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1 Introduction.

One of the most spectacular predictions of general relativity are black holes,
which should form when a large mass is concentrated in a sufficiently small
volume. The idea of a mass-concentration, which is so dense that even light
would be trapped goes back to Laplace in the 18th century. Shortly after
Einstein developed general relativity, Karl Schwarzschild discovered in 1916
a mathematical solution to the equations of the theory that describes such an
object. It was only much later, with the work of people like Oppenheimer,
Volkoff and Snyder in the 1930’s, that the scientific community began to
think seriously about the possibility that such objects might actually exist
in the Universe. It was shown that when a sufficiently massive star runs out
of fuel, it is unable to support itself against its own gravitational attraction
and it should collapse into a black hole. Only in the 1960’s and the 1970’s, in
the so-called Golden Era of black hole research, new interesting phenomena
like the Hawking radiation (in 1975 [1]) and superradiance were discovered
but for a rigorous mathematical description of them we have to wait until
the 1990’s and the beginning of the new century, when the rigorous analysis
of the propagation and of the scattering properties of classical and quantum
fields on black hole space-times was developed.

The time-dependent scattering theory for classical and quantum scalar fields
in the Schwarzschild metric was first obtained in 1985 by Dimock [2] and in
1986-87 by Dimock and Kay [3, 4, 5]. Bachelot developed the scattering the-
ory for classical fields (electromagnetic waves in 1991 [6] and Klein-Gordon
in 1994 [7]) and gave a rigorous mathematical description of the Hawking
radiation in a series of publications in 1997 [8], in 1999 [9] and in 2000 [10].
Concerning the time-dependent scattering theory of Dirac particles in a
Coulomb field we find some early publications in 1964 by Dollard [11],
in 1966 by Dollard and Velo [12] and in 1986 by Enss and Thaller [13].
Concerning Dirac fields in the Schwarzschild geometry, Nicolas developed
in 1995 a scattering theory for classical massless Dirac particles [14] and
in 1998 Jin constructed wave operators, classical at the event horizon and
Dollard-modified at infinity, in the massive case [15]. He also showed that
the long-range mass term in the Hamiltonian can be taken into account by
a logarithmic phase shift in the free dynamics. Moreover, Melnyk gave in
2003 [16] a complete scattering theory for massive charged Dirac fields in the
Reissner-Nordstr¢m metric and in 2004 [17] a proof of the Hawking effect
for charged, massive spin 1/2 particles.

For the nonlinear Klein-Gordon equation on Schwarzschild like metrics par-
tial scattering results by means of conformal methods have been given in
1995 by Nicolas [18]. A complete scattering theory for the wave equation, on
stationary, asymptotically flat space-times, was obtained in 2001 by Héfner
[19], using Mourre theory.

Whenever we attempt to analyze the scattering properties of fields in the



more realistic framework of the Kerr-Newman black hole geometry, discov-
ered in 1965 [20], we are faced with several difficulties, which are not present
in the simplified picture of the Schwarzschild metric. First of all, the Kerr-
Newman solution is only axisymmetric (cylindrical symmetry), since it pos-
sesses only two commuting Killing vector fields, namely the time coordinate
vector field 9; and the longitude coordinate vector field 9,. This implies
that there is no decomposition in spin-weighted spherical harmonics and
that artificial long-range terms at infinity will be present in the field equa-
tions. Moreover, another difficulty is due to fact that the Kerr-Newman
space-time is not stationary. In particular it is impossible to find a Killing
vector field which is time-like everywhere outside the black hole. In fact
0y becomes space-like in the ergosphere, a toroidal region around the hori-
zon. This implies that for field equations describing particles of integral
spin (wave equation, Klein-Gordon, Maxwell) there exists no positive def-
inite conserved energy. For field equations describing particles with half
integral spin (Weyl, Dirac) we can find a conserved L? norm with the usual
interpretation of a conserved charge. Hence, the absence of stationarity in
the Kerr-Newman metric is not really a difficulty for the scattering theory
of classical Dirac fields.

For the reasons mentioned above there are only few analytical studies of the
propagation of fields outside a Kerr-Newman black hole. Time-dependent
scattering for the Klein-Gordon equation in the Kerr framework has been
developed in 2003 by Héafner [21], while in 2004 Daudé [22] proved the exis-
tence and asymptotic completeness of wave operators, classical at the event
horizon and Dollard-modified at infinity, for classical massive Dirac particles
in the Kerr-Newman geometry.

In this work we develop a time-dependent scattering theory for massive Dirac
particles outside a non-extreme Kerr-Newman background by giving explicit
analytical expressions for wave operators classical at the event horizon and
Dollard-modified at infinity. This is, to our knowledge, the first analytical
result, since all previous works in this direction treat the problem of their
existence and of the asymptotic completeness for the Dirac equation in the
Kerr-Newman metric. Our work is organized as follows:

e in Section 2 we briefly present the Kerr-Newman metric, we give the
expression of the Dirac equation like in [31] and we review the asymp-
totic behavior of its radial eigenfunctions. At the end of the section
we introduce the integral representation for the Dirac propagator in
the Kerr-Newman geometry (see [31]) and since by setting M = Q = 0
the Kerr-Newman metric goes over in the Minkowski metric in oblate
spheroidal coordinates, we derive an integral representation for the
Dirac propagator in this framework.

e In Section 3 we first recall the basic principles of classical and Dollard-
modified wave operators. Then, we present a few results, which allow



us later on to consider a simplified version of the wave operators.

e In Section 4 we summarize the main results obtained in Section 5,
6 and 7. In particular we present explicit analytical expressions for
the wave operators at the event horizon and asymptotically at infinity
and we state their asymptotic completeness, which will be proved in
Section 7.

e In Section 5 we treat first classical wave operators asymptotically at in-
finity and we compute them explicitly. The main advantage is that we
get an analytical expression of the time-dependent logarithmic phase
shift, that we need in order to construct Dollard-modified wave opera-
tors asymptotically away from the black hole. After implementation of
this phase shift in the free dynamics we evaluate the Dollard-modified
wave operators and we obtain for them an integral representation in
terms of the transmission coefficients and of the fundamental solutions
of the Dirac equation.

e In Section 6 we give the expressions of the wave operators close to the
event horizon.

e In Section 7 we prove the asymptotic completeness of the wave oper-
ators at the event horizon and asymptotically at infinity.

! An dieser Stelle méchte ich mich bei dem Max Planck Institut fiir die Math-
ematik in der Naturwissenschaften bedanken. Seine finanzielle Unterstiizung
hat wesentlich zur Entstehung der vorliegenden Arbeit beigetragen. Meine
zukiinftige Frau Annekatrin danke ich fir ihre Geduld und hilfreiche Er-
munterung. Meinen Eltern danke ich, weil sie mich wahrend des Studiums
in der Physik in Triest finanziell unterstiitzten. Besonderen Dank schulde
ich schliefilich meinen Lehrern, Herrn Prof. Dr. Finster und Herrn Prof.
Dr. Kamran, die mich iiber viele Jahre motiviert und gefordert haben. Ich
bedanke mich auch bei Herrn Dr. Schmid fiir Seine konstruktiven Hinweise,
die wesentlicher Anstof} in einer wichtigen Etappe der Arbeit waren und bei
Herrn Dipl-Math. Kronthaler wegen hilfreicher Gesprache iiber die Sobolev-
Raume.



2 The Dirac equation in the non-extreme Kerr-
Newman black hole geometry.

2.1 Prolegomena.

The Kerr-Newman space-time is described in Boyer-Lindquist coordinates
(t,r,0,0) withr >0,0<6 <7, 0< ¢ <27 as the manifold

M:RtXRjXSg’(p,

equipped with the Lorentzian metric g;;, [23], such that ds? = gjkdxj dz* is
given by

A 2 102
ds? = ﬁ(dt—a sin’ Odyp)? —U (d% + d02> — SH;] O(adt—(r2+a2)d<p)2 (2.1)

with
U(r,0) =r’ 4+ a®cos®0, A(r)=r?>—2Mr+a® + Q7

where M, aM and @) are the mass, the angular momentum and the charge
of the black hole, respectively. In the above coordinates the Kerr-Newman
metric has two types of singularities. The set of points for which U(r, 0) = 0,
corresponding to the equatorial ring 7 = 0 and = 7/2 of the sphere r = 0, is
a true curvature singularity. The zeros of the function A(r) , called horizons,
are coordinate singularities. Choosing appropriate coordinate systems, they
can be interpreted as regular null hypersurfaces that can be crossed in one
direction but would require speeds greater than that of light to be crossed
the other way. For this reason they are called horizons. Depending on the
number of horizons there are three types of Kerr-Newman space-times:

e Non-extreme Kerr-Newman space-time for M? > a? + Q2. A has two
distinct zeros, namely,

ro=M —\/M?2—-a?2—-Q? and 71 =M+ +\/ M?—a? - (Q?,

the first one corresponding to the Cauchy horizon and the second to
the event horizon. For a = () = 0 we obtain the Schwarzschild space-
time.

e Extreme Kerr-Newman space-time for M? = a? + Q%. M is then the
double root of A and the sphere r = M is the only horizon.

e For M? < a® + Q? the only singularity is the ring singularity at z = 0
and z2 + y? = a2, which is then a naked singularity.

We shall only consider the non-extreme case and restrict attention to the
region r > ry outside the event horizon, i.e. to the so-called Boyer-Lindquist
Block I, defined by By = R; x X, where the space-like slice X is (r1, +00) X



Sg’w. Hence A > 0 is always positive. Notice that Block I is not stationary,
since there exists no globally defined time-like Killing vector field, and it
contains a toroidal region, called ergosphere, surrounding the event horizon,
where the vector 0; is space-like. Moreover, we assume that the charge of
the black hole is so small that the gravitational attraction is the dominant
force at a large distance from the black hole, that means

mM > |eQ)|.

2.2 The Dirac Equation in the Kerr-Newman Geometry.

We briefly recall some elementary facts about the Dirac operator in curved
space-time. The Dirac operator G is a differential operator of first order

. 0
— ()2
G =1iG (w)axj + B(z),
where B and the Dirac matrices GJ are 4 x 4 matrices. The Dirac matrices
are related to the Lorentzian metric via the anticommutation relations

oH(z) = {6 (2),GH @)}, (22

The matrix B is determined by the spinor connection and the electromag-
netic potential through minimal coupling. As such, it is determined by the
Levi-Civita connection of the background metric (2.1) and the potential

Ajdmj = —% (dt — asin® 0d<p) .

The Dirac matrices are not uniquely determined by the anticommutation
rules (2.2). The ambiguity in the choice of Dirac matrices adapted to a
given metric is formulated naturally in terms of the spin and frame bundles
[24]. A convenient method for the computation of the Dirac operator in
this bundle formulation is provided by the Newman-Penrose formalism [25].
Furthermore, in [26] explicit formulas for the matrix B in terms of the Dirac
matrices G/ are given. Thus, by combining the advantages of these different
approaches it is possible like in [27] to choose first the Dirac matrices using
a Newman-Penrose frame and then to construct the matrix B using the
explicit formulas in [26].
The four-component wave function ¥ of a Dirac particle is a solution of the
Dirac equation

(G—m)¥ =0, (2.3)

which can be completely separated into ordinary differential equations. This
was first shown for the Kerr metric by Chandrasekhar [28] and was later gen-
eralized to the Kerr-Newman geometry [29, 30]. Following [27], we introduce



diagonal matrices S(r,0) and I'(r,0) defined by

S = A%diag(\/r—iacosﬁ,\/r—iacose,\/r+iac0s0,\/r+iac080),
I' = —idiag((r +tacosf),—(r +iacosf),—(r —iacosh),(r —iacosh)).

Then the transformed wave function ¥ = S satisfies the Dirac equation
I'S(G-m)S~'¥=0. (2.4)

This transformation allows to write the differential operator (2.4) as a sum
of an operator R, which depends only on the radius r, and an operator A,
which depends only on the angular variables 8, ¢. More precisely, we have

I'S(G-m)S™'=R+ A, (2.5)
with
imr 0 VAD, 0
R - 0 —imr 0 VAD_
| VAD- 0 —imr 0 ’
0 VAD, 0 imr
—am cos 6 0 0 Ly
A - 0 am cos 6 —L_ 0
N 0 L —am cos 6 0 ’
—L_ 0 0 am cos 6
where

0 _ 1 [ 5 50 J .
Di_a :FA[(T +a’ )=~ +a zeQr]

T ot dp
Lo=2 49 i lasingd 4 L9
590 2 TMMYe T sinedg |

By employing for U the ansatz
X (

; _ it —i(k+1)e [ X4(
U(t,r,0,0) =e "“e X (

X_(

where X (r) and Y4 (0) denote respectively the radial and angular functions,
we can substitute (2.6) into the transformed Dirac equation (2.4) and we
obtain the eigenvalue problems

R =T, AV = -\T, (2.7)



under which the Dirac equation decouples into the systems of ordinary dif-
ferential equations

(2 et ) (R) - e

X_
[y ) (1) =0 e
where the radial and the angular operators ﬁi and Ei are given by
D, = diri% [w(r2+a2)+ <k+%> a—l—eQr]
Zi = di0 + C02t€ F |awsinf + Z;j] .

Notice that for m = 0 the Dirac equation reduces to the Weyl neutrino and
anti-neutrino equations. According to [31] we will use the vector notation

X=(X4, X)), Y=(,Y,)

and sometimes for sake of clarity add indices for the parameters involved,
eg. XA = X. We finally remark that (2.6) is an eigenfunction of the
angular operator 70, with half odd integer eigenvalue k + %

2.3 Hamiltonian Formulation.

Since both the radial and angular operators ZN)i and Ei depend on w, the
separation constant A will also depend on w, making the eigenvalue problem
(2.7) rather complicated. Hence it is useful to bring the Dirac equation (2.5)
into Hamiltonian form, in a way which is compatible with the separation of
variables. For this purpose let us bring the time derivative in (2.5) to one
side of the equation.Thus we get

[r? + a? 0 —ioy ) 0 o1 o 3 3\ &
z[ T <i03 0 )—asm@(al 0)]5—(72 —i—.A)\If,
(2.10)

where the operators R? and A% can be derived from R and A by setting
the time derivatives equal to zero and o1 = ({}) and o3 = (§ % ) are Pauli
matrices. Introducing a Regge-Wheeler-type coordinate u € (—o0,+00)
defined by

du 12+ a?

— = 2.11
dT A ? ( )
which maps the event horizon 71 to —oo, (2.10) finally becomes
oV -
—— = HWU 2.12
20— i, (2.12)



where the Hamiltonian H is given by

a?Asin20\ " aVAsing [ —o9 0 g
n= () (B (0 0))] )
(2.13)

r now being an implicit function of u. Moreover, the radial and angular
operators have the following form

0010 =& 0 0 0
p_ _mVAL 0001 I U 0
2442|110 0 0 0 0 & 0
0100 0 0 —&-
0 0 ¢ 0 0 My 0 0
e amcosVA | 0 0 0 i L M0 0 0
- r24a? - 0 0 0 0 0 0 My
0 —¢ 0 0 0 0 M_ 0
with
) ia 0 eQr
&y =i— _—
* 7J(9u$<7’2—i—(128<p+r2+a2>
VA 0 cot 6 1 0
M r? 4+ a? <189 T3 sin08<p)

Since the Hamiltonian (2.13) is an operator acting on the wave functions on
the hypersurfaces ¢ =const., we would be tempted to choose the simplest
scalar product on such a hypersurface,i.e.

1 27 —
(xif|<i>):/du/ d(cose)/ doW (t,u,0,0)d(t,u, 0, p), (2.14)
-1 0
R

where U is the complex conjugated, transposed spinor. Unfortunately, it
turns out that (2.13) is not in general Hermitian with respect to the above
scalar product, since we get derivatives with respect of r and 6 of the square
bracket in (2.13), when we consider the adjoint of H and integrate by parts.
It is easy to check that the Hamiltonian H is indeed Hermitian in the special
case ¢ = (0. That means that hermiticity will be recovered again in the
Schwarzschild background.

This problem was solved in [31], where it was shown that the Hamiltonian
H is Hermitian with respect to the positive scalar product

1 2w
< VY|P >= / du/ d(cos 9)/ do < V[P >0, (2.15)
~1 0

R

10



with the inner product

< ¢I|é >(t,u,9,ap): g(ta Uu, 07 (:0) T+

avVAsing [ —o9 0 -
W( 0 U2)]¢’(t,u,9,<ﬁ)-

(2.16)
Moreover, if we let H be the Hilbert space of wave functions with scalar
product (2.15), then the operator H is essentially self-adjoint on H with
domain of definition [31]

D(H) = Cg° (R x §%)*.

2.4 Asymptotic Behavior of the Radial Eigenfunctions.

In the Regge-Wheeler variable u, the radial equation (2.8) becomes

[%—l—iﬁ(u) <(1) _01)]X £< oo A)X (2.17)

2 4a2 \—imr — A

with

(k+ %) a+ eQr
2+ a? ’

Since the asymptotic behavior of the radial eigenfunctions has already been

investigated in [31], we merely state here those results, that are of future

relevance for the evaluation of the wave operator at the event horizon and

asymptotically at infinity.

The following Lemma describes the asymptotics of X (u) as u — —oc.

Q) = w + (2.18)

Lemma 2.1. Every nontrivial solution X of (2.17) satisfying the boundary
conditions X (tg) = X_(lg) with u € (—oc,lUs] has asymptotically at the
event horizon the following form

) = eiiQou (f+ —|—R+(u))
X( )_ < ezﬂou (fO—U —|—RO_U(U)) ) (219)

with fo # 0 and

(k‘+ %)a—i—eer

Ro| <ce®™, Qy=w+
[Rol < r r? + a?

3

where c,d > 0 are suitable constants, which can be chosen locally uniformly
inwandr =M + \/M? — a? — Q?

Proof. Since the solutions of (2.17) go over for r — r; into plane waves with

frequency

(k‘ + %) a+ eQry
r? + a?

Q0:w+

3

11



it is reasonable to make the ansatz
f+ u e—iﬂou 0

with B unitary matrix. Substitution of (2.20) into (2.17) yields to the
following equation for f

- f-an(; %)

VA <emou ( 0 €20t (imr — ’\))] £oo(221)

r? 4+ a? —imr — \) 0

It is straightforward to verify that the square bracket in (2.21) vanishes on
the event horizon r = r;. Respect to the Regge-Wheeler variable u this
leads to the exponential decay for u — —oo, in the sense that there exists
constant ci,d > 0 such that

df d

—| < cre®™|f]. 2.22

L <ac (222)
Notice that, |f| # 0 since X is a non trivial solution. This means, we can
divide (2.22) by |f| # 0 and integrate from any u < iy to 49 to obtain

[ (t2)
f(u)

Since the right side of the above inequality remains finite for © — —oco, we
can conclude that there exists for all © < 49 a constant L > 0 such that

A~ Cl
< (eﬂlu2 — ed“) , 2=

log

T <1 < L (2.23)

Since the eigenvalues A of the Chandrasekhar-Page angular equation depend
smoothly on w (see [32]), the constants ¢, ¢z, d and L can be chosen locally
uniformly in w. Substitution of (2.23) into (2.22) gives

df

| < c1Le™. (2.24)

The inequality (2.24) shows that the derivative of f respect to u is integrable,
and thus f(u) converges for u — —o0. Setting

fo= lim f(u)

U——00

with fo # 0 because of (2.23), (2.24)can be integrated from —oo to u and

we obtain I
(W) = fol e, c= 2.

