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Abstract. We consider the Navier-Stokes system for an incompressible fluid coupled with a convection-diffusion
equation for surfactant molecules on the free surface. The lubrication approximation leads to a coupled system of
parabolic equations, consisting of a degenerate fourth order equation for the film height and a second order equation
for the surfactant concentration. A proof based on energy estimates shows the existence of global weak solutions
which in addition fulfill an integral inequality (entropy inequality) which ensures positivity properties for the solution.
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1. Introduction. The aim of this paper is to prove the existence of nonnegative, weak solu-
tions of the following system of coupled nonlinear, degenerate parabolic partial differential equa-
tions

hy + (% 1? Bags + 3 h2 0(T), ) -0, (1.1)

T

Do+ (42T hype +hT0(T), ) = DT,y (12)
xr

with suitable initial and boundary conditions. The above system appears in the lubrication theory
for thin films on which surfactant molecules diffuse (see [GG90], [JG92]). In (1.1)-(1.2) the function
h describes the height of the film and T is the concentration of the surfactants. The monotone
decreasing function o models the surfactant dependent surface tension whereas the monotone
behavior takes into account that the surfactant molecules lower the surface tension. The first
equation follows from mass conservation and the term in brackets is the total horizontal velocity.
The second equation is a convection-diffusion equation describing mass balance for the surfactants.
The term in brackets in (1.2) is up to the function I' the horizontal velocity on top of the film and
hence this term accounts for transport of " induced by the velocity field. We will discuss these
issues in more detail in Section 2.

The analysis for (1.1)-(1.2) is difficult due to the fact that the system degenerates as h tends to
zero. Equation (1.1) with o = 0 is the thin film equation

he + (3h° haga) , =0 (1.3)

which has been studied by many authors (see [BF90], [B96], [BBD95], [BP96], [DGG98] and the
references therein). Due to the fact that the equation is of fourth order and since no maximum
principle is valid, it is difficult to analyze the thin film equation. For example it is not clear how
to show nonnegativity of solutions. For the thin film equation (1.3) a priori estimates follow from
the identity

d
E/%hi+/%h3 h,, =0 (1.4)
Q Q
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which holds under appropriate boundary conditions. But also further integral estimates of which
d
a/G(h)+%/hh§z=o (1.5)
Q Q

with G”(h) = h™? is the easiest example hold and give further a priori estimates (see [BF90],
[BBD95], [BP96], [DGGI8] for details). By now many deep results such as nonnegativity of
solutions, finite speed of propagation, results on the long time behavior of solutions, waiting time
behavior and regularity results have been shown by using global and local versions of the above
mentioned a priori estimates (see [BF90], [BBD95], [B96], [DGG98]). The mathematical analysis
of the system (1.1)-(1.2) is even more involved. Renardy ([R1-96], [R2-96], [R97]) studied this
system and variants of it. He showed local existence results and studied shock profiles in certain
singular perturbed variants of (1.1)-(1.2). Barrett, Garcke and Niirnberg ([BGN03]) studied and
analyzed a finite element method for (1.1)-(1.2) and they present several numerical simulations
showing an extreme thinning of the film due to convection resulting from surface tension gradients.
We also refer to Griin, Lenz and Rumpf ([GLRO02]) for numerical simulations based on a finite
volume method.

In this paper we will show global existence of weak solutions to (1.1)-(1.2). Fundamental for
our approach is a proper generalization of the energy identity (1.4) to the case of surfactants.
This is not straightforward and therefore, we will reconsider the derivation for (1.1)-(1.2) from
the full free boundary problem for the Navier-Stokes equations. In particular we will derive an
energy inequality for the full problem and taking the scaling of the lubrication approximation into
account we can derive an energy estimate for (1.1)-(1.2). This will be done in Section 2 and the
a priori estimates will be the main ingredients in our existence analysis presented in Section 3.
Generalization of the integral identities (”entropy” identities) for the thin film equation do not
seem to hold for (1.1)-(1.2). But in Section 4 we will show that at least one of the ”entropy”
estimates still can be generalized to (1.1)-(1.2) and this will allow us to show that solutions to
positive initial data can only become zero on a set of measure zero. This shows that the influence
of surfactants does not lead to dead cores, i.e. sets with positive measure on which h becomes zero.

2. The models. The motion of an incompressible viscous fluid on a bounded solid substrate
is governed by the Navier-Stokes equations
pofus + (u-V)u} = pAu— Vp, (2.1)
divu=20
where u = (uy,u2,us) is the velocity field, p the pressure and po the constant density. We assume

that the fluid does not penetrate the substrate given by {(z,y, 2) € R*|z = 0} and that there is no
flux across the lateral boundary. We also impose no-slip boundary conditions for the velocity, i.e.

u.—o =0. (2.3)

We assume that the evolving free surface C; is given as the graph of a smooth time-dependent
height function h = h(t,z,y) on a spatial domain Q C R?, i.e.

Ci ={(z,y,2)| (z,9) € Q, z = h(t,z,9)}. (2.4)

At the interface (briefly abbreviated as {z = h}) a kinematic boundary condition dictates that
the normal component of the liquid velocity balances the speed of the interface (the convective
time-derivative 4} of h), i.e.

dh

Usa=h = = he + ug hy + us hy. (2.5)
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In order to balance the shear stress tensor
T(u,p) :== —pld+u (Vu+ VuT)

of the fluid we look at its normal and tangential component separately. The normal stress exhibits a
jump equal to the surface tension times the curvature (later referred to as normal stress condition):

v-Tv = ok, (2.6)

where v is the outer unit normal and & is the sum of the principal curvatures of the interface at a
given point on Cj.

