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Introduction



“Here we have what is almost certainly the strongest, stiffugh-
est molecule that can ever be produced, the best possibkcutat
conductor of both heat and electricity.” R.E. Smalley

The “supermolecules” that are portrayed here by the diseowd the G, fullerenes

in the foreword to 1] are the famous carbon nanotubes, seamless tubular sesictu
of atomic carbon layers with diameters in the nanometeraargl up to several mi-
crons in length. Usually the discovery of carbon nanotubesttributed to lijima 2]
who, using transmission electron microscopy (TEM), foumdhie carbon soot of arc
discharge experiments for the production of fullerenearad@idence for the existence
of the so called multi wall carbon nanotubes (MWNTS), nestiedctures of several
tubes. In Fig. 0.0.1 images of MWNTSs from lijima’s originaligication are shown.
However, as recently pointed out in the articB plready in the 1950'’s, russian scien-
tists reported about hollow carbon filaments with diamedéeround 50nm4]. Since
the resolution of TEM at that time was not high enough in otdegtetermine the de-
tailed structure of the carbon filaments it is unclear if dearbon nanotubes were
observed. Anyway, only after lijima’s work carbon nanotsiteecame a rapidly ex-
panding research field with promising perspectives foriappbns and fundamental
science. Finally, single walled carbon nanotubes (SWNihg) objects of interest in
this thesis, were discovered independently by lijima afihiashi b] on the one side
and Bethune et al 6] on the other side. In order to understand where the spdatacu
properties of carbon nanotubes come from one has to takser ¢tk at the chemical
properties of carbon atoms themselves.

Carbon is an outstanding element with respect to its alidifiprm a great variety
of different materials. Being in the fourth main group of pgeiodic table of elements,
carbon possesses four valence electrons that are resjof@itchemical bonding.
These are one electron in tl2e orbital and thre€p electrons. The inner twas
electrons can be considered as chemically inert. Covalemdibg between different
carbon atoms is possible due to the so called electroniddigation. In the case of
carbon materials this means that new orbitals are formedibgar combination of the
2s orbital with one, two or all three of th&p wave functions in order to minimize the
bonding energy. According to the number of involyedlectrons one is talking about
2p™, n = 1,2, 3 hybridization. The integet denotes at the same time the coordination
number of a certain carbon atom. In diamond p&hybridization is realized, all four
electrons take part in the chemical bonding, no free chaagéecs remain and hence
diamond is an insulator. A different situation arises faairene, a hexagonal two-
dimensional layer of carbon atoms held together by thgéebonds per atom whose
strength even exceeds the one of diamond. In contrast tattes, lin graphene there
is still one electron per atom left in ti¥, orbital which has a node in the graphene
plane. Due to the crystal structure thewavefunctions form two bands which touch
at the corner points of the first Brillouin zone. In isolatedghene only the lower
band is filled and hence graphene can be termed as zero-gégosedoctor or as a
semi-metal. A detailed derivation of the graphene banctstra will be provided in
Chapter 1. It should be noted that in 2004 it has been podsititeleed create single
graphene layersr| § and graphene research itself has become an important field i



FIGURE 0.0.1. TEM images of MWNTs from lijima’s article on
the discovery of carbon nanotube®.[ The different shells of the
MWNTSs are clearly distinguishable.

condensed matter physics. For a review about the field we te{8]. But now back
to SWNTSs.

SWNTs are monoatomic layers of graphene wrapped up to seswylnders. See
Fig. 0.0.2 for a schematic view. Hence it is clear that SWNiFfrit their mechanical
robustness from the strong? bonds in graphene. Concerning the electronic prop-
erties of SWNTSs, it crucially depends on the geometry of thratube whether the
metallic behaviour of graphene is found or if the SWNTs behas semiconductors.
The geometry of SWNTSs is determined by the way the grapheseez la rolled up, as
we will see in Chapter 1. Due to the small diameter of SWNTdefdrder oflnm,
gquantization around the tube waist “freezes” any motiomuadathe circumference at
low enough energies (exceeding well the thermal energyoah temperature). There-
fore SWNTSs can be considered as almost perfect realizatibmse-dimensional (1D)
electronic systems. This feature of SWNTs and its interpléh electron-electron
interactions are one of the main aspects of this work.



FIGURE 0.0.2. Scheme of wrapping a single layer of graphene to a
SWNT [10].

This thesis

It is well known that interactions in fermionic 1D systemsla crucial role.
They completely change the properties of the underlyingmeracting 1D system.
A description of the 1D interacting systems in terms of fenié quasiparticles that
behave qualitatively in the same way as the correspondimintavacting fermions,
like it is provided by the Fermi liquid theory for three-dinmonal (3D) systems, is
not possible. This peculiar behaviour of 1D systems haadc#d considerable theo-
retical interest since in 1950 Tomonaga showed with a padMding paper 1] that
the problem of interacting fermions can be mapped onto ayr@faollective bosonic
excitations, which are superpositions of the particle teleitations of the original
fermionic description. Great progress was achieved in €89’ when in analogy to
the Fermi liquid theory the so called Luttinger liquid (LIeory was established?]
to describe the low energy physics of 1D interacting systdmesontrast to the Fermi
liquid theory the elementary excitations in the LL theorg #ine collective bosonic
excitations already discussed by Tomonaga. A more detedetparison between 1D
and 3D systems will be given in the introduction to Chaptdf@. a long time the dis-
cussion of interactions in 1D systems was considered ashyhigeresting but rather
academic issue due to a lack of experimentally accessiblsys@ms. The discovery
of SWNTs has changed this situation and soon theories bastt dosonization for-
malism establishing LL behaviour in the low energy regimanmetallic SWNTs came
on the market13, 14. For SWNTs of “infinite” length typical LL properties like a
power law suppression of the tunneling density of statesdcimadeed be confirmed
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in transport experimentslp, 14. Moreover the bosonization approach7] made
predictions about the eigenstates and the correspondengtiged energy spectrum of
interacting finite size SWNTs. However, recent transpopeeiments by Moriyama et
al. [18] revealed that the nature of low energy eigenstates devfeden the LL pre-
dictions. They found the formation of exchange split sihgled triplet states where
fourfold degenerate states were expected to be observefdéir 8@ occurrence of an
exchange splitting in the energy spectrum had only beendfauithin a mean field
theory [L9]. Though the mean field approach cannot explain the ocotereha triplet
state nor does it predict the collective excitations of theéheory as they are expected
to be found for an interacting 1D system. This discrepandyéen theory and ex-
periment has brought us to rederive the low energy Hamitoffor metallic SWNTs
from a microscopic description of the interactingelectrons. Thereby essentially no
approximations have been made. Our aim was to examine whétheesults in 18]
can be reconciled with the bosonization approach for SWNitkvahere the devia-
tions from the LL theory come from. Using bosonization wedawleed been able
to diagonalize the obtained Hamiltonian away from halfifgjland to explain the ex-
change effects found by Moriyama et al. qualitatively andrgitatively. Moreover,
we have made further predictions about the electronic stre®f metallic SWNTs
going beyond the LL theory which still are waiting for expedntal verification. In-
terestingly the interaction effects not contained in thethéory can be traced back to
the 3D extension of SWNTSs in postion space. Only in momentpate they can be
considered as strictly 1D systems!

As the previous paragraph has already demonstrated, tieptrd properties and
the internal structure of SWNTSs are closely related. Alltod afore mentioned ex-
periments investigating transport through SWNTSs are basesb called quantum dot
devices. Such setups consist of a SWNT weakly coupled viaeling junctions to
lead electrodes and capacitively coupled to a gate elextiwat allows to control the
electrochemical potential in the dot. By applying a biagage between the lead elec-
trodes a current can be driven through the system. The sqmamaf this thesis is
devoted to the development of a transport theory that yiblelsurrent characteristics,
i.e., the current as a function of the applied bias and gdtages, of a SWNT quantum
dot. A comparison of the results to the experime@t ill be provided.

Our approach is general enough to also allow the investigaif spin-dependent
transport through SWNT quantum dots with ferromagnetiddealso denoted as spin-
valve transistors. Over the last two decades the posgibilinfluencing the properties
of an electronic device via the spin degree of freedom hasgly increased. SWNTs
are expected to be good candidates for building up spintsendivices since due to
a weak spin-orbit coupling (resulting in g-factors verysddo?2 [21]), spin relaxation
is expected to be strongly suppressed. We will show thatdotion effects again
play a decisive role for understanding the properties afi-spives if arbitrary spin
polarizations in the leads are allowed.

Outline

In the first part of the thesis we derive the properties ofragng electrons in
metallic SWNTs. We start by giving a review in Chapter 1 ongletronic properties
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of noninteractingp, electrons in SWNTs, which can be derived from the graphene
band structure using the so called zone-folding technighe. condition under which
SWNTs are metallic or semiconducting is discussed. Theagpart of the thesis is
Chapter 2 where we examine the interaction effects in finite setallic SWNTs by
using the bosonization formalism.

In the second part of this work we derive the transport prigepf SWNT quan-
tum dots. A general introduction to the physics of quanturts @all be given in Chap-
ter 3. There we also develop a non-equilibrium transporbrinéor generic weakly
coupled quantum dots using a density matrix approach. Topepties of unpolar-
ized metallic SWNT quantum dots in the linear and non-limegime are calculated
in Chapter 4. The corresponding generalization to SWNT-sgalve transistors is
presented in Chapter 5.



Part |
Electronic properties of interacting single
wall carbon nanotubes






CHAPTER 1

Electronic properties of noninteracting SWNTs

In this chapter we give an introduction to the physics of ntriacting electrons in
SWNTs [, 22, 23. The results will serve us in Chapter 2 as the basis for tbleigion
of electron-electron interactions. A detailed knowledf#he energy spectrum and the
structure of the eigenstates of the noninteracting systi#irbencrucial in order to work
out the interaction phenomena discussed in Chapter 2 atidef@roper calculation of
the transport properties in Chapters 4 and 5. For this reasqresent the calculation
in this chapter at some length. Before addressing nonictiegaelectrons in carbon
nanotubes we first discuss the band structure of graphene.t®ithe close relation
between SWNTs and graphene itis not surprising that the SWAX@ structure can be
easily derived from the one of graphene by using zone foldmge show in Section
1.3. It turns out that depending on the way the graphene steetapped, either
metallic or semiconducting SWNTs are obtained. It is irgéng to note that the
concept of zone folding has been applied to SWNTSs even biiefigre the discovery
of carbon nanotubes by lijimd]. Typically not found in textbooks is the use of open
boundary conditions which are necessary in order to prppakke account of the finite
length of a SWNT.

1.1. Band structure of graphene

As explained in the introduction, SWNTs can be regarded aphgne layers,
rolled up to a seamless tube. Three out of the four valenc#retes per carbon atom in
the graphene sheet forsp?-bonds with neighbouring atoms leading to the 2D hexag-
onal honeycomb structure of the graphene lattice as it iscthpin Fig.1.1.1. The
remaining2p, electrons determine the electronic properties of graph&he crystal
structure of graphene leads to the formation of delocalgdedh waves. We determine
the corresponding band structure, using a tight-bindirgagch.

Choosing ther andy directions as shown in Fig. 1.1.1 the basis vectors of the
graphene lattice are given by

1
dyjy = aox/§( :\E/% ) : (1.1.1)
2
Hereaq denotes the distance between nearest neighbours. Its feslgeaphene is
0.142nm. Ignoring finite size effects for the moment, we assume in t¢tleing pe-
riodic boundary conditions for the graphene honeycomixtaft;. Then, according
to Bloch's theorem, the single particle Schrédinger equafor thep, electrons on
Lg will be solved by wave functiong () with a crystal momentum indek. Be-
cause there are two atoms per unit cell an additional barekind= + is required to

9
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Yy
e sublattice p = —
@ sublattice p = +
X

FIGURE 1.1.1. The graphene lattice with its sublattice structure.

characterize the Bloch waves. Hence we start with the ansatz

0o =D Y f x(F— R=1), (1.1.2)

ﬁELG p==
wherex(7) denotes @, orbitals centered at the origin of the coordinate systene Th
two carbon atoms in the unit cell are indicated by the sub&aihdexp = +. Their
positions are given by
n1a1 + nedo + Tp =: R+ Tpy N1,N2 € Z

(see Fig. 1.1.1). Explicitly the vectof} are

Fi:a()(:ﬁ )

Note that the Bloch waves in (1.1.2) are linear combinatifrfsinctions living on the
two separate sublattices. This fact will play a decisive fater on when discussing
exchange effects in SWNTSs. In order to calculate the eigenggr ; of \<pa,—5>, as well
asthe coeﬁicientﬁpa,;, we insert the ansatz (1.1.2) into the single electron Schgéd

S

N[
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eqguation
h|9ai) = €ai [90i) - (1.1.3)
In position representation the Hamiltonian reads
=2
p o B o
h(F) = %—}_ _Z Zvatom(T_R_Tp)a (1.1.49)
ReLg p

—

wherevgom (7 — R — Tp) is the potential, describing the interaction of fheelectron
with the ionized carbon atom at positidh— 7,. So far we have not taken into account
the Coulomb interactions between the electrons. It is dleatrthep, orbitals solve
the Schrddinger equation of an isolated carbon atom. Thus
=2
ﬁ. p
hatom (T_’) X (7:‘) = &xX (7') > hatom (7:') = % + Vatom (7:') .

Separating: into a Hamiltonian for an atom at positiay and a “rest” Hamiltonian
we get from (1.1.4),

—2
— p — — — — — = —
h('r) = % + Uatom("‘ - 7':I:) ‘|'Uatom(T - T:F) + Z Zvatom("" — R — Tp)
h ~ g RerLg\{o} P
:hatom('/_"—’?i) ~ G\Er} .,
=:Av4(7)

(1.1.5)
Around the positiory the rest Hamiltonia\ v (7) is negligible. We are free to set

ey = 0. Subsequently we denotepa orbital centered around& + 7, by | X7,)-
Using (1.1.5) and applying the br(@(ap | from the left we obtain

(XoplAvleai) = €4 (XgplPai) - (1.1.6)
or with the tight-binding ansatz (1.1.2)
ik-R
0= 3 FEY £ (s, Ay g
R’ELG P'Zﬂ:

In matrix form this yields the following equation deternmngithe energies,_; and the
coefficientsfpa,;,

( A+’+E - EaES+,+,E A—}-,—,E - EaES—k,—,l; ) ( f_|_aE ) =0 (1 1 7)
e : S g g , .
A7,+,k EakS i A*,f,k €akS f ook
where we have introduced the abbreviations
— ik-R
Ap,p’,E " Z € <X5,p|AUP‘Xﬁ,p’>
EELG

X}?,p’>’ p==+

and
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FIGURE 1.1.2. The three next neighbours of a certain carbon atom
on the graphene lattice. If a carbon atom is located on didelat

at the siteR its three nearest neighbours are situated on the other
sublattice—p. Their lattice sites are given bﬁnn = R+ 7, with

E‘: 0, 51 andc'ig.

Now we exploit the fact that the, orbitals are, with respect to the- y plane, strongly
localized around their atoms. This means that we can neglieoverlap matrix ele-
ments except X6p|X6p ) = 1. Thus we find

S+,+,E = S,,,,E ~ 1, S ,*,E = Si,_}_,g ~ 0. (118)

Additionally we conclude that X6P|Arup|xép, ) is only of importance for the next

nearest neighbours of the atom at positignsince Av,(7) is, by definition, rather
small at the atom positiof},, and for atoms farther away than the next neighbours we
expect the overlap of the, orbitals to vanish. Furthermore we exploit the radial sym-
metry of thep, orbitals within the lattice plane, which means that the iraiements

Vén.n.,P,p’ = <X6,p|AUP|XRn.n.,p' >
must be equal for all next neighbour sitBs.,,. + 7. With the help of Fig. 1.1.2 we
can determineﬁn_n_ + 7 and obtain the following expressions,

A+=+5E - A_:_aE

A g = AL =0 +ethan  gtheny (X5, Avilxz, , ) - (L.1.9)

~ 0,

Let us introduce the quantitig: := 1+etF a1y eika andy := (X |Avilxz ).
Then, using the simplifications (1.1.8) to (1.1.9), the pigdue problem (1.1.7) takes

the form
( Gk P ) ( T ok ) —0. (1.1.10)
ﬁ57 ~Cak f—aE
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N

AN
NN, A
AN~

CN
L5 0:::" ZLL )

FIGURE 1.1.3. Band structure of graphene. The valence and the con-
duction band touch at the corner points of the 1. Brillouineo

Setting the determinant of the matrix above to zero revéaslispersion relation for
the valence and the conduction band:

€aesi = |15 =

=+ || J 1+ 4cos (%) cos (\/gzokz) + 4 cos? (%) . (1.1.11)

As it can be seen from Fig. 1.1.3, the two bands touch at cevigiies ofk, which
will turn out to be just the corner points of the first Brillouzone (BZ) of graphene,
and which we are going to caﬁ—points.

The basis{gl, 52} of the reciprocal lattice, denoted ty,', is given by the condi-
tion gz . c_ij = 27T6ij, i.e.,

b = 2—“(*/5)
3a0 1 ’

o= (V).
3a0 1

Lg;l together with the first BZ is sketched in Fig. 1.1.4. We canthatthe corner
points of the first BZ can be divided into two sétshree points, indicated by the
black circles and the black/white circles in Fig. 1.1.4. lE@oint of a certain set is
equivalent to the other points within the same set, sincgdififer only by a reciprocal
lattice vector, whereas points from different sets arepedeent points in the 1. BZ.
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FIGURE 1.1.4. The reciprocal lattice of graphene with its hexafjona
Brillouin zone.

As representatives of the two sets we choose
47

3\/§a0

Insertingﬂ:f('o into the dispersion relation (1.1.11) yields +R7, =0 which means
that the two bands touch at the corner points of the 1. BZ.eSime number of allowed

-

k -values within the 1. BZ is equal to the humber of lattice siged taking into
account the two spin degrees of freedom, thevalence electrons (two per lattice
site) just fill up the low lying band whereas the higher bandrieccupied, if isolated
graphene is regarded. Consequently rather than a Ferracsuof line graphene has
two independent Fermi points that connect the valence ancaihductance band. That
is why graphene is often called a semi-metal. Another carssee of the very special
band structure of graphene is that the low energy physiestplace in a small region
around+K. In this respect it is of great relevance for the discussfah@low energy
regime of metallic SWNTS later on that near the Fermi poibtinéio calculations of
the graphene band structure qualitatively do not diffemfreur simple tight-binding
result (1.1.11), but only lead to slight quantitative coti@ns P3].

The band structure of SWNTs can easily be determined frororieeof graphene
once we will have analyzed the different ways of wrapping gpeghene sheet to form
a SWNT. Thus let us now discuss the morphology of SWNTSs.

+Ky=+

&,

1.2. Morphology of SWNTs

Having a graphene sheet like the one shown in Fig. 1.2.1 howweaconstruct
a SWNT? For this purpose we choose two different lattices gkend B on the hon-
eycomb lattice and connect them by the the so called wrappiciral vector which
reads in terms of the graphene lattice basis vectors,

Wnm = nd1 +mds, n,m € Ny.

Now we roll the graphene layer onto a tube in such a way thatd\Bacoincide. Then
automatically the tube axis is perpendiculardg .. Due to the sixfold symmetry
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of the graphene lattice already the set of wrapping vediaks,, } with 0 < |m| <
n covers all possible geometries of SWNTSs. It is distinguisbetween chiral and
achiral tubes. In achiral tubes one side of the hexagonsra@l@laor perpendicular to
the cylinder axis. The other tubes are called chiral tubesesthey exhibit a spiral
symmetry, i.e., their mirror image is not congruent to thigioal one. The achiral
tubes are furthermore divided into armchair tubes and gigabes. Armchair tubes
are described by wrapping vectabs ,,, whereas wrapping vectois, o characterize
the so called zigzag tubes (see Fig. 1.2.1).

armchair

chiral type

zigzag

FIGURE 1.2.1. Different wrapping vectors lead to different geome-
tries of the SWNTSs.

The unit cell of the nanotube lattice is defined by the chieadter and the transla-
tional vectorT' = #,@; + 2@, Which is the shortest vector pointing along the tube axis
and connecting two carbon atoms. For a given wrapping veélseointegers; andis
are determined via the conditiat, ,,, - T=0 leading to

2m+n 2n+m
GCD(m,n)’ ¥ GCD(m,n)
The division by the greatest common divise€D of the wrapping indices in the pre-
vious equation ensures that we find indeed the shortestdtemsl vector. Another
important quantity is the tube diametémwhich depends on the wrapping vector ac-
cording to

t=+

[Fnm| = @\/3('02 + m? 4+ nm).
7r m

d=

1.3. Zone folding

As explained in 1.2 the lattice structure of SWNTSs is, exdepthe tubular shape,
identical with the graphene structure. Neglecting cumeagffects, also the chemical
sp? bondings of a SWNT and a graphene sheet are identical, aie spiestion arises
if SWNTSs inherit the metallic behaviour of graphene. Thevasrsis, as we will see,
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that this depends on the chirality of the tube. The key to tissar can be found in the
boundary conditions that must be fulfilled by the nanotubecBlwaves. Whereas for
the graphene calculations periodic boundary conditioBC&) were merely used as a
mathematical trick in order to get a proper quantizationdgtion for thek -values, in
the case of SWNTSs the Bloch waves indeed have to fulfill the #B©und the tube
waist. Because of the high aspect ratio of the tubes this snedher big quantization
steps for thek -components perpendicular to the tube axis, whereas pati@the tube
axis thek -value separation is much smaller. To calculate the SWNT Isanucture,
we apply the so called zone folding technique, which assuhatshe electronic prop-
erties of a SWNT associated with one of the allovicedalues are identical to those of
graphene.

In more detail: First we separafeinto a part parallel to the tube axis and a part
perpendicular to it

k= ke +kre..

The quantization condition faris determined by the wrapping vect@r= nd; +mds
and the length of the tube. Bloch’s theorem together witHRB€ around the waist of
the tube, and the usual Born- von Karmann PBC along the tubeequire

pp(F+w) = e*HTlp(7) = (),
p(F+EL) = eMPor(F) = pp(7),
whereL is the length of the nanotube. We arrive at the quantizatimitions
27 27
ki = mp, k= 7% P4 € 7. (1.3.2)

Note that in genera% > 2Z which affirms thatk) is a quasi-continuous variable

if compared tok,. The allowedk- values for different types of SWNTs are shown
in Fig. 1.3.1. Now we can tackle the question, under whichdd@n a SWNT is

semiconducting or metallic. If the quantization conditidn3.1) allowsk values that

FIGURE 1.3.1. Examples for the allowee values in an armchair-,
zigzag- and chiral- SWNT (from left to right). The dark spimidicate

a small distance between valence and conduction band, asére

bright areas represent large gaps between the two bands.
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coincide with+K, we have metallic nanotubes otherwise there is a energy gap be
tween occupied and unoccupied states and we have semic¢imgdanes. Since the
set of allowedk values is given by the chirality of the tube, the wrappingteoed
determines whether the SWNT exhibits metallic behaviounair Regardings as
continuous variable condition (1.3.1) is satisfied for tleerfi points if

S, 4

&y - (nd1 + mds) = 21p,  p€ L. (1.3.2)

With (1.1.1) we obtain

2
%(n—m):%rp, p €.
Hence it is obvious that according to the zone folding praced SWNT is metallic,
if

";mez. (1.3.3)
For the sake of simplicity we concentrate on armchair tuhesr, = 0) from now on.
This can be done without loss of generality for our purposexafmining interacting
electrons in metallic SWNTSs since correlation effects anersal at low energies,
i.e., they do not depend on the chirality, as showr2i.[ Whenever deviations from
the armchair behaviour occur for the other types of SWNTSs vileewplicitly mention
it. Additionally we notice that if curvature effects are linded only armchair SWNTs
remain to be truly metallic whereas for the other SWNT geoi@efulfilling condition
(1.3.3) a small gap opens at the Fermi points. In Fig. 1.Bfull band structure of
a (n = 10,m = 10) armchair tube is shown. As expected there is no gap in thd ban
structure since two of the subbands touch at the Fermi points

1.4. Low energy description of noninteracting armchair SWNr's

From Fig. 1.3.2 it can be seen that for a typical SWNT like th@ 10) tube there
is a gap of aroundeV between the Fermi level and those subbands which do not
touch it. For comparisonleV corresponds to a temperature of abddtK, if we
consider the thermal energyT. Thus even at very high temperatures the low energy
physics merely takes place in the “gapless” subbands togchi the Fermi points.
Until now we have neglected the Coulomb interaction betwieen, electrons, but,
as we know from the introduction, interactions in 1D systeiinange the properties
of the corresponding noninteracting system tremendowfore we derive the low
energy many body Hamiltonian for armchair tubes, including electron- electron
correlations, we construct a suitable basis set of singlgtreln states. For this purpose
we start from the graphene Bloch waves 1.1.2, and using the fmdding again, we
obtain the proper SWNT wave functions for PBCs along the tas. However, in
order to adapt this procedure to a finite size system we wallfirchange from PBCs
to open boundary conditions (OBCs) and obtain standingerdttan travelling waves.

1.4.1. Noninteracting electrons in finite size armchair SWNs (PBCs) . For
armchair SWNTSs, the set of allowed wave vectors that coomspo the two touching
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FIGURE 1.3.2. The subbands of a (10,10) armchair nanotube. Note
that there seem to exist four values, where subbands touch the
Fermi level, but only two of them are independent. Thevalues
corresponding te K, are encircled.

subbands in Fig. 1.3.2 are given by

B 2
h:%f:%%% a € Z, (1.4.1)

whereé, points along the tube axis arfdis the tube length. Onlj vectors in the
vicinity of the Fermi points, i.ek =~ + K, are relevant for low energy processes. Let
us therefore writé in the following way:

k=r+F, (1.4.2)

wherex measures the distance betwéesnd ' = + K, in the reciprocal space. If we
restrict ourselves to low energy excitations, we can diyatdduce from (1.4.1), that
armchair nanotubes are indeed realizations of ideal 1Dtgoawires.

Let us turn to the evaluation of the armchair Bloch functiand energy dispersion
relation. Since we are only interested in the region Help in k -space, it is sufficient

to expand3; in (1.1.10) up to first order i aroundF' = +Ky = + \4; We start
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N N
o=+
o= -
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'Ko Ko

FIGURE 1.4.1. Energy dispersion relation near the, points.
For metallic SWNTSs the valence band (dark blue) and the opndu
tion band (orange) touch at the Fermi points. The energyedisgn
is linear neae:K,. Note that the PBC guantization condition (1.4.1)

. h 27 ~ 'um
leads to an energy level separation-6f" ~ 3meV4.

with . .

/BE =14 eik-[ﬁ + eik-(-i2.
Using (1.4.2) and the definitions of the lattice basis vecfoom (1.1.1) we get after
the expansion aroun#,

Bur = —sgn(F)V3agk sin(27/3) = —sgn(F)?’%ﬁ. (1.4.3)

Note that we have replacd?din B; by the two indicess and F'. With (1.4.3) equation
(1.1.10) which determines the tight binding parametersimes

—€ak _Sgn(F) 3%"‘77 f—|—anF
=0. 14.4
—sgn(F) 220 jiy* —€ak f-axF ( )
Therefore the energy relation around both Fermi pointsislr,
3a
€ax = aTO 17| [k] = £hvp |k, (1.4.5)

as also depicted in Fig. 1.4.1. Harg = 3‘%7' ~8.1- 105% is the group velocity at
the Fermi points. Solving equation (1.4.4) we get the folfmywelation between the
wave function coefficientg,,.r on the different sublattices,

|kqr|

fp:— akF — —asgn(F) fp:+ akF - (1'4-6)
KqF
We can satisfy (1.4.6) by choosing
1 a

f—f—cmF = %7 f—omF = _\/isgn(’%F)' (1'4-7)
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b=1L b=R
N A

FIGURE 1.4.2. Introduction of right and left moving states. Instea
of characterizing using the different low energy subbandsmetallic
SWNT by the band indexx for valence and conduction band, we
introduce the branch index= R/L for right and left moving elec-
trons.

In order to normalize our Bloch functions to unity, we stidive to introduce a prefactor
——, Where N, is the total number of sites in the nanotube lattice. Insegr(iL.4.7)

|nto the tight binding ansatz (1.1.2) we finally obtain foe trmchair nanotube Bloch
waves near the Fermi poinis = £ K, the following expression

— 1 (K - = -
Park (T) = E ellstF)Re E fparpx (7" — R — 7). (1.4.8)
p==%

VN

—

RelLg

For our further discussion it will be convenient to introdube notion of right and
left moving states: Bloch waves on branches with positivegétive) group velocity
are called right (left) movers. As it can be seen from Fig. .2 this allows us to
switch from the band inde® and wave numbes, to a new index» = R/L, where
R corresponds to right and to left movers. In detail the relation betwearandb is
given by
a=4+,k>0 a=+,k<0
a=—rk<0’ a=—k>0"
Introducing the labeb leads to the following expression for the Bloch wave funtsio
of an armchair SWNT near the Fermi points:

Pork(T) = \/— DN fuere TRy (7~ R - 7)) = ; fobF oprk(T).

p RELG

b:R(—){ b:L<—>{ (1.4.9)

(1.4.10)
The factorsf,,r can be derived from the coefficienfs,r, with the help of (1.4.9),
obtaining

Jror = %, f-bF = —%59”(5)59”(1?), sgnb) := { _11 :Zzlg .
(1.4.11)
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Another simplification can be achieved by expanding () around the Fermi point
F which gives
1

v N
L RELG

Hence the final result for the armchair single electron wawetions at low energies
is given by

eFley (FP—R—7,). (1.4.12)

Oprw(F) = e %ppp(7),  With @,p(F) ==

0o (F) = €57~ fobrepr (F) =t €% opp (7). (1.4.13)
p

1.4.2. Noninteracting electrons in finite size armchair SWN's (OBCs). So
far we have assumed PBCs along the tube axisdygy (" + Lé||) = wpry (7). This
choice of boundary conditions is appropriate if one is ieséed in bulk properties of
long enough SWNTSs. But since we want to take into accountfsiite effects, OBCs
are the natural choice for our purposes. That means that vesthdook for solutions
o (7) of the single electron Schrodinger equation (1.1.3) fudfijithe condition

Qorn(x =0,y, Z) = (Prn(m =L, Y, Z) =0, (1414)

where the index still has to specified. To find the functiogs, () we let us lead by
[25], where a generic spinless 1D system with OBCs is treatetibaitd up the OBC
waves as linear combinations of the Bloch waygs, () in analogy to standing waves
in 1D quantum boxes. Since we have right and left moving stateachFermi point
there are two different solution of (1.1.3) fulfilling OBCarfan appropriate choice of
K:

pres i) = %mem—%wKom (1.4.15)
fre i) = s onre?) = son -l (1.4.16)

Using equations (1.4.11) and (1.4.10) we can also rewxitér) in terms of the sub-
lattice wave functiong, g (7°) :

Pr(7) = % ngn(F)eisgn(F)mc Z foropr (7), (1.4.17)
F P
with
— i 1 , D=+
Jpr = 7 { _sgn(r) p—— (1.4.18)

In the course of this thesis we will see that the ingexas properties very similar to
the electron spin. Therefore we also referrtas pseudo spin in the following. As
sketched in Fig. 1.4.3, the energy eigenvalagdelonging toy, . (7) by definition

show the energy dispersion relation of right and left movesspectively. Putting
together equations (1.4.10), (1.4.15) and (1.4.16) welthe following expressions
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-K,  PBC K, OBC

FIGURE 1.4.3. The PBC band structure of armchair SWCNTSs (left)
can be mapped onto the OBC band structure (right) by corstouc
suitable linear combinations of Bloch waves from tR¢L- band at

K, and theL/R- band at— K.

for the standing waveg, . (7):
1

P4x(7) Z sin ((Ko + &) R pr r— —Tp) (1.4.19)
VNL :
RELg
i
&) = sin ((Ko + k) R x(F—R —7' (1.4.20)
G

We know that thep, orbitals are strongly localized arourfd + Tp. This is why we

can reduce the sum over all lattice sitBsto a sum over all lattice sites whose
component is approximately equal to a given

+x(T0) =
— \/ij > sin ((Ko + ) Ry) [x(f'o ~R—7) £ x(fo— R — %.2)] _

{ReLg|Rommo}

(1.4.21)

Let us choose explicitlyy = 0 andzy = L. Then according to (1.4.21) and (1.4.14),
the OBCs are formally fulfilled if Ko + <)L = mm, m € Zorif

K= % (ne+A), ne€Z. (1.4.22)

Here A is a small off-set that is necessaryily # Tm, m € Z. Itis worth to
mention that a value ofA different from0 or +1/2 causes a mismatain between
the energy levels of the = 4+ andr = — branch, as can be deduced from Fig. 1.4.3.
The physical meaning of this mismatch is, that one of the bavitl be energetically
favoured, if a new electron is added to the nanotube.

Note that we are discussing the low-energy-regime wheng smhll values ok
are of physical importance. By comparing (1.4.22) and {).®e recognize that the
spacing between two neighborirgralues in the OBCs is half as large as in the case of
PBCs (consequently the same is true for the energy levelrgpaé-ig. 1.4.4 shows an
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FIGURE 1.4.4. Squared amplitude of the standing wave function
w4+, (7) for k = 0 andA = 0 as they were obtained by DFT calcula-
tions [26].

image of|¢, . (7)|? for x = 0 andé = 0 from [26]. Instead of using the tight-binding
method, the standing wave pattern was calculated by an &b density functional
theory calculation (DFT), yielding qualitatively the samesult.

1.4.3. The Hamiltonian of noninteracting metallic SWNTs. From the disper-
sion relation of the standing waves, () shown in Fig. 1.4.3 it is easy to derive the
kinetic part of the Hamiltonian describing electrons at low energies. As we know
from our discussion in Section 1.4.1, the two branches irdibgersion relation have
slopes given by-hvr. Hence, including the spin degree of freedom, the Ham#toni
of the noninteracting electrons is given by

T
Hy = hvpgr;mclmcmm k=T (n+A), nez,
with ¢, being the operator which annihilatés,.) |0). Note that the summation
overk corresponds to states in the vicinity of the Fermi pointangselation (1.4.22)
for the quantized values afthe Hamiltonian reads

Hy=e0) 1Y NuclouCron +£0A Y TN, (1.4.23)
ro Ty ro

where we have defined the operatdf, counting the number of electrons character-
ized by a certain index paito. The level spacing of noninteracting SWNTSs is given
by

€0 == th%. (1.4.24)
In total we have to distinguish between the four differemiceion speciess = + 1,
+ 1, — 1, — |. The possible energy mismatch betweernrthe + andr = — electrons

is taken into account by the second term on the right handddi(le4.23).