12



Thus, from (2.19) we see that X (u) does not decay to zero at the event
horizon, but instead it behaves like a plane wave oscillating with frequency
Qg. We now come to estimates which describe the asymptotics of solutions
of the radial equation for large u. Asymptotically at infinity, (2.17) takes
the form

dax —iw  im 1 —ieQ —imM — A\ 9
Zﬁ_[<4miw>+ﬂ<mM—A ieQ >+OW 4X
(2.25)

where the matrix potential on the right converges as u — +00. Concerning
the behavior of the solutions we can distinguish two cases:

e if |w| < m, the eigenvalues p = £v/m? — w? of the matrix potential are
real in the limit 4 — 4+00. We have therefore one fundamental solution
which decays exponentially like exp(—vm? — w?u) and a second one
with exponential growth like exp(vm? — w?u). We denote these two
fundamental solutions by \if’gwn with @ = 1,2. Moreover, they are
normalized according to

lim @ywm‘:L Va=1,2

o If |w| > m, the eigenvalues p = £ivw? —m? of the matrix poten-
tial are imaginary in the limit u — +o0o. This means, we have two
fundamental solutions W5“" which oscillate like exp(+ivw? — m2u).
Concerning the normalization, we are free to choose both the ampli-
tude and the phase. In what follows we use the convention

o= (1) wna si= ()

with f&ﬂ" as in the asymptotic expansion (2.19).

The next two Lemmas describe the asymptotics of the solutions of (2.17) as
u — 400, respectively for |w| < m and |w| > m.

Lemma 2.2. Every nontrivial solution X of (2.17) for |w| < m behaves
asymptotically for u — 400 like

e £+ R (u
)= A( e s A ) ) (2:26)

~ N _ Mm?
®(u) = vVm? —w?u —alogu, a= we + Mm”

m2 — W2

13



A_@ cosh® +isinh® sinh © + i cosh © C:)—llo m + w
2 sinh® +icosh® cosh® +isinh® )’ 4 & m—w)/’
(2.27)

Cl

|R00|§_7

U

where C' is a positive constant, which can be chosen locally uniformly in w.
Proof. Let us write (2.17) as follows

% = V()X (2.28)

where the matrix potential V (u) is given by

V(1) = iQ(u) <—01 (1)) L VA < 0 i - )\> |

r2 4+ a2 \—imr — A

which asymptotically at infinity becomes

[ —iw  1m 1 —ieQ) —imM — ) 1
V(u) = <_¢m iw) + " <7ij 7 ie0 ) +0 <?) . (2.29)

According to (2.29) and the hypothesis |w| < m, the eigenvalues of V' are
for sufficiently large u real. More precisely, there is a transformation matrix
B(u) with

_ ~ —Qu) 0

B 'VB=-Q = ~ 2.30

woa= ("5 o) (2.30)

and a suitable function Q(u). Since the matrix potential V converges for

u — 400 and has a regular expansion in powers of 1/u, B can be chosen
such that c
0

|B(u)| < ¢y, and |B’(u)|gE (2.31)

with ¢g > 0. Let X be the transformed radial spinor defined by

X = BX, (2.32)
then we have N
dXx . dX
— =B X+ B—
du + du
and (2.28) becomes }
dX

B— + B'X = VBX.
du
Multiplication of the above equation from the left by B~! gives
dX -
— =(B'WB-B'B)X
du

14



and by means of (2.32) we find

d

(B7X) = (003 B~'B))(B7'X). (2.33)

Let us first compute the function Q. To this purpose we write the matrix
potential V as

V(u)zvl(u)w(l),

u2

[ —w im 1 —ieQ —imM — X\
Vi(w) = <—im iw) T <imM A e ) '

In the limit u — 4oc, the eigenvalues of the above matrix are
~ a 1
A1(u) = —vm?2 —w? + 2i0 <—2> :
u u
- a 1
Ao(u) = Vm? — w? — 2+0 <—2)
U U

where

with
- weQ+ Mm?
«= m2 — w2
Hence
— >\1 (’LL) 0
B~'VB = < . 2.34
< 0 >\2(U)> (2.34)

Comparing (2.34) with (2.30), we find that
~ a 1
Q) = Vm? — w? - % +O <ﬁ) . (2.35)

Substituting the following ansatz

X(u) = B ( ee_;ffj(g) ) (2.36)
into (2.33) and neglecting terms of order O(u~2), we get
(f)’(u) —/m2 — w2 — §
Thus, ®(u) is given by
P(u) = vVm? — wu — alogu.

Combining (2.30) with (2.35), we obtain
—n/m2 — 2 1
V=8B ( memw 0_ w2> B '+0 <—> : (2.37)

0 m?2 U

15



Since

Vu) =V + O (1) N <_iw im)

U —im  w

and the matrix B can be written as

B:A+O<1),
Uu

from (2.37) we have the following equation

~ [ —Vm? — w? 0 f
Voo = A < ; ) A (2.38)
for the unknown matrix A = (@) with 4,5 = 1,2. The requirements
an =ag, and a1z = as, (2.39)

together with the condition detA = 1 yield (2.27).

At this point we notice that all terms of order O(u~!) has been absorbed
into Ry. By means of the ansatz (2.36) and using the bound (2.31), the
following inequality can be obtained

df

du

< Sl (2:40)

where for ease in notation we omitted the subscripts +. Since X is a non
trivial solution, |f| # 0. Thus, we can divide (2.40) by |f|, integrate for
sufficiently large u to obtain the bounds

= <|f(w)] < L. (2.41)

The integrability of f’ (u) can be seen directly by substituting the upper
bound for |f| into (2.40). Thus, f has a finite and, according to (2.41)
non-zero limit

Joo 1= ull)rfoof(u) # 0.
Finally, the 1-decay of Ro(u) is obtained by integrating (2.40) backwards
from u = 400 and employing the resulting bound in the ansatz (2.36). O

The following Lemma is the analogue of Lemma 2.2 for |w| > m and
since the method of proof is very similar, we will omit it (see [31]).

Lemma 2.3. Every nontrivial solution X of (2.25) for |w| > m has asymp-
totically at infinity the form

_ o f eM(E + RE(w)
X(u)=A4 ( 20 (fo 1 R (w) > (2.42)
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with

C
fro# 0. |Rocl < =
M 2
D(u) = e(w) < w2 —m2u + weQ;—irz logu) ,
w? —m
cosh® sinh©® 1 w+m
N < sinh® cosh © )’ Q_Zl()g <w—m>’ (243)
where C' > 0 is a constant, which can be chosen locally uniformly in w
and €(w) is a sign function such that e(w) =1 if w > m and e(w) = —1 if
w < —m.

In analogy to potential wall problems for Schrodinger operators, we call
the function fZ in (2.42) corresponding to the fundamental solutions ¥%«n
with a = 1,2 the transmission coeflicients, and denote them by f&“g
In view of these results we have the following qualitative properties of the
wave function W5“". The solutions \11122”{2 of the Dirac equation go over
asymptotically near the event horizon to spherical waves. In particular in
the region |w| > m, the solutions for @ = 1 are the incoming waves, i.e.
asymptotically near the event horizon they are waves moving towards the
black hole. On the other hand the solutions for a = 2 are the outgoing
waves, which near the event horizon move outwards away from the black
hole. Asymptotically near infinity, \ilfj“’" goes over to spherical waves too.
In the region |w| < m, the fundamental solutions for a = 1,2, near the event
horizon are both linear combinations of incoming and outgoing waves, taken
in such a way that \il]f“" and \11’2““’" at infinity have exponential decay and
growth, respectively.

2.5 Integral Representation for the Dirac Propagator.

The spectral decomposition for the propagator e " is given by

efth — / efw)tdEw
—00

with dF,, the spectral measure of the Hamiltonian H. Moreover, we remind
that o(H) is continuous. Thus, it is not clear how dE, can be written in
terms of the solutions of the radial and angular equations. In what follows
we will shortly describe how this problem has been solved in [31]. The main
strategy is to consider the operator H on a given spatial interval, let us say
Hy, 4, - In the end, the integral representation for e=*# can be obtained
by taking suitable limits for u1 — —o0 and uy — +o0.

From [33] it is known, that o (H,, 4,) is purely discrete with finite-dimensional
eigenspaces, since H,, ,, is an elliptic operator on a bounded domain. The
next step is to choose an eigenvector basis compatible with the separation of
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variables (2.6). First of all, we observe that the basis vectors can be taken
as eigenvectors of the operator i0,, with eigenvalues k+ 3, k € Z. Let ’HZIM
be this eigenspace of the azimuthal operator and H{fbu2 the restriction of
Hy, u, to the eigenspace Hﬁ \up- Furthermore, the basis vectors can be cho-
sen as eigenvectors of the angular operator A, having the property that the
spectrum of Hffl’u2 is purely discrete. The eigenvalues are non-degenerate
and depend smoothly on w (see appendix in [31]). Let us denote the eigen-
values of A by A\, (w) with n € Z. Tt is clear that A\, < \,41 for all n € Z
and A\,(-) € C*°(R). The radial equation (2.8) has for any given k € Z,
w € U(H{flﬂm) and n € Z at most one solution satisfying the boundary
conditions

¢’1(U1) = \i’a(ul), \1’2(u1) = @4(U1)
and
\111(’[@) = \113(’[@), \TJQ(UQ) = \114(112).

Thus, it results that for any k, w and n there is at most one eigenstate \115‘1”132
of Hy, u,- Let N(k,w) be the set of n for which such an eigenvector exists.

The eigenvector basis is

T kwn
. 2.44
(ul’u2>keZ,wGU(H’° ),nEN (k,w) ( )

ul,U9

Moreover, the eigenfunctions can be normalized with respect to the scalar
product (2.14). In particular the radial and angular parts satisfy the nor-
malization conditions

(kan |kan ) =1 and (kan|kan) — 1’

uy,u2 uy,u2

where X and Y are the same as in (2.6). The self-adjointness of the an-
gular operator A with respect to (2.14) implies that its eigenvectors are
orthogonal, hence, the eigenfunctions are for given k£ and w orthonormal,
namely

(\i]kwn |\i]kwn ) _ 6nn’7 n,n’ c N(k,w).

u1,u2 uy,u2
However, for different values of w the eigenfunctions are in general not or-
thogonal with respect to (2.14), but since Hy, 4, is self-adjoint with respect
to (2.15), its eigenspaces are orthogonal with respect to the latter scalar
product. Thus, we get for w # '
< Ghon (gkon 5,

u1,u2 u1,u2

The two scalar products (2.14) and (2.15) coincide in the special case a = 0.
With the help of the basis (2.44) the spectral decomposition for Hy, ,, be-
comes

4
—itHuy uy —iwt T kwn Thkwn |\
e L2 = E E e E Con' Yuriiy < \Ilul’u2|\11 >,
k€Z weo(Hk ) n,n' €N (k,w)

uy,ug

(2.45)
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where the coefficients ¢,/ are chosen such that
Ak “ ke /AN
Yo G U, < TR > (2.46)
n,n' €N (kw)

is the projection of ¥ onto the eigenspace of HE
eigenvalue w, i.e.

1,u29 Corresponding to the

c .1 = (A_l) + with Ann' =< kwn |,i,kwn > .

nn nn uy,u2l Fuy,ug

The first two sums in (2.45) can be interpreted as a decomposition of ¥ into
the orthogonal eigenstates of the azimuthal operator 70, and the Hamilto-
nian H, respectively. Thus, the convergence in norm in H,, 4, is assured.
Moreover, the term (2.46) is the basis representation of the projector on the
respective eigenspace.

The next step is to take the limit u; — —oc¢ in the above spectral decom-
position, since it would be expected that the energy gaps Awy, between
neighboring eigenvalues, given by Awy, = min{@g, — win|@rn > win} with
Wk s Wen € O(Hfflm) and N (k, Ok), N(k, wg,) # 0 should tend to zero. The
main goal is to rewrite the sums in (2.45) as Riemann sums which converge
to integrals for u1 — —oo. This will yield a formula for the propagator of
the Hamiltonian H,,. In order to make this mathematically precise, in [31]
Finster et al. derived estimates for Awy, and they related the eigenvectors
\ilfjf’}k_) in (2.45) to solutions \ilﬁf_;m(u) with k,n € Z, w € R, u € (—o0,usg] of
the Dirac equation with boundary conditions

\i]l(u%Oa ()0) = @3(/“2591()0) and @2(U2,9,(p) = \114(?12,0, ()0)
The radial and angular functions corresponding to \ilﬁf_;’” will be denoted by

X{f;‘m and Y*“" respectively. From Lemma 2.3 it follows that X (u) does

not decay to zero for u — —oo. Thus, it results that \ilﬁ;‘m(u) cannot have
finite norm and hence is not a vector in the Hilbert space #,,. This shows
that the Hamiltonian H,, has no point spectrum. The functions \ilﬁ;‘m(u)
will be normalized according to

lim [X[“"| =1 and (Y*m|yken) =1,

U——00

The next two lemmas describe the behavior of the normalization factors and
the energy gaps as u; — —oo. For the proofs see [31].

Lemma 2.4. For fized us and asymptotically for u; — —oo, it results

Xhon g(ul)X{f;m [w1,u2] with g(u1) = (uz —u1) + O(1).

u,u2

Moreover,

N ~ ! !
| < Phon |ghen 5 5 | < < Yk sinfoy |[YEO >,

U1 ,U UL ,U
1,U2 1,U2 Uy — U1

where the constant ¢ can be chosen locally uniformly in w.
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Lemma 2.5. The following estimate holds asymptotically as uy — —oo

+0(1)

Awkn =
U2 — Uy

for fized us locally uniformly in w.

The next lemma gives the integral representation for the propagator of
H,,.

Lemma 2.6. For every ¥ € C°((—o0,up] x S2)* and x = (u, 0, ) it results

(e ) (z Z / dwe ™" TR () < BET > (2.47)

kGZ ne’

The last step in order to get an integral representation for e~/ is to
take in (2.47) a suitable limit for us — +oc. This is done in the following
theorem, which gives the representation of the Dirac propagator for a Dirac
particle of mass m and charge e. For a detailed proof we refer to [31]. Here

we limit us just to state it.

Theorem 2.7. For every S (O (R X 5’2)4 the Dirac propagator has the
following integral representation

\il(t,:v) — ( _th\I/> Z / —zwt Z tkwn\pkwn <\I,kwn|\p>’

T jmez a,b=1
(2.48)
where the coefficients (tap)ap=1,2 are given by
0a10p1 if lw| <m
ta =94 1 [  t,0 (2.49)
— ——=2 —da if lw| >m
27r/0 -+ e e el

and the functions t, are related to the transmission coefficients by the fol-
lowing relations

ti(a) = fL Qe_m - fofoygem, to() = —f;yle_m + f(;’lem. (2.50)
The integral and the series in (2.48) converge in norm in the Hilbert space
H.
2.6 The Dirac Propagator in the Oblate Spheroidal Coordi-
nates.

For M = @@ = 0 the Kerr-Newman metric in Boyer-Lindquist coordinates
takes the form of the Minkowski metric expressed in oblate spheroidal coor-
dinates, namely

ds® = dt* — <% dr? + U df? + Asin® 6 d(p2> (2.51)
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with B

U(r,0) ;=12 +a’cos?d and A :=r?+a%
Notice that the expression (2.51) can be reduced to the Minkowski metric
in Cartesian coordinates by means of the transformations

z=\r2+a?sinfcosp, y=+r?2+a?sinflsing, z=rcosh.

It is interesting to observe that in the oblate spheroidal coordinates the
surface given by r = 0 and 6 = 7 is a circular disk of radius |a| which lies in
the z, y-plane and is centered at the origin. It is clear that in order to derive
the integral representation of the Dirac propagator in these new coordinates
it will be necessary to impose some regularity conditions on the spinors at
r=0.

Since it has been already shown in [25] that the Dirac equation separates in
the oblate spheroidal coordinates, we may set M = () = 0 in the system of
ODEs (2.9) for the radial spinors to obtain

( \/ZﬁJr imr — A ) < X4 ) -0, (2.52)

—imr — A \/Zﬁ_ X
where the radial operators ﬁi are given by

~ d (k—i—l)a
Dy=—=1 ~ 27 ). 2.
+ ar z(w—l— X (2.53)

Notice that the system (2.9) governing the angular functions Y7 is unaffected
by going to flat space. Proceeding as in Section 2.3 it can be verified that
the the Hamiltonian H is given by

oo (g 0))] k). o

where the radial and angular operators have the following form

A
Ho= =
U

001 0 £ 0 0 0
A mr | 0 0 0 1 0 & 0 0
Rog = ——— + ~
VAl 1T o000 0 0 & 0
0100 0 0 0 -&
0 0 i 0 0 M 0 0
N am cos 0 0O 0 0 =2 -M_ 0 0 0
Aw = 22| 0 + =~
o VA - 0 00 0 0 0 My
0 — 0 O 0 0 J(/l\, 0
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with

> 0 _ta 0 = 1 0 cot 0 1 0

v =i—F=——, My =— i +1 + .

T T Rog * ﬁ(zaeﬂ 2 )
According to [31], the Hamiltonian H, is Hermitian with respect to the
positive scalar product

sin9%

oo 1 2w
<UD >o= / dr/ d(cos 0)/ dp < U[Q >F o, (2.55)
0 —1 0

with the inner product

Ala oo = asin® [ —o9 0 -
< \I]|(P >(t,u,0,§0): \P(t’uaea(p) [1[+ \/Z < 02 o9 >] Q)(t,r,e, <P)
(2.56)

Let Ho be the Hilbert space of wave functions endowed with the scalar
product (2.55). Then the operator H., is essentially self-adjoint on Hoo
with domain of definition

D(Hy) = C ([0, +00) x S?)*.

Since the solutions of the radial equation must be continuous, we need now
to find an appropriate boundary condition for the radial spinors at » = 0.
Notice that the radial system (2.52) can also be considered for r < 0 and
its coefficients are continuous at r = 0. This makes possible to extend the
radial solution continuously through the disk » = 0. Taking into account
that the radial spinors can be transformed into each other by means of the
transformation .
X(—r) — ( 0 ¢ >X(r),

-1 0
the requirement of continuity on the surface 6 = 5 , r > 0 leads us to the
following boundary condition

X, (0) = iX_(0). (2.57)

Hence by imposing (2.57) and proceeding similar to [31], we obtain the

following formula for the propagator e=te?
ot 1 ‘ ) o
(6_1Hoot\11) (x) == Z / dw e—zwttzgl(w)\pzzn(x)(\pzzﬂql)oo ’
T kneZ U(Hoo)

(2.58)
where o(Hyo) := R\[—m,m] denotes the spectrum of the free Dirac opera-
tor in Minkowski metric and the transmission coefficients 277 =~ are positive
smooth functions of the frequency w.
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3 Classical and Dollard-modified wave operators.

Let Hy be the formal limit of the Hamiltonian operator H for » — r1 and
H, the Hamiltonian operator obtained from H by setting M = @ = 0.
From Section 2.6 we know that H., corresponds to the Hamiltonian opera-
tor for the Dirac equation on the Minkowski space-time in oblate spheroidal
coordinates. Let \il((lo’oo) be some initial data. Furthermore, let the Hamil-
tonian operators Hy and H., act respectively on the Hilbert spaces defined
by Ho = L? ((r1, 00) % 5'2)4 and Hoo = L* ([0, 00) x 52)4.

