−w). Combined with the s23 -prefactor from the hat integration

such terms still diverge as w → 1 and give rise to distributions of the form Eq. (3.74) when
the prefactor (1 − w)−ε from the phase space integral is included. For ε → 0 only their
δ(1− w) part survives in the final result.

3.5 Cancelation of Singularities

Having computed all partonic matrix elements and integrated them over the entire phase
space of all unobserved partons, we are now in a position to add them and take care of the
singularities which have not been removed by the renormalization of virtual diagrams. As
mentioned in Chap. 2, infrared 1/ε poles and coinciding IR and collinear 1/ε2 singularities
cancel for each process if an appropriate sum of real and virtual contributions is taken [51].
Still, we are left with divergencies caused by collinear emissions from external parton legs.
However, for hadronic reactions only the convolution of the hard partonic cross sections
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=⇒

p1

(1− x) p1

xp1

Figure 3.7: Generic structure of the singularity arising when a gluon is emitted collinearly by
the incoming quark in the reaction qq → qqg. The box indicates the left over Born cross section
following the collinear quark-gluon splitting.

with the soft parton distribution and fragmentation functions of the participating hadrons
is a physically meaningful quantity by virtue of the factorization theorem discussed in
Sec. 2.4. This offers the freedom to shift singularities from one building block to the other.
Only the complete result including both hard and soft parts has to be free of divergencies.
We therefore aim to remove collinear singularities from the partonic cross sections by
factorizing them into the bare parton distribution or fragmentation functions, depending
on whether they stem from the initial or final state. This subtraction is performed at
a scale µf for incoming and µ′f for outgoing partons and gives rise to dressed functions

(∆)fAa (x, µf ), (∆)fBb (x, µf ), and (∆)DC
c (z, µ

′
f ). Since most of the currently available

sets of parton distribution and fragmentation functions are given in the MS factorization
scheme we adopt this prescription in removing collinear singularities from the partonic
cross sections throughout. Similar to the MS renormalization procedure 1/ε poles are
subtracted along with accompanying γE and ln 4π terms.

In practice, the factorization is performed by adding an appropriate counter term to
each partonic cross section which serves to cancel the poles. To this end one makes use
of the simple structure of the singularities that arise in the collinear limit of any 2 → 3
cross section, sketched in Fig. 3.7. The appropriate subtraction can always be written as
a convolution of an n-dimensional Born cross section and a divergent term of the form

(∆)Hij(x, µ) ≡
(

−1

ε
+ γE − ln 4π

)

(∆)P
(4)
ij (x)

(
s

µ2

)ε

+ (∆)hij(x) , (3.81)

with the four-dimensional LO splitting function (∆)P
(4)
ij (x) [65]. The actual form of

the functions (∆)hij(x) depends on the factorization scheme used. In the MS scheme
hij(x) = 0. However, some care has to be taken in the polarized case. In the framework
of the HVBM regularization procedure [53, 56] the definition of γ5 results in helicity
non-conservation at the quark-gluon vertex in n dimensions [24, 96, 97]. This causes
the polarized n-dimensional quark-to-quark splitting function at LO to deviate from the
corresponding unpolarized quantity,

∆Pqq(x)− Pqq(x) = 4CF ε (1− x) , (3.82)
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whereas in a theory respecting helicity conservation Pqq and ∆Pqq must coincide. As a con-
sequence, the first moment of the flavor non-singlet anomalous dimension at NLO, which
governs the evolution of a particular combination of polarized quark densities, would not
vanish and thereby violate conservation of flavor non-singlet axial currents [96-98]. Above
that, beyond the NLO naive MS factorization leads to inconsistencies in the renormaliza-
tion of the axial current, no longer allowing for a cancelation of all singularities [99]. It is
thus mandatory to slightly deviate from the literal MS prescription in the spin-dependent
case and to carefully restore helicity conservation by choosing [96, 97]

∆hqq(x) = −4CF (1− x) . (3.83)

All other ∆hij are set to zero. Since the HVBM-“γ5 effect” is an artifact of the regular-
ization procedure, it is customary to remove it by the above choice for ∆hqq and refer
to the thereby obtained factorization scheme as the “genuine” MS prescription. The sets
of NLO (MS) spin-dependent parton densities we are going to use [17] make use of this
convention.

To illustrate the actual implementation of the factorization prescription let us resort
to the specific example of the process qq → qX with two polarized quarks in the initial
state. At NLO, we have to consider contributions from virtual corrections to the 2 → 2
reaction qq → qq and from the 2 → 3 process qq → qqg. The UV divergencies in the
virtual contributions have already been removed by an MS renormalization of vertex and
selfenergy corrections. All IR as well as coinciding IR and collinear singularities cancel in
the sum of the phase space integrated contributions from qq → qq and qq → qqg. The
remaining poles arise from configurations where one of the unobserved particles in the
2 → 3 scattering is emitted collinearly from an external parton leg, e.g., as depicted in
Fig 3.7. There, x denotes the fraction of the incoming quark’s momentum which is taken by
the splitting quark, whereas the remaining part, (1−x)p1, is carried by the quasi-collinear
gluon. The variable x can in principle take any value in the range 0 ≤ x ≤ 1. The
entire contribution can be viewed as a collinear quark-quark splitting with a subsequent
2 → 2 scattering. However, in contrast to the kinematics of a genuine Born cross section
d∆σ̂(s, t, u, ε), describing a 2→ 2 scattering without an accompanying collinear splitting,
the arguments of the cross section emerging in a collinear 2→ 3 configuration are shifted.
Rather than s, t, and u we now have

s′ = (xp1 + p2)
2 = xs , t′ = (xp1 − p3)2 = xt , u′ = u , (3.84)

which can straightforwardly be expressed in terms of v and w,

v′ = 1 +
t′

s′
= v , w′ =

−u′
s′ + t′

=
w

x
, (3.85)

and obey the relation
s′ + t′ + u′ = x(s+ t) + u = 0 . (3.86)

To remove the pole associated with this collinear configuration, we have to add a
counter term of the form

−αs
2π

∫ 1

0
dx∆Hqq(x, µf )

d∆σ̂qq→qq

dv
(s′, t′, u′, ε) δ

(
s′ + t′ + u′

)
(3.87)
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a)

b)

c)

d)

p1

x p1

(1− x) p1

p2

x p2

(1− x) p2

p3
p3

x

1−x
x

p3

p2

x p2

(1− x) p2

Figure 3.8: Various contributions to qq → qX, which exhibit poles as a quark or gluon is emitted
collinearly by one of the external legs: a) q → g transition in an initial state, followed by a gq → qg
scattering; b) q → q transition with qq → qq scattering; c) qq → qq scattering with subsequent
q → q splitting in the final state; d) q → g transition with qg → qg scattering. The labels denote
the momenta of those partons which can become collinear to each other.

to the full partonic cross section d∆σ̂qq→qX/dvdw. In a similar way, collinear emissions
from the other parton legs, depicted in Fig. 3.8, are treated. We simply have to readjust
the kinematics, Eq. (3.84), depending on which external parton undergoes the collinear
splitting. Altogether, we obtain for this example

1

sv

d∆σ̂counter

dvdw
= −αs

2π

{
∫ 1

0
dx∆Hqq(x, µf )

d∆σ̂qq→qq

dv
(xs, xt, u, ε) δ (x[s+ t ] + u)

+

∫ 1

0
dx∆Hgq(x, µf )

d∆σ̂gq→qg

dv
(xs, xt, u, ε) δ (x[s+ t ] + u)

+

∫ 1

0
dx∆Hqq(x, µf )

d∆σ̂qq→qq

dv
(xs, t, xu, ε) δ (x[s+ u ] + t)

+

∫ 1

0
dx∆Hgq(x, µf )

d∆σ̂qg→qg

dv
(xs, t, xu, ε) δ (x[s+ u ] + t)

+

∫ 1

0
dxHqq(x, µ

′
f )
d∆σ̂qq→qq

dv
(s,

t

x
,
u

x
, ε) δ(s,

1

x
[t+ u ])

}

.

(3.88)
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If we perform the x-integrals by explicitly making use of the delta functions for the re-
spective contributions in Eq. (3.88) we arrive at

1

sv

d∆σ̂counter

dvdw
= −αs

2π

{

1

sv
∆Hqq(x = w, µf )

d∆σ̂qq→qq

dv

+
1

sv
∆Hgq(x = w, µf )

d∆σ̂gq→qg

dv

+
1

s(1− vw) ∆Hqq(x =
1− v
1− vw , µf )

d∆σ̂qq→qq

dv

+
1

s(1− vw) ∆Hgq(x =
1− v
1− vw , µf )

d∆σ̂qg→qg

dv

+
1

s(1− v + vw)
Hqq(x = 1− v + vw, µ′f )

d∆σ̂qq→qq

dv

}

, (3.89)

where for brevity we have omitted the arguments of the Born cross sections, which are to
be taken at the x-values specified by the integration and can be found in App. B. The
individual terms stem from gluon and quark emission from one of the incoming partons,
and gluon emission from the quark in the final state, which subsequently fragments into
the observed hadron (this parton is labeled by its momentum, p3, in Fig. 3.8). Collinear
emissions from unobserved final state partons need not be considered here, as they have
already been integrated out in the preceding phase space integration of the 2→ 3 matrix
elements squared. Whenever the emitting parton is polarized, the spin-dependent ∆Hij

have to be applied, whereas contributions from unpolarized emissions require the spin-
averaged Hij . The factorization contribution dσ̂counter for the unpolarized cross section
dσ̂qq→qX can easily be obtained from the polarized one by replacing all spin-dependent
quantities by their unpolarized counterparts, i.e., d∆σ̂ab→cd → dσ̂ab→cd, and ∆Hij → Hij .

In a similar way factorization contributions for all partonic subprocesses ab → cX
can be calculated. Adding them to the respective cross sections gives results which are
completely finite such that the physical limit ε→ 0 can be taken. The resulting expressions
can then be convoluted with the appropriate (dressed) parton densities and fragmentation
functions for the external partons straightforwardly as specified in Eq. (3.2).
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Chapter 4

High-pT Hadron Production in

Longitudinally Polarized

Proton-Proton Collisions Beyond

the Leading Order

In this chapter we apply the methods introduced in the previous sections to hadron pro-
duction in proton-proton collisions. As will be shown, the reaction

p (PA) + p (PB)→ H (PH) +X, (4.1)

is particularly sensitive to the gluon content of the proton, since subprocesses involving
gluons in the initial state are present at Born level already and contribute a major frac-
tion to the full differential cross section. That explains the considerable interest of spin
physicists in single-inclusive hadron production, and the need for a reliable theoretical
description of this reaction. With the NLO framework developed here, in principle the
production of hadrons H of any type can be described. We will focus, however, on the
experimentally most relevant case of single-inclusive pions in this thesis. It turns out that
our results for spin-averaged pion production cross sections are in good agreement with
recent data from RHIC [100, 101], giving confidence in the applicability of the perturbative
framework used.

Along similar lines as in the unpolarized case we then investigate pion production with
polarized proton beams, ~p~p→ πX, which is currently studied at RHIC [29]. We put special
emphasis on a critical discussion of the experimentally accessible spin asymmetry and its
implications on the gluon polarization in the nucleon. These studies are of immediate
relevance for a first determination of ∆g from upcoming RHIC data and will therefore
contribute to a better understanding of the spin structure of the proton.
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4.1 Setting the Stage

A viable method for accessing the polarized parton distributions of the proton in experi-
ment is the measurement of the double-spin asymmetry,

AπLL =
d∆σ

dσ
=
dσ++ − dσ+−
dσ++ + dσ+−

, (4.2)

for the reaction (4.1). In the framework of pQCD Aπ
LL is a complicated function of parton

distributions, partonic cross sections, and fragmentation functions. However, due to the
dominance of gluonic contributions to d∆σ the spin asymmetry turns out to be very
sensitive to ∆g. This suggests that an analysis of Aπ

LL may allow for an extraction of the
spin-dependent gluon distribution in the proton, if theoretical uncertainties such as the
dependence on unphysical renormalization and factorization scales are under control.

To NLO in αs the polarized cross section for (4.1) is given by

Eπ
d∆σ

d3Pπ
=

1

πS

∑

a,b,c

∫ 1

z0

dzc
z2c

∫ 1−(1−V )/zc

VW/zc

dv

v (1− v)

∫ 1

VW/vzc

dw

w
∆a(xa, µf )∆b (xb, µf )

×
[

d∆σ̂
(0)
ab→cX(v)

dv
δ(1− w) + αs(µr)

π

d∆σ̂
(1)
ab→cX(s, v, w, µr, µf , µ

′
f )

dv dw

]

Dπ
c (zc, µ

′
f ) ,

(4.3)

including all contributing partonic channels ab→ cX with a, b, c being either an (anti)quark
or a gluon. In the following we will denote the momentum of parton i by pi, with
i = a, b, c, . . .. For simplicity we express the parton distributions introduced in Sec. 2.5,
∆fAa and ∆fBb , by ∆a and ∆b from now on. The unpolarized cross section is obtained
by replacing all spin-dependent quantities by their unpolarized counterparts. The single-

inclusive partonic cross sections d∆σ
(n)
ab→cX are summed over all possible configurations of

the unobserved partons in the final state and integrated over the entire phase space of
X. The superscript n = 0 (1) labels the Born (NLO) contributions to the partonic cross
sections. As before, µf (µ

′
f ) denotes the factorization scale for the initial (final) state,

and µr the renormalization scale emerging as UV singularities are removed from the NLO
2→ 2 matrix elements. The lower limit of the zc-integration is given by z0 = 1−V +VW .
Similar to the partonic Mandelstams, defined in complete analogy to Eqs. (3.11), (3.50),
and (3.65),

s ≡ (pa + pb)
2 , t ≡ (pa − pc)2 , u ≡ (pb − pc)2 ,

v ≡ 1 +
t

u
, w ≡ −u

s+ t
, (4.4)

we introduce hadronic variables,

S ≡ (PA + PB)
2 , T ≡ (PA − Pπ)2 , U ≡ (PB − Pπ)2 ,

V ≡ 1 +
T

U
, W ≡ −U

S + T
, (4.5)
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obeying the relations

s = xaxbS , t =
xa
zc
T , u =

xb
zc
U ,

xa =
VW

vwzc
, xb =

1− V
zc(1− v)

. (4.6)

At LO, only 2 → 2 amplitudes at tree level contribute to the partonic cross sections.
The unobserved final state X then consists of a single parton only. Altogether, there are
ten partonic channels,

qq′ → qX

qq̄′ → qX

qq̄ → q′X

qq → qX

qq̄ → qX

qq̄ → gX

qg → qX

qg → gX

gg → gX

gg → qX . (4.7)

Beyond the leading order, the same 2→ 2 reactions have to be considered, now including
virtual corrections. At O(α3

s), additionally processes with three partons in the final state
contribute, giving rise to six further reactions,

qq′ → gX

qq̄′ → gX

qq → gX

qg → q′X

qg → q̄′X

qg → q̄X . (4.8)

In contrast to the LO case, X consists of either one or two particles at NLO. E.g.,
the subprocess qg → qX contains then contributions from the 2 → 2 scattering qg → qg,
including virtual corrections, where X = g, and from real 2 → 3 processes with X being
either gg, qq̄, or q′q̄′.

As mentioned in Sec. 3.1, the matrix elements for all 2 → 2 processes, sketched in
Fig. 3.4, can be computed in two different ways, the diagrammatic and the helicity ap-
proach. We calculated the unpolarized and the polarized 2→ 2 matrix elements with both
methods up to NLO and could thereby recover the results available in the literature [102]
for the spin-averaged contributions. In the limit ε→ 0 the polarized matrix elements can
be compared to the four-dimensional expressions in Ref. [103], and again we find complete
agreement.
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Next, the matrix elements have to be integrated over the entire phase space of the
unobserved final state X. For the LO and NLO 2 → 2 subprocesses the phase space,
differential in v and w , which can easily be obtained from Eq. (3.32),

dPS2
dvdw

= (4π)−1+ε
1

2Γ(1− ε) [ sv (1− v) ]
−ε δ(1− w) , (4.9)

is trivial. It does not require any explicit integration, but simply multiplies the matrix
elements with a prefactor depending on the variables s and v, and a delta function δ(1−w),
reflecting the special Born kinematics with s+ t+ u = sv (1− w) = 0.

The phase space integration is more complicated for the 2 → 3 partonic channels
with two unobserved particles in the final state as has been demonstrated in Sec. 3.4.1. In
addition to a prefactor, now also depending on w, the 2→ 3 phase space given in Eq. (3.66)
brings in extra integrations over the unobserved pair of partons. These integrations are
performed term by term as outlined in Sec. 3.4.2, after a suitable parametrization of the
corresponding matrix elements (cf. App. D). As expected, some of the integrals behave
like 1/(1−w) and diverge for w → 1. Such singularities can be traced back to a vanishing
invariant mass s23 = (pd + pe)

2 = sv (1−w) of the unobserved partons d and e. Together
with the overall factor (1 − w)−ε from the phase space they give rise to contributions
of the form (1 − w)−1−ε, which are expressed in terms of plus distributions according to
Eq. (3.74).

Some remarks are in order here. The plus-distributions introduced in Eq. (3.75) are
defined in the context of an integral running from 0 to 1. However, the relevant w-
integration in Eq. (4.3) always has a lower integration limit of wmin = VW/vzc 6= 0. We
thus need a prescription how to use plus distributions in integrals with arbitrary lower
limits. Therefore a more general expression [g(x)]A is applied,

∫ 1

A
dzf(z)[g(z)]A ≡

∫ 1

A
dz[f(z)− f(1)] g(z) . (4.10)

With this definition at hand, we can re-express the plus-distributions relevant for our
calculation,

1

(1− w)+
=

1

(1− w)A
+ ln(1−A) δ (1− w) ,

(
ln(1− w)
1− w

)

+

=

(
ln(1− w)
1− w

)

A

+
1

2
ln2(1−A) δ (1− w) , (4.11)

with A = wmin in our case. The same distributions emerge if the two incoming partons
are exchanged. In terms of Mandelstams, this crossing amounts to a simple exchange of
t and u, while s remains unaffected. Working with the dimensionless variables v and w
instead, we have to transform these to v′ and w′,

v → v′ = 1− vw, w → w′ =
1− v
1− vw . (4.12)
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In turn, also the [g(w)]+ distributions are replaced by [g(w′)]+. All occurring distributions
depending on the more complicated argument w′ can then be re-expressed in terms of the
basic δ(1− w), 1/(1− w)+, and

[
ln(1− w)/(1− w)

]

+
[104],

δ(1− w′) =
1− v
v

δ(1− w) ,

1

(1− w′)+
=

1− vw
v

1

(1− w)+
+

1− v
v

ln

(
v

1− v

)

δ(1− w) ,

(
ln(1− w′)
1− w′

)

+

=
1− vw
v

(
ln(1− w)
1− w

)

+

+
1− vw
v

ln

(
v

1− vw

)
1

(1− w)+

+
1− v
2v

ln2
(
1− v
v

)

δ(1− w) , (4.13)

where again 1/(1−w)+ and
(
ln(1−w)/(1−w)

)

+
can be rewritten according to Eq. (4.11)

if they emerge in integrals with arbitrary lower limits.
After performing the phase space integration of all matrix elements we have to take

care of the remaining IR and collinear singularities. First we add up all 2→ 2 and 2→ 3
subprocesses contributing to a partonic channel. Infrared divergencies cancel after the
combination of virtual and real NLO contributions as they should. The remaining collinear
singularities are factorized into the parton distribution and fragmentation functions of
hadrons associated with the external legs. As explained in some detail in Sec. 3.5 this can
be done by adding an appropriate counter cross section to the NLO contributions for each
partonic channel.

We have mentioned in Sec. 3.5 the delicate issue of implementing polarization in the
context of the HVBM regularization scheme, in particular the subtleties related to helicity
conservation at the quark-gluon vertex. As discussed in Sec. 3.5 the additional finite
term ∆hqq in the factorization subtraction (3.83) is precisely designed [96, 97] to cure this
shortcoming of the HVBM scheme. That finding can be tested on the basis of processes
involving annihilation diagrams only, as, e.g., qq̄ → q′X . In such reactions, the incoming
parton and antiparton are always part of the same fermion line and are polarized in
opposite directions. Keeping in mind the definitions (3.5), this helicity pattern implies that
polarized annihilation cross sections are opposite in sign to their unpolarized counterparts,
but equal in magnitude,

d∆σ̂annih = −dσ̂annih. (4.14)

In the HVBM scheme, Eq. (4.14) holds only after the appropriate subtraction (3.83) has
been performed. Checking this relation for all annihilation processes therefore provides a
powerful check on the correctness of our calculation.

An additional observation can be made: Unlike the pure annihilation channel qq̄ → q ′X,
the subprocess qq̄ → qX includes annihilation diagrams as well as other contributions
which we have depicted in Fig. 4.1. Thus, (4.14) is not expected to apply to the latter
reaction. However, we can make use of its substructure. The cross section for the process
qq̄ → qX contains contributions from the same topologies as the reaction qq̄ ′ → qX as
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a) b)

Figure 4.1: Generic contributions to the subprocess qq̄ → qX: a) non-annihilation diagram as
for qq̄′ → qX; b) annihilation process as for qq̄ → q′X.

well as the channel qq̄ → q′X. Subtracting the non-annihilation contributions from the
complete sum we should be left with terms stemming from the qq̄ → q′X like topology
alone, which then have to fulfill Eq. (4.14), if nothing went wrong in the calculation of the
subprocesses:

[
d∆σ̂qq̄→qX − d∆σ̂qq̄′→qX

]
= −

[
dσ̂qq̄→qX − dσ̂qq̄′→qX

]
. (4.15)

This relation has been verified for the qq̄ → qX cross sections as well as a similar equality
for the reaction qq̄ → gX.

Having removed all singularities from the phase space integrated matrix elements we
arrive at the final results for the NLO partonic cross sections, which for each of the 16
subprocesses in Eqs. (4.7) and (4.8) can be cast into the form

s
d∆σ̂

(1)
ab→cX(s, v, w, µr, µf , µ

′
f )

dvdw
=

(
αs(µr)

π

)2

×
{(

A0 ln
µ2f
s

+A1 ln
µ
′2
f

s
+A2 ln

µ2r
s

+A

)

δ(1− w)

+

(

B0 ln
µ2f
s

+B1 ln
µ
′2
f

s
+B

)

1

(1− w)+
+ C

(
ln(1− w)
1− w

)

+

+D0 ln
µ2f
s

+D1 ln
µ
′2
f

s
+D

}

, (4.16)

and, analogously, for the unpolarized cross sections. Exchanging the two incoming partons
a and b with each other yields cross sections of the same structure. However, the coefficients
acquire a different form in this case. In the equation above, the coefficients A,Ai, B,Bi,
and C are functions of v only, whereas D0, D1, and D depend on v and w. Since some
of these expressions are rather lengthy we refrain from quoting them here. They can be
found in our computer codes, however.

The unpolarized cross sections for all partonic subprocesses are known for several
years [104]. We have compared them analytically term by term to our corresponding
results and found complete agreement.
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With the partonic cross sections for all channels at hand, we are now in a position to
compute the experimentally relevant quantities. Since the analytical results obtained so far
are completely finite in the limit ε→ 0 they are amenable to a straightforward numerical
convolution with the parton densities and fragmentation functions of the observed hadrons
according to Eq. (4.3). The actual convolution is performed by means of a straightforward
numerical integration routine [105], which allows for an accurate determination of the
corresponding integrals.