1.4.4. The electron operator.Before including the Coulomb interaction between
the electrons we introduce the electron operator of the logrgy system thus being
enabled to write down the interaction part of the Hamiltonia position representa-
tion. Including the spin degree of freedom and restrictingselves to the subspace of
states spanned Hy¢,)} (low energy regime) we can write the 3D electron operator

as
TR =) ora(ron = Y Uol). (1.4.25)

ToK g
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With the help of the decomposition ¢f.. (7) into its sublattice contributions, equation
(1.4.17), we obtain from (1.4.25),

1 .
2 (7:) = ﬁ Z Sgn(F)eZSgn(F)KwCran Z fpr‘PpF (F)
rFk p
In regard to the application of bosonization techniquearlan it is crucial to introduce

the slowly varying 1D electron operators

wrFa (37

sgF)kze (1.4.26)

1
= — e
=
which can be rewritten in terms of bosonic creation and dlatibn operators as we
will demonstrate in Section 2.4.3. Using the definition af ttD electron operators,
(1.4.26), we arrive at

(M) = VLY sgn(F)rro(z) D forpr (7). (1.4.27)
rF p

Notice that the operatorg,r, and,_r, are not independent. According to
(1.4.26) the relation
'QbrFa(fE) = "/]r—FU(_x)
holds. This is not surprising since after changing from PRG3BCs, the Fermi point
index F' distinguishes not between different electron species amgm



CHAPTER 2

Interacting electrons in metallic SWNTs

This chapter has been worked out in collaboration with Mil&rifoni. A manuscript
containing the major achievements discussed in this chapgebeen submitted to the
Physical Review Letters, preprint arXiv:0708.1486.

As described in the introduction of this thesis, SWNTs harearkable mechan-
ical and electronic properties. The main focus of the preaenk is on the interplay
between the 1D nature of SWNTs and electron-electron ativeks.

For 3D systems of repulsively interacting sgif2 particles, Landau established
the validity of the so called Fermi liquid theory in the linoit low excitation energies,
for a review seed7]. Landau’s theory is based on the assumption that the ¢xcita
spectrum of interacting fermions is qualitatively equératl to the one of the corre-
sponding noninteracting system. In other words, it is etgubthat the elementary ex-
citations in the interacting system, the so called quasgbes, have the same quantum
numbers as the particles in the noninteracting system. gargmeters as the mass are
renormalized. Hence in 3D, interacting fermions can be redmmto a noninteracting
Fermi gas. Especially also the existence of a well definethFaurface at energt'r
should be unaffected by particle-particle correlationke Etability of the Fermi sur-
face in the presence of interactions is reflected in a digwaity in the single particle
momentum distributiom (k) at7 = 0 (for a noninteracting Fermi gas the momentum
distribution at zero temperature is of course given by tee ftinction® (kx — |&|),
with the Fermi wave numbekr). Indeed the jump in the function(k) at the Fermi
energy can be derived for 3D systen2§][ In this respect the applicability of Fermi
liquid theory in 1D becomes questionable as already a fEtive calculation of.(k)
up to second order for interacting spinless fermions on @ léads to a continuous
expression8, 29, 30. This finding indicates that the Fermi liquid quasipadilare
no stable excitations in 1D.

But what are the low energy excitations of interacting femsiin 1D? To answer
this question it is important to notice that around the Fepaints of a 1D system
we can always linearize the dispersion relation. This méaaisall particle-hole ex-
citations with a certain momentug have the same energy, and hence the same
propagation velocity, see Fig. 2.0.1. Thus it is temptingdasider all particle-hole
excitations associated with a fixgdasonecollective excitation. It was already real-
ized by Tomonaga in 195@.1] that this new quasiparticles are bosonic in nature. Of
course this kind of excitations also exists in 3D. But, adized by Tomonaga and
as we are going to proof in Appendix B for metallic SWNTSs, in ti2y represent a
complete basis of the Hilbert space containing all posgaldicle hole excitations!

25
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FIGURE 2.0.1. Excitations in a fermionic 1D system. All particle-
hole excitations with a certain momentunhave the same energy.

For this very reason it is possible to rewrite the Hamiltorfiar a system of interacting
fermions in terms of bosonic operators. It is interestingidte here that at the time
of the publication, Tomonaga himself considered his disiomsof 1D systems ad]]
“of rather mathematical nature without entering into reatgical problems.”

Restricting the discussion to density-density interaxtjahe form of the result-
ing Hamiltonian is quadratic in bosonic operators, the dledalomonaga-Luttinger
model. Hence in this case the seemingly complex many bodylgaroof interacting
electrons can be easily solved once the theory has beenibedohn analogy to the
Fermi liquid theory it has been established that at low exicih energies the physics
of interacting fermions in 1D is captured by the Luttingeyuiid (LL) theory B1], a
simplified version of the Tomonaga-Luttinger model: Thesiattions result merely
in the energy renormalization of certain collective exaitas, described by a single
parametey.

Deviations from the LL theory are found in systems with lomsiGes where the
interaction energy exceeds the kinetic energy by 3&t,[as well as in the vicinity of
half-filling where, as we will show in Section 2.5.4, umklgmocesses of hon-density-
density form of considerable strength become relevant.nerdimensional metallic
systems of infinite length the effect of umklapp scattersghie opening of a gap in
the bosonic excitation spectrum, the so called Mott meisidator transition, see e.g.
[14, 33, 34. As we are going to demonstrate in this chapter, interacéffects not
contained in the LL theory can also result from the fact tleal condensed matter
systems that can be considered as strictly 1D in momentusesgaually do have a
3D extension in position space.
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It should be emphasized that only the possibility of reeggirey also the electron
operators in terms of the bosonic operators, discovereddigane 2], leads to the
great predictive power of bosonization, as it is necessagrder to determine mea-
surable physical properties of the system via the calanabf correlation functions
or general matrix elements between eigenstates of the IBrsy$n the course of this
thesis we will make extensive use of this so called bosaipizadlentity.

For detailed reviews about correlated fermions in 1D andbiastion we refer to
[33, 34, 3%.

2.1. What is special about interacting SWNTs

With respect to metallic SWNTSs it was realized in the semthabretical works
[13, 14 that due to the 1D nature of the electrons, correlations hawe described
within the LL picture. The accompanying occurrence of pelaers for various trans-
port properties could indeed be observed experimentaby 1§. Electron-electron
interactions in finite-size SWNTs were treated by Kane et[a&ll], where the dis-
crete energy spectrum was derived within the Tomonagargett model. Since the
electrons in SWNTSs exhibit additionally to the spin also apital degree of freedom,
the pseudo spim from Chapter 1, it has been found that the excitations whreh a
of bosonic nature can be divided into four instead of twoedéht types, related to
total and relative (with respect to the pseudo spin) spin@dradge excitations. The
most striking effect of the repulsive Coulomb interactisrihat the total charge mode
has strongly enhanced excitation energies and an acctydinéarged propagation
velocity compared to the remaining three excitations. Maig/ specific feature of
interacting 1D systems has become famous as spin-chargeatiep. A direct exper-
imental verification of this phenomenon has been achieve&WNTs [37] and also
for 1D wires in a GaAs/AlGaAs heterostructuizs].

As already mentioned, at low energies the electrons in SWéN@ sstrictly con-
fined in a 1D momentum space due to quantization around themnaference of the
tube, however their wave functions live in a 3D position gpafis a consequence of
the special structure of the honeycomb lattice of SWNTSs lgasls to short ranged
interaction processes which amet accounted for in the LL theory. The role of those
so called non-forward scattering parts of the Coulomb &utéon has only been dis-
cussed for SWNTSs of infinite length by renormalization graephniques 13, 14.

In [13] deviations from conventional LL behaviour have been fowmdy for very
small temperature§’ < 0.1 mK provided that the interaction is long ranged. The
work of Yoshioka and Odintsovif] additionally took into account the situation at
half filling where, as already mentioned, the formation of atMnsulating state was
predicted. In the works treating electron-electron irtdoms in finite size SWNTs
within the bosonization formalism, the effect of non-fordiacattering and hence of
non-density-density processes has been neglected cetyetfar. This approxima-
tion leading to a Tomonaga-Luttinger model for SWNTs we wdll the “standard”
theory in the following. In the case of SWNTSs it is valid if merete to large diam-
eter tubes (&> 1.5 nm) are consideredL[], or if finite size effects can be neglected
since the relevant energies exceed the level spacing ofAlid¢TSas in the experiments
[15, 1. Recent experimentd 8, 38, 20 however, have found exchange effects in the
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ground state spectra of small diameter tubes which can neixpkined using the
“standard” bosonization theory for interacting SWNTs, Bae 2.1.1. Oreg et al.1f]
have presented a mean-field Hamiltonian for the low energgtspm of SWNTS in-
cluding an exchange term favouring the spin alignment aftedas in different bands.
The values for the exchange splitting observed in the expmaris agree well with
the mean-field predictions. However, the mean field appraaes not allow for the
mixing of states with a different shell filling, i.e., of stat with a different number
of electrons with certain spin and pseudo spin quantum nisnb@d therefore fails
to describe important interaction processes. Moreoveamirirast to the bosonization
procedure it can not predict the correct excitations spettbecause it completely
misses the effect of the long ranged part of the Coulombastem responsible for
the LL behaviour.

In this thesis we go beyond the mean field approach, deriviogy@nergy many-
body Hamiltonian for finite size metallic SWNTSs, therebylirding for the first time
all relevant interaction processes. This allows us to idertiti€ymicroscopic mecha-
nisms that lead to the various exchange effects seen iniengras and to predict new
features not observed so far. Moreover the occurrence tigufinite size effects like
the guantization of charge and energy levels arises nbtdram our approach. An
interesting situation occurs near half-filling since thadalitional processes become
relevant which can not be considered as small compared tdahenating forward
scattering terms. Unfortunately, we have not found a ridialay of diagonalizing the
Hamiltonian in that situation so far.

Using bosonization we determine the spectrum and eigesstdt the SWNT
Hamiltonian. For this purpose we collect all the parts of iamiltonian which can
be described by a Tomonaga-Luttinger type of Hamiltoniad w&e diagonalize the
resulting Hamiltonian using standard techniques from theohization formalism. Of
the remaining terms we will calculate the matrix elementshie eigenbasis of the
Tomonaga-Luttinger Hamiltonian and diagonalize the th@hiltonian in a truncated
basis.

Concerning the ground state properties, we find under thditiam of degenerate
bands, a spin triplet as ground state #m + 2 electrons occupy the nanotube. This
is insofar remarkable as a fundamental theorem worked olilidly and Mattis B9
states for any single-band Hubbard model in 1D with neareighbour hopping that
the ground state can only have spior 1/2. However, at the end of their article they
explicitly pose the question whether ground states withéiigpin could be realized in
1D systems with orbital degeneracy, which in the case of S8/ Ppresent due to the
substructure of the underlying honeycomb lattice. Our figdianswer this question
with yes, hence proofing that the theorem by Lieb and Mattisd be generalized to
multi-band systems. Moreover, it is interesting to note gileof the processes favour-
ing higher spin states in SWNTSs involve non-forward scattgmvith respect to the
orbital degree of freedom. On the experimental side an exchangtrgpin the low

I ow energy here means that we consider only electrons rggidithe subbands touching at the Fermi
level of a uncharged SWNT. For typical SWNTS this correspaidhn energy range of aboleéV around
the charge neutrality point where the energy dispersiohehbninteracting system is linear. Concerning
the thermal energis T, 1eV corresponds to a temperature of approximatéi .
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FIGURE 2.1.1. Transport measurement on a SWNT in a magnetic
field B, from [18]. Shown is the differential conductandé/dVj, as a
function of the gate voltag¥, at fixed bias voltag&},. Lines indicate
changes in the current which are either due to new statesriego
available for transporidl /dV, > 0) asV is increased or states drop-
ping out of the transport windowi{/dV, < 0). Of special interest
here are the lines E to H related to states of a SWNT occupied by
4m + 2 electrons. E corresponds to the singlet ground state, F and
G to atriplet state that is Zeeman split for finfie(one might expect
three lines for the triplet but one transition is not alloyadd H to a
singlet state again. According to the standard theory,ities IF to H
should meet aB = 0.

energy spectrum of thém + 2 charge state has indeed been obseridé] 38, 2(.
However, all the experiments demonstrating exchangetiaglitvere carried out for
SWNTs with a large band mismatch such that the ground statesupposed to be
spin0 singlets. Especially Moriyama et al. have proven that thifié case in their ex-
periments 18] by carrying out magnetic field measurements, cf. Fig. 2.THus, the
threefold degenerate spirground state has not been observed yet, since its occurrence
requires a band mismatch that is small compared to the egehamergy. Addition-

ally to the ground state properties of metallic SWNTs we halge determined the
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excitation spectra. We find that the huge degeneracies asettby only retaining
the forward scattering processes are partly lifted and pleetsum becomes more and
more continuous when going to higher energies. Finally l#asis to a lifting of the
spin-charge separation predicted by the “standard” theory

The outline of the remaining of this chapter is the followingased on our ex-
amination of the low energy physics of noninteracting etet in finite size metallic
SWNTs in Chapter 1 we include the Coulomb interaction anivelehe effectively
one-dimensional Hamiltonian for the low energy regime ict®® 2.2. The analy-
sis of the effective 1D interaction potential in Section al®ws us to sort out the
irrelevant interaction processes. The remaining interadcerms are either of density-
density or non-density-density form. Before diagonalizthe obtained Hamiltonian
we introduce the powerful bosonization formalism in Sato4.

The density-density part of the interaction we diagonalimgther with the kinetic
part of the Hamiltonian by bosonization and by applying tleg®iubov transforma-
tion in Section 2.5.3. Using the obtained eigenstates &s bascalculate the corre-
sponding matrix elements for the non-density-density pathe interaction with the
help of the bosonization identity of the electron operat&mction 2.5.4. In Section
2.5.5 we calculate the ground state and excitation spegtdielgonalizing the Hamil-
tonian including the non-density-density processes inrctited basis and discuss the
results.

2.2. Coulomb interaction in metallic SWNTs

In this section we derive the exact form of the electrontetec interaction in
metallic SWNTs. As announced in Chapter 1 we focus on armebbés. This we
can do without loss of generality, since, as shown2i,[ electron-electron interac-
tions are universal for all types of metallic SWNTs. Accaoglito the 1D nature of
SWNTs we will show how to express the Coulomb potential imeof an effective
1D interaction potential. Though, the actual 3D structifra wanotube lattice will still
be reminiscent. A detailed discussion of this point willriflain Section 2.3 which of
the possible interaction scattering processes are indeedamishing. We start with
the general expression for the Coulomb interaction in sg&cpmantization,

1
V=3 Z/d%/d?’r'mg(f')xpj,, (FVU(F — 7)o ()W (7), (2.2.1)
oo’
whereU (7—7") is the possibly screened Coulomb potential. For the acalaliations
we modelU (7 — 7') by the so called Ohno potential which takes into account the
localized character of the, orbitals; it interpolates betwed#,, the interaction energy
between tw@, electrons in the same orbital fér= 7" and—<— for large values

4dmege|F—T|

of | — #!|. Measuring distances in units of A and energy¥h it is given by §0]

U7 = ) = Uo/\/1 + (Uoe |7 — 7] /14.397)% eV. 2.2.2)

In our case areasonable choic&js= 15 eV [41]. The dielectric constant for SWNTs
is expected to be in the rangex 1.4 — 2.4 [13].

In order to reduce the dimensions of the problem from threeng we reexpress
the 3D electron operatorg, () from (2.2.1) in terms of the 1D operato¢s r, (z),



2.2. COULOMB INTERACTION IN METALLIC SWNTS 31

cf. equation (1.4.27). After integrating over the coord&saperpendicular to the tube
axis, we obtain a truly 1D description of the interaction,

V== Z Z sgn(Fy FoF3Fy) /dac/d:cU aca:)

0’0” {[r]

X! oo @), o0 (@ Vg oo () o (), (2.2.3)
where}_ ., 1z} denotes the sum over all quadruples= (r1,rz,r3,4) and[F] =
(Fl,FQ,F3,F4) Under the assumption — justified by the localized charactéhe
p, orbitals — that the Bloch waves on the different sublattipgs(7) andy_,x () do
not overlap, i.e.ppr (7)¢—pr(7) = 0, our procedure leads to the following effective
1D interaction potential/j,j g (x, z') in (2.2.3),

Uppjy (2, 2) = L? / d’ry / PrY " for fores fotes For

p.p’
X o ()@, (F) @y b (F)prs (MU (7 — 7). (2.2.4)
Using relation (1.4.18) for the coefficienfs, and performing the sum ovex p’, we

can separatéj ) into a part describing the interaction between electronsdion
the same (intra) and on different (inter) sublattices,

1 .
Upey(w:2') = 7 [Ufﬁf’“(x, ') (1 + rirorsry)

+ UfHer (z, a') (rars + r1r4)] . (2.2.5)

where

U[i;]tra/inter (x,x') _ LQ//dZI"J_dQT',L
X O, (M) py (T)p2prs (T) ppr, (MU (7 — 7). (2.2.6)
H(areffdQM(Jl2 denotes the integration over the coordinates perpenditulide

tube axis. Note that the 3D extension of the considered SWiNg@re the effective
1D interaction potential via equation (2.2.6). The intéiat potentiaIsU[’g]“”“ and

U[igfe’" are completely symmetric with respect to the two subladtised thus do not
depend on the actual choicewfn (2.2.6). For the subsequent discussion of the non-
vanishing interaction processes it will be of importanca the intra- and inter- lattice
interaction potentials only differ considerably on smeligth scalege—z'| < ag [13].

The reason for this is quite simple: Consider two atoms asgiand on a SWNT
lattice with |z — 2’| < ag. Then the distance between the two atoms (and hence the
strength of the Coulomb interaction betwegnelectrons from those two atoms) will
strongly depend on whether or not both atoms are from the sarlattice or not.
Whereas for largér — z'| > ay the distance between both atoms will be insensitive
to the sublattice structure and will be approximately gibgriz — z’|. In Appendix

D we show how we actually determine the values for the pcatsilﬁ[m}tm/ e (g, 3"
for specific SWNTSs.
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e T
2--" T3 2 | @ I3

FIGURE 2.3.1. The relevant scattering processes. For-
ward/back/umklapp scattering are denoted ¥ /b/u.  The
index | represents one of the three degrees of freeddio (branch,
Fermi point and spin, respectively).

2.3. The relevant scattering processes

Not all of the terms in (2.2.3) contribute to the interactimtause the correspond-
ing potentiall}, 7 vanishes or has a very small amplitude. In order to pick aaitéh
evant terms, it is convenient to introduce the notion of fandv(f)-, back 6)- and umk-
lapp @)- scattering with respect to an arbitrary index quadruple= (I, I, I314)
associated to the electron operators in (2.2.3). Denokiagtattering type bg; we
write [I]g,— ¢+ for [I,+1,+1,I]. Furthermore we usf|s,— for [1, 1,1, 1] and
[I]s,—u is equivalent tdI, I, —I, —I], cf. Fig. 2.3.1. Keeping only the relevant terms,
the interaction part of the Hamiltonian acquires the form,

V= Z Z ZVSTSFSG, (2.3.1)
f,buSF TbSo'
where

1
Vs, sp50 = 5 Z //dxda: Upiy (2, 2')
Ispl

{[rs,,[F

k]

X ¢1‘1F10'( )¢12F25' (z )¢T3F30’ ($I)¢T4F4U(x)a (2'3-2)

as we are going to demonstrate in the following. Similarlyp&dore the summation
Z{[r]s [Flsplols, } extents over all quadruplgs], [F] and[o] corresponding to the
7 F’

scattering type§r, Sr andS, respectively.
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Relevant scattering processes of. We start with an examination of the possible
scattering events related to the pseudo gpiRrom (2.2.5) we can immediately read
off that the interaction potentizﬂ’[r][p] does not vanish only ifors = r174. Thus we
find the following cases determining the relevant scattetypes,

’L) KT =T34, T =T3, ’L’L) 1T = —T4, Tog = —T3.
Relations) summarizes all the forward scattering processes with ctspe and the
associated interaction potential is proportional to the i intra- and inter- lattice
interaction,
1. .

Upe (') = 5 [Uggf’a(ac,x') + U[zﬁ]m(x,x')] = Ufy(e,e). (233
Caseii) includes allS, = b andS, = u processes and the interaction potential is
proportional to the difference betweéﬁ[‘igfm and U[ng”,

1r . .
U[T]b/um(a:,a:') =3 [U[Zﬁfm(a:,a:') — U[zﬁ]t”(x,x')] =: U[%} (z,2). (2.3.4)

As we already knovUﬁEfm andeg]t” only differ on small length scalds —z'| < ay.
This means that in generHl[%](x, z') is a short ranged interaction.

Scattering of F'. The determination of the essential scattering processbsre¢i
spect toF' can be achieved by exploiting the approximate conservatiaquasi mo-
mentum. Looking at expression (1.4.12) for the wave fumstip, (), we find from
eguation (2.2.6) that the interaction potentﬁ[‘gf’"“ andU[igfeT contain phase factors

of the forme #(F1—Fa)Ra o —i(F>—F3)R; - Although we are considering a finite system,
therefore not having perfect translational symmetry, ratite integration along the
tube axis in (2.2.3), only terms without fast oscillations\éve 2. The corresponding
condition is given by

L —F+F,—F3=0, (2.3.5)
that means only th6r = f andSr = b terms remain. We have explicitly checked
that due to the discrete nature of the SWNT lattice alsoSthe= u processes have
very small amplitudes and can be neglected. Note that dond{.3.5) leads to
sgn(F1F2F3F4) =1in (223)

Scattering of o. It is clear that with respect to the spin only forward scétgr
i.e.,S, = f, is allowed, since the Coulomb interaction is spin indejgend

Altogether, the previous considerations proof equatio8. (2.

%Fora perfectly translational invariant 1D system it holds

L L ) ., L L—z' ) ) ' B L ) "
/ d:c'/ dz U(z—a')e™=e*'® =/ dm'/ dy U(y)e*veit+ea =Uk/ da BT
0 0 0 —z! 0

wherelUy, = ffw_/ml dyU (y)e™*¥ does not depend arl because of the translational invariance. So it is
clear that the double integral vanishes unless &’ = 0.
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r=-— r=+ r=-— r=+

- — FS ——
O

FIGURE 2.3.2. Examples ofV conserving andV non-conserving
processes deep inside the Fermi sea (FS). In the formerleftsgde)
processes with vanishing excitation energy are possibiereas in
the latter case (left side) such processes are inevitalyezded with
a huge excitation energy.

2.3.1. Processes conserving or not conserving the fermignconfiguration.
From the discussion in Chapter 1 we already know that we laglistinguish between
electrons with different spimr and pseudo spin. In the following we will denote the
number of electrons of a certain species Wy, and we will refer to the quantity
N = (N4, N4y, N_4, N_}) asfermionic configuration Not all of the scattering
processes in (2.3.1) conserd& In more detail, for terms withS,, Sy) = (u, f1),
(Sr,S5) = (b, f~) and(S,, S,) = (u, f~) N is not a good quantum number as it can
be easily verified by using equation (2.3.2). In generaly pnbcesses described by the
N conserving terms are sensitive to the total number of epstin the dot. As exam-
ple we mention the charging energy contribution propogida N2, N, := > ro Nro
arising from the(S,., S, S,) = (f, f, f) processes explicitly appearing later on in the
interaction Hamiltonian. On the other hand for Wenon—conserving terms, only the
vicinity of the Fermi surface is of relevance. The physiegson is that due to the Pauli
principle and the large number of states below the FermasarfV non-conserving
processes depending on all the occupied states of a ceraicHr»o would corre-
spond to an extremely hugxcitationenergy by far exceeding the low energy regime
we are considering, cf. Fig. 2.3.2.

2.3.2. Processes only relevant near half-fillingAway from half-filling we find
that terms with
1 Fy +roFy — r3F3 — ryFy # 0, (2.3.6)
i.e., the umklapp scattering terms with respect to the prodff 3 can be neglected
in (2.2.3). For theV non-conserving terms fulfilling (2.3.6) this is a conseqienf
the approximate conservation of quasi momentum, arisioiq fthe slow oscillations
of the 1D electron operators in (2.3.2) which near the Feurfase are given by the

3There are simple rules for determining the scattering t§pe if S, andSr are known. Defining a
product byS,r = S, Sr = SFS, it hO|dS,Sf+ =9;8%= f+; fTu=bfTb=wandub= f".
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exponential

e~ (11 F1Ne o) ~T4F4Nyyo s )2+ (r2F2Nryoy —r3F3 Nygog )a']

After performing the integrations in (2.3.2) this leads mpmately to (2.3.6). The
N conserving terms obeying (2.3.68);-,; andVj ¢~ ¢+, which describe not only pro-
cesses near the Fermi level, add a term proportional to tirdeauof electrons above
half-filling to the Hamiltonian, therefore just giving rise a shift of the chemical po-
tential.

2.3.3. Long ranged vs. short ranged interactions Another property which can
be used to classify the various scattering processes rdithaiaction range. Except of
Uiy, = U[}]f, all relevant interaction potentialg;, ) can effectively be treated

as local interactions: In the caselai[fl;]b this is due to the appearance of phase factors

e?F'(Fa=R:) in (2.2.6), arising from the Bloch waves,r(7), cf. equation (1.4.12),
oscillating much faster than the electron operatts-(z). The potentialgj[j‘v], being
proportional to the difference of the inter- and intraitagtinteraction potentials, are
in general short ranged, since as we have already discusbsdaiently to equation
(2.2.6), U[Z}L]”“(x,x’) and U[igf”(x,x’) only have considerably differing values for
|z —z'| < ag. Summarizing,only the processes wittS,, Sr) = (f, f) are long
ranged All other terms can effectively be written as local intéfags. That is, for
(S, Sr) # (f, f) we can replace equation (2.2.4) by the approximation

1
§U[T]ST[F]SF (:L‘, :L") ~ L'U'Sr 5F5(;E - :L"), (237)
where we have introduced the coupling parameters
us, §p 1= 1/(2L2)//da: dxlU[r]s,[F]sF (z,2'). (2.3.8)

Using the approximation (2.3.7) we obtain from (2.3.2) ia das€(S,, Sr) # (f, f)
the following expression for the non-forward scatteringiaction terms,

Vs, sps, = Lus, sp >
{5, [Flspslols }

L
x /0 A5 o (O], o ()t (2o (2): (2:3.9)

Let us introduce the abbreviations := uy, anduﬁF = Up 5, = UySp- FOr details
about calculating the values of those coupling constamta gpecific SWNT, see Ap-
pendix D. We find that in general the coupling constan‘tsandu%F scale inversely
with the total number of lattice sites, i.e., lik¢ Ld, whered is the tube diameter. From
a physical point of view this is due to an increasing atteionanf the wave functions
for a growing system size such that short ranged interadt@mome less effectifle
Because the level spacing of the noninteracting systescales likel /L, cf. (1.4.24),

4Consider e.g. the classical Hartree enefyy of a homogeneous density on a tube®) =
N./Ld, Z = (z,y) for a d-function like interaction potentials(¥) = wd(Z). Then it holds
En = [d’z [ d°2' n(Z)Us(Z — &' )n(&") = uN; /Ld, i.e., Eg scales like the system size.
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A
€0 €0 €0

e=1.410.22A | 0.14A | 0.22A

e=2.410.28A | 0.22A | 0.28A

TABLE 1. The dependence of the coupling constaﬂtsu? andubA
on the tube diametetf and on the dielectric constaat

the productsitd/eg andu?Fd/so are constants. The corresponding numerical values
for different dielectric constants cf. equation (2.2.2), are given in table 1.

2.3.4. Density-density vs. non-density-density processe The interaction pro-
cesses can furthermore be divided into density-densitgser easily diagonalizable
by bosonization as we will see — and non-density-densitinserrespectively. It is
clear that the forward scattering interaction

1
Virr=52.2.2 / / 4z dz'Ulfy (2,8)9 )1y (8)0h s (2 Vo 00 (8 b1 ()
rr! FF' oo’
is of density-density form, since with the densities
pro(x) = !, (2)drro (o)
we obtain
1
Virr=5 Z;Z//d;ﬁ d.’L"U[_;]f(.T,x’)prpg(.z‘)prlplar (').  (2.3.10)
rr! " oo’

But since we treat the short ranged interactions as Iocsm@h bfts

L
Vf+bf+ = L’U,+Z/0 dxwiFU(x)’(pI—Fo'(x)¢TFU($)¢T—FU($)

roF

L
= LY [ dopere(@)pr-ro(a), (2:3.11)
rolF 0

and similarlyVy r+ /p r+,

L
Vort/pp+ = —Lu?/bz / dzprro(T)p—riro(T), (2.3.12)
0
roF
are density-density interactions. In total the densitysity part of the interaction
therefore is given by

Voo =Vigsr+ Viropr + Vope g + Vo gt (2.3.13)

The remaining terms are not of density-density form and allected in the operator
Vapp- Including only the contributions relevant away from hallifig, we obtain,

Vapp = Vf+bf— +be+f— + VE)bf_ +Vuf_f +Vup - (2.3.14)
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Near half-filling additionally the processes
Vi-v5, Vo yandVy g+ p-, (2.3.15)

satisfying condition (2.3.6), contribute 1g,,,. Overall, the SWNT Hamiltonian ac-
quires the form
H = Hoy+ Vyp + Vapp. (2.3.16)

2.4. Interlude: The bosonization formalism

Before we continue our examination of the low energy physicSWNTs we
have to introducehe method of choice for the treatment of interacting electrions
1D: bosonization. It will be the key tool that will enable wsgerform main parts of
the remaining calculations in this thesis. In general bizstion means rewriting a
fermionic theory i.e., a theory in terms of fermionic creatiand annihilation opera-
tors, as a theory whose excitations are described by bospeiators. Since Fermi
liquid theory is not applicable to correlated 1D systemsesfriions as we have ex-
plained in the introduction to this chapter, bosonizatias hecome the key technique
for the low-energy treatment of those systems.

In this section we will give a short summary about the mostdrtamt aspects and
relations of the so called constructive bosonization agginpintroduced by Haldane
[12] and reviewed in great detail by von Delft and Schoel&5,[29, 3(. This theory
provides an exact bosonization identity for the 1D electipearators), r,(z) in Fock
space, since it assures th@lpa and+, r, have the correct creation/annihilation prop-
erties of fermionic operators. This is crucial for the dssion of systems with a finite
number of particles.

2.4.1. Extension of the Fock spaceln the discussion of the low energy physics
of a noninteracting SWNT we have pointed out that we restrcselves to states in the
vicinity of the Fermi points, i.e. to standing waves, with wave numbers$s| < Kj.
However, the bosonization approach requires a dispersfation that is unbound
from below. Therefore we artificially extend tlhe= + branches te: values ranging
from —oo to oo thereby keeping the linearity of the dispersion relatioardafne whole
range. To avoid unphysical contributions from the artiflgiadded states, we have to
make sure that states far below the Fermi level of the undliaseinteracting system
are always occupied, whereas states far above the Fermalevstrictly empty, i.e.,
we have to require

t _ _ _
Cro—r, =05 Cror, =0, Kp=r1-K, K>0.

As was already pointed out by Tomonaga, the extension of idpeision relation is
justified, if we assume the interaction to be long ranged gholn this case the Fourier
transform of the interaction potential has a cut+ff that lies within the interval of

k values of our original system. Thus, no excitations invadvihe new artificially
added states occur. Since for SWNTs the main contributichecelectron-electron
interaction is from long ranged forward scattering proees§omonaga’s argument
indeed holds in our case. In order to retain finite expressfonthe energies of the
system we use the groundstafeS) of the undoped system as reference and measure
energies henceforth relative to this state we are deno$ifigeemi sea in the following.
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More precisely we defingF'S) via its properties
ok |[FS) = 0, 1K>0,
. |[FS) = 0, rs<O0.

It will be useful to introduce normal ordering of the fermiowperators:, andc}tm
with respect tqF'S),

: ABC...::= ABC... — (FS|ABC...|FS),
where: ABC... : is an arbitrary product of fermionic operators.

2.4.2. The elementary bosonic operatorsThe starting point for the derivation
of the bosonization formalism are the commutation relatifor the Fourier compo-

nents of the electron density operatpfs, (z) = z/)I 7o (Z)¥rro (). Using the repre-
sentation of the 1D electron operators in terms of the fenmiannihilation operators
crox, Cf. equation (1.4.26), the electron densities can beawrits

I
prro(T) = 27 Z ezsgr(F)qwclg,gcran—l—q

R,q=—00

1 <= .
= o= Z gisotFlas, (2.4.1)

g=—o0

where we have defined

o
Prog = plafq = Z CIUACTUF»-H]'
K=—00
As shown explicitly in B5, 29 the commutation relations of theg,, operators resem-
ble very much those of bosonic operators:

[praqa p’r’a’—q’] = [praqapllglql] =TNg Orrt O 5q,q’a q= %nqa g € Z.
(2.4.2)
An explicit derivation of (2.4.2) can be found for exampld29, 35. Equation (2.4.2)
motivates us to define genuine bosonic operaiyg andbigq by

1
brog = ——pProg. (2.4.3)
Vg
1
— 1 —
= — Zc Croktgrs Qr=T7-q q>0. (2.4.4)
\/'n/_q ~ TOK
Due top,sq = pj"afq we obtain for the corresponding creation operators
1
b = —pro—q., q>0. 2.4.5
roq \/n—qp'/‘o' qr q ( )

With (2.4.2), it is easily shown that the canonical bosormmutation relations are
valid for b, andbl,:

[bmq,bl,a,q,] = Oyrr Bt O (2.4.6)
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Besides it is significant to notice, thiat,, andb,t(,q commute with the zero modes of
the density operators, »,, Nnamely the number counting operatd(s,,

[braanr’U’] =0. (2.4.7)

NOTE. As pointed out in 5] the “deep reason” why bosonization works is the
somewhat astonishing fact that the set of bosonic exaitstio

1 Mroq

i ) [%.0) b = {| %)} 248)
rog>0 Mroq!

forms a complete basis of the Hilbert spage; of states with a fixed fermionic con-

figuration]\7 . For a noninteracting system the stmzé'f ,0) is the energetically lowest
lying state inH{ ; and has no particle-hole excitations, thus

brog | N,0) = 0. (2.4.9)

We will proof the completeness of the stateﬁ, m ) along the way when deriving the
bosonization representation of the noninteracting Hamigtn H, in Appendix B.