Close to the event horizon we consider the classical wave operators in the
future and past infinity

WEGD =5 = lim e et G0 §O0 e 9y, (3.1)

t—=+o0

in the Hilbert space # = L* ((r1,00) X 5’2)4 together with a smooth bounded
identifying operator Zy from Hg to H defined as follows

(IOKIJ)|u>a1 =0
. e Hy. 3.2
{ (Zo®)],<q, = X0¥ 0 (3:2)

Notice that the limit in (3.1) has to be understood in the strong sense. We
introduce a cut-off function o € C*° (R) such that

1 if u < Gg
xo=4¢ 0 if u > 14 (3.3)
0 < xo <1 otherwise

with 1g, 41 € R and 4¢ < w1, since we want to compare H with Hy in the
neighborhood of the horizon.
Generally, the classical wave operators at infinity are defined by

WEG) =5 — lim eI et G e, (3.4)

t—+oo

in the Hilbert space H, where Z, is a smooth bounded identifying operator
from Hoo to H specified by

:Xoo\i’ -
e L T et (3.5)

u<ug

K

(Zoo W)

(Zoo D)

and xoo € C*(R) is a radially symmetric cut-off function such that
if u > u

1
Xoo =4 0 if u < ug (3.6)
0 < xooc £1 otherwise
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with ug, u1 € R and ug < u1. A mathematical tool to prove the existence of
wave operators such as (3.1) and (3.4) is given by the Cook’s method [34].
This method relies on the observation that if f € C'(R) and f € L'(R),
then the limit of the function f(¢) for ¢ — oo exists, since it holds

/st drf'(7)

as s < t both go to co. Going back to (3.1) and (3.4) and defining

t
(1) — £(5)] = s/ drlf ()] = 0

770,oo(t) = e_thIO,ooeiHO’oot\if((]OyoO)a

we observe that

t
| 10.00(8) — o0 ()l < / drll 1000 (713

S

t
:/ dTH (_HI(],oo +I(],ooH0,oo) ezHO’OOT\I/E)O’OO)”’H,
S
since e *H* is unitary. By means of the Cook’s method the problem of the
existence of the wave operators (3.1) and (3.4) reduces to show that

| (HZo,00 — Zo,00Ho,o0) €10 T )5, € L.

As we will see in the next section, this method is made impossible by the
long-range nature of the gravitational and Coulomb force acting on the
fermion and the above condition can never be satisfied. This problem ap-
pears already in non-relativistic quantum mechanics. For a Coulomb poten-
tial, solutions of the Schrodinger equation do not go over asymptotically to
solutions of the free Schrodinger equation. Instead, they tend towards free
solutions modified by a phase shift logarithmic in time. This problem was
first solved by Dollard [11]. Since our problem is similar, we can introduce
certain new wave operators which compare the full dynamics with a free
dynamics modified by a logarithmic phase shift. Here the modified wave
operators are defined by

Wby = s — lim e M Toeif=le® 0§ 4 € Ho (3.7)
with the requirements that the phase shift operator §(¢) commutes with
Hy, and that the limit exists in the strong sense in H. Jin [15] proved
the existence of modified wave operators for massive Dirac fields on the
Schwarzschild black hole space-time by means of Cook’s method. Finally,
notice that if m = 0 in the Schwarzschild geometry there is no long-range
force, and thus it suffices to show the existence of classical wave operators
at infinity. This was done in [14], where asymptotic completeness of the
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classical wave operators was also proved.

In our problem we deal with massive fermions in the Kerr-Newman metric,
and our main goal is to show that classical wave operators and modified wave
operators do exist at the horizon and at infinity, respectively. Asymptotic
completeness will also be proved. Instead of applying Cook’s method, we
shall use as main technical tool the integral representation for the Dirac
propagator e ="t given by Theorem 2.7. The main advantage is that we can
compute explicitly the wave operators at the event horizon and at infinity
and asymptotic completeness does not need to be proved, since it can be
directly read off from the analytical results for the wave operators at the
event horizon and at infinity.

In preparation, we now prove some results, which will considerably simplify
the computation of the wave operators in Sections 5 and 6.

Lemma 3.1. For every \if((loo), @(()0) € C° the following identities hold

T —iHt N iHoot 3, (00) _

s tilg)oe (Zoo — Ioo)e v, =0 (3.8)
T —iHt _ 7\ ,iHot§(0) _
s t_l:frcr})oe (Zo — Zy)e' ™", 0, (3.9

where Ty o are identifying operators already defined at the beginning of the
present Section.

Proof. For ease in notation we omit to write explicitly the superscripts 0
and oo attached to the initial data \i]((JO,oo). Let us first show (3.8). We can
always choose I(;O such that Z,, — I(;O defines a new identifying operator
with cut-off function xy having compact support. We set K := suppy. Since

e~ Ht is a unitary operator, it results that

le™ 1 (Zoo = Tog) e "o | = [|(Zoo — Lo )& = Tg 190 < / dul¥(t,u,0,¢)|*
K

with . X
T(t,u,0,p) = e (u,0, ).

Since asymptotically at infinity the spinor ¥ goes over into the solution of
the3 massive Dirac equation in Minkowski space, which decays at the rate
t~2 [35], we conclude that |¥|? decay at the rate t=3. Hence, for t — 4o
it follows that

Jim le™ ! (Zoo = Zog)e' "Wl = 0.

In order to prove (3.9), let us choose I(/] such that Zog — I(/] defines an iden-
tifying operator with cut-off function x having compact support. We set
K = suppy. At this point we can proceed like we did for the case at infinity.
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More precisely, since a massive Dirac particle behaves near the event horizon
like a solution of the wave equation in Minkowski space, then according to
Huygens principle it has rapid decay in time and we can conclude that

- —iHt (7 7'\ iHotd |, —
Jim {le™ (Zo — Zo)e ol = 0

O

As a consequence of the above Lemma, we get no contribution to the
wave operators at infinity and at the event horizon, when we integrate over
a compact interval in the spatial variable u. The next Lemma controls the
contribution of a small neighborhood of the points w = £m to the wave
operators in the limit £ — +o0.

Lemma 3.2. For every k > 0 and \il(()oo) € C2° there exist constants p, €,

T > 0 and an appropriate identifying operator Lo, such that for all t with
1l >T,

”efthIOOeiHoote’i(s(t)\i]((]OO) —eith(][_Ee)IOOGZHOOt(II_El_oto)elé(t)f[}(()oo)”’H < k.

Here the projectors Ec and E;° are defined in terms of the spectral measures
of the Hamiltonians H and Hy, as follows

E. ::/dEw/, Er ::/dEZO
Be BIL

with Be := Be(—m) U Be(m) and B,, := B,(—m) U B,(m). Moreover, et(t)
18 a phase shift operator which commutes with He.

Proof. Without risk of confusion we can omit to write explicitly the super-
script oo attached to the initial data. First of all let us define

AW 1= ¢ T etHeol () e HY I — BT et (1 — Ezo)ei‘s(t)\ilo.

Then, by adding and subtracting the term e **T_ eHo!(T — El‘jo)ei‘s(t) T,
to AW we get

||AW||H < ”e—thIooeiHooteié(t) \i/(] N e—thIooeiHoot(]I N EZO)eid(t)\i,O”H

+He—thIooeiHoot(]I_EZO)eié(t) \ilg—e_th(]I—Ee)IooeiH‘”t(]I—E'Eo)ei‘s(t)\TIOHH,
which simplifies to
||AW||’H < ”e—thIOOeiHootEEoeid(t)@0”7{4_

+ e B LMol (T — E5°) el (3.10)
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Let us analyze the first term in (3.10). Since e *#! and e'f>~! are unitary

operators, Z, is a bounded operator with ||Z.||% < 1 and the phase shift
operator () commutes with E;°, we have

lle™ M T oot B g5, < | B W] (3.11)

Since the term Eﬁoﬁlo is given by

EX¥y = / xB, (w)dEX T
0(Hoo)
and the Hamiltonian H,, has a purely continuous spectrum, we conclude

that ||Eﬁ°\ilo|\y converges monotonically to zero as ;4 — 0. Hence, we can
by choosing u sufficiently small arrange that

A K
1B ol < & (3.12)

It remains to show that
K

e 1 BT oe =" (1 — E2)e® Dol < 5

(3.13)

for every t such that [¢| > T'. To this purpose, let us decompose the projector
E, as follows

E.=Ef +E  with Ef = / dE, .
B(+m)
—iHt

Again, since e is unitary, the left side of (3.13) can be estimated by

| EZooe™™>= (I — EX)e® DIy < | EELpoe ! (I — EX)e g,
T

The next step is to prove that

|58 Tooe ™ (I — B9) Oyl < . (3.14)
First of all, we represent the vector (I — Eﬁo)\ilo in the form
with
dE -
¢ = o m\Ifg, Y= R\{B,(—m) U B,(m)}. (3.15)
b
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Then clearly

N
o < | MOH. (3.16)

1Hoot

Taking into account that the operator (Ho — m) commutes with e ,

adding and subtracting the term H to H,, and making use of the relation
TZoo(H—m) = [Zog, H—m|+ (H — m)Ze,
we obtain

1B Tooe <t (T = B0)e g3 < || BY [Too, H — m]e’® W ety |5+

B Too(Hoo — H)e® D!ty ||yy + || EF (H — m)Tooe® W ety |5,
(3.17)

Let us consider the last term in (3.17). Since the operator (H —m) commutes
with E, then with the help of (3.16), we get the following estimates

. . € a
1B (H —m)Tooe® et T=ta |3, < ;II‘I’oll-
By choosing € sufficiently small, it can be achieved that
|EF (H — m)Zoee®® ety < —. (3.18)

Since the commutator appearing in (3.17) is simply a multiplication opera-
tor, we may choose a suitable identifying operator Z, such that

”E:r[l—ooaH _ m]eM(t)eiHoot(DO”H < % (319)
It remains now to show that
1B Too (Hoo — H)eP D ettt < < (3.20)

for every t such that |t| > T. Since H tends asymptotically to Hy, we can
always find a suitable Z, such that for every v > 0 it results

VB Lo (Hlag — H)eP 0ot 3 < it | 1.
Garding inequality [36] together with (3.15) yields that

24+ m

le* | 1.2 < || @oll7¢ + | HooPoll2 < 1ol

Thus, we can choose v so small that (3.20) holds. Putting together the
estimates (3.14), (3.19) and (3.20), we finally obtain (3.14). With the same
method it can be shown that

1B, Tooe! (1 — EX)e O3, < g (3.21)
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Combining together (3.14), (3.21), (3.11) and (3.12), we get that
[AW |3 <

and this completes the proof. Notice that the method we used to prove this
Lemma, applies also to the case of classical wave operators at infinity, i.e.

when we consider (3.7) without phase shift operator ¢?(*). O
Lemma 3.3. For every k > 0 and @(()0) € CX° there exist constants p, e,
T > 0 and a suitable identifying operator Ly such that for all t with |t| > T,

le™ 4 T oty — eI — B)Toe ot (T — )T || < .
Here the projectors E. and Eg are defined as in Lemma 3.2.

Proof. The above statement can be proved with the same method we used
to show Lemma 3.2. O

When the integral representation of the Dirac propagator is applied in
order to evaluate the wave operators at infinity and at the event horizon, we
first obtain a triple integral over the frequency w', the spatial variable u and
the frequency w and then perform the limits ¢ — £o00. The next result allows
us to interchange the limits ¢ — £oo with the integral over the frequency
w', thus reducing our problem to the computation of an asymptotic double
integral.

Lemma 3.4. For every x > 0 and ‘ilgoo) € CF there exist constants L,

T > 0 and an appropriate identifying operator Lo, such that for all t with
t| > T,

Heﬂ'Ht(]I _ Ee)IooeiHoot(]I _ EEO)GM(t) \i]((]OO)_
— e T etHool(T — Elio)ei‘s(t) \if((loo)HfH < K.

Here the projectors E, E° are defined as in Lemma 3.2 and Ey, is given by

—m—e¢ L , m—e
EL = / dEwl —|—/ dEw +/ dEw/ .
—L m-+e —m-+e

Proof. For ease in notation we omit to write explicitly the superscript oo
attached to the initial data. Let us define the vector

AS = 7 NI — B)Toe "I - B3°)e Dy~

— et p T ettt (T — Eﬁo)em(t)\ilo.
By introducing

P(t) == e Tl (1 — B2 D
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and taking into account that I — E, — F, commutes with e */*, we observe

that

AS = dEww/)(t) = / i,dEw/ Hy)(t).
R\[-L,L] R\[-L,L] W

Thus we conclude that

1AS ]l < FIHYO] 4.
Applying the relation

HI. =ZoH + [H,Zo],

employing the definition of 1(¢) and adding and subtracting Hy, to H, we
find that

IHp ()13 < || Zoo(H — Hoo)e ™ (T — EX) e D3+
+ || Zoo Hoo e oot (11 — E;O)e“(t) Uollw + |[H, Zoo)e =t (1 — E;O)e“(t) ol

At this point we can estimate the above terms exactly as in Lemma 3.2.
Choosing L sufficiently large, we conclude that

|AS||y < k.

Clearly the above result holds also when the phase shift operator et ig
not present in the definition (3.7) of the wave operator, i.e. when we treat
classical wave operators at infinity. O

Lemma 3.5. For every k > 0 and \Tl((lo) € C2° there exist constants L, T > 0
and an appropriate identifying operator Iy such that for all t with |t| > T,

le~ (T — E,)Toe'Mo! (1 — BB -
— e Mg Toettot (1 — Eg)\il(()o) lln < K.
Here the projectors E, Eg, Ep are defined as in Lemma 3.2, 3.3 and 3.4.

Proof. 1t can be shown with the same method we used to prove Lemma 3.4.
O
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4 Main results.

We present here the main results obtained in Sections 5, 6 and 7. For ease
of notation we omit to write explicitly the sums over the indices a.b=1,2
in the expressions of the wave operators at infinity and at the event horizon.

Theorem 4.1. (Wave Operators at Infinity)
Let I/Voio be given as in (3.7) with phase shift operator e specified by

weQ + Mm?

5(t) = _Sgn(t)a(w)mg(gun with - a(w) = ew)= S

where k is defined according to k := e(w)Vw? + m?2,

+1 4ft>0 +1 ifw>m
sn(?) ::{ ~1 i§t<0 and €(w) ::{ ~1 i§w<—m

Then for every \if((loo) e CX,
(Fea5),, = 2 / deo tE7 (@) U5 () Fin (@) o F o

knEZ
(7e86),, - % / e 147, () U7 () o () foc T

k nGZ

(z)

where o(Hy) denotes the spectrum of the free Dirac operator in the Minkowsk:

metric. The functions f Y and fL corresponding to the fundamental so-
lutions \Ilk‘*’” and \Il,‘;fm, respectwely, are the transmission coefficients, ta,b,

are given by (2.49) and the function ﬁm(w) is defined by

o0 1
Finlw) = 87 £ () / du / d(cos ) < X2 (u)YHn(6)[ 5 (1, 0) >
0 —1

with the inner product

00 wn >k, (o0
< XP2, (W) YR ()G (u, ) >

—00 —kwn asin9 — 0 ~ foe)

Theorem 4.2. (Wave Operators at the Event Horizon)
Let VVOi be as defined in (3.1). Then for every \if((lo) e Cx,

Wo" = Wo + Wi,
W, = WOiI + Wojn
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with

(wartl?) = X [ detli) ¥ @7 @)
k,neZ
PEL g (I1u0)
(Wojl@gm)(m): 3 / duw 47 (w) Bh# () A7 (),
k,neZ
’ ‘T(HOO)
(0) " kon( NG POk
Uz )(m) - dw T ()T FO (w),
kmez 7™M
= (0) " Sk — 20k
(W), = 2 [ B @ i)

where 0(Hy) denotes the spectrum of the free Dirac propagator and for
i =1, 2 the functions f;"*"(w) are defined as follows

[e'] 1
7 0kn() = 27 / du / d(cos) X ) YR (055 (4, ).

Moreover, the ‘ilzﬁ*’” ’s are the fundamental solutions, the coefficients t’;,”l

and t];,"2 are as defined in Theorem 2.7 and the terms Cy satisfy the relation
(6.32).

Theorem 4.3. (Asymptotic Completeness)
Let the wave operators W+ and W~ be defined by

WA ) = W5 )+

with @(()0) € Ho and \il(()oo) € Hoo. The range of W= is dense in the Hilbert
space H.
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5 Modified wave operators asymptotically at in-
finity.

5.1 Classical Wave Operators at Infinity Wi.

Due to the long-range nature of the gravitational and Coulomb forces, we
must modify the free dynamics in the definition of the wave operator asymp-
totically at infinity in order to compensate a logarithmic phase shift. To this
purpose, we use the following strategy. First we attempt to define the wave
operator asymptotically at infinity in a classical way. By direct computation,
we get the necessary information needed to implement a time-dependent
logarithmic phase shift. This will then make it possible to introduce a well-
defined wave operator at infinity.

Let us start with the classical definition of the wave operator asymptotically
at infinity as given by (3.4). By means of the integral representation for the
propagator of the Dirac equation in the Kerr-Newman geometry (see The-
orem 2.7) and making use of the formula (2.58), the definition (3.4) can be
written as

T, (00 1 . /
(W;\I]g )>(x):§t£inook/z,:k /dw
o kR

/du / dw @ EPER (4 W' u)  (5.1)
R 0(Hoo)
with &', n’,k,n € Z and

k' n' ! k ! &
PE (wywu) = Y th (w0 )i (w)Th " ()

< o B30, >0 (T T o

There U™ denotes the eigenfunctions of the Hamiltonian at infinity Hy, and
\il(()oo) is some smooth initial data with compact support defined as follows

B w,0,9) = 3 5w, 0)e (R (52
kez

Notice that \ilg’(oo) (u, 0) could also be defined analogously as in (2.6). Since
the indexes w and w' attached to the spinors and to the transmission co-
efficients can always be recovered by looking at the component indexes a
and b, we can avoid to write them explicitly. For ease of notation, we will
in what follows omit the indexes k, n and n'. This causes no confusion,
because in view of (5.5) the index k is the same in all factors, whereas the
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distinction between n and n' can be made by looking at the corresponding
indices oo or a', b Moreover, the expression of the wave operator can be
further simplified by omitting the sums over k, n, n’ and a', b. Furthermore,
we omit the superscript oo for the initial data \if((]oo). With this in mind (5.1)
becomes

A 1 , . / A
+ _ Lo H(w—w )t . ,
<W°°\I]0>(x) = ltlertnoo/ dw / du / dw e oy Vo ()

ROR o)
< \i]b’|Xoo\i’oo > (u) <\i]oo|\i’0>oo-

Moreover, since the matrix potential in (2.25) converges for u — +o0, we can
pass to the limit u — 400 in (2.25) and solve the correspondent system of
ordinary differential equations together with the requirement that at infinity
both outgoing plane waves and incoming ones are present. Thus, we have
the following analytical expression for the radial 2-spinor X *°(u)

foe) cosh® sinh® e*i(boo(u)f;g
X®(u) = < sinh® cosh® ) < 6i<I>oo(u)fo_o ) , DPoo(u) :=rku  (5.3)

with k := €(w)Vw? — m?2, © as in (2.43) and €(w) as defined in Lemma, 2.3.
Concerning the angular components of the spinor at infinity, we observe
that, as the angular system of ODEs (2.9) does not depend on u, at infinity
the angular eigenfunctions Y (6) are solutions of the Chandrasekhar-Page
equation, whose properties were studied in [32].