We evaluate each of the 16 channels contributing to pp → πX, as given in Eqs. (4.7)
and (4.8), separately, keeping in mind that every process including quarks receives con-
tributions from all flavors compatible with the corresponding reaction. E.g., in qg → qX
the quark q can be of any flavor, but the flavors of incoming and outgoing quark are the
same. We assume that the parton distributions of bottom and top quarks are negligible.
Furthermore we have to account for the contributions coming from q̄g → q̄X, which has
not been considered as a separate channel, since the corresponding partonic cross sections
are equal to their charge conjugated counterparts qg → qX. Altogether, for a structure
like qg → qX, we end up with

∑

q=u,d,...

∆q(xa) ⊗ ∆g(xb)⊗Dπ
q (zc)⊗ d∆σ̂qg→qX(xaPA, xbPB, PC/zc)

=

[

∆u(xa)⊗Dπ
u(zc) + ∆d(xa)⊗Dπ

d (zc) + ∆s(xa)⊗Dπ
s (zc) + ∆c(xa)⊗Dπ

c (zc)

+∆ū(xa)⊗Dπ
ū(zc) + ∆d̄(xa)⊗Dπ

d̄ (zc) + ∆s̄(xa)⊗Dπ
s̄ (zc) + ∆c̄(xa)⊗Dπ

c̄ (zc)

]

⊗ ∆g(xb)⊗ d∆σ̂qg→qX(xaPA, xbPB, PC/zc) ,

(4.17)

where for brevity we have omitted all scale dependences in the arguments of partonic
cross sections, parton distributions, and fragmentation functions and have written the
d∆σ̂ab→cX as functions of the partonic momenta, pa = xaPA, pb = xbPB, and pc = PC/zc.
An additional subtlety arises since the partons participating in the hard scattering can
emerge either from proton A or proton B. We thus also have to consider contributions
with exchanged initial states,

∑

q=u,d,...

∆q(xb)⊗∆g(xa)⊗Dπ
q (zc)⊗ d∆σ̂qg→qX(xbPB, xaPA, PC/zc)

=

[

∆u(xb)⊗Dπ
u(zc) + ∆d(xb)⊗Dπ

d (zc) + ∆s(xb)⊗Dπ
s (zc) + ∆c(xb)⊗Dπ

c (zc)

+∆ū(xb)⊗Dπ
ū(zc) + ∆d̄(xb)⊗Dπ

d̄ (zc) + ∆s̄(xb)⊗Dπ
s̄ (zc) + ∆c̄(xb)⊗Dπ

c̄ (zc)

]

⊗ ∆g(xa)⊗ d∆σ̂qg→qX(xbPB, xaPA, PC/zc) ,

(4.18)
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where we have made use of the crossing relation

d∆σ̂gq→qX(xaPA, xbPB, PC/zc) = d∆σ̂qg→qX(xbPB, xaPA, PC/zc) . (4.19)

In terms of Mandelstams this exchange of pa and pb amounts to a replacement of v, w by
v′, w′ as given in Eq. (4.12). A similar bookkeeping as in the case of qg → qX is necessary
for all processes involving different incoming partons, whereas channels symmetric in the
initial states as, e.g., gg → qX, must not be double-counted. The numerical results
we obtain after carefully sorting out and normalizing all contributions to the individual
subprocesses are then added up to the pionproduction cross sections at the NLO of pQCD.

4.2 First Numerical Results and Discussion

Let us now turn to a phenomenological study of single-inclusive pionproduction in hadronic
collisions. We organize our calculation such that it resembles the experimental conditions
of the most recent measurements at RHIC as closely as possible. We choose a c.m.s. energy
of
√
S = 200 GeV and consider pions which are scattered at an angle θ relative to one

of the incoming proton beams with transverse momenta pT = |~Pπ| sin θ in the range
2 ≤ pT ≤ 13 GeV. The pion’s scattering angle is parametrized by its pseudorapidity

η = − ln tan

(
θ

2

)

. (4.20)

η is particularly suitable for the description of high-energy scattering reactions since it is
additive under Lorentz boosts and can therefore easily be adjusted to different kinematical
situations and frames. If not specified otherwise, we will integrate over the range of
pseudorapidities relevant for the Phenix experiment at RHIC, |η| ≤ 0.38. It is useful to
express the (polarized) differential cross section in terms of pT and η,

Eπ
d 3(∆)σ

d 3Pπ
=

d 3(∆)σ

dφ dη pT dpT
, (4.21)

where the dependence on the azimuth is trivial. In the following, we will integrate over φ
and η and consider only d(∆)σ/dpT .

In order to test the importance of NLO corrections we will present results computed
both at LO and NLO. All (N)LO calculations are performed using (N)LO parton distri-
bution and fragmentation functions and taking αs at (two) one loop(s). Unpolarized cross
sections are evaluated with the CTEQ5 parton distributions [74], which include both a
LO and an NLO parametrization. The spin structure of polarized protons is accounted
for by the LO and NLO GRSV parton distributions [17]. Mostly, we will stick to their
“standard” scenario with a moderately positive gluon polarization. To study the sensi-
tivity of the relevant double spin asymmetries to ∆g this choice will be contrasted to
calculations with the “maximal gluon” scenario, which uses the maximal gluonic input at
the starting point µ0 of the evolution compatible with the positivity bound Eq. (2.47), i.e.,
∆g(x, µ0) = g(x, µ0). If not stated otherwise we will apply the pion fragmentation func-
tions proposed by Kramer, Kniehl, and Pötter [82], providing LO and NLO sets for neutral
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Figure 4.2: Unpolarized and polarized differential cross sections at LO (dashed) and NLO (solid)
for the reaction pp → π0X at

√
S = 200 GeV. The lower panel shows the ratios of NLO and LO

contributions.

and charged pions. This choice is supported by recent measurements of Phenix [100], as
will be discussed below. If the values of αs differ for the parton distributions and fragmen-
tation functions used, we will calculate cross sections with the strong coupling associated
with the evolution of the parton densities.

In Fig. 4.2 our thereby obtained results are presented for the polarized and unpolarized
differential cross sections d(∆)σ/dpT at LO and NLO. As stated before, the unphysical
scales µr, µf , and µ

′
f are only an artifact of a perturbative calculation and thus arbitrary.

Here, for simplicity we have chosen all scales to coincide with the hard scale in the process,
pT = µr = µf = µ′f . The lower panel of the figure displays the so-called “K-factor”,
defined as the ratio of NLO to LO contributions,

K =
d(∆)σNLO

d(∆)σLO
. (4.22)

The K-factor for the unpolarized cross sections is almost constant over the pT -range
considered. It increases only towards low values of the transverse momentum, where
perturbative QCD is not supposed to be applicable. The functional behavior of K in
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Figure 4.3: Scale dependence of the polarized cross section for ~p~p → π0X at LO and NLO. All
scales are varied in the range pT /2 ≤ µr = µf = µ′f ≤ 2pT . Solid lines correspond to the choice
where all scales are set to pT . The LO results have been rescaled by a factor 0.1 for a better
legibility.

the polarized case with generally smaller NLO corrections can be traced back to large
cancelations and zeroes of the corresponding cross sections. At larger pT the K-factors for
unpolarized and polarized cross sections approach each other. K is sometimes referred to
as a “measure” for the importance of higher order corrections to hadronic processes. This
proposition, however, has to be taken with some care. The K-factor depends strongly
on the LO cross sections, which suffer from large scale uncertainties. In addition, new
production mechanisms appearing for the first time at the NLO may lead to sizeable
K-factors. However, similarly large corrections are not expected at higher orders.

A more reliable estimate on the impact of NLO corrections is provided by the improve-
ment of scale dependence when extending a calculation from LO to NLO. We study this
feature by a variation of the scales emerging in the computation, since setting all scales
equal to pT is a suggestive, but by no means mandatory choice. Figure 4.3 presents the
results obtained for the polarized cross sections at LO and NLO when varying all scales
simultaneously in the range pT /2 ≤ µr = µf = µ′f ≤ 2pT . Including NLO corrections to
the cross sections reduces the scale uncertainty significantly, as expected from Eq. (2.12).
Whereas the LO results exhibit a strong scale dependence over the whole pT -range con-
sidered, the NLO predictions are by far better constrained and vary only slightly as the
scales are modified. As discussed in Sec. 2.1, this feature is one of the main motivations
for performing a QCD calculation at NLO accuracy, since scale uncertainties eventually
translate into theoretical errors for the extraction of ∆g. The inclusion of NLO corrections
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leads to a reduction in theoretical uncertainties which are not sufficiently under control at
the LO.

An excellent check for the reliability of our results is provided by a completely indepen-
dent calculation of NLO corrections to single-inclusive pion production in pp-collisions in a
Monte-Carlo approach by de Florian [106]. Rather than analytically phase space integrat-
ing all matrix elements in n dimensions as we did, a numerical Monte-Carlo integration
has been performed in [106]. This technique makes use of the singularity structure of the
2→ 3 matrix elements, which allows for an explicit separation and cancelation of all poles
by hand [93, 107]. The finite remainders are numerically phase space integrated in four
dimensions, which is quite time-consuming and tedious, making the technique inappro-
priate for extracting parton densities in a global analysis of data, which will be discussed
in Sec. 4.3. However, the Monte-Carlo approach has the advantage of a higher flexibility
than our largely analytical method. Experimental cuts can easily be implemented, and an
extension of the code to different observables such as jet production is relatively straight-
forward. The outcome of a comparison of our results to the ones of de Florian, however,
was that both methods give the same answer.

Having ensured the reliability of our calculation in various ways, we are in a position
to compare our results to experiment. In the following we set all scales to pT by default.
Figure 4.4 shows our predictions for the unpolarized π0-production cross section at NLO
together with recent data from the Phenix collaboration [100]. To get an estimate on
the impact of different fragmentation functions we have performed the calculation with
the KKP set as well as with Kretzer’s parametrization [83]. The agreement of the data
points with our theoretical prediction is encouraging, as it gives some confidence in the
applicability of perturbation theory, down to rather low values of pT ' 1.5 GeV. In partic-
ular, our results obtained with the KKP parametrization agree well with the measurement
over almost the whole pT -range considered. The calculation performed with Kretzer’s set
of fragmentation functions lies significantly below the data. This behavior can be traced
back to a much smaller Dπ

g in the latter set, which is not constrained by the e+e− data
used for the extraction of the fragmentation functions [82, 83], as discussed in Sec. 2.5.
Due to the dominance of gluonic channels at low-to-intermediate pT , in this range the
effects of a smaller Dπ

g are particularly pronounced. Since the KKP parametrization gives
a good description we will perform our further analyses using this set for describing pion
fragmentation.

In Fig. 4.5 data from the Star collaboration [101] are compared to our NLO calcu-
lation. Currently, the acceptance of the Star detector is such that pions can only be
detected at very small scattering angles, corresponding to rapidities up to η ' 4. There-
fore, it allows, in principle, to access the parton distributions at smaller values of x than,
e.g., the Phenix experiment, where only events at central rapidity are detected, as can
be seen from the definition of xa and xb in Eq. (4.6). Our calculation is performed at the
RHIC c.m.s. energy of

√
S = 200 GeV and fixed η = 3.8. The results are displayed in

terms of the pion’s energy, Eπ = pT cosh η, rather than its transverse momentum. Our pre-
dictions obtained with the KKP fragmentation functions [82] agree again rather well with
the data over the whole Eπ range considered. As before, using Kretzer’s parametrization
yields results lying somewhat below the data.
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Figure 4.4: Unpolarized cross section Eπ

(
d3σ/d3Pπ

)
for pp→ π0X at

√
S = 200 GeV: a) Com-

parison of our NLO results obtained with the fragmentation functions of KKP [82] (solid line) and
Kretzer [83] (dotted line) to the data from Phenix [100]; b) Relative statistical errors (points)
and systematic errors (bands) of data; c, d) Relative differences between data and the theoretical
prediction with KKP and Kretzer, respectively. The figure has been taken from Ref. [100].
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from the Star collaboration [101], compared to our NLO results using the KKP fragmentation
functions [82]. The figure is taken from Ref. [101].

4.3 The Double-Spin Asymmetry Aπ
LL

Having thus tested the reliability of our calculation we now turn to the actual quantity
of interest in single-inclusive pionproduction – the double-spin asymmetry Aπ

LL, defined
in Eq. (4.2). AπLL is of particular importance since with the advent of new data from
current and future measurements it could serve as a starting point for future analyses of
the parton distributions of the proton with the major goal of constraining ∆g.

In Fig. 4.6 we have plotted our expectations for Aπ
LL in the mid-rapidity range relevant

for Phenix, i.e., integrated over −0.38 ≤ η ≤ 0.38, at LO and NLO for two sets of
parton distributions [17] differing mainly in their gluon distributions. The NLO result
with the GRSV standard scenario resembles the LO estimate, but its absolute value is
somewhat smaller in size. This feature has already been indicated by the relative sizes
of unpolarized and polarized K-factors in Fig. 4.2 and demonstrates the importance of
includingO(α3s) contributions for an accurate determination of ∆g from experiment. Much
more pronounced than the effect of NLO corrections, however, is the difference of the two
tested gluon scenarios. With a maximal gluon saturation one obtains asymmetries differing
from those in the standard scenario by a considerable amount. In order to test, whether
experiment might be able to discriminate between these two assumptions, we have also
shown “error bars”, which give an estimate for the statistical accuracy [22] to be expected
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Figure 4.6: Double-spin asymmetry for pp → π0X. The solid lines correspond to NLO results
obtained with the GRSV standard and maximal gluon scenarios, respectively [17]. The dashed
line shows a LO calculation with the GRSV standard parametrization. Also displayed is the
expected statistical uncertainty in Aπ

LL according to Eq. (4.23) assuming an integrated luminosity
of L = 7 pb−1.

from the Phenix experiment at RHIC:

δAπLL '
1

P2
p

√
σbinL

. (4.23)

Here, Pp stands for the polarization of the proton beams, L for the integrated luminosity
of the collisions, and σbin for the unpolarized cross section integrated over the pT -bin
for which the error is to be determined. In our estimate we have assumed Pp = 0.4 for
each proton beam, and L = 7/pb, which are rather moderate values, as RHIC aims at
a polarization of 70% and integrated luminosities up to 320 pb−1 at

√
S = 200 GeV.

We have taken into account that so far at Phenix measurements can be performed only
over half the azimuth angle φ. From the figure one may conclude that even data at low
luminosities should clearly favor one of the gluon scenarios, thereby giving a first hint on
the gluon decomposition of the polarized proton.

Thus, at first sight one is tempted to conclude, once data with reasonable statistical
accuracy are available, ∆g can be extracted from experiment straightforwardly. However,
this assumption might be premature, and further, more thorough analyses are necessary
to clarify whether an unambiguous determination of the proton spin structure will indeed
be possible. We start with a presentation of additional predictions for Aπ

LL, obtained
with different assumptions about ∆g in Fig. 4.7, where we also indicate first preliminary
results from Phenix [29]. Besides the curves already shown in Fig. 4.6, we have now also



68 High-pT Hadron Production in pp-Collisions

input

∆g = g

∆g = -g

GRSV

∆g = 0

PHENIX
prel.

pT [GeV]

ALLAπ

NLO

L = 350 / nb

-0.1

-0.05

0

0.05

0.1

0 5 10 15

Figure 4.7: Double-spin asymmetry for pp → π0X. Shown are NLO results obtained with
different assumptions about ∆g at the input scale of the evolution together with first preliminary
results from Phenix [29] based on an integrated luminosity of only L ' 350 nb−1.

displayed double-spin asymmetries obtained with gluon distributions with a zero (∆g = 0)
or maximally negative (∆g = −g) input for the evolution. First of all, it is interesting to
observe that neither of the tested gluon distributions yields a negative Aπ

LL in the range
of small-to-moderate pT , where preliminary data from Phenix are available. Only the
maximally negative ∆g results in a spin asymmetry that eventually turns negative at
pT ' 12 GeV after exhibiting a maximum at pT ' 6 GeV. Below that value, however,
the various parametrizations do not differ substantially. To clearly distinguish between
different ∆g, including their sign, data at higher values of pT than currently available are
necessary.

Before discussing possible implications of the preliminary Phenix data, let us first
turn to the general behavior of AπLL which can be readily understood by studying the
weight of different partonic channels in d∆σ. To this end we have displayed the ratios
of the dominant contributions, gg → cX, qg → cX, and qq → cX, summed over all
possible configurations of the final state, to the full cross section d∆σ in Fig. 4.8. Here,
the “q” denotes the sum of contributions from quarks and antiquarks of all flavors. The
qq channels yield almost negligible contributions in all scenarios with non-vanishing gluonic
input. The results for the gluon-induced reactions, qg and gg, on the other hand, depend
rather strongly on the assumptions made on ∆g, as expected. In the GRSV standard
parametrization two-gluon processes are by far dominant up to pT ≈ 8 GeV, where the
qg channel takes over. A similar behavior can be observed in the maximal gluon scenario,
where gg is even more pronounced at moderate pT , and qg becomes equally important
only above pT & 12 GeV. Imposing a large negative gluon polarization causes strong
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cross section d∆σ at NLO. Depicted are results for the channels qq (dashed), qg (solid), and gg
(dotted) for the different gluon scenarios shown in Fig. 4.7.

cancelations between the gg and qg channels. The only scenario receiving more sizeable
contributions from pure quark channels starts with a vanishing gluon distribution at the
input scale. Since generally gluon-induced cross sections are numerically larger than quark
contributions, the absolute value of d∆σ in scenarios dominated by gg contributions is
larger than in those which are to a large extent determined by other channels. This explains
the large asymmetry in the maximal gluon scenario, where gg dominates over the whole
pT -range considered. On the other hand, a small Aπ

LL results in the case of a vanishing
gluonic input, where two-gluon channels are strongly suppressed and d∆σ consists mainly
of numerically small quark contributions. Only with a large negative gluonic input, a
negative spin asymmetry is obtained once the qg channel becomes dominant. Intuitively,
we suppose that an entirely negative ∆g cannot cause a negative Aπ

LL as long as it enters
quasi quadratically as it does in two-gluon processes at Phenix kinematics. At Phenix,
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Figure 4.9: Double-spin asymmetry for hadroproduction of π+ (l.h.s.) and π− (r.h.s.), calculated
at NLO for different assumptions about ∆g at the starting point of the evolution.

only events in the central-rapidity range −0.38 . η . 0.38 are detected, where xa ' xb
and, therefore, ∆g(xa, µ) ' ∆g(xb, µ). This explains the zero in the spin asymmetry which
coincides with the pT -range where qg channels start to dominate over the gg contributions.

From these considerations we conclude that from measurements of Aπ
LL at central

rapidities in the low-pT -region alone it is not possible to determine the sign of ∆g due
to the dominance of the gg-induced subprocess. A clear distinction requires precision
measurements at pT & 10 GeV. Here, additional information on the gluon polarization can
be obtained by an extension of our analysis from neutral to charged pions [108]. Figure 4.9
indicates the behavior of the double-spin asymmetry for various gluon scenarios, if the
detected π0 is replaced by a π+ or a π−. In the following we denote the corresponding
quantity for a neutral pion as before by Aπ

LL, but we indicate the charge of the π+, π−

explicitly in the spin asymmetry. We observe

positive ∆g : Aπ
+

LL > AπLL , Aπ
−

LL < AπLL ,

negative ∆g : Aπ
+

LL < AπLL , Aπ
−

LL > AπLL . (4.24)

Whereas for positive gluon distributions Aπ+

LL exceeds Aπ
0

LL and Aπ
−

LL at moderate-to-
large pT , the spin asymmetries for neutral and charged pions behave just oppositely if
∆g is negative. This behavior is due to the dominance of the qg-channel at pT & 10 GeV.
Since Dπ+

u > Dπ0

u , the absolute value of the cross section for the ug → uX subprocess is
enhanced when the π0 is replaced by a π+. The overall sign of this contribution, however,
is determined by the sign of ∆g, since the partonic cross section d∆σ̂qg→qX is entirely
positive, see Fig. 4.10 below, and ∆u > 0 [cf. Fig. 2.2]. In pp → π+X, the dominant
ug → uX channel enters thus with positive sign whenever ∆g > 0. Then, the result-
ing spin asymmetry is enhanced as compared to the case of neutral pion production. If
∆g < 0, d∆σug→uX turns negative, and the polarized pp → π+X cross section is smaller
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in size than d∆σpp→π0X . Channels with a d-quark in the initial state do not affect this
feature significantly, as |∆d| ¿ |∆u|, and, therefore, |d∆σdg→dX | ¿ |d∆σug→uX |. On the

other hand, Dπ−
u < Dπ0

u . Thus, the absolute value of d∆σug→uX decreases, if the π0 is
replaced by a π− rather than a π+. The thereby induced change in the spin asymmetry
is just opposite to the case of π+-production. A comparison of the spin asymmetries for
all types of pions at moderate-to-large values of pT should therefore serve as an additional
tool for constraining the sign of ∆g, although its functional form cannot be determined
from these considerations alone.

Having discussed how different assumptions for the spin-dependent parton distributions
of the nucleon, in particular, for ∆g, affect the double-spin asymmetry for single-inclusive
pion production accessible at Phenix, we turn now to a detailed outline of the methods
required for an extraction of ∆g from experiment. However, one should keep in mind that
only a global analysis of data obtained in a variety of reactions will ultimately constrain
the partonic structure of the polarized proton, while a determination of ∆g on the basis
of pion production alone will be difficult at pT . 10 GeV. In the following we focus on the
information contained in data on AπLL, taken in pp-collisions at RHIC. In particular, we
will address the issue of a possible negative spin asymmetry in the range of low-to-medium
pT , perhaps indicated by first, preliminary data from Phenix [29], cf. Fig. 4.7. Since we
have not encountered a gluon distribution yielding negative values for Aπ

LL at low pT so
far, some remarks are in order here.

We start from the pT - and rapidity-dependent differential cross section for the reaction
~p~p→ π0X at NLO, Eq. (4.3), which can be cast into the form

d∆σ

dpTdη
=

∑

a,b,c

∫ 1

xmin
a

dxa∆a(xa, µf )

∫ 1

xmin
b

dxb∆b(xb, µf )

×
∫ 1

zmin
c

dzcD
π
c (zc, µ

′
f )
d∆σ̂ab→cX

dpTdη
(pT , η, xa, xb, zc, µr, µf , µ

′
f ) . (4.25)

The further analysis is performed in Mellin-N moment rather than in Bjorken-x space,
based on frequently used techniques in fitting procedures of parton distributions, see,
e.g., [109]. This transformation is mainly motivated by the need for an efficient method
to implement the rather complex and lengthy expressions for the partonic cross sections
without any approximations in an NLO analysis. To this end, the parton densities are
written in terms of their Mellin moments. For an arbitrary function φ, the N -th Mellin
moment is defined as

φN (µ) ≡
∫ 1

0
dx xN−1φ(x, µ) . (4.26)

The solution of the differential evolution equations for the parton densities, Eqs. (2.46),
becomes particularly simple in Mellin-N space and can be performed analytically, since
there the cumbersome convolutions of the parton distributions with the evolution kernels
factorize into ordinary products. After evolution to a specific scale µ in moment space the
parton distributions in x-space are recovered via an inverse Mellin transform,

φ(x, µ) =
1

2πi

∫

ΓN

dN x−NφN (µ) . (4.27)
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The integration is to be performed along a suitable contour ΓN in the complex N -plane
to the right of all poles. Replacing the parton densities, ∆a(xa, µf ) and ∆b(xb, µf ), by
their representations as inverse Mellin transforms, Eq. (4.27), the differential cross section,
Eq. (4.25), acquires the form

d∆σ

dpTdη
=

1

(2πi)2

∑

a,b,c

∫

ΓN

dN

∫

ΓM

dM ∆aN (µf )∆b
M (µf )

×
∫ 1

xmin
a

dxa

∫ 1

xmin
b

dxb

∫ 1

zmin
c

dzc x
−N
a x−Mb Dπ

c (zc, µ
′
f )

× d∆σ̂ab→cX

dpTdη
(pT , η, xa, xb, zc, µr, µf , µ

′
f )

=
∑

a,b

∫

ΓN

dN

∫

ΓM

dM ∆aN (µf )∆b
M (µf ) ρ

π
ab(pT , η,N,M, µr, µf , µ

′
f ) .