2.4.3. Bosonization identity of the 1D electron operatorsin order to perform
actual calculations within the bosonization formalisnpezsally determining matrix
elements of the electron operators between states of the|fdf, 17 ), we will have to
pass from a description of the 1D electron operatgis, () in terms of the fermionic
operators:,.4«, cf. equation (1.4.26), to a representation in terms of theohic oper-

atorsb, 44 andbiaq. As we will derive explicitly for the interested reader in pgndix
A, the so called bosonization identity reads
Yrbo () = 1ro Ky (z) 7o @ idrra @), (2.4.10)

The first operator,., on the right hand side (rhs) of (A.0.15) is the so called Klein
factor. It takes takes care of the correct anticommutatsetion fore, g, (z). Acting

on a state N, ) it decreases the number of electrons in thebranch by one and
yields a sign factor expressing the fermionic natureqf, (z):

Tro N,m> =T _o|N- a(,,m> : (2.4.11)
where
ro—1
N.
Tro]\-f = H (_1) 7.
j=1

Here we use the conventiow = + 1,+ |, — 1, — |= 1,2, 3,4. Important relations
for the Klein factors are

[Nraa 777"'0’] = —0pp0gq Mros (2.4.12)
[NT(77 7771:'0—1] = 57"7"’ 60’0” 7710—7 (24 13)
Mol = Miotre = 1. (2.4.14)
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The second operator on the rhs yields phase factor depeodih_'@ in more detail

Krro(z) = ;L e Toen(F)(rNro+A)z (2.4.15)

Finally the operator$e, p, () andiqﬁIFU(ac) contain the dependence ¢fr,(z) on
the bosonic operatois ;4 andbi,,q :

etSI(Fr)qxr
idrro(z) = ———brog- (2.4.16)
rFo ; \/n_q roq

The commutation relations of the bosonic fielgsy, (x) are given by

[i¢rFa (55)3 1P+ For (331)] = 0,

. . 1 ,

[ZQSIFU ('77)’ Z¢T":|:FO" (33’)] = 57"7"’ 500’ Z —€ sgnrF)g(@Fa’)

a>0

= 81 0q In(1 — e~ SITF) L (@F2))

In summary, we have introduced the bosonization formalidnicivenables us to
reformulate a fermionic theory by passing over to a dedoripin terms of bosonic
excitations generated/annihilated by operaﬂd(,@ and b,,,. Additionally we also
succeeded in expressing the 1D electron operatprs () by means of the bosonic
operators.

2.5. Bosonization and diagonalization of the interacting 8/NT Hamiltonian

We resume our discussion of the low energy properties of S8/KImM Section
2.3 where we have found that the Hamiltonian of metallic SVE#Tof the form

Ho + Vpp + Vaupp-

With help of the bosonization technique that we have preskintthe previous section
we are going to demonstrate that we can reégst-V,, into a form that is bilinear in

the bosonic operatoft ;4 andbiaq. Then, by introducing new bosonic operators via
a Bogoliubov transformation, the Hamiltonidfy, + V,,, can be diagonalized.

Away from half-filling the operatoid, + V,, is the dominating contribution to the
total HamiltonianH . Nevertheles$/,,, leads to qualitatively new aspects in the low
energy regime of SWNT, as discussed in the following. In ptdeexamine the effect
of Vi, On the electronic properties we are going to expigss in the eigenbasis of
Hy + V,,. The subsequent diagonalization1gf,, in a truncated eigenbasis &, +
V,p, discussed in Section 2.5.5, yields to a good approximatiercorrect eigenstates
and the spectrum of the total Hamiltoni&h

2.5.1. Bosonization ofHy. We start with the bosonization &f,. Measuring en-
ergies relative to the Fermi s¢g.S) in order to avoid divergences due to the extension
of the linear dispersion relation for the noninteractingteyn to infinity as discussed
in Section 2.4, expression (1.4.23) fHy becomes

o0
Hy = ¢o Zr Z Ny c;[(mcrm : —i—sOAZr : Ny 5y
ro

TN =—00 ro
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with the level spacing of the noninteracting system,= hvr 7. The bosonized ex-
pression forHy has been known for a long tim&1], it reads

- t Nr20 Nra
Hy poson= €0 Z Z nqb,«ngrqg + 9 +rea 2
ro q>0

(2.5.1)

Terms proportional to the total number of electrons in theNGWiave been omitted
since they merely lead to a shift of the chemical potentiaddifionally we have im-
plicitly assumed normal ordering of the operatdfs, and therefore have omitted the
normal ordering symbol. The summand quadratigVir, is a direct consequence of
the Pauli principle: Adding new electrons to the system ireguthe occupation of
higher and higher energy levels. Due to the linear dispersitation the energy de-
pendence of the shell filling is quadratic. The relation eféimergy mismatch between
ther = + andr = — band toA is given by

B 2A¢0, Al <1/4
EATT Y 2Agp —sgn(A), 1/4 < |A| < 1/2

For the reader who wants to gain deeper insight into theioeldtetween fermionic
and bosonic excitations we present in Appendix B the eqemad ofHy and Hy poson
which by the way also demonstrates the completeness of 8@nlwexcitations men-
tioned in the introduction to bosonization, Section 2.4.r#&ldetails can be found in
Appendix B.

2.5.2. Bosonization olV,,. The density-density part of the interaction,
Voo = Vst Vitopr + Vgt g+ + Vg gty

can be bosonized in a straightforward way. Using (2.4.1)(@nl4), we find for the
density operators ,

1 ! F)grz —1 F)grx 1
prrel@) = 3 2V (eS0T 07y g 4 €OV TB] ) N (25.2)
Inserting (2.5.2) into expressions (2.3.10), (2.3.11)@8.12), we obtain the bosonized
versions oV ¢ ¢, Vit g g+, Vi g+ g+ @andVyy, ¢+ FOr Vg this procedure leads to

1
Virr = ) Z Vigng Weg Z Z (bmq + bl(rq) (br’rf’q’ + bj"’a'q’)

qq'>0 rr! oo’
1
+ Z anqu Z (braq + blaq) ZNT‘IO" + EWOO ZN'I‘U' ZNT’O"a
q>0 TO r’o! ro rlo’

where the coupling constankg,, are given by

]. ; N ! -
Wy = W//dx dx'U[}LJ]f(x,x') Ze’sgr(F)qwezsgr(F )7
FF'
For systems of infinite length, off-diagonal element$iqQf, are exactly). But also in
the case of finite length nanotubes without translationadriance, the dominant con-
tributions are given by¥,, and off-diagonal elements can be considered as irrelevant
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[25]. Defining
— — 1 "+ ' iq(sgr(F)z-+sgr(F")z")
Wq = qu - W//dﬂ?dﬁlt U[F]f(x,x )FZ};’e
we arrive at
1
fof = 5 Z anq Z Z (braq + bj-gq> (br’a’q’ + blla.lql)
q>0 rr’ oo’

1
+ §WON3, (2.5.3)

whereN, := " N, counts the total number of electrons in the SWNT. The first
term on the right hand side of (2.5.3) describes bosonictatians independent of
the fermionic configuration of the system, whereas the sbt¢erm denotes the so
called charging energy taking into account the energy aosadding an electron to
the system as a consequence of the repulsive Coulomb itiberac

Let us now turn to the bosonization of

L
Vf+ bt = —Lu™ Z/ dmero(m)Pr—Fa(J?)-
roF 0
In this case Fourier expansion (2.5.2) yields,

ut L
Vitor+ = _EZ/O dz Y \/agig

roF 4,¢'>0

X

(brgqeisgn(rF)q;U + blaqefisgn(rF)qw)

+
—isgn(rF)q' tisgn(rF)q u 2
% (braq’e wsgn(rF)g's bwq’ezsgn(r )a ac) -5 ;‘:Nra- (2.5.4)
Sincer+ b+ is a local interaction the conservation of pseudo momentigxact,
such that only the non-oscillating terms in (2.5.4) surviver the same reason we have
already omitted all products between the bosonic operatadsthe number counting
operators. In total after the integration owein (2.5.4) we are left with

+
u
Vitopr = -~ > g (brogbrog + hee) + > N2 | (2.5.5)

rog>0 ro

Note that the termv > A7 in Vj+; 4+ in total comes with a negative sign and
hence is attractive in contrast to the shell filling energyWiy;. Since in realistic
SWNTsgp > u™, in total the cost for filling up more and more shells in a SWNT
remains positive.
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Analogously toV+ ¢+ We obtain for the remaining density conserving interac-
tions

J
Vost s+ + Vopp+ = D) ;NJHTNU

1
- |5 uf D Ngbrogb—req +ust > Neblogb_req | +hc|, (2.5.6)
raq>0 roq>0

where we have defined the exchange energy
A A
Again it is instructive to examine the term depending on tinaber counting operators

in (2.5.6). It favours the spin alignment of electrons wiifieslent pseudo spin and
therefore of ferromagnetic correlations.

2.5.3. DiagonalizingHy + V,,. As we have shown in the previous section we
could indeed recast the Hamiltonidify + V), into a form that is quadratic in the

bosonic operators, ;4 andblgq. Hence we can diagonalizé, + V,, with the help of

a Bogoliubov transformation. Before tackling the actualgdinalization, we simplify
the problem by dividingH, + V,, into decoupled collective spin and charge exci-
tations. The possibility of performing the spin-chargeasafion is one of the most
prominent features of interacting one-dimensional systeifowever, as we will see,
in the case of SWNTSs the inclusion of the non-density-dgnmibcesses will partially
spoil the spin-charge separation. But now let us introdheettdtal () and relative
(=) charge €) and spin §) operatorsh;s,, jo = c+,c—,s+,5s— which are related to
the old operators, . via the following transformation betwegd = c+,c—, s+, s—
andro =+1,+ 1, — 1, —

brog = Al2bjsg, 4> 0, (2.5.7)
where Einstein’s summation convention is used and with
1 1 1 1
i 1 1 1 -1 -1
Jjo _
Mo=3511 -1 1 -1 | (2.5.8)
1 -1 -1 1

Inserting (2.5.7) into the bosonized contributiongg + V,, the differentjé excita-
tions indeed separate. A lengthy but simple calculatiotdgie

N2
HO =£p Z nqb;[(sqh(;q + €0 Z ( 27‘ + A’I"NTU->
ro

70g>0
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and

2 gt
Vop = 2 mWq (berg +bl1g) =5 D7 mg (bisghisy + hec)
q>0 7og>0

1
1K, (uf ngbjsgbisg + uingbls,bisg) + hec.
70g>0

ut J 1
- 7 ZN,?G - E ZN‘—'—O’N‘—O’ + §W0N02
ro a
Collecting the contributions from the single modes we can alrite

Ho+Vyp =Y Hjs+
j6

i 1
_ u? ;‘:NTQU - ZN—l—a—N—g— + EOZ ( ro + A’I"Nfra—) + EWONE (259)

with the operators

Hj5 = 602’)’1,(] ]qu

>0
1 2
+ 32 g (40504 Wy — 0ug) (bisq + bl )
q>0
1
) an (bjsqbjsq + h.c.) (u+ + 5uf - 5ubA) , (2.5.10)
q>0

describing the bosonic excitations of maoge As we demonstrate in Appendix C we
can separately diagonalize the Hamiltoni&hg by introducing new bosonic operators

@jsq anda;f.dq via the Bogoliubov transformation given below by equatiarb(15). We
obtain

1
Hy+V,, = Z Ej(jqa;-é-qaj(sq + EECNCQ
j0g>0

1 J
3 %:Nw [_EN_M + (e0 —uT) Ny +1ea|. (2.5.11)

The excitation energies;;, and the relation between the new bosonic operatgys
and the old operatots, are determined by the Bogoliubov transformation. In detail

we find witheg, := gony,
Ect+q = €0g\/ 1 + 8Wy /€0, (2.5.12)

Es—q = €c—q = €0g(1 — uf' /o) (2.5.13)
and
Es+q = €0q(1 + UbA/80)- (2.5.14)
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L =
5k *  “screen H

=25 nm

L
+ screen

1 L L L L L
0 50 100 150 200 250 300
soq [meV]

FIGURE2.5.1. Therati@.; 4/c04 as afunction ok, for a (20,20)
armchair SWNT of 980 nm length. Here we show the decay of
¢+ q/€04 fOr an unscreened and a screened (screening length 25 nm)
Coulomb interaction. In both cases, a dielectric constanftl.4, see

Ref. [13], is assumed.

The energies of the+ channel are largely enhanced compared to the other ercisati
because of the dominatirigy s ; contribution. For smaly the ratiog, := €oq/€c44 iS
approximately0.2, whereas for large it tends tol, sinceV;; is not a local interac-
tion. In Fig. 2.5.1 we show exemplarily the dispersion tiefaffor .., of a (20,20)
armchair SWNT. Small corrections due to the coupling cmtsrzaﬁ andu™ have been
neglected in the relations (2.5.12) to (2.5.14). Note thdy the excitation energies
of the j0 = ¢c—, s— modes are identical. For the transformation from the oldbius
operators, ., to the new ones;;, we find

braq = ZAig (Bjéqajéq + Djéqa;(j(I) , g>0 (2.5.15)
jo

where the transformation coefficient;s, and D;s, in the case of the three modes
jé = c—, s+, s— are given by

Bjsq =1andDjs, =0 (2.5.16)
and forjd = c+ we obtain
Bisq = d (x/g_qu L) » Djsg = ! (\/g_q - L) , (2.5.17)
2 V94q 2 N

with g, = Ei‘fq. Small corrections to (2.5.16) and (2.5.17) resulting fribra terms
Vi+y g+ andVy ¢+ p+ have again been neglected.

Let us also shortly recall the physical meaning of the femuaontributions in
(2.5.11). The Pauli shell filing energi > N2 + rea and the charging energy

TEN? stem fromHy and Vyyy, respectively. The shortranged interaction terms
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Vitpp+ andVy e+ s+ + Vi ¢+ lead to an energy gain for aligning the spin of elec-
trons with differentr and to an attractive contribution counteracting the shiitdi
energy respectively, cf. equations (2.5.5) and (2.5.6).

An eigenbasis off + V,, is formed by the states

oy 1 )

70g>0 Myjsq:

v, > , (2.5.18)

where| N,0) has no bosonic excitation. Remember that the fermionic gorstion
N = (N_4+,N_}, Ny, N, ) defines the number of electrons in each of the branches
(ro). Note that the state{sJ\_f' ,0) from (2.5.18) are not identical to the eigenstates

\J\?,O) of the noninteracting system in equation (2.4.8), sinceatierformer states it
holds

braq |—]\77 0) = Z Af,g (Bj5qaj6q + Djéqa]5q) |N O) 7é 0,
jo

whereas for the latter states equation (2.4.8), bgs, |J\7,0) = 0 holds. In the
following we will use the states from (2.5.18) as basis toneixe the effect off;,,,.
For this purpose we evaluate in the next section the corneipg matrix elements
using the bosonization identity for the 1D electron opesato

2.5.4. The matrix elements<]\7m|Vnpp|J\7’m’>. Generally, due tdV;,,, the

guantitiesN ands are not conserved. Especially, the terms viith= b, u in (2.3.14)
mix states with differenfV. However, denoting

N, == ngn Nio, sgn(t,l) =

and
= ngn(ra)Nm
To

we find that {V., N5, N, mod4, N, mod4) is conserved, i.e., states differing in
those quantities do not mix, such that the correspondingixreiements ofl;,,, are
zero. Note that in contrast to the real spgin= %NS, the pseudo spis, := %N; i
not conserved in general.

We already know from our discussion in Sections 2.3.3 andi 2ttt all the pro-
cessed’s, 5,5, contained inV;,, are effectively local interactions, i.e., of the form
(2.3.9). From that equation it is clear that the key ingretifer the calculation of the

. . = YA .
corresponding matrix eIemen(st Vs, sp5,| N'm > is the derivation of a general
expression for

=

Miyip)o) (N, 70, ) =
<m

¢T1UF1 )¢IZJ’F2 (x)¢TSU'F3 ($)¢T4UF4 (*T)‘ N,7—7')7f1> : (2'5'19)
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For this purpose we express the operatprsr(x) in terms of the bosonic operators
broq andb,t,,q, g > 0, using the bosonization identity (A.0.15) from Section.2,4

YroF (:L‘) = NoKiroF (x)ewIUF(w)ewMF(w)- (2.5.20)
In Appendix E we demonstrate that the matrix elements fromatgn (2.5.19) fac-

torize into a fermionic (depending on the fermionic confq;iﬂnsﬁ and]\_f’) and a
bosonic part (depending an andm’),
V'Y,

Miy(N, W', ) = (N| K}, (o)nf, K, (@)n], Koy (@), Ko (2)m,
V')

where the fermionic part is given by

Miy(N, W', ) = (N| K}, (o)nf, K}, (@)n], Koy (@), Koo (2)1n,

and the bosonic part reads
Mig (77, 7, ) = (7] € ) i61, (0=, (2) =01y ()
X ei¢}3(w)ei¢13(x)ei(ﬁa(w)em‘l(m) Tﬁ,>- (2.5.21)

For a better readability we have replaced the indicBs by a single indeX. As we
demonstrate in Appendix E, the explicit evaluation yields
1
Mo (N, N, ) = D)2 By TR Q9 R (@) (25:22)
whereﬁ[ llo] = €rio + €rye’ — €rsor — €r,0- The Klein factors in (2.5.20) lead to

the sign factofT’ NN,[ Ilo] which is either+1 or —1 andQﬁﬁ,[T][F](x) yields a phase

depending oriV. Explicit expressions can be found in Appendix E, equati@hs.1)
to (E.1.4).

For the bosonic part a1, (N, 7, N', 7/, ) the calculation in Appendix E
leads to

76
x As,p (@) [ [ FOG 10 (@)s Misgs misg)-  (2.5.23)
joq
The functionF(\,m,m'), which determines the coupling between states with dif-
ferent bosonic excitations, stems from the evaluation dafimalements of the form

<m ‘e—”‘”e’\“‘ m'>, where the bosonic excitatioris:) are created by the operators
at,ie.,|m) = (af)™ /v/m!|0). For the explicit form ofF'(\, m,m'), which can be
written in terms of the Laguerre polynomialg’, and the coeﬁicientéfz‘fF][a](x), we

again refer to Appendix E. The functiafi,j;r,1(x) is conveniently considered in
combination W|thQNN, r][F] (z), namely the product

Kﬁ[r][F][a1(37) = Qﬁ]\_f’[r][F](‘T)C[T][F]M(‘T)
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can be reexpressed as

K 3111001 (®) = Q@) Cs, 515, (), (2.5.24)
where

~ 4 4
~ .7'('
Qﬁ[r][F}(x) = exp {’LL ijlsgn(erj)Nrj(,j + ngn(erj) J;} .

Jj=3
~ 4 ~ )
Here),_,q; denotes the sumy + as — a3 — a4. ForCls, s,.s, () we obtain

Crepg- (@) = —=Cpoyp(w) = —Chp-p+ () = 1/4sin? (%w) : (2.5.25)

Copp+ (x) = —Cyp- p+ () = 4sin® (%) (2.5.26)

andCs, s,.s, (x) = 1 for the remaining processes Wi,

The calculation o\ (1,71, z) in the appendix requires normal ordering of the
bosonic operators. This procedure leads to the functigns («), which are of special
interest for the interaction processes that fulill- = « and hence are restricted to
the region around half filling (cf. Section 2.3.2). Only ftvose processeds, , (z)
differs from1. The reason for this is that only for th# » = u terms the coefficients
5\[6:}—[3,][0](1') related to the chargegt-mode are not vanishing and thds (x) depends
strongly on the energy dispersion of th¢ mode and therefore on the forward scat-
tering part of the interaction, in detail

Au(z) = exp [2 Zniq (1 _ o ) sin2(q:1:)] ,

as we derive in Appendix E. Since for the repulsive Coulontéractionsg,/ec+4 < 1
holds, we findAg, ,—(z) > 1. In Fig. 2.5.2 we showdg _,—,(z) for a (6,6) SWNT.
The large magnitude o1, (z) leads to a strong enhancement of the coupling between
different states| N, ) and | N, 7). We therefore conclude that the eigenbasis
(2.5.18) is not a well suited starting point for the examimabf V,,,, any more. As a
matter of fact our truncation scheme for the diagonalizatibthe total Hamiltonian
fails near half-filling The resulting spectrum does not converge when enlargieg th
truncated basis. So far the question if finite size SWNTs gbdheir behaviour com-
pletely at half-filling remains unsettled and further invgations of this point seem to
be worthwhile. In fact, the situation at half-filling has pleen discussed in the work
[14] by Yoshioka and Odintsov for SWNTs of infinite length. Apjplg renormaliza-
tion group techniques they find a Mott insulator state atfillilig. Altogether, we get
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300 x w w x

A ()
N
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x/L

FIGURE2.5.2. Ag, ,—,(z) as afunction of for a (6,6)-SWNT. Note
the large magnitude ofls, ,.—,(z) compared tAg, ,+,(z) = 1 for
the processes only relevant away from half-filling!

with equations (2.3.9), (2.5.22) and (2.5.23) for the strgdntributions td/, ,,,

<J\777L Vs, 555, | ]\7'77/> =
1

TACE O ]\7’+E[T]W,TJ\75TSU
{[T]Sra[F]S i[U]SU}
X /dax f(ﬁ[ 1o (®) A, 5 ( z) [T FA )y Mjsg, Mys,).  (2.5.27)
joq
The evaluation of (2.5.27) causes no problems except foﬁtbenservigg terms with
(S, 87, 8q) = (f7:6, f7), (7,0, f), (b, f~, fT), since then we find( g, 1) ~

1/4sin (Zw), cf. (2.5.24) and (2.5.25), causing the integral in (2.p1@7diverge if

> jsq IMijsg—m's,| < 1, such that the evaluation of the corresponding matrix efgsne
needs special care in this case. The origin of this divergéas in the fact that for ma-
trix elements withh ;5. [mjsq —mjs,[ < 1, the N conserving processes depend on the
total number of electrons in the single branches (compatkeadermionic contribu-
tions toH(+V,, in (2.5.11)). Since the bosonization approach requireashemption

of an infinitely deep Fermi sea, cf. Section 2.4, this leadtyout the correct regular-
ization, necessarily to divergent expressions. In cofjtedectrons deep in the Fermi
sea do not contribute to thE non-conserving processes due to associated huge exci-
tation energies, see Fig. 2.3.2. Hence those processestdepend on the number of
electrons in the nanotube. In Appendix F we show how the prigggrilarizations can

be performed. Here we give the regularized result<fiffm |Vf+ bf- \ J\7‘ﬁ'7,>, since
it is of special importance for the discussion of the groutadesspectra away from
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half-filling,
<J\7’r71, |Vf+ bf- ‘ J\77?L> = ut Z min(Nyq, Ny))
: r

N -
+ a Z /deﬁ[r}[F]($)
{[r]f-f—ﬂ[F]ba[o—]f*}

X

[ FOL 1 (), misgs misg) — 1 | (2.5.28)
joq

2.5.5. DiagonalizingHy + V,, + Vi, In Section 2.5.3 we wave diagonalized
Hy + V,, and in Section 2.5.4 we have determined the matrix eleménis g in
the eigenbasis off + V,,. From the discussion of the different interaction processe
we know that the corresponding coupling constants for tloetsanged interactions
scale likegg/d. For a small diameter SWNT like a (6,6) armchair tube with=
0.8nm we find with the values in table 11,+,uj% ~ 0.02 — 0.04¢q. Therefore the
magnitude ofl/,,, is only small compared to the one & + V,, and we can easily
analyze the effect of the non-density-density interacligg), on the SWNT spectrum
by representing the total Hamiltonidi, +V,,+V4,, in a truncated eigenbasis Hp +
V,p- However, remember that the strength of the short rangedaiction processes
that are only of relevance near half-filling is enhanced bgraximately two orders
of magnitude as a consequence of the functigyiz). Hence near half-fillind/,,, is
even the dominating part of the Hamiltonian and the truncagirocedure described
above fails.

2.6. The spectrum of metallic SWNTs

With the recipe from Section 2.5.5 we are now able to detegrttie spectrum of
metallic SWNTS away from half-filling. We start with the examation of the ground
and low energy states.

2.6.1. Low energy spectrum.For the analysis of the ground states and nearby
small excitations we use the lowest lying eigenstatedlpf+ V,, without bosonic
excitations as a basis. The calculation of the spectraiisisf the casesV, = 4m,

N, =4m + 1, N, = 4m + 3 on the one side ani¥, = 4m + 2 on the other side.

N.=4m, N, =4m + 1, N, = 4m + 3

First we consider the charge stats = 4m, N, = 4m + 1 and N, = 4m + 3.
In that case the lowest lying eigenstatesif + V,,, shown in Fig. 2.6.1, which
are of the form| 1\7,0) and therefore uniquely characterized Ey do not mix via

Vapp- That means that the only correction frdr,, to Hy + V,,, stems from theV
conserving procesk;+ ¢-. For states without bosonic excitations, equation (2)5.28
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N=4m: :L & N=(m,m,mm)

N=4m+1: == sl —+ — N=(m+1,m,m,m)
c HH HH HH HH +permutations

HF H_* HF H_IV- N=(m+1,m+1,m+1,m)
Nc=4m+3: HH HH HH HH +permutations

FIGURE 2.6.1. The lowest lying eigenstates & + V,, without
bosonic excitations for the charge stafés = 4m, N, = 4m + 1
and N, = 4m + 3. On the right side the fermionic configurations are
given. We use the conventidi = (N4, Ny |, N 4, N_|).

yields, because af(),0,0) =1,
<J\7,o Vi 1\7,0> - <J\7,0 Viss | 1\7,0> = ut S min(Nep, Nyy). (26.1)
T

Hence herd/,,,, yields an energy penalty for occupying the same brandrhis effect
has already been found in the mean field theory of Oreg etl8l. [The parameter
dU there corresponds to our constart. The energies of the lowest lying states for
N, = 4m, N, = 4m + 1 andN, = 4m + 3 only depend orV. In detail we find with
(2.5.11) and (2.6.1),

1 .
Eg = EEchQ +ut Z min(Np4, Ny )

1 J
+3 ;Nro [—gN—m + (e0 — ut) Nyy +rea| . (2.6.2)

From (2.6.2) it follows that for the states depicted in Fig6.2 the interaction de-
pendent part o/ ; is the same for all fermionic configuratiomﬁ corresponding to

a given charge stat®.. Hence the interaction leads merely to a common shift of the
lowest lying energy levels for fixed/,.

N,=4m + 2

Of special interest is the ground state structure ofNbe= 4m + 2 charge state, since
here the lowest lying six eigenstatesi§ + V,, without bosonic excitations, denoted
|N,0) with N = (n + 1,n + 1,n,n) 4+ permutations, mix vid/,,,, leading to a
S = 1 triplet state and to three non-degenerate states withOspForea =~ 0 (the
meaning of~ 0 will become clear in the following) the triplet is the grousthte. In
the following we denoté(n + 1,n + 1,n,n),0) by [t}, =), |(n + 1,n,n,n + 1),0)
by |1,{) and analogously for the remaining four states. Ignoringramtions, the six
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considered states are degeneratesfor= 0. As we can conclude from (2.5.11) the
degeneracy of the six considered states is already liftegtlifiding only the density-
density interactior¥/,,, since then the energy of the spirstates|t, ) and ||, ) is
lowered by

J/2 = u? + up
relatively to the other ground states. Let us now consideretfiects ofV;,,,. The
diagonal matrix eIemen<sZ\7, 0 Vil N, 0> are again determined by equation (2.6.1),

leading to a relative energy penalty for the stdtgs —) and|—,tl). Mixing occurs
between the statgs,|) and ||, 1) via V, s+ -and V3, - and betweent], —) and
|—, ) viaV, g- ;- andV,,; ;. With equation (2.5.27) we find

J
<T5~L |VHPP| *LaT) = _5 = - <T~La - |Vnpp| _5T~L> .

In total, the SWNT Hamiltoniadl = Hy + V), + Va,, restricted to the basis spanned

by the six statest, 1), [{,4), [T, 4), [J, 1), [T4,—) and|—, 1) is represented by the
matrix,

H = Eyami2+
J
— 0
2y
2 J
0o -<
IR . (2.6.3)
2
ut —ep %
0 % ut + e

whereEg smy2 = 3ENZ + (2n% 4+ 2n + 1) (eg — u™) — J(n? + n) + 2u™n. Di-
agonalizing the matrix in (2.6.3), we find that its eigenssadre given by the spih
triplet

N5 111, 1/V2 (1 4) + 14, 1),
the spin0 singlet

1/V2(H4) = [L1),

and the two states )

27 (CI/Z |T~La _> + |_7T*L>) )
€1/ +1

where the coefficients, ;, are given by
eA + (J/2)2 Fea
J/2 )
Relatively toEy 4m+2, the corresponding eigenenergies até/2 for the triplet states,
J/2 for the singlet state and* + /<3 + (J/2)? for the remaining two states. Thus

under the condition
J/2 > \/eQA +(J/2)% — ut,

Cij2 =
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FIGURE 2.6.2. Low energy spectrum of @,6) SWNT for the
charge stat&v, = 4m + 2. (a) In the casea = 0 the ground state is
formed by the spin triplet (— @) and the state§], —) and|—, 1})
mix (—Q states). (b) Foea > J/2 the ground state is given by the
spin 0 state|t, —). The spin0 singlet state(|1,]) — |{,1)) /2 is
indicated by®. The coupling parameters afe= 0.09¢y andu™ ~
0.03¢g.

i.e., for asmall band mismateh\ < J/2 the ground state is degenerate and formed by
the spinl triplet, otherwise b\/y%+1 (c2 |4, =) + |—,1))). The ground state spectra
€2

for the two casesan = 0 andea > J/2 are shown in Fig. 2.6.2 for a (6,6) armchair
SWNT (corresponding to a diameter @8 nm). Assuming a dielectric constant of
e = 1.4 [13], the calculation of the coupling parameters according ppeéhdix D
yields values off = 2(uf + uf*) = 0.09¢9 andu™ ~ 0.03¢o which agree well with
the experiments1B, 38, 20, where nanotubes witha > J/2 were considered. To
our knowledge, experiments in the regige < J/2 demonstrating exchange effects,
have not been carried out so far, such that a validation opmdictions for this case,
namely the existence of the ground state sbimiplet and the mixing of the states
|1, —) and|—,1]) is still missing. The latter effect could be of relevance tioe
understanding of the so called singlet-triplet Kondo €ffd@] in SWNTSs.

It should be stressed that all exchange effects, leadingigstothers to the spih
triplet as ground state, result frofy # f interaction processes. In the work of Mattis
and Lieb B9], however, there is no such additional pseudo spin degréseefom.
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FIGURE 2.6.3. The excitation spectrum for a (6,6) SWNT occupied
by N. = 4m electrons. In grey we show the spectrum as obtained
by diagonalizing the Hamiltonian of the standard theHry = Hy +
V5 and in black for the full Hamiltoniatd = Hy + V), + Vigp.

A band mismatclkzka = 0 is assumed. The energy of the lowest
excitation is4.3¢y3. All other interaction parameters are as in Fig.
2.6.2. Arrows indicate eigenenergies of the “standard” Htaman

Hgy = Hy + Vy sy involving excitations of the+ mode.

Hence we suspect that this is the reason why their theorematame applied in our
situation.

2.6.2. Excitation spectra away from half-filling. Until now our discussion of
the energy spectra was based on stat@so) without any bosonic excitations and
so far the effect ol/,,, on the spectrum even could have been treated without using
bosonization. But for the determination of the excitatipactrum ofH we do need the
general expression for the matrix elementd/pf, between the eigenstates Hf +
V,p as given by (2.5.27). For the actual calculation we truntageeigenbasis of
H, + V,, for a fixed charge stat&/, at a certain excitation energy and represént
in this shortened basis. After the diagonalization we find gmod approximation the
correct eigenstates and eigenenergiediofFor the results shown in Figs. 2.6.3 to
2.6.6 we have checked that convergence has been reachethd.extension of the
considered basis states does not lead to a significant clofitige spectrum.

Exemplarily we present the results for the charge d¥ate 4m. Similar excitation
spectra are found for the other charge states. In Fig. 2.6 shaw for comparison and
in order to demonstrate the effect of the non-forward sdateprocesses the findings
for the “standard” theory, i.e., the spectrum Bt; = Hy + Vy;; as well as the
spectrum of the full Hamiltonialdl = Hy+ V), + Vj,,, for a(6,6) armchair nanotube.
Thereby a non-vanishing band mismatch = 0 is assumed. Striking is the partial
breaking of the huge degeneracies of the “standard” spactiote also the lifting of
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FIGURE 2.6.4. The excitation spectrum for a (6,6) SWNT obtained
by diagonalizing the full Hamiltoniadd = Hy + V,, + V4, for

N, = 4m andea = 0.3¢¢. The spectrum becomes quasicontinuous
at relatively small energies. Shown are the low¥i00 eigenener-
gies.

the spin-charge separation when including the non-forveaattering processes. To
illustrate this point we have indicated eigenenergieggf including ¢+ excitations
by arrows in Fig. 2.6.3.

At higher energies a quasi continuum forms in the case ofuthélamiltonian H,

a feature becoming especially apparent for a finite band atidm In Fig. 2.6.4 the
spectra of the full Hamiltonia# is shown foreo = 0.3¢g.

As we have already discussed, the importance of non-forseattering terms
should decrease with increasing tube diameter. And indeedxcitation spectrum
of the full Hamiltonian for a(20,20) SWNT resembles much more the result of the
“standard” theory than it is the case fof@ 6) SWNT as can be seen from Fig. 2.6.5.

It is also interesting to regard the effect of the total iattion V,, + V4, on
the nanotube spectrum. For this purpose, in Fig. 2.6.6 thetspn of Hy describ-
ing the noninteracting system is compared to the spectrutimediull HamiltonianH,
again for &6,6) SWNT with vanishing band mismatch. Of special significarscthé
strong reduction of the number of eigenstates below a cegtzrgy if the interaction
is “switched on”. This can be mainly traced bacKfg: ; which leads to the formation
of the bosonicc+ excitations with considerably enlarged energies. Coricgrthe
transport properties of SWNTSs the reduction of relevartestplays an important role
for the occurrence of the power law dependence of variomsp@t quantities in the
case of infinitely long tubes but also for the appearance gative differential con-
ductance in highly asymmetric SWNT quantum dots as will lsewised in Chapter
4.