Furthermore, notice that for two spinors ¥ and ¢ with radial components
Xkon and X Kw'n! and angular components Y*" and Yk,‘*’lnl, the scalar
product < |- > as given by (2.15) does not split into a product, more
precisely it was found in [35] that

< \If|q) >= (kan|Xk,w’n’)(kan|Yk/w,n,)+
VAo,

T2 |XE@mny(yhen o sing| YR e m ) (5.4)

+ a( kan|
where oy is the Pauli matrix (‘1) (1]) and

(ka)\|Xk wn ) — / du ka”(u) kan (’LL)
R
1

(kan|Yk wn ) — 27r5kk;l / d(COS 0) ?kwn (0) Yk wn (0)
-1

This mixing of the radial and angular parts in the scalar product can be

understood from the fact that the Kerr-Newman solution is only axisym-

metric.
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By employing (5.4) and integrating over the azimuthal variable ¢, it can be
checked that < \Il X oo U >(u) and (I W) are given respectively by

< \I’b’ |Xc>o\1’oo >u) = 27T5kk’gb’ (wawlau)Xoo (u), (5.5)
(T Wg) o0 = 27 f (w) (5.6)
with

avA o
mB(w, w )Xb’ (U)UQXOO(U)

!

gy (w,w ,u) = A(w,wl)ybf (u) X°(u) +

and
[e'] 1
Flw) = #°(w) /0 du / d(eost) < XXV OIF(0.0) > (58)

with inner product defined by (2.56). Here the functions A(w,w ) and
B(w,w') are given by

1
Alw,w) = /_ d(cost) ¥ 7 (0) yhen (g), (5.9)

1 A

B(w,w) := / d(cos@) sinf yren (0)o YF"(6). (5.10)
-1

Notice that since the angular functions Y*“"() depend smoothly on w and

w' (see [32]) and the angular initial data are smooth functions with compact

support, it results that (5.8), (5.9) and (5.10) will depend smoothly on w

and w' too. Furthermore, since the angular components are normalized and

square integrable, it can be easily shown by means of Holder inequality that
(5.9) and (5.10) are bounded with

|A(w,w)| <1 and |B(w,w)| < 1. (5.11)

By means of (5.5) and (5.6) and with our notation the wave operator can
be written in the compact form

(W;ilg)( - =4 hin dw' ty (w’)\ila/ (m)/ du Xoo(u)

t—+oo
R R

/

dw ei(w_w )t gb’ ((,d, wlau)f(w)'

=

o(Hoo)

In view of the fact that the regions w ~ £m, w' ~ £m and |w'| > L can be
controlled with Lemma 3.1, 3.2 and 3.4, our task is to analyze the expression
oo ’
PRI . i(w—w)t !
/dw tyy (@), (2) lim 5 du/dwe gy (w,w ,u) f(w),
Q' Q
(5.12)
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where

!

Q= [-L,—m—€eU[-m+em—eU[m+e, L],
Q = (—o0,—m — 0] U[m + d,+00)
for constants €, § and L > 0. Let us now analyze which kind of integrands

enter in (5.12). Looking back at (5.7), we observe that we have to deal with
the following expressions

Xy (u) X (u) f(w) (5.13)
and o
Xy (u)oa X% (u) f(w). (5.14)
Since the terms arising from (5.14) by substitution of (5.3) and (2.42) are
of similar structure as those in (5.13), we may restrict attention to (5.13).
Moreover, by choosing u; large enough, we can replace the radial 2-spinors
X, (u) appearing in (5.13) with the analytical expressions give? respe/ctively
in Lemma 2.2 and Lemma 2.3, which are smooth for every w € {w € R:
lw'| > m + eand |w'| < m — €}. Notice that the integral over w in (5.12)
splits into two integrals over the regions
Q: = [-L,—m—€¢U[m+eL] (5.15)
Qy: = [—m+em—é. (5.16)
The next step is to analyze the integrands entering in the double integral
over the spatial variable u and the frequency w given by

/ du/ dw i@t gy (w,w ,u)f(w), (5.17)
u1
Q

in the limits ¢ — £o00, when we treat the regions Qll and QIQ, respectively.

5.1.1 The Region Q).
Let w € Q) be fixed. With the help of (2.42) and (5.3), the product

X, (u) X% (u) becomes
Xy @X*(w) = (Foy + oy ) (FHp@)e® ) + foop(w)e o))

+ (T + P (Fm(@)e 00 4 o plapei02))

(5.18)

with
p(w) = cosh © cosh © + sinh © sinh ©, (5.19)
/t(w) = sinh © cosh © + cosh O sinh O, (5.20)
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where © and © are defined according to

~ 1 ' 1
© = —log wl—l—m , ©=—log wtm . (5.21)
4 w —m 4 w—1m

A careful inspection of the expression for X, (u) X (u) f(w) shows that all
terms in (5.18) are of the form

FE@F@1 2} (T + Ty () 000 (522
with @ := ®(u) as defined in Lemma 2.3. Turning back to (5.7), we notice
that (5.22) will be multiplied by the smooth and bounded function A(w)
defined by (5.9). Moreover, since we can always choose u; large enough,
according to Lemma 2.3 the following asymptotic expansion for the rest
function R__ ;s (u) holds, namely

Ryy(u) =S40 <i) , (5.23)

u2

with ¢ € C depending smoothly on w', since the asymptotic solution (2.42)
is smooth in w’ such that |w'| > m. Like in [35] the notation O (u~") means
that error terms depend smoothly on w and that their u-derivatives have
the natural scaling behavior

0,0 ('Lf”) =0 (u*") and 0,0 (u*") =0 (ufnfl) .

Hence, all integrands arising in the computation of the wave operator (5.12)
are of the type

Tlw) = AL ) 150 (Toy + S+ 0 (5) ) etesom,

7

(5.24)
Furthermore, since we considered smooth initial data with compact support,
the function f(w) is smooth and has rapid decay in w. Thus, it is reason-

able to replace the term A(w)fZ (w){ ZEZ; }f(w) appearing in (5.22) with
some function F(w) in C! such that F(w) and its derivative decay at least
quadratically as w — oo. Our task is now to compute the following limit
integral

0o ,
lim du/ dw @) T (4, w)
t—+oo w1

Q

with T'(u,w) given by

T(u,w) := F(w) <?jo,b/ + S +0 <i2)) pi(EPEP)



By changing the integration variable w according to xk = e(w)vVw? — m?, we
end up with the evaluation of the following limit integrals

I; = lim du e / dr F(r)e ), (5.25)
t—+oo w1
R\Bs(0)
— 1 > +ia —1 o) (K,u)
I tkinoo g du u / dr F(k)e'*t , (5.26)
R\Bs(0)
00 o ) 1
— 1 +ia oty (k,u) — -
I3 tkinoo g du u™"* h(u) / dk F(k)e'? ,  h(u): O<u2),
R\B5 (0)
(5.27)
where
o) (kyu) = (w — w)t+ (K +K)u (5.28)
k
F(k) = F 2
(k) i= s Pl (5.20)
: LW Mm?
o = (w)‘”Q/QJ. (5.30)

W'’ —m?

5.1.2 The Region (.

Let be now w' € QIQ be fixed. Then the analytical expression for the 2-spinor
X, (u) asymptotically at infinity is given by Lemma 2.2. Moreover, from
Theorem 2.7 we know that in this region the transmission coefficients ¢,/
have the simple form

ta'b/ = (5a'1(5b/1'
As a consequence it can be easily checked that (5.13) and (5.14) simplify to
X1(u) X (u) f(w) (5.31)
and o
X1 (u)oa X (u) f(w). (5.32)

Since WA“ ™ for |w'| < m is the fundamental solution, that at infinity has
exponential decay, it follows from Lemma 2.2, that X;(u) is given by

Xy(u) = A ( e~ %) (f:;,10+ R:o,l(U)> ) ‘

Analogously to the case w' € €] we begin by treating the term (5.31). After
some straightforward calculations it can be shown that all terms arising from
(5.31) are of the form

@] . T+ B) e = G
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where * denotes complex conjugation, the function p := p(w) is simply a
linear combination in terms of cosh © and sinh © and f,(w) is as defined in
(5.8). Going back to (5.7), we notice that (5.33) has again to be multiplied
by the smooth and bounded function A(w) given by (5.9). Furthermore,
since we may choose u; sufficiently large, it is reasonable to consider the
following asymptotic expansion for the rest function R;’l(u), namely

R | (u) = 5 +0 (i) , (5.34)

u?

with ¢ € C depending smoothly on w', since the asymptotic solution given
by (2.26) depends smoothly on w' such that |w'| < m. Hence, all integrands
arising in the computation of the wave operator (5.12) are of the type

— ¢ 1 "
S(UacU) = A(w)fo%(w) { (lg)* }f(w) <f0071 + E + 0O <W>) e <I’:|:z<I)OO'
(5.35)
Since the function f(w) is smooth and has rapid decay in w, we may replace

the term A(w)fZ(w){ (zg)* }f(w) appearing in (5.22) with some function

F(w) in C' such that F(w) and its derivative decay at least quadratically
as w — 00. Our task is now to compute the following limit integral

t—+o0

o.¢] . ’
lim du/ dw @t §(u,w)
uy
Q

with S(u,w) given by

S(u,w) = F(w) <7;’1 + 5 +0 <%)> o~ PP

By changing the integration variable w according to xk = e(w)vVw? — m?, we
end up with the evaluation of the following limit integrals

I, = lim du e Py / dr F(k)e®wen), (5.36)
t—=+oo u
R\Bj;(0)
I, = lim du e Puqyt1 / dr F(k)e®wru), (5.37)
t—=+oo U
R\B;(0)
. 0o _ . . . . 1
— 1 —Bu, & Q1) (k,u) — il
I3 t_l)lrinoo g du e 7"u® h(u) / dk F(k)e'? , h(u) : O<u2)’
R\ B;(0)
(5.38)
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where & as defined in Lemma 2.2, 8 := Vm?2 — w'? and

D) (Fyu) i= (w — w )t =+ iku, (5.39)
F(k) = wfﬁ)f:’(w(n)). (5.40)

5.2 Theorems for the Evaluation of WZ.

The next two lemmas allow us to evaluate (5.25) over the interval [uq, +00).

Lemma 5.1. For every function f € C1(R) satisfying the bound

, 1
LT < T (5.41)

and for every given w' € ) defined by (5.153), it results

S ’
%1 := lim du uT® / def (k)€1 W =0 if f(k)=0
t—=too w1
R\B5(0)
(5.42)
o0 ot . ,
Ty := lim du u™ / dif (k)W =0 if f(—k)=0
t—=+oo w1
R\B5(0)
(5.43)

with fizted & € R and uy > 0, where
o1(k,u) = (w—w)t£ (K —K)u, and @a(k,u) = (w—w)t+ (K + K)u.

Proof. We show (5.42) with um/, since the case with v and (5.43) can

be proved analogously. After introducing a convergence generating factor
—0ou

e with ¢ > 0, we can apply Fubini theorem to obtain
00 . ’ o s
lim lim di f(r) '@ )t/ du u'® e~ “ur (5.44)
t—+oo o—0t — 00 uy
with
z2:=2%(k)=ui(oc —iK) and K :==+(k — k). (5.45)

We denote the integral over u in (5.44) by &. Then, introducing the new
integration variable 7 := u/u;, we find

/

A . -
S =ut™ / dr 7% e *7.
1

The above integral can be related to the Kummer function of the second
kind U(a, b; 2), also known in the literature on special functions under the
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name of confluent hypergeometric function of the second kind. Indeed, if
the conditions Ra > 0 and $RZ > 0 are satisfied, the following integral
representation (see 13.2.6 in [37]) holds, namely

~ oo -
021 = [ ar e pemien,
1

Thus, by choosing a =1 and b =2 + ia, we obtain
S =ul™ e FU(1,2 +ia’; 3).

Moreover, U(a,b; 2) can be expressed in terms of the Kummer function of
the second kind M (a, b; Z) as follows (13.1.3 in [37])

™ M(a,b;2) 4y M(1+a—0,2-1b2)

U(.0:2) = G0ty [T a—0T0) T(@)(2 - 0)

(5.46)
Taking into account that for b =2 + o/

™

Sn (7) = —micsch(ma),

with the help of (5.46) the integral & can be equivalently written as

. o x| M(1 2—|—ia"2) 1 ’M(—io/ —ia"é)
S = 1+ia h Z ’/ ) a 1—ia ’ k ) )
= —muy csch(ma e [F( i) T2 1 id) -z T(—id)

Now, using that M (a,a; Z) = e=* (13.6.12 in [37]) and the following proper-
ties of the complex Gamma function

™

ra =gl rp)ra-p) = 5.47
(14 = (). TETQ-P)= o (540)
which imply that
I'(—ia )T(2 +ia' ) = mi(1 +ia esch(ma ), (5.48)
G becomes
14ia/ ,csch(wa') s—1—ia e’ .
= —_—" - M(1,2 ; . A4
S =u; T(ia) Z Tri (1,2 +ia ;2) (5.49)
From the second equation in (5.47) with 8 = —ia it results
I(—ia )T(1 +ia ) = micsch(ma ), (5.50)
and therefore it holds for every real o
_csch(ma!) o
——= =11 . 51
) ) (1+ia) (5.51)
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Substitution of (5.51) into (5.49) finally gives

e*Z

1+4iad

& = ultio [F(l Fia )z M1,2+id:5)|.  (5.52)

By means of (5.52) the integral (5.44) splits into the following two integrals

w1 4+ia)) lim  lim dk & ellw=w )ty
t—+o00 g—0+ Zl4ia (H)
R\B;(0)
U%Jria/

o dm tim [ de g0 e L2 i) el
1+ 2a t—=+o0g—0+
R\B;(0)

(5.53)

which will be treated separately. We begin with the second integral on the
r.h.s. of (5.53). The limit for o — 0 can be taken inside the integral sign
by applying dominated convergence theorem. To this purpose we have to
show that there exists an integrable function $(x) on the real line, such that
for every o it results

|Go (k)] < H()

with i ‘ )
Go (k) == f(r)e PFIM(1,2 4+ ia'; 7)W= )t (5.54)

From (5.54) it follows that

Gol)] = ™ | £ ()] | M(1,2 + a3 2) (5.55)

In order to estimate ‘M(l, 2 +ia'; 2)

we can use the following integral rep-

resentation for the Kummer function of the first kind (13.2.1 [37]), namely

1
M(a,b;2) = W/o dre™(1—7)" 21791 for 9%b> %Ra > 0.

(5.56)
Considering that for ¢ = 1 and b = 2 4 ia’ the prefactor on the r.h.s. of
(5.56) is simply 1 +4c/, it can be shown that

1
g\/1+o/2/ dr "1, (5.57)
0

Insertion of (5.57) into (5.55) gives

‘M(1,2+m’;s)

19 (1 _ e—U10')

|Go (k)| < V1 +a
u1 o
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Moreover, since ujo > 0, there exists a constant C' € R* such that

1—e ™7

u1o

<C.

Finally, we can estimate (5.54) as follows

|Gy (k)] < CVL+a® |f(R)] = H(r)-

Hence, dominated convergence theorem applies and we can take the limit
for ¢ — 0" inside the integral sign in the second term on the r.h.s. of (5.53),
which simplifies to

lim / dr fR)M(1,2 + i ; Fiw (5 — 1)) @t (5.58)

t—+oo
R\B;(0)

where we set R -,
HOE IO

Since f(k) satisfies (5.41) and the Kummer function of the first kind in
(5.58) is bounded, after a change of the variable of integration from x into
w according to the relation dx = “dw Riemann-Lebesgue lemma tells us
that in the limit as ¢t — £oo (5.58) gives no contribution. Therefore, (5.53)
reduces to

I'(1+ia) lim lim / dk oK) @)1 (5.59)

t—+oo g—0+
R\ B5(0)

where the function §, (k) is defined by

So (k) == g(k) (m) [o Fi(k =)™, (k) ==

Since it holds

|5 — &l

02+ (K — k)2

o (k)] = 19(x)] <1g(x)|

with ¢ € C(R) and decaying at least cubically for |k| — oo, dominated
convergence theorem allows us to take the limit for ¢ — 0% inside the
integral sign in (5.59), which reduces to

' )i gilo— (5.60)
t—=+o0
R\B5(0)

lim / ds §(k) (s

Again we can change the variable of integration from  into w, according to
the relation dk = % dw and use Riemann-Lebesgue lemma in order to show
that the above integral limit is zero. O
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Lemma 5.2. Let f € CY(R) satisfy (5.41) and let us consider

AW = / " / i (k)i I —rpu (5.61)
" R\ B5(0)
AUD = /OO du ufml / dﬁf(ﬁ)ei(wfwl)tfi(”’ﬂ‘)“ (5.62)
" R\ 55(0)
AT . — /OO du dn’f(ﬁ)ei(wfwl)t*i(”um)“ (5.63)
" R\ 55(0)
AIV) .= /OO du i / dﬁf(ﬁ)ei(wfw/ i ) (5.64)
" R\ B5(0)

Then, for every given w € Q), u; > 0 and o € R defined like in (5.30) it
holds

., ia L L:t
A — ) 2nf(k e % (“’ ) if t = +o00 ’ (5.65)
0 ift > —o0
o 0 if t = +00
A( )= , —id log (7ét) ’ (566)
2 f(k )e w ift > —o0
. —ia 1 ”—it .
AU _ ) 2nf(—kK )e 0g<w ) if t = 400 (5.67)
0 ift > —o0
v 0 if t = 400
ATY) = o log (7%) . (5.68)
2rf(—k )e w ift > —o0

Proof. We begin with AU) and the case where w' € [m + ¢, L]. Moreover,
we rewrite the function f(x) as follows

~ 1w +1
=F
F(r) = F(s) + f(s D)5
with ,2
7, W +].
F(k) = f(k) —
() 1= £(5) — 50 D5t
and we define according to (5.30)
, we@ + Mm?
@y = 12 9
w®—m



As a consequence

A(>I) = /00 du i / dr f (k) il De+i(lx' |- mu
“ R\ B;(0)

splits into two terms. Since F(k) satisfies the requirements of Lemma 5.1,
it follows immediately that in the limit t — o0

/ du, 0 / dr F (k) il il | =wyu _
Y R\ B5(0)

Hence, A(>I) reduces to

A(I) _ f(|ﬁ/|)(w/2 1) /oo " uial_i_ / n elw—lw Di+i(lx \*Iﬂ)u‘
~ w w?+1

R\Bs(0)

Introducing a convergence generating factor e~?% with o > 0 in the above
expression, we apply Fubini theorem to interchange the order of integration.
Thus, we get

(1 g . gilw—lw )t oo
ALY = f(|& N(w +1) hr(r]lJr / dﬁﬁ/ du i ik | —K)u—ou
o—
R\B;(0) “

According to (5.52) the integral over u in the above expression gives

e L 1+’i0¢’ / 1—io/
J R e L R
u

e*Z

- —M(1,2 + i, ; 2
1+iay ( + )

with Z(k) defined as in Lemma 5.1. Thus, A(>I) becomes

(1 +ia S i(w—|w' )t
A(j):wﬂm N(w” +1) lim / dk
,L-1+za+ o—0t
R\ B;(0)

e

(w2 +1)(k — Hp)1+m’+

14ial,
u li 2 .
. —— +1)glfél+ / dk

1+
* R\ B3 (0)

ilw—|w' )t—2()

K2+m2+1

M(1,2 + ia; 3)

(5.69)

with , := |&'| +i0. Since the second term on the r.h.s. of (5.69) can be
evaluated by means of the same method we used to compute the second
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limit integral in (5.53), where now f(k) = (k? +m?+1)"!, we can conclude
immediately that for { — o0

. eilw—lw' t—(x) o,
011)1(1)14» / dlﬁ? mM(l,2+ZO(+,Z):O
R\B; (0)

Therefore, (5.69) reduces to

o S i(w—|w )t
A@:MW )(w” +1) lim / dr ¢
(

1tia/ o0+ 2 _ o yiial
i R\55(0) w2+ 1)(k — Kp) T
(5.70)

Let S denote the integral over k in the above expression. With the help of the
2 2 2

dispersion relation kK = w® — m* we can change the variable of integration
from k to w and we obtain
ilw—lw' )t

S= [ do— > ;
ﬁ/ e(W)Vw? —=m? (w2 4 1)(e(w)Vw? — m? — Fop) T

(5.71)

with Q = (—o0,—m — 6] U [m + d,+00) and €(w) a sign function as defined
in Lemma 2.3. Since the integrand function in (5.71) is integrable both
at infinity and at £m, the above integral exists in (—oo, —m] U [m, +00).
We consider first the case ¢ — 400 and we compute (5.71) by means of
the method of contour integrals. Since for { — 400 the imaginary part of
e'*! decays exponentially in the complex upper half-plane, we may close the
contour there. Furthermore, we extend on the complex plane the integrand
in (5.71) as follows

7
2 (VZ22 —mZ+ Kp)1+1a+

~elCE (572
Va2 =m? (22 4 1) [(2 — w) (2 — wa)]H* 72

F(z):=

where F(z) has two branch points at +£m and w;, ws denote the complex
roots of the equation 22 —m? — /<;12, = 0. In order to make (5.72) single-valued
on the interval of integration, we choose 6; € [0,27) and 6y € [—m, ) with
01 := Arg(z —m) and 6y := Arg(z + m) and we prescribe that v/z? —m? =
Vw? —m? for ; = 0 and V22 — m? = —Vw? — m? for 05 = w. Moreover,
we observe that F'(z) has two simple poles at £i. To apply the Residue
Theorem, we have to choose a contour C in such a way that it circumvents
the point wy on the upper half-plane and F(z) is analytic within and on C
except for the simple pole at z = ¢. This can be done by fixing the contour
C as in Figure 1. Thus, we get

/ dz F(z) = 2mi Res(F(z),z = 1). (5.73)
c
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AwG(C

Figure 1: Integration around the closed contour C.