(4.28)

In the last line all integrations over momentum fractions, the x−Ni factors from the inverse
Mellin transforms (4.27), the partonic cross sections, the summation over all final state
particles c, and the integration over the fragmentation functions have been absorbed into
the function ρπab. If the D

π
c (zc, µ

′
f ) should be fitted to data along with the parton densities,

they cannot be “absorbed” into the ρπab and an additional Mellin integration has to be
performed. Assuming that the fragmentation functions are sufficiently constrained and
using the analytically determined partonic cross sections, it is possible to calculate the
functions ρπab, which contain known ingredients only, before the actual fitting procedure.
The time-consuming integrations contained in ρπab are evaluated choosing the values of
N,M on the contours ΓN ,ΓM as supports of a numerical Gaussian integration. The
subsequent inverse Mellin transformations linking the moments of the parton distributions
with these quantities can then be performed extremely fast, allowing to access the spin-
dependent parton distributions of the proton in reactions described by rather complex
theoretical expressions at NLO without approximations. Of course, a global analysis of
the polarized parton distributions will include not only data from pion production, but all
experimental information on the polarized proton available.

We can now, in principle, make use of the preliminary data obtained by the Phenix

collaboration [29], which currently suggest negative spin asymmetries at low-to-moderate
pT [ cf. Fig. 4.7], and try to find a gluon distribution accounting for these results by the
fitting procedure sketched above. Before turning to this rather intricate full NLO analysis
we wish, however, to discuss the dependence of the spin asymmetry on ∆g on the basis
of an instructive, largely analytical LO approach, and show how the structure of the
contributions from the individual channels entering the polarized pion production cross
section may set a lower bound on AπLL. Only afterwards we will aim to extend our analysis
to NLO.
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We base our discussion on the LO rapidity-integrated differential cross section

p3T
d∆σ

dpT
=

∑

a,b,c

∫ 1

x2
T

dxa∆a(xa, µf )

∫ 1

x2
T /xa

dxb∆b(xb, µf )

×
∫ 1

x2
T /
√
xaxb

dzcD
π
c (zc, µ

′
f ) p

3
T

d∆σ̂ab→cX

dpT
(x̂2T , µr, µf , µ

′
f ) , (4.29)

as it is amenable to an analytical Mellin transform as we will outline below. In Eq. (4.29)
we have introduced the dimensionless variables xT = 2pT /

√
S and x̂2T = x2T /z

2
cxaxb. At

LO, all partonic cross sections occurring in Eq. (4.29) have been calculated analytically.
We assume that the (anti)quark distributions are sufficiently well constrained to treat
them as known. There is still room for improvement in our knowledge of, e.g., the flavor
separation of the polarized sea in the nucleon, but this uncertainty does not affect Aπ

LL in
single-inclusive π0-production significantly: In the numerically most relevant subprocess
including quarks in the initial state, qg → qg [cf. Fig. 4.8], the quark distributions enter
only in the sum, ∆u+∆ū+∆d+∆d̄, since u and d quarks are equally likely to fragment
into a π0.

Let us now investigate whether it is possible to obtain a negative Aπ
LL and how neg-

ative it can be. As a first candidate for causing a negative spin asymmetry, negative
spin-dependent partonic cross sections should be considered. They give rise to negative
polarized hadronic cross sections when convoluted with positive parton densities and the
always positive, spin-averaged fragmentation functions. At LO, ten partonic channels
contribute to single-inclusive hadron production,

(i) gg → gg ,

(ii) gg → qq̄ ,

(iii) gq → gq, gq̄ → qq̄ ,

(iv) qq̄ → qq̄, qq̄ → gg, qq → qq,

qq′ → qq′, qq̄ → q′q̄′, qq̄′ → qq̄′ , (4.30)

as discussed earlier, cf. Eq. (4.7). The partonic double-spin asymmetries âLL, defined in
complete analogy to the hadronic Aπ

LL, Eq. (4.2), by

âLL =
d∆σ̂

dσ̂
=
dσ̂++ − dσ̂+−
dσ̂++ + dσ̂+−

, (4.31)

are depicted for some of the numerically important subprocesses in Fig. 4.10. The partonic
channels gg → gg, gq → gq, qq → qq, and qq̄ → qq̄ all exhibit positive asymmetries over
the entire phase space and therefore cannot serve as a source for a negative hadronic Aπ

LL

when combined with positive parton densities. On the other hand, the reactions gg → qq̄
and qq̄ → gg, and some other subprocesses of (iv) with d∆σab→cX = −dσab→cX have
âLL = −1 for all scattering angles due to helicity conservation at the quark-gluon vertex.
However, as compared to the numerically by far dominant channel gg → gg, the cross
sections associated with these reactions are small. For example, the actual evaluation of
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Figure 4.10: Partonic spin asymmetries âLL for various 2→ 2 scattering reactions at Born level,
as a function of the scattering angle θ.

the partonic gg → qq̄ and gg → gg cross sections at θ = π/2, i.e., mid-rapidity as for
Phenix, reveals a ratio of

d∆σ̂gg→qq̄

d∆σ̂gg→gg
≈ − 1

160
. (4.32)

Even smaller results are obtained for the various quark-annihilation processes in (iv) of
Eq. (4.30). They are negligible in comparison to all gluon-induced reactions as long as
∆g does not vanish and pT is not too large. Since AπLL is determined by the sum of
all partonic cross sections, the small negative contribution from channel (ii) in Eq. (4.30)
cannot cause a negative hadronic spin asymmetry Aπ

LL, unless subprocess (i) is significantly
suppressed, for instance, by a very small gluon-to-pion fragmentation function Dπ

g , which
is, however, very unlikely. Although our knowledge of the pion fragmentation functions is
incomplete and certainly needs improvement, present data from e+e− → b b̄ jet reactions
with subsequent hadronization of the jet into pions [110], put at least some lower bounds
on Dπ

g . They do not leave room for a much smaller than the currently assumed gluon
fragmentation. Above that, a modification of Dπ

g would strongly affect the differential
cross section for unpolarized pion production in pp → π0X, and would reduce it by
about an order of magnitude at RHIC energies. This scenario is certainly disfavored by
previous Phenix measurements at

√
S = 200 GeV, which are fairly well described by our

NLO analysis making use of the fragmentation functions proposed by [82], as discussed
and illustrated in Fig. 4.4 above. We therefore conclude that subprocesses with negative
partonic cross sections cannot be the main source for a negative Aπ

LL.

Let us now turn our attention to the spin-dependent gluon density of the proton. It
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emerges in all subprocesses with gluons in the initial state, i.e., in channel (iii) of Eq. (4.30)
and, at central rapidities roughly quadratically, in gg → gg and gg → qq̄. Keeping in mind
that the partonic cross section for the numerically dominant channel (i) is positive, it is
obvious that a negative AπLL cannot easily be obtained within the perturbative framework
we have applied so far.

However, so far we have not made use of the fact that the ∆a and ∆b in Eq. (4.29)
are not necessarily probed at exactly xa = xb (the arguments are equal only at η = 0),
and that polarized parton distributions can exhibit a node, allowing for two alike parton
densities to enter with different sign in the spin-dependent hadronic cross section. Before
attempting to perform a thus inspired fit for an extraction of ∆g from the data, we show
how to derive an explicit lower bound on Aπ

LL at the LO by a transformation of (4.29)
to Mellin moment space. In contrast to the cumbersome numerical procedure required
at NLO, outlined in Eq. (4.28), the simple structure of the Born cross sections makes
d∆σ/dpT amenable to an analytical Mellin transform. Taking the Mellin moments with
respect to x2T ,

∆σ(N,µr, µf , µ
′
f ) =

∫ 1

0
dx2T (x2T )

N−1 p3T
d∆σ

dpT
(x̂2T , µr, µf , µ

′
f ) , (4.33)

we obtain
∆σ(N) =

∑

a,b,c

∆aN+1∆bN+1∆σ̂c,Nab D
π,2N+3
c , (4.34)

where the ∆σ̂c,Nab are the x2T -moments of the partonic cross sections, defined in analogy to
Eq. (4.26). The N -moments of the parton distribution and fragmentation functions have
been introduced already in Eq. (4.26). Any dependence on the various scales is omitted
from now on for simplicity. We can then rewrite Eq. (4.34) explicitly in terms of ∆gN ,

∆σ(N) = (∆gN+1)2



∆σ̂g,Ngg Dπ,2N+3
g +∆σ̂q,Ngg

∑

f=q,q̄

Dπ,2N+3
f





+2∆gN+1∆σ̂g,Nqg
∑

f=q,q̄

∆fN+1
[
Dπ,2N+3
g +Dπ,2N+3

q

]
+ CN . (4.35)

Here we have made use of the symmetry properties of the partonic cross sections at LO
induced by the rapidity integration over a symmetric interval (in our case, −∞ < η <∞).
Exchanging the two final state partons in a 2→ 2 scattering process is generally equivalent
to reversing the sign of rapidity. Integrating the partonic cross section for the generic
reaction ab→ cd over a rapidity interval −η0 ≤ η ≤ η0 therefore gives the same result as
the corresponding integral for the reaction ab→ dc. This allows us, e.g., to express ∆σ̂q,Nqg
in terms of ∆σ̂g,Nqg . ∆σ(N) can then be cast into the compact form

∆σ(N) = (∆gN+1)2AN + 2∆gN+1BN + CN , (4.36)

where AN includes all contributions from the processes with two gluons in the initial state,
gg → gg and gg → qq̄. Likewise, BN represents the one-gluon channel qg → qg, and CN ,
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Figure 4.11: ∆gmin(x, µ) resulting from the minimization condition Eq. (4.37) at a scale µ =
2.5 GeV (solid), compared to the GRSV standard gluon density (dashed).

introduced already in Eq. (4.35), stands for all reactions without any incoming gluon.
The quark densities, partonic cross sections and fragmentation functions of the respective
processes are absorbed into the coefficients AN , BN , and CN , whose explicit form can be
read off Eq. (4.35) easily.

Due to the dominance of the gg → gg channel with its positive partonic cross section
over the negative contribution from the gg → qq̄ scattering, the latter can safely be
neglected and AN is entirely positive. ∆σ(N) is then a quadratic from in the Mellin
moment ∆gN+1 with a minimum at

∆gN+1|min = −B
N

AN . (4.37)

The corresponding gluon density, ∆gmin(x, µ), is straightforwardly obtained by an inverse
Mellin transform (4.27). We depict ∆gmin in Fig. 4.11, for comparison together with the
gluon distribution of the GRSV standard set, which is larger and, by assumption, positive
over the whole x-range considered. It can be seen that ∆gmin almost vanishes in the small-
x region, exhibits a node at intermediate x as expected, and turns to negative values at
large x.

The node of ∆gmin allows to probe the gluon densities in gg → gg at values of xa
and xb where they have different sign. This can, in principle, be of particular importance
for obtaining a sizeable negative spin asymmetry due to the dominance of the gg → gg
channel in pp → π0X. Using ∆gN+1|min, the moments of the polarized pion production
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cross section given in Eq. (4.36) take the form

∆σ(N)|min = −(BN )2
AN + CN , (4.38)

which can be transformed to the hadronic cross section in pT -space by an inverse Mellin
transform,

p3T
d∆σ

dpT

∣
∣
∣
∣
min

=
1

2πi

∫

Γ
dN (x2T )

−N∆σ(N)|min . (4.39)

We evaluate Eq. (4.39) with the (anti)quark distributions of the LO GRSV standard
parametrization [17] and the fragmentation functions of Ref. [82]. The scales are fixed to
the average transverse momentum of the data, µr = µf = µ′f = 〈pT 〉 ' 2.5 GeV. In this

way we obtain the minimal spin asymmetry Aπ,min
LL which is negative but does not exceed

an absolute value of O(10−3) in the range 1 . pT . 4 GeV! Although our simplified LO
analysis gives only an estimate for the double-spin asymmetry, it captures the main point
we want to make: Since the spin-dependent hadronic cross section is a quadratic form in
∆g, it is bounded from below and cannot acquire large negative values at moderate pT
and central rapidities. At higher transverse momentum sizeable (negative) results for Aπ

LL

are possible.

The largely analytical results we have obtained so far may slightly change in a more
accurate analysis. However, the qualitative behavior of the spin asymmetry is not affected
by the simplifying assumptions we have made. For example, to take the x2T -moments
analytically we had to integrate the hadronic cross section over all rapidities, whereas
experiment is usually restricted to a certain range in η, e.g., Phenix takes data only at
|η| ≤ 0.38. This approximation affects the x-ranges probed in the reaction. The larger
the rapidity interval considered, the more likely collisions of partons with rather different
momentum fractions xa 6= xb become. This feature is illustrated by Fig. 4.12, where the
polarized LO cross section is plotted at

√
S = 200 GeV and fixed pT = 2.5 GeV versus

the difference |xa − xb| of the momentum fractions of the two incoming partons. The
upper curve has been obtained by integrating over all η as in Eq. (4.29), whereas in the
lower one rapidity has been restricted to |η| ≤ 0.38. Obviously, allowing for a broader
range of rapidities yields more events with |xa − xb| > 0 and – keeping the possibility of
having a node for ∆g in mind – more gg-reactions, where the two gluon distributions enter
the hadronic cross section with different sign. Restricting our analysis to experimentally
relevant rapidities, |η| ≤ 0.38, thereby reduces the size of a negative Aπ

LL even further. In
addition, we have not adapted ∆q and ∆q̄ to the new gluon scenario, but simply used the
LO GRSV distributions throughout, although, in general, any change in ∆g affects the
(anti)quark distributions via evolution and thus requires in principle a refitting of ∆q and
∆q̄. We have refrained therefrom assuming that the effects caused by this simplification
will be negligible for our basic – and so far purely qualitative – estimate.

Regardless of the approximations made so far we think that we have illustrated clearly
that a large negative double-spin asymmetry cannot be obtained within the framework
of pQCD at low-to-moderate pT -values. However, a thorough determination of ∆g and,
thereby, interpretation of a possibly large negative Aπ

LL requires doubtlessly a global NLO
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Figure 4.12: LO Rapidity-integrated pion production cross section d∆σ/dpT at
√
S = 200 GeV

and pT = 2.5 GeV, plotted in bins of |xa − xb| for different ranges of the η integration.

analysis of all available data, which carefully takes into account all subtleties ignored so far.
We have performed such an analysis including all data from polarized DIS along with the
very recent (still preliminary) results from the Phenix collaboration for ~p~p→ π0X [29] by
means of the double Mellin transform technique sketched in Eq. (4.28). For this purpose,
several ansätze have been tried for ∆g, in particular, ones exhibiting a node. None of these
fits allowed to reproduce a negative Aπ

LL of approximately −2% in the region 1 . pT . 4
GeV. The utmost which could be achieved was a negative spin asymmetry with an absolute
value of a few times 10−3, consistent with the analytic bound derived above. Any such
fit required gluon distributions having a node and violating positivity in certain ranges of
x. We therefore conclude that even though it might be mathematically possible to find
ways for reproducing large negative Aπ

LL at pT ' 1÷ 4 GeV, our full NLO analysis rules
out physically acceptable solutions within the framework of pQCD. If future data should
indeed confirm large negative spin asymmetries, we thus have to look for alternative ways
of explanation. In the range of small-to-moderate pT , power corrections, neglected in our
analysis, could be of some importance. Although they do not seem to play a significant
role in unpolarized pion production even at rather low transverse momenta, pT ≈ 1.5 GeV,
they might affect the spin-dependent cross section more severely since d∆σ is subject to
strong cancelations among its various contributions. Such effects can, for instance, be
modeled by taking into account the intrinsic transverse momentum kT of the incoming
partons. This would yield power corrections of the form 〈kT 〉/pT , with 〈kT 〉 an average
kT , which possibly modify AπLL at pT . 5 GeV, as, e.g., demonstrated in [111]. Above
that, possibly further, so far unconsidered mechanisms might be instrumental in causing
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a negative spin asymmetry, or a breakdown of pQCD could occur at low pT . In any
case, providing a satisfactory explanation for a large negative Aπ

LL – should it indeed be
confirmed experimentally – cannot be achieved within the standard framework of pQCD. It
would require a deeper understanding of hadronic interactions and opens up new windows
to a more comprehensive view of the nucleon’s structure.

4.4 Summary

In this chapter, we have presented a full NLO calculation of the spin-dependent partonic
scattering cross sections relevant for single-inclusive pion production in longitudinally po-
larized hadron-hadron collisions. These calculations have been done in a fully analytical
way. We then combined the partonic cross sections with parton distributions and frag-
mentation functions and performed a thorough analysis of the resulting single-inclusive
pion cross sections. It turned out that NLO corrections to both, unpolarized and polarized
LO cross sections are well under control, and that the dependence of these observables
on unphysical scales is significantly reduced beyond the leading order, which ensures that
our predictions are free of large theoretical uncertainties stemming from artifacts of the
fixed order perturbative calculation. This was one of the main motivations for our NLO
calculation, since only accurate results will allow for an extraction of information on the
parton densities of the nucleon from experiment. Indeed, we have found that the unpo-
larized cross sections we obtained account well for recent measurements of the Phenix

and Star collaborations at RHIC [100, 101], which gives us some confidence in the appli-
cability of our approach, also for a future use in the polarized case. Next, we discussed
the double-spin asymmetry in single-inclusive pion production, which turned out to be a
promising tool for determining the gluon polarization of the nucleon. We found that Aπ

LL

is very sensitive to ∆g even at low integrated luminosities, although the sign of ∆g cannot
be accessed in neutral pion production at the low-to-moderate values of pT where data
have already been taken [29]. This can only be achieved in measurements at higher pT , or
from additional studies of charged pion production which is, of course, feasible at RHIC
in the future. We have outlined in some detail that a negative spin asymmetry at small-
to-medium pT can hardly be obtained within a leading power pQCD approach. Should
the preliminary data from Phenix, which indicate a sizeable negative Aπ

LL, be confirmed,
therefore an extension of the standard leading power perturbative calculation will become
necessary. This opens up quite unexpected views on our present understanding of pQCD.

We stress that, in any case, our results allow for the first time for a quantitative com-
parison of theory with experiment in ~p~p → π0X, free of large theoretical uncertainties.
New data from RHIC in the near future will provide us with excellent prospects for a
determination of ∆g, or, else, require us to extend the theoretical standard framework for
the description of hard scattering processes – in either case a source for improving our
knowledge on the strong interaction.

The methods developed in this chapter on the basis of single-inclusive pion production
can straightforwardly be applied to processes involving other hadrons in the final state, and
thereby serve as a source of information on fragmentation functions little explored so far.
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A generalization to helicity transfer reactions, such as the production of lambda baryons,
whose spin state is accessible in experiment via their self-analyzing decay distribution [81],
is feasible, and could deepen our understanding of the mechanisms governing the formation
of polarized hadrons.

In the next chapter we will, however, focus on single-inclusive jet production in pp-
collisions, closely related to the case of pion production discussed above. The spin asym-
metries encountered in jet production will turn out to be a particularly clean tool for
gaining information on the parton distributions of the colliding hadrons, and, therefore,
are invaluable for an extraction of ∆g from experiment.



Chapter 5

High-pT Single-Inclusive Jet

Production in Polarized

pp-Collisions at NLO QCD

Gaining a thorough understanding of hadronic spin structure requires a careful analysis
of a broad variety of reactions sensitive to the parton content of the nucleon. In this
context, processes which are not subject to uncertainties due to hadronization effects in
the final state are particularly suitable. For this reason we will turn to the investigation
of single-inclusive jet production in polarized proton-proton collisions at high-pT [33],

p(PA) + p(PB)→ jet(PJ) +X . (5.1)

Jets are abundantly produced in hadronic collisions at high energies, yielding sizeable cross
sections even at rather low luminosities, and can therefore be studied extensively in the
proton-proton mode at RHIC [22]. From the theoretical side, it is of particular importance
to provide the necessary framework for an analysis of high-pT jet production beyond the
leading order, since the QCD structure of the jet starts to manifest itself only at NLO [112].
This is in contrast to the case of hadron production, since the hadronization process itself
can be studied already at the LO. Above that, the inclusion of NLO corrections is expected
to reduce the theoretical uncertainties, such as scale dependence, of the calculated jet
cross sections. It should be noted that Monte-Carlo methods have been applied to single-
inclusive jet production before [113]. We, however, focus on a largely analytical approach
as in the previous chapter. Again, our results have the advantage of yielding much faster
and more efficient computer codes.

5.1 Jet Definition

Jets are not intrinsically well-defined objects such as, e.g., hadrons. First introduced in the
context of e+e−-annihilation by Sterman and Weinberg [114] in 1977, jets are now defined
in different ways by different collaborations depending on the experimental conditions and
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calculational techniques used [112, 115-120]. An attempt towards a standardization of jet
definitions has been made by leading experts from experiment and theory at the Snowmass
summer school 1990 [121], driven by the basic requirements that the definition must be
simple to implement in an experimental analysis as well as in a theoretical calculation. The
latter has to be meaningful at any order of perturbation theory and relatively insensitive to
hadronization effects in the final state. These key issues, and the additional advantage of
simple transformation properties under Lorentz boosts, are met by a standard jet definition
in terms of cones in pseudorapidity ηJ and azimuth φJ . Within the Snowmass convention
any parton i with coordinates (ηi, φi) inside a cone of radius

R ≡
√

(ηi − ηJ)2 + (φi − φJ)2 (5.2)

around the jet axis (ηJ , φJ) is associated with the jet. Usually, R is chosen to lie in the
range 0.4 ≤ R ≤ 1.0. A jet composed of any number of partons is, in addition to ηJ and φJ ,
characterized by its transverse energy ET . These quantities are defined as weighted sums
of the corresponding partonic ones,

ET ≡
∑

i ∈ cone
ETi

,

ηJ ≡ 1

ET

∑

i ∈ cone
ETi

ηi , (5.3)

φJ ≡ 1

ET

∑

i ∈ cone
ETi

φi ,

where only partons inside the cone are considered.
The Snowmass jet convention can only be implemented numerically [113, 118, 120].

An analytical approach requires a simplified criterion. In the jet definition first adopted
by Furman [115] and later also used by Aversa et al. [104, 122] for the calculation of
unpolarized jet cross sections, the direction of the jet axis ~PJ is fixed by the condition

~PJ ≡
∑

i ∈ cone
~pi , (5.4)

which in the limit of vanishing jet invariant mass, M 2
J = P 2

J = (
∑

iEi)
2 − (

∑

i ~pi)
2 ≈ 0,

equals the covariant version of Ref. [116]

Pµ
J ≡

∑

i ∈ cone
pµi , (5.5)

rather than Eqs. (5.3) [116]. The jet itself is now supposed to be a deposit of transverse
energy in a cone with semi-aperture δ around the jet axis, cf. Fig. 5.1. The scattering
angle of the jet with respect to the incoming hadron beam, θJ , is related to the jet’s
pseudorapidity as usual, ηJ = − ln (tan θJ/2), and δ can straightforwardly be identified
with the cone radius (5.2) via R = δ cosh ηJ + O(δ2). In the so-called “small cone ap-
proximation” (SCA) of Refs. [115, 104, 122], only small cone openings are considered, and
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Figure 5.1: Sketch of single-inclusive jet production in p(PA) + p(PB)→ jet(PJ ) +X.

terms of O(δ2) can safely be neglected. The partonic jet cross section is then of the form
A+B ln δ, and the coefficients A and B can be determined at an analytical level. The va-
lidity of this assumption has been demonstrated by a comparison of unpolarized jet cross
sections, calculated in the SCA, to a computation where finite cone sizes have numerically
been taken into account [123, 116], which showed that the SCA works well for cone sizes
up to R ' 0.7. We will confirm this finding below. In the range where δ cosh ηJ ≈ R¿ 1,
i.e., where the SCA is supposed to be reliable, the jet axis chosen according to Eq. (5.5)
coincides with the corresponding direction of the Snowmass definition (5.3) [124]. For this
reason and, as we will show below, because corrections of O(δ2) to observables computed
in the SCA are indeed small also in the polarized case, it is sensible to perform largely
analytical calculations making use of the jet definition (5.5) as we will do in the following.