2.6.3. Comparison to the mean field resultsWe shortly want to compare the
results of the mean field theory by Oreg et dl9][and our approach. Concerning the
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FIGURE 2.6.5. The excitation spectrum for a (6,6) SWNT (black)
compared to the spectrum of a (20,20) SWNT (grey). The effett
the non-forward scattering processes are by far less pnmeolin the
latter case N, = 4m andea = 0.
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FIGURE 2.6.6. The excitation spectrum for a (6,6) SWNT obtained
by diagonalizing the Hamiltonian of the noninteracting teys H
(grey) and the full Hamiltoniadd = Hy + V,, + V4, (black).

groundstate structure, differences between the two waike for theN, = 4m + 2
charge state. In this situation the mean field Hamiltonianessentially be recovered
by setting all off-diagonal elements in (2.6.3) to zero. fHfere in [L9] the degenerate
triplet state can not be predicted but twofold degeneraaigbe statest,t), [J,])
and of|1, ), |{,1), respectively are found. Moreover contrary to our theorfd® no
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mixing of the states$t|, —) and|—, 1) can occur forea < J/2, an important point
regarding the singlet-triplet Kondo effeetd).

Also the excitation spectrum shows considerable diffezerin both approaches,
since the mean field theory misses the formation of the doléeelectronic excitations
as thec+ mode, with its dispersion relation strongly renormalizedtbe forward
scattering part of the Coulomb interaction.

2.7. Conclusions

In summary, we have derived the low energy Hamiltonian fotatfie finite size
SWNTs including all relevant interaction terms, espegitile short ranged processes
whose coupling strength scales inversely proportionaheéoSWNT size. We have
started our examination from a tight-binding descriptidrth® p, electrons on the
honeycomb lattice of graphene. Imposing periodic boundarditions around the
circumference of the SWNT and open boundary conditionsgatbe tube axis, we
constructed standing waves,(7) that solve the single electron Hamiltonian of the
noninteracting system. From the sublattice structure efhitbneycomb lattice the
pseudo spin degree of freedatrarises. The Hamiltonian of the noninteracting sys-
tem, Hy, together with the density-density part of the interagtiigy),, could be diag-
onalized by bosonization and Bogoliubov transformatiom.Hy + V,, the different
collective excitationg+, c—, s+, s— do not couple. As a consequence of the forward
scattering interactioVy;; the energies and therefore the velocity of the excita-
tions are strongly enhanced. The different propagatiom@ficbllective excitations, a
typical feature of interacting 1D systems, has become famoder the designation of
spin-charge separation. Considering only the situatioayanom half-filling, we ob-
tained the spectrum of the total SWNT Hamiltonian by expigithe small magnitude
of the non-density-density contributids,,, to the interaction: we have calculated the
matrix elements o¥/,,, in a truncated eigenbasis &f, + V), and diagonalized the
resulting matrix to obtain the SWNT spectrum and the cooedjng eigenstates. We
want to point out that the applied truncation procedure sdadly exact due to the
large number of included eigenstatesif + V,,. We have checked that the calcu-
lated excitation spectra, shown in Figures 2.6.3 to 2.6&nat altered by extending
the truncated eigenbasis. The calculation of the propedighe ground states and
low excitations in Subsection 2.6.1 essentially corredgaio a first order perturba-
tion treatment for degenerate systems. The results arecbalyged marginally if the
truncated eigenbasis is enlarged.

Of special interest, concerning the ground state spestthgiformation of a spin
1 triplet for the charge stat&, = 4m + 2, whose existence has clearly been proven
in the experiments of Moriyama et all1§], see Fig. 2.1.1. In the case of a band
mismatche A that is small compared to the exchange enefgyne spinl triplet is the
ground state of the system. This finding is interesting sameording to a theorem
by Lieb and Mattis 39], only ground states with spif or 1/2 are allowed for a 1D
Hubbard model with next-neighbour hopping and no orbitgetheracies. Since our
SWNT Hamiltonian includes an orbital degree of freedom wecbade that scattering
processes with respect to this degree of freedom are therréasthe finding of a spin
1 ground state. Additionally we predict fep < J/2, the mixing of the statelg'|, —)
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and|—, 1)) with an accompanying energy splitting. The degree of miegveen
|, —) and|—,1]) is of importance for the singlet-triplet Kondo effect, asalissed
in [42]. An experimental confirmation of our findings in the case < J/2 is still
missing, but well within reach.

With regard to the excitation spectrum, the different basomodes are mixed by
the non-density-density interaction proceskgs,. Therefore the spin-charge separa-
tion is lifted. Moreover we find that the huge degeneracieglwhre obtained by the
“standard” theory that retains only forward scatteringgesses are partially broken.
This leads to a more and more continuous energy spectrunigioethenergies.

For tubes with large diameters, the short ranged intemstcecome less impor-
tant, and hence the “standard” Hamiltonian for strictly M3tems,H, + Vs, pro-
vides a good description of the interacting electrons, @. B.6.5. On a first glance
that is quite counterintuitive since increasing the diaangronounces the 3D nature
of a SWNT in position space.

Because the occurrence of non-forward scattering prosesih respect to the
pseudo spin is strongly related with the honeycomb straabfithe SWNT lattice we
conjecture that exchange effects similar to the ones discui this chapter should
also be present in other small size graphene-based s&acargraphene nanoribbons
or semiconducting SWNTSs.
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FIGURE 2.7.1. AFM picture of the first SWNT quantum dot device
[43]. An individual SWNT is deposited between two Pt electrodes
aSi/SiOq substrate.

Introduction

As we have seen in Chapter 2 the low energy properties obictieg SWNTSs dif-
fer fundamentally from the properties of higher dimenslanatallic systems. Since
the fabrication of electronic devices based on individwiotubes is possible, the ex-
amination of the intriguing properties of these systemstivgadetermination of their
transport characteristics has attracted great intereskmérimentalists and theoreti-
cians. On the experimental side the investigation of tranigprough SWNTs started
with the work @3] where for the first time current through an individual SWN&asv
driven. For this purpose a quantum dot setup was created. NTSW contacted to
lead electrodes and deposited on an insulating substratd whturn is connected to
a gate electrode which allows to control the electric paatioin the substrate surface
and therefore the electrochemical potential in the SWNE dévice is depicted in Fig.
2.7.1. Resonant tunneling through single energy levelfddoa observed indicating
that electrons within a SWNT propagate coherently. More@aulomb blockade due
to the repulsive electron-electron interactions (a dedadxplanation of the Coulomb
blockade will be given below) was found. As already mentthrtbe verification of
LL behaviour in SWNTs was achieved shortly afterwartlS,[1§. With increasing
quality of the grown SWNTSs also the obtained data have imgniaand the effect of
shell filling could be observed. The discussion in the first pathe thesis has shown
that four different electron species characterized-dyare present in SWNTs. Since
electrons obey the Pauli principle, shells occupying fdaecteons each are formed.
In transport measurements this results in a charactegsga-odd 44] or fourfold
[18, 38, 20, 4% periodicity of the Coulomb blockade features with the gatéiage.
Whereas the Coulomb blockade can be explained by regardgng state proper-
ties only, the determination of the current at a higher b@tage requires to take into
account transitions of the system to excited states. Wheemaw energy states enter
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the bias window the current will change, leading to exaitatines in the bias- gate-
voltage plane. The position of the excitation lines depatidsctly on the energy spec-
trum of the SWNT. So far excitation lines of SWNT quantum dagése only been
discussed in19, 45, 46 using a meanfield approach. In this thesis we do not only
calculate the expected excitation lines but also give atifasime calculation of the
non-linear current across a SWNT quantum dot as a functidineofate and bias volt-
age. Prior to our work47, 48 no quantitative analysis of the current characteristics
for SWNT quantum dots had been available. In Chapter 4 weidenthe case of
guantum dots with non-magnetic lead electrodes. A geretain to spin dependent
transport through SWNT quantum dots with ferromagnetiddeaill be presented in
Chapter 5. As basis we will use our almost exact results ®SWNT spectrum from
Chapter 2. However, the main focus will be on medium to larigenéter SWNTs
where exchange effects can be neglected.

Before we actually address the physics of SWNT quantum detpresent in the
following chapter an overview of general aspects of quantiots. Moreover a trans-
port theory for generic quantum dots weakly coupled to the keectrodes is derived.
We are going to show in detail how the stationary currentuphoa generic quantum
dot can be determined as a function of the electrochemidahgals in the leads and
in the dot. The state of the dot itself is characterized byrdticed density matrix
(RDM). Its dynamics yields the current through the dot. Aplaied above, a net
current can flow through a quantum dot if the electrochenpoééntials of source and
drain are adjusted to different values by the voltageandV;,. Since current can only
flow if one transport direction is favored, the current-garg system will have to be
treated out of equilibrium if going beyond the linear respwnegime. Hence, the state
of the quantum dot will in general be described by a non-égriiim density matrix.
Its time evolution in the weak coupling regime is convendibn determined by Pauli
rate equations49]. However, this approach fails in general when considediegener-
ate systemsq0]. The reason is the invariance of the Pauli rate equatiodsmumitary
transformations within the degenerate eigenstates ofahey$tem. In order to cure
this problem we generalize the derivation of the Pauli mastigiation in 56] based
on the Liouville equation for the RDM to degenerate systeffat this purpose we
have to include coherences between degenerate statescalowlation. We have seen
in our discussion of the SWNT spectrum that the latter haklyidegenerate energy
levels, especially if large diameter tubes are regardedvfoch exchange effects are
absent. Thus, considerable influence of the coherencesednatiisport properties of
SWNT quantum dots can be expected. As we shall see in ChafiteriBclusion of
coherences is also crucial for spin degenerate energyslefd¢he dot in the case of
arbitrarily spin polarized leads. It should be mentioneat thquivalent equations of
motion for the RDM can be obtained by applying the Keldyshrfalism to weakly
coupled quantum dots, cf. e.d], 53 where transport across single level spin-valve
transistors have been examined. In the derivation of thergéined master equation
we will explicitly keep the dependence on the geometry ofttiimeling contacts. In
Chapter 4 this will reveal interesting insight into the pbaity of pseudo spin polar-
ized leads in SWNT quantum dots. It should also be mentiohatdur theoretical



62

approach to transport via the Liouville equation can bereéd to include higher or-
der tunneling processes, thus we shall be able to go beyoakieeeipling in the future
[53].



CHAPTER 3

Quantum Dots

In this chapter we introduce the basic concepts of quantushadal derive a trans-
port theory for those devices. In the subsequent chapterargvgoing to apply the
results to examine quantum dots based on metallic finite YA Ts.

Over the last few decades great progress has been made tingneell defined
solid state devices of decreasing size. Quantum dots, tshjeaall enough that the
electron confinement leads to quantum mechanical quabotizaffects, have been
studied extensively over the last years. A huge variety fiéidint quantum dot se-
tups has been examined. Examples are semiconducting aatsgaed by submicron
fabriquation techniques, metal particles, carbon naregtulr even smaller organic
molecules. Attaching leads to the quantum dots via tungéglinctions a current can
be driven through the device if a bias voltage is impressadd®n the source and
drain electrodes. In order to change the electrochemidehgial, and hence the aver-
age number of electrons, the quantum dot is capacitivelpleduto a gate electrode.
In Fig. 3.0.1 a generic quantum dot setup is depicted.

Quantum dot setups offer excellent possibilities to study internal electronic
structure of the dots itself: The electronic transport prtips, i.e., the current through
the system as a function of the gate and bias voltage dependiigely on the energy
spectrum but also on the actual form of the dot eigenstatethid chapter we make
the theoretical link between the electronic propertiesrofraeracting system like a

Tunneling junction Tunneling junction
Gate
T
o !
v; Vi

FIGURE 3.0.1. Scheme of a generic quantum dot. Source and drain
electrodes are coupled to the dot via tunneling junctionke gate
allows to control the electrochemical potential in the dot.

63
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metallic SWNT and the transport properties of the corredpanquantum dot. To
start with we give a brief introduction to the general aspettjuantum dot physics.

3.1. Charge quantization and Coulomb blockade

Due to the small distances between the free charge camigngantum dots, the
energy per electron resulting from the mutual Coulomb r&punl has a considerable
value. Without caring about the details of the underlyinghynbody processes, in the
so called constant-interaction model the interactionksrnéanto account by assigning
phenomenologically a certain capacitard¢¢o the dot . Putting a single new electron
on the dot costs the additional charging enefgy— % Having very small capac-
itances ofl0~!® F and less, charging energies are of the order of meV and niore.
carbon nanotube devices charging energies as larg20ameV have been measured
[16], exceeding the thermal energy T at room temperature by far.

If the coupling to the leads is weak enough such that the waetibn of the elec-
trons is almost entirely localized inside the dot also thenber of charges in the dot
is quantized. Then the number of electrons on the dot canabiagige by tunneling of
one single electron into or out of the dot. Such a quantumglobimmonly referred
to as single electron transistor or shortly as SET. In a SHips&ere is always a defi-
nite integer number of electrons in the dot. Applying a bialtage across source and
drain electrodes induces transport of electrons throughith. For temperatures with
kT < E. the transport properties are strongly influenced by thegiharenergy.
Depending on the gate voltadg, tunneling into the dot is forbidden if the additional
charging energy cannot be compensated by the bias voltdgeaisence of tunneling
and hence of a current due K is known under the designation Coulomb blockade.
The situation can be best described in terms of the elearittal potential in the
leads and in the quantum dot (see Fig. 3.1.1). In the sourdeal@in electrode the
electrochemical potentialg; and i differ just by the bias voltagd, = Vs + V4
times the elementary charge In the following we consider the cagge > ug4. The
electrochemical potential in the quantum daf,, is determined by,, the number of
electrons in the dot and by the gate voltage, which allow®tdicuously shiftue up
and down. Neglecting for a moment the possibly discretizeetgy spectrum of the
electron states in the dot, adding an electron chapggsist by £, > 0 :

po(Ne +1) = po(Ne) + Ee.

Tunneling into the dot occupied by, electrons is not possible jfo (N. + 1) > .
Tunneling out of the dot in the charge stdfg is forbidden ifug (N.) < pq. Hence if

both conditions are fulfilled)V, is a stable charge state and no current can flow across
the quantum dot. Thus the condition for Coulomb blockadevisrgby

po(Ne+1) > ps,  pa > po(Ne + 1).
By varying the gate voltage we can adjyust(N. + 1) betweenu, and ug. Now
an electron can tunnel from the source electrode into théndotasing the number
of electrons in the dot tdV, + 1. Sinceu (N, + 1) > pq the electron can tunnel
out of the dot to the drain electrode. The dot recovers ite stéth N, electrons and
is ready for a new electron to enter. Now the cycle can stainagThis chain of
tunneling events leads to charge transport, that can bewaasexperimentally. By
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FIGURE 3.1.1. Energy scheme in a quantum dot setup. The states
in source and drain are filled up to the actual electrochdrpiogn-
tial. Changing the number of electrons in the dot frafrto NV + 1,
raises the electrochemical potential fremg(N) to pe (N + 1). The
difference ofug (N + 1) andug(N) is the charging energ¥, plus
possibly the energy level spacing. In the left setup, tungdk not
possible, since tunneling between the leads and the dotwinibte
the conservation of energy. In the right quantum dot, thesestates
in the dot available that are between the electrochemidaintials of
the leads, and thus tunneling events from the source to tharab
from the dot to the drain are possible.

fixing the bias voltage to a value belol, and sweeping the gate voltage, we get
alternating intervals of zero conductance (Coulomb bldelkand finite conductance
(tunneling off and into the dot is allowed). In Fig. 3.1.2adtom such a so called
Coulomb oscillation in a SWNT quantum dot is showneW, exceeds,, there is no
stable charge state any more, hence current flows for asbigiete voltage. In total
Coulomb blockade results in the formation of the so calledl@ob diamonds. These
are diamond shaped regions in gV, plane, where charge transport is suppressed
due to Coulomb blockade (Fig. 3.1.3). The approximation abastant charging
energyE, for all N, that we have used here is called constant interaction médsl.
based on the assumption that the ground state energy of theystem depends like
%ECNC2 on the charge stat%.. However, as we already know from our discussion in
Chapter 2, in realistic systems generally a more complicateergy dependence on
N, due to shell filling and exchange effects is found.

3.1.1. Energy level quantization.In general the electrons in a quantum dot ex-
hibit discrete energy levels due to the finite system size.heéve already seen in the
first part of the thesis that the energy levels in finite siz¢attie SWNTSs are indeed
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FIGURE 3.1.2. Coulomb oscillations of a SWNT quantum da]f
By fixing the bias voltage at low values and varying the gatéage,
the quantum dot Coulomb blockade is alternatingly switchednd
off. Note the fourfold periodicity of the conductan€gas a function
of the gate voltagd/,. As we will see it results from the Pauli shell
filling due to the four electron species in SWNTs charactetibyr
ando (see also Fig. 4.4.2).

-4 8 ARV

FIGURE 3.1.3. Coulomb diamonds for a SWNT quantum dot
Coulomb diamondsZ0]. In the diamond shaped regions around
V» = 0 no current is flowing due to Coulomb blockade. Note again
the fourfold periodicity along th&, axis.

gquantized, although for small diameter tubes a quasi4sonth forms at higher ener-
gies due to electron-electron interactions. The magnitfdke typical level splitting
AE depends strongly on the type of quantum dot and the considarergy regime.
Depending on the charging ener@y and AE we can expect to find three different
temperature regimes:

(1) E. <« kgT: No effects due to the discrete nature of charge or of theggner
spectrum can be observed.
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(2) E. > kT > AF : This is the so called classical Coulomb blockade
regime. Coulomb oscillations are present, but thermaldlt@ns smear out
effects due to a finite energy level splitting.

(3) E., AE > kT : The quantum Coulomb blockade regime. Here transport
measurements reveal both charge- and energy level quionizahis is the
regime of interest in this thesis.

A similar characterization of different transport reginaso holds with respect to the
coupling between electrodes and dot. For highly transpaasrtacts the energy levels
of the dot become life time broadened as a consequence ohteetainty relation. It
holds AE;; > hI', where AE}, is the broadening anil is the tunneling rate. Only
for E., AFE > Al the excitation spectrum can clearly be resolved. With iasirgl’
higher order processes like the Kondo effésf][become effective. In this thesis we
concentrate on weak coupling between the SWNT dot and tlus,|é&., on the case
E.,AE > HrL.

Transport theory for weakly coupled quantum dots

In this section we derive a method to determine the statjooarrent through a
generic quantum dot described by the Hamiltonian (3.24¢, l®low, as a function
of the electrochemical potentials in the leads and in the ddte outcomes of this
chapter will be used in Chapters 4 and 5 to obtain/tig-V; characteristics of SWNT
quantum dots with unpolarized and polarized leads resphgti

3.2. Model Hamiltonian

Let us now examine the physics of a generic quantum dot irild&t describe
the overall system by the Hamiltonian

H=Hgy+ H, + Hy+ Hy + Hog, (3.2.1)

where H; can describe an interacting SWNT or any other conductor Yuithwn
many-body eigenstatesi; , describe the isolated metallic source and drain contacts
as a Fermi gas of noninteracting quasi-particles,

Hy = egoichiCan (3.2.2)
od

wherec}d creates a quasi-particle with spinand energy o, in Iead_l = s,d. The
transfer of electrons between the leads and the centramyisttaken into account by
the tunnelling Hamiltonian

Hr=Y Z/d3r (T} (9@ () + ). (3.2.3)

l=s,d o

where ¥, (7) and (I)Ll(F) = Eq‘ﬁg(ﬁcjjaz are electron creation operators in the dot
and in lead, respectively, and;(7) describes the generally position dependent trans-
parency of the tunnelling contact at lelad

Finally, H.,; accounts for the energy dependence of the system on thenaxter
voltage sources controlling the electrochemical potentiathe leads and in the dot
itself. For completeness we briefly present a derivatiotigf; based on modelling
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N MY

l]_ 12

14 Va

FIGURE 3.2.1. Capacitor model for a quantum dot. The influence
of the voltage sources on the electrostatics of the cirsuihddelled

by the capacitorg’s, Cy andC,. Waves above the capacitats and

C, indicate that tunneling between the leads and the dot istgess

the influence of the tunneling junctions and the gate on tbetrestatic energy of the
setup by assigning capacitat§, j = s, d, g to each electrodebp], cf. Fig. 3.2.1. We
start by exploiting charge conservation which yields

Qe+ Qs + Qi+ Qo =0, (3.2.4)

whereQ);, | = s, d, g are the charges which have flowed onto the capacitor€)ane:
eN., N, € Zis the number of elementary charges on the dot. By applyimghipff's
rule to the two loop$; andl, indicated in Fig. 3.2.1, we find

U+Vi—U,—V,=0,1=s,d, (3.2.5)

whereU,;, | = s,d, g is the voltage drop over capacit6. Note that along the loops
I, andl, the voltage drop over the gate capacitor is opposed to the @rer the lead
capacitors. Therefor&, comes with a minus sign in (3.2.5). Usidg = Q;/C; we
find

Q =C (Vg + % - Vl) . (3.2.6)

g

Combining (3.2.4) and (3.2.6) we obtain the dependenceeot#ipacitor charges on
the voltages and the dot charge,

Q= —C% ( > aVi-W) +Q@) : (3.2.7)

l'e{s,d,g}\l
whereCy, == ) ,_ sdg Cl- A tunneling event changeQs by Fe if an electron is

transferred from one of the leads to the dot and the other wayd respectively. This
implies also a change of the char@[saccordmg to (3.2.7), namely

Qi — Q+iQ=Q % 6l—5d9
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If the tunneling takes place at leathe chargd@; can be decomposed into the charge
of the electron that is tunneling and the chafg®, that flows over the voltage source
V;. It holds

Y
0Q; =te+ AQ;=+—c¢
Cs
and hence
AQ ==+ G 1]e
= CE -

At the other lead and at the gate the charge that passes the voltage souresld@q
0Q; anddQy, respectively. In total this yields for the energy providsdthe voltage
sources when an electron is tunneling into/ out of the datadll,

Cl Cj C
AE, = — 1) Vi+ Ve + LV, . 3.2.8
l :Fe|:(cE > l+0§]l+0§]g ( )
Given (3.2.8) it is convenient to replace the Hamiltoniaomir(3.2.1) by
H=Hg;+H;+Hy+ Hy+ Hr, (3.2.9)

where upon absorbing terms that are directly related touesling, we now write for
the lead Hamiltonians

Hy = Z (650,1 - eW) C:g‘glc(fala (3210)
oq
where the energies have been shifted by the applied voltage, = eg,; — eV}.

Additionally we incorporate the effect of the voltage sas®n the electrochemical
potential into the dot Hamiltonian by redefining

Ho — Ho — pgNe. (3.2.11)
HereN, counts the total electron number in the dot agds determined by the relation

(&

Hg = C_ (CsVs + CqVa + Cg‘/g) .

b

Commonly it is assumed thét, = Cy; andV; = —V; such that
C
g = C_;qu'

With (3.2.9) we are now ready to determine the dynamics ofjtlentum dot RDM.

3.3. Dynamics of the reduced density matrix

Our starting point is the Liouville equation for the time &uwmn of the density
matrix p(t) of the total system consisting of the leads and the dot. Sircassume a
weak coupling between leads and dot, the tunnelling HamédtoH from equation
(3.2.3) is treated as perturbation. We calculate the tinpedéence op(t) in the
interaction picture, i.e., we define

P! () = Ui(t, to)pl(to) U (1, 10), (3.3.1)
where the time evolution operatdi; (, to) is given by
Us(t,tg) = e%(H©+Hs+Hd)(t—t0)e—%(H®+Hs+Hd+HT)(t—to), (3.3.2)
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with tq being some reference time. Using (3.3.1) and (3.3.2) thauilie equation in
the interaction picture reads

I
im0 _ [0, 0 0), (3:33)

with HL(t) = en(HotHstHa)(i=to) f o= 4 (Ho+Hs+Ha)(i=to) Equivalently we can
write

: t
1
p'(t) = p" (to) — ﬁ/ [HE(t1), p(t1)] i (3.3.4)
to
Reinserting (3.3.4) back into (3.3.3) yields

- i i\? [t
pf<t>=—ﬁ[H%,p<to>]+(ﬁ) [ i, (e, 6. 639

to
Since we are interested in the transport through the cesystém, it is sufficient to
consider the RDl\/bé of the dot, which can be obtained fropd by tracing out the
lead degrees of freedom, i.e.,

Pé = Trleadspl- (3.3.6)
In general the leads can be considered as large systems remhipahe dot. Besides
we only consider the case of weak tunnelling, such that thieence of the central
system on the leads is only marginal. Thus from now on we theateads as reser-
voirs which stay in thermal equilibrium and make the follagriansatz to factorise the
density matrixp! (¢) of the total system as

pl(t) = Pé) (t)PsPd =: pé (t)PIeadSa (3.3.7)

where p, and p; are time independent and given by the usual thermal eduitibr

expression
efﬂ(Hs/dfus/st/d)

Psjd = : (3.3.8)

Zs/d

with 8 = 1/kgT the inverse temperature. As it can be formally shod],[the fac-
torization (3.3.7) corresponds, like Fermi's Golden Rtbea second order treatment
in the perturbationHr. Furthermore, we can significantly simplify equation (3)3.5
by making the so called Markov approximation. The idea i$ tha dependence of
p'(t) on p!(#') is only local in time. In more detailp! (¢') is replaced byp!(t) in
(3.3.5). The Markov approximation is closely connectedhi ¢orrelation time- of
the leads. In our caseis the time after which the correlation functions of the lead
electron operators,

CI)ZI('F',T)(I)M(FI’O) = T'Teads CI)Ll(FaT)(I)al(FIaO)pIeads ’
th

are vanishing. Thus indicates the time scale on which the system forgets about
its past. If the dynamics of the dot is slow enough, i.eg’ift’) is not considerably
changing during the Markov approximation is valid. It must be noted that therkbv
approximation leads to an averaging of the time evolutiop’ ¢f) on timescales of the
order ofr, such that details of the dynamics on short time scales d@raauessible.
Since we are interested in the dc current through the systésimposes no restriction

on our purpose. Finally we get, by inserting equations 63,33.3.7) and (3.3.8) into
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(3.3.5), the following expression for the equation of motfor the RDM,
: i
pé (t) = _ﬁTrleads [H%,pé (tO)pIeads]

N\ 2 '
" (%> Tieacs /to dty [Hr(t), [Hr(t1), 6 ()preads] ] - (3-3.9)

The first term vanishes because (df;;(7)),, = 0. Since we are only interested in
the longterm behaviour of the system we seépd— —oo. Writing out the double
commutator in (3.3.9) according to

[A,[B,C]] = ABC + CBA — ACB — BCA,
and introducing the variablé = ¢ — ¢, one obtains

Pht) =~z T [t (ROt = 0L (D + )

— (HF-()p& (t) preads Hp-(t — t') + h.c.)] . (3.3.10)
Now we insert the explicit form off from equation (3.2.3) into (3.3.10) and perform
the trace over the lead degrees of freedom. Thereby we éxipéoielations

(Po1Pott ) = <¢> ‘I)az'> —0,

as well as
<(I)Ul(1):r7'l'>th =0 forol #d'l,
such that

pht) = — hZZZ/d3 /d3/ dt’

l=s,d o
x {[ea(@ 5. 4) 9@ )9, (7.t — )0k, (1)
+ Fal@7,0) % @00 F - )b )] + he.
— [Fa@ 5. 0) 9@ 0L (08 5t - ¥)
+ ENE Tt (T, 1)L (£) T ( y,t—t] } (3.3.11)

In (3.3.11) we have introduced

Ea(#,7,¢) == T@T () (2a(@) 2,5, ), . (3.3.12)
Similarly it holds
Fal#,§,¢) = T; @)L (0}, @27, ~1)), (3.3.13)

with
(2@ ~1)) | = / dep(e) Y ¢5(@)g(@er . (3.3.14)
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Herep(¢) = pi(e) f(¢). Via the functionst,(Z, 7, t') and Fp(Z, %, t') not only the
properties of the leads but also of the tunneling junctiomgrethe dynamics as we
will see later on. In order to proceed, it is convenient torespnt the RDM in the
eigenstate basis of the dot Hamiltoni&h,. Assuming that we can diagonalize the
many-body Hamiltoniarf;, (see Chapter 4 for SWNTS), this allows us to extract the
t andt’ dependence of the electron operators in (3.3.11){hetnd| k) be eigenstates
of Hg from the N, N + 1 particle Hilbert space®ly and?# 1, respectively. Then
it holds
([ Uo (&, )| m) =t (Vo (7)), = (Vo () €7 P E710),
where we have used
Hy |k) = Ey |k)
and , ,
U, (Z,t) = enfloltt)g ()¢ nHolt—to),
To proceed further, we carry out the following two major apgmations:

I) We assume that density matrix elements between statesespirg different
charge states vanish (the system is supposed to be alway®igenstate of the num-
ber counting operatal,, since the number of electrons in the dot influences the elec-
trostatics of the whole circuit, hence is “measured” peremdlly). Thus we only have

to regard block matrices!™ (¢) describing the state of the dot containiNgelectrons.
In the eigenbasis afl;, equation (3.3.11) then reads

N = 33
l=s,d 0O

+)NN-1 +)N N+1 IN LB, (t—
RS Fl(,ngij + ) Fl(,nikj Phom (B)eh Fni (o)

JEHN 1EHN -1 /CEHN+1
(-)NN-1 (-)NN+1 IN Lp, (t—to
+ D Yo Tighim  + D Tigkkm | Phy (im0
JEHN 1EHN-1 kE'HN+1
(-)N-1N (H)N-1N\ IN—1 i (Bni+Ey )(t—to)
- Z (Fl,i’mm' +Fl,i’mm’ Piir (t)entFmiTRim
i EMN_1

(S)NHIN | n(F)N+IN\ IN+1 (L (Bt By, ) (=t
- Z (Pl,k’mnk +Fl,k’mnk) )pkkl (t)eh( bt By )(t—to)
kk'€HNt1
(3.3.15)
N N1

where we have introduced the quantiﬂé%),mnk that determine the transition am-
plitudes between states wiffi particles to states witlV + 1 particles,

_ 1
rﬁ?ﬁﬁc - EZ/d?’x/d?’yx
a

NN-1 S
(@), (@G- [ e g.ar), (3316
0

k'm
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and
(@NN+1 1 3 3
Flc;c’mnk . h2§:/dx/dyx

N+1N o
(To(@)im ™ (W17, —at)) /0 dt' Fo (, 7, 0t).  (3.3.17)

Furthermore we have introduced the following notation far inatrix elements of the
electron operator,
(To (@) = (k| To(@)]|m), (3.3.18)

with the stategk) and|m) having particle numbelN, N + 1 respectively and being
eigenstates off,. The energy differenceB;,; appearing in (3.3.15) are given by

E,;=E, - E,.

II) Secondly the so calleslecular approximatioris applied, i.e., we only retain
those terms in the equation of motion, which have no oseiyabehavior int. For
the dynamics this means that we can not resolve the evolafipfy(¢) on time scales
of i/(Em — E,), WwhereE,,, and E,, are two distinct energy levels df. From the
second and third line of (3.3.15) we find that the secular @ppration leads to the
conditions

E, = Ej, (3.3.19)
E, = Ej, (3.3.20)

and from the fourth and fifth line it follows
E,—-FE.,+E,—-E,=0, E,—FE;+FEy—E,=0. (3.3.21)

If we chooseE,, = E,,, E, # E,, in (3.3.19) of (3.3.20) then of course al&h, =
E;, E,, # Ej andE, = E;, E, # E; must hold. Additionally ifE,, = E,, E, #

m N (3.3.21),E; = Ey 4, Ey; # E » must be fulfilled. With this consideration
it is now easy to see that the equations of motion (3.3.15h@fRDM elements be-
tween degenerate states and those between non-degeteegdecome decoupled as
a consequence of the secular approximation. Because ttentig determined by the
dynamics of the occupations (the diagonal elements of thBIRie can henceforth
focus on the time evolution of the degenerate matrix elemédtiénce we can decom-
pose thepl, (¢) further into block matrlce;aIEN( t) restricted to the Hilbert spadéz,,
spanned by the states belonging to a certain energy leyednd charge statd’. A
scheme of the resulting structure of the RDM is shown in Fig3.13 To simplify
the notation we give the resulting equations of motionpf@@" (t) in Bloch-Redfield
form,

I.E I.E Ey E), I,E'
Prim™ (2) Zankk’pkk’N Z ZZankkI‘f’ P (1), (3.3.22)
kk' M=N4+1 E' kk'

where the indices, m, k, k' refer to the eigenstates &f.,. The Redfield tensors are
given by(l = s,d)

+)EN E E E'
Ry =2 D2 (S Tipse ™+ 6Ly ™). (3.3.23)
I M,E',j
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N+1

FIGURE 3.3.1. Scheme of the reduced density matrix. Only coher-
ences between states with identical particle number andygrae
kept.

and RPN B Z ()EY E
N a N
nm k:k’ Fl lc’ml\'r/z[k - (3'3'24)
la==%
E
In analogy tol‘l(‘j‘c),ﬁﬁfl we have introduced the transition amplltudq% N

from states withV particles and energf’y to states withV + 1 particles and energy
E'y ;. In detail we obtain from (3.3.15) for transitiodé — N + 1

(0)En E§V+1 _
I,k'mnk -

2 [ [ @i (v

/ dt' Fo (7,7, at')e @ (Bra—Ex)! (3 .3.25)

r

)ES\H—I En
nk



3.4. CURRENT 75

For transitionsV — N — 1is

F(a)EN EN 1 _
l,k'mnk -

1 S\ En By BN E
w3 [ ds [ (vh@), T e ™

/ A (E, ot Yek (Bx 1=Bx)! (3.3 06)
0

where now
(To(@))om ™+ = (k] W0 (2)| m) (33.27)
denotes the matrix element of the dot electron operatordmivthe statel:) and|m)
having energy¥y, E§v+1 and particle numbeN, N + 1, respectively.
Equation (3.3.22) governs the dynamics of the dot electromthe following we
deduce therefrom the current through the system.

3.4. Current

The current is essentially the net tunnelling rate in a gedaection at one of the
leads. Thus the current at leadiill be of the form

—1ey (25““1 — E{V%N—l) , (3.4.1)
N
where we use the conventidn= s/d = £1. On the long run the currents at the
two leads have to be equal, otherwise charge would accuenolatthe dot which
is prevented by the charging energy. The ras*V=! can be obtained from the
time evolution of the occupation probabilitiddy = Tr pé’N . In more detail, the

occupation probability of the charge sta¥eis reduced by tunnelling events changing
the number of electrons frol¥ to N £+ 1 and is increased by processes transferring
the charge state§¥ + 1 to N, hence

Py = Tr (,ééjN> _ Z (_ElN—>N+1 _ ElN—>N—1 n ElN+1—>N n ElN—l—>N) .
!