Since F'(z) on the intervals [m+ 4, R] and [— R, —m — ¢] becomes respectively

i(w—lw' )t

w (&

F(z) = Vet = m? (@2 4 1) (Ve = )

i(w—|w' )t
w (&
F(w) = ——ifz €Ny
—Vw? —=m? (2 4+ 1)(—va? — m? — Kp) T+
with Ny := [m + 9§, R] and Ny := [-R, —m — 0], it results that

R —m—4
lim </ dw F. (w) +/ dw F(w)) =S.
R—oo m+4 —R
Hence, (5.73) becomes

2 2 m—a4
S+ Z / dzF(z) + }%im Z / dzF(z) +/ dzF(z)+
; —00 4 m
z:lcéi) z:lcg) +4
+ Rlim dzF(z) = 2mi Res(F(z),z = 1) (5.74)
—00
r

with I := I'y UC,; UT'2. Let us first consider the integral on C((sl). To this
purpose we introduce the parameterization z := m + de’? with 6 € [0, 7] and
we observe that the integrand F'(z) can be rearranged as follows

V(z)
JZ—m

with ¥(z) bounded on C((sl). Thus, taking into account that é¢ > 0 and
sinf > 0 for every 0 € [0, 7] we have

‘/ sz(z)‘ < cx/g/ df =050 < /5.
0

n
C6

F(z) =
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(2)

An analogous relation holds for the integral on C;™. Hence, we can make the
contributions coming from the intervals [-m — §, —m + 4] and [m — §, m + ¢]
arbitrary small by choosing § > 0 sufficiently small. We consider now only

(1)

the integral on C,’ in (5.74), the case i = 2 being similar. Let us introduce
the following parameterization z = Re? on Cg) with 6 € [0,6], 6 = 6y — ¢
and 0 < € < Oy < m/2, where 6 is the slope of the ray P in Figure 1.
Moreover, F'(z) can be rearranged as follows

B 20 (2)
2241

izt

F(z)

with ¥(z) bounded on Cg).Then, we have

g
lim ‘/ sz(z)‘ < ¢ lim df e~ fitsind,

R—o00 R—o0 Jg
C(l)
R

Since the inequality sinf > 27r—6 holds for every 6 € [0, 7], we obtain

C 1 2Rt6
I ‘ F ‘<_1' = (1-e) =
dm | [ ar ] < pm g (1 ’
c®
R

and we conclude that

lim / dzF(z) = 0.

R—oo
ey
Let us consider now in (5.74)
m—4¢
lim lim dzF(z).

t—to0 g0+ J_ 45

Taking into account that on [—m + d,m — ] we have §; = 7 and 6, = 0,
respectively, the function F(z) becomes there

. i
w e"("J*'w |)t

vm?® — w? (2 + 1) (vVm2 — w? — Hp)1+m’+ .

Since the above function is integrable on [—m + d,m — J] and moreover,
we have |vm?2 — w? — k| < |[Vm2 —w? — |||, it results for every o > 0
and given w € [m + ¢, L], that |F,(w)| < U(w), with {(w) integrable on
[-m+d,m —d]. Thus, according to dominated convergence theorem we can
take the limit o — 07 inside the integral and we obtain

m=0 w (Vm? — w? — |/-§/|)1+ml+ eilw—1w )t
lim dw S
t—=+oo —m-+6 m2 — w2 ((,d2 + 1)(2m2 _ wg o w/2)1+za+

F,(w):=
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Since w' > m and w # +m, the integrand above is Lebesgue-integrable on
the interval [—m + 4, m —¢]. Hence, we can apply Riemann-Lebesgue lemma
and conclude that

m—4§
lim lim dzF(z) = 0.
t—+oo o—0t —m+d
for every 6 > 0. The above considerations imply that (5.74) reduces asymp-
totically for ¢ — +oo and in the limit as 0 — 0T to

lim S =2mi lim Res(F(2),z=14)+ lim lim [ dzF(z),
o—07F o—07t oc—01t R—o0
FI
where the integral on the r.h.s. of the above expression is taken now over
the counterclockwise contour I := I'; U C, UT'2. By a direct calculation, it
is easy to verify that the residue at z = ¢ is dominated by the exponential
e~!, which vanishes for t — +oc. Thus, we get

lim S= lim lim [ dzF(z). (5.75)
o—07+ oc—0*+ R—o0
F/
The complex integral in (5.75) can be reduced to the Hankel contour integral
for the reciprocal gamma function. To this scope let us rewrite the second
term in (5.75) as follows

lim [ dzF(z) = =Nt i [ gz (z —w))P 1R (2) 79 (5.76)

R—o0 R— o0
I r

with

B = —ial_i_ and F(z):=

z Vz2—m? + K, P 1
22 —m2 z+wy 22+1
Moreover, in the limit for B — oo the contour I'" becomes the gamma
function contour (see Figure 1), which encloses w; and embraces a ray P
from the point w; along which Jmz > Jmw;. Let C\v be the gamma function
contour. Then, (5.76) becomes

Rlim dzF(z) = il =l )t / dz (z — w171 F(2) ! Gme1)t, (5.77)
—00

I CF/

According to [38], since the function F(z) is continuous on, and analytic
within, the contour C;v, the integral on the r.h.s. in (5.77) is convergent and
F(z) admits a convergent expansion around wi, namely

o
F(z) = ch(z —wy)" for |z—wi] <. (5.78)
n=0
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Therefore, we can substitute (5.78) into (5.77) and take the sum outside the
integral and we get

R—o0

r n=0

o
lim | dzF(z) = @1—lw Dt Z Cn / dz (z — wp)PT1 9t (5.79)
CF’
Setting 2z := —i(z —w1)t and & := S+ n, in order to bring (5.79) to the form
of the Hankel contour integral of the reciprocal gamma function (see [39],
Vol.1, p.14), we obtain

lim dZF(Z) — 27”57[3 ei(wl—‘wlnt i c—nt—n
R—00 ip—1 nT(1-p—-n)
r n=0
Taking into account that g = —ia;_, we get uniformly in ¢
o o . ’ o0 c t—n
lim § = 2mil T et 108! Jim el Dy R . (5.80)
o—0t o—0t "0 ’L"F(l + z'oz+ — n)

Since w; — |w'| for ¢ — 0T and the coefficients ¢, depend analytically on
o, (5.80) becomes

Cpt™™ ) - .
— with ¢, := lim ¢,.
1 +ia, —n) a0+

oo
L L
lim S = 27m-1+1o¢+eza+ logt § : :
c—0t ZnF(
n=0

Recalling that /w? — m? — + w'? —m? =|k| for ¢ — 0%, a short calcu-

lation shows that
Y\ oy
N K 1
Co = - 9
w w +1

and (5.80) becomes asymptotically for ¢ — +oo

z'o/Jr log (“—it)
lim §=2mi'tor
o0+ T(14id,)(w? +1)

(5.81)

Substitution of (5.81) into (5.70) gives

!
! .
ia, log (:—,t

A(>I) =2nf(|K|) e ) for ¢t — +oo.

For t — —oc we close the contour in the lower half-plane and we choose
F(z) as follows

F() = z (V=2 + ry) i Gila—1 Dt
VIR (22 1) (o - ) (2 — )]
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with 01 € (0,27, 63 € (—m, 7] and V22 — m? = —Vw? — m? for §; = 27 and
V22 —m?2 = VJw? —m? for §; = —m. Moreover, F(z) has only one simple
pole at 2 = —i. Also in this case, in order to apply the Residue Theorem,
we have to fix a contour C in such a way that it circumvents the point wo
laying on the complex lower half-plane and F(z) is analytic within and on
C except for the simple pole at z = —i. This can be achieved by fixing the
contour C as in Figure 2. Thus, by applying the Residue Theorem we find

weC

=
Figure 2: Integration around the closed contour C.
that
/ dzF(z) = —2mi Res(F(z),z = —1),
¢
where Res(F(z),z = —i) is dominated by the exponential term e’ and goes

to zero for ¢t - —oo. Employing the same method we used in order to
compute A(>I) for t — +oo with the only exception that in this case F(z) is

defined as follows

" . <_m+ﬁp>l‘ﬁ 1
Z) = —

2 z 4 wo 22 +1

—VZz

and taking into account that /w2 — m?2 — +Vw'> —m?2 = || for o — 0%,
a short computation shows that the coefficient ¢ is now zero and this implies
that

AD =0 for t— —oc. (5.82)

Concerning the case w € [-L,—m — €], we have

A(<I) — /OO du uial_ / dlif(li) 6i(w+‘w’|)t—i(|ﬁl|+n)u’
“1 R\ B (0)
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where o is defined according to (5.30) as follows

b w'eQ + Mm?

a_ =
- 2
W' —m?2

and proceeding analogously as we did for the evaluation of A(>I), we obtain

that A(<I) =0 for t = —oo and

!
K
_/t

) for t— +oo.

€

, ia/_ log
AD =2 p(—|K]) e (

Thus, we can conclude that

/
K
7’t

€

, ia log( ) .
AD = )2nf(k)e ift = +o0 (5.83)

0 ift — —o0

Notice that AUD) can be immediately obtained from A() by means of the
transformation

K — -k, k— —r and t— —t, (5.84)
taking care that a(k') — —a(x ) under the transformation K — —x . More-
over, AU can be evaluated by means of the same methods like those

adopted in the computation of AD). Finally, the results for AYY) come
from those one for AZ/D) with the help of the transformation (5.84). O

The next Lemma allows us to evaluate (5.26).

Lemma 5.3. For every function f € C'(R), sharing the property (5.41)
and for every given w € Qll it holds

T o +ia' —1 ip1(k,u) —
S tilfrcnoo . du u / dif(k) e 0, (5.85)
R\ B; (0)
— T > +ia —1 ipa(k,u) —
Ga: tilftnoo . du u / dif(k) e 0, (5.86)

R\B5(0)

for fizted o € R like in (5.30) and some u; > 0. Moreover, ¢ (k,u) and
pa(k,u) are as defined in Lemma 5.1.

Proof. We give here the proof of (5.85) in the case um’_l; in the other cases
the proof is similar. Let us first suppose that o # 0. Proceeding like in
Lemma 5.1, we can introduce a convergence generating factor e~ 7" with
o > 0 and after applying Fubini theorem, we obtain

o0

Sy := lim lim / def (k) ei(“’_“,)t/ du um’_le_”“ii(“,_“)“.
u

t—+o0 g0+ L
R\ Bs(0)
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The integral over u in the above expression can be again computed by means
of the Kummer function of the second kind and we get

00 L o L ,
/ du ui® ~Le—oudils —w)u — ui® e *U(1,1+ia;2).
U

1

with Z given by (5.45). With the help of (5.46) and taking into account the
following relations
iTa 1 sin (ima!) '

):W and F(1_1,0{,) - T F(ILa )7

!

I(1+ie)0(1 —ia

we get

/

o0 ’ o L 1 ~ , , .
/ du ' ~lem Ukl —Kju _ 4 ta [i,e_zM(l, 1+ia;2)+Tlia)z7" |,
a
u

1
(5.87)
where M(1,1+ia ;%) is the Kummer function of the first kind. Substitution
of (5.87) into the expression for &; gives

!

lim lim / def(k)M(1,1 +io/;§) ei(w—w’)t—z(n)+

o t—*oo g0+
R\B;(0)

+ui®Tie’) lim lim / dn L) o= (588
t—+oo g0+ i (H)
2\ B5(0)

Let us consider the first term in (5.88) and let us define
H,(k) = f(r)M(1,1 +ia; ) i@ =7(x),

In order to take the limit for 0 — 07 inside the integral, we have to verify
that dominated convergence theorem can be applied, i.e., we have to find
an integrable function J(k), such that

|Ho (k)] < 3(%)

for every o > 0. We notice that the integral representation (5.56) does not
hold any more, since Ra = b with @ = 1 and b = 1 + ia’ in this case and
thus, we cannot use it in order to show that |M (1,1 + ic/ ;)| is bounded.
On the other hand 2% > 0 and 13.1.4 in [37] implies that for C > 0 there
exists a p > 0 such that

IM(1,1 +ia;2)| < |D(1 + ic )|e"1? <1 + %) (5.89)
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for every z € C\K with K := {2z € C: |Rz| < p,|3z| < p}. Moreover,
M(1,1+ i Z) is bounded for every z € K. Without loss of generality we
can choose C' =1, p > 1 and (5.89) becomes

IM(1,1+1ia;2)] < 2]D(1 4 i )]e"°.

Hence, we get ,
|Hy (k)] < [T(1+ia)|[f(5)] =: 3(x).

Taking the limit for 0 — 07 and defining fi(x) = f(ﬁ)eii(’””,_“)“l, we
observe that f (k) satisfies (5.41). Moreover, |M (1,1 +ia’; Fiui (k' — k))]| is
bounded. Changing the variable of integration from x into w according to
dk = “dw, Riemann-Lebesgue lemma yields that in the limit for ¢ — Fo0
the first term in (5.88) gives no contribution. Concerning the second term in
(5.88), we can first apply dominated convergence theorem to get rid of the
limit ¢ — 0T, then we can change the variable of integration from r into w
and finally, we can use the Riemann-Lebesgue lemma in order to show that
such a limit integral is zero.

Let be now o = 0. We consider for simplicity the case with positive sign in
¢1(k,u). By introducing a convergence generating factor e 7% with o > 0
to interchange the order of integration in (5.85), we find that

efi(nfnp)u

Sy = lim lim / drf (k) =)t / du ——  (5.90)

t—+o00 g—0+ 1 u
R\ B5(0)

with s, = & +i0. Since with the help of 5.1.4 in [37] the integral over the
spatial variable u in (5.90) can be related to the exponential integral Ej,
namely

oo e~ i(K—kp)u
/ du ———— = Eq(iug(k — Kp)),

) U
S can be written as

61 = lim lim / dﬁf(H)El (’LU1 (Ii _ Kp)) ei(wfw’)t‘

t—+oo o—0t
R\B;(0)

Moreover, it holds

/

Eq(iuy(k — Kp)) =€ T E1(i(k — K ))

and after a short computation &; becomes

T . —ouy . ! i(w—w/)t
6 = t_l)linoo (Tli>r(r]1Jr e / def(k)E1(tui(k — K )) e .
R\Bj;(0)
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Thus, by taking the limit for o — 07 we obtain

S; = lim / dif (k) By (iuy(k — K)) Gilo—e )t

t—+oo
R\B;(0)

Since the function E(iu;(k — &) diverges logarithmically at k = K (see
[37]), we introduce the following decomposition over the interval of integra-
tion, namely (—oco,—0] U [6,k —n] U [k — 0,k +n] U[s + n,+00) with

n > 0 and without loss of generality x > 0, such that for |x — /<;/| > 7 the
exponential integral F; has the asymptotic expansion (see 5.1.51 [37])

, e—im(n—nl) m (_)nn|
1(Z’LL1(H H)) ’Lul(lﬁ—lﬁ}) ( ;Znu?(/ﬁl—h})"
while for |k — &' | < 7 the function 5, admits the series expansion (compare

5.1.11 [37])

Ey (iuq (k — nl)) ~ —vy — log (iuy(k — H’)) _ Z (—iu?)"(k — K" )"

nn!

n=1

where 7 is the Euler constant. Notice that the function f(k)E; (iu1(k — & ))
is continuous on the intervals (—oo,x — 5] and [k + 7,400) and decay at
least cubically. Thus, after a transformation of the variable of integration
from k into w, Riemann-Lebesgue lemma implies that

_5 . ,
Jim [ () B (s - #) O =0, (5.91)
. Klin . ! i(w—wl)t
t—1>1:I|:noo i def(k)E1(iui(k — K )) e =0, (5.92)
: oo . ! i(w—w/)t
ltlertnoo e def(k)E1(iui(k — K )) e = 0. (5.93)

Since the function f(k)E1(iu;(x — & )) has only a logarithmic divergence at
k =k in [k —n,k +7)], it is there integrable and after transformation of
the variable of integration from k into w Riemann-Lebesgue lemma gives

’

K + ’
lim " dn F(8) By (uy (5 — k) @)t = 0. (5.94)
t—+oo nlfn
Putting together (5.91), (5.92), (5.93) and (5.94) we obtain the desired re-
sult. Notice that if 5 € B;(0), then the function f(x)E) (iuy(k— ') is con-
tinuous on the whole interval R\ B;(0) and from Riemann-Lebesgue lemma
it follows again that G; = 0. O
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The next result allows us to show that the limit integral I3 does not give
any contribution.

Lemma 5.4. For every function f € CY(R), sharing the property (5.41)
and for every given w € Qll it holds

oo

lim du u:l:ia’h(u) / dh‘f(li) ei(w—w/)t-l-i(:l:n:tn’)u =0 (5.95)
t—+oo w1
R\B;(0)

for fized & € R as in (5.30), some u; > 0 and h(u) = O(u"?2).

Proof. Due to the presence of the function h(u) = O(u~?) we can immedi-
ately apply Fubini theorem, interchange the order of integration and perform
the integration over the variable u. Hence (5.95) becomes

t—=+o0
R\ B5(0)

lim / dr f (k)N () i)t (5.96)
with
Notice that

At this point we can apply Riemann-Lebesgue lemma to (5.137) and con-
clude that (5.95) does not give any contribution. O

By means of the next result we can evaluate (5.36), (5.37) and (5.38).