Different jet finding algorithms differ not only in the definition of the jet axis, but also
in what they actually count as “one-jet event” [112, 117]. Within the SCA [115, 104, 122],
any configuration with at least one jet in the final state is considered when single-inclusive
jet cross sections are calculated. More specifically, this means that, e.g., two-jet events
are counted twice as either of the two jets can be detected. This is to be contrasted to
algorithms which count only the most energetic jet in an event. Both types of algorithm
are sensible as they respect all requirements put on a reasonable jet convention. However,
they yield different results. When presenting predictions or data for jet observables it is
therefore crucial to specify the explicit convention they refer to.

5.2 Analytical Calculation of Jet Cross Sections

In complete analogy to hadroproduction of inclusive pions, discussed in Chap. 4, the spin-
dependent high-pT jet cross section for the reaction p(PA)+ p(PB)→ jet(PJ)+X is given
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by the convolution of the parton densities of the proton with the partonic cross sections,

d∆σ

dpTdηJ
=

2pT
S

∑

a,b

∫ V

VW

dv

v(1− v)

∫ 1

VW/v

dw

w
∆a(xa, µf )∆b(xb, µf )

×




d∆σ̂

(0)
ab→jetX(s, v)

dv
δ(1− w) + αs(µr)

π

d∆σ̂
(1)
ab→jetX(s, v, w, µf , µr)

dvdw



 . (5.6)

It is important to note that, although the initial state is handled in exactly the same way
as in the case of single-inclusive pion production, jet cross sections differ significantly in
the treatment of the final state. They do not contain parton-to-hadron fragmentation
functions describing the hadronization process. As a consequence, jet observables are free
of any dependence on a final state factorization scale µ′f , since singularities in the partonic
cross sections need not be factorized into fragmentation functions at some scale, but cancel
in the sum of all contributions to a well-defined jet quantity. As we will see below, this
feature makes jet cross sections a very clean tool for gaining a better knowledge of the
parton distributions of the proton, in particular ∆g. Of course, divergencies in the initial
state still have to be factorized into the parton densities, thereby introducing a dependence
on the factorization scale µf . As before, through the renormalization of the strong running
coupling αs a renormalization scale µr enters into the cross section.

In Eq. (5.6), ηJ and pT refer to the pseudorapidity and the transverse component of
the jet momentum PJ , which is given by the sum of partonic momenta according to the jet
definition Eq. (5.5). It is convenient to express all quantities in terms of the dimensionless
variables V and W ,

V = 1− pT√
S
eηJ and W =

p2T
SV (1− V )

, (5.7)

with S = (PA + PB)
2 being the available c.m.s. energy squared, as usual. The related

parton-level variables read, in analogy to Eq. (4.4),

v ≡ 1 +
t

s
, w ≡ −u

s+ t
,

s ≡ (pa + pb)
2 , t ≡ (pa − PJ)2 , u ≡ (pb − PJ)2 , (5.8)

and the momentum fractions of the hadrons’ momenta carried by the respective partons
are given by

xa =
VW

vw
and xb =

1− V
1− v , (5.9)

similar to the corresponding expressions for hadron-production reactions in Eq. (4.6).
Contrary to the case of single-inclusive hadron production, discussed in Chap. 4, where

different final-state partons have to be weighted with different fragmentation functions,
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leading to the ten separate LO channels of Eq. (4.7) and six additional NLO processes,
specified in Eq. (4.8), in a jet cross section no distinction is made between different partons,
i.e., gluons and quarks or antiquarks of different flavors, producing the jet. All processes
with the same initial-state partons have to be summed appropriately. This ultimately
leads to the cancelation of final-state singularities at higher orders. There are only six
basic processes a+ b→ jet +X which contribute to single inclusive jet production at LO
and NLO,

qq′ → jetX

qq̄′ → jetX

qq → jetX

qq̄ → jetX

qg → jetX

gg → jetX . (5.10)

At LO, two partons in the final state recoil off each other in opposite directions. The
observed jet consists then only of a single parton, a scenario barely encountered in ex-
periment. Above that, a calculation relying on the assumption that a jet is formed by
a single parton does not offer any chance to study the internal structure of a realistic
jet event [112]. Therefore, at least, O(α3

s) contributions have to be considered, which
account for jets consisting of more than one parton. At this order of perturbation theory,
in addition to the 2 → 2 processes present already at LO, new 2 → 3 partonic scattering
reactions emerge, and the partons in such a final state can combine in many possible ways.
Again, there is the possibility that only one of the outgoing partons forms a jet, leaving
the remaining two as unobserved by-products of the reaction, but then also any pair of
partons can produce the jet together. Only the sum of all these reactions yields finite jet
cross sections which are free of any singularities in the final state.

To economize the analytical calculation of all partonic matrix elements it is desirable
to make as much use as possible of the single-inclusive parton cross sections already en-
countered in Chap. 4. Of course, the treatment of the final state, in particular of the
singularities which have been shifted to the bare fragmentation functions in the case of
hadron production, has to be modified. New contributions stemming from configurations
where two outgoing partons form a jet together must be included. These amendments are
most easily performed in the context of the SCA, which relies on the dominance of mostly
collinear jet “constituents”.

As proposed by Furman [115], it is convenient to split the full partonic jet cross sections
into separate contributions, depending on which partons serve to form the jet. We have
sketched these configurations in Fig. 5.2 for the partonic 2→ 3 reaction ab→ jkl→ jetX.
In the first case, only parton j forms the jet. Partons k and l are anywhere, but, of course,
not in the jet cone. Such configurations are included already in the single-inclusive parton
cross section for the reaction ab→ jX, which we denote by d∆σ̂j from now on. However,
this cross section contains also unwanted terms from configurations where another parton
is in the cone, although it does not contribute to the jet. We thus have to subtract such
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Figure 5.2: Contributions to single-inclusive jet production from partonic reactions where only
one parton forms the jet (a), and where two essentially collinear partons are inside the cone
associated with the jet (b).

terms from d∆σ̂j . In the following we will call the cross section for the reaction ab→ jkX,
where j and k are in the cone, but only j produces the jet, d∆σ̂j(k). Finally, certainly
also two essentially collinear partons, e.g., j and k, can form the jet together, giving
rise to a type of cross section, labeled d∆σ̂jk, that has not been present in the case of
single-inclusive parton production of Chap. 4. Of course, in the same way as j any of the
partons k or l can form the jet. Taking all these pieces together we end up with the full
parton-to-jet cross section for the reaction ab→ jetX:

d∆σ̂ab→jetX =
[
d∆σ̂j − d∆σ̂j(k) − d∆σ̂j(l)

]
+
[
d∆σ̂k − d∆σ̂k(j) − d∆σ̂k(l)

]

+
[
d∆σ̂l − d∆σ̂l(j) − d∆σ̂l(k)

]
+ d∆σ̂jk + d∆σ̂jl + d∆σ̂kl . (5.11)

The actual calculation of the various contributions to Eq. (5.11) requires some care. We
are therefore going to discuss the steps required for the computation of the d∆σ̂j(k) and
d∆σ̂jk more in detail, putting special emphasis on the proper treatment of the singularities
emerging in intermediate steps of the calculation.

5.2.1 The One-Parton-to-Jet Cross Section d∆σ̂j(k)

We start with the computation of contributions to the jet cross section stemming from
configurations where one parton, j, produces the jet, but a second parton, k, is also in the
cone. Within the SCA such contributions only arise when partons j and k are essentially
parallel to each other, emerging from a collinear splitting of an intermediate state c as
illustrated in Fig. 5.2 (b). The spin-dependent matrix element squared ∆|M|2ab→jkl for
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the reaction ab→ cl→ jkl takes then the form

∆|M|2ab→jkl (s, v, w) =
cm

2pj · pk
∆|M|2ab→cl

(

s, v′ =
vw

1− v + vw

)

P<
jc(z = 1− v + vw) ,

(5.12)

with some constant of proportionality cm. The LO matrix element Mab→cl accounts for
the 2 → 2 scattering which precedes the collinear splitting of the intermediate state c
into partons j and k. Since c is not a free state but undergoes a further interaction the
argument of the Born matrix element is shifted from the v of an ordinary tree level diagram
to v′ = vw/(1− v + vw). The propagation of the intermediate state is accounted for by a
denominator of the form 1/pj · pk. It can be shown to yield

2pj · pk = 2E2
j

v (1− w)
1− v + vw

(1− cos θjk) , (5.13)

where θjk is the angle between partons j and k, and Ej refers to the energy of particle j.
In Eq. (5.12) all quantities are understood in n dimensions and P<

jc(z) denotes a collinear
c→ j splitting with z < 1 which, in contrast to the full splitting function Pjc(z), does not
contain a δ(1− z) contribution if c = j.

For the phase space integration of ∆|M|2ab→jkl in Eq. (5.12) we impose that parton j
serves to form the jet,

∫

dPS3∆|M|2ab→jkl = (2π)3−2n
∫
dn−1pj
2Ej

dnpk d
npl δ( p

2
k ) δ( p

2
l )

× dn−1PJ
2EJ

2EJ δ
(n−1)(PJ − pj) δ(n)(pa + pb − pj − pk − pl) ∆|M|2ab→jkl ,

(5.14)

where δ(n−1)(PJ − pj) ensures that the jet criterion (5.5) is fulfilled. After rewriting all
quantities in terms of v, v′, and w, the 2→ 3 phase space integration gives

∫
dPS3
dvdw

∆|M|2ab→jkl =

[
1

8π

(
4π

s

)ε 1

Γ(1− ε) [v
′(1− v′)]−ε

]
1

8π2

(
4π

s

)ε

× 1

Γ(1− ε)
v

1− v + vw

[

E2
j v

2(1− w)2
s

]−ε

cm ∆|M|2ab→cl(s, v
′)P<

jc(z)

∫ δ

0
dθjk

sin1−2ε θjk
1− cos θjk

.

(5.15)

The factor in square brackets in the first line of (5.15) is the usual 2 → 2 phase space
in n dimensions of Eq. (4.9) with v being replaced by v′. Here, we have already made
use of the simple structure of ∆|M|2ab→jkl, whose only dependence on θjk stems from the
propagator denominator 1/pj · pk. To evaluate the angular integral in (5.15) we perform
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a series expansion in θjk, which is allowed as long as the angle is small as assumed in the
SCA. Thereby we obtain

∫ δ

0
dθjk

sin1−2ε θjk
1− cos θjk

= −δ
−2ε

ε
+O(δ2) . (5.16)

With this integral at hand we can compute the corresponding n-dimensional partonic cross
section,

d∆σ̂ab→jkl

dvdw
=

d∆σ̂ab→cl

dv

(

v′ =
vw

1− v + vw

)

P<
jc(z = 1− v + vw)

×αs
2π

(

−1

ε

)
1

Γ(1− ε)
v

1− v + vw

[

E2
j δ

2v2(1− w)2
s

]−ε

, (5.17)

where d∆σ̂ab→cl stands for the Born cross section for the scattering a+b→ c+ l preceding
the final state collinear splitting.

If the P<
jc(z) corresponds to a non-diagonal splitting, i.e., j 6= c, the further com-

putation of d∆σ̂j(k) is straightforward. In that case, the full splitting function Pjc(z) is
regular at z = 1, and Eq. (5.17) can safely be expanded in ε. The remaining pole in ε
was also present in the single-parton inclusive cross section d∆σ̂j . However, there it has
been subtracted by a final state factorization into the bare parton-to-pion fragmentation
functions at a scale µ′f . Obviously, such a factorization is no longer possible in the case of
jet production, and any dependence on the final state factorization scale µ′f has to drop
out in the sum Eq. (5.11). Since we still want to use the d∆σ̂j of Chap. 4 we have to
compensate for the final state factorization by applying the same subtraction d∆σ̂fact to
the d∆σ̂j(k),

d∆σ̂fact
dvdw

= −αs
2π

d∆σ̂ab→cl

dv

(

v′ =
vw

1− v + vw

)

P
(4)
jc (z = 1− v + vw)

×
(

−1

ε

)
v

1− v + vw

(

µ′ 2f
s

)−ε

. (5.18)

As usual, P
(4)
jc (z) denotes the four-dimensional splitting function for a collinear c → j

splitting. It is related to the full n-dimensional splitting function via

Pjc(z) = P
(4)
jc (z) + εP

(ε)
jc (z) . (5.19)
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In QCD, the n-dimensional unpolarized LO-splitting functions are given by [65]

Pqq(z) = CF

[
1 + z2

(1− z)+
+

3

2
δ(1− z)− ε (1− z) + ε

2
δ(1− z)

]

, (5.20)

Pqg(z) =
1

2

[

z2 + (1− z)2 − 2 ε z (1− z)
]

, (5.21)

Pgq(z) = CF

[
1 + (1− z)2

z
− εz

]

, (5.22)

Pgg(z) = 2CA

[
z

(1− z)+
+

1− z
z

+ z (1− z) + ε

12
δ(1− z)

]

+

(
11

6
CA −

Nf

3

)

δ(1− z) . (5.23)

Adding up Eqs. (5.17) and (5.18) we obtain the final (and finite) result for d∆σ̂j(k) for
j 6= c:

d∆σ̂j(k)

dvdw
=

αs
2π

v

1− v + vw

d∆σ̂n=4
ab→cl

dv

(

v′ =
vw

1− v + vw

)

×
[

P
(4)
jc (z = 1− v + vw) ln

(

E2
j δ

2v2(1− w)2
µ′ 2f

)

− P (ε)
jc (z = 1− v + vw)

]

,

(5.24)

with d∆σ̂n=4
ab→cl denoting the four-dimensional LO cross section for the reaction a+b→ c+l.

Some care has to be taken in the treatment of matrix elements including a diagonal
splitting, since the Pjc(z) emerging in the d∆σ̂j(k) exhibit an infrared singularity at z = 1,
if j = c. This divergence is regularized by the factor (1 − w)−2ε from the phase space,
cf. Eq. (5.17). It thereby gives rise to a 1/ε2 pole which is canceled by a correspond-
ing singularity in the d∆σ̂jk. Since the results for the d∆σ̂j(k) in the diagonal case are
rather lengthy we do not list them here, but first turn to the discussion of those configu-
rations where two partons form a jet and show afterwards how to combine them with the
corresponding one-parton contributions to obtain finite expressions.

5.2.2 The Two-Parton-to-Jet Cross Section d∆σ̂jk

If two quasi-collinear partons j and k produce a jet together, Eq. (5.5) yields PJ = pj+pk.
The corresponding 2→ 3 phase space takes then the form

dPS3 = (2π)3−2n
dn−1pk
2Ek

dnpj d
npl δ( p

2
j ) δ( p

2
l )

dn−1PJ
2EJ

2EJ

× δ(n−1)(PJ − pj − pk) δ(n)(pa + pb − pj − pk − pl) . (5.25)
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After performing the pk- and pl-integrations one ends up with

2EJ
dPS3
dn−1PJ

= (2π)3−2n
∫

dnpj δ( p
2
j )
EJ
Ek

δ
(
[pa + pb − PJ ]2

)
, (5.26)

where EJ is the jet’s energy, EJ = Ej+Ek. In the collinear approximation, where P 2
J ≈ 0,

the delta function δ
(
[pa + pb − PJ ]2

)
can be rewritten as

δ
(
[pa + pb − PJ ]2

)
≈ δ(s+ t+ u) =

1

sv
δ(1− w) , (5.27)

stating that the d∆σ̂jk contribute only for w = 1. For the phase space integral of the
relevant matrix elements, which are of the form (5.12), we obtain then

∫
dPS3
dvdw

∆|M|2ab→jkl =

[
1

8π

(
4π

s

)ε 1

Γ(1− ε) [v(1− v)]
−ε
]

1

8π2

(
4π

s

)ε

δ(1− w)

× 1

Γ(1− ε)cm∆|M|2ab→cl(s, v)

∫ Ejet

0
dEj

EJ
E2
k

(

E2
j

s

)−ε

P<
jc

(
Ej
EJ

)∫ θmax

0
dθj

sin1−2ε θj
1− cos θjk

,

(5.28)

with θi denoting the angle between the direction of parton i and the jet axis, whereas θjk
is, as before, the angle between partons j and k. The argument of the underlying 2 → 2
cross section, ∆|M|2ab→cl(s, v), is v rather than v′ due to the Born kinematics of the d∆σ̂jk
enforced by the δ(1−w) distribution from the phase space integration. It is crucial to note
that the argument, z, of the splitting function emerging in the matrix element Eq. (5.12)
is no longer fixed to z = 1 − v + vw as in the case of d∆σ̂j(k). Rather, it has to be
integrated over since the phase space (5.28) depends explicitly on Ej , which is related to
the momentum fraction carried by parton j via z = Ej/EJ , when both partons emerging
from the splitting form the jet together.

As the next step, we need to express θj in terms of θjk. To this end, we write

cos θjk =
~pj · ~pk
|~pj | |~pk|

=
~pj ·

(

~PJ − ~pj
)

Ej (EJ − Ej)
=
|~PJ | cos θj − Ej

EJ − Ej
, (5.29)

and then use

~P 2
J = (~pj + ~pk)

2 = E2
j + (EJ − Ej)2 + 2Ej(EJ − Ej) cos θjk , (5.30)

to find in the collinear approximation

θj ≈
EJ − Ej
EJ

θjk and θk ≈
Ej
EJ

θjk . (5.31)
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Since neither of the two partons producing the jet is allowed to be outside the cone, the
upper limit of the angular integration, θmax, is found to be

Ek > Ej : θmax = δ ,

Ej > Ek : θmax =
Ek
Ej
δ , (5.32)

depending on the distribution of energy between partons j and k.

We are now in a position to perform the angular integral in (5.28), and obtain, after a
transformation of the integration variable Ej to ξ = Ej/EJ ,

∫
dPS3
dvdw

∆|M|2ab→jkl =

[
1

8π

(
4π

s

)ε 1

Γ(1− ε) [v(1− v)]
−ε
]

1

8π2

(
4π

s

)ε

× 1

Γ(1− ε)

(

−1

ε

)(
E2
J δ

2

s

)−ε
δ(1− w) cm ∆|M|2ab→cl(s, v)

×
∫ 1

0
dξ

[

ξ−2ε Θ

(
1

2
− ξ
)
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(5.33)

For the ξ-integral we write

Imn ≡
∫ 1

0
dξ

[

ξ−2ε Θ

(
1

2
− ξ
)

+ (1− ξ)−2ε Θ
(

ξ − 1

2

)]

P<
mn(ξ) . (5.34)

Computing Imn for all relevant splitting functions yields

Iqq = CF

[

−1

ε
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2
+ ε

(
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π2

3
− 3 ln(2)

)]

= Igq ,
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,

Igg = 2CA
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(
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36
+
π2

3
− 11

3
ln(2)

)]

. (5.35)

Obviously, the 1/ε pole terms in Eqs. (5.35) give rise to double poles when they are
combined with the overall 1/ε singularity in Eq. (5.33). Such divergencies in the d∆σ̂jk
have already been anticipated when a similar pole structure occurred in the calculation
of the d∆σ̂j(k) in the previous section. We will show in the following how to combine the
individual parts contributing to the full partonic jet cross sections such that all singularities
associated with the final state cancel explicitly.
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=⇒ jet

Figure 5.3: Sample diagram for the process gg → gg → qq̄g → jetX, where the quark produces
a jet and gives rise to the one-parton-to-jet cross section d∆σ̂q(q̄).

5.2.3 Cancelation of Final State Singularities

The cancelation of final state singularities by the appropriate combination of individ-
ual contributions to observable jet cross sections as given in Eq. (5.11) is most clearly
illustrated by an example. Let us therefore resort to the reaction gg → jetX. The gener-
alization to other channels will then be straightforward.

We have elaborated in some detail in Sec. 5.2.1 that those d∆σ̂j(k), which stem from
a non-diagonal splitting, are finite by themselves. In the example gg → jetX, such a
contribution arises from a gg → gg scattering, followed by a gluon-to-quark splitting,
which we have sketched in Fig. 5.3. The corresponding cross section d∆σ̂q(q̄) can easily be
computed from Eq. (5.24) by inserting the appropriate expressions for the d∆σ̂ab→cl (v

′)
and Pjc(z),

d∆σ̂q(q̄)

dvdw
=

αs
2π

v

1− v + vw

d∆σ̂n=4
gg→gg(v

′)

dv

[

P (4)
qg (z) ln

(

E2
j δ

2v2(1− w)2
µ′ 2f

)

− P (ε)
qg (z)

]

.

(5.36)

Since all pieces entering this expression are finite by themselves, d∆σ̂q(q̄) is free of singu-
larities as well. The same result is obtained for d∆σ̂q̄(q).

Things become more involved for the a priori divergent one-parton-to-jet contributions,
which include a diagonal splitting function. They have to be combined with appropriate
two-parton-to-jet cross sections to cancel unphysical poles. Let us study this procedure
in more detail for our example gg → jetX. Here, divergencies arise, when the incoming
gluons first produce a qq̄-pair, followed by a subsequent diagonal splitting of the quark
into another quark and a gluon. We have illustrated this “configuration” in Fig. 5.4.
The contribution d∆σ̂g(q), which includes a quark-to-gluon splitting with an additional
(unobserved) quark, is finite due to the non-singular structure of the Pgq, cf. Eq. (5.22).
If, on the other hand, the quark rather than the gluon forms the jet we encounter the cross
section d∆σ̂q(g). This expression exhibits a double pole stemming from the distributions
in Pqq(z) at z = 1, cf. Eq. (5.20). As indicated before, such poles can only be canceled by
corresponding singularities in the related d∆σ̂qg. Clearly, whenever there are a quark and
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=⇒
jet

Figure 5.4: Sample diagram for the process gg → qq̄ → qq̄g → jetX, where either the gluon
alone, the quark alone, or the quark and the gluon together form a jet, yielding d∆σ̂g(q), d∆σ̂q(g),
and d∆σ̂qg, respectively.

a gluon in the final state of a partonic reaction, a jet can be produced by either of them
individually, leaving the other parton unobserved, or by both partons, thereby giving rise
to a two-parton-to-jet cross section. Any contribution d∆σ̂q(g) will thus be accompanied
by a corresponding d∆σ̂qg. These two pieces add up with different sign and give

d∆σ̂q(g) − d∆σ̂qg

∝ αs
2π
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{
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(
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]

+
2
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[
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(
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)]

+ 4

[
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]

+

+
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1− v + vw

[

1 + ln

(

δ2E2
Jv

2(1− w)2
µ′ 2f

)]}

. (5.37)

To account for the 2→ 2 scattering preceding the collinear splitting, the expression on the
r.h.s. of Eq. (5.37) has to be multiplied with the appropriate Born cross section: d∆σ̂gg→qq̄

in the case of gg → jetX.
Finally, we have to deal with the contribution d∆σ̂qq̄. The singularity in this quantity

is not canceled, if we add the corresponding d∆σ̂q(q̄). Nonetheless, we have to remove the
poles to get a reasonable result for the full partonic jet cross section d∆σ̂gg→jetX . This
can be achieved by including the other partonic subprocesses contributing to gg → jetX,
which we have not considered so far. Besides the gg → qq̄g scattering encountered before,
also an underlying gg → ggg reaction has to be taken into account. The splitting of
the intermediate gluon yields then a gg-pair, giving rise to the contributions d∆σ̂gg and
d∆σ̂g(g). We have depicted both, the quark and the gluon configurations in Fig. 5.5.
Combining the singular pieces of d∆σ̂qq̄ and d∆σ̂gg, which are caused by the 1/3 and
(−11CA/3) terms in the Iqg and Igg of Eq. (5.35), respectively, with the appropriate
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=⇒
jet

(a)

=⇒
jet

(b)

Figure 5.5: Sample diagrams for the processes gg → gg → qq̄g → jetX (a), and gg → gg →
ggg → jetX (b), where two final state partons form a jet, thereby giving rise to the cross sections
d∆σ̂qq̄ and d∆σ̂gg, respectively.

combinatorial prefactors to the LO QCD β-function, β0 = 11CA/3− 2Nf/3, we obtain a
pole which is exactly canceled by the corresponding singularity in d∆σ̂g(g). There the pole
enters via the (11CA/6−Nf/3) term in the four-dimensional part of Pgg, cf. Eq. (5.23).
Altogether we obtain

2d∆σ̂g(g) − 2Nf d∆σ̂qq̄ − d∆σ̂gg
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{
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,

(5.38)

where, for clarity, we have explicitly indicated the combinatorial factors to account for
quarks and antiquarks of all flavors rather than absorbing them in the respective cross
sections d∆σ̂jk and d∆σ̂j(k) as in Eq. (5.11). Like before, the appropriate LO cross section
has to be attached to the expression in curly brackets. For a gg initial state, Eq. (5.38)
has to be multiplied with d∆σ̂gg→gg(v

′).