Using T'r (/)é’N> =g, IT (pI EN) together with (3.3.22) we can easily identify
the rates appearing in (3.4.1):

NN+l _ (+)ENE IE‘ I,Ey (—)EN E]
SEONE =SS (T o N ) (3.42)
E,E' nkj
’ _ ’ *
Since the relatlorf‘l( n;j,iv Pvar _ ( l(k;iiv ENil) holds, we arrive, by inserting
4.2) into at the following expression,
(3.4.2) into (3.4.1), at the following expressi
ENE (+)EN E’ _ I’E
=[2eRe ) Z( e I I)leN- (3.4.3)
N,E.E' nkj

For the actual calculations we are going to replat&» in (3.4.3) by the stationary
solutloan BN of (3.3.11), because we are only interested in the longtesinavior of
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the system.

Note: The expression for the current explicitly contains coheesnof the RDM.
From a mathematical point of view the inclusion of the cohees is necessary in
order to assure the invariance of the transport calculatiaer any unitary transfor-
mation Ug, within the Hilbert spaced{g, that contain all dot eigenstates with a
certain energy and particle number. In Appendix G we rewlige master equation
(3.3.22) and the expression (3.4.3) for the current in a fibvaw is obviously indepen-
dent of the chosen basis #fg, . On the other hand the RDM is hermitian, thus there
is always an appropriate eigenbasigthy in which all coherences are vanishing. The
problem is that for a complex system it is not trivial to fine ttiagonalizing basis a
priori. Moreover this “diagonal” basis depends sensitiveth the available energies,
especially on the bias and gate voltage.

Until now our treatment has been quite general, having ma@dssumptions about
the nature of the dot so far. But the actual transport prasedepend on the micro-
scopic structure of the system. As seen from equation28.and (3.3.26), we have

, En Eyyy .
to know the spectrum ol and the matrix elements¥, (i)),,, "' in order to get

from (3.3.22) the system specific master equation. Moretheegproperties of the leads
and the geometry of the tunnelling contacts will influenaegiistem via the quantities
Fqs and&,; as discussed in Section 4.2.2 of the subsequent chapter.



CHAPTER 4

Metallic SWNT quantum dots with unpolarized leads

In collaboration with Milena Grifoni. Parts of the resultepented in this chapter have
been published in the Physical Review7B, 121403(R) (2006) and in the European
Journal of Physics B6, 107 (2007).

With our general transport theory for generic quantum datsfthe previous sec-
tion and the knowledge about the SWNT eigenstates and speétom Chapter 2, we
are now well prepared to determine the V, —V, characteristics of a SWNT quantum
dot. The scheme of such a device is shown in Fig. 4.0.1. Hereowsider the case of
leads that are unpolarized with respect to the spin degréeedom. The extension
to the case of spin-dependent transport through SWNT qoadais with magnetized
leads will be presented in Chapter 5. From here on we coratentin SWNTSs with
large diameters such that exchange effects resulting fremon-forward scattering
processes discussed in Chapter 2 can be safely ignored.

4.1. Electronic properties of metallic large size SWNTs

From the discussion in Chapter 3 we know that the transpopasties of quantum
dots depend on the microscopic properties of the dot systesif.i As announced
before we subsequently concentrate on devices with a metdidarge size metallic
SWNT as dot. Our discussion in Chapter 4 on the electronipeagties of SWNTs has
shown that the amplitude of the short ranged interactiongsses scales inversely with
the tube size, such that those non-forward scattering psesecan finally be neglected
when going to large enough tubes. As large enough we wouldtddor example
the SWNT from Sample C of referenc2(] with a diameter of 2.7nm and a length of
800nm. In Section 4.3 we will demonstrate that both the erpental and theoretical
findings indicate a negligible effect due to the short-rahiggeractions for this device.

metallic SWNT
Source

Gate

FIGURE4.0.1. Sketch of a SWNT quantum dot coupled to metal leads.

77
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In principle with our general approach for the calculatidrthe transport properties
also small SWNT quantum dots can be analyzed. Thereby theisation of the low
bias regime where no bosonic excitations are present iglstierward. However,
the secular approximation used in order to derive equaaB42) can not be fully
maintained in the high bias regime of small SWNT quantum datsthe appearance
of the quasi-continuum in the spectrum of small sized tubagher energies, cf. Fig.
2.6.3. Coherences between quasi-degenerate states withies#,, and E,,, can not
be neglected if the ratib/ | E,, — E,| is larger or of the same order asthe typical time
scale for the dynamics of the RDM. In turnwill depend on the transparency of the
tunneling contacts, the applied voltages and the electiortiperties of the dot itself.
Excluding small sized nanotubes from the discussion wedatl@se complications
caused by the non-forward scattering processes.

As just explained we can describe large size SWNTs by keepithg the long
ranged forward scattering contributidf  to the SWNT interaction in (2.3.1). Hence,
in order to obtain the diagonalized Hamiltonian of largeestAWNTs we merely have
to set the coupling constanis™ andugF of the short ranged interaction processes in
equation (2.5.11) to zero. We obtain the following Hamilgon

Ho = Ho+ Vyss — pgNe =
1

1
Z squa;[dqaqu + iEcNf + 5 Z (eoN7y + T Npoen) — pgNe, (4.1.1)
jég>0 ro
with the excitation energies of the charged,

Ect+q = €0g\/ 1 + 8Wy /€0, (4.1.2)

and of the neutral modes,

€s—q = €c—q = €s+q = €0q- (4.1.3)
The eigenstates di, are of the form (2.5.18),
+ \™Mida
— (a](sq) —
Noa) = JT 222 |§, 0> , (4.1.4)

—
jég>0  V Midg:

where the creation/annihilation operators of the coN@cﬁxcitationsa; 5q/ @ioq » Of
the interacting system are related to their counterparthehoninteracting system,

brog andb}taq , Via equations (2.5.15), (2.5.16) and (2.5.17). The spacof H; with
its huge degeneracies is shown in Fig. 2.6.3.

4.2. Generalized master equation for unpolarized SWNT quatum dots

Knowing the properties of the dot system we can now take all@wk to Chapter
3 and derive from the general expression (3.3.22) the gkrextanaster equation for
a SWNT quantum dot. In order to determine the specific formhefBloch Redfield

ENE) , .
tensorsR>Y , and R, " ¥ we have to find the correct values for the transition
(0)En By,

amplitudesf‘l’k,mnk given by (3.3.25) and (3.3.26). For this purpose in turn it is
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necessary to calculate the matrix elements of the dot eleciperators in the eigenba-
sis of Hg and to examine the quantiti€s,; (Z, 7, at’) and F,(Z, 7, at'), see (3.3.12)
and (3.3.13), which contain the information about the tlingecontacts and the lead
electrodes. We start with the matrix elements of the elacbqerators.

4.2.1. The matrix elements of the electron operatorsAs we know from equa-
tion (1.4.27) the 3D electron operatobs () can be written in terms of the 1D oper-
atorsy,or (),

ngn Vrro () Y forppr (7). (4.2.2)
p

The calculation of the matrix eIemer(t@a(:i’))kE,g Fist g very similar to the deter-
mination of the matrix elements &f,,, in Chapter 2 and can again be performed with
the help of the bosonization formalism. Denoting the SWNjesstate$k) and|k’)
as|N,m) and| N’, ') according to equation (4.1.4), we get, as shown in Appendix

ro—1

<N m‘lﬁraF ‘NI _"> =05.a. & (= 1)21 1 Nix

6_5 Eq>0 e F(z)‘
K

1
rF(N')m(x) N HHF Ao (@), mjsg, mis,).  (4.2.2)

jé

Lq>0 3546

— W ()

The parameterkj‘j‘%(x) (cf. Appendix H) for the three neutral modgs= c—, s+, s—

are given by .
A% (z) = e AJ? (4.2.3)
roF \/n—q ro)

whereAZ is given by equation (2.5.8) and for the mode we have

)‘f«:g“ (z) 2\/_ («/ ;;Iq cos(qzx) + 1, /€c+qsgn (Fr)sin qm)) (4.2.4)

The functionF (A, m,m’) = (m| e’ X |m’) we have already encountered in Chap-
ter 2. For its epr|C|t form see Appendlx E. Itis interestitgnote that the interac-
tion leads to the formation of a non-oscillatarydependence of the matrix elements
(N, | rer(x)|N',7'). For matrix elements between states withbosonicc+
excitations this effect is described solely by the functi®iiiz), which in analogy to
the functionAg, . (z) from Chapter 2 is a result of the normal ordering of the basoni
operators in{ N, |, (z)|N', ') after expressing,,r(z) in terms ofa;sq and
a;r-(;q by using the bosonization identity (A.0.15). Explicitly viied

W () _ o oot (St ot o (‘””)’1), (4.2.5)

as demonstrated in Appendix H. From Fig. 2.5.1 we know thatatioe.,/c0, gOES
to 1 for largeq and hence the sum in (4.2.5) converges. In Fig. 4.2.1 we $Hd¢w)
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FIGURE 4.2.1. The non-oscillatory position dependence of the ma-
trix elements is described By (), if no c+ excitations are involved.
For a repelling interactioriy () is strongly suppressed at the SWNT
ends. Here we used the valuesepi /o, Of a (20,20) armchair
SWNT (L = 980 nm) as shown in Fig. 2.5.1.

for a (20,20) armchair SWNT with screened and unscreenetb@dupotential, using
the values ok.4/e0q @s shown in Fig. 2.5.1. It is evident thlf(z) (and hence
the tunnelling amplitude at low energies) is smallest attthe ends and increases
towards the middle of the nanotube. For an attractive intena the opposite behavior
would be found and for the noninteracting systditz) = 1. HenceWW (z) is closely
related to the dispersion relation for the excitation eiesrg.,. However, in this
thesis the contact geometry is fixed and so the actual for##f @f) doesn't influence
the transport properties qualitatively, as we will showoleilvhen discussing the role
of the tunnelling contacts.

4.2.2. Influence of the lead electrodesThe final step in order to calculate the

ratesI‘l(C,?,mZk NE! from equations (3.3.25) and (3.3.26) is the examinatiom@ftinc-

tlons&,l( Z,,t) and Fy(Z, 7, t). Those functions together with the position depen-
dent electron operators lead to a dependendg, g N P on the geometry of the
tunnelling contact. This effect can be accounted for byonhticing new parameters
. (€), which are closely related to the notion of pseudo spin p#drleads. As we
will prove below it holds

En E/ En E/
i = 5 2 [ 4@ @ i, (W),

rr'o

En

0 i ] /
/ dt/eag(s—evz—(ENH_EN))t , (4.2.6)
0

where we use the notatiapy.,; := ¥,k (2) /W (z;), with z; = 0, Lforl = s, d
and f;(¢) denotes the Fermi function. Assuming that the electronkeridads form a
3D electron gas with Fermi wave length that are small contpbtvéhe SWNT lattice
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spacingag, we will find

Dy (5) = 5r7"¢l(5)a (4-2-7)
where the generally energy dependent paramgtej determines the coupling strength
between the leads and the dot. In the same way the paramaditaripf the tunneling
contact properties can also be performed for (3.3.26)d¥igl

EN E En Ey_, E\. | E
Fl(cl?lmZk M= =72 Z/de (1— fi(e)) @], (e) (¢Iol>k,m (Wrot) N ox
7'7' ag

/ dtlea%(—E-l-eVl—(Eﬁv—l_EN))t’, (4.2.8)
0

The integrals ovet andt’ in (4.2.6) and (4.2.8) can be carried out by using

/ deg(e) /0 dt' e B = 1hig(E) + ailiPV / jE—E)Ede, (4.2.9)

wherePV denotes the Cauchy principal value. The first term on thed figind side
of (4.2.9) corresponds to processes which conserve thgyendditionally, we have
the imaginary principal value terms which can be attributedo called virtual transi-
tions since they cancel in the expression for the currenheuertheless can affect the
transport properties indirectly via the time evolution loé RDM.

Taking into consideration the relations (4.2.2), (4.2.8) 44.2.7) we can now

N E
easily evaluate the raté‘q k, NEL determining the system dynamics via equations
(4.2.6) and (4.2.8). The hurrled reader can directly advaoSection 4.3. Those who
want to see the explicit derivation of (4.2.6) or who wantearh something about
pseudo spin polarization may continue here.

PrROOE In the following we prove relation (4.2.6). We start withuadjons (3.3.12)
and (3.3.13) fo€,,; (7, ¥, t) andFyy(Z, 7, 1),
En(#,7,¢) = TH@)TT @) (Pa(@], (7, ~1)) (4.2.10)
and
Fa(@,5,¢) =T @T() (8, (@27, 1)) - (4.2.11)

In order to calculate the correlation functions in the poegi two equations we reex-
press the lead electron operators with help;¢f), the density of states in the leads,

al F) /d“:pl Z¢q mcqal’
dle
and exploit that for non-magnetic leads the single pargelergies are spin indepen-
dent such that the Hamiltonian from (3.2.10) simplifies to

H =" (eq1— eVi) clyczon (4.2.12)

of
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Using (3.3.8) for the equilibrium density operator for teads we find

<(I)al("f)(pj;l(g, _tl)> th /d€pl Z¢q (e— eVI)t’
qle
(4.2.13)
and
<¢l'l(‘f)¢0'l(ga _tl)>th /dEpl _‘quﬁ eh(E eVt , (4214)
qle

where the sun) e extends over alj' values that correspond to the enetgyurther-

morep;(e)(1 — f(e)) andp;(e) f (), wheref(e) is the Fermi distribution, denote the
densities of empty and occupied states in leadle have set the chemical potential in
the leads td, such that it does not appear within the Fermi function.

We now turn to the influence of the tunneling rates on the gégnoé the tunnel-
ing contacts and start with (3.3.25),

(EN By, 3 3 EN E/ N\ By En
Fl k'mnk e h2 Z/d /d N+l (‘Ijjf(y)) X

nk
/ &' Foy(Z, 7, at')e @ (Braa—EN)! (4.2 15)
0

from where we extract the part that depends explicitly onttimnelling contact.
That means we define energy dependent quanfffigs’ (¢), which contain all the
properties of the tunneling contacts, by

I‘l( k)’mnk M= ) Z/def Tt nkk'm / dt'e (e—evi— N+1+EN)tl_

ExpandingF,;(Z, 7, at') and the electron operators according to (3.3.13) and @4.2.1
respectively we get

Tintiom (&) = Lou(e) 3 sen(FF') [ o [ T (D)

FF’

Z¢lq F)leq ZprTfp T’QDPF(F)()Op’F’( )

qle rr! pp'
> («pTFU(a:))nk <¢I, F’U(‘”,))mm' (4.2.16)

At low enough energies the produ(ap,npg(m))nk(w:[,F,U(y))k,m contains only slow
oscillations that can be ignored along the length of theeilimy interfaces. Keeping
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only the non-oscillating position dependence in (4.2.2)kes can rewrite (4.2.16) as

Tinkkm(€) = Lpi(e) Y sgn(FF )vpp (A) x
FF'

/ &r / &Er' Ty (AT (7 )Y () piglr’

qle
Zmestopm@p,p( )Z(%)nk (@,(,,)k,m. (4.2.17)

rr!
Here the factoy;r F,(A) = eihamsen(F-F")A takes into account a possible phase shift
due to the band mismatch and we have used the notatign,; = ¥, k.o (1) /W (z;),
wherez; = 0, L for [ = s, d. By introducing parameter®,,.- (¢) expression (4.2.17)
acquires the simple form,

Tinkkm(€) = Y @iy (e Z ( ”l)nk (?ﬁlfgl)k,m- (4.2.18)

rr!

Comparing equatlons (4.2.17) and (4.2.18) we find for thapatersd,,.,. (¢),

Py (€) = pu(e ngn (FFvpp (A)x
FF’
" forfye Y TR+ F)TUE + 7 )W (Ro)W (B x
pp’ RR

Y iR+ 7)) big(R + 7y)e e (4.2.19)

qle
In (4.2.19) we have exploited that the Bloch waygg- () are only non-vanishing
around the positions of the carbon atoms in the SWNT lattize the length scale of
the extension of thg, orbitals all other quantities i®;,... are slowly varying. Hence
we could rewrite the integrals ov&randi as a sum over the positions of the carbon
atoms. The constaidt results from the integration over tipg orbitals. In order to get
more insight about the properties ®f,.,(¢) we assume to have a 3D electron gas in
the leads. In this case the wave functighg() are simply given by plane waves,

1 -
Digl#) = T
! vV
Therefore, we can easily perform the sum over the wave nwipassociated with
the energy,

S i@t ~ [ o [ deospeariaens - SMUT_T)
£ A PRERY

The previous expression is peaked aroind §. Forg|. > 1/|Z — 4] the correlations
betweent andj drop off fast with increasing distance. In our case this redhat if

q| is larger tharl /ag, whereq is the nearest neighbor distance on the SWNT lattice,
correlations between different carbon atom sites are ssppd such that we arrive at
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the following approximation:
> bil@s ) 0ialT 5 ) ~ 4705 7By,

dle
which yields
CL
Py (€) = Pl(dm > sgn(FF )vpm(A)x
FF’

2 , - ~
D Fordgr %Y \Tl(*ﬁ,p)\ =B w2(R,), C R (4.2.20)

Since we assume an extended tunnelling region, the fadtatisigj terms withF' =
—F" are supposed to cancel. Furthermore we assume that botitmas are equally
well coupled to the contacts, such that the sum dver (4.2.20) should approximately
give the same result fgr = 1 andp = 2. Hence we can separate the sum gvéom
the rest. Since the Bloch waves,, (), r @andpgen(r) ¢ are orthogonal to each other
for r #£ 7', we find that the relation

> forkper = bp
p

must hold, as it can be deduced from the explicit expressipthe Bloch wave, equa-
tion (1.4.17), and we arrive at

CL INE: -
Puprr(e) = Sy pu(e) - D0 |Til )| W (R, (4.2.21)
Rp
We thus expectd;,.,(¢) to vanish forr # r' and to give equal values forr’ =
++andrr’ = ——. As we will demonstrate below this corresponds to unpodatiz

leads with respect to the pseudo spin. We should mentiorthieatreatment of the
contact geometry here relies on several assumptions thygit mét be fulfilled under

all circumstances and so it should be seen as a first estifratexample we assume
that the transmission functioffs do not depend on thgvector of the incoming wave.
But such a dependence would increase the correlation betdierent atom sites.
Furthermore|. will not be much larger thai/a for all kind of contacts (for gold the
Fermi wave number is about5/ag), nor can the lead electrons always be described
by a 3D electron gas. O

Interlude: Pseudo spin polarization. We explain in the following the relation
between the parameteds, . (¢) and polarization with respect to the pseudo spin de-
gree of freedom. A condition under which pseudo spin podariieads can occur will
be presented. The discussion here will already give thetitire of how to treat quan-
tum dots with ferromagnetic contacts.

As it can be easily deduced from (4.2.19) the coefficidnts: (¢) fulfill up to the
normalization condition the properties of density matteneents, i.e.,

2
Dy = (I'?;/r, @y > 0, |(I>l+*| SO @,
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where without loss of generality we have omitted the energyeddence o®;,,.

Hence it is appealing to regard the contacts as an ensembleatfons characterized

by the spinordr = +) = ( (1) ) and|r=—) = ( (1) ) Therefore we introduce

density matriceg; by

D Dy +) ~ ) A Pit— ~ ~
( @li_i (I)li__ ) = ¢l( )pl = ¢l( ) ﬁlt: ﬁlt— v P+ +po—— =1,

(4.2.22)

where the coefficient¢l(+) are proportional to the contact transparency, in detail

o = g+ @

The quantities; should neither be confused with the density matrigetescribing the
equilibrated electron gas in the leads nor with the dendistatesp;(¢). In analogy
to “real” spin 1/2 particles we can now define the polarization of the contadts w
respect to the pseudo spin B6]

Pi =Tr (pioi) = FTT (®10i), i=1z,y,2, (4.2.23)
1
with the well known Pauli matrices;. Then the density matrig; can be alternatively
expressed as
- 1 14+P, Pre — 1Py
= - b ; ’ . 4.2.24

From our discussion above we know that the propertied depend on the geometry
of the tunneling contact at lead In this respect our result (4.2.21) indicates com-
pletely unpolarized leads. To mention it, the concept ofgbeudo spin polarization
is also relevant in the context of the orbital (or pseudo siiondo effect p7]. In the
theoretical work 58] it is shown that this Kondo effect is weakened for pseudm spi

polarized leadsP; := ﬁl‘ > 0, and finally vanishes foP, = 1. It is interesting

to examine whether other types of tunneling junction geciegias the one consid-
ered above can exhibit pseudo spin polarization and hethae &r the creation of
pseudo spin valvesn this respect it is interesting to return to (4.2.20) asslene an
asymmetric coupling of the leads to the two sublattiges =+, i.e., consider the case

2
(Tul” # [Tl where| T | == 25 |Ti(@5,)| - Then the sum
* 2 2 ' 2
ZfPT pr! |Tl10| - |Tl1| +rr |Tl?| ’
p

will not vanish also forr # 7' and according to (4.2.24) this means that the pseudo
spin polarization of lead will acquire a component im direction. In more detail the
polarization will be given by

1
Tl + [Tl

We think that a more detailed analysis of the relation betweeudo spin polarization
and contact geometry is worthwhile in the future, especidile to the analogy with

P (17l = 1Tl ,0,0)
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spin dependent transport which we will discuss in the neaptdr. For the discussion
there our examination of the pseudo spin polarization canesas a good starting
point. Namely it shows the way of how to treat quantum dot ceviwith leads that
are polarized with respect to the real spin. Essentially Wgwst have to replace the
parameter®,,.,(¢) by their analogue®,,,-(¢) whose relation to the polarization of
the leads can again be determined by equations (4.2.22Yah@4).

4.3. Excitation lines

If certain transitions are possible depends among othagshon the available
energy and hence on the applied gate and bias voltages. $hearece conditions
for tunnelling in/out of lead are determined by the rates from (4.2.6) and (4.2.8),
especially by the first term on the right hand side of the irgke(.2.9) together with
the Fermi function. In detail, at temperatufe= 0, transitions from a state witly
electrons and eigenenerdyy to a state with\ = N + 1 electrons and eigenenergy
E are possible under the condition

eVi < Enx—Ent1, forM:N+1,
eVi > En_i—Ey, for M=N—1. (4.3.1)

Note that we have incorporated the influence of the gate g®liato the dot Hamil-
tonian, cf. equation (3.2.11). Therefore alternatively4@.1) we can also write

eV, < E’N—EN+1—|-/J,Q, fOfM:N+1,
eVi > En 1—Enx+pg for M =N -1, (4.3.2)

where the energieBy denote the eigenenergies of an isolated SWNT without applie
gate voltage. We expect that for low temperatures the cucamonly change consid-
erably at the position of the lines in tle&” - 1, plane corresponding to the relations
from (4.3.2). But we should mention that in principle thawal transitions, cf. (4.2.9),
are sensitive to the values of the bias and gate voltagedeutéithe excitation lines if
coherences of the RDM influence the transport, as it will bee@specially relevant
in the next chapter on spin dependent transport. Howevewrirtase of unpolarized
leads we do not find a significant change of the current betwgerexcitation lines.
Furthermore not all of the resonance conditions lead to aiderable change of the
current at the corresponding lines in g, - 11, plane. Relevant transitions are those
between states with considerable overlap matrix eleméntsii|i,or (z)|N', )
and for which the occupation probability of the initial €tds large enough.

The number of electrons in the SWNT dot is controlled by thenaical potential
kg, as we know from the discussion in Chapter 3. Assumeythad just large enough
that there areV electrons in the dot. Then, in order to add another elecoagha N
particle ground state, the extra enejyy = EY,, — E}, — (E% — E%_;) has to
be payed. Herd?%, denotes the ground state energies. From the SWNT Hamiftonia
Hg, equation (4.1.1), we deduce

5,“«4m—|—1 = 6/~1'4m+3 = E,
Oppamse = E.+|eal,
5:“’4m = E.+eo— |5A" (433)
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FIGURE4.3.1. Differential conductaned /dV; for Sample C of ref-
erence 20]. A very regular pattern of excitation lines in thg — V,
plane has been measured. The fourfold periodicity due tettak fill-
ing can be seen very nicely. The excitation lines from theegrpent
can be reproduced with the choicBs = 6.6 meV, gy = 8.7 meV,
ea = J = 2.9 meV and equivalently wittE, = 9.5 meV, gy = 2.9
meV andea = J = 0. The corresponding excitation lines are indi-
cated by dashed lines. Excitation lines within the Couloriambnd
are due to cotunneling processes not included in our weagliogu
theory.

The energyuy is a direct measure of the height and the width of the Coulomb
diamonds in theV; - 4 plane. Thus a repeated pattern of one large Coulomb diamond
followed by three smaller ones is expected §ar = 0. Otherwise the pattern will
consist of a large diamond followed by a small, a medium arainag small one. In
the experiments of Sapmaz et #0] sample C showed the first pattern repeating very
regularly, whereas samples A and B revealed the secondmatte

For sample C not only the Coulomb diamonds but also a bunchaita¢ion lines
could be resolved. In20] the positions of the Coulomb diamonds and of the low-
est lying excitation lines were determined. The mean fietbith of [19] contain-
ing the exchange splitting was used for comparison. Apart from the height of the
large Coulomb diamonds, all the lines from the experimehtal V' characteristics
of sample C could be reproduced by an appropriate choiceeofntban field param-
etersF,., €y, ea, J. For sample C the choice of Sapmaz et al. \Eas= 6.6 meV,
gg = 8.7meV,ea = J = 2.9 meV. However, exactly the same Coulomb diamonds
and excitation lines are recovered by choosiljg= 9.5 meV, gy = 2.9 meV and
ea = J =0, cf. Fig. 4.3.1. We think that in this case the latter choi€@aram-
eters is much more realistic than the one madej, [with an unreasonably hight
of 2.9 meV. The SWNT in sample C had a length8ofinm and a diameter &f.7nm.
According to table 1 in Subsection 2.3.3 this correspondsafoassumed dielectric
constankt = 1.4 to an exchange splitting of =~ 0.05meV, a value two orders of mag-
nitude smaller than the value given 0. We therefore conclude that our treatment
of the interaction, where only forward scattering events@msidered and exchange
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FIGURE 4.4.1. Ground states of the SWNT for different numbers of
electrons. For each charge state we show one represergatived
state, on top for aligned bands and on the bottom for misredtch
bands. In brackets the corresponding degeneracy is givanl F
black and orange arrows represent occupied states. The(deld
ange) arrows indicate electrons which can contribute tosttians

N — N —1inthe low bias regime. Incoming electrons for the transi-
tionsN — N + 1 can be accommodated by the states represented by
the dashed arrows. So the number of bold and dashed arrogsdt e

to Cn,nv—1 andCn n1 respectively.

contributions are not present, is valid here. In Section Bigure 4.5.1 shows the
numerical result for the corresponding current.

4.4. Low Bias Regime

In the following we consider the low bias regime, i.e., thasbioltages and the
temperature are low enough that only ground states Withnd N + 1 particles and
energiesE?V, E?VH can have a considerable occupation probability. In thig ¢the
importance of taking into account the off-diagonal elermeasftthe RDM in (3.3.22)
depends crucially on the parametérg,. (¢) in (4.2.6) and (4.2.8). From the expres-
sions (4.2.6) and (4.2.8) for the rates it is evident thabtorassumption of unpolarized
leads, condition (4.2.7), the time evolution of the RDM etants between states with
the same band filling vectd¥ is decoupled from elements between states with differ-
entN. Since the current only depends on the time derivative ofithgonal elements
of the RDM, the elements mixing states with differéviwill have no influence on the
current and therefore can be ignored. Because all condidgoaind states do have a
different]\_f, in the low bias regime we only have to take into accaliagonalmatrix
elements in the master equation if unpolarized leads arsidened.
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We will refer to this kind of master equations where coheesnare absent as
"commonly used master equations" (CMEs). In the low biagmreghe occupation

0
probabilitieSp%]]EVM of the groundstates containidg particles will all be the same in
the stationary solution, since none of the ground stateslstaut compared with the

other ground states in any respect. Therefore, we introthecprobability for finding
the system in charge stalé by
_ LEY
whered), is the degeneracy of the corresponding ground states. 3iB@?2), the
general expression for the master equation we find thewollp CME for Py,
Py _
dy

+ Z E E?\J’ PM’
NNNN d NNN'N' dppr

(4.4.1)

With equations (3.3.23) and (3.3.24) for the Redfield temswr obtain

l

E9, E° , dy _E° ,E9
—QZZ( M py, - S pPu P p ) (4.4.2)
I Nt

INN dyy NN

where we have defined

(B BY
>y Z Lvwws - (4.4.3)
N/
Using the relation
dym B, EY,
Do Z e Z rl M (4.4.4)
NI
the stationary solution of (4.4.2) is easily found
/E0
25 Pz JAVJN'

Py = (4.4.5)

b)
|

EO
N+1 N+1
Ptot Z Z ( INN' + Pl NN’ > ' (446)

The current is obtained from (3.4.1). Evaluated at the sofocexample it yields,

with

% E . EO EN+1 E?V+1E?V _ PE?V+1E E{ E0N+1
N’ s NN dNN' s NN dNN
InnNy1 = T, : (4.4.7)
)

0 0
The ratesl“fl‘f]fj”’ are obtained by using equations (4.2.6) and (4.2.8),

0
E E9 N+1 EN

Ly don ™ = 2 (@) Z (rod) g ¥ (],0) Y

N'N
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and
By By _ T N1 EY EQ EY 44
L = Egbl(l—f(el))z(zpm)w, (rat) g N

Here we have assumed thbt and p; are constant in the relevant energy range. Fur-
thermore we have defined
EIN ‘= eVl - AEN

and

AEy = E} — E 4.
Remember that the electrochemical potential in the dotrisadly included inES,,
such thaEy = EY — EY,,; + pg. From (4.2.2) we obtain (remember thag,; :=
Yroko (@) /W (21)),

S5 (Hot) g U ) B = LG,

ro NI
whereC)y, v is the number of ground states willi’ particles that differ from a given

band filling vectorN for one of the ground state withf particles only by a unit vector
(see Fig. 4.4.1). Therefore we get

2 Z T NN'N+1 =Y f(ein)COn,N+1 (4.4.8)
as well as
2 Z T zizv;\r/} =% (1= f(en)) Cny1,N, (4.4.9)

with v, = - ¢i. Insertlng the rates (4.4.8) and (4.4.9) into expressiof. (3 for the
current results in

CnN+1On1,8Ys7a L f (esn) — fean)]
Zl Y [flen)COnni1 + (1 — flan))Onii,n]

INNG1 = (4.4.10)

4.4.1. Linear conductance.In the regimeleV| <« kT < g9 we can further
simplify (4.4.10) by linearisindy 41 in the bias voltage. We choose:V; = eV; =:
e and obtain

2 _
e“BONN+1CN11,NYs7Yd e PAEN

Zl% (fNCN,N+1 + (1 — fN)CN+1,N) (e—ﬂAEN + 1)2

with fy = f(—AEy). Unlike one could expect, the maxima of the conductance
Gn,N+1 = InnN+1/Vp are notaAEy = 0, but at

Inng = Ve, (4.4.11)

1 Cny, N
AFE —In—— 4.4.12
maxN = 28" COn N1’ ( )
which is only zero folCy 11,5 = Cn,n+1- The height of the conductance peaks is
C C

(vs +7a) (CnN41 + Cngin + 20/Cnv+1Cn41,n)
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We still have to determine the values ©fy,y+1 andCn41,n, Which depend on the
mismatch between the= + and ther = — band. If both bands are alignéelx = 0)
one finds from Fig. 4.4.1CNy n+1 = 4,3,2,1 andCnyi,v = 1,2,3,4 for N =
4dm, 4m+1, 4m+2, 4m+ 3. Then the conductand&y, y 1 shows fourfold electron
periodicity with two equally high central peaks fof = 4m + 1, 4m + 2 and two
smaller ones folN = 4m, 4m + 3 (cf. Fig. 4.4.2 a)). The relative height between
central and outer peaks %" 1 4,10/ Glimam+1 = 27/(10 + 44/6) ~ 1.36. Note
that this ratio isndependenbf a possible asymmetry, # 4 in the lead contacts.
In addition, the conductance is symmetric under an exchahgjee sign of the bias
voltage.

In the case of an energy mismatch betweenrthe + and ther = — band
exceeding well the thermal energy, the degeneracy of thengrstates is either or 2
andwe geCny ny4+1 = 2,1,2,1 andCny 41 = 1,2,1,2for N = 4m, 4m + 1, 4m +
2, 4m + 3. Therefore, according to (4.4.13), all the conductance pbake the same
height as depicted in Fig. 4.4.3 a) .

4.4.2. Low bias regime well outside of the Coulomb diamondsNow we ex-
amine the regime where still only ground states are occupigdvhere we are well
outside the region of Coulomb blockadg, > |eV; + AEy| > kT. Then we have
|f(es) — feq)| = 1.1fe.g.eVs—AEN < 0andeVy;— AEy > 0, such that electrons
tunnel in from the source and tunnel out at the drain, it hélds) = 1 andf(es) =0
such that (4.4.10) becomes

CNN+1CN41,NYsVd . (4.4.14)
YsCn,N+1 +7dCNns1,N

The height of the plateaus in the current of Figures 4.4.2nd)44.3 b) are de-
scribed by (4.4.14). If the = + band is aligned with the = — band, we still find a
fourfold electron periodicity. But only foty, = -4 the pattern with two central peaks
and two smaller outer peaks is preserved. The correspomdtimof the heights is
3/2. If v5 # 4 this latter symmetry is lost.

For mismatched bands ang = v, we find like for the conductance peaks that all
current maxima are of the same size. In the case of asymntetnielling contacts,
s # 74, @ pattern of alternating small and large peaks is found.