Lemma 5.5. For every f € CY(R) satisfying (5.41), it holds for every real
positive B and given w € QIQ

o0

lim du e P"u® Z(u) / def (k) il Jikimu _ 0, (5.97)

t—+o0 [,
1
R\B;(0)

with the function Z(u) given by

Zl(u) 1 )
Z(u) =< Za(u) p:= y_l , h(u):=0 <%)
Z3(u) h(u)

and a € R as defined in Lemma 2.2.
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Proof. Due to the presence of the term e A% decaying for u — +o00 we can
apply Fubini theorem to interchange the order of integration and we get

Jim / di f (1) G () et (5.98)

t—+oo
R\ B;(0)

with
o0

G(k) ::/ du u® Z (u) e~ Putiru
u

1

By means of the variable transformation v = ujz, we obtain
~ oo ~ A . A
G(k) = uHO‘/ de £%Z(x) e PrERT  with B = uy B.
1

Moreover, from [39] it is known that for n € N and positive real b

0 an e TA+a—mnb)
/1 de 2% e 0 = ST — (5.99)

where I'(1 + & — m, b) is the incomplete Gamma function. Notice that for
a = n — 1 the incomplete Gamma, function gives rise to the exponential
integral function

E1(b) =T(0,b),

which remains finite, since b > 0. We show that G(k) is bounded. Let us
first consider the cases Zy(u) = 1 and Z3(u) = u~'. Then by means of

(5.99) it can be verified that

F(l—:ij;ﬁ) for Z1(u) =1
cwi<q 7 1
% for Zy(u) = "

Finally for Z3(u) = h(u) we obtain the bound

|G(k)| < ui+a/ da 25 2B — 71’(0;;11,5).
1

Let us rewrite (5.98) as follows

lim / dﬁf(ﬁ)G(n')ei(wfwl)t.

t—+oo
R\B;(0)

After changing the variable of integration from x to w and applying Riemann-
Lebesgue lemma to (5.98), we obtain the desired result. O
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5.3 Modified Wave Operators at infinity W;
We consider now the modified wave operator

Woio‘i’(()oo) — s t~l>ifrcnoo e—thIooeiHootei(S(t)\i,(()OO)’ \i,((loo) € Hoo,
where
we@ + Mm?
W2 —m2
We show that the above defined phase shift offsets the logarithmic diver-
gence, which appears in Lemma 5.2. Proceeding like we did for WX, we just
need to restrict our analysis to the term

Xy (u) X (u)e® f(w) (5.100)

eid(t) — e—isgn(t)a(n) log(%\tD’ a(li) _ e(w)

taking care to distinguish between the cases w € Qll and w' € QIQ

5.3.1 The Region ).

We can start with (5.18) multiplied by the logarithmic phase shift in order
to compute the terms arising from (5.100). Analogously to the case w € Q’l
for the classical wave operator, we end up after a change of the variable of
integration from w into k with the evaluation of the following limit integrals

lim - du i / dkF (k)e® ei(“’_“,)tii(nli“)“, (5.101)
t—+oo w1
R\Bs(0)
lim oo du u:l:ia/—l / dl{F(l{)em(t) ei(w—w/)tzl:i(nlzl:n)u’ (5‘102)
t—+oo w1
R\Bs(0)
lim du u*e h(u) / drF(k)e ) ei(w*‘*’,)tﬂ("liﬁ)“, (5.103)
t—=+oo w1
R\Bs(0)
U1 o . . / o7
lim du u' / drF (1)) gilw—w JtFils £rju (5.104)
t—+oo uo
R\Bs(0)
U1 L . . ’ o
lim du uim -1 / dl{F(l{)ew(t) ez(wfw Ytti(k in)u’ (5‘105)
t—=+oo uo
R\Bs(0)
U1 L . . ’ o
tliin du uF h(u) / diF ()M gilw—w)iils £r)u (5 106)
—> 00 u
° R\ B3 (0)

with F(x) as in (5.29), h(u) = O(u~2) and given £ € R\ {0}. By means
of Theorem 5.7 and Lemma 5.2 we can evaluate (5.101) and show that the
result does not contain anymore the logarithmic divergence in time. In
Theorem 5.11 we show that (5.104), (5.105) and (5.106) do not give any
contribution.
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5.3.2 The Region (.

Proceeding like in Section 5.1.2 and applying Theorem 5.11, after a change
of the variable of integration from w to k we only need to evaluate the
following limit integral

lim du e P u Z (u) / dﬁﬁ(n’)ei‘s(t) ei(wf‘”/)tim“, (5.107)

t—+o0 u

R\ B;5(0)
where
Z1 (’LL) 1 )
Z(u) := < Zo(u) p:= 971 , h(u):=0 <%> ,
Z3(u) h(u)

B = vVm?-w? and &, 6(t) as defined in Lemma 2.2 and Theorem 5.7,
respectively. In Theorem 5.12 we will prove that (5.107) gives no contribu-
tion.

5.4 Theorems for the Evaluation of W;
Lemma 5.6. Let k € R\B;(0) and t € R with |t| > 1. Moreover, let the
phase §(k,t) be defined by
d(s. 1) := —isgn(t)ax(s) log ("t
w

with a(k) given by (5.3). Then, the following estimate holds

0(sit) _ oid(s ,t)

. log [t
K — K

for every given € R\{0}.

Proof. Since

i8(k,t) _ gio(k 1)

e
K detd(@:t) K detd(@:t) , deto(@:t)
:/ dzx :/ dzx < |k — K |sup
K dz o dz zcl | dz
with I = [k, | or I = [k, k], it results that
id(kyt) _ id(k 1t ds(z. 1
¢ ° < sup ﬁ‘ (5.108)
KkK—K zel T
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Moreover, after some elementary calculations we obtain

s 2 2 M
=) |5 (7 ) (st 10 (5)) + PG

with w = w(z) = V22 +m?. Since [t| > 1, we can restrict our analysis
to the dominant term in the above expression. Taking into account that
leQ| < Mm, we obtain that

2Mm?
22

4 - log 1]
dz |~ &1t

Inspection of the cases k < k and k > K together with the above estimates
and (5.108) completes the proof. O

Theorem 5.7. For every function f € C'(R), sharing the property (5.41)
and for every given w € Qll it results

A ® o tid is(t) _ is () Lielh) ko)
— : — (R
Ty t_l)linoo . duu / def (k) (e e’ ) e 0
R\Bj;(0)
(5.109)
%y := lim - duuim/ di f (k) (ei‘s(t) - ei‘sg(t)) ei(pg))(”’“) =0
T todoo w1 ’
R\ B;(0)
(5.110)
with
8(t) = —sgn(t)a(x) log(=#)). (5.111)
1(8) := —sgn(t)a(r') log (= t). (5.112)
/ , Iﬁ)l
33(0) = sen(t)ox')log( 1), (5.113)
(5.114)
u; >0 and o defined by (5.3). Moreover,
@Ez))(n,u) = (w-—w)t+ (K —Ku (5.115)
<pg))(/<;,u) = (w—w)tE (K + K)u. (5.116)

Proof. We just need to show (5.109) for the case u'® since all other cases
can be proved by means of the same method. Proceeding exactly like in
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Lemma 5.1 we end up with

& = w9 (1 +i0)) lim lim / anei(w—wlh
t—+o00 g0t Zltia (H)
R\B;(0)

_ U%HGI lim lim / dﬁf(t)(n)e_g(“)M(l,Q+ia,;2)ei(“_“’/)t,
1+4+ia toFoo o0+
R\B5(0)

(5.117)

where Z is given by (5.45) and f(t)(li) = f(k) (e — ei‘s/l(t)). Let us begin
with the first integral in (5.117). Since we would like to perform the limit
o — 07, we rewrite the integrand in the above expression as follows

. 7 . /
ei0(t) _ iy (1) K — ellw—w )t

/()

K=K  oF (K —K)[oF (5 —r)e

Notice that the function

/

i8() _ 4idy (1)

K /

flr) ——2
is continuous at x = s and decay at least like 1/k3 for |x| — co. Moreover,
it holds

K—K

— | < 1.
oF (K — k)

Hence, we can apply dominated convergence theorem to take the limit o —
07" inside the integral and we obtain

io(t) _ oy (t) ,
lim / dn’( flr) e ¢ 1 pilo=u)t (5.118)

t—+oo K — H)io/ Kk — K
R\B;(0)

Without loss of generality we suppose that k > 0 and we consider for
some fixed § > 0 and €(t) = 1/log?|t| with || > 1 the decomposition
(—o0, —d]U][d, K —€(t)|U [/{’ —e(t), K +e(t)]U [/-e/ +e(t),00) of R\Bs(0). with

(w—w)

|k'| > 4. Let us rewrite ¢’ ¢ as follows

. ’ ]_ . !
(w—w )t _ H(w—w )t
e T t(l—i—aﬁ)e . (5.119)

B
w

We begin with (—oo, —d]. Notice that because of our assumptions on f(k)
integrating by parts gives no boundary terms at infinity. Moreover, making
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use of Lemma 5.6 and applying dominated convergence theorem it can be
verified that
-5 Flr) €O — G

lim dk— — i)t —
totoo | o (K — K)i® Kk — K

Concerning the interval [6, k" — €(t)], we use again (5.119) and we obtain

K =t o K () o
/ ARG, 1) (1 + 0,) e’ )l = / drG (5, t)e! @™ )by
J 5

K —e(t) w—ell) (w—u )t
LGl W / 0y (G, 1)) €= (5.120)
d
with )
f(ﬁ) et0(t) _ (i1 (1) 1
(K —k)ie K=K 1405t

Regarding the boundary term in (5.120), a direct computation shows that

G(k,t) =

. K —e(t)
t_l)lrinoo G(k,t)|s = 0. (5.121)
Notice that the following estimate holds, namely
1 1
gl S ety (5.122)
1+ ’Lat K |t|
Hence, Lemma 5.6 implies that
log |i] |f| w
G(rk,1)| < 2Mm? e
GG 1) < 2Mm* <R

Let us analyze the first integral on r.h.s. of (5.120). Making use of Lemma 5.6
and (5.122), we find that

/

K —e(t) ) ,
/ drG(k, t)e'@=w )t
1

|t] K% K

<2MmP(k — 6 — e(t))log id sup <mg>
KEI

with I} := [6,5 — €(t)]. Thus, we obtain that
K —e(t) o
lim dkG (k, t)e @ )t = 0. (5.123)

t—+oo Fy

We treat now the last integral on the r.h.s. of (5.120). To this purpose it
can be checked by means of Lemma 5.6 and (5.122) that

nlfe(t) ) ,
/ dkd,. (G(k, 1)) e )t
1)

/ log |t log? |t
< OMm2(k — 6 — (1)) <01 |gt|| e g|t|| |>
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with positive constants Cy and C5. Hence, we conclude that

K —e(t)

. i(wfw/)t —
t_l:inoo ; dr0oy, (G(k,1)) e 0. (5.124)

Putting together (5.121), (5.123) and (5.124) implies that

" et io(t i (t ,
lim " ()dn' ,f(%). /e ()_6,1()ei(w—w it — .
t—+oo 5 (I<é _h;)za K — K

Similarly it can be shown that

00 o) _ oty
lim dk f(x) — ¢ 6, i ellw—w)t — .
t=Foo [ 1) (k' — k)i K—K

Concerning the interval [k — €(t), s + €(t)], by employing Lemma 5.6 we
find that

" re(t) i6(t) _ id (¢ /
lim /K W g0 = i
t=koo o) (k' — k) kK—K
4AMm? 4AMm?
(v —€)?log| |,€e[,¢’_e,n’} Kk~ log|t| KE[K &' +e]

Clearly, the above integral can be made arbitrarily small by choosing ||
sufficiently large. Therefore, we have proved that

sty _ sty
lim / dn’( flk) e ¢ ilwwt — g, (5.125)

t—~+oo K — H)io/ Kk — K
R\ B5(0)

Let us analyze the second integral on the r.h.s. of (5.117). We can again
apply dominated convergence theorem to take the limit for o — 0T inside
the integral, which simplifies to

lim / d"ﬁf(t) ("é)eii(ﬁl_ﬁ)ulM(l, 2 +ia; Fiuy (5 — ﬁ))ei(“’_‘“,)t.

t—+oo
R\B;(0)
(5.126)
By means of (5.119) (5.126) splits into two integrals, namely

lim / dnmeﬂ('{lfn)ulM(l, 2 +ia; Fiug (8 — I‘é))ei(wfwl)t+

t—+o00 1+ igt
R\B;(0)
: f(t) (h:) ii(nlfn)ul - : ! i(wfw/)t
t_l:inoo / dnwe M(1,2 +ia ; Fiug(k — K))Oge
R\B;(0)
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Concerning the first one, notice that we already showed in Lemma 5.1 that
the Kummer function of the first kind M (1,2 +ia; Z) is bounded. Hence we
can use dominated convergence theorem to show that such integral is zero.
Regarding the second integral, we integrate by parts to obtain

: d f(t)( ) :I:z(.‘-e —K)u1
t—1>1:I|:noo / dnd— (me M(1,2 +ia'; Fiug (k — &) | -

R\B;(0)
et (5.127)
We do not get any boundary term at infinity since f(x) has at least quadratic

decay for |k| — 0o and on the boundary of Bs(0) since the term (1+4%¢)!
decays for t — +o00. Moreover, according to 13.4.12 in [37]

dM (1,2 +ia': ) 1
(’d+za’z):M(1,2+ia;z) i
A

1,3

i M(1,3 +ia’; 2)
with z = Fiui(k — &) is bounded, since M (1,2 + ia’;z) is bounded (see
Lemma 5.1) and M(1,3 + ia’; ) satisfies the condition |b > Ra > 0 with
a=1land b=3+ z'o/, which yields with the help of the integral representa-
tion 13.2.1 in [37] to the estimate

N\ 2
M(1,3+ia';z)‘ <1+ <%) :

Hence, by exploiting the derivative respect to x in (5.127) and employing
dominated convergence theorem we find that (5.127) is zero in the limit ¢ —
+oo. Hence, we can conclude that (5.126) gives no contribution. Putting

together (5.126) and (5.125) completes the proof. O
Theorem 5.8. Let f € C'(R) satisfy (5.41), then it holds for every given
w € Qll
/oo du uia/ / dlﬂ?f(lﬂ?)eié(t) ei(wf ’)t+i(n’7n)u _ {27Tf( ) ’Lft — +00 ’
u1 ift > —oc
R\B;(0)
o0 1 . . 0 it
/ duu® / d:‘ﬁlf(h:)ez‘s(t) ez(wfw )—i(k —r)u = { Zf — 00 ,
u ift > —oc
R\B;(0)
/°° du u—e / disf (1) e giw= imite | 27F (= it oo )
u1 0 ift - —o0
R\B;(0)
/OO du 0" / disf (1) ® v (s Hr)u 0 Zf t — +oo
uy 2w f(— ift > —o0

R\Bj;(0)

with uy, o and 6(t) defined like in Theorem 5.7.
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Proof. We give here a proof of the first result, the others being similar. By
subtracting and adding to ¢?(*) the term €*1() with §)(¢) already defined in
Theorem 5.7 we obtain

/ du uia’ / dlﬁ}f(lﬁ})ew(t) ei(wfw/ )t+i(n’ —K)u

1

R\Bs (0)
— / " i / drif (k) (em) _ew’la)) gilo—e yeri(s' —w)u
" R\B; (0)
pCAG /Oo du ' / d,ﬁf(,i)ei(wfw’ Jieti(s'
ui

R\B;(0)

Theorem 5.7 implies that the first term on the r.h.s. of the above expression
does not give any contribution in the limit for ¢ — 4oc. Application of
Lemma 5.2 to the remaining term completes the proof. Notice that in order
to recover the last two results it is necessary to add and subtract a term

ei‘sl2 () as given in Theorem 5.7. O
In the following we prove that (5.102) is zero in the limit ¢ — $oc.

Theorem 5.9. For every function f € CY(R) satisfying (5.41) and for every
given w € Q] it holds

R 00 L . - (1)
& := lim [ duutio ! / drif (k)€ D P =W — o (5.128)
U1
R\B; (0)
~ o0 . . . (2)
Sy = tliin du utte 1 / dif (k)€ ") (m) — (5.129)
—> 00 u
' R\ B; (0)

with o, uy > 0, §(t), gog))(ﬁ,u) and <pg))(ﬁ,u) like in Theorem 5.7.

Proof. Here we show (5.128) for u’® ~!; in the other cases the proof is similar.
Let us first suppose that o # 0. Proceeding like in Lemma, 5.3, we obtain

i . , . / .
& =i lim lim / dif (k)OO M (1,1 +ia 3 5)e!W @ )t 28) 4
o t—+oo g0t
R\B;(0)

o o)
+u® D(ie’) lim  lim as T o= (5 130)
t—+o00 g0+ AL (/-ﬁ)
B\Bs (0)

with Z(x) defined by (5.45). Let us consider the first term in (5.130). Notice
that ‘e“s(t)‘ = 1. Again dominated convergence theorem can be applied to
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take the limit o — 0T inside the integral sign. Hence, we have

lim / s fr (1) M (1,1 + ia'; 5)éi@= )t (5.131)

t—+oo
R\B;(0)

with f1(k) := f(/f)eﬂ(”,*”)ul. Notice that M(1,1+ia; ) together with its
derivative respect to  is bounded. Since the above limit integral is similar to
(5.126), by proceeding like we did for (5.126), we can conclude that (5.131)
is zero in the limit for ¢ — +o00. Concerning the second term in (5.130), we
can again apply dominated convergence theorem to get rid of the limit as
o — 07 and we find that

. o ) o)

S1 = (Fu1))"“ 't )tiiinoo / dﬁ%e’(w_w e,

R\B;(0)

Adding and subtracting the term e (D) to edll) with 8, (t) like in Theo-
rem 5.7, we get

. ity _ is. (1)
/ dﬁ_f(ﬁ)e 6(t), 6z'((,ufuu’)t _ / dﬁf(ﬁ) (e el ) i(wfw’)t
(k' — k)i
R\B;(0) R\B5(0)
A0 PG i),
R\B;(0)

Concerning the second term, Riemann-Lebesgue lemma implies that it is
zero for t — +oo. Regarding the first one we can use (5.119), Lemma 5.6
and then apply dominated convergence theorem in order to show that no
contribution comes from it for ¢ — £oc.

Let be now o = 0 and for simplicity we consider the case with positive sign

in <p8))(/<;, u). Proceeding like in Lemma 5.3 we obtain

t—+oo
R\Bj;(0)

S, = lim / dif (k) B (iuy (k — H’))ei(‘“_“’/)t. (5.132)

Adding and subtracting the term ei‘sll(t) to e?0(t) applying Lemma 5.3 and
defining the function F(x) := f(k)Ey(iu1 (s — %)) (5.132) becomes
X i) idy (1)) i(w—w )t
G = til:rtnoo / dkF (k) (e e’ ) e .
R\B5(0)

Notice that since the exponential integral has only a logarithmic divergence
at k = k , it results that F(k) is there integrable. Since for z € C it holds
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(see 5.1.23 and 5.1.26 [37])

dEl(Z) _ —E(](z) _ _e_z

dz z

using (5.119) together with Lemma 5.6 and dominated convergence theorem
we can conclude that the above limit integral is zero. U
By means of the next result we are able to compute (5.103).

Lemma 5.10. For every function f € C'(R), sharing the property (5.41)
and for every given w € Qll it holds

lim du uim/h(u) / dif (k)e®® il i —m)u 0, (5.133)
t—=+oo w
R\ B (0)
lim du uim/h(u) / dif (k)e®® il i +r)u 0, (5.134)
t—=+oo w
R\ B;(0)

with o € R, u; > 0, h(u) = O(u~2) and the phase §(t) as defined in
Theoremd. 7.