Having collected all the pieces contributing to the single-inclusive parton-to-jet cross
section, we are now in a position to combine them with the single-inclusive parton cross
sections d∆σ̂j computed in Chap. 4 to obtain the completely finite sums d∆σ̂ab→jetX

according to Eq. (5.11). Specifying the aforementioned combinatorial prefactors again
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explicitly, we obtain for our example gg → jetX:

d∆σ̂gg→jetX = d∆σ̂g + 2Nf d∆σ̂q − 2Nf

(
d∆σ̂g(q) + d∆σ̂q(q̄)

)

+ 2Nf

(
d∆σ̂qg − d∆σ̂q(g)

)
+
(
d∆σ̂gg + 2Nfd∆σ̂qq̄ − 2d∆σ̂g(g)

)
,

(5.39)

where we have used that all subprocesses including antiquarks can be accounted for by
taking the corresponding quark cross sections twice.

In a similar manner one obtains the parton-to-jet cross sections for the remaining five
subprocesses ab → jetX listed in Eq. (5.10). Since they are rather lengthy we refrain
from quoting them here. They can be found, however, in a Fortran code available upon
request. We wish to emphasize that all of these cross sections have to be free of any
dependence on the final state factorization scale µ′f , which is present in all intermediate
steps of our calculation as an artifact of the separation of the full jet cross section into
various parts associated with different jet configurations. Verifying that the physical cross
section does not depend on µ′f therefore provides a powerful check for the correctness
of our calculation. Above that, we have re-calculated the unpolarized cross sections as
well. The treatment of the final state, of course, does not depend on the polarization of
the initial state particles. Replacing the polarized LO 2 → 2 cross sections underlying
the 2 → 3 reactions with collinear parton-to-parton splittings in the final state by their
unpolarized counterparts yields the spin-averaged results for the various jet cross sections.
We fully agree at an analytical level with the results of [104], which can be retrieved from
their Fortran code, after an appropriate transformation to the MS factorization scheme.

5.3 Numerical Results and Discussion

We are now in a position to perform a detailed phenomenological study of jet production
observables focusing on quantities of immediate interest for current and future experiments
at BNL-RHIC. We will carry out our calculations in the kinematical range relevant for the
Star experiment at RHIC, where jet events in the pseudorapidity range −1 ≤ ηJ ≤ 1 can
be detected, and choose c.m.s. energies of

√
S = 200 GeV and

√
S = 500 GeV, which are

relevant for the current and long-term spin program at RHIC, respectively. We are going
to present our predictions in terms of pT , and will therefore integrate the differential cross
section (5.6) over the accessible rapidity range, if not stated otherwise. For an NLO (LO)
computation of cross sections we always apply NLO (LO) parton distribution functions
and the two-loop (one-loop) expression for αs. We use the CTEQ6M (CTEQ6L) [4] set of
unpolarized parton densities throughout. In the polarized case we will mostly employ the
NLO (LO) “standard” set of GRSV [17]. Like in Sec. 4.2, when studying the sensitivity
of the double-spin asymmetry to ∆g, we will, however, apply also other sets of GRSV
distributions, differing from the standard scenario mainly in the gluon polarization.

Before turning to the observables most relevant for experiment, we have to clarify
how accurate our results obtained within the SCA are in cases of practical relevance. As
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Figure 5.6: Ratio of the unpolarized (a) and polarized (b) single inclusive jet cross sections in
the SCA and within the full Monte-Carlo approach of [113] at

√
S = 200 GeV for three different

cone sizes R.

mentioned in Sec. 5.1, it has been shown (see, e.g., [125]) that most generally a jet cross
section can be parametrized in terms of the cone size R as

dσ(R) = A+ B lnR+ CR2 , (5.40)

with three “parameters” A, B, and C. A similar relation applies in the polarized case.
Within the SCA all terms of O(δ2), and thus O(R2), are neglected, whereas contributions
logarithmic in R or free of any dependence on the cone size are fully taken into account. At
first sight, one would assume that this approximation works well only if δ ¿ 1. However, it
has been demonstrated by an explicit calculation [123, 116] that in the case of unpolarized
single-inclusive jet cross sections corrections to the SCA of O(δ2) are practically negligible
up to δ ≈ 0.7. By numerically integrating the contributions to dσ which are not covered
by the SCA it has been found that the resulting corrections amount to less than 5% for
cone openings as large as δ ≈ 0.7. For δ < 0.7 the corrections are even smaller. The SCA
is thus applicable in the analysis of spin-averaged jet observables as long as δ . 0.7.

Although we expect a similar behavior of the polarized jet cross section, we have to
make sure that the SCA is not spoilt by any effects suppressed or absent in the unpolarized
case, such as possible cancelations between the two helicity configurations entering the
spin-dependent cross section, cf. Eqs. (3.3) and (3.4). For that reason, in Fig. 5.6 we
compare the results of a Monte-Carlo based NLO calculation [113], which takes O(R2)
contributions to d(∆)σ fully into account, to the unpolarized and polarized cross sections
we have obtained within the SCA for three different cone sizes. In the unpolarized case, we
encounter only small finite cone-size corrections indeed, thereby confirming the statement
of Refs. [123, 116]. Qualitatively similar results are obtained in the polarized case. For a
rather large cone radius of R = 0.7 the SCA gives cross sections still within ten percent or
less of the full Monte-Carlo calculation. When R approaches even larger values, corrections
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Figure 5.7: Unpolarized and polarized differential cross sections at LO (dashed) and NLO (solid)
for the reaction pp→ jetX at

√
S = 200 GeV (l.h.s.) and

√
S = 500 GeV (r.h.s.) with cone sizes

of R = 0.4 and R = 0.7, respectively. Also shown are the ratios of NLO and LO contributions.

of O(R2) become sizeable, and the SCA starts to break down. It is expected, however,
that a cone size of 0.4 . R . 0.7 will be chosen by the Star collaboration at RHIC in
their forthcoming analysis. Due to the limited angular acceptance of the detector larger
cone sizes are not really practical.

These observations lead us to the conclusion that the SCA we have applied is reliable
for cone sizes up to R ≈ 0.7. The strength of the approach we have chosen is its largely
analytical implementation of partonic matrix elements. This makes our Fortran codes,
similar to those used in the analysis of single-inclusive hadron production in Sec. 4.2,
extremely fast and efficient, and opens up opportunities for a future global analysis of
forthcoming jet data. That feature of our codes is a clear advantage over a Monte-Carlo
code with its considerable numerical complexity, which yields results with rather large
numerical fluctuations (still visible in Fig. 5.6) even after hours of running. Numerically
stable results are obtained with our computer code in a matter of minutes.

Having made sure that our results agree well with the full Monte-Carlo calculation
of [113], we turn now to a phenomenological study of single-inclusive jet production in the
kinematical range relevant for the Star experiment. Figure 5.7 shows our predictions for
the unpolarized and polarized single inclusive jet cross sections for the reaction pp→ jetX,
differential in pT , at c.m.s. energies of

√
S = 200 GeV and

√
S = 500 GeV with cone sizes

of R = 0.4 and R = 0.7, respectively. The scales are set to µr = µf = pT . It can be seen
that the NLO corrections to the Born results are small over the whole pT -range considered.
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Figure 5.8: Scale dependence of the spin-dependent cross sections for pp → jetX at LO and
NLO in the range pT /2 ≤ µr = µf ≤ 2pT for c.m.s. energies of

√
S = 200 GeV (a) and

√
S =

500 GeV (b). The solid lines correspond to the choice where all scales are set to pT . The LO
results have been rescaled by a factor 0.1 for a better readability.

This feature manifests itself in the behavior of the respective K-factors, defined according
to Eq. (4.22), which are found to be well under control for high-pT -jet production. As we
have mentioned in Sec. 4.2, some care has to be taken in the interpretation of theK-factors
due to the large scale uncertainties associated with the LO cross sections entering in their
denominators.

A better “measure” for the impact of higher order corrections is the reduction of
scale dependence when going to higher orders of the perturbative calculation. To get an
estimate for the scale dependence of single-inclusive jet cross sections we have varied the
scales in our calculation in the range pT /2 ≤ µr = µf ≤ 2pT . Our results are depicted
in Fig. 5.8. It can be seen that the improvement in scale dependence when extending the
calculation from LO to NLO is indeed significant. At NLO, the scale uncertainty of the
single-inclusive jet cross sections is almost negligible irrespective of the c.m.s. energy and
cone size used in the calculation. This feature is even more pronounced in jet production
than in single-inclusive hadron production, cf. Fig. 4.3 – a behavior that can perhaps be
traced back to the absence of a final state factorization scale in jet observables, which
constitutes an additional source of scale dependence in reactions involving hadrons in the
final state.

Of particular interest for gaining information on the gluon polarization in the nucleon
is again the experimentally accessible double-spin asymmetry Ajet

LL, defined in analogy to
the corresponding observable in hadron-production reactions, Eq. (4.2), as

Ajet
LL ≡

d∆σ

dσ
. (5.41)

As we have mentioned before, being free of uncertainties from hadronization mechanisms
in the final state and depending very slightly on unphysical scales, single-inclusive jet ob-
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servables provide an outstandingly clean probe for the proton’s spin structure in general
and – the quark polarization being fairly well constrained by DIS data already – ∆g in
particular. To study the sensitivity of the spin asymmetry to ∆g, we have calculated Ajet

LL

with several sets of parton distributions which differ mainly in their gluon polarization.
Figure 5.9 shows Ajet

LL at NLO in two different kinematic ranges as obtained with the GRSV
“standard” parton distributions [17], and three other parametrizations of the same set, re-
lying on the assumption that the gluon polarization at the input scale of the evolution, µ0,
obeys either ∆g = g, ∆g = 0, or ∆g = −g. All of these scenarios account for the presently
available polarized DIS data. To give an estimate of how well future measurements of
Star may constrain Ajet

LL, we also indicate the expected statistical errors,

δAjet
LL '

1

P2
p

√Lσbin
, (5.42)

assuming a proton beam polarization of Pp = 40%. For the c.m.s. energy used at present,√
S = 200 GeV, we take an integrated luminosity of only L = 3 pb−1 which is the target for

the next RHIC spin run and well below the design value of L = 320 pb−1. In this estimate
we furthermore take into account that the calorimeter so far covers only half of the angular
range by integrating over the available range in pseudorapidity 0 ≤ ηJ ≤ 1. For

√
S =

500 GeV we assume L = 20 pb−1 and −1 ≤ ηJ ≤ 1. Figure 5.9 illustrates very clearly that
different gluon scenarios for the nucleon result in well-distinct spin asymmetries for single-
inclusive jet production. Assuming a large and positive gluonic input yields relatively large
Ajet
LL, whereas a moderate or vanishing ∆g gives sizeably smaller results. With a large

negative input the spin asymmetries change sign as pT increases. The statistical accuracy
expected for measurements in the near future should allow to distinguish between these
gluon scenarios, in particular at moderate values of pT , where the error bars are small.

It is important to note that Ajet
LL behaves very similarly to the double-spin asymmetry

encountered in hadroproduction of inclusive pions, discussed in Sec. 4.3. Within pQCD,
Ajet
LL seems bound to be positive in the moderate pT -range, irrespective of the initial

conditions imposed on ∆g. Due to the dominance of the partonic gg → jetX subprocess
which probes the parton distributions of two gluons, ∆g(xa, µ) and ∆g(xb, µ), at mid-
rapidities at very similar momentum fractions, i.e., xa ' xb, and the positive value of the
corresponding partonic cross section, one expects a positive Ajet

LL in this range. At larger
transverse momenta, the qg → jetX process gradually takes over, resulting in a sensitivity
of Ajet

LL to the sign of ∆g. It is interesting to note, however, that the onset of the qg
dominance depends on the c.m.s. energy of the reaction, since the spin asymmetry scales
roughly with 2pT /

√
S.

These properties of the partonic scatterings are illustrated by Fig. 5.10. There, the
solid lines show the relative contributions d∆σab/d∆σ of the gg, qg, and qq channels to the
full polarized NLO jet cross section for the standard set of [17] at

√
S = 200 GeV. Here, the

“q” denotes the sum of contributions from quarks and antiquarks of all flavors, such that all
three curves add up to unity for every pT . For comparison, we also show the corresponding
results for inclusive π0 production, discussed in Chap. 4, at mid-pseudorapidities. It can
be seen that the results for jets and pions almost coincide, if we rescale the axis for pπT
by a factor of 2. This is due to the fragmentation process which governs the formation of
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Figure 5.9: Double-spin asymmetry for pp → jetX at
√
S = 200 GeV (upper plot) and

√
S =

500 GeV (lower plot) using cone sizes of R = 0.4 and R = 0.7, respectively, and sets of parton
distributions with different gluon polarizations (see text) [17]. The error bars indicate the expected

statistical accuracy δAjet
LL for a beam polarization of 40%, and integrated luminosities of 3 pb−1

and 20 pb−1, respectively.
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Figure 5.10: Relative contributions from gg, qg, and qq scatterings to the NLO polarized cross
section with the standard set of GRSV [17] for jet and π0 production at mid-pseudorapidities.
Note that we use two separate coordinate axes for the two cases. pT refers to the jet, whereas pπT
stands for the transverse momentum of the pion.

pions carrying a momentum fraction z of the final-state parton. At RHIC-energies, one
finds for mid-pseudorapidities an average z of about 0.5. Thus, e.g., a pion of pπT = 5 GeV
results in average from a scattering with a final-state parton of 10 GeV. In jet production,
on the other hand, the same parton would produce a jet with pT = 10 GeV. This explains
the pattern seen in Fig. 5.10, as well as a similar behavior of the spin asymmetries Ajet

LL

and AπLL. The encountered relationship between hadron and jet observables can be used
to cross-check results, and – more importantly – to gain a better understanding of the
dynamics governing the formation of final states in high-pT reactions.

We close our study of jet production with an explicit analysis of the cone-size depen-
dence of the polarized and unpolarized jet cross sections and the double-spin asymmetry,
illustrated by Fig. 5.11. There we have depicted the various observables as functions of
the cone size R for different values of pT as obtained in the SCA. Since the LO jet cross
sections are free of any dependence on the jet parameters such as R, investigating the
cone size dependence of jet observables allows to access NLO corrections directly. We
recall from Eq. (5.40) that for R not too large, the dependence of d(∆)σ on R is loga-
rithmic. Obviously, at least in the unpolarized case, the cross section has to rise with
increasing R. At larger R, deviations from our curves would be expected due to the terms
∝ R2 becoming important. The R-dependence of Ajet

LL turns out to be rather mild, espe-
cially for moderate pT , which indicates a cancelation between polarized and unpolarized
contributions.
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Figure 5.11: Cone size dependence of the polarized and unpolarized cross sections, given
in [pb/GeV], and the corresponding spin asymmetry for the reaction pp → jetX at NLO for√
S = 200 GeV. We have depicted the results obtained within the SCA for three different values

of pT .

5.4 Summary and Conclusions

In this chapter, we have presented an NLO calculation of single-inclusive jet production
in longitudinally polarized proton-proton collisions. We have shown in some detail how
to compute jet cross sections on a largely analytical level within the framework of the
small-cone approximation, making use as much as possible of the previously calculated
single-inclusive hadron production cross sections discussed in Chap. 4. By a comparison
to the results of the Monte-Carlo jet code of [113] it has been demonstrated that this
approximation is applicable for jet cone sizes up to R ' 0.7. Details of the algorithm used
to define the jet do not affect the experimentally relevant spin asymmetries significantly.
Our code has the advantage of being numerically stable, fast, and extremely efficient, since
the use of the SCA allowed us to perform the phase space integration of all partonic cross
sections analytically and to cancel poles associated with collinear configurations in the
final state explicitly. Singularities stemming from the initial state as well as ultraviolet
and infrared divergencies of the partonic matrix elements are treated in complete analogy
to the case of single-inclusive hadron production, discussed in Chap. 4, by a factorization
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and a renormalization procedure, respectively. They give rise to a residual dependence
of the hadronic cross sections on unphysical scales. We have shown, however, that this
source of theoretical uncertainty is significantly reduced when including NLO corrections
to the Born cross sections. In addition to the mild scale dependence, single-inclusive
jet observables are insensitive to final state hadronization mechanisms and thus provide
a particularly clean tool for studying the spin structure of the nucleon in polarized pp-
collisions.

We have demonstrated that the double-spin asymmetries for large-pT jet production
at RHIC are sensitive to ∆g even for rather moderate beam polarizations and integrated
luminosities. Therefore, first data on jet production, which are expected to be released
soon by the Star collaboration, will shed some light on the gluon polarization ∆g. On
the long run, single-inclusive jet production will contribute invaluable information to a
quantitative determination of the spin-dependent parton distributions of the nucleon.



Chapter 6

NLO Corrections to

Longitudinally Polarized

Photoproduction of Inclusive

Hadrons

In the foregoing chapters we have studied single-inclusive hadron and jet production in
polarized proton-proton collisions as a tool for gaining information on the spin structure of
the proton. Alternatively, the parton content of the nucleon can be accessed in photopro-
duction of inclusive hadrons – either on a fixed target, as in the already running COMPASS
experiment at CERN [27], or at a future lepton-hadron collider, for instance the planned
eRHIC facility at BNL [28]. It was found in a first exploratory LO analysis [126] that in-
vestigating photoproduction reactions in polarized electron-proton collisions additionally
allows studying the inner (spin) structure of real photons which is completely unknown so
far. Motivated by these twofold prospects, in this chapter we will focus on the process

l(Pl) + p(Pp)→ l′(P ′l ) + π(Pπ) +X , (6.1)

where a lepton scatters elastically off a proton via the exchange of a (quasi-) real photon
to produce a hadron in the final state. The by-products X emerging from the reaction are
not detected and will not be of any concern to us.

Throughout this chapter we will put special emphasis on aspects of photoproduction
reactions we have not encountered in hadroproduction processes, since these have been
discussed in some detail in Chap. 4. After a brief discussion of our current knowledge of
the photon structure we will start with the calculation of the partonic matrix elements
relevant for the various channels contributing to (6.1). It is vital to take into account
that the photon can interact either directly as an elementary particle, or resolve into
partonic constituents which in turn interact with the partons of the proton. We adopt the
partonic matrix elements of Chap. 4 and Ref. [31] for the resolved contributions. The direct
components are known for some time in the polarized [127] and unpolarized case [128, 129],
but we recalculate them both. Again, we aim to perform the entire calculation on a largely
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analytical level and implement the partonic matrix elements in a fast computer code. The
numerical results we thereby obtain will show sensitivity to the parton distributions of the
photon as well as the gluon polarization of the proton.

6.1 The Parton Structure of the Photon

What makes the photon special in comparison to all other kinds of hadrons and partons is
its two-fold occurrence as an elementary particle and also as a hadron-like conglomerate
of quarks, antiquarks and gluons. Whereas the parton distributions of the structureless
“direct” photon are trivial,

(∆)γγ(x, µ) ∼ δ(1− x) , (6.2)

in the polarized case the parton content of the “resolved” photon, ∆f γ with f = q, q̄, g,
is completely unknown. The spin-averaged f γ have been determined from data of DIS off
a quasi-real photon target in e+e− collisions [130]. The evolution of the spin-dependent –
and likewise the unpolarized – parton densities is governed by inhomogeneous integro-
differential equations [131-133],

µ
d∆qγ(x, µ)

d lnµ
=

αs
2π

{

∆kq(x, µ) +
[
∆Pqq ⊗∆qγ +∆Pqg ⊗∆gγ

]
}

,

µ
d∆gγ(x, µ)

d lnµ
=

αs
2π

{

∆kg(x, µ) + ∆Pgq ⊗
[
∆qγ +∆q̄γ

]
+∆Pgg ⊗∆gγ

}

, (6.3)

where we have denoted the convolution of the parton distributions with appropriately
defined splitting functions by

∆Pij ⊗∆fγ =

∫ 1

x

dy

y
∆Pij

(
x

y
, µ

)

∆fγ(y, µ) . (6.4)

The spin-dependent parton-to-parton ∆Pij and photon-to-parton splitting functions ∆ki
and their unpolarized counterparts can be calculated perturbatively and are known up to
two loops, i.e., NLO accuracy [67-70, 131, 133],

∆ki(x, µ) =
αem
2π

∆k
(0)
i (x) +

αemαs(µ)

(2π)2
∆k

(1)
i (x) ,

∆Pij(x, µ) =
αs(µ)

2π
∆P

(0)
ij (x) +

(
αs(µ)

2π

)2

∆P
(1)
ij (x) . (6.5)

Altogether, the (∆)fγ are of order αem/αs. In contrast to the homogeneous DGLAP
equations (2.46), describing the scale dependence of the parton densities of the proton,
Eqs. (6.3) contain inhomogeneous terms which account for a photon-to-parton splitting.
They give rise to a so-called “pointlike” solution ∆f γpl in addition to the homogeneous,

hadronic contribution ∆fγhad ,

∆fγ(x, µ) = ∆fγpl(x, µ) + ∆fγhad(x, µ) . (6.6)



106 Photoproduction of Inclusive Hadrons

The pointlike part can be calculated perturbatively. It depends only on the boundary
conditions, but not on the non-perturbative input, which resides solely in the ∆f γhad and
has to be extracted from experiment. In the absence of any data the latter is fixed by vector
meson dominance (VMD) like assumptions, stating that the photon tends to fluctuate into
states of identical quantum numbers.

Beyond the leading order in αs the decomposition of the parton densities into pointlike
and hadronic components depends on the factorization scheme chosen. In the analysis
of unpolarized e+e− data two factorization schemes have been used. Contrary to the
conventional MS factorization, the so-called DISγ scheme [132] absorbs the NLO γ?γ → qq̄
coefficient function Cγ in F γ

2 , which diverges as x→ 1, into the definition of the photonic
parton densities. This allows for choosing very similar, VMD-inspired, inputs in LO and
NLO analyses. A similar scheme has been proposed in the polarized case [133]. Technically,
the MS and the DISγ scheme are related via a simple factorization scheme transformation,
which will be discussed in Sec. 6.2.