For the description of the tangential shear stress on the interface it becomes important to clarify
the role of the surface tension dependence on the surfactant concentration I more explicitly. As
a result of the surface agency of the surfactant monolayer, the surface concentration gradient of
surfactant molecules opposes the surface tension gradient. To restore the disturbed equilibrium at
the surface (caused by inhomogeneously distributed surfactants), the tangential part of the surface
tension gradient balances the tangential component of the shear stress Tv, i.e.

7 -Tv = 97 o(T) (2.7)

for all tangents 7, where 0, denotes the gradient in direction of the tangent vector 7. This effect
is known as the (solutal) Marangoni effect.

2.1. Mass balance for the surfactant concentration. We now derive the evolution equa-
tion for the surfactant concentration by looking at the mass balance for the surfactant on subsets
C} C Cy. More precisely let

c'= {J {#xq

tE[t1,t2]

be a smooth three-dimensional surface with boundary 8C’, such that C; C R? are smooth two
dimensional surfaces with boundary 0Cj. Let I" be the concentration of the surfactant which is a
function on C. Then the mass balance on C’ reads as follows

%(/FdSQ) == / (Futan - DVSF) -nger dS' + / T ey dS*. (2.8)

c! ac! ac!
Here uy,, is the tangential component of the velocity, i.e.
Uon i =u— (u-v)v,

where v € R? is the normal to the interface C}. Furthermore, V,I' denotes the surface gradient
of I' on C;. The vector nsc; is the outer unit normal to aCy, i.e. nyc; lies in the tangent space
to C; and is perpendicular to dC;. The quantity vgc; is the normal boundary velocity of 0C} as
a subcurve of Cf, i.e. vgcor describes the local decrease or increase of the surface area of C} due to
the tangential velocity of the boundary 9C;. To compute vac: at a point x € 9C let y(s) € 9Cy
be such that y(t) = z. Then 3'(t) denotes the velocity of the curve y. Any motion tangential to
OCj does not lead to an increase of area, i.e. only the component

vacy = y'(t) - nac:

changes the surface area of Cj.
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Let us briefly discuss what the two terms on the right hand side of (2.8) describe. The first
integral describes changes of mass due to convective transport by the velocity u and diffusional
transport where D > 0 is the diffusion coeflicient. The second integral takes into account the
change of surfactant on C] due to the fact that the surface C} increases or decreases. Our goal is
now to derive a pointwise identity for the surfactant concentration from the balance law (2.8). To
reformulate (2.8) we need the transport theorem (for a proof see the Appendix)

%(/MS?) - / [a(l,v”)r _T(v, -n,,,)]dSQ + / T vpcr dS* (2.9)

e/ e/ ac,
In the above J(1,v,) " denotes the partial derivative of I' in the direction (1,v,), where (1,v,)
at a time t is the unique vector lying in the tangent space to C' and which is perpendicular to
all (0,7) where 7 is a tangent vector to C;. The quantity v, is the normal velocity vector and
9,v,) T is the normal time derivative in the notation of Gurtin [Gur93]. Furthermore k,, is the
mean curvature vector, i.e. k, has the direction of the normal v and its length is equal to the sum

of the principal curvatures. Combining (2.8) and (2.9) and using the Gauss theorem for the first
integral on the right hand side of (2.8) we obtain

0= / [6(1,‘,") L —T(vy-ky) + Vs (Tuggn — DVSF)] ds?. (2.10)
et
Since C} is arbitrary we obtain
01w, )L = T(Vy - k1) + Vs - (Tugan — DV,T) =0 (2.11)

pointwise on C'. A simple computation shows

ht ht
Vi = e (< Vi 1) = e,
1+ |Vh|2( ) 1+ |Vh|?
where the normal v is given by
1
v=——+—"(-Vh,1).

V1+[VhP?
Hence we obtain from (2.5) that u- v = v, - v and therefore
Vy Ky =u-Ky = (u-v)k.
As a result (2.11) can be rewritten as
1w, T~ T(u- V)i + V, - (Tugan — DV,T) =0. (2.12)

Using u = uyqn + (u - v)r and the fact that V4,(T'u - v) - v = 0 we obtain using the following sign
convention for the curvature kK = —V; - v the identity

Vs (Tu) = Vs (Tugen) —T'(u-v)s
and finally (2.12) takes the form

91, )T + Vs - (Tu) = DA,T. (2.13)
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2.2. Energy for the free surface problem. Assuming constant temperature, a fundamen-
tal equation of chemical thermodynamics relates the concentration dependent surface tension o to
the free energy g and the chemical potential g’ (see [V00]), where both functions depend on the
surfactant concentration I':

o(T) = g(T) - T'g'(). (2.14)

With convexity of the free energy this relation implies a monotone decrease of surface tension for
nonnegative concentration, which is consistent with the surface agency of the surfactant molecules
we described before.

The total energy decomposes into the kinetic energy of the flow and the free energy of the surface:

E(t) :/%Ouz(t, ) dv3+/g(r(t, ) dS?, (2.15)

Q, Cy

where Q; := {(2,y,2) € R®*| (z,y) € Q, 0 <z < h(t,z,y) } is the domain occupied by the liquid.
A careful computation (see Appendix 5.2) reveals the dissipation of the total energy:

%E(t) = —/vu . TdV3 —D/g”(r) |V,T|2dS2. (2.16)
Qi Ci

Here the imposed boundary conditions (2.3), (2.5), (2.6) and (2.7), a no-slip boundary condition
at the lateral boundary and a 90° angle condition at points where the free surface intersects the
lateral boundary have been used. The importance of (2.16) for the analysis lies in the fact that
with integration over a bounded time interval [0,7] a priori estimates for u,T" and their spatial
gradients result.

2.3. Lubrication approximation. As our subsequent analysis will be restricted to two
spatial dimensions (z