If we invert the sign of the bias voltage, the current is aldi by flipping its
direction and exchanging, with ~, in (4.4.14). Then, ify; # -4, the current does not
only change its sign but also changes its magnitude becdusg §+1 # Cn+1,n-

Note that so far we have assumed thatnd~y, are constant as functions of the
applied voltages. However, in experiments it is often obm@ithat the transparency
of the tunneling contacts varies with the gate voltage . Tégeddence of; and~y
on the gate voltage can be easily determined. First the asyryim = -/, can be
obtained from (4.4.14) in the regimg > |eV; £ AEy| > kT by inverting the sign
of the bias voltage; it holds

Inni1i =€

_ Unn41|Cnian — INtin|Cunvar

~ In+in|Cniin — INN41|Cnt1]
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FIGURE 4.4.2. Gate traces fara = 0, i.e., for alignedr = +
andr = — bands, at low bias voltage. Parameters Bre= 9.5
meV, kgT = 0.10 meV, gp = 2.9 meV and the chosen asymmetry
isys = 5yq = 4.9 -10%~1, a) Conductance in the linear regime
eV, € kT < ¢y. Despite asymmetric contacts, we find the repeat-
ing pattern of two small outer peaks and two large centrakpeh)
Currentin the regimépT < |eV;| < g9. Asymmetry effects appear.
The fourfold periodicity is retained. The upper and lowettgra cor-
respond to opposite values of the bias voltage.

whereInii1n, INn+1 are measured at the same gate but at opposite bias voltage.
Knowing o we can calculate the rateg and~y, from (4.4.14) and find
_ Inny1aCnng1 +Cnpan

Ya = y Vs = Qg
e aCn+1iNCNN+1

4.5. High bias regime

In the bias regimeV > ¢y not only the ground states will contribute to trans-
port but also states with bosonic excitations and bandgildionfigurationsZ\_f differ-
ent from the ground state configurations. We refer to therddtpe of excitations as
fermionic excitations. Since the number of relevant stateseases rapidly with in-
creasing bias voltage, an analytical treatment is not ptesainy more and we have to
resort to numerical methods in order to calculate the statipsolution of the master
equation (3.3.22) and the respective current. From (48e2know that at low tem-
peratures the current only changes considerably near diton lines given therein.
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FIGURE 4.4.3. Gate traces fak = 0.2, i.e., for mismatchead = +
andr = — bands, at low bias voltage. Other parametersfare- 9.5
meV, kgT = 0.10 meV, gp = 2.9 meV and the chosen asymmetry
isys = 5yq = 4.9 -10'%~!, a) Conductance in the linear regime
eV, < kT < g¢. The conductance peaks are all of the same height.
b) Current in the regimépT < |eV;| < €y. The contact asymmetry
leads to alternating large and small current maxima.

Therefore we can reduce drastically the numbefedf 1,) points for which we ac-
tually perform the numerical calculations, saving compgitiime. In Figs. 4.5.1 a)
and 4.5.2, the current as a function of the applied bias geltand the electrochemical
potential in the dot is depicted. The chosen parameterEfoe, ande A are the ones
we have obtained for fitting the data of sample C and sample [R@f respectively.
Hence Figs. 4.5.1 and 4.5.2 show the current for SWNTs wighrts + andr = —
band being aligned:(, = 0) and mismatchett ~ 0.34¢p). In both cases a symmet-
ric coupling to the leadsys = 4, is assumed. In the transport calculations the lowest

lying c+ excitations are taken into account usm,g:% = 4 /60%/664_% = (.21 for the

Luttinger parameter.

In addition we have also determined the current using the CidiBce ignoring
any coherences in the RDM. For the current correspondinggtodrs.1, the quantita-
tive difference between the calculations with and withaahearences is considerable
in the region of intermediate bias voltage as we show in Fi§.14b). On the other
hand the deviation of the CME result from the calculatiorliding coherences is by
far less pronounced for the parameter choice of Fig. 4.5t ¢Fucial point here is
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FIGURE 4.5.1. a) Current in a bias voltage - electrochemical poten-
tial plane for symmetric contacts case and vanishing basthatich.

b) Difference plot of the current with and without coherecélere
kT = 0.01meV and the interaction parameterg'gz% ~ 0.21.
Other parameters are as for Fig. 4.4.2.
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FIGURE 4.5.2. Current as a function of the bias voltage and the
electrochemical potential in the SWNT for symmetric cotdaout

for a finite band mismatch. The parameters here are chosetrthe fi
positions of the Coulomb diamonds of sample A20]j i.e. E, = 4.7
meV,2As; = 2.8 meV, gy = 8.2 meV.

that the charging energk. is smaller thareg, the level spacing of the neutral sys-
tem. Then the subsequent considerations are not stridily. Wvdow we explain why
coherences can't be generally ignored if considering autiimg electrons in a SWNT.
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4.5.1. Why and when are coherences needed®s in the low bias regime we
assume to have unpolarized leads. Thus we use conditiory)4s2ich that we can
ignore coherences between states with different fermiocaitigurationsN. Unlike
in the low bias regime, we are not only left with diagonal ederts of the RDM but
there still might be coherences between degenerate statek have the sam@ but
different bosonic excitations:. For the importance of these kind of coherences it is
illuminating to discuss our system without electron-aleatinteractions, i.e., for the
moment let us assume that an eigenbasi# gfis given by the Slater determinants of
the single electron statég, ) |o). Furthermore, we concentrate without loss of gener-
ality on the casea = 0, and we assume that the charging endgexceeds,. Each
of the Slater determinants can be denoted by the occupdtifrthe single electron
states. In the case of unpolarized leads, it is again eadyotw that coherences van-
ish in the stationary solution of the master equation (2)3.2the RDM is expressed
in the |7) basis. But of course we still could use the staltéé 1) from (4.1.4) as
eigenbasis, now with four neutral modes, c—, s+,s — . In the | ﬁ,m) basis it is
crucial to include the off diagonal elements in order to getright stationary solution
as we show in the following example.

We adjust the voltages such that only transitions are plesfibm the ground
state withdm particles and energg$ = to ground and first excited states with, + 1
particles and energids),, ., andE},, . = EY,, ,+¢eo, respectively. From thém+1
ground states only transitions to the: ground state shall be allowed as depicted in
Fig. 4.5.3 a). Note that this situation is only stable, bseawe have made the choice
E. > gp. The master equation expressed in fiilebasis reveals that only four of the
16 states with the lowest particle hole excitation are iddeecupied in the stationary
limit (cf. side b) of Fig. 4.5.3, because not all of the copmsding energetically
allowed transitions from thé&/ = 4m ground state can be mediated by one-electron
tunnelling processes.

Whereas in the N, 7 ) basis, all 16 states with the energetically lowest bosonic
excitations are equally populated. Since the degenemtiesstf the two bases are con-
nected by a unitary transformation, the same must be truaéarorresponding matrix

1
representations cﬁgE“m“. From the representation of the RDM in t}i& basis, we

1
know that the rank o;bé’E“’”+1 must be equal td. Because an unitary transforma-

tion does not change the rank of a matrix, the stationarytisolin the | N, m ) basis
can maximally have 4 linearly independent columns. Sintdiajonal elements are
non-vanishing this is only possible if there are also nomisfsing coherences.

Switching on the electron - electron interactions, ffie states are no longer an
eigenbasis of the SWNT Hamiltonian and hence we must worker ¥, 17 ) basis.
But then, as we know from the discussion above, the cohesesieeexpected to be
of importance. In the next chapter we will see that cohergraffect the transport
properties of quantum dots with non-collinearly polarizedds even in the low bias
regime.
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FIGURE 4.5.3. a) Scheme of relevant energy levels, if transitions
from the ground state withV = 4m particles to the first excited state
with N = 4m + 1 particles are energetically allowed, while no tran-
sitions from theN = 4m + 1 ground states to excited states with
N = 4m electrons are possible. b) Possible transitions betwesn th
N =4m andN = 4m + 1 electron states of the noninteracting sys-
tem, which are energetically allowed in situation a). Thgederacy

of the eigenstates is given in brackets.

4.5.2. Negative differential conductance Spin charge separation and therefore
non-Fermi liquid behavior could also manifest itself in teeurrence of negative dif-
ferential conductance (NDC) at certain excitation line®lning transitions to states
with fermionic excitations, as was predicted for a spinfuittinger liquid quantum
dot [59] with asymmetric contacts. We also find this effect for theeguilibrium
treatment of the SWNT quantum dot. Since in our case only tieegy spectrum of
the c+ mode depends on the interaction and the other three modedli®mgame en-
ergies as the neutral system, rather large asymmetrieseated in order to observe
NDC. In Fig. 4.5.4 we show the current across the first exoitaine for transitions
from N = 4m + 1to N = 4m intheea = 0 case. The corresponding trace in the
Vo-1g plane is indicated in the inset of Fig. 4.5.4 a). Here theioraf the NDC is
that some states with fermionic excitations have lowersitaom rates than non-excited
states, since due to the increased energy otthenodes less channels are available
for transport. In Fig. 4.5.4 b) we show some of the excitetestaith N = 4m elec-
trons which are responsible for the NDC, because theirittansamplitudes to states
with N = 4m + 1 electrons are reduced compared with the one ofdtheground
state. Apart from the asymmetries all other parameterstavsen as for Fig. 4.5.1.
Only for asymmetriest = -,/ larger than around5, clear NDC features are seen.

4.5.3. Conclusions.In this section we have analyzed the linear and non-linear
current as a function of the gate and bias voltage acrossllime@&/NT quantum
dots with unpolarized leads. Exchange and related effettish become relevant for
small diameter SWNTs and which have been discussed in Gh2pkave not been
taken into account. Yet the applied transport theory is ggrenough to discuss the
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FIGURE 4.5.4. a) Differential conductance as a function of the bias
voltage for different asymmetrias = ~,/s of the coupling to the
leads. The trace in th&-u, plane across the boundary between re-
gions A and B is indicated in the inset. Only for asymmetraagér
than aroundl5 negative differential conductance occurs. All parame-
ters here are chosen as for Fig. 4.5.1, excepk ¥ a value 010.026
meV corresponding td@" = 0.22 K was used. b) The transitions re-
sponsible for NDC. i) In region A of the inset from a) only tsitiions
between ground states are possible at low enough temperafie
transition rate from theV = 4m ground state to thé&V = 4m + 1
ground states is given biry, (see equation (4.4.8)). ii) In region B
additionally excited states become occupied. For someeobthtes
with N = 4m electrons and fermionic excitations the transition rates
to states withV = 4m + 1 electrons and neutral bosonic excitations is
decreased compared to the ground state rate as a consegfi¢hnee
larger energies af+ excitations, which are not available for transport
yet. Notice that we only show the most important types ofditions
from N = 4m to N = 4m + 1 that take place in region B. Since we
are considering a non-equilibrium situation other typesrafsitions
are possible in principle.
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influence of exchange effects on the transport propertighdrfuture. The energy
spectrum of a large diameter metallic SWNT is highly degeteeas a consequence
of both fermionic and bosonic excitations. In the linearshiagime, the degeneracy
of the groundstates leads to a characteristic pattern afumiance peaks depending
on whether the two branches of the dispersion relation @&gyeed or not. Leaving the
linear regime, asymmetry effects become relevant. Thusunements of the current
at low bias voltages, in the linear and non-linear regimegrinciple allow the sepa-
rate determination of the source and drain tunnelling t@sces as a function of the
gate voltage. At higher bias voltages also excited stategrbe relevant. The correct
calculation of the non-equilibrium dynamics of the systémntrequires the inclusion
of coherences in the reduced density matrix between degfenstates with bosonic
excitations. At intermediate bias voltages there is a dmmable deviation between
the transport calculations with and without coherences.eiphasize that for a non-
interacting system with unpolarized leads, coherencesotidvave to be considered
if expressing the reduced density matrix in terms of Sla&teninants, formed by
the one electron wave functions of the noninteracting systAnother consequence
of the electron correlations is the formation of a non-dattlty spatial dependence
of the tunnelling amplitudes along the nanotube axis. Farsitions between states
with energetically low excitations we find a strong suppi@s®f the tunnelling am-
plitudes near the SWNT ends. Furthermore we have addrelsedfluence of the
tunnelling contacts on the transport. We have shown thanebed contacts described
as 3D Fermi gas and equally coupled to the two sublattice®tiead to a polarization
of the contacts with respect to the pseudo spin. We thinkattiatther investigation of
this point for other types of contacts is worthwhile, esplgian asymmetric coupling
of the two sublattices to the leads in principle can creabérarily polarized leads
with respect to the pseudo spin. The discussion of the psspitiopolarization will
also pave the way for the extension of the transport caionsitto so called SWNT
spin valve devices (SWNT guantum dots with spin polarizedi$3 presented in the
following chapter.



CHAPTER 5

Metallic SWNT quantum dots with polarized leads

In collaboration with Sonja Koller and Milena Grifoni. Psudf the contents of this
chapter have been published in the New Journal of Phgsi848 (2007).

The transport properties of SWNT quantum dots with spin ned leads, so
called SWNT spin-valves, have been worked out in detail bgj&doller in her
diploma thesis §0]. Here we present the necessary steps to extend the apgroach
Chapter 4 to spin transport and give the main result.

Conventionally it is merely the charge of the electrons @amndaupling to the elec-
tromagnetic field that is used to control the transport prige of electronic devices.
However, more and more also spin dependent transport haseexfocus of attention
in condensed matter physics and has even made its way tacaphs, as the award
of the Nobel prize 2007 to Griinberg and Fert for the discowdhe giant magneto
resistance, exploited in modern hard discs, impressivetgahstrates. In the case of
quantum dots, spin sensitive devices can be obtained by nsagnetized source and
drain electrodes. Depending on the relative magnetizatfdroth lead electrodes the
resistance of the quantum dot changes. So far only expet$méth parallel (P) or
antiparallel (AP) magnetization of source and drain codgbbrformed. The quantity
characterizing the influence of the magnetization is theadled tunneling magneto
resistance TMR which we define as the ratio

TmR = ¢r = Gar (5.0.1)

Gp

whereG p is the conductance in the parallel afd p the conductance in the antiparal-
lel configuration. Concerning nanotube spin-valves theyeapected to be especially
well suited for the study of spin transport, since due to tieakvspin-orbit coupling
in nanotubes the relaxation of spin is expected to be supgiesOn the other hand
spin transport should again be sensitive to the intrinsaperties of the dot system,
especially to interactions, and therefore can yield impdrinsights into the consid-
ered system itself. Positive TMR values have been detentedrious experimental
works about SWNTs and MWNT$], 62, 63. But even the occurrence of nega-
tive TMR has been reporte®4, 65, 66. In the works B3, 64, 65, 66the TMR has
found to be gate voltage dependent, indicating that theggrngpectrum of the nan-
otubes plays a significant role. On the theoretical side dpjendent transport in
interacting mesoscopic systems has been discussed foadtitg single level quan-
tum dots b1, 52, 61, metallic islands §8] and Luttinger liquids 70]. It was found that
electron-electron interactions in connection with soathVirtual transitionsg1, 53
(cf. discussion after equation (4.2.9) for the meaning efuintual transitions) as well
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as reflections of the dot electrons at the magnetized |&J$B, 70, 7lcan lead to a
precession of the accumulated spin on the dot and thus iciutie transport proper-
ties, for example reducing the TMR for non-collinear leathpaations. The effect of
spin precession is only present if the polarizations of éagl$ are non-collinear. How-
ever, going beyond the weak coupling regime the spin-depdngflections can lead
to a Zeeman like energy splitting which can become relevatrainsport §5, 67, 69.

Concerning the theoretical treatment of spin-dependansgort through interact-
ing 1D systems the limit of infinitely long tubes has been ased in reference ().
Transport properties of finite size SWNTs weakly contactedetromagnetic leads
have been considered in our articlEl] and in the numerical approacfid] focusing
on shot noise. The latter calculations were based on the fradriheory of Oreg et
al. and only the case of parallel and antiparallel lead mi@mateons were discussed.

Generalizing the approach used for the discussion of icliecaSWNT quantum
dots in Chapter 4, we determine in the following the- V;, — V; characteristics of a
SWNT spin valve allowing for arbitrary magnetization ditieas of the leads. Addi-
tionally to the virtual transitions that arise automatigdtom our generalized master
eqguation approach, we take into account the effect of elecaflections at the dot-lead
interface. The detailed mechanism is explained e.c6&h [

5.1. Experimental realization of SWNT spin valves

The leads of spin valve devices consist of ferromagnetieriss as for example
Co or Ni-alloys whose magnetizations are adjusted by anmattenagnetic field. It is
obvious that it must be possible to control the relative lewajnetization directions in
order to examine a TMR effect. In experiments source andhdmatacts of different
size and hence with different coercive fields are used. Thengey of the electrodes
determines their favoured magnetization direction. Apya large enough B field
parallel to the favoured magnetization axis, both leadsheipolarized in the same di-
rection. Lowering the B field and finally inverting its sigretbontact with the smaller
coercive field will first switch its magnetization directibiefore also the other contact
follows, cf. Fig. 5.1.1. Hence by sweeping the B field up andim@n alternating
sequence of parallel and antiparallel magnetization iginbtl. The controlled adjust-
ment of an arbitrary angle between the magnetizations atecand drain electrodes
has not been achieved experimentally so far.

5.2. The model Hamiltonian

Schematically a SWNT quantum dot with polarized leads isateg in Fig. 5.2.1.
We allow for arbitrarily polarized source and drain eledes. Additionally also the
accumulated spin will in general not be collinear with on¢haf lead magnetizations.
As a start we will thus use in each case a different spin geaith axis in source,
drain and in the dot. We will use the symbeis [ = s,d ando in order to denote the
z-component of the spins in the reference frame of the leads&the dot, respec-
tively. In analogy to (3.2.9) we model the SWNT spin valvewshan Fig. 5.2.1 by
the Hamiltonian
H:H@+H5+Hd+HT+HR. (5.2.1)
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1l i

FIGURE 5.1.1. Sweeping the magnetic field in a certain range, par-
allel and antiparallel configurations of the lead polaita can be
achieved by using ferromagnetic leads with different cweréields

B andB,.

metallic SWNT
Drain

Gate

FIGURE 5.2.1. Scheme of a SWNT spin valve setup. We consider
leads with arbitrarily polarized leads. Charge transpoross the de-
vice will lead to a spin accumulation on the SWNT. Virtuakts@ions

and boundary reflections can lead to a spin precession orottsyst
tem.

As for the unpolarized SWNT quantum dot the Hamiltonfdg is given by equation
(4.1.1). However, the Hamiltoniad; and H,; for the ferromagnetic leads now have
to be modified compared to the unpolarized case, equati@ril@), in order to incor-
porate the spin polarization. The easiest way to do thistiséxhe Stoner mechanism.
Any other description would serve as well. Hence

H; =) (eq— Vi — sgn(o1) Es) cfl-allcqa,l, Es > 0. (5.2.2)

doy
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FIGURE 5.2.2. Spin dependent densities of states in a metal without
(left side) and with (right side) Stoner exchange.

The effect of the Stoner enerdys is a relative energy shift of thg =1, / |; electrons
down-/upwards, such that the spin up/down electrons datestihe majority/minority
species in thermal equilibrium, cf. Fig. 5.2.2. The tunmglHamiltonianHy from
(3.2.3) does not change, we merely rewrite it in the spin baséhe leads,

Hp=)" Z/d% (Tl(F')\If(T,I (M) @41 (7) + h.c.) . (5.2.3)

l=s,d o1

Remember tha}(7) and ®,,(7) denote the dot and lead electron operators. Com-
pletely new is the “reflection” contributioi/  to the Hamiltonian. It is well known
from multilayers of ferromagnetic and non-magnetic matsrihat the behaviour of an
electron that is backscattered at the interface betweeltetyans crucially depends on
the relative orientation of the electron spin and the ppédion in the ferromagnet and
can lead to ferromagnetic or antiferromagnetic exchangelow between the ferro-
magnets depending on the layer thickness. In the wa@ks§g it was realized that
also in mesoscopic spin valves the influence of the boundetween polarized leads
and the dot must be taken into account. Unlike in the mukitagystems no exchange
effects between the ferromagnetic leads are expectedrtheless the dot electrons
that are reflected at the tunneling junctions acquire a pélsiftedepending on whether
their spin is parallel or antiparallel to the lead polatizat Those phase shifts alter the
guantization condition for the dot electrons and therefeea to a spin and position
dependent energy splittinA z; (7). Rewriting the momentum space expression for
Hp, from [68] we obtain in the position representation,

Hp=-> Y / d*r A pi(7)sgn(oy) T (7) T, (7). (5.2.4)
l=s,d 07

Since the phase shift due to electron reflections takes pksethe tunneling junctions
we will assume later on th& g, (7) is nonvanishing only in the vicinity of the contacts.

5.3. Generalized master equation for the SWNT spin valve

In Chapter 3 we have presented a general method to determim¢hie reduced
density matrix (RDM) of a generic quantum dot evolves in timdo assumptions
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whether the leads are polarized or not have been made. dherir approach is gen-
eral enough to also yield a transport theory for quantum detskly coupled to po-
larized leads. Remember that in our discussion of SWNT guantots with normal-
metal leads the possibility of a polarization with respecthie pseudo spin degree of
freedom has been automatically incorporated in the trahspdculations by starting
from the microscopic system Hamiltonian (3.2.9). Thoudtere is one qualitative
difference between (3.2.9) and (5.2.3), namely the refiedérmHpg. In order to set
up the equations of motion governing the time evolution efRDM for Hamiltonian
(5.2.3), we now treat not only the tunneling Hamiltonidi but the sumH; + Hg
as perturbation in the lowest non-vanishing order to thearsimg terms in (5.2.3).
Thus instead of equation (3.3.3) the Liouville equationtfer RDM in the interaction
picture now reads,

ap (t)

ot
Since the Liouville equation is linear it is clear from (3.Bthat the rateﬁ‘l(?mzk N

will decompose into two parts, one stemming from the tumgeliamiltonianH, and
the other fromH g,

ih

= [Hi(t), p" (t)] + [Hi(t),p" (t)] - (5.3.1)

(a)EN E/ (a)EN E/ (a)EN E/
Ligmnk = Trigmne T T Rykimnk - (5.3.2)
Let us at first ignore the second term on the right hand sideletnagls concentrate

on the first summand. From the general discussion in ChapitefoBows that the

amplitudesF(Tal)f,fnf,iwrl are given by equations (3.3.25) and (3.3.26). In complete

analogy to the unpolarized quantum dots we have to deterthindead correlation
functions <<I>Ul(f)¢>];l(g', —t’)> . and <<I>Zl(i')¢’al(g, —t’)> . which enter the func-
t t

tions&y(Z, 7, t') andF,;(Z,4,t'), but now in consideration of the Stoner Hamiltonian
(5.2.2). Explicitly we obtain

(®ou(@)0l 5. ~1)), =

/ depi(e) [1 - file — sgn(0) Bs)) Y dgl@)dy(i)e # Vi smelmslt (5.3.3)
qle

and

(81D %0u(@ 1)) =

/ depi(e) fi(e — sgn(o1) Es) Y ¢5(#)pg(f)enc—VimeronBs)l - (5.3.4)
dle
where the densities of occupied and empty states are difffsethe two spin species.
With p;(¢) being the density of energy levels in leadithout Stoner exchange, they
readp;(e) [1 — fi(e — sgn(oy)Eg)] and pi(e) fi(e — sgn(oy)Es). Again we have set
the chemical potential in the leads @o For convenience we shift the variabdein
(5.3.3) and (5.3.4) — ¢ — sgn(o;) E. Inserting the resulting correlation functions
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into equations (3.3.12) and (3.3.13) we arrive at

5[01( Yot ) _Tl( )Tl*(?j)/d‘fl)lal(@ [1—fl(€)] Z (25 e h(g evi)t!
ms+sgn(al)Es
(5.3.5)
and

Fio @5 = T; @10 [ depa(@file) YD @ ealdei
‘ﬂa+sgn(o’l)ES
(5.3.6)
wherep;,, (€) = pi(e + sgn(oy)Es) is the density of states for electrons with spin

oy in the ferromagnet. See also Fig. 5.2.2. As for the unpadrieads, the rates

I‘(Tal)gﬁf}c"“ depend on the geometry of the tunneling junctions. The spoeding

examination can be performed in completely the same way &hapter 4, where
we have shown how to parameterize the effect of the contachgtry by introducing
the contact density matricds,.,.(¢). Due to the summation over different lead wave
functions in (5.3.5) and (5.3.6) for the two spin speciegehbe parameterization
can be achieved by using spin dependent quanmygﬁ,wl (¢). Based on the same
argumentation that has lead to (4.2.7) in Chapter 4 we with&r on make use of the
assumption

@lo'lU;'I"I" (6) = 67‘7"@la'lo'; (6)5 (537)
where according to (4.2.21) it holds
CL L2 _
P01 (€) = G001 Pl (6)@ > ‘Tl( R,p)‘ W2(Ry). (5.3.8)
Rp

Bearing in mind relations (5.3.5) to (5.3.7) and in analogyetuations (4.2.6) and
(4.2.8) the rate§§fl l)f,fnff: *! can be written as

(a)ENEgv+1
Crikimnk = de fi(e Z(I)lala

oy O'l

Z(d)mz)EN B (1/11(, EN“ " / dt'eh (e Vi (B En))! (53 9)
l

and

(a)EnN E}
1—‘T,llc’mnljcv b= hZ dé‘ 1 - fl Zq)lalal

010]
Ey B B E © i ’ ’
Z(%z) S () / dt'e i "oV (B Ph))Y - (5.3.10)

n 0

In the considered energy range we assumec]?mgg;(s) is energy independent.
From &,/ () we can deduce the spin polarization of Idaith analogy to our
discussion of pseudo spin polarization in Chapter 4. Lapkiack to equation (4.2.23)
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we find

1 , N
Tr(®0i), i=umy,z, ¢z( ) — D11, + Pyyyyy-

Pi=—5
4

With (5.3.8) the previous equation yields

pit, (&) — puy, (€)

Piz = Py = 0 andPy,(e) o, (6) F puy (€) (5.3.11)
such that in the reference frame of lehthe polarization is, not surprisingly, de-
termined by the density of states of theand |, electrons. We want to remark that
different lead wave functions belong to theand], electrons at a given energy. Hence
in general a different coupling between theand; wave functions could lead to a
contribution to the polarization beyond the effect of thiéedént densities of states and
even to a mixing of the spin and pseudo spin degrees of freedom

We still have to determine the proper expression of the ‘c&fia” contributions
En E', .. . .
I‘g‘gk,}fnnﬁ *1 to the transition rates. For this purpose we discard for tbenent the

term describing the tunneling processes in (5.3.1) andartraete on the time evolu-
tion of the system density matrix due to the boundary refhesti
9p (t)

th=o = = [HE(), 0" (t)] -

Since we treaf{ as a perturbation we are again allowed to factofizg) into the
reduced density matrix of the SWNZ (¢)and the lead density matrices 4 which
we assume to stay in thermal equilibrium, such that

. 0p& (t)pspa

Zh% = [HE(t), o (t)pspd] -
Tracing out the lead degrees of freedom we get completelpfrigny lead density
operators because no lead operators appeBfg@andTreq.qs(pspq) = 1. With the
explicit form of Hg, equation (5.2.4), we obtain

(o) =5 3 3 [ Erdn@sen(e) (VO OO - he)

l=s,d 0]

We can simplify the previous equation by expanding the 3Dtsda operator@il (7)

in terms of the 1D operatonﬁIFal (z) using equation (4.2.1). Since the spin sensitive
reflections at the boundaries are restricted to a smallmaggar the tunneling contacts,
Apg(7) is only non-vanishing around = 0,L. A calculation similar to the one
performed in Section 3.3 yields

) i
) == 33" Amsgn(o) ()5, (0%l (Bpb(E) —he),  (6312)
l=s,d 01
with the effective reflection parameté&rg;, which depends on the detailed structure of
the contact geometry. Like in the treatment of the tunnekiagniltonian we express
(5.3.12) in the eigenbasis @ and apply the secular approximation, i.e., we only
keep coherences between degenerate states. Bringin@2)5iBto Bloch-Redfield
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(0)En E N+1

form finally the rated” Rik'm are obtained,
Eyx E' En E E E
T bt T rot "

)
Rlk'mnk — —ady N—1ﬁ Z ARngn(O'l) (wl‘all)k/
oy
(5.3.13)

Let us take a short break and summarize.

Starting from the Liouville equation for the spin valve dignsnatrix, equation

(5.3.1), we could calculate the transition amphtuﬂ\%ﬁN kEM that enter the general-

ized master equation (3.3.22). With (5.3.9), (5.3.10) &n8.({3) they read,

(a)ENE .l. EN+1 En
Flk’mnk M= h ZZ 7/17'01l kl N+1 (¢wl ) nk
T alal
Qltnol( )
P01 (€ )fl(SlNN+1)(€lNN+1)+a py —de (5.3.14)
€ — EINN+1
and
(0)En Ey_ + \Ev By, E'. . En
Fllc’mnlc M= h ZZ (’(/Jrgl ) ("/’roll)nllcv ' X

T Ulol

(@10,07() (1 = fileav-1x) (Eav-1)

]- - fl (I)lalrf; (6)
—a— PV de + 65, p1sgn(o)TAR | | . (5.3.15)

&€ —EIN-IN

where we have performed the integrals owersing relation (4.2.9). Additionally we
have introduced the abbreviations

anm = eV — En + Eyy.

It is interesting to note that the contribution from the refilen Hamiltonian adds to
the virtual transitions in (5.4.6). So far we have used twitedint spin quantization
axes for the description of tunneling processes at the tfferdnt leads. Hence we
still have to reexpress equations (5.4.5) and (5.4.6) innangon spinor basis before
we can perform the actual calculations.

5.4. Coordinate transformations in spinor space

In this section we make convenient choices for the commontiqsion axis for
the spins in (5.4.5) and (5.4.6). It is distinguished between-collinear and collinear
magnetizations of the leads.

5.4.1. Non-collinear lead magnetizationsin this case we follow%2] and intro-
duce new coordinates for the spin polarization with thesi@si, €, €,) shown in Fig.
5.4.1, such that the axis is perpendicular to the plane spanned by the polasizati
directions of source and draif; andn4. This choice will prove to be very conve-
nient for the transport calculations in Section 5.5. Theebd&,, é,,€,), | = s,d
of the source/ drain reference frames can be aligned withél\ecommon coordinate
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m |
// N
x y\®x

Source Drain Common coordinate
system

y

FIGURE 5.4.1. Spin coordinates in source, drain and in the common
reference frame we use to evaluate the master equation.

system by rotation of; = F60/2, | = s,d around the correspondingaxes and sub-
sequent rotation af /2 around they axes. In spinor space this rotation corresponds to
the SU(2) transformation

o 0
. . (2 2
_lg, T _ig.0 1 e 2 —€ 2
U =e 20-926 20201 — .

V2 \ e

Therefore the electron operatmﬁ%all transform according to
t t % 4 t
d’;ﬁl =u! ¢;Tl Lo e d’gﬂ (5.4.1)
Yri Yry V2 \ 7 &3 Yry

and likewise
( Yri Pri ) = ( Yrrt Yry )Uz- (5.4.2)
Hereo =1, | denotes the up/ down spins in the common spinor basis.

5.4.2. Collinear lead magnetization.For collinear leads we have to distinguish
between the parallel and the antiparallel configurationthenparallel configuration
(P) the coordinate transformations is just the unity matrix

UF = ( 0y ),l:s,d. (5.4.3)

For the antiparallel configuration (AP) we use by conventf@source magnetization
as the quantization axis. Thus

UAP = ( é (1’ ) andU'f = ( _OZ B" ) : (5.4.4)
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With (5.4.1) to (5.4.4) the final expressions for the ratethaanon-collinear case
read

(a)EN E’ EN E’ 1-
Fllc’mnlc M= h ZZ ¢ral k'm Nt <¢ra’l>

T oo’

(q)loa'( Vfilein N41) + a— PV/

E'

N+1 En
nk

(I>laa ( )
€ —EINN+1

da) (5.4.5)

and
()EN Efy_ En Ey E', . En
Fl k'mnk Nt = h Z Z (¢Ial ) (Q/]TO'll)n]va ! X

1 — fl )) é’laa’ (6)

€ —E€IN-1N

[‘I)laa'( ) (1= filein-1n)) — a— (PV/ de + WRlaa'ARl)

(5.4.6)

where B

Py(e) = Ui®y(e)U;
are up to the proper normalization the density matricesrisg the lead polarization
in the common spin basis, cf. equation (4.2.22). The matrix

1 0 _ 0 €
R12U1<0 _1)Ul1:<e—i0 0)

adds components perpendicular to the lead magnetizatiotie tpolarization of the

imaginary parts in (5.4.6) , since it has merely off-diagaiaments. The matrix ele-
ments of the 1D electron operators in (5.4.5) and (5.4.6¢ ladready been determined
in Chapter 4, cf. equation (4.2.2).

5.5. Linear regime

The linear response regimel; < kgT, is amenable to an analytical treatment,
since in this case the lead electrons do not provide enougltyeno tunnel into ex-
cited states of the SWNT and we can restrict ourselves to theng states of the
Hamiltonian H,shown in Fig. 4.4.1. In principle, for the virtual processeshe

ratesfgz?iZkENil energy conservation does not strictly hold such that theyddead
to a coupling of the ground states to excited states in théemaguation. However,
as detailed in 1] the effects of the virtual transitions on the time evolatiof the
RDM cancel exactly. Therefore in the linear regime we care@utlignore any ex-
cited states which considerably simplifies the treatmer@8\WINT spin valves at low
energies. Due to the charging energy transport throughpiinevalve is only possible
when the ground states of two neighbouring charge statesramst degenerate. That
means we will have to consider like in our discussion of the tbas regime of un-
polarized SWNT quantum dots, Section 4.4, the regimes wiherground stateE?V
andEY,, ,with N andN + 1 electrons are degenerate. Remember that the values of
EY, andE?V+1 can be aligned by the proper choice of the electrochemidaingial in
the SWNT via the gate voltage. Due to the fourfold periogticit the shell filling in
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SWNTs only the cased mod4 = 0,1, 2,3 are relevant. Additionally we only have
to consider the case¥ = 4m and N = 4m + 1 since the corresponding transport
properties are mirror symmetric to the onesMf= 4m + 3 and N = 4m + 2 with
respect to the electrochemical poteniglin the dot. We also regard only the case of
a vanishing band mismatet\ < kgT, since at a finite mismatch we can reduce the
discussion for allV to the one forea = 0 with a degeneracy betwed®,_,,, and
EY_4m1- The only difference is an additional factor of two for theulting current
due to the pseudo spin degeneracy in the latter case.