Since the polarized parton densities ∆f γ are completely unknown, usually two ex-
treme scenarios are employed to study the sensitivity of physical observables to the spin-
dependent parton content of the photon. Figure 6.1. shows ∆uγ and ∆gγ at a scale
µ =

√
10 GeV at LO and NLO, determined in the DISγ scheme for these parametriza-

tions. Whereas for the “minimal” set a vanishing hadronic input is imposed,

∆fγ,minhad (x, µ0) = 0 , (6.7)

in the “maximal” scenario the maximal hadronic input compatible with the positivity
bound |∆fγ(x, µ)| ≤ fγ(x, µ) is used,

∆fγ,maxhad (x, µ0) = fγhad(x, µ0) , (6.8)

with the unpolarized parton densities f γ of Ref. [130]. The pointlike contribution is chosen
to vanish at the input scale µ0. Note that Eq. (6.7) yields non-vanishing parton densities
for µ > µ0 due to the inhomogeneous nature of the evolution equations (6.3), in contrast
to the homogeneous evolution of hadronic parton densities, Eq. (2.46). From Fig. 6.1 it
can also be seen that the quark distributions exhibit a characteristic bump as x → 1,
which is caused by the pointlike part of the solution (6.6). As we will see in Sec. 6.3, in
experiments probing large values of x the ∆f γhad can therefore be hardly accessed.

Of course, the parametrizations (6.7) and (6.8) illustrate only the extreme scenarios
for the parton distributions of the photon, derived solely on the basis of physically moti-
vated model assumptions. Definite knowledge of the hadronic components of the photon
can only be obtained by an analysis of data from future experiments, for instance, at
eRHIC [28]. However, the very concept of photonic quark and gluon densities has firmly
been established by extensive studies at the unpolarized HERA and LEP colliders [134],
which revealed that resolved contributions to photoproduction cross sections are sizeable
in certain kinematic regions. Above that, it has been shown that spin-averaged e+e− and
ep data can simultaneously be described by the same set of photonic parton densities,
which marks an important test for their universality and therefore success of the concept
of a composite photon.
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Figure 6.1: Spin-dependent parton densities of the u-quark (left) and the gluon (right) in the
photon as obtained by Ref. [133]. Dashed lines correspond to LO results whereas NLO predictions
in the DISγ factorization scheme are depicted by solid lines for the two extreme scenarios of
maximal and minimal hadronic input at the starting point of the evolution. The figure has been
adapted from Ref. [133].

To provide a reliable framework for a similar extraction of the spin-dependent photon
densities from future photoproduction experiments in polarized lepton-hadron collisions
NLO results for a variety of processes sensitive to ∆f γ are required. In the following we
therefore present a full NLO calculation for the experimentally relatively easily accessible
photoproduction of single-inclusive hadrons, which additionally could yield information
on the gluon polarization of the nucleon, complementary to what can be learned from
hadronic collisions.

6.2 Some Technicalities

Contrary to single-inclusive pion production in proton-proton collisions, the cross section
for lp→ l′πX receives two types of contributions, sketched in Fig. 6.2. First, the photon
can interact as an elementary particle and couple directly to the partons of the proton.
Contributions stemming from this process are called “direct”. It is expected [135] that
they dominate the photoproduction cross section at the low energies which are available,
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Figure 6.2: Direct (a) and resolved (b) contributions to ep→ e′πX.

e.g., in fixed-target experiments. On the other hand, the photon can resolve into its
hadronic constituents which in turn may undergo scattering reactions. These processes
are referred to as “resolved”. Since the parton distributions accounting for the hadronic
structure of the photon are of O(αem/αs) as mentioned in Sec. 6.1, in combination with
a pure QCD hard scattering they contribute at the same order as the direct channels,
where the photon scatters off the protonic constituents itself. It is generally believed that
the resolved components start to compete with the direct contributions only at collider
energies. The full differential cross section for photoproduction reactions is then the sum
of direct and resolved components. Both of these contributions take the form

d∆σ

dpTdη
=

2pT
S

∑

a,b,c

∫ 1

1−V+VW

dz

z2

∫ 1−(1−V )/z

V W/z

dv

v (1− v)

∫ 1

VW/vz

dw

w
∆al(xl, µf )∆b

p(xp, µf )

×
[

d∆σ̂
(0)
ab→cX(v)

dv
δ(1− w) + αs(µr)

π

d∆σ̂
(1)
ab→cX(s, v, w, µr, µf , µ

′
f )

dv dw

]

Dπ
c (z, µ

′
f ) .

(6.9)

The unpolarized cross section is obtained by replacing all spin-dependent quantities, as
usual indicated by a “∆”, with their unpolarized counterparts. In Eq. (6.9) the hadronic
variable S = (Pl + Pp)

2 is the c.m.s. energy squared and V , W can be expressed in terms
of the transverse momentum pT of the observed pion and its pseudorapidity η in the
c.m.s. system according to Eq. (5.7). Positive rapidity is counted in the forward direction
of the proton. The corresponding parton-level variables are given by

s = (pa + pb)
2 = xlxpS , xl =

VW

vwz
, xp =

1− V
z(1− v) . (6.10)
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Figure 6.3: Unpolarized (dashed) and polarized (solid) equivalent photon spectrum (∆)Pγe(y)
for an electron beam with Q2

max = 1 GeV2.

In complete analogy to Eq. (4.3) the sum in (6.9) runs over all partonic channels ab→ cX
contributing to pion photoproduction up to O(αemα2s) with the corresponding partonic

cross sections ∆σ̂
(0,1)
ab→cX at LO and NLO. Since they are universal quantities independent

of the foregoing reaction, the fragmentation functions Dπ
c (z, µ

′
f ) are the same as those used

to describe pion fragmentation in hadroproduction processes. The ∆bp(xp, µf ) stands for
the distribution of parton b in the proton at a scale µf with a momentum pb = xpPp.
Similarly, the ∆al(xl, µf ) is an effective density describing parton a emerging from the
lepton with a momentum pa = xlPl. It is given by the convolution

∆a(xl, µf ) =

∫ 1

xl

dy

y
∆Pγl(y)∆a

γ

(

xγ =
xl
y
, µf

)

(6.11)

of the spin-dependent Weizsäcker-Williams “equivalent photon” spectrum ∆Pγl and the
parton distributions ∆aγ of the circularly polarized photon, where xγ is the fraction of the
photon’s momentum carried by parton a. The Weizsäcker-Williams spectrum reads [136]

∆Pγl(y) =
αem
2π

{[
1− (1− y)2

y

]

ln
Q2
max(1− y)
m2
l y

2
+ 2m2

l y
2

(
1

Q2
max

− 1− y
m2
l y

2

)}

. (6.12)

It describes the radiation of a photon with a momentum fraction y and a virtuality lower
than Qmax by a lepton of mass ml. We have depicted (∆)Pγl for an electron in Fig. 6.3.

The explicit form of ∆aγ differs for direct and resolved cases. As mentioned above, in
direct photoproduction reactions the photon emitted from the lepton interacts itself with
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parton b from the proton. Since it does not emit any other particles before undergoing
the scattering it does not lose momentum and xγ = xl. The corresponding distribution
function therefore takes the form

∆aγ(xγ , µf )→ δ(1− xγ) . (6.13)

In the resolved case, the photon splits into its hadronic constituents. One of these partons,
denoted by a, subsequently scatters off the proton. Here, the ∆aγ denote the so far un-
known spin-dependent quark, antiquark and gluon distributions of the photon. Generally,
xγ < 1 in this case, as the photon’s momentum is shared between the scattering parton a
and other constituents which do not participate in the hard reaction.

With these definitions at hand, direct and resolved photoproduction cross sections
can be calculated. The partonic cross sections d(∆)σ̂ab→cX contributing to the resolved
part are the same as those already calculated for hadroproduction of pions, pp→ πX, in
Chap. 4 [31], the only difference being that parton a now is emerging from a photon instead
of a proton. This, however, is accounted for by the convolution with the proper parton
distribution functions and does not affect the hard scattering itself. The partonic cross
sections for the direct contributions γb→ cX have been published in the unpolarized [128,
129] and polarized case [127], but we will recalculate both. To this end, we consider the
subprocesses

γq → q′X

γq → q̄X

γq → qX

γq → gX

γg → qX

γg → gX . (6.14)

In the calculation of the respective partonic cross sections some care has to be taken
when the electromagnetic coupling of the photon to a quark is to be considered. In
contrast to the quark-gluon coupling which is of equal strength for quarks of any flavor,
the electromagnetic interaction differentiates between quarks of different charges. For
instance, in the reaction γq → q′q̄′q the photon can couple to quark q as well as to q′ or q̄′,
as illustrated by Fig. 6.4. Depending on the actual coupling the corresponding scattering
amplitudes acquire a charge factor of eq or eq′ , respectively. If the matrix elements are
squared one thus encounters contributions being proportional to e2q , e

2
q′ , and eqeq′ . To

simplify the subsequent convolution with parton densities and summation over quarks
of different flavor and charge, we have re-organized the partonic subprocesses involving
different types of quarks in terms of charge factors,

d∆σ̂ab→cX = e2q d∆σ̂
I
ab→cX + eqeq′ d∆σ̂

II
ab→cX + e2q′ d∆σ̂

III
ab→cX . (6.15)

Apart from this book-keeping exercise the partonic cross sections contributing to direct
photoproduction are calculated in complete analogy to the resolved case. Singularities are
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Figure 6.4: Generic Feynman diagrams contributing to the 2 → 3 process γq → q′q̄′q, where
the photon couples either to quark q (a) or q′ (b), thereby giving rise to different charge factors,
eq or eq′ .

made manifest as poles in ε by evaluating all diagrams in n = 4 − 2ε dimensions. The
renormalization of UV divergencies emerging in 2→ 2 processes with selfenergy and vertex
corrections is performed in the MS scheme by using the tabulated insertions of Ref. [88] as
discussed in Chap. 2. The result given there for the quark-gluon coupling can be converted
to the corresponding correction for a quark-photon vertex by disregarding terms stemming
from gluonic self-interactions and replacing color factors and strong coupling constant,

igs
αs
4π

{(

CF −
CA
2

)

Λµ1 +
CA
2

Λµ2

}

→ ige
αs
4π

CF Λµ1 . (6.16)

Selfenergy corrections of photon legs are of higher order in αem and thus need not be
considered here. Box diagrams are calculated from the scratch adopting an appropriate
Passarino-Veltman decomposition of the emerging loop integrals. The computation of the
real 2 → 3 scattering diagrams is straightforward. After the phase space integration of
the squared matrix elements the sum of all contributions to a subprocess is free of infrared
singularities. The remaining collinear divergencies are then factored into the bare parton
distributions and fragmentation functions of the external legs. We thereby obtain finite
results for the direct contributions to the photoproduction cross section, which fully agree
with [127]. In the unpolarized case, we found some minor mistakes in [128].

It has to be stressed at this point that neither the direct (d∆σdir) nor the resolved
(d∆σres) hadronic cross sections are physical quantities individually. Only their sum,

d∆σ = d∆σdir + d∆σres , (6.17)

is a meaningful observable which can be measured in experiment. From the theoreti-
cal point of view this entanglement arises from the factorization of initial state collinear
divergencies. The singular configuration where the direct photon entering the hard scat-
tering splits collinearly into a quark-antiquark pair cannot be absorbed into corresponding
photonic parton densities, since the direct photon acts as an elementary particle. The di-
vergence stemming from a direct contribution therefore has to be moved into the pointlike
part of the hadronic photon densities and thus into the resolved component. A priori
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arbitrary finite pieces can be subtracted along with the poles, which gives rise to a factor-
ization scheme dependence. However, the sum of direct and resolved contributions has to
be independent of this choice.

Let us illustrate this feature on the basis of the reaction γq → q′X. Here, an initial
state singularity arises, if the photon emits a collinear quark-antiquark pair,

⇒
.

γ(p1)

q

q′

q̄′

q

p1(1− x)

p1x

p1

Subtracting this divergence requires, as usual, adding an appropriate counter term to the
partonic cross sections,

d∆σ̂counterγq→q′X ∼ −
αem
2π

∆Hqγ ⊗ d∆σ̂q′q→q′q , (6.18)

with d∆σ̂q′q→q′q denoting the polarized Born cross section for the reaction q ′q → q′q which
has to be convoluted with

∆Hqγ(x, µf ) =

(

−1

ε
+ γE − ln 4π

)

∆P (4)
qγ (x)

(
s

µf

)ε

+∆hqγ(x) . (6.19)

Although this counter term is subtracted from a direct contribution to the photoproduction
cross section it has to be factored into the hadronic parton distributions of the photon,
and is thereby “shifted” to the resolved cross section. This makes immediately clear that
considering the direct cross section alone is meaningless. Also the separation between
direct and resolved components is not unique. In Eq. (6.19) this freedom in the choice
of the factorization scheme is reflected by the arbitrary finite piece ∆hqγ which is to
be subtracted along with the pole terms. Whereas the singularities always emerge in a
universal way in the form of a LO splitting function combined with a LO Born cross
section, the further finite subtractions vary depending on the factorization scheme chosen,
as discussed in Sec. 3.5. In the MS convention, ∆hqγ(x) = 0. Alternatively, we are going
to use the DISγ scheme [132], introduced in Sec. 6.1. The photonic parton densities in the
DISγ and MS scheme are related to each other via

∆aγ,MS(x, µ) = ∆aγ,DIS(x, µ) + δ∆aγ(x) , (6.20)

where a = q, q̄, g and

δ∆qγ(x) = δ∆q̄γ(x)

= −2CAe2q
αem
4π

[

(2x− 1)

(

ln
1− x
x
− 1

)

+ 2(1− x)
]

,

δ∆gγ(x) = 0 . (6.21)
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Having calculated partonic cross sections in the MS scheme they can straightforwardly
be converted to their DISγ counterparts by demanding that the sum of direct and resolved
contributions to the hadronic cross sections be independent of the factorization convention
chosen,

d∆σ = d∆σMS = d∆σDIS , (6.22)

at least up to the order in perturbation theory considered here. Schematically, denoting
convolutions again by the symbol ⊗, we can write d∆σ as the sum

d∆σ =

direct
︷ ︸︸ ︷
∑

b,c

∆bp ⊗ d∆σ̂MS
γb→cX ⊗Dπ

c +

resolved
︷ ︸︸ ︷
∑

b,c

∑

a

∆bp ⊗∆aγ,MS ⊗ d∆σ̂ab→cX ⊗Dπ
c

=
∑

b,c

∆bp ⊗
[

d∆σ̂DIS
γb→cX −

∑

a

δaγ ⊗ d∆σ̂(0)ab→cX

]

⊗Dπ
c

+
∑

b,c

∑

a

∆bp ⊗
[

∆aγ,DIS ⊗ d∆σ̂ab→cX + δ∆aγ ⊗ d∆σ̂(0)ab→cX

]

⊗Dπ
c

=
∑

b,c

∆bp ⊗ d∆σ̂DIS
γb→cX ⊗Dπ

c

︸ ︷︷ ︸

direct

+
∑

b,c

∑

a

∆bp ⊗∆aγ,DIS ⊗ d∆σ̂ab→cX ⊗Dπ
c

︸ ︷︷ ︸

resolved

,

(6.23)

where we have used Eq. (6.20) to express the photonic parton densities in the MS scheme
in terms of ∆aγ,DIS and δ∆aγ . Inserting

d∆σ̂DIS
γb→cX = d∆σ̂MS

γb→cX +
∑

a

δ∆aγ ⊗ d∆σ̂(0)ab→cX (6.24)

ensures that the physical observable d∆σ remains invariant under factorization scheme
transformations up to O(αemα2s). Since the δ∆aγ bring an additional factor of αem,

contributions to (6.24) stemming from
∑
δ∆aγ ⊗ d∆σ̂(1)ab→cX are disregarded as they are

beyond the order in αem considered here.

It is important to note that the purely hadronic quantities ∆bp, Dπ
c and the resolved

partonic cross sections ∆σ̂ab→cX are not affected by this scheme transformation. Only the
photonic parton densities and the direct contributions to the partonic cross sections have
to be modified according to Eqs. (6.20), (6.24) simultaneously, if results in the MS scheme
are to be expressed in the DISγ scheme. The sum of direct and resolved contributions
is then independent of the factorization prescription chosen as required. We will demon-
strate this numerically in the following section.
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6.3 Numerical Results

6.3.1 Single-Inclusive Pionproduction at an Electron-Proton Collider

Having specified how meaningful predictions for photoproduction cross sections can be
obtained, we are now in a position to discuss some phenomenological implications and
results. Our aim is, first to demonstrate the importance of NLO corrections to hadronic
cross sections and their independence of purely theoretical scheme conventions. We are
then going to estimate observables which are accessible in experiment and show how they
can serve for gaining insight into the spin structure of the photon. In passing, we will also
stress the possibility to further study the gluon polarization of the nucleon.

Our calculations are intended to resemble the kinematics of the considered polarized
electron-proton collider eRHIC at BNL [28]. eRHIC would add an electron beam with an
energy of 10 GeV to the existing RHIC proton beam. For a proton energy of 250 GeV this
amounts to a c.m.s. energy of

√
S = 100 GeV. As usual, NLO (LO) partonic cross sections

are combined with NLO (LO) parton distribution and fragmentation functions and the
two-loop (one-loop) expression for the strong coupling constant αs. The value of αs is
always taken as demanded by the corresponding parton densities of the proton, for which
we have chosen the CTEQ5 set [74] in the unpolarized case and the GRSV distributions [17]
in the polarized one. To ensure that indeed photoproduction cross sections are probed
rather than electroproduction reactions including the exchange of highly virtual photons
the maximally allowed virtuality in the equivalent photon spectrum (6.12) is restricted
to be Q2

max = 1 GeV2. This parameter eventually has to be adjusted to future machine
requirements. It does not significantly affect the results to be discussed below, however.
We note that photoproduction was successfully studied by H1 and ZEUS in unpolarized
ep collisions at about

√
S = 300 GeV. We closely follow the cuts applied there and require

the momentum fraction of the photon to be in the range 0.2 ≤ y ≤ 0.85.

It has been mentioned before that the parton distributions of the polarized photon are
unknown so far. In the description of the spin-dependent parton content of the photon we
therefore have to rely solely on model assumptions and estimate the uncertainty caused by
our ignorance of the ∆fγ . To this end, we consider the two extreme scenarios (6.7), and
(6.8) introduced above for the photon structure: Adopting the GRV parton distributions
fγ [130] for the unpolarized photon according to [137] we assume maximal [∆f γ(x, µ0) =
fγ(x, µ0)] and minimal [∆fγ(x, µ0) = 0] saturation of the positivity bound, |∆f γ(x, µ)| ≤
fγ(x, µ), at the input scale of the perturbative evolution. Both extreme sets are used with
appropriate LO [137] and NLO [133, 138] boundary conditions and evolution equations.
If not stated otherwise, use of the maximal scenario is implicitly understood. For the
pion fragmentation functions, Dπ

c , the set proposed by Kramer, Kniehl, and Pötter [82] is
adopted throughout our analysis, as in Chap. 4.

In order to study photonic parton densities in photoproduction reactions, rapidity-
dependent differential cross sections are particularly suitable, as pointed out in [126].
Since the momentum fraction of the parton emerging from the photon, xγ , is closely re-
lated to rapidity, different ranges of xγ can be probed as η is varied. From the definition
of the momentum fractions xp and xl in the protonic and photonic parton distributions in
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terms of rapidity [cf. Eqs. (5.7), (6.10)], it follows that large negative values of η correspond
to large xγ → 1. At xγ = 1 the photon interacts solely as an elementary particle meaning
that the photoproduction cross section in this kinematic range is mainly determined by
the direct contribution. Furthermore, as xγ → 1, the pointlike part of the parton distribu-
tions, ∆fγpl, dominates over the hadronic one. Since ∆f γpl is free of any model assumptions
on the photonic structure this region does not contain information on the non-perturbative
hadronic components of the photon, but gives access to the gluon polarization of the pro-
ton, as we will show below. At large and positive rapidities corresponding to small values
of xγ , however, the hadronic part of the resolved cross section becomes dominant, and the
effects of different hadronic input distributions for the photon are especially pronounced.
These features of photoproduction reactions have been observed in the unpolarized case
by H1 and ZEUS.

In the following we will present results in terms of the experimentally relevant pseu-
dorapidity in the laboratory frame, ηlab, rather than the so far used c.m.s. rapidity η. As
demonstrated in App. E, these two quantities are related to each other via

ηlab = η +
1

2
ln
Ep
El

, (6.25)

where Ep, El are the energies of the colliding protons and leptons. The simple relation
between rapidities in different frames is due to the additivity of η under Lorentz boosts,
which is the reason for favoring formulations in terms of rapidities rather than scattering
angles. Boosting a rapidity-dependent cross section from one frame to another will only
cause a simple shift whereas its shape remains unaffected.

In Fig. 6.5 we present our results for unpolarized and polarized photoproduction cross
sections, d(∆)σ/dηlab, in electron-proton collisions, including both direct and resolved
contributions. The calculations are performed at a c.m.s. energy of

√
S = 100 GeV,

with Ep = 250 GeV and Ee = 10 GeV. The transverse momentum of the produced pion
has been integrated out, demanding pT ≥ 4 GeV, as pT sets the hard scale for the
perturbative calculation. All scales are chosen to be equal, µr = µf = µ′f = pT . It can
be seen that in the unpolarized case the NLO corrections to the cross section are sizeable
and thus indispensable in a thorough analysis of photoproduction reactions. This effect
is much less pronounced in the polarized cross sections, where the NLO predictions seem
to almost coincide with the LO ones, as is transparently illustrated by the respective K-
factors, defined in Eq. (4.22). Only at negative rapidities, where the spin-dependent cross
section changes sign, the NLO corrections to d∆σ are large. At positive ηlab they become
negligible for the chosen values of the various scales. Contrary to the polarized case, in the
unpolarized cross sections these corrections are roughly constant over the rapidity range
considered here and amount to almost 60 ÷ 80%. This implies that Aπ

LL is reduced in
NLO.

A better indicator for the necessity of NLO corrections to hadronic cross sections
is their dependence on unphysical scales, as discussed in Chap. 4. Therefore, we have
studied the variation of d∆σ/dηlab with the scale parameters. For simplicity, again we
set all scales equal and varied them in the typical range pT /2 ≤ µr = µf = µ′f ≤ 2pT .
Our predictions are depicted in Fig. 6.6. The uncertainty of the LO cross section due to
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Figure 6.5: Unpolarized and polarized differential cross sections at LO (dashed) and NLO (solid)
for the reaction ep→ e′π0X at

√
S = 100 GeV. The polarized cross sections have been multiplied

by a factor of 10 for a better readability. The lower panel shows the ratios of NLO and LO
contributions.

the unconstrained scale parameters, in the plot indicated by a yellow band, is huge and
spoils any predictive power of the Born approximation. This deficiency is widely cured by
extending the perturbative calculation to the NLO in αs. Modifying the scales no longer
affects the results for the polarized cross sections considerably, if NLO effects are taken
into account in the evaluation of d∆σ/dηlab. This feature again illustrates the relevance
of higher order corrections in the perturbative description of photoproduction reactions,
if not only qualitative estimates but quantitative predictions are required.

It has been outlined in some detail before that neither direct nor resolved contributions
to photoproduction cross sections are physically observable quantities themselves. Indi-
vidually, each of them depends on the factorization scheme chosen for the subtraction of
collinear divergencies from the partonic cross sections into the photonic parton densities.
To illustrate this “ambiguity” we have plotted the resolved and direct contributions to
d∆σ/dηlab separately in Fig. 6.7 in the MS and DISγ factorization schemes. According to
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Figure 6.6: Scale dependence of the polarized rapidity-differential cross section in ~e ~p → e′π0X
in the range pT /2 ≤ µr = µf = µ′f ≤ 2pT . The solid (NLO) and dashed (LO) curves correspond
to the choice where µr = µf = µ′f = pT . The yellow band indicates the scale uncertainty at LO,
whereas the shaded area corresponds to the NLO result.