Proof. Here we show (5.133) for um/; in the other cases the proof is similar.
Due to the presence of the function h(u) = O(u ?) we can immediately
apply Fubini theorem, interchange the order of integration and perform the
integration over the variable u. Hence (5.133) becomes

t—=+o0
R\Bj;(0)

lim / dr f () N (1) el (5.135)

with ~
N(k) := / du ut® h(u)etis —ou

1

Rl < [ G-

)
1u U1l

Notice that

By adding and subtracting a term ei‘s/l () as defined in Theorem 5.7 to e?(!)
and applying Lemma 5.4, (5.137) reduces to
lim / dﬁf(t)(n)ﬁ(n) llww)t

t—=+oo
R\B;(0)
with f(t)(lﬂi) = f(r)(e¥® — 1) Since the above integrand is of the
same kind as that in (5.126), we can proceed as we did in Theorem 5.7 and
conclude that
lim / dri f ) (8)N (k) ¢ilo—t —

t—+too
R\B;(0)
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The next theorem shows that no contribution comes from the limit in-
tegrals (5.104), (5.105) and (5.106).
Theorem 5.11. For every U, € CX the following identity holds

s— lim e M(ZT — T, )e'=te® Gy =0 (5.136)

t—=+oo
with Lo identifying operator as defined in (3.5) and 6(t) given by (5.111).
Proof. We denote the cut-off function corresponding to I;O by X/OO, ie.

if u > ug
if u < ug
< Xoo <1 otherwise

Xoo =

O O =

Then Z, — I;O defines a new identifying operator with cut-off function x
having compact support. Let us set K := suppy. We show now that

. +ia 7 () b, (O i(w—w Vil —r)u _
t_l)lrinoo du v Z(u) / drf(k)(e e1)e =0
K R\B5(0)

for 0, (t) as defined in Theorem 5.7 and

(aw)
Z(u) := Za(u) o= u ™t Y x(u), h(u):=0 <%> .
Z3(u) h(u)

Let us apply Fubini theorem to interchange the order of integration. Then
performing the integration over the variable u, we obtain

lim / drf (k)e”® Q(k) gl (5.137)

t—+oo
R\B;(0)

with ~
Q(k) := / du u*™® Z(u)eii(” —K)u,
u;

A simple calculation shows that we can always find a positive real constant
C such that

Q(x)| < C.

By adding and subtracting a term €1 (") as defined in Theorem 5.7 to e*(*)
and applying Lemma 5.4, (5.137) reduces to

lim / dﬁf(t) (k)Q(K) il )t

t—=+o0
R\B5(0)
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with f(t)(n) = f(k) (D — (1)), Since the above integrand is of the
same kind as that in (5.126), we can proceed as we did in Theorem 5.7 and
conclude that

lim / dr fip) (K)Q(k) gilw—)t _ g,

t—=+o0
R\Bs(0)
This implies that
t_l)lftnoo e—th(Ioo _ I;O)eiHootei(S(t)\i/O
— ti}gloo efth(Ioo_Ioo)e’iHootei(sl(t) \i](] — tiéinoo e*th+’L‘51 (t) (Ioo _Ioo)eiHOOt\i]U-
(5.138)
Since the operator e 71+ () js unitary, we can now apply Lemma 3.1 to

(5.138) and conclude that

tiginoo e—th+i51 (t) (Ioo _ I;O)BiHoot\iJ() =0.

O

Theorem 5.12. For every function f € C*(R) satisfying the bound(5.41)
it holds

. lirin du e P ut Z (u) / dif (1)e®® gilo—etEinu _ (5.139)
—£o0 [,

R\Bs(0)
for given w' € QIQ and positive real [3.

Proof. Due to the presence of the term e #% we can use Fubini theorem,
interchange the order of integration and finally perform the integration over
the variable u. Hence we obtain

lim / def (k)W (k) ¢10(0) il )t (5.140)

t—+too
R\B;(0)

with ~
W (k) ::/ du e*ﬂ“uaZ(u)eﬂm‘.
ui
Using (5.99) in Lemma 5.5 we always find a positive real constant C' such
that
(W(x)| <C.
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By adding and subtracting a term ei‘sll () as defined in Theorem 5.7 to e*(*)
and applying Lemma 5.4, (5.140) reduces to

lim / dﬁf(t) (k)W (k) i)t

t—+oo
R\B;(0)

with f(t)(lﬂi) = f(r)(eP¥® — 1) Since the above integrand is of the
same kind as that in (5.126), we can proceed as we did in Theorem 5.7 and
conclude that

lim du e P"u® Z (u) / dif (k)e®® il yikimu _

t—+o0 [,
1
R\B;(0)

5.5 Final Theorem for Wi,

For ease of notation in the expressions for the wave operators we omit to
write explicitly the sums over the indices a’, b =1, 2.

Theorem 5.13. Let WO% be given as in (3.7) with phase shift operator e0(t)
specified by

weQ + Mm?

5(t) = _Sgn(t)a(w)mg(gun with - a(w) = W)= S,

where k is defined according to k := e(w)vVw? + m?,

+1 4ft>0 +1 ifw>m
sn(?) ::{ ~1 i§t<0 and €(w) ::{ ~1 i§w<—m

Then for every \il((]oo) € Cx,

(Fea5),, = 2 / des 151 ()UK (2) Fin (@) S T

k nGZ

(7eti) = 3 / deo 147, () W5 () Fion () oo P

k nGZ

where 0(Hq) denotes the spectrum of the free Dirac operator in the Minkowski
metric. The functions f Y and fL corresponding to the fundamental so-

lutions \IIIZ,‘“" and \IIZZW respectwely, are the transmission coefficients, ta’b’
are given by (2.49) and the function fi,(w) is defined by

—~ m 1 A
Frn(w) = 87t5° / du / d(cos0) < X722, (u)YRm(0)[FF ) (1, 0) >
0 -1
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with the inner product
< X (WY (0) 75 (1, 0) >oc

— —kwn asinf —o9 0 2 k(00

Proof. For ease of notation we omit to write the superscript oo attached to
the initial data \il((]oo). Employing the integral representation for the propaga-
tor of the Dirac equation in the Kerr-Newman geometry (see Theorem 2.7),
the Dollard-modified wave operator Wo% can be written as

~ a 1 . ,
(WO%WU)(I):FtEinOO 2 /dw

Ko knR
/du / dw @)t Z‘5()Pk"(ww u) (5.141)
o(Ho)
with &', n’,k,n € Z and
o 2 /A 1o
PEM (wow )= Y theme gken (g
a b=1

<R Xoo R0 >y (5501 W0) oo

U denotes the eigenfunctions of the Hamiltonian at infinity H,, and Uy is
some smooth initial data with compact support defined as follows

(w0, 0) = > Uh(u,0)e 1(F+2)e, (5.142)
kez

Analogously to the treatment of the classical wave operator at infinity, since
the indexes w and w' attached to the spinors and to the transmission coef-
ficients can always be recovered by looking at the component indexes a/, b/,
we can avoid to write them explicitly. For ease of notation, we will in what
follows omit the indexes k, n and n’. This causes no confusion, because in
view of (5.144) the index k is the same in all factors, whereas the distinc-
tion between n and n’ can be made by looking at the corresponding indices
oo or a, b'. Moreover, the expression of the wave operator can be further
simplified by omitting the sums over k, n, k&, n’ and o', b. Hence, (5.141)
becomes

—~— 1 / ; A
(W"%%)(m) N ﬁt—lérinoo/ e /du / dur €0 010, (2)

R R o(He)
< \ilb'b(oo\iloo > () <\i100|\i,0>00
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Since the matrix potential in (2.25) converges for u — +o00, we can pass to
the limit u — 400 in (2.25) and solve the correspondent system of ODEs
together with the requirement that at infinity both outgoing plane waves and
incoming ones are present. Thus, we have the following analytical expression
for the radial 2-spinor X°°(u)

. cosh® sinh® e~ i®eo(u) f4
X% (u) = ( sinh® cosh© >< (ol > Do (1) := ku  (5.143)

with & := e(w)Vw? —m?, © as in (2.43) and €(w) as defined in Lemma 2.3.
Concerning the angular components of the spinor at infinity, we observe
that, as the angular system of ODEs (2.9) does not depend on u, at infinity
the angular eigenfunctions Y (6) are solutions of the Chandrasekhar-Page
equation.

By employing (5.4) and integrating over the azimuthal variable ¢, it can be
checked that < ‘ilb/ |Xoo‘i’°° > (y) and (\Tl°°|\ilg)oo are given respectively by

< \le/|xoo\i/°° > = 216, gy (w,w’,u)xoo(u), (5.144)
(I W) oo = 27 f (w) (5.145)
with

avA o
mB(w, w )Xb, (U)UQXOO(U)

(5.146)

gy (.0, u) = A(w,w ) Xy (u) X>(u) +
and
00 1 .
f(w) = too(w)/ du/ d(cos0) < X®(u)Y ()| Uk (u,0) >0  (5.147)
0 ~1
with the inner product

< X®u)Y (0)|E (u,0) >

= X (u)Y (0) [11+ %( _(()’2 092 )] U6 (u, ).

Here the functions A(w,w ) and B(w,w') are defined as in (5.9) and (5.10),
respectively. Moreover, since the angular functions Y*¢" () depend smoothly
on w and w' (see [32]) and the angular initial data are smooth functions
with compact support, it results that (5.147), (5.9) and (5.10) will depend
smoothly on w and w' too. Furthermore, since the angular components are
normalized and square integrable, it can be easily shown by means of Holder
inequality that (5.9) and (5.10) are bounded with

|A(w,w')| <1 and |B(w,w)| < 1. (5.148)
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By means of (5.144) and (5.145) and with our notation the wave operator
can be written in the compact form

(W), =4, 0m_ [ a0 0) [ (o
R R

/ dw '@ )t ei‘s(t)gb/ (w,w,u)f(w). (5.149)
o(Hoo)
Since the regions w ~ +m, w ~ +m and |w'| > L can be controlled with

Lemma 3.2 and 3.4, after application of Theorem 5.11 our task is to compute
the expression

o0 ) , ) ,
/ dw' T,y (w’)\Ila/ (z) lim du/ dw W= )t e“s(t)gb/ (w,w ,u)f(w),
u1

t—+oo
o &
(5.150)
where
Q= [~L—m—dU[-m+em—dU[m+eL],

for constants €, d and L > 0. Without loss of generality we can now consider
w' as given. The next step is to analyze the integrands entering in (5.150).
Looking back at (5.146), we observe that we have to deal with the following
expressions

Xy (u) X (u) f(w) (5.151)

and
avA

r? + a?
Moreover, by choosing u; large enough, we can replace the radial 2-spinors
X,/ (u) appearing in (5.151) and (5.152) with the analytical expressions given
in Lemma 2.2 and Lemma 2.3, respectively, which are smooth for every
w €{w €R:|w|>m+eand|w| < m— e} Furthermore, for u; large
enough we have

Xy (u)o2 X (u) f (w). (5.152)

r24+a?2 wu

ﬂ_h@(l),

where r depends on the Regge-Wheeler variable u as defined in (2.11). No-
tice that the integral over w’ in (5.150) splits into two integrals over the
regions

Q: = [-L,—m—€dU[m+eL]

Qy: = [-m+em—e.
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Moreover, for w' € le according to Theorem2.7 we have to take care to
choose t 1,y = 6,,6,, in (5.150). Our initial task has now been reduced to
the analysis of the integrands entering in the double integral over the spatial
variable u and the frequency w given by

/ du/ dw i@t ei‘s(t)gb/ (w,w ,u) f(w) (5.153)
u1
Q

in the limits ¢ — 0o, when we treat the regions Qll and QIQ, respectively.
Since the terms coming from (5.152) by substitution of (5.143) and ap-
plication of Lemma 2.2 and Lemma 2.3 (depending whether w € QIQ or
w € Q;) can all be controlled by means of Theorem 5.9, Lemma 5.10 and
Theoremb.12, we can conclude that such terms do not give any contribution
in the evaluation of the modified wave operator at infinity. Thus we may
restrict our attention to the integrands arising from (5.151).

In the region Q’l such integrands can be evaluated by Theorem 5.8, 5.9 and
Lemma 5.10. As a consequence it can be checked that the modified wave

operators w* o simplify to
00,38y

(Wotﬂl Z /dwt" VI, (@) @) fiT oy, (5.154)

a b_IQ1

(Weo,00) Z / dw tyy (@) (@) f(w) fofmy — (5.155)

a b_IQ1

with ]/”\(w) := 8mf(w) where f(w) is defined by (5.147). Conversely, in the
region Q’Q we can make use of Theorem 5.12 to get control of the integrals
arising from (5.151). Hence we find that

<'w7; o \1/0>( = 0. (5.156)

By taking the limits L — oo and € — 0 the modified wave operators at
infinity (5.154) and (5.155) are given by

(W+‘I’°) Z / dw tyy ()T (2) W) fE Ty, (5.157)

a bfl
(Wo;ﬁlo)(x): 3 / ooty (@) () F@) Ty (5.158)

where o(Hy,) denotes the spectrum of the free Dirac operator in the Minkowski
metric. Finally, notice that (5.157) and (5.158) do not contain anymore the
logarithmic divergence in time. O
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6 Wave operators at the event horizon.

6.1 Classical Wave Operators at the Event Horizon ;.

Let H be the Hamiltonian as defined in (2.13). Moreover, let Hy denote
the Hamiltonian close to the event horizon and @(()0) some initial data with
compact support. Furthermore, let the operator Hy act on the Hilbert space
Hy. Close to the event horizon we consider the classical wave operators in

the future and past infinity
+4(0 . —iH iHot g, (0 g (0
W) = s — Tim e TN, B e Hy (6.1)

in the Hilbert space # = L* ((r1,00) X 5’2)4 together with a smooth bounded
identifying operator Zy defined as follows

T - Ho—)H
L RV 7

We introduce a cut-off function xo € C*° (R) such that

1 if u < g
X0 = 0 if u> 1y with 4g,41 € R and 4y < 11 <0,
0 < xo0 <1 otherwise
(6.2)
since we want to compare H with Hy in the neighborhood of the horizon.
Moreover, let us denote the spectrum of Hy with o(Hy) = R and for ease of
notation let us omit the superscript 0 attached to the initial data ‘ilgo). Our
first task is to give an explicit integral representation for (6.1). This can be
achieved with the help of the integral representation for the propagator of
the Dirac equation in the Kerr-Newman geometry (see Theorem 2.7). Hence
we find that (6.1) can be written as

N 1 . ’

k' kR
( B l)tNk’ ’ ,
/ du / dwe PP (w,w ,u)  (6.3)
R o(Hop)
. ’ ’
with & ,n ,k,n € Z and
Nk, ! ’ 2 k’ o 0 kwn ~ k’ 1
n _ wn ) wn
PP (w,w,u) = Z toy "t VLY (2)
1ol
a,b ,a,b=1

A A ~ ~ k ~
< \I,l;/w n |X0\I,2,kwn >(u) <\I,2, wn|\I]0>0’
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where U9 denotes the eigenfunctions Hy and T are some smooth initial
data with compact support defined as follows

o=

Uo(u,0, ) = Z \ilg(u, 9)e_i(];+ )@, (6.4)

kez

Notice that Wk (u, #) could also be defined analogously as in (2.6). Since the
indexes w and w' attached to the spinors and to the transmission coefficients
can always be recovered by looking at the component indexes a, b, a', b/,
we can avoid to write them explicitly. For ease of notation, we will in what
follows omit the indexes k, n and n’. This causes no confusion, because in
view of (6.9) the index k is the same in all factors, whereas the distinction
between n and n' can be made by looking at the corresponding indices a,
b or a', b Moreover, the expression of the wave operator can be further
simplified by omitting the sums over k&, n, k', n’ and a, b, a', b.

Since the matrix potential in (2.25) converges in the limit © — —oo, we
can pass to the limit » — 7y in (2.17) and solve the correspondent system
of ODEs together with the requirement that at the event horizon there are
either only outgoing plane waves or incoming ones. Thus, we obtain the
following analytical expression for X9 (u)

e—iQoufUJr
,a

k+3)a+eQr

r? + a2

(6.5)

with

f(fl =1 fo1=0 (6.6)
f(fz =0 fop =1

Making use of the above choice together with (2.49) and (2.50) the trans-
mission coefficients at the event horizon tgb are computed to be
1

~Sab- (6.8)

0
tab: 2

Notice that, since the angular system of ODEs (2.9) does not depend on the
spatial variable u, at the event horizon the angular eigenfunctions Y () are
again solutions of the Chandrasekhar-Page equation.

Hence, (6.3) becomes

~ 1 ' . / ~
”r:I: . i(w—w
( 0 \IJO)(:C) - ﬁtil:rt%O/ e / i / due' )tta'b’\l’a’ (z)
R R o(Ho)

< Uy x0T > @) (P9 To)o.
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Employing (5.4) and integrating over the azimuthal variable ¢, it can be
verified that

< @b’|X0\i’2 >w) = 27T(5kk/§b/a(w,w/,u)xg(u), (6.9)
(Wo¥o)o = 21 f§ (w) (6.10)

e} 1 R
F(w) = /_ _du /_ d(cos ) Xo(u) Y (0) Tk (u, 0), (6.12)

where A(w,w') and B(w,w') are given respectively by (5.9) and (5.10), de-
pend smoothly on w and ' and are bounded according to (5.11). By means
of (6.9) and (6.10) and with our notation the wave operator at the event
horizon can be written in the compact form

S/ = i ' 70 "V i
(WU \IIO)(J?) = QtLlinoo/ dwt s (w)¥, (x)/ duxo(u)
R R

/ dwe @G (w0, ) fO(w).
o(Ho)

Since the regions w ~ £m, w' ~ +m and |w'| > L can be controlled with
Lemma 3.1, 3.3 and 3.5, our task is to analyze the expression

! NS 0 ) ! !
/ dwt,(w)¥,(z) lim du/ dwe' @ )tgbfa(w,w ,u)f,?(w)
Q

t—+oo |
Q/
(6.13)
where
Q, = [_L,_m_e]U[_m—|—6’m—6]U[m+67L]a
Q == (—o00,—m — ) U[~m+d,m — 8] U[m + 6,+00)

for constants €, § and L > 0. Let us now analyze which kind of integrands
enter in (6.13). Looking back at (6.11), we observe that we have to deal
with the following expressions

Xy () Xg () f2 (@) (6.14)
and /A
Xy W X0 W) [ w) (6.15)
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It is interesting to observe that at the event horizon (6.14) and (6.15) give
rise to integrands with different phases. By choosing |ig| large enough, we
can replace X, (u) entering in (6.14) and (6.15) with the analytical expres-
sions derived in Lemma 2.1. In particular for (6.15) employing (6.5) and
Lemma 2.1 a direct computation shows that all integrands have the follow-
ing phase , ,

a(it) (w, 1) = (Qo(w) — Qy)t £ (Qo(w) + Q) (6.16)

with Q¢(w) like in (6.5) and Qy = w’ + wp, whereas for (6.15) we get a phase
Pl (w,u) = (w = w ) (t + ). (6.17)

The next step is to analyze the integrands entering in the double integral
over the spatial variable u and the frequency w given by

o - /
/ du/ dw €@ )tﬁb/a(w,w L u) fo(w), (6.18)
)

in the limits ¢ — oo, when we treat the regions Q’l and Q’Q, respectively.

6.1.1 The Region ).

Let w € Q) be fixed. With the help of Lemma 2.1 and (6.5) the product
X, (u) X2 (u) can be written as

~ =+ |5 (W —
Xy ) X0w) = [1, (Foy + Ry ) € -0
—|—f(ia (7(;’1)/ —+ R(;,b’) e_i(w —N)u] . (619)
Hence all terms arising from (6.19) are of the form
-+ Bt i(w —w)u
[ o) (Toy + Ty ) it~ (6.20)

Going back to (6.11), we observe that (6.20) will be multiplied by the smooth
and bounded function A(w,w’) defined by (5.9). Moreover, since we can
always choose |G| large enough, according to Lemma 2.1 the following in-
equality holds for the rest functions Rib, (u)

‘Roib’ (u)‘ < cetv (6.21)

with ¢ and d positive constants. Hence, in the computation of the wave
operator (6.13) all integrands arising from the first term in (6.11) are of the

type

To(u,0) = [, AW)F2(w) (Foy + Ty (w)) e . (6.22)
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Furthermore, since we considered smooth initial data with compact sup-
port, the function f9(w) is smooth and has rapid decay in w. Thus, also in
this case it is reasonable to replace the term f(faA(w)fg(w) in (6.22) with
some function Fy(w) in C! such that Fy(w) and its derivative decay at least
quadratically as w — oo. Our task is now to compute the following limit
integral

0 . 1
lim du/ dwe @ My (u, w)
Q

t—too |
with Ty(u,w) given by
_j: _:l: . /_
Ty(u,w) = Fo(w) (Foy + Foy (u) ) 1 .