5.5.1. Near the degeneracy point aE_,,, and E}_,.. . ;. As we know from
our discussion of the low bias regime of unpolarized SWNThqu dots, the ground
states can be uniquely characterized by their fermionicfigoration]\_f'. The ground
state energy#%,_,,,, belongs to the onefold degenerate state \iNth= (n,m,n,n)
and theN = 4m + 1 ground state is fourfold degenerate with the fermionic @urfi
rationsN = (n + 1,n,n,n) + permutations. The RDMplEin =: pl4m is only a
number namely the probabilitf, of finding an electron in th& = 4m ground state,
whereas!#™+1 is a four by four matrix. However, since we assume that therei
polarization with respect to the pseudo spin, transitieetsvben states with a different
number ofr = + electrons are forbidden. HenpéEgm+1 has the block structure

I Am+1 _ PiﬁTH 0
p = 0 p[ﬁh_nqtl )
where the two by two matrices 2" *! and p/2™ " must be equal in the stationary
solution of the master equation due to the symmetny of + andr = —. Introducing
the spin polarization

5': ZTT 6:pI4m+1

r

on the dot, the density operatqaré4er1 can be written in the following form,

P, 1+ 5 Sy — 15,
Iam+1 _ 41 z z y
Pr 3 ( Sy +iS, 1-8, ) ) (5:5.1)

whereP; is the probability thatim + 1 electrons occupy the SWNT. Inserting (5.5.1)
into the generalized master equation (3.3.22) and usidgs(tand (5.4.6) for the tran-
sition amplitudes, we obtain the subsequent equations tbmfor P, andS:

P = % Z ¢l(+)
l
[4fi(en)Po = (1= fiein))Pr = 2Pi(1 = fiern))(S - )|, N = 4m (5.5.2)
= 2540 [P (2P - 50 - AR
h < ! 2

—(1 — fl(ElN))§+ PlHl(glNaglN+1)(§ X ’rﬁl)] , N =4m. (5.5.3)
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As in Chapter 4 we abbreviate
en =eV, — AEyN
and
AEyn = E}, — E 4.
The magnetization of the leads enter via the polarizatiognitade P, = P;,, cf.
equation (5.3.11), and via the magnetization directiof)js We have assumed that
®;(¢) is independent of in the relevant energy range. The functiie;n, e;nv+1)

includes the imaginary contributions to the rates stemrfriom the virtual transitions
and the reflection HamiltoniaH . In detall it is given by

Hl(elN,elNH):PV/ds% (1_fl(5)+ file) >+ PARl . (55.4)
Py

E—EN  €—ENt1 ¢l(+)

For the calculation of the principal part integration we thse approximation that for
a LorentzianL(e) = E2 /(% + E2) it holds the relation

L(e) f(£e) Ew
Pv/ds — zlnmax(kBT,|E|)’
which we apply to (5.5.4) in the limit oF,, — oo and obtain
max(kgT,|ein+1]) VAN
max(kpT, |ein|) WPl¢l(+)'

I(eiv,eint1) =1n

Note that the time evolutions d% andP; are not independent. It hold% + P, = 0,
since in the considered low energy regime no other chartgsdtean’V. = 4m, 4m+1
are allowed. In order to solve for the five unknowns of (5.m@&) can additionally
exploit thatPy + P, = 1.

The big advantage of representing the master equation ifothe(5.5.3) is that
we can assign to each of the appearing terms a concrete physeaning and therefore
can get a deeper insight into the effects in spin dependansport. Let us start with
the first equation in (5.5.3). The first two terms describe abelution of P, for an
unpolarized quantum dot as in Section 4.4: The probabififinding 4m+ 1 electrons
in the SWNT increases when an electron tunnels into the duagong4m electrons
and decreases when an electron leaves the SWNT. But sincealsvidh polarized
leads a correction to the first two summands is necessarthitdgerm. It accounts for
the fact that an electron can tunnel out most easily at aindead if the polarization of
the dot and of the lead are aligned. The second equationilbese¢he time evolution
of the spin on the dot. Due to the polarization of the eledrionthe lead, spin in the
direction ofr,; is built up when electrons are tunneling in from Idafhe first term
on the rhs). On the other hand electrons with spin in the timeof 17;; tunnel out of
the dot with a higher probability, leading to an accumulatiowards—i,; (the second
term). Once spin has accumulated it relaxes, since an@teletaving the SWNT takes
with it some of the spin (the third term). Of special interissthe fourth term which
includes all the imaginary contributions to the rates. ddeto a precession of the spin
around

—

Besrlein, eing1) == Z ¢l(+)PlHl(ElNa5lN+1)ml-
l
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Hence the virtual transitions as well as the spin sensitiuendary reflections act like
an effective magnetic fiele: Eeff. Sincell;(e;n, e;ny+1) depends on the energy also
the strength of the spin precession is energy dependenttibipate it, the precession
leads to a reduction of the TMR effect: Electrons that turinedt the one lead (let
us say at the source) with a certain polarization have a loater for tunneling out
again at the other lead (drain), if the leads have non-gadmalhgnetizations and hence
the current across the dot is reduced. However, if there ireagpsion of the dot
polarization, there will in general be certain points indinvhen the dot polarization
is better aligned with the drain magnetization and elestroan more easily tunnel
out again, the TMR effect will decrease. Except for a factoR alue to the pseudo
spin degeneracy and the inclusion of the boundary reflextibe same equations as
in (5.5.3) have also been derived for a spin valve with a sisgin degenerate energy
level in [52)]. _

Solving (5.5.3) in the stationary cagg = 0, S =0, and inserting the solution
into (3.4.3) we are able to give an analytical expressiontfercurrent if we assume a
symmetric coupling of the SWNT to both leads, i.e.,

¢t = ¢t — ¢ Py =Py = P, Aps = Apy = Ag, (5.5.5)

such that source and drain only differ in their magnetizatoections by the anglé.
From (5.5.5) follows thall; = IT; =: II. It holds for N = 4m,

Innt1(0) =

- o0 In,N+1(0)
1+ B2, (—~AEy, —ABy+1)/ 2609 f(ABN)]? - cos?(6/2) ~.nv11(0).
(5.5.6)

The current for unpolarized leadby, y1(0), we have already determined and can be
easily deduced from equation (4.4.11),

~ 3f(=AEN) +1(e=BAEN 4 1)?

wherey™H) = L 4(+). With (5.5.6) we can now examine the TMR effect for arbitrary
anglesd. Generalizing (5.0.1), we define
1(0) — 1(6)

1(0)

In Fig. 5.5.1 we show fotV = 4m and N = 4m + 3 the linear conductance
Gn,n+1(0) = In n+1(0)/V, together with the corresponding TMR as a function of
AFE. The comparison between the left and the right figure dematest the mirror
symmetry of the conductanc€sy, 4m+1 anNd Gy 3, 4(m41) With respect to the elec-
trochemical potential in the dot. Note that the maxima ofttireeconductances move
towards the degeneracy poifsitF; = 0 for non-collinear leads. Inthe casefoE= 0,
the maxima lie aNEp, x v = :F%MQ for N = 4m, 4m + 3 as is easily deduced from
equation (4.4.12). This shift of the conductance peaksoisety related to the depen-
dence of the TMR on the gate voltage. Let us regard the dase 4m. From Fig.

Inn4+1(0) e’BVy, N = 4m,

TMR(9) =
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FIGURES.5.1. Conductanc€sm,am+1 aNAdG a4y, 43 4(m1) With the
corresponding TMR in the linear regime as a function of the galt-
age and for different polarization anglésThe values of the current
obtained by numerical solution of the master equation atieated by
symbols. No deviations from the analytical expression cafolind.
The TMR is constant foff = 180° but varies monotonously with the
gate voltage for non-collinear lead magnetizations. Asaipesters we
have used = 6.9-10"s~ %, kgT = 1.7ueV, P = 0.6, E, = 9.5meV,

. . o max(kpT,|AEN11))
g0 = 2.9meV andApr = 0.1II,, wherelly = In Iflax(fBT"Agﬁ) .

5.5.1 (a) we find that above the resonance the TMR becomédsgdtieé forf # ,
while it is a constant fo# = «. We can deduce this behaviour easily from (5.5.6).
As we increase the electrochemical potential in the dotFéreni function in (5.5.6)
decays froml to 0. Consequently the angle dependent term in (5.5.6) vanishés
for 6 # 7 we obtainI(0) = I(6) for large enough:,. From a physical point of view
we can explain the situation with help of the spin precessid®elow the resonance
condition the energy of th® = 4m + 1 ground state is enhanced compared to the un-
polarized one ofV = 4m. Therefore if occasionally an electron tunnels into theidot
can leave again after a short time. The spin precession dhe tmaginary part of the
rates can not become active. But if the electrochemicalnpiales increased and the
dot prefers to accommodaten + 1 electrons since the tunneling out events become
more seldom, the spin precession becomes more efficienedndes the TMR as we
have already explained above.

The effect of the spin precession depends via the paramaiarn the reflection
HamiltonianH . So far we can not provide a proper estimate for the valuk pf For
this reason we show in Fig. 5.5.2 the ratial¢#)/1(0) as a function o# for different
values ofAg. As we can expect from our previous discussion, the TMR is theem
reduced by the spin precession the lardgyis. In the limit Az — oo a TMR effect
is only visible in the AP configuration, i.e., fér= .

Until now we have discussed the case of leads with equal limgrteansparencies
. If v = aryg, @ # 1, we are not able to give simple analytical expressions fer th
transport properties in the case of arbitrary angleshe P and AP current we can still
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FIGURE 5.5.2. Normalized angle dependent current

L, am+1(0)/Iam am+1(0) for different values ofAg at the res-
onanceAFEy4, = 0. All other parameters as in Fig. 5.5.1. With
increasing strength of the boundary contributidp, the TMR effect
becomes less effective fér#£ .

write down, )

Limamy1(a, 8 =0) = 1o faI4m,4m+1(1aO) (5.5.7)

20‘(1 + O‘)(l _ P2)I4m,4m+1(1a 0)

(1-P)+a(1+P)][Q1+P)+al-P)
where we have continued to assuffe= P; = P,. In order to calculate the current
for 8 # 0,7 we have to solve the master equation numerically. The qooreting
results forlam, am+1(0.3,0)/Iim am+1(0.3,0) at two different values foAE and for
strongly varying values of\p are shown in Fig. 5.5.3 (a). Unlike in the symmetric
case we find that\ z has little effect on the TMR, although we have varidg by a
factor of10%. In Fig. 5.5.3 (b) the conductance and the TMR are depictedragibns
of AFE. Striking is that only little variation of the TMR with the tgavoltage is found
even for non-collinear lead polarizations. Furthermorecase not find any parameter
set that exhibits negative TMR, i.€4y; 4m+1(, 0) > I am+1(c, 0), 6 # 0.

Limamy1(a,0 = 7) = (5.5.8)

5.5.2. Near the degeneracy point of£y,_,,,., and E},_, ... The discussion
in this section is also valid for th& = 4m + 2 <+ N = 4m + 3 resonance, which is
mirror symmetric to the case considered here.

Due to the increasing number of degenerate ground statesuthanvolved in
transport near the resonance of file= 4m+1 andN = 4m+2 ground states energies
an analytical treatment in this regime is only possible far P and AP configuration.
The ratiolum+1,4m+2(ct, 7) / Ism+1,4m+2(x, 0) is identical to the result obtained with
(5.5.7) and (5.5.8).145,+1,4m+2(x,0) can be deduced from (4.4.11). We thus can
conclude that in the linear regime the TMR for collinearlygnatized leads does not
depend on the gate voltage.
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FIGURE 5.5.3. Linear conductana@ s, 4m+1 With the correspond-
ing TMR for asymmetric lead couplingg = 0.3~, y4 = y. Neither a
variation of A E4,,, nor of Ag lead to a significant change of the TMR
at fixedd. All parameters apart from as in Fig. 5.5.1.

The transport properties for arbitrary angfebave to be treated numerically. In-
terestingly we find a non-monotonous dependence of the TMR Brfor § # 0, ,
with a peak in the vicinity of the resonance, cf. Fig. 5.5.4ld&ionally, on both sides
of the resonance the TMR is not going down(toSince in both charge states with
4m + 1 and4m + 2 electrons a finite spin can accumulate which is prone to sgn p
cession, the TMR is reduced at both sides of the resonanage@ung the positions
of the conductance peaks in Fig. 5.5.4 we find as in the cadedit <> 4m + 1 a
shift towards the resonance point for non-collinear magagons.

5.6. Nonlinear regime

In the nonlinear regime excited states of the SWNT becomapied. An ana-
lytical treatment is as in the unpolarized case not possihiemore. We even have
to restrict our discussion to bias voltages that are at nmsparable to the excitation
energy of the lowest neutral excitationsg, since at higher energies we are restricted
due to the strongly enhanced consumption of computing timdenaemory. As in the
linear transport regime we present data fordhe <« 4m + 1 and4m + 1 <> 4m + 2
resonances. For a symmetric setup the other resonancegadmavarror symmetric to
the cases discussed here.

5.6.1. Inthe vicinity of the4m <« 4m+ 1 resonance. In the non-collinear case,
here ford = 140°, we find a very similar behaviour of the TMR as in the linearimesy
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TMR

Conductance G, [e7/h]

12 6 0 6 12
AE 4m41 [HEV]

FIGURE 5.5.4. Linear conductancéis, 1,4m+2 and the cor-
responding TMR. For collinear leads the TMR evolves non-
monotonically with the electrochemical potential in thd.dAll pa-
rameters as in Fig. 5.5.1.

The TMR changes from a constant valuedtavhen AE exceeds a certain value, cf.
Fig. 5.6.1. The transition line where the switching occaosncides with the boundary
of the Coulomb diamond that corresponds to the charge Atatedm +1. As we have
already explained only #m + 1 electrons occupy the SWNT a spin can accumulate
on the dot. If the lifetime of thelm + 1 state is large enough the dot polarization
will start to precess and the TMR is reduced. A qualitatiieedénce compared to the
linear regime is found for the AP configuration. We find that thalue of the TMR
in the region well outside of the Coulomb diamonds diffemnirits constant value in
the linear regime (which is also found inside of the Coulondntbnds) and thus is
not constant as a function of the electrochemical poteatidl of the bias voltage any
more.

In order to explore the higher bias region, we fix the gateagmtsuch thah Ey =
0 and increase the bias voltage from 0 up to a value aBayesuch that we can resolve
the onset of transitions to the excited states, the stegiautrent data & meV in Fig.
5.6.2. At around meV a second step appears which is due to tunneling fromyhighl
excited states to the ground states with= 4m — 1 and N = 4m + 2 electrons, cf.
also Chapter 4. Interesting is the appearance of NDC foraadimear leads appearing
below the first excitation step. It results from the energpaelence of the virtual
transitions. Increasing the bias voltage the magnituddefprincipal part integrals
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(a) TMR (6=140°) (b) TMR (6=180°)
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FIGURES.6.1. TMR for non-collinear (a) and collinear (b) lead mag-
netizations around thém <> 4m + 1 resonance in the nonlinear
regime. All parameters as in Fig. 5.5.1.
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FIGURE 5.6.2. Currently,, 4m+1 in the non-linear regime. For the
non-collinear magnetization configuration NDC occurs. eéHge have
usedy = 2.7 - 1019s~1. All other parameters as in Fig. 5.5.1.

and hence of the virtual transitions is decreased. Therdf@ famous reduction of
the TMR due to the spin precession becomes less pronountiethereasing/,. The
NDC features are especially pronounced for high polaopati Then the current for
non-collinear leads almost reaches the same value as ttemtirthe P configuration
before it decreases with increasing bias voltage.

5.6.2. Near thedm + 1 < 4m + 2 resonance.The TMR near thelm + 1 +
4m + 2 resonance in the nonlinear regime is shown in Fig. 5.6.3hémbn-collinear
configuration of the lead polarization® £ 140°), there is again no qualitative differ-
ence to the behaviour in the linear regime. To the left antléaight of the resonance,
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(a) TMR (6=140°) (b) TMR (6=180°)
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FIGURE 5.6.3. TMR for non-collinear (a) and collinear (b) lead
magnetizations in the nonlinear regime arounddthe+ 1 <> 4m + 2
resonance. All parameters as in Fig. 5.5.1.

i.e., inthe Coulomb blockade region, the TMR is constanwatdifferent values. Well
outside of the Coulomb diamonds the TMR peaks from the linegime evolve into

a plateau of constant TMR. As for tHen <> 4m + 1 resonance, in the region that is
separated by the Coulomb diamonds by at |&a4sf the TMR of collinearly polarized
leads is increased compared to its constant value in tharlhegime. But unlike in the
4m <« 4m + 1 case the enhancement amounts only to about 10%. The cuutside
the blockade regime and below the first excitation step ieeases compared to the
4m <+ 4m + 1 case by a factor d§/2 as we have already found for the unpolarized
SWNT quantum dot, see equation (4.4.14). Again we find tharoence of NDC due
to the virtual transitions.

5.7. Conclusions

In this chapter we have generalized our transport theonywéakly coupled SWNT
quantum dots with unpolarized leads to spin-valve transsstith ferromagnetic leads.
The main extensions compared to the unpolarized case adefoeiption of the po-
larized leads by the contact paramet®jé:), that can be derived from the form of the
lead Hamiltonians and the geometry of the tunneling costauid the consideration
of the reflection Hamiltonialf .

Linear regime: Analytical expressions for the current as a function of thgl@d
between the lead polarizations and of the bias and gategeoliave been obtained in
the linear regime for the P and AP configuration. It turnedtbat the ratial () /1(0)
is constant as a function of the gate voltage also for asynierietd transparencies,
equations (5.5.7) and (5.5.8). Furthermore for arbitranyles near thdm < 4m +1
resonance the linear conductance was derived, equati®i)5.n this situation the
SWNT spin-valve has essentially the same properties asgéesemergy level spin-
valve discussed ingfl, 53. For a finite band mismatcha > kT this result also
holds near all other degeneracy points. Due to the enhareggehdracy of the ground
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states in the regimém + 1 < 4m + 2, ea < kpT the transport properties are not

accessible analytically any more and have to be determigesblving the equation

of motion for the RDM numerically. Compared to the singleelespin-valve the be-

haviour of the TMR changes qualitatively. The evolution loé fTMR with the gate

voltage is non-monotonous. Starting from a constant vaheeTMR increases at the
resonance and decreases again to a finite value.

Nonlinear regime: Also in this case the transport properties are amenable-to nu
merics only. In the nonlinear but still low bias regime andrfon-collinear lead polar-
ization, the behaviour of the TMR is similar to the one in timear regime. However,
for collinear magnetization the TMR ceases to be constatitienhanced near the
resonances. Varying the bias voltage at fixed electrocta@mpatential, NDC occurs.

Negative TMR as observed i8%] is absent in our calculations. The occurrence
of a negative TMR can be explaine@9 by assuming a Zeeman like energy splitting
of the SWNT states, which can result from a nonperturbatieatinent ofH z which
becomes necessary if one goes beyond the weak coupling laieover asymmetric
couplings of the leads to the nanotube are needed.

We also want to comment on the relevance of coherences fapihevalve tran-
sition. In the case of non-collinear lead magnetizatioe, iticlusion of coherences
in the RDM describing the SWNT becomes mandatory even initleat regime as
the relevance of the spin precession due to the virtual ittans and the boundary
reflection demonstrates. In order to confirm the significarfamherences experimen-
tally one has to look for the various signatures of the spatession on the transport
properties of spin-valves with non-collinear leads. Thestimportant signatures are
summarized in the following:

1. Non-constant TMR as a function of the gate voltage in thedr regime,
especially the monotonous decrease of the TMR with inangagste volt-
age near thém < 4m+ 1 resonance and the TMR peak atthe+1 <
4m + 2 resonance.

2. Shift of the conductance peaks towards the resonancétioond £ = 0
for 6 # 0, .
3. The occurrence of NDC in the nonlinear regime.

But note that we have also found a reduction of all those feattor an asymmetric
coupling of the leads to the SWNT.



Summary and outlook

With this thesis we have provided a thorough examinatiorhefdlectronic and
transport properties of interacting metallic SWNTSs in tbe lenergy regime, corre-
sponding to excitation energies in the range of ali@M around the charge neutrality
point. We have been able to reveal the nature of the eigesstat of the spectrum of
metallic SWNTs away from half-filling. A theory for weakly apled SWNT quantum
dots and spin valves has been derived. Our guideline hagbbase our examinations
on a solid microscopic fundament, i.e., all of our calcalas start from a basic micro-
scopic model or theory. The validity of necessary approtiona has been checked
carefully for the relevant regimes.

The first part of the thesis has been dedicated to exploreldéatr@nic properties
of interacting electrons in metallic SWNTSs. In order to bdlyweepared for the discus-
sion of interaction effects, in Chapter 1 a review on the ntamactingp, electrons in
SWNTs has been presented. Special emphasis has been patmoer treatment of
finite size effects by imposing open boundary conditionse bl energy eigenstates
of the noninteracting system form the framework for theHartdiscussion in Chapter
2 where the Coulomb interaction between the electrons isded. As detailed in the
introduction to Chapter 2, interactions change qualigdyithe properties of fermions
in 1D compared to the noninteracting case. A successfulrigisn of interacting
1D systems is provided by the Luttinger liquid theory basedh® bosonization for-
malism. Experimental works on the ground state propertigaatallic SWNTs have
found exchange effects which are not in accordance with theriger liquid predic-
tions. Our investigations aimed at identifying the micigsc origin of the deviations
from Luttinger liquid theory in SWNTs. For this purpose wevbalerived the ef-
fectively 1D interaction on the basis of the noninteractingelectrons from Chapter
1. It has turned out that the total Hamiltonian contains tafsam the standard Lut-
tinger contribution additional short ranged interactigl® to the substructure of the
SWNT honeycomb lattice. Those short ranged terms lead teforavard scattering
processes of the pseudo spin degree of freedom and thus mixivey of different
fermionic configurations. Away from half-filling the eigaates and the spectrum of
metallic SWNTs have been calculated by expressing the ltdatiltonian in a trun-
cated eigenbasis of the Luttinger Hamiltonian and by thessgbent diagonalization
of the obtained matrix. Qualitative and quantitative agrest with the experimentally
observed exchange effects has been established. Addifjona have made further
predictions concerning the effects of the short rangedant®mns not observed in ex-
periments so far. Of special relevance is our finding of a 4ptriplet groundstate
of the 4m + 2 charge states in the case of a small band mismatch. It provés —
a realistic system — that the Lieb-Mattis theorem, forbiddgroundstates with spin
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larger thanl /2 in 1D Hubbard models with next neighbour hopping, cannotdpied
to 1D systems with an additional degree of freedom for whigh-forward scattering
is allowed. Concerning the excitation spectrum, we find aigddifting of the huge
degeneracies and a spoiling of the spin-charge separatibhalf-filling our diago-
nalization procedure has failed to give exact results duevery strong coupling of
the eigenstates of the Luttinger Hamiltonian via short emhgmklapp interaction pro-
cesses which are only of relevance near half-filling.

In the second part we have examined the transport propeft®8/NT quantum dots
and spin valves. An introduction to general aspects of quardot physics has been
presented in Chapter 3. There we have also developed a ¢ratispory for generic
weakly coupled quantum dots by generalizing the Pauli masjaation to systems
with degenerate eigenstates. In order to ensure invariahtiee results under uni-
tary transformations in the Hilbert spaces of the degeeaestates, our approach keeps
explicitly coherences between degenerate states in theeddensity matrix of the
dot.

The formalism from Chapter 3 has been applied to the case aklweoupled
SWNT quantum dots with unpolarized leads in Chapter 4. Theudision is restricted
to devices with large enough SWNTSs (like the SWNT in Sampld @&ference 20|
with a length of 800nm and a diameter of 2.7nm) where the exgdh&ffects due to
the short ranged interactions can be neglected. Both tharlend non-linear transport
regime have been considered. We have found that due to thadystate degeneracies
the linear conductance reveals a characteristic pattepeas recurring in groups of
four along the gate voltage axis. Two different patternslmmobserved depending on
whether the band mismatch is smaller or larger than the thlegnergy. At higher bias
voltages excited states become populated. The corresgpedergies are directly re-
lated to the position of lines in the bias - gate voltage phhere the current changes
its value. We have shown that the inclusion of coherencesdsat degenerate states
is indeed necessary in the high bias regime, where conbigedeviations between
the conventional Pauli master equation and its generalieesion are present. Fur-
thermore we have found that the contact geometry and the@béx properties of the
leads are closely related to a polarization with respedtaémseudo spin degree of free-
dom. In a preliminary examination we have demonstratedgbatido spin polarized
leads could be achieved by an asymmetric coupling to the tmeycomb sublattices.

SWNT spin valve transistors, quantum dots with spin potattileads are the sub-
ject of Chapter 5. The transport properties of those deviews been determined by
generalizing the approach for unpolarized current in Géragpt thereby incorporating
the effect of spin dependent reflections of the electronkeatube ends. Additionally
to the parallel and antiparallel configurations of the leadjnetization we have exam-
ined the effect of non-collinear polarizations. We haverbakle to derive analytical
expressions for the linear conductance in the case of thieeat configurations and
for arbitrary magnetization directions in the vicinity ¢éfetdm <> 4m + 1 resonance
under the condition of symmetric lead couplings. In all othiguations we had to
resort to a numerical solution of the generalized masteatimu We have studied
the tunneling magneto resistance as a function of the appbiiages and the angle
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between the polarization directions of the lead electrodlés have shown that in the
case of non-collinear lead magnetizations a spin pregessidhe dot due to virtual
transitions and the boundary reflections has consideratgadt on the current across
the SWNT spin valve. In general it leads to an energy depdraigrpression of the
tunneling magneto resistance. As a consequence we findregsate voltage de-
pendence of the tunneling magneto resistance, even inrtbarlregime and negative
differential conductance in the non-linear regime. In ofeproperly account for the
spin precession it has again been mandatory to keep colesrbetween degenerate
states.

In the course of this work we have given some answers butogtith issues are left.
Here are some of them:

° What are the electronic properties of metallic finite sizeNsM near half-
filling? Does the Luttinger liquid picture completely bred@wn? What
is the nature of the ground states at half-filling, e.g. whipm do they
have?

° To our opinion the relation between pseudo spin polarizecteotand the
contact geometry deserves further investigation. Howdoule build a
pseudo spin valve? What would be its properties?

° We have excluded the effect of the exchange interactionsiirinvesti-
gations on the transport properties. What can we expect @isenssing
the transport properties of small size SWNTs? ChristopleSi tries to
find it out.

° So far our approach is restricted to the weak coupling litdiw can we
include higher order processes in our transport calculatidsonja Koller
is working on it.

° The exchange effects observed in metallic SWNTs are clas#ipected
to the structure of the honeycomb lattice. Can we find sinpifeenomena
in other small size graphene based objects like nano-ribbosemicon-
ducting SWNTs?






Acknowledgements

When | decided to write my diploma thesis on carbon nanotithédilena Gri-
foni's group, | did not know that | would enter a field captivat me for four years
now. But | have not only chosen a fascinating subject for mykvuit also an excel-
lent supervisor.

Milena, | have appreciated very much working with you in thsetlyears. You
could always give me a guideline when | was lost, you allowedgreat latitude but
nevertheless you pushed me when it was necessary. Thankyouch!

It is also a pleasure to acknowledge the collaboration vhigh*hanotube diploma
students” Sonja Koller and Mattis Eroms who have done a gobaind had consider-
able impact on my work.

Furthermore | want to thank Sami Sapmaz and Wouter Wetzeta felft for
many fruitful discussions. Together with Wouter | enjoyedny extended runnings in
the surroundings of Regensburg during his stay in our group.

Andrea Donarini's provision of the Arnoldi algorithm was gifeat help for the
numerical calculations in the thesis. Thank you.

The place where | have spend the most time during the lastyfmans is probably
my office. For this reason | am very happy that | have had such office mates.
Franceso Nesi was (and is) a real friend and often our offidegheat resemblance to
a debate club. When Silvia Garelli “substituted” Francetgs did neither affect the
good atmosphere in our room nor did it reduce the producti@mtopy ;-)

Special thanks to Lizy Lazar whose kindness and expertiadrministrative issues
were always highly appreciated.

It was nice to see the group constantly growing and all of tleenlvers have con-
tributed to the good spirit in our corridor. Since time ismimg and this thesis still has
to be printed | cannot thank you individually at this placenefefore a big common
THANKS! to all of you.

| am deeply grateful to my parents, my brother and my sistdre are always
there when they are needed.

Much was said about one-dimensional systems in this thesiadzording to the
Isar Indian “Sound of Thunder” (thanks to Georg Begemaniirfivoducing me to the
music of Willy Michl) it is the fifth dimension, namely the figg, that counts. In this
spirit: Babe, | love you!

Support of the research school GRK 638 “Nichtlinearitat tichtgleichgewicht
in kondensierter Materie” is acknowledged.

123






APPENDIX A

Derivation of the bosonization identity

Here we present how to derive the bosonization identity fier 1D operators
Yrre(z) given in equation (A.0.15). We start by examining the conatiah rela-
tion betweeny, ,(z) andb,.,. Using equations (1.4.26) and (2.4.4) we get

—isgnf'qx
eisgnFn’w[ e tS9ma

1
[braqa¢rFa($)] = 7 CT Cran+qacran’] = _71/]7"FU($)’
v 2L|ng| % L ~— - VIngl

:_Jn,n’ Cror+q

(A.0.1)
as can be easily concluded from the standard anticommuteglations fore,.,,, and
c;[m. Similarly we find

eisgnan:
(b6 s rio (@) = —“——=ttrro (). (A.0.2)
VIngl
Forro # r'o’ the commutator$b, 4, ¥, ror (z)] and [bigq,qu,Fo., (x)] vanish. Re-
lation (A.0.1) reminds strongly of the commutation relatiof a bosonic annihila-
tion operator with the creation operator of the correspogdiosonic coherent state,
[b, embT] = [b,iabl]ei®’ = jaeie®’ . This motivates us to introduce the operators

£i89(r F)qz

¢ rro(®) .= o7 a0 g troa (A.0.3)

7

as well as
e—isgn(r F)qz

. t
e~ rpo (@) = 200 g brea,

(A.0.4)

Indeed, we find commutation relations, whose structurembges very much (A.0.1):

e—isgr(rF)qz
VALY

In order to derive (A.0.5) we have usflil 4, e =7+ ()] = 0 —since|[broq, byrorg | =

0—and

[braq,e*wipa(w)] — [bwq’ _iqlea(x)] o9, (@) —

|:b1”0'qa e—i(ﬁ,nlpo_/(l‘)e*i‘pzlpal (.’L‘)] — e—i(brlpo./(ﬂ:)e*i(ﬁz,p‘a, (.’L‘) (A05)

Lefisgr(rF)qccewaFU (w)’
Vg
what can easily be shown by expandifrd¢IFa(“”) in its power series. But what is the
exact relation between %7+ (®)e~i9!r, (2) andy, po (1)? To answer this question we
define the operator
; ot
Orpo(z) == 'wrFU("E)e_wrFa(x)e_wrF"(z)a (A.0.6)
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such that

Yrro(T) = OTF,,(w)ei¢IFU(w)ei¢TF“(z). (A.0.7)
Let us now determine the properties@fr,(x). First of all O, r,(z) commutes with
all bosonic operators, andbi,g,q. In the case ofo # r'o’ this is obvious and for
ro = r'a’ it holds,

[braqa OrFo (3))] =

YrFo (J»')eiM)TF" (z) eii¢j‘Fcr (x) (

Vil VI

e—isgr(rF)qx e—isgr(rF)qm) 0

and similarly [bigq, OTFJ(.’L‘)] =0.

Since the bosonic operate’i‘ﬁipa(w)ei‘ﬁr%(@ doesn't change the number of elec-
trons, cf. (2.4.7), but),p,(z) does decreasd’,, by one,O,r,(xz) must have the
same feature. Moreover sin€g r,(z) commutes with all bosonic operata®s r, ()
doesn't create or annihilate any bosonic excitation. Tioeesf we applyO,r,(x) on

a state‘]\?, ﬁi> it will leave 7% unchanged and only act d¥. In general we thus can

write
Oy ro(z) ‘Nm> =X, () ‘N - ém,,m> (A.0.8)
As first mentioned in29] this implies thatO, p,(z) can be written explicitly as

Orig(@) = 3D [N = gt ) (N8| A,y ():
N M
By defining the unitary operator
Upo = ZZ ‘N - groam> <]\7,'ﬁi‘ ’
N M

O,ro(z) becomes

OTFJ($) = Ura)\,,.pw\‘/"(x)- (A.0.9)
The operaton () can be easily determined by evaluating
<J\7, 0‘ Ul trro() ‘1\7, 0> : (A.0.10)

using one time the fermionic (1.4.26) and the other time theohic (A.0.7) represen-
tation ofy, p,(z). If we insert the bosonic form af, r,(x) into (A.0.10) and bear in
mind equation (A.0.9), we get

U)o trro(z) ‘1\7' ,0> = <J\7,0 i) po (@) itr Fo (@)

<J\7,0

Ul Uro A, (@) N,0) =

=1
<J\7,0

)\TFUJ\T(‘T) ‘1\7’ O> = ArFaﬁ(x)’
]\7, 0> = ‘]\7, 0> and |:>\1"F0'./\7(x)’ ei¢1Fa($)] = 0 follow-
ing from [b,.gq,ﬁ] = 0. If ¥, r,(z) is expressed in terms of the fermionic operators

Here we have useg?#= ()
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croq, We realize, since
<J\7,0‘ Ul = <J\7 - é’M,O‘ ,
that only the one term witk = ky,_ in the series (1.4.26) contributes to (A.0.10), if
Kn,, IS the wave number of the highest occupied single electrate sif thero band
in ‘ﬁ, 0>. Comparing the results of the two different ways of caldotathe matrix

elements<]\7, 0‘ Ulotprro () ‘1\7, 0> leads to

1 o -
)‘rFa]\_f (:B) = \/2_Lezsgr(F)nwa <N'ra - grow 0 CrcmNm N7 0> .
Thus our calculation yields
1 .
A poi(@) = —=eIErNoaT o (A.0.11)

V2L

whereT, 5 is eitherl or —1 and determines the correct sigrejf,,.,  is applied on
‘]\7,0> :

Crokp,, ‘]\7,0> = Tra]\-f N - gr070> )
Ordering the statelg,.) |o) according to+ 1, + |, — T, — | we explicitly get

ro—1

T.i= ] DY, ro=+1+1-1-1=1234.
Jj=1
The value ofky,, is given by

™

KN,y = T (T-NTU—I-A).
Combining (A.0.9) and (A.0.11) the operat@sy,(x) reads

OrFo = %UMTM € LI Nrot Az, (A.0.12)
Here we introduce the phase factor
Ky po(z) = \/%ei%sgnﬂ’“”w%)m (A.0.13)
and define the so called Klein factoyg, by
Mo = UpoT,, - (A.0.14)

From the definitions of the Klein factors it easy to demoristthat relations (2.4.12) to
(2.4.14) are valid. After we have found the explicit form@fr,, equation (A.0.12),

we can, by inserting (A.0.12) into (A.0.7), finally give thedonization identity for the
1D electron operator:

Yro(2) = o Krint, ()€ireo @) gitrre @), (A.0.15)






APPENDIX B

Bosonized form of the kinetic part of the Hamiltonian

Here we give the proof of the statement, that
HO,boson: HO;
i.e., the kinetic part of the armchair Hamiltonian can aithe written in terms of the
fermionic creation and annihilation operat@iis,e andc,qx,

o
Hy=¢p Zr Z Ty * c;[mcr(m : +€0AZ’I" : Neo 2y (B.0.16)
ro Nk =—00 ro
or equivalently in terms of the bosonic operatbfrpsq andb,q4:
o N2
Hoposon=c0 Y | Y Ing| bl yobrgo + 57+ AN | (B.0.17)

ro q>0
Proof of Hynoson = Hp: In our case the Fock space is a direct sum of Hilbert
spacesd ; with a fixed fermionic configuratiolV = (Ny4, Ny, Ny, N_y),

F=) Hg
oN

A basis of eact¥ ; is given by the state}sﬁ ,{nrex}) Wheren,s, denotes the oc-
cupation number of the single particle stag,.) . The set{ | N, {nor}) } consists

of ground statef 1\7,0) of the noninteracting system with fixe, plus all possible
states that can be constructed frqn’ﬁ ,0) by applying a sequence of particle-hole
excitations. It is obvious that the states in this basis lagecigenstates aff,. Con-
sequently, in order to prove théf hosoniS equivalent toHy, it suffices to show that
Hj nosonand Hy give the same result if applied to any of the eigenstatedoflLet us

start to calculate the action @f, on an arbitrary ground stateV,0) :

Nyo
Hy ‘J\?,O> = g Z ( Z Ty c;’.(mcmn : —|—AZ1"NW> ‘1\7,0>
ro T =—00 ro

Nr20 N"“U X2
= S (== AS TN, ‘N . (B.0.18
(EO ro ( 2 + 2 +€0 ro " ’ >0 ( )
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Comparing (B.0.16) and (B.0.18), it becomes clear tHat‘N’,O> is equal to

H()’boson N, O>, Slnce

braq

N, 0> — 0.
Now we turn to the excited eigenstates

t k!
H (croncron’)

rokk’

1\7,0>}

of Ho,r... We examine in a preliminary step the meaning of the opedelor. .., Ngbtogbrog-
We can write this expression, using (2.4.4) and (2.4.5)eims of the operatorg.,«
andclmm
Z raq ra'q B Z Z Z Crok+qr C’"""‘Crme’ Crok'+qr- (B.0.19)
rog>0 ro ¢>0 k,k’
It is amazing that most of the terms in (B.0.19) cancel wittheather, i.e.,
Z Z C;[gn-pqcranc;[mgl Crok'+q = Z Z Cig,ﬂ-q, C’I"O'ICCIUNCTO'K,—qu? (B.0.20)
q>0 k,K’ >0 K
as we are going to demonstrate immediately. With (B.0.20pktain
Z ”"1 broq = Z Z Z Crok+qr Crffficwncwnﬂr (B.0.21)
rog>0 ro ¢>0 kK
In order to verify relation (B.0.20) we focus without loss ggnerality on the right
mover terms and omit thes-indices. Let us consider the operator

!
Crrriq = cLﬁqlcmcL,lc,ﬁqu for k1 > k7 andg; > 0.