Eq. (6.23) they are given by

d∆σ
MS/DIS
dir =

∑

b,c

∆bp ⊗ d∆σ̂MS/DIS
γb→cX ⊗Dπ

c ,

d∆σMS/DIS
res =

∑

a,b,c

∆aγ,MS/DIS ⊗∆bp ⊗ d∆σ̂ab→cX ⊗Dπ
c . (6.26)

The figure shows that each of these contributions varies as the factorization scheme is

modified. However, the sum of direct and resolved contributions, d∆σ = d∆σ
MS/DIS
res +

d∆σ
MS/DIS
dir , is independent of the factorization prescription used, as it should.

Having thus ensured that theoretical artifacts are strongly reduced at the NLO, we are
now in a position to investigate the polarized cross section more thoroughly. In Fig. 6.8 we
have plotted the ratios d∆σab/d∆σres of the dominant channels contributing to resolved
photoproduction. Here, d∆σab stands for the partonic cross sections ab → cX, summed
over all final state channels c and convoluted with the corresponding parton distribution
and fragmentation functions,

d∆σab =
∑

c

∆al ⊗∆bp ⊗ d∆σ̂ab→cX ⊗Dπ
c . (6.27)
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Figure 6.7: Direct and resolved contributions to d∆σ/dηlab in the MS (solid) and DISγ (dashed)
factorization schemes at NLO. Also shown is their sum, which is independent of theoretical con-
ventions used in the perturbative calculation.

As usual, a and b denote the partons emerging from the photon and proton, respectively.
For the parton distributions of the resolved photon, we employ the maximal scenario.
Whereas at large and negative rapidities the qg-channel is by far dominant, at positive
values of ηlab the subprocesses gq and gg become equally important and even exceed qg
in magnitude at the upper end of the ηlab-range considered. This reflects the rise in the
gluonic component of the photon’s parton densities, ∆gγ , at small values of xγ which
correspond to large and positive rapidities. On the other hand, the gluon density in the
photon is strongly suppressed as xγ → 1 and thus ηlab ¿ 0, whereas the quark distributions
are peaked near xγ → 1. The strong suppression of the pure quark channels is due to
the moderate quark densities in the proton and the small absolute value of the partonic
qq-scattering cross sections which has already been discussed in Chap. 4.

It is interesting to note that the actual distribution of all of these ratios depends on
the explicit form of the Weizsäcker-Williams spectrum used to describe the splitting of a
photon from an electron. So far, we have used the expression given in Eq. (6.12). However,
in the literature the nonlogarithmic term in Eq. (6.12) is often neglected. It is argued that
disregarding the nonlogarithmic terms in ∆Pγl modifies the full results only marginally.
To study the effect of this assumption in detail, we have calculated the ratios of the vari-
ous subprocesses also with this modified Weizsäcker-Williams spectrum. Figure 6.9 shows
that the corresponding results differ – at large positive ηlab significantly – from the ratios
depicted in Fig. 6.8. However, the sum of all channels is practically independent of the
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Figure 6.8: Relative contributions of the partonic channels ab → cX, summed over all final
states c, to the resolved part of the polarized cross section for ~e ~p → e′π0X. The electron-photon
splitting is described by the full Weizsäcker-Williams spectrum (6.12).
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Figure 6.9: Ratios of partonic channels to the full polarized cross section like in Fig. 6.8, but now
without the logarithmic terms in ∆Pγl.
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Figure 6.10: Spin-dependent differential NLO cross section for the reaction ~e ~p → e′π0X. The
splitting of the photon from the electron is described by the full Weizsäcker-Williams spec-
trum (6.12) (solid line) and the equivalent photon spectrum without the nonlogarithmic terms
(dashed line), respectively.

nonlogarithmic terms, as illustrated by Fig. 6.10. Although disregarding the nonlogarith-
mic terms in the equivalent photon spectrum affects the full photoproduction cross section
only slightly, we will use the full Weizsäcker-Williams spectrum throughout our analysis.

So far, we have presented our results for single-inclusive π0-production cross sections
in electron-proton collisions and studied their perturbative stability and dependence on
calculational artifacts. In particular, we have shown that a NLO calculation provides a
considerable reduction of the theoretical uncertainties arising in any perturbative approach
as compared to a mere LO analysis. With these pre-requisites at hand we are now in a
position to compute the actual quantity of interest: the longitudinal double-spin asym-
metry AπLL, which, in complete analogy to the spin asymmetry in pion hadroproduction,
Eq. (4.2), is defined by the ratio of the polarized to the unpolarized cross section.

AπLL ≡
d∆σ

dσ
=
dσ++ − dσ+−
dσ++ + dσ+−

. (6.28)

We employ the rapidity-differential cross sections integrated over all pT ≥ 4 GeV as
discussed before to obtain predictions for Aπ

LL as functions of ηlab. Our results are depicted
in Fig. 6.11. To get an estimate for the sensitivity of the spin asymmetry to the parton
content of the photon we have calculated Aπ

LL with the two extreme scenarios for the
∆fγ discussed in Sec. 6.1. We furthermore make sure that the information we wish to
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Figure 6.11: Double-spin asymmetry for the reaction ep→ e′π0X, evaluated to NLO in αs with
two different choices for the parton distributions of the proton and the two extreme scenarios for
the polarized photon densities. Also shown are the error bars expected for future measurements
at eRHIC at an integrated luminosity of 1 fb−1.

gain on the photon structure is not obscured by our ignorance of the gluon distribution in
the proton by imposing different assumptions on ∆g and show results obtained with the
standard and “maximal ∆g” sets of Ref. [17]. The error bars in the diagram indicate the
expected statistical errors of a future experiment at eRHIC :

δAπLL '
1

PePp
√
σbinL

. (6.29)

Here, Pe and Pp denote the polarization of the electron and proton beam, respectively,
L the integrated luminosity and σbin the unpolarized cross section, integrated over the
relevant bin in ηlab. For our estimate we have assumed Pe = Pp = 0.7, and L = 1 fb−1.
Such a luminosity could be achieved at eRHIC after only a few weeks of running time
so that the actual statistical accuracy might eventually be much better than indicated in
Fig. 6.11.

Figure 6.11 shows that at large and positive rapidities the double-spin asymmetries
obtained with the two extreme photon scenarios show indeed a pronounced difference
irrespective of the gluon distribution in the scattering proton. A maximal saturation of
the polarized photon distributions yields larger results for Aπ

LL than a minimal one for any
∆g in the proton over the whole ηlab-range considered. At the high ηlab-end the difference
between these scenarios is large enough to favor either of them in a future measurement at
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eRHIC with the statistical accuracy estimated above. At negative ηlab, where the resolved
photoproduction cross section is small, Aπ

LL is insensitive to the parton content of the
photon. In this region the spin asymmetry would be a valuable source of information on
the gluon polarization of the proton, as it clearly distinguishes between different gluonic
scenarios. We expect, however, that by the time Aπ

LL will be measured at a new electron-
proton collider facility, ∆g will be known to a much greater extent than now, for instance,
from the measurements discussed in Chaps. 4 and 5, and the parton distributions of the
photon can be extracted from future data on photoproduction of single-inclusive pions.
Nevertheless, a measurement of ∆g in photoproduction reactions would be an excellent
opportunity to further test the universality of the parton distributions in a completely
different environment than in pp-collisions at RHIC.

6.3.2 Single-Inclusive Pionproduction in Fixed-Target Experiments

So far, we have considered photoproduction of inclusive pions at an electron-proton collider
such as the planned eRHIC facility at BNL. Alternatively, single-inclusive pionproduction
can be studied in currently operating fixed-target experiments where a polarized lepton
beam scatters off a target at rest. From the experimentalist’s point of view such measure-
ments have the advantage that the target can be polarized more easily than, e.g., a proton
beam, whose polarization is rather hard to maintain in collider experiments. However, the
c.m.s. energies that can be achieved in a fixed-target setup with typical lepton beam ener-
gies are much lower than in comparable lepton-proton colliders, therefore giving access to
rather small transverse momentum pions only. In this kinematic range, the applicability
of pQCD is a priori not guaranteed. To study the capability of fixed-target experiments
in more detail we concentrate on the reaction

µ(Pl) +N(PN )→ µ′(P ′l ) + π0(Pπ) +X , (6.30)

with a polarized muon beam and target N , which can be measured, for instance, by
the COMPASS collaboration at CERN [27], on which we focus in the following, as the
c.m.s. energies accessible there are higher than at the – otherwise comparable – HERMES
experiment at DESY [139].

The COMPASS experiment is currently running with a 6LiD target which – apart
from nuclear corrections – can be viewed as a deuteron sample. The deuteron, d, is
defined as the average of its proton and neutron components, d = (p + n)/2. Isospin
symmetry requires the up-quark content of the proton to be equal to the down-quark
distribution of the neutron and vice versa. The strange, charm, and gluon components
of proton and neutron are supposed to be identical. Therefore, the parton densities of
the deuteron are directly related to those of the proton, and, e.g., ∆g can be determined
from reactions with deuterons or protons alike. The main goal of the spin program at
COMPASS is a determination of ∆g from photoproduction of hadron pairs. However,
no NLO calculation for polarized dihadron production has been performed so far. In the
following we therefore restrict ourselves to single-inclusive hadron production on a fixed
target, which can be accessed at COMPASS as well.
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Let us first specify the kinematics of the COMPASS experiment: In the target rest
frame the deuteron’s four momentum takes the form PN = Pd = (Md, 0, 0, 0), depending
on its massMd = (Mp+Mn)/2 only. Kinematics becomes particularly simple, if the z-axis
is chosen to coincide with the muon beam direction,

−→ zPµ

Pπ

X

θ

Md

.

The incoming muon’s four momentum is then given by Pµ = (Eµ, 0, 0, Pµ), and Pπ can
be parametrized in terms of its azimuth φ and pseudorapidity η, related to the scattering
angle θ as usual, η = − ln tan(θ/2), yielding Pπ = (pT cosh η, pT cosφ, pT sinφ, pT sinh η).
Currently muons with an energy of Eµ = 160 GeV are used, which for fixed-target kinemat-
ics corresponds to a c.m.s. energy of approximately

√
S ' 18 GeV, where S = (Pµ+Pd)

2 =
m2
µ +M2

d + 2EµMd. In the experimental setup only pions with a transverse momentum
pT > 0.1 GeV are detected. The photons emerging from the muons are described by a
Weizsäcker-Williams spectrum in complete analogy to the equivalent photon spectrum in
the electron, Eq. (6.12), with the electron’s mass replaced by the muon’s and the max-
imally allowed photon virtuality given by Q2

max = 0.5 GeV2. Furthermore the photon
momentum fraction y is restricted to lie in the range 0.2 ≤ y ≤ 0.9. Note that the muon
beam produces a much smaller amount of photons than an electron beam due to the larger
lepton mass entering the corresponding Weizsäcker-Williams spectrum (6.12) in this case.
With the present setup, events with scattering angles up to θmax = 70 mrad can be de-
tected, corresponding to a minimal rapidity in the laboratory (rest) frame of ηminlab ' 3.35.
Whereas all measurements are done in the target-rest system, calculations are most easily
performed in the c.m.s. frame of the muon-deuteron system. Therefore, the rest-system
rapidity ηlab has to be transformed to ηcms via a Lorentz boost (cf. App. E),

ηcms = ηlab −
1

2
ln

2Eµ
Md

. (6.31)

The minimal c.m.s. rapidity is then given by ηmincms ' 0.44. In the c.m.s. frame the maximal
value of the energy of the produced pion, Eπ = pT cosh ηcms, is given by Emax

π =
√
S/2.

Putting these relations together we obtain

ηmaxcms = cosh−1
√
S

2pT
. (6.32)

Having specified the kinematics relevant for COMPASS we are now in a position to cal-
culate pion production cross sections with the same “master formula”, Eq. (6.9), we have



124 Photoproduction of Inclusive Hadrons

0

2

1 2 3 4

dσNLO/dσLO

d∆σNLO/d∆σLO

pT  [GeV]

d(∆)σ / dpT  [pb / GeV]

unpolarized

polarized

NLO

LO

10
-3

10
-2

10
-1

1

10

10 2

10 3

1 2 3 4

Figure 6.12: Unpolarized and polarized differential cross sections at LO (dashed) and NLO (solid)
for the reaction µd→ µ′π0X at

√
S = 18 GeV. The lower panel shows the ratios of NLO and LO

contributions.

applied before to the computation of single-inclusive pion observables in ep-collisions.
Again, we adopt the CTEQ5 [74] and GRSV [17] parton distributions for unpolarized and
polarized nucleons, respectively, and the fragmentation functions of Ref. [82]. We will
present our results as functions of pT , integrated over the accessible rapidity range,

ηmincms = 0.44 ≤ ηcms ≤ cosh−1
[√

S

2pT

]

= ηmaxcms . (6.33)

Figure 6.12 displays the differential cross sections d(∆)σ/dpT for single-inclusive pion
production on a deuteron target at LO and NLO in the pT -range accessible for the COM-
PASS experiment. Due to the small c.m.s. energy available, pT is restricted to values less
then 9 GeV. However, at pT & 4 GeV the production rate is already so low that we have
refrained from plotting the corresponding cross sections in this region. Although data are
taken down to pT ' 0.1 GeV, we do not extend our analysis to pT . 1 GeV, since a fixed
order perturbative calculation is not supposed to yield reliable predictions in the absence
of the hard scale. The figure shows clearly – similar to the case of pion photoproduction



6.3 Numerical Results 125

at a collider facility – the importance of NLO corrections to the unpolarized cross section
which are sizeable over the whole pT -range considered, in contrast to the polarized NLO
contributions which are much less pronounced. This finding is emphasized by the respec-
tive K-factors, Eq. (4.22), being well above unity, in particular for the unpolarized cross
sections. At pT . 1.5 GeV both, polarized and unpolarized K-factors, are large, reflect-
ing the breakdown of the perturbative expansion at low pT . As further indicator for the
importance of the NLO corrections we have studied the dependence of the cross sections
on the unphysical scales µr, µf , and µ′f in Figs. 6.13. Whereas the scale dependence of
the polarized cross section improves beyond the leading order with increasing values of
pT , the unpolarized cross section remains strongly scale dependent even at NLO, which
illustrates the delicacy of a perturbative calculation in the low-energy range associated
with fixed-target experiments.

In order to estimate the sensitivity of the polarized hadronic cross sections to the
spin-dependent parton distributions of the proton, in particular ∆g, and the resolved
photon, it is necessary to analyze the weight of the various subprocesses contributing to
pion production at COMPASS kinematics. It turns out that in this energy domain large
values of xl are probed where at first sight the direct part of the cross section is expected
to dominate over the resolved one. However, displaying the ratios of direct and resolved
contributions to the total polarized cross section in Fig. 6.14 gives a different picture. The
sum of all resolved contributions, d∆σres, even exceeds the direct components, d∆σdir, in
magnitude. Only towards larger pT -values the direct part gains in size. This behavior can
be understood by a closer look onto the relative weights of the individual subprocesses,
shown in Fig. 6.15. Indeed, the cross sections for the direct channels, γg and γq, are much
larger in magnitude than any of the resolved subprocesses, gg, qg, gq, and qq, but they
differ in sign, which causes drastic cancelations between the direct contributions. Thus
the channel where the photon resolves into a quark and subsequently scatters off a gluon
out of the deuteron becomes effectively dominant at low pT . This is due to the large value
of ∆qγ(x, µ) at large x, where ∆gγ(x, µ) is quite small and, therefore, subprocesses with
a gluon emerging from the photon are suppressed. It has to be stressed, however, that at
large x, the quark polarization ∆qγ is governed by its pointlike part ∆qγpl, which is not
sensitive to the hadronic structure of the photon, but purely perturbative, cf. Fig. 6.1.

Having studied the decomposition of the full polarized cross section we are now in a
position to analyze the double-spin asymmetry Aπ,d

LL encountered in µd → µ′π0X, which
we have depicted for different sets of parton distributions for the deuteron in Fig. 6.16
together with the estimated statistical error

δAπ,dLL '
1

PbPN
√
σbinL

, (6.34)

where σbin denotes the unpolarized cross section integrated over the pT -bin considered. We
have assumed a beam polarization of Pb = 76%, and a target polarization of PN = 50%
with an integrated luminosity of 1 fb−1. All scales are set equal, µr = µf = µ′f = pT .
Due to the significance of NLO corrections to the unpolarized cross section the LO result
differs substantially from the NLO predictions. We will therefore refrain from discussing
the spin asymmetry at Born level any further. To test the sensitivity of Aπ,d

LL to the
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Figure 6.13: Scale dependence of the LO and NLO unpolarized (upper panel) and polarized
(lower panel) cross sections for µd→ µ′π0X at COMPASS kinematics. All scales are varied in the
range pT /2 ≤ µr = µf = µ′f ≤ 2pT . Solid lines correspond to the choice where all scales are set
to pT . The LO results have been rescaled by a factor 0.1 for a better legibility.
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Figure 6.14: Relative contributions of the direct and resolved cross sections at NLO to polarized
photoproduction of inclusive pions at COMPASS kinematics obtained with the GRSV standard
set for the parton distributions of the deuteron and the maximal scenario for the polarized photon
densities.
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Figure 6.15: Relative contributions of different partonic channels ab→ cX, summed over all final
states c, to the full polarized cross section at COMPASS.
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Figure 6.16: Double-spin asymmetry for µd → µ′π0X at fixed-target kinematics with
√
S =

18 GeV. The dashed line shows the LO result, whereas the NLO predictions are represented by a
solid (GRSV-std) and a dash-dotted (GRSV-max) curve. The error bars indicate the estimated
statistical uncertainty for the COMPASS experiment at an integrated luminosity of 1 fb−1.
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Figure 6.17: Double-spin asymmetry for pion photoproduction at COMPASS. The curves show
our results for two choices of the parton distributions of the deuteron (GRSV-stdg and GRSV-
maxg), and minimal or maximal saturation of the polarized photon densities, respectively. The
error bars indicate the estimated statistical uncertainty for COMPASS at an integrated luminosity
of 1 fb−1.
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gluon polarization of the deuteron target we have calculated it using the standard and
the maximal gluon scenarios of the GRSV parton distributions. Over the whole pT -range
considered the asymmetry obtained with the standard set exceeds the corresponding curve
with the maximal gluonic input. This behavior can be traced back to the large magnitude
of the only subprocess which yields negative contributions to the polarized cross section,
γg. Increasing ∆g necessarily enhances the absolute value of d∆σγg, and therefore causes

a decrease of Aπ,dLL. This feature is not overshadowed by the uncertainty on the structure
of the resolved photon, as illustrated by Fig. 6.17. The difference between curves obtained
with the GRSV standard or maximal gluon sets for the polarized proton is much more
pronounced than the slight variation of the results associated with the change of the
photon densities from minimal to maximal saturation at the input scale. This effect is due
to the dominance of the pointlike parts of the quark distributions at the large xl probed
at COMPASS kinematics, whereas the hadronic components of the photon densities are
strongly suppressed as xl → 1.

Measuring Aπ,dLL at COMPASS is thus suitable for gaining knowledge on ∆g, but does
not give access to the non-perturbative structure of the resolved photon, in contrast to
the eRHIC collider facility discussed above, which probes the spin-dependent gluon den-
sity of the proton as well as the parton distributions of the photon in different rapidity
ranges. We furthermore note that due to the small value of the cross section the statis-
tical error of the COMPASS experiment becomes so large at pT & 3 GeV that the two
gluon scenarios cannot be distinguished any longer. In this respect, collider measurements
are certainly advantageous since they achieve a by far higher statistical accuracy than
fixed-target experiments with comparable polarizations and luminosities in the pT -range
where perturbative calculations are supposed to yield reliable predictions. For COMPASS
kinematics the scale dependence of the unpolarized cross section casts serious doubts on
the applicability of pQCD at small pT and low

√
S. It is thus mandatory to analyze not

only spin asymmetries, but first check whether the perturbative calculation can, at least,
reproduce the unpolarized cross sections encountered in experiment within the theoretical
uncertainties, similar as it has been done in the case of single-inclusive pion production at
RHIC, cf. Fig. 4.4.

To somewhat improve on the poor statistics of the fixed-target experiment, a higher
production rate at large pT could be achieved by increasing the angular acceptance cov-
ered by the COMPASS detector. The planned upgrade from θmax = 70 mrad to θmax =
180 mrad would cause a rise in the unpolarized and polarized pion photoproduction cross
sections by approximately half an order of magnitude over the whole pT -range accessible,
as shown in Fig. 6.18. This improvement leaves the associated K-factors almost unaf-
fected, but reduces the statistical errors δAπ,d

LL in the double-spin asymmetry. However, as
illustrated by Fig. 6.19, simultaneously with the decrease of the statistical uncertainty the
sensitivity to the gluon polarization in the deuteron becomes less pronounced. Improving
statistics by enlarging the acceptance of the COMPASS detector thus will not necessarily
simplify the analysis of Aπ,dLL in terms of ∆g.

Qualitatively similar cross sections are obtained, if the deuteron target of the COM-
PASS experiment is replaced by a proton target. It is interesting to note that the in-
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Figure 6.18: Unpolarized (upper plot) and polarized (lower plot) differential cross sections at
NLO for the reaction µd → µ′π0X at

√
S = 18 GeV, counting events at angles smaller than

θmax = 180 mrad (solid) and θmax = 70 mrad (dashed). Also shown are the ratios of NLO and
LO contributions.
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Figure 6.19: Double-spin asymmetry for pion photoproduction at COMPASS kinematics with
θmax = 180 mrad. The two curves show predictions obtained with the GRSV standard and maximal
gluon scenarios for the spin-dependent parton distributions of the deuteron, respectively, assum-
ing maximal saturation of the polarized photon densities. The error bars indicate the estimated
statistical uncertainty for COMPASS at an integrated luminosity of 1 fb−1.

dividual direct and resolved subprocesses gain now different weights due to the replace-
ment of the deuteron’s parton distributions with the ones of the proton, as depicted in
Figs. 6.20 and 6.21. However, the sum of all contributions is barely affected by this
modification and the spin asymmetries Aπ,pLL associated with photoproduction on a proton
target, which we depict in Figs. 6.22, 6.23 for completeness, are very reminiscent of the
corresponding Aπ,dLL discussed above.

6.4 Summary and Conclusions

In this chapter we have studied single-inclusive pion photoproduction at lepton-hadron
colliders and in fixed-target experiments beyond the leading order. These processes are of
particular interest, since they give access to the so far completely unknown parton densities
of the circularly polarized photon and, above that, can serve to deepen our understanding
of the spin structure of the nucleon.

We have given a short overview on the present knowledge of the hadronic structure of
the photon, which is to be contrasted to the elementary gauge boson of the electromagnetic
interaction. Next we have shown how to extend the NLO calculation for inclusive pion
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Figure 6.20: As in Fig. 6.14, but now for a proton target.
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Figure 6.21: As in Fig. 6.15, but now for µp→ µ′π0X.
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Figure 6.22: As in Fig. 6.16, but now for µp→ µ′π0X.
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Figure 6.23: As in Fig. 6.17, but now for a proton target.
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production cross sections of Chap. 4 to reactions including resolved photons. In passing,
we demonstrated how results in different factorization schemes are related to each other,
thereby ensuring the independence of physical observables on theoretical conventions. In
a numerical analysis we studied the relevance of NLO corrections and their dependence
on unphysical scales. It turned out that double-spin asymmetries for single-inclusive pho-
toproduction in ep-collisions, e.g., at a future facility such as eRHIC, are indeed sensitive
to the parton content of the photon, and provide therefore an excellent tool for a first
determination of the parton distributions of circularly polarized photons. In addition,
such measurements can deepen our knowledge on ∆g and establish the universality of the
polarized parton distributions of the nucleon.