Finally, we end up with the evaluation of the following limit integrals

Ug 1
= 1 i(w—w )(t:l:u)
My ltlertnoo . du/ dw Fy(w) e (6.23)
Q
oy e i(w—0 ) ()
My = t_l)l_gcnoo . du Ry y (u) | dw Fo(w) e , (6.24)
Q
where we set
Fo(w) = f,Aw) fe(w). (6.25)

Concerning (5.14), a similar analysis shows that we have to compute the
limit integrals

. o av A i (0,
M=l [ dugms | doFiw) P (6.26)
Q
. do a\/Z — l[ﬁi (UJ,U)
My = tllftnoo P du r2 + a? Roy (u)/ dw Fi(w) €70 (6.27)
Q

with G(it) (w,u) as defined in (6.16) and

Fi(w) := —ify,B(w)f(w). (6.28)

6.1.2 The Region (,.

Let be now w € Q, be fixed. Theorem 2.7 implies that the coefficients ¢ a
have the simple form
ta'b/ = (5a',1(5b/,1'

As a consequence the terms (6.14) and (6.15) simplifies to
X, () X0 () £2(w) (6.20)
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and
X1(u)oaXg (u) fa (). (6.30)

Notice that close to the event horizon X; must be a linear combination of
ingoing and outgoing plane waves, in order that the requirement of expo-
nential decay for the radial spinor X in the limit v — oo be fulfilled. Hence
we have the following analytical expression for X;

o,y _ [ € "(Ct + Ry, (u)
Xi(u) = < emou(C_ +R()_71(u)) ) ) (6.31)

where according to (3.24) and (3.31) in [31] the coefficients C and C_
satisfy the equations

CL2—JC 2 =0,

ICL 2+ |C|* = 1.
A straightforward calculation gives

1
4P =1C- [ = 5. (6.32)

Proceeding as in Section 6.1.1 it can be checked that also in this case we
end up with the computation of limit integrals of the type iy, ---, My as
defined by (6.23), (6.24), (6.26) and (6.27).

6.2 Theorems for the Evaluation of W .

The next result shows us that (6.24) gives no contribution in the evaluation
of the wave operator at the event horizon.

Theorem 6.1. For every function f € C'(R) satisfying the bound

, 1
< —— .
LT < 0 (6.33)
and for every given w' , it results
. LU p— i(w—o Y(ttu) _
ltlertnoo . duR, (u)/ dwf(w)e =0, (6.34)

Q

where Roi(u) is such that

Roi(u)‘ < ce®™ with positive constants ¢ and d.

Proof. Notice that Roi(u) € L'((—o0,1g). In order to apply Fubini theorem
to interchange the order of integration in (6.24), we introduce a convergence
generating factor e?* and we obtain

lim lim dwf(w)G’g(w)ei(“’_wl)t

t—+oo o—0t
Q
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with .
uo —t A ’
Gy(w) = / duRy (u)e et u,
—00
Since .
|G0(w)| < Eeduoa

we can apply dominated convergence theorem to take the limit o — 0%
inside the integral and we find that

!

lim [ dwf(w)G(w)e'@ ), (6.35)

t—=+o00
Q
Because of our assumptions on f(w) and of the boundedness of the function
G(w) Riemann-Lebesgue lemma implies that (6.35) is zero. O

The next two Theorems allow us to compute (6.23).

Theorem 6.2. For every function f € C'(R) satisfying (6.33) and for every
given w' it holds

0 . ! ’
lim du / dwf(w)e@= ) — o 4f fw') =0. (6.36)
a

t—+oo |_

with g < 0.

Proof. By introducing a convergence generating factor e* with ¢ > 0, we
can apply Fubini theorem and we get

, / iig ) ,
lim lim | dwf(w)e@ et / du eloi—s N,

t—+oo o—0t
Q

— 00

Integration over u yields to

f(w)ezl:i(w—wl)ﬁo ( ,

H(w—w )t
o+i(w—w) ’

lim lim e [ dw
t—+oc g0+
Q
which can be rewritten as follows

!

lim lim e‘”lo/ dwg(w)w,;w,ei(“_“’ )t
t—=+00 g0+ oFi(w—uw)
Q
with .
flw eFilw—w )to
9(w) == ) 7




Since g € C(R) and moreover

!
Ww—w
<1

— bl

oFilw—uw)

we can apply dominated convergence theorem in order to take the limit
inside the integral and we obtain

. i(w—w/ )t
t—1>1:I|:noo dwg(w)e .

Q

By applying Riemann-Lebesgue lemma we can conclude that the above ex-
pression is zero and this completes the proof. O

Theorem 6.3. Let f € C'(R) satisfy (6.33) and @y < 0. Then it holds

Uo . 1 )

7D . — / du / do f(w)ei) - Z [0 = deo o
—o0 2rf(w) ift = —o0

Q

Uo X ! ! )

HID . = / du/ dw f (w) el )t+u) — {%f(w ) Z,ft e (6.38)
—o0 J 0 ift - —o0

a

. ]
for every given w .

Proof. Since from Lemma 3.3 we already know that there is no contribution
coming from the intervals Bs(—m) and Bs(m) , we can extend the interval
of integration from Q to the whole real axis. Let us begin with (6.37) and
let us rewrite the function f(w) as follows

12

w o +1 ) LWl
w2

fw) = P) + f(@) 2 with Fo) = f() = f(&) 2

Since F(w') = 0 and F(w) decays quadratically in w for w — oo, we can
apply Theorem 6.2 and we obtain

pilw—w)(t—u)

(I): ’ 12 o / e "
H flw)(w +1)/_ooduRdw P

By introducing a convergence factor e’*, we can apply Fubini theorem and
integrate over the spatial variable u. Hence, we find that

D . 1, 12 0 oo J eilw—w )(t—to)
=)W D Jim oo [ durr s
R
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with w, = w — io. Defining the complex function

pilz—w)(t—10)

(22 +1)(2 — wp)’

B(z) :=

the integral over w can be evaluated by means of the Residue theorem.
Notice that for ¢ — 400 the contour has to be closed on the complex upper
half-plane containing only one simple pole at z = i, while for ¢ — —oc
on the lower half-plane, where we have two simple poles respectively at
z = —i and z = w,. A straightforward calculation gives the result in (6.37).
Concerning (6.38), it can be immediately obtained from H(!) by means of
the transformation

t— -t w——w w ——Ww.
]

The next result shows that (6.26) and (6.27) are zero. This implies that
(6.15) does not contribute at all in the evaluation of the wave operator.

Theorem 6.4. For every function f € C%(R) satisfying the bounds

! " 1
L < 0 (6.39)
it holds
. o a\/z et (wo)
tilinoo . dur2_|_7a2 dwf(w)e ™ ® =0, (6.40)
Q
. o aV/A i i (w,
SR Myt / duwof (w)e' 70 =, (6.41)

Q
where RSE(U) is such that ‘R(T(U)‘ < ce™ with positive constants ¢, d and
@i) (w,u) as defined in (6.16).
Proof. Let us define

s = w1 _[ ] avA
Ga(u) J - Ry (u) | r2+a?
Since from Lemma 3.3 we already know that there is no contribution coming
from the intervals [-m — J, —m + 6] and [m — d,m + 0] , we can extend the
interval of integration from €2 to the whole real axis. Let us introduce a new

variable of integration g := w + wg with wy as defined in Lemma 2.1. Our
task is to compute the following limit integral

" > 7 (0.)
lim du ®(u)/ dQo f () e 70, (6.42)

t—+o0 oo o0
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Making use of the identity

2 ot ~+
<1 - %) PO — 14 (¢4 u)?] P00,
0

we can integrate by parts (6.42) to obtain

Ug 00 Q ot
lim du &(u) / dﬂoﬂi‘)bewm(%’“) (6.43)
t—too |_ PN 1+ (t:l:u)

with o2
_— . < T o .
<1 8Q%) f(Q) =1 9(2) € C(R) and |g| < o Q(Q]

Notice that, due to our hypothesis on the function f, after partial integration

in (6.42) we do not get any boundary term. Since &(u) [1 +(t+ u)2] is

integrable in u, we can apply Fubini theorem to interchange the order of
integration and we get

oo ) ®(U)6Z$(it) (Q0,u)

lim dQo g(Qo) / du

—_— (6.44)
t—too |_ o 1+ (t + u)

Let us define r* := r(t4g) with r* > ri, where r; = M + \/M? — a? — Q?
corresponds to the event horizon. Since r{ > M, in the non-extreme case
(M > a, Q), it results that A < 2. As a consequence the following estimate

holds
WA _aVA

1.
r24+a2 "y r

In view of the above considerations the following estimates hold

Uo A ~E T*
/ " gz\/_ P < [T A _ (6.45)
oo r“+a 71 \/Z
o N ot do
o Tt a -0

with positive constants C; and C5y. Since

s
Uo &(u e1¢(t)(QO,U)
o[ ST

—oo 14 (t+u)? Calg()] if & =6y

< {CI|Q(QO)| if & =06,

we may use dominated convergence theorem to take the limit £ — +oo inside
the integrand in (6.44). Hence we obtain

oo Qo (,5(“)62'@?;)(90,“)
/ A ¢(Q) lim / du —2 — (6.47)
o t—Foo J_ o 1+ (tiu)
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According to the estimates (6.45) and (6.46) and to the fact that the function

[1 +(t+ u)Q] is integrable in u, we may again apply dominated conver-
gence theorem to perform the limit ¢ — +oo inside the integral over you.
This completes the proof. O
6.3 Final Theorem for W .

For ease of notation in the expressions for the wave operators Woil we omit

to write explicitly the sum over the index a =1,2.
Theorem 6.5. Let Wt be as defined in (3.1). Then for every \if((lo) € O,

Wo" =W + Wi,
Wy =Wor+Wo i,

with
=~ (0 n > kwn 70,k
(Wi i) = / doo 15 (w) TR () PO (),
k,n€EZ
’ ‘T(HOO)
— 2(0 n T kwn 70,
(wort?),, = X [ et @it w.
kn€eZ
’ ‘T(HOO)
(Wint) = X [ aw i@ fiw),
kmez Y™
+(0) i T Gk oTT POk
(WOTH\IIU )(m) = / dw ¥ (z)C 4 f17 (w)
kmez M

where o(Heyo) denotes the spectrum of the free Dirac propagator and for
i =1, 2 the functions f;°*™(w) are defined as follows

o0 1
F0kn() = 25 / du / d(eos) T (w) TN (0150 (w.0).

Moreover, the \1155“’" ’s are the fundamental solutions, the coefficients t];,"l and

t”;,”2 are as defined in Theorem 2.7 and the terms Cy are given by (6.31).
Proof. For ease of notation we omit to write explicitly the superscript 0

attached to the initial data \if((lo). By means of the integral representation
for the propagator of the Dirac equation in the Kerr-Newman geometry (see
Theorem 2.7) the wave operator at the event horizon as defined in (6.1) can
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be written as

S 1 . ’
(W‘]i%)(m) = A ,Zk /dw
K o'k R

/du / dwei@—' tP (w,w/,u) (6.48)

with &',n’, k., n € Z and

2
17 o o
pkn ! _ kwn j0kun gk wn
Pl (w,w,u) = E toy "ty VLY (2)
a' b ab=1

~ o ~ ~ 0 ]{) ~
< BB g BORn S (TR ),

There ¥° denotes the eigenfunctions of the Hamiltonian at the event horizon
Hy and g is some smooth initial data with compact support defined as
follows
(w0, 0) = > Uh(u,0)ei(F+2)e, (6.49)
kez

Analogously to the treatment of the modified wave operators at infinity,we
introduce the same convention in the notation, i.e., we avoid to write explic-
itly the indexes w and w’ attached to the spinors and to the transmission
coefficients and we omit the indexes k, n and n'. Also in this case there is
no risk of confusion, because in view of (6.54) the index k is the same in all
factors, whereas the distinction between n and n’ can be made by looking
at the corresponding indices a, b or a’, b Moreover, the expression of the
wave operator can be further simplified by omitting the sums over k, n, k/,
n’ and a, b, a', b.

Since the matrix potential in (2.25) converges in the limit © — —oo, we
can pass to the limit » — 7y in (2.17) and solve the correspondent system
of ODEs together with the requirement that at the event horizon there are
either only outgoing plane waves or incoming ones. Thus, we obtain the
following analytical expression for X9 (u)

e—iQouera kE+1)a+ eQry
Xg(u) = < eiQO“fOE’ ) , Qo= wtwy, wo:i= ( :2)+ " (6.50)
’a 1

with

foi=1 " fo.=0 (6.51)
f(fz =0 foa=1 (6.52)
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Making use of the above choice together with (2.49) and (2.50) the trans-
mission coefficients at the event horizon tgb are computed to be

1
19, = 5 0ab: (6.53)

Hence, (6.48) becomes

Eal 1 / . ! ~
+ _ i(w—w )ty ,
(WU \Ilo)(m) =53 til;rt%o/ dw / du / dwe V()

R R o(Ho)
< Ty xoTs > (T To)o.

Employing (5.4) and 1ntegrat1ng over the azimuthal variable ¢, it can be
verified that < \Il 0¥ >(y) and (W9W)g are given respectively by

< \i/b/ |X0\i/2 >(u) = 27r(5kk/§b/a(w,wl,u)xg(u), (654)
(Uoo)o = 273 (w) (6.55)
with
’ N a\/z N
Gy o (W, w 1) = A(w,w )Xy (u) X2 (u) + WB(w,w )Xy (u)oa X (u)
(6.56)
and

/ du / d(cos®) X0(u) V(O) T (u,0).  (6.57)

Here the functions A(w,w ) and B(w,w') are given respectively by (5.9) and
(5.10), depend smoothly on w and ' and are bounded according to (5.11).
By means of (6.54) and (6.55) and with our notation the wave operator at
the event horizon can be written in the compact form

t—+oo
R

(Woi\ifo)( - =2 11:1’tn dw’ta/b/ (w )W /(x)/ duxo(u)

[ doe gy o, 0 2w,
H

Since the regions w ~ +m, w ~ +m and |w'| > L can be controlled with
Lemma 3.1, 3.3 and 3.5, our task is to compute the expression

/dw,ta/b/(w/)\ila/( ) lim du/dwe“’ “’)gb o (W, w ) fo(w),

t—=+o0
Ql
(6.58)

87



where

Q= [~L—m—dU[-m+em—dUlm+elL],

Q = (—o0,—m —0|U[-m+J,m — ] U[m+4J,+00)

for constants €, d and L > 0. Without loss of generality we can now consider
w' as given. The next step is to analyze the integrands entering in (6.58).
Looking back at (6.56), we observe that we have to deal with the following
expressions

Xy () Xg (u) fo (w) (6.59)

and
avA

At the event horizon (6.59) and (6.60) give rise to integrands with different
phases. By choosing || large enough, we can replace X,/ (u) entering in
(6.59) and (6.60) with the analytical expressions derived in Lemma 2.1 if
w'| > m, whereas for |w'| < m, since t, 1, = d,/ 10y 1, the radial spinor
close to the event horizon X; must be a linear combination of ingoing and
outgoing plane waves, in order that the requirement of exponential decay
for the radial spinor X7 in the limit u — oo be fulfilled. In particular Xy
will be given by (6.31). Concerning (6.59) a direct computation shows that
all integrands have the following phase

Xy ()02 X0 (w) [ (w). (6.60)

Pl (w ) = (w—w)(t £ u), (6.61)
whereas for (6.60) we get a different phase, namely
B (@,u) = (Q0(w) — )t £ (Q(w) + ) (6.62)

with Qg(w) as in (6.50) and Q) = ' + wg. This is due to the presence of
the Pauli matrix oo in (6.60). The next step is to analyze the integrands
entering in the double integral over the spatial variable u and the frequency
w given by

Uo . l f
/ du/ dw @™ )tﬁbfa(w,w u) fo(w), (6.63)
Q

in the limits £ — 00, when we treat the regions Qll and QIQ, respectively.
In the region le application of Theorems 6.1, 6.3 and 6.4 gives

(WonZ\ifo)(m) - / ¥ ()T " (w), (6.64)
Qo

(W0j92¢10)(m) - / ¥ ()T, (). (6.65)
Qo



Concerning the region Qll we may again use Theorems 6.1, 6.3 and 6.4 to
obtain the following results

2
(Wia®),, = 3 [ dot@i @k @, oo
a =1 1
A 2 Q ~ ~
(Woa®),, =3 [doty @i @h%w, o0

d=1 (o

where J/”;U(w) =27 f0(w) for a = 1, 2 and fO(w) is given by (6.57). Let us
take the limits L — oo and € — 0" and let us add (6.64) to (6.66) and (6.65)
to (6.67), then we end up with the following analytical expressions for the
wave operator at the event horizon, namely

(W(]*\Tlo)(m) - 22: / dw b5 (W) T, (2) 5 (w) + / " b (2) T (w),

a =1 U(Hoo) -m
(6.68)
2 m . N
(Wo_ﬁlo)(m) - / dw ) ()T (@) 1 O(w) + / ot @) T w)
¢ =1g(Hx)
(6.69)

where o(Hy,) denotes the spectrum of the free Dirac propagator in the
Minkowski metric. O
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7 Asymptotic completeness.

We define the inverse wave operators at the horizon and at infinity for U €
‘H by

Wby = s— lim e tHolgeity,,
t—+oo

T+ . —iHoot 7+ _iHt _id(t) T

Wilbo = s— lim e =T ¢ FRION S

where Z; and T3, are respectively the adjoints of Zg and Z,,. We introduce
the wave operators W and W~ given by

WA, 507) = Wb + WL

with @(()0) € Ho and \il(()oo) € Hoo, as well as the inverse wave operators W
and W~ e . e
WET, = Wi, + Wi,
with ¥ € A. Finally the scattering operator S is defined by
S=Ww".

Notice that if the operators W are asymptotically complete then the scat-
tering matrix S is unitary. In the following we prove the asymptotic com-
pleteness for W+,

Theorem 7.1. (Asymptotic Completeness)
Let the wave operators W+ and W~ be defined by

WD, §5) = WY + WL

with ‘ilgo) € Ho and ‘ilgoo) € Hoo. The range of W is dense in the Hilbert
space H.

Proof. Here we limit us to show the asymptotic completeness for the wave
operator W, since the same method applies also to W~. Let us consider

the vectors )

1 +oo
iy / s 3 whendnel) (7.1)

knezZ"” — a,b=1

with functions Gf" € C§°(R\{—m,m}). We assume that only a finite num-
ber of the G’bm are non-zero. Notice that, according to Theorem 2.7, the
vectors given by (7.1) span the whole Hilbert space H. From Theorems 5.13

90



and 6.5, we know that

(Wiof ) Z

,Tl

A

(W), = / o 14, (w0) 457 () P (),
o(Hso
L.

dow 17 () TR (2) Fon () f5 F e

k,ne
+ A 0
(wint?) = 3
nez

Since from [31] it holds

dw\If’W" )C_FoF™(w).

[fEa = 1feal? =1,
fE2 =1l =0

with f£ > 0 and according to (6.32) |C4|? = |C_|? = 1/2, for |w| > m we
may choose f;m(w) and fgkn( ) in C§°(R\{—m,m}) such that

Jen(@) 5T oo = G (), (7.2)
F3M @) = G5 () = fin(@) ST s (7.3)

whereas for |w| < m we choose fg’kn(w) such that
FOF(w)O_ = Gh"(w). (7.4)

As ﬁm(w) is the spectral density of Hoo\il((]oo), whereas fg’kn(w) is the Fourier
transform of \il((]o), it is clear that there are vectors \il((]oo) € Hoo and ‘ilgo) €

Ho, which realize the choice of ﬁm(w) and fg’kn(w). O
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