Then there is exactly one tripl@s, x5, g2) with kg > &), g2 > 0 that fulfills

_ At T _ .t T _
Chrorhr = CrataaCraCil Chly+qr = Critaq Crl+a1 G Cr1 = —Cririqr-
This mapping, that we are going to c, from (x1, k1, ¢1) t0 (K2, K5, g2) iS given by
M - (/ﬁlama’QI) - (K’Il + qla’%lla"'fl - K:Il) = (KQaK;IZaQQ)'
As is easily shown,
M (M (Kfl,’%lla Q1)) = ("ﬁ:l,’%ll,ql)
holds. Consequently we can decompose
DD ChiatrChicntq
q>0 k>K'
into pairs of operators that cancel each other. In an anatoganner it is shown that
33 chagenchiensg =0
q>0 K<k’
Thus we have proven the relation

PIPIL AL ED D) DL AT LR

>0 kK’ >0 K
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FIGURE B.0.1. Relation between elementary particle-hole excita-
tions and subsequent relaxations. An elementary partiche ex-
citation in a), that rises the energy by an integer multipleof the
level spacing (heren = 5), increases also the number of addtionally
possible elementary relaxations fy as can be seen in b).

and hence (B.0.20).
By means of equation (B.0.21) we can now reveal the meaniig of, nqblgqbwq :

We note, all state$]\7 ,{nrox } ) are eigenstates of the operartb(;n g cm,ﬁc}tmcmnﬂ,.
The corresponding eigenvalues are gived dfan elementary particle-hole relaxation
from state|@,qy1q,) 10 |@row) IS possible, i.€.0,5x4q, = 1 @andn,q, = 0 or by 0 if
the relaxation fromMy,s.+q,) 10 |¢rex) is forbidden due to the Pauli principle, i.e., if

Nror+q, = 00l Nypgr = 1. Hence,zwq>0 nqbiaqbwq counts the number of possible
elementary relaxations in the eigenstateg/gfr, :

Z nqu«aquq 1\7, {nrcm}> = Mnron} ‘N’ {nr(m}> ) (B.0.22)
rog>0
wheremy,, .y is the total number of allowed elementary relaxations fe state
[N {nrox}) -

On the other hand, any elementary particle-hole excitapieriormed upon an
arbitrary state| N, {n.sx}), that rises the energy by - ¢y also rises the number
of possible elementary particle-hole relaxationsrbysee Fig. B.0.1). Since every
state| N, {n,x} ) can be built up by a chain of particle-hole excitations sigrfrom
| 1\7, 0), we can conclude that the excitation energy (the differémtiee eigenenergies
corresponding td N, {n,,}) and | N,0)) of | N,{n,qs}) equalsmy,, ;- co.
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Thus we can conclude

Hy ‘Na {nran}> =

Nr20 Nyo T
= &0 | Mpnpy + 0 ( 2+ 27 ) FAY TN ‘N, {nm}> (B.0.23)
rTo ro
Comparing (B.0.22) and (B.0.23) yields

ad N2 N'rg'
H=c| 3 nqugqbwﬁz( o N )+AZT b
rog>0 ro ro

thus proofing thaf{, and Hy posonare indeed equivalent.

B.1. Completeness of States in Bosonic Representation

Now it is easy to prove the astonishing and important fact shbhasis of each
Hilbert space? ; can be constructed by bosonic excitations instead of fenimio
ones, which is, as pointed out iB4], “the deep reason” why the bosonization of
1D fermionic systems is possible. We have shown that thessta¥, {n,..} ) are
eigenstates 0H poson But since Hy posonis diagonal in the bosonic operatdrk,q
andb,,also the states

T Mrogq
I (th) ‘N‘ N B.1.1)
|~ {la) 3
roq>0 mraq!

form a complete set of eigenstatesHg noson Hence, each of the stat¢e§f Anror})
can be written as an appropriate linear combination of theest N, 77 ) . But then,
since the| N, {n,,x}) form a basis ofH 3, the same must be true for the bosonic
excitations| N, 7 ) .



APPENDIX C

Bogoliubov transformation

In this appendix we show how to bosonize a Hamiltonian thgtuiedratic in oper-
atorsb, andbf,, fulfilling the canonical bosonic commutation relationg,the method
of Bogoliubov [73]. At the end we apply the method to the Hamiltonidig; from
(2.5.10), describing the bosonic excitationsdp + V,,.

Let us in general consider a Hamiltonian of the form
1 2 1
H=33"X, (bq + b;) 520 (Xq = Ag) (bgby + hec) +const.  (C.0.2)
¢>0 ¢>0

The commutation relations between the Hamiltonian and ¢isetic operators follow
immediately:

[H,b)] = [Xq (bq + bj;) _ Yqz)q] = Agby + X,b,
[H,b) = —[Xq (bg+0}) = Yab}]| = —Xyby — Agb}.

To diagonalize (C.0.2), we introduce a transformation ftomoperators, andb}; to

new bosonic creation and annihilation operaﬁi}andaq, such that the Hamiltonian
becomes diagonal in terms of the new operators,

H = Z 5qa:§aq.
q>0
Constant terms itff are neglected since they merely shift the energy scale. ¥es
following ansatz for the transformation

al = Bgbl — Dyby, (C.0.3)

ag = Bgbg — Dgb. (C.0.4)

In order to determine the real Bogoliubov coefficieftgand D,, we require that)
anda, fulfill the canonical commutation relations,

[ag,al] =1 (C.0.5)
and diagonalizeH,
[H, a:g] = eqa:rl & [H,aq) = —€qa4- (C.0.6)
The elementary bosonic excitation energigstill have to be determined. By insert-
ing the ansatz for the Bogoliubov transformation (C.0.3 @n@d.4) into (C.0.5), the
following condition arises,
Us-Vv2=1 (C.0.7)

133



134 C. BOGOLIUBOV TRANSFORMATION

and from C.0.6 we get
[H,aq] = —€jsqajoq <
(BgXq + DgAq) bg + (BgAq + Dy Xg) b;r'aq = ¢&q (quq - quZ) .
This leads to the conditions
B,X,+ DyA; = ¢€4B, (C.0.8)
BjAg+ Dy Xy, = —g4D,. (C.0.9)

The energieg, are determined by requiring that both conditions are feffilat the
same time. Addition (C.0.8) from (C.0.9) yields

(Bg+ Dy)(Ag + Xy) = €¢(Bg — Dy). (C.0.10)
By subtracting (C.0.9) from (C.0.8) we get
(Bq — Dg)(Xq — Aq) = ¢€q(Bg+ D)

= (By—D,) = e4(By+Dy)(Xy— Ay * (C.0.11)
Inserting (C.0.11) into (C.0.10) gives
(Bg+ Dg)(Ag + Xg) = €2(Bg + Do) (Xq — Ag) ™, (C.0.12)

yielding
e2=X2—Al=egy= /X2 A2 (C.0.13)
The additional constraint (C.0.7) finally leads to
£ + X4 Aq

, Dg=— :
\/(611 +X,)? —A§ \/(5q+Xq)2 —AE
Let us now apply this procedure to the different mogés= c+,c—, s+, s— of the
HamiltonianHy + V,,. Using

2b}6qu5¢1 = (bjoq + bj'aq)z — bjsgbjsq — b;-&qb;dq + const.

we can rewrite (2.5.10) as

1 + )2
Hjs = ) Z nqXjsq (bjéq + bj&q)
>0

(C.0.14)

B, =

1
~3 an (Xj6q — Ajsg) (bgbg + h.c.) + const., (C.0.15)
q>0

with

Xjsq = nq (46j(570+Wq — ubA + 60)

Ajsq = nq (46j5,c+Wq —ut — 6u?) .
Concerning the dispersion relations of the bosonic operaiothe different modes,
we obtain from (C.0.13)

2
€jodq = ”q\/(45j6,c+Wq —uf +e0)’ - (45j6,c+Wq —ut — 5’“?) :
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Exploiting that for metallic SWNTs,, W, > uﬂuﬁ)c holds, we can simplify the
dispersion relations further,

T o
ejaqﬁ{ oma e jo=ct

Ng (50 —ubA) , jo=c—,s+,8—.
Hence only the energies of the channelsands— remain to be degenerate. Rather
than of a spin-charge separation one could speak of a sigpaddttotal and relative
(with respect to the pseudo spin degree of freedom) colleetkcitations instead.
To a good approximation the Bogoliubov coefficiebtsandV; do not depend on
the coupling constants of the non-forward scattering teffnem (C.0.14) it can easily
be deduced that

1 c S o
Biss ~ §(w/%+1/%>, Jjo =c+
Joq
1, else
L( [eog _ [€q 5
Djs, ~ 2Qhw VW)’ﬁ ot (C.0.16)
0, else

For completeness we also give the reversed Bogoliubovftranation, i.e., the depen-

dence of the operatotg ona, anda};. As can be easily derived from (C.0.3), (C.0.4)
and (C.0.7), it holds

b, = Byag+ Dyal . (C.0.17)






APPENDIX D

Modeling the interaction potential

In this Appendix we show how we determine the values of thectiffe 1D poten-
tials U[Zﬁltm/ " and of the coupling constants;, s, . We start with equation (2.2.6)
from section 2.2,

U[z';]tra/inter(x,x/) — LZ//dZ)”J_dZT'ﬁ_
X @pr () lpr, (7) 02pm (T epr, (F)U (7 — 7). (D.0.18)

Using equation (1.4.12) in order to reexpress the Bloch wayg () in terms ofp,
orbitals, we obtain,

Uintra/inte'r(x .’El) _ L_z//derdQ,rl
[F] N2
x U7 — ) Z e i(F1—F1) Ra—i(F2—F3)R,,
RR
NG P N
x ‘x(r ~R- Tp)‘ ‘x(r - R -7,)| . (D.0.19)

Instead of a fourfold sum over the lattice siﬁsonly the double sunzéﬁ, remains,
since the overlap of differemt, orbitals can be neglected. To proceed we use once
more that the spatial extension of the orbitals is small compared to all other ap-
pearing length scales and therefore replpgeg” — R - 7)|? by the delta function
§(F— R — 7p). In order to take into account the error induced thereby atlsiisa
tancesz ~ z’, we replace the Coulomb potential by the Ohno potentiabéhiced

by equation (2.2.2). It interpolates betweym, the interaction energy between two

p, electrons in the same orbital, aqgw for |7 —7'| > 0. Performing the
integration in (D.0.19), we obtain,
intra/inter /
Lgp

x e UF1— F4)Rz*i(F2*F3)RI:);U(R’ - R + Ty — 7_::|:p)- (D.0.20)

Now we can easily calculate the values of the coupling comsia;, 5, for the local
interactions, given by (2.3.8),

us, s, = 1/(2L?) //dwda:U [Fls, (25 z').
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138 D. MODELING THE INTERACTION POTENTIAL

Using (D.0.20) together with equation (2.2.5),

17
Upriry(x, 2') = 1 [U[Zﬁfm(xafﬂl)(l + r17T9T3T4)

+ U[Z},%fer(x,x') (rors + ’1"1’1"4)] , (D.0.21)
we arrive at
1 . ,
ufb = ’U,+ — — Z e_ZQKO(RIE_R;c)
AN? £~
R,R!

X

||

UR-R)+U@B-R +7, - 71,,)] . (D.0.22)

1 D > >3 S — —
Up/y f = U? = iN? Z [U(R —R)Y-UR-R +7,— r_,,)] (D.0.23)
R,R
and
1 s o
Upjup = Uy = IN? ) ei2KolRa )
R,R'

x [UR-R)-U@E-F+7,-7,)]. (0.0.24)

Since in the summations in (D.0.22), (D.0.23) and (D.0.24y terms withR ~ R’
contribute, the number of relevant summands scales likentineber of lattice sites
Ny, Due to the prefactot /N2, ut and uf/b in total scale likel/Nz. Numerical
evaluation of the previous three equations leads to theegadiven in table 1.



APPENDIX E

— —

Calculation of the matrix elements M,z (NV, m, N', n¥/, z)

Using the bosonization identity (A.0.15),

o .
wraF(QT) = ’I]TJKTFU (,r)ewmp(m)eWraF(ﬂi)’

we can separatM[r][FJ[a](J\_f, m, 1\7’, m', ) from equation (2.5.19) into a bosonic and
a fermionic part,

Mpyyo)(N, 17, N, @) = Migy(p1(0] (N, N', @) Moo (72, 770, ),

where
&),

—

My (N, W', z) = (N| K, (o)nf, K], ()], K (@)m, Koy (2,

My (i, ', z) = (| ¢ @) g=it, (2) =91, (®) g—ig, (@)
£/ 013 ()41, (D) 101, @) |17y | (E.0.25)

Improving readability, we have summarized the indic€% by a smgle mdex.

E.1. The Fermionic part of M[r][F}[a](N, m, N', 7!, )

First we consider the contributial/[; (1\7, 1\7’, x) depending on the fermionic con-
figurations]\_/‘ andN'. Using relation (2.4.11) for the Klein factorg, and the defini-
tion of the phase factdK,,r(z), equation (A.0.13), we obtain

1
(2L)? N5+ By TR 110l QR W) (2):

My (N, N, z) =

WhereE o] := €6 + €ry0' — Ergor — €rye- FUIthermorel’;

¥ 8 [r][o] is given by

Tﬁ . ool = ( 1)2(’"404) I(N’) +Z(7'3°'3) 1(]\7’—€T4a4)j3
"r

W (1) T (F =)t ST W (1.1
Here we use the conventigh= + 1,+ |,— 1,— |= 1,2,3,4. It turns out that

Ty [r][o] only depends on the scattering ty@gsandsS, . Epr|C|tIy with T

N’S So
T 8115, lols, o
Ty = —(—1) N2V ey, (E.1.2)
Ty = (—1)*Ver P2NR VL (E.1.3)
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andTy, .S,

is given by

= 1 for all other(S,, S,). The functionQﬁﬁ,m[F](a:) yields a phase and

LT = = ~
exp {Zf [sgn(7‘41;'4)(N')l4 + sgn(rsF3)(N' — &),

—

—sgn(raF2) (N —é, )i, — Sgﬂ(TlFﬂ(N)h] 55} - (E.1.4)

E.2. The bosonic part OfM[r][F][a}(]\?, m, 1\7/, 777,/, ZII)

The calculation of the bosonic pa¥fj, x4 (771, 7', ) is based on expressing the

fieldsi¢,,r(z) in equation (E.0.25) in terms of the bosonic operatogs, a;.éq and
subsequent normal ordering, i.e., commuting all annibifabperators: ;5, to the right

side and all creation operatom%q to the left side. In a first step we use the relation
it1(2) il (@) _ gid] (@) idn() clidn(2),ig] (2)]
following from the Baker-Hausdorff formula,
etelf = eA+Be%[A’B], [A4,B] € C,
to obtain from (E.0.25),

=4 =4
My (m, 7, z) = Cpy(=) <m e =19, (2) =i 410 (@)

m'> . (E2.1)

Wherei?ﬂq&ln denotes the sumy;, + ¢, — ¢, — ¢y, and
Cy (@) = olins (@),i9], (@)] [~idr, (),id], (2)+ig], ()]

5 o191y (@),—is], (@) +id] (2)+ig], (@)]

Applying the Baker-Hausdorff formula once more, we obtain
e_iiizl(b;n (J;)e_iiizl(bln (J}) e
Tt (9 @46}, @) S [Tl @iZw @] (o)

In order to go on we express the operatfg, () +z‘¢1FU(x) in terms of the opera-

tOI’Sa;r-Jq anda s, that diagonalize the HamiltoniaH, + V,,. Using equation (2.4.16)
we can write

irro (@) + i) = 3 ——

(eisgr(F'r)qwerq _ efisgr(Fr)qwa ) .
q>0 \/n_q

roq
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The operator$, ,, _andbigq in turn are related t@;‘. 5q andajs, Via equation (2.5.15),
such that we obtain

irro(e) + ws’"F” ZA Z \/_q [ s (Bjéqajdq + Djdqa;.&q)

q>0
_e—isgf(F'r)qw (Bj(;qa}dq + Dj(;qaqu)]
or
; i iog \*
idrpo(@) +idp, (x) = > (Aﬁanajaq— (,\3,;0) aj.éq), (E.2.3)
70g>0
with
)\954 — A7]"‘f57 (eisgr(Fr)qu_ _efisgr(Fr)qu, ) (E 24)
rFo \/,',L—q ]JQ J&q . L.
By defining
~ 4
<5 5
M (2) == —anlng(x) (E.2.5)

and again using the Baker-Hausdorff formula, we arrive @trgbrmal ordered expres-
sion

a4
o S (P @) el (@) _
I*j6 156 1 376
o~ ida>0 ] “(x)als, e2isa>0 Ny (@)8jsg .~ 3 Ej6q>0"\fz]q(w)‘ _

Inserting the previous equation into (E.2.2) yields
(s )
Apy(

where we have introduced
Ay() = e? (im0l @S0, (@]~ 3 iseso| i @)

im0}, (8) g=i S 01, (@)

w)HF(;\{Z‘]Sq(x),mj,gq,m;-(;q), (E.2.6)
Joq

2

| (E.2.7)

and
F(\,m,m') = <m ‘e_’\*'ﬂe)‘“ m'> ) (E.2.8)

where the statés:) are bosonic excitations created by the operaidrs.e., |m) =
(at)™ /v/m!|0) . An analytical expression foF'(\,m,m’) is derived at the end of
this appendix.

Combining equations (E.2.1) and (E.2.6) we finally obtain

- 146
My, ', z) = Cpy(z) Ay () [ | F(Xp(2), mjsq, Misq)-
Joq
Explicitly, equation (E.2.7) yields that;(z) only depends on the scattering type for
the product-F. For S,r # u we find A[] =: Ag, . = 1 whereasA4,, is strongly
enhanced leading to an increased |mportance of non-dedesitsity interactions at




—

142 E. CALCULATION OF THE MATRIX ELEMENTS M, i#110](N, 7, N', 1/, )

half-filling. Due to its relevance we show the detailed ckdtian of A,, in the follow-
ing.

E.2.1. Evaluation ofA4,(z). Exemplarily we present the calculation of the func—
tion Apy)s (7). [0]s, (z) for the scattering processS;, Sr,S,) = (b, f, f1), i.
for

[T] = (Ta -, _T)’ [F] = (Fa _F7 _Fa F) and[o] = (Ua g,0, U)'

It is easily checked that for this choi&r = u [lplds. Before starting with the actual
calculation we first determine the coeﬁicierﬂ%’fFHa](m) for the considered case.
With equations (E.2.4) and (E.2.5) we find

179q _
NrlolF),—[o],4 (%) =

_ wsgn(rpfp)gr .. —isgn(rnFr)gz N .
Z =1 rnU'n ( () BJ(Sq € () DJJQ) .

The values foi3 4, D](;q are known from the Bogoliubov transformation, cf. equation
(C.0.16), andf\ig is given by (2.5.8). For the different channglsthis leads to
2isgn(rF)

N, 1, @ = - s :fq sin(gz),
et 1ol @ = 0,

ANtr, 1o+ @) = —Qisgni\/ggdsin(qw),
Aol o)+ @) =0

Using (E.2.7) we get in this case,

A (a) = e [i6], (2) 0], (@).id1, (@) ity («)]

e%[ms;;(w)—z'«zs;;(w),i¢l2<w)—z’¢l4<w)]6:%Eq>o( @[ @) (E£.29)

Improving readability we have again replaced the indicE% by a single index.
With (2.4.16) we obtain

|:¢ng( ) Z'qsrzi:FU(:I;)] =
_ Z fzsgn(rF)q TFz) [b:[T v ba’r-q] _ Z iefisgn(rF)q(:c:Fw)'

(1>0 >0
In total this leads to

2550 2 (1-cos(2q2)) 2 Eqv0 g ( zpy +1)5i0 *(az).
A[r]b[F]f,[g]f+(.’I,‘) = e >0 g q e > ( +q )

Because ofin?(gz) = 3 (1 — cos(2¢z)) the final result is

1 €0
23>0 g (1— chq) sin?(gz)

Al F],-[o] 4 (7) =€
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The same result is also obtained for all other processesSyith= w.

E.2.2. The function F(\,m,m'). Expanding the exponentiaid? in (E.2.8) all
summands which are of higher order tha vanish because af|0) = 0. Analo-

gously, all terms in the expansion ofNa' of higher order thamn do not contribute.
Hence we get

P
_ f
< ‘ A*a’ JAa

™ rahyi L (Ag)d
m'> = <m Z ( Az'! ) Z ()\) m'>. (E.2.10)

|
=0 7=0 J:

In (E.2.10) only terms withn — ¢ = m’ — j survive. Form' > m we conveniently
m . , :
)\ Y Mg )™ —m+i
F(\,m,m') = <m E ( al)' (Aa)

expresg in terms of; and find
mf> |
i=0

With a* [m) = \ /- [m — k) and(at)¥ |m) = /L5 |m + k) this leads to
_ym'-m _|)\| m'! !
FQ,m,m’) =X V m't Zz'm—m—l—z) (m—z’)!’m>m

A similar relation holds in the case > m/’,

[m (—|A?)? m!
A, mm | : '
F,m,m) Zz'm m' + i) (m! —)! me>m

and for generain, m' the final result forF'(\, m,m’) is given by

4 (m —m i)

F(\,m,m') =
e

macc 'L' Z + Mmax — mmm)' (mmm - IL)" o

Wheremin jmaz = mln/max m,m'). Similar expressions foF'(\, m,m') were
found by Kim et al. F4] when investigating charge plasmons in a splnless Luttinge
liquid quantum dot.







APPENDIX F
Regularization of <1\7m Vi - J\7frﬁ>

As already mentioned in the main text, expression (2.5.@7)fe matrix element
<J\7m|VSTSFSU|J\7%'> diverges ifY> 5, Imjsq —m;-(sq‘ < 1and if Vg, g,5, is N
conserving. Here we show in detail how the matrix elementlEproperly regular-
ized for the casen = m' andVs, 5,5, = Vi+p £~ . We start with equation (2.5.27),

S 2\ 1 n e*QngH(TF)(Nra*NT_g)%w
(0 Viea- | ) = Z/d$ 4sin® ({)
rFo

\Joq _ )
X HF(/\[T]f+[F]b[U]f_ (z), Mjse Mjsg)- (F.0.12)
joq
In a first step we rewrite the fractian 2sgn(rF)(Nea =Nr—0) £2 /(4 5in?(T 1)) as
672isgn(rF)(Nm ~Np—o)Tx efZisgn(rF)Nm Tx e2isgn(rF)NT_g T

4sin?(Zx) I
and, by using the identity
N —iNz
Z e—inw — €
1—eir’

n=—oo
we transform it into the product of two infinite sums extemdover the whole Fermi
sea,

72isgn rF)(Npg—Np_ T N’Po’ N’r—o’
¢ ( ')(QT; o)l — § : efQisgn('rF)n%z § : e2isgn(rF)n’%w' (F.0.13)
4sin*(Tx) ,
n=-—00 n'=—oc

An important observation is, that the multiplication with

. 3 . 2
e T _ piNgT _ —iNgT (1 —e qu)

recasts the infinite sus"____e~2" into a finite sum,

N N
efinq:c (1 _ 62inqw) § : 672inw — efinqw § : 672inw. (F.O.14)
n=—o00 n=N-ng+1
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Let us now have a closer look at the coefficieﬁﬁq , Which according to
T f+[F]b[U}f—
(E.2.5) are given by

336 1 ) —isgn(rF)qzx isgn(rF)qx
i 0= i o)

n AZ(S_U (eisgn(rF)qw o e—ngn(TF)qw)] ]

Then because of (F.0.14), the product

Ni—o
YJdq tisq —2isgn(rF)nTx 2isgn(rF)n' Zx
11 (A[T]H[F]b[a]f_ (=) Z e Yo oe %, tj5 €N
qu n=—oo n'=—o0o
is a finite sum for_ 5, ;5 > 2. But from (E.2.11) we can conclude that
T POR i, (@) misa mise) =1+ O0P),
jdq
t:
2 . jdq jéq
whereO(A?) collects all the terms that contain a fac{dr;, ()\[ ]+ [Flolo] - (:v))
with 35, tj6q > 2. Thus
—2isgn(rF)(Npg —Nr_o) T .
e L 3jo
K ) LLFOG e, (), s i) =1
L 704
(F.0.15)

is a well defined integral over a finite sum and therefore narding. On the other
hand we find with (F.0.13)

—2zsgn (rF)(Nro—Np_ ")L
/d:v =

4 8in? (Lm)
Nro Nyp—_o
_ T ; I
/d:E E : e 2isgn(rF)nTa E : e2zsgn(rF)n Iz
n=—oo n’:—oo
Nyo Nr_o min(N'ra';Nrfc')
LY Y bw= Y L
n=—oon'=—oo n=-—00

Regularization of the previous expression now is easilyeseld by subtracting in the
previous equation e.g. the contribution from below halifgy, such that,

—2isgn(rF)(Nro—Ny—o) T
] — L mnin(Noy, Noo). F.0.16
/ J; 4 sin? (%x) min(Ny ) ( )



F. REGULARIZATION OF<]\7m ‘vfﬂf_ ‘ Nm> 147
Combining (F.0.15) and (F.0.16) we obtain the finite expogss
(N Vo= | Nit) = u® > min(Nyp, Nyy)
T

e—Qngn(TF)(Nra_Nr—a)%z

1 +
+ 4Lu Z/dw 4 8in? (%m)

- (), mjsq, Mjsq) — 1

X
=
P
=%
-
+
|
al
S

which is equivalent to equation (2.5.28) in the main text.e Tagularization for the
case) 5, |mjsq — mjs,| = 1 as well as for the matrix elements of theconserving

processe¥;-,; andVy ;- s+ which are only relevant near half-filling can be achieved
in a similar way.






APPENDIX G

Invariance of the transport calculation under unitary
transformations Ug,

In this appendix we rewrite equations (3.3.22) and (3.43) basis independent

way, thus proving their invariance under any unitary transftionsUg, within the

Hilbert spacedi g, of states with equal energy and particle number. We do not con
sider more general unitary transformations because werassiat any coherence
between states of different particle number and energystiani. Section 3.3. Let us

start with equation (3.3.22). Using the definitions (3.3123(3.3.26), we obtain

N == 5 [ s /d/ dt

l=s,d o

{ !Z ga'l (EN I_EN) (\I’T (i,’))ENE;v—l (\I’a(g))E;V_IEN ngN (t)

+ Fa@ .0 3 e (PP (@, (7)) P P (w] () Y ngN(t)] +he.

N+1

- tl) Z e—i,;(Eﬁerl—EN)t’ (‘I’Z.(.’Z”))ENE;V_I nggv_1(t) (\I,G(g»))Egv—1EN
En_1

I,E!

+En(@ Z e K (Pxn =Bl (g, (7)) P i gL (p) (\I’L@)EN“E”} ~he.y,
N+1

(G.0.17)

obviously not depending on a specific choice of an eigenlmHsi$;. The electron
operators(¥, (&))¥¥¥¥+1 are acting between the Hilbert spacks;, and%EﬁvH
Additionally we can reexpress equation (3.4.3) for theenirin the invariant form

Il = Z TT(ngNIlEN)

NzEN
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188 INVARIANCE OF THE TRANSPORT CALCULATION UNDER UNITAR TRANSFORMATIONSUE

by introducing the current operatof§»,

E le 3 3 © !
L == /dx/dy/ dt
h? 0
g

> (@, @) (wh(7)

E3v+1EN

fo‘l (:Z", g, tl)e_%(ESV+1_EN)t’ o

ENE , ) ,
Z ("I’I—(f)) T (‘I'a(g))EN_lEN 50—1(5,@',75')6_%(]5 _1—EN)t + h.c.

(G.0.18)



APPENDIX H

The matrix elements of the electron operators

In this appendix we calculate the expressions for the matemnents
(N, 1] e () | 7,

The procedure is very similar to the calculation<(ﬁ, m‘ Vapp ‘1\7’, ﬁi’> in Appendix
E. Again we use the bosonization identity (A.0.15) of thettn operatorg),,r(z),
namely

YrFo ('T) = nraKrFoeid);rF"($)+i¢TF‘7($)e%[i¢IFo-($)ﬂi¢TFa(w)], (H.0.19)
where we have already made use of the Baker-Hausdorff farnftd a reminden,.,
is the Klein factor reducing the electron number by one, fheratorK, ., is given by

1 .z
Krro(z) = —_2Le’fsg“(F JrNrot8) (H.0.20)
and yields a phase factor depending on the filling of the faagl The bosonic fields
¢rro () are given in terms of the bosonic annihilation operateys,

eisgr(Fr)q:v
idrpe(2) =Y e brq. (H.0.21)

Via the Bogoliubov transformation the operatérs, can be expressed in terms of the

operatorsa jsq anda}(;q which diagonalize the SWNT Hamiltonial, see equation
(2.5.15). From Appendix E we know

ibror(@) +idl pl@) = > </\Zi?ga]-5q— (Az‘;‘lg) a}dq), (H.0.22)
jog>0
with _
)\jéq — A_g'g (eisgr(Fr)q:cB_d _ oisor(Fr)gz Iy '6) (H.0.23)
rFo /—nq Joq Jogq

where the Bogoliubov parameteBs;, and Djs, are given by (2.5.16) and (2.5.17).
Inserting the bosonization identity (H.0.19) togethethvdkpression (H.0.22) into the
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152 H. THE MATRIX ELEMENTS OF THE ELECTRON OPERATORS
matrix eIemen<N, ﬁi‘ Yrro(T) ‘N’, ﬁi’>, yields

(I, hr o (2) | N, 1) =

ro—1 . -t .
6ﬁ+€ra,1\7’ (—1)Zj:1 NJ e%[uﬁrFo-(w)’Zd)TFo'(w)]Q]\.],ITFO_ (.'L') X

(| 02i8>0 ()‘iiga (@)ajsq— ()‘iigo(x)) *a’t‘”) ‘T_f'bl> )

where we have defined

1 ren(me )
QN’I‘FU(‘IL‘) = \/ﬁezlzsg (F)( N'ra-'f'A) .

Remember that the factér-1)=721 Vi stems from the Klein factor. The term
(1] 050 (e @esa~ (V@) 5sa) |y (H.0.24)
does not depend on the fermionic configuration and thereferbave dropped tha’

index in ‘N,m>. Normal ordering equation (H.0.24) leads to

pYLL: ( )2
rFo\T

> i6¢>0 (’\ths*«(‘lo (®)ajoq — (AitsF?o (w)) *a;[&l)

_1ls
/> —e 2 2isq>0 X

(| e [z

ey o~ (M5 @)) als, N (@)ass, |mise) s (H.0.25)

q>0 j6

With [mjs.) = (mjae!) " (af M)m”"”‘ 10) . As derived in Appendix E it holds

(m]| e Nl gha |m'> =F(\,m,m), (H.0.26)

where F (A, m,m') is explicitly given by equation (E.2.11). In the end we obtfir
the matrix element§), r,(z)),,,,, the following expression:

ro—1

(N,m‘ bro () ‘N’,m'> =05y, (D= NiQg, b (@)W (z)

j&
H F(AiF?a(w)’ Mjsq, mg'tsq)a

70g>0
where we have defined
. 2
W(z) = e3liro@)idrro(@)] g~ 3 Lisaso N @[ (H.0.27)
a quantity that is independent of'c as we show in the following.
H.1. The function W (z)
With equation (H.0.21) one finds
. . 1 1
(16150 (@), i6rsr0(@)] = =D =l ggsbrog] = 3 — (H.L.1)
q

q>0 q q>0
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From (H.0.23) we obtain for the parametaﬁgﬁ ) in the case of the neutral modes
jod =c—,s+,s5—,
" etsen(Fr)qs 5
N (@) = ———A) (H.1.2)
TLo nq

and for thec+ mode we have

e ([t

)\chq

)) (H.1.3)

Hence it holds

s 2
Nt @) =

! [1 + 0j5,c+ (j cos?(qz) + £0 sin?(gz) — 1)] . (H.1.4)
€0

47"(1 q Ectq
Inserting (H.1.1) and (H.1.4) into (H.0.27) we finally olstai

e €0
3 Xg>0 i( g;;q cos?(qz)+ fq sin (qw)fl)

W) =e "
Because”—” — 1 for largeg, the sum in (H.1.5) is finite.

(H.1.5)
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