Before the advent of a high-energy polarized ep-collider we are restricted to data from
fixed-target experiments, however. We have therefore also studied pion photoproduction
at the COMPASS experiment, which yields data in the lowest pT -range accessible with
perturbative methods. In contrast to a collider experiment, at COMPASS the double-spin
asymmetry is probed in a domain where it is completely insensitive to the non-perturbative
structure of the photon, but rather capable to yield information on the gluon polarization
of the nucleon. A determination of ∆g is the main goal of COMPASS. With the statistics
available at present, it is difficult, however, to distinguish between different gluon scenarios
in the target hadron towards higher pT , where pQCD can safely be applied.

We therefore conclude that a polarized lepton-proton collider is essential for gaining
insight into the hadronic spin structure of the photon. Combined with additional data
from other photoproduction processes such as jet or heavy flavor production, information
from single-inclusive pion production experiments at an ep-collider facility could serve as
important input for a global QCD analysis to ultimately constrain the spin-dependent
parton distributions of the photon.



Chapter 7

Summary and Conclusions

The ultimate goal of this work was to provide a reliable theoretical framework in the con-
text of pQCD for gaining a better understanding of hadronic spin-structure from polar-
ized scattering experiments. We performed a detailed NLO QCD study of single-inclusive
hadron and jet production processes. Both turned out to be particularly sensitive to the
so far only insufficiently known gluon polarization in the nucleon. In addition, we explored
the possibility of accessing the completely unknown spin-dependent parton distributions
of the circularly polarized photon in present and future experiments from photoproduction
reactions.

We started with a general introduction to the methods of pQCD and showed explicitly
how to calculate partonic cross sections beyond the leading order in a fully analytical
approach. These results were then implemented in a phenomenological analysis of exper-
imentally relevant processes. The predictions we obtained for single-inclusive pion pro-
duction in unpolarized high-energy pp-collisions turned out to be in complete agreement
with recent data from the Phenix and Star collaborations at RHIC down to unexpect-
edly small values of transverse momentum. Such a comparison is vital for two reasons:
Firstly, it demonstrates the applicability of the theoretical framework used and, secondly,
it boosts confidence in similar measurements in longitudinally polarized collisions. Of spe-
cial interest is the longitudinal double spin asymmetry associated with pion production
due to its sensitivity to the gluon polarization in the nucleon, as shown in Chap. 4. We
also found that at low-to-moderate pT sizeable negative spin asymmetries can hardly be
obtained within the standard framework of a leading power perturbative calculation. This
result is of particular relevance in the context of first experimental indications for a nega-
tive spin asymmetry in that pT -range. If preliminary data should indeed be confirmed by
future measurements, it would open up quite unexpected windows on the structure of the
nucleon.

Next we turned to single-inclusive jet production at high transverse momenta in longi-
tudinally polarized hadronic collisions. As expected, we found that this reaction is a very
clean tool for accessing the gluon polarization in the nucleon, since it is free of final-state
hadronization effects. Like in the case of hadron production, including the NLO correc-
tions to the polarized and unpolarized cross sections leads to a sizeable reduction of their
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dependence on unphysical scales, thereby strongly reducing theoretical uncertainties. This
is mandatory for a reliable and meaningful extraction of information about the spin struc-
ture of the nucleon from experiment. In addition, we checked that the analytical results
we obtained in the small cone approximation do not receive large corrections from finite
cone size effects and are roughly equivalent to the outcome of a previous Monte-Carlo cal-
culation. The spin asymmetries turned out to be sensitive to ∆g even for rather moderate
integrated luminosities and beam polarizations. Hence they are particularly suitable for a
first determination of the gluon polarization with the Star experiment at RHIC.

The remaining part of this work was devoted to photoproduction of inclusive pions
in spin-dependent lepton-proton collisions beyond the LO of QCD. Our results show that
photoproduction reactions at a future polarized collider, such as the planned eRHIC facil-
ity at BNL, would be very useful for constraining the spin-dependent parton distributions
of the circularly polarized photon for the first time. Above that, the corresponding double-
spin asymmetry at eRHIC kinematics is sensitive to the gluon polarization in the nucleon
as well. It could therefore yield additional information on the spin structure of the pro-
ton. For pion photoproduction in a fixed-target experiment like COMPASS at CERN
we encountered a completely different behavior of the corresponding observables due to
the rather low energies available there. The large theoretical uncertainties in the limited
pT -range accessible demonstrate that the outcome of a pQCD analysis of photoproduction
data from a fixed-target experiment has to be taken with a grain of salt. Nonetheless, the
double-spin asymmetries measured in such a reaction are sensitive to the gluon polarization
of the nucleon, and could therefore also help to improve our knowledge of ∆g.

We conclude by stressing that a careful analysis of spin-dependent processes in the
kinematic domain accessible with perturbative methods opens up unequaled possibilities
for a thorough understanding of hadronic structure. Soon our results will be challenged
by first data from the RHIC experiment. They will indicate whether a fixed-order pertur-
bative calculation is indeed capable of a reliable description of spin-dependent observables
in QCD, or if aspects of hadronic structure little explored so far are more important than
expected. With the advent of precision data in the near future there is certainly an excit-
ing time ahead of us, providing new insight into the spin-structure of hadrons and thereby
extending our understanding of the microscopic world.



Appendix A

Feynman Rules

In the following we list the Feynman rules of QCD necessary for the computation of any
physical amplitude iM. Quarks, gluons, and ghosts are represented by solid, curly, and
dashed lines, respectively. The small arrows next to the lines indicate the direction of
momentum flow. Lorentz indices are denoted by Greek letters (µ, ν, ρ, σ, . . .), whereas
color indices are indicated by a, b, c, d for gluons and ghosts, and i, j for quarks. Flavor
and spinor indices for quarks are implicitly understood and not shown. For external quark,
antiquark, and gluon legs we have

incoming lines outgoing lines

u (p, h) ū (p, h)

v̄ (p, h) v (p, h)

εµ(q, λ) ε?µ(q, λ) .

Here u (p, h) and v (p, h) denote the spinor of a quark or antiquark, respectively, with
momentum p and helicity h. εµ(q, λ) is the polarization vector of a gluon with momentum
q and helicity λ.
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Quark, gluon, and ghost propagators are given by

k

i j i δij
(/k +m)

k2 −m2 + iε

-

k
a

µ

b

ν
−i δab
k2 + iε

[

gµν − (1− η)kµkν
k2

]

k

a b −i δab
k2 + iε

,

where k is the momentum of the respective particles and /k is short for kµγ
µ. The iε in the

denominators of the propagators can be neglected in all our calculations. The parameter
η in the gluon propagator depends on the gauge. Our actual calculations are performed
in Feynman gauge where η = 1. Final results, however, are independent of η.

Quark-gluon, three-gluon, ghost-gluon, and four-gluon vertex read as follows:

i

j

a
µ −igsγµT aij

c
ν

b
µ

a
ρ

p

q

r

−gsfabc [(p− q)ν gρµ+(q− r)ρ gµν +(r−p)µ gνρ]

a

c

b
µ

p

gs f
abcpµ (pµ outgoing)

a
ρ

b
µ

d
σ

c
ν

−ig2sfabef cde (gρνgµσ − gρσgµν)
−ig2sfacef bde (gρµgνσ − gρσgµν)
−ig2sfadef cbe (gρνgµσ − gρµgσν)

Four-momentum conservation is fulfilled on each vertex.
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For processes involving a photon, its propagator and the fermion-photon vertex are needed:

-

k

µ ν
−i gµν
k2 + iε

µ −igeγµ

The coupling of a fermion to a photon is proportional to ge rather than gs, where ge is
the electric charge of the respective fermion. External photon legs acquire a polarization
vector εµ(p, λ) like external gluons.

In addition to the rules given above one has to

• integrate over the loop momentum k in n dimensions for each closed loop with a
measure ∫

dnk

(2π)n
,

• multiply with a factor of (−1) for each closed quark or ghost loop,

• include a symmetry factor which takes care of possible permutations of fields in a
diagram, if necessary.

It is common to rewrite gs in terms of the strong coupling constant αs via αs = g2s/4π.
The electric coupling can be expressed accordingly in terms of αem = g2e/4π.

Using these prescriptions one can immediately write down iM for processes involving
quarks, gluons, ghosts, and photons. For the computation of cross sections, however,
MM? is required. In such products projection operators for (anti)quarks and massless
bosons of definite helicities will show up which are given by:

u(p, h) ū(p, h) =
1

2
(/p+m) [1− γ5h] , (A.1)

v(p, h) v̄(p, h) =
1

2
(/p−m) [1 + γ5h] , (A.2)

εµ(q, λ) εν?(q, λ) =
1

2

[

−gµν + qµrν + qνrµ

q · r + iλεµνσκ
qσrκ
q · r

]

, (A.3)

where r is an arbitrary momentum fulfilling r2 = 0 and q · r 6= 0.



Appendix B

Leading Order 2 → 2 Scattering

Cross Sections in n dimensions

Here, we list the n-dimensional unpolarized and polarized LO cross sections for the 2→ 2
scattering reactions γ + b→ c+ d and a+ b→ c+ d with a, b, c, d = q, q̄, g, as obtained in
the HVBM regularization scheme. Writing

Ñ = αsαeµ
4ε
d

π

s

1

Γ(1− ε)

[
4π

sv(1− v)

]ε

,

N = α2sµ
4ε
d

π

s

1

Γ(1− ε)

[
4π

sv(1− v)

]ε

, (B.1)

where v is given in Eq. (4.4), ε = (4 − n)/2, and µd denotes the mass scale introduced
by dimensional regularization according to Eq. (2.16), the unpolarized scattering cross
sections take the form

dσ̂γq→gq

dv
= −Ñ e2q

2CF
v

[

−1 + ε− 2εv − v2 + εv2
]

,

dσ̂γg→qq̄

dv
= −Ñ e2q

1

(1− ε)
2(−1 + ε+ 2v − 2v2)

v (1− v) ,
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dσ̂qq′→qq′

dv
= N CF

CA

[
1 + v2

(1− v)2 − ε
]

,

dσ̂qq̄→q′q̄′

dv
= N CF

CA

[

(1− v)2 + v2 − ε
]

,

dσ̂qq̄→qq̄

dv
= N CF

CA

{
1 + v2

(1− v)2 − ε+ v2 + (1− v)2 − ε− 2

CA
(1− ε)

[

− v2

(1− v) + ε

]}

,

dσ̂qq→qq

dv
= N CF

CA

{
1 + v2

(1− v)2 − ε+
1 + (1− v)2

v2
− ε− 2

CA
(1− ε)

[
1

v(1− v) + ε

]}

,

dσ̂qq̄→gg

dv
= N 2CF

CA
(1− ε)

[
CF

v (1− v) − CA
]{

(1− ε)
[
v2 + (1− v)2

]
− 2εv(1− v)

}

,

dσ̂gg→qq̄

dv
= N 1

2CFCA (1− ε)

[
CF

v (1− v) − CA
]{
[
(1− v)2 + v2

]
(1− ε)− 2εv(1− v)

}

,

dσ̂qg→qg

dv
= N 1

CA

[
CA

(1− v)2 +
CF
v

]{

(1 + v2)(1− ε) + 2εv

}

,

dσ̂gg→gg

dv
= N 2CA

CF

1

v2 (1− v)2
[

(1− v)2 + v (1− v) + v2
]3

.

(B.2)

Similarly, for the scattering of two polarized particles in the initial state we obtain:

d∆σ̂γq→gq

dv
= −Ñ e2q 2CF

(1− v)
v

[

−1− ε− v + εv

]

,

d∆σ̂γg→qq̄

dv
= −Ñ e2q

2(1− 2v + 2v2)

v (1− v) ,
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d∆σ̂qq′→qq′

dv
= N CF

CA

1− v2
(1− v)2 ,

d∆σ̂qq̄→q′q̄′

dv
= −N CF

CA

[

ε+ (1− v)2 + v2
]

,

d∆σ̂qq̄→qq̄

dv
= N CF

CA

{
1− v2
(1− v)2 − ε− v

2 − (1− v)2

+
2

CA

[

−(1 + ε)
v2

(1− v) − ε
(
2v − 1− ε

)
]}

,

d∆σ̂qq→qq

dv
= N CF

CA

{
1− v2
(1− v)2 +

1− (1− v)2
v2

− 2

CA

[
(1 + ε)

v (1− v) − ε (3 + ε)

]}

,

d∆σ̂qq̄→gg

dv
= −N 2CF

CA

[
CF

v (1− v) − CA
]{

(1 + ε)2
[
v2 + (1− v)2

]
+ (6ε+ 2ε2) v (1− v)

}

,

d∆σ̂gg→qq̄

dv
= −N 1

2CACF

[
CF

v (1− v) − CA
] [

(1− v)2 + v2
]

,

d∆σ̂qg→qg

dv
= N 1

CA

[
CA

(1− v)2 +
CF
v

] [

1− v2 + ε(1− v)2
]

,

d∆σ̂gg→gg

dv
= N 2CA

CF

1

v (1− v)

[

(1− v)2 + v(1− v) + v2
]

×
[

2(1− v)2 + (3 + ε) v (1− v) + 2v2
]

.

(B.3)
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Passarino-Veltman Decomposition

Here, we discuss the reduction of a general loop structure into a set of scalar integrals,
needed for the evaluation of box diagrams, as outlined in Chap. 2. Tensor integrals of the
form

B{0,µ,µν}(q1) ≡
∫

dnq

(2π)n
{1, qµ, qµqν}

L1L2
, (C.1)

C{0,µ,µν,µνρ}(q1, q2) ≡
∫

dnq

(2π)n
{1, qµ, qµqν , qµqνqρ}

L1L2L3
, (C.2)

D{0,µ,µν,µνρ}(q1, q2, q3) ≡
∫

dnq

(2π)n
{1, qµ, qµqν , qµqνqρ}

L1L2L3L4
, (C.3)

with L1 = q2, L2 = (q+q1)
2, L3 = (q+q1+q2)

2, and L4 = (q+q1+q2+q3)
2, are most easily

evaluated by means of a Passarino-Veltman decomposition [89]. This procedure relies on
the fact that the Lorentz structure of a tensor integral is determined by the “external”
momenta which are not integrated over and the metric tensor gµν . Then the most general
form of the integrals (C.1), (C.2), and (C.3) can be expressed as

Bµ = qµ1B1 ,

Bµν = qµ1 q
ν
1B21 + gµνB22 , (C.4)

Cµ = qµ1C11 + qµ2C12 ,

Cµν = qµ1 q
ν
1C21 + qµ2 q

ν
2C22 + {q1q2}µνC23 + gµνC24 ,

Cµνρ = qµ1 q
ν
1q

ρ
1C31 + qµ2 q

ν
2q

ρ
2C32 + {q1q1q2}µνρC33

+ {q1q2q2}µνρC34 + {q1g}µνρC35 + {q2g}C36 , (C.5)
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Dµ = qµ1D11 + qµ2D12 + qµ3D13 ,

Dµν = qµ1 q
ν
1D21 + qµ2 q

ν
2D22 + qµ3 q

ν
3D23 + {q1q2}µνD24

+ {q1q3}µνD25 + {q2q3}µνD26 + gµνD27 ,

Dµνρ = qµ1 q
ν
1q

ρ
1D31 + qµ2 q

ν
2q

ρ
2D32 + qµ3 q

ν
3q

ρ
3D33 + {q1q1q2}µνρD34

+ {q1q1q3}µνρD35 + {q1q2q2}µνρD36 + {q1q3q3}µνρD37

+ {q2q2q3}µνρD38 + {q2q3q3}µνρD39 + {q1q2q3}µνρD310

+ {q1g}µνρD311 + {q2g}D312 + {q3g}D313 , (C.6)

where we have omitted the arguments q1, q2, and q3 of the integrals and the coefficients,
Bi, Ci, and Di, for brevity. The Bi, Ci, and Di furthermore depend on the scalar integrals
B0, C0, and D0. The latter are tabulated and can be found in the literature [88, 140, 141].
The brackets {. . .}µν... in Eqs. (C.5) and (C.6) denote the sum of all possible different per-
mutations of Lorentz indices. For instance, {q1q1q2}µνρ = qµ1 q

ν
1q

ρ
2 + qν1q

ρ
1q
µ
2 + qρ1q

µ
1 q

ν
2 , and

{q1g}µνρ = qµ1 g
νρ + qν1g

ρµ + qρ1g
µν .

Tensor integrals containing an additional factor of q2 in the numerator, e.g.,

D̃µ(q1, q2, q3) =

∫
dnq

(2π)n
q2qµ

L1L2L3L4
=

∫
dnq

(2π)n
qµ

L2L3L4
, (C.7)

can be reduced to known integrals by a simple shift. In (C.7), replacing q → q ′ = q + q1
yields

D̃µ(q1, q2, q3) =

∫
dnq′

(2π)n
q′µ

L′1L
′
2L
′
3

−
∫

dnq′

(2π)n
qµ1

L′1L
′
2L
′
3

= Cµ(q2, q3)− qµ1C0(q2, q3) . (C.8)

With these decompositions any loop integral arising in the calculation of O(αs) corrections
to 2→ 2 scattering processes can be evaluated.
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Parametrization of Momenta

For a single-inclusive 2→ 3 scattering reaction

a(p1) + b(p2)→ c(p3) + d(p4) + e(p5) (D.1)

the parametrization of momenta in the corresponding matrix elements can be performed
in the rest frame of the two unobserved partons p4 + p5,

p4 = (p0, p0 sin θ1 cos θ2, py, p0 cos θ1, p̂) ,

p5 = (p0,−p0 sin θ1 cos θ2,−py,−p0 cos θ1,−p̂) , (D.2)

where p0 =
√
s23/2 and py is arbitrary, by using one of the following sets [142]:

Set 1: p1 = p01 (1, 0, 0, 1, 0, . . .) ,

p2 = p02 (1,− sinψ′′, 0, cosψ′′, 0, . . .) ,

p3 = p03 (1,− sinψ, 0, cosψ, 0, . . .) . (D.3)

Set 2: p1 = p01 (1, sinψ
′′, 0, cosψ′′, 0, . . .) ,

p2 = p02 (1, 0, 0, 1, 0, . . .) ,

p3 = p03 (1, sinψ
′, 0, cosψ′, 0, . . .) . (D.4)

Set 3: p1 = p01 (1, sinψ, 0, cosψ, 0, . . .) .

p2 = p02 (1,− sinψ′, 0, cosψ′, 0, . . .) .

p3 = p03 (1, 0, 0, 1, 0, . . .) . (D.5)

Sets 1-3 above depend on which momentum is chosen to point into the z-direction. All
hat-momenta p̂1, p̂2, and p̂3 have to vanish. One finds

p01 =
sv

2
√
s23

, p02 =
s(1− vw)
2
√
s23

, p03 =
s(1− v + vw)

2
√
s23

. (D.6)

For the parameters ψ, ψ′, and ψ′′ we have
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sinψ =
2
√

w(1− v)(1− w)
1− v + vw

,

sinψ′ =
2v
√

w(1− v)(1− w)
(1− vw)(1− v + vw)

,

sinψ′′ =
2
√

w(1− v)(1− w)
1− vw ,

cosψ =
−1 + v + 2w − vw

1− v + vw
,

cosψ′ =
1− v − v2w + v2w2

(1− vw)(1− v + vw)
,

cosψ′′ =
−1− vw + 2w

1− vw .

(D.7)

The Mandelstam variables defined in Eq.(3.50) then take the form

Set 1:

s12 =
s

2
(1− v + vw)[1 + sinψ sin θ1 cos θ2 − cosψ cos θ1]

s13 =
s

2
(1− v + vw)[1− sinψ sin θ1 cos θ2 + cosψ cos θ1]

t2 = −sv
2
[1− cos θ1]

t3 = −sv
2
[1 + cos θ1]

u2 = −s
2
(1− vw)[1 + sinψ′′ sin θ1 cos θ2 − cosψ′′ cos θ1]

u3 = −s
2
(1− vw)[1− sinψ′′ sin θ1 cos θ2 + cosψ′′ cos θ1]

(D.8)

Set 2:

s12 =
s

2
(1− v + vw)[1− sinψ′ sin θ1 cos θ2 − cosψ′ cos θ1]

s13 =
s

2
(1− v + vw)[1 + sinψ′ sin θ1 cos θ2 + cosψ′ cos θ1]

t2 = −sv
2
[1− sinψ′′ sin θ1 cos θ2 − cosψ′′ cos θ1]

t3 = −sv
2
[1 + sinψ′′ sin θ1 cos θ2 + cosψ′′ cos θ1]

u2 = −s
2
(1− vw)[1− cos θ1]

u3 = −s
2
(1− vw)[1 + cos θ1]

(D.9)

Set 3:

s12 =
s

2
(1− v + vw)[1− cos θ1]

s13 =
s

2
(1− v + vw)[1 + cos θ1]

t2 = −sv
2
[1− sinψ sin θ1 cos θ2 − cosψ cos θ1]

t3 = −sv
2
[1 + sinψ sin θ1 cos θ2 + cosψ cos θ1]

u2 = −s
2
(1− vw)[1 + sinψ′ sin θ1 cos θ2 − cosψ′ cos θ1]

u3 = −s
2
(1− vw)[1− sinψ′ sin θ1 cos θ2 + cosψ′ cos θ1]

(D.10)
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The other variables,

t = −s(1− v) , u = −svw , s23 = sv(1− w) , (D.11)

are independent of the parametrization of the momenta.



Appendix E

Lorentz Boosts

Most generally, a momentum (E, ~p) in any coordinate system is seen as a different mo-
mentum (E′, ~p′) in another system, which moves with a velocity β relative to the original
one. The boosted momentum is given by [64]

(
E′

p′‖

)

=

(
γ −γβ
−γβ γ

)(
E
p‖

)

. (E.1)

Here, γ = (1− β2)−1/2, and p‖ is the component of ~p parallel to the boost direction. The
transverse momentum components are not affected by the boost: pT = p′T . From the
definition of rapidity,

y ≡ 1

2
ln

[
E + pz
E − pz

]

, (E.2)

we can easily see that under a boost β in z-direction y transforms as

y′ =
1

2
ln

[
E′ + p′z
E′ − p′z

]

= y − tanh−1 β = y − 1

2
ln

[
1 + β

1− β

]

. (E.3)

Thus a boost changes the value of y just by a constant, which makes rapidity particularly
suitable for the description of high-energy reactions. In the massless case, the rapidity
equals the pseudorapidity, which is defined by

η ≡ − ln tan

(
θ

2

)

, (E.4)

where cos θ = pz/|~p|.

A boost from the c.m.s. system of two massless particles to a system with arbitrary
momenta ~p1

′ 6= ~p2
′ along their direction of motion is described by a velocity

β = −|~p1
′|+ |~p2 ′|
E′1 + E′2

, (E.5)
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and causes a shift in rapidity,

ηlab = ηcms −
1

2
ln
E′2
E′1

. (E.6)

Eqs. (E.5), and (E.6) are needed, e.g., in the case of electron-proton collisions with differ-
ent beam energies Ep 6= Ee.

Similarly, one obtains for the boost of a frame, where a massless particle with four-
momentum p1 = (E1, ~p1) moves towards a particle of massM2 at rest, to the c.m.s. system
of these two particles

β =
|~p1|

E1 +M2
, (E.7)

and

ηcms = ηrest −
1

2
ln

2E1

M2
. (E.8)

These relations are useful for the transformation of quantities calculated in the c.m.s. sys-
tem to the laboratory frame of fixed-target experiments where measurements are per-
formed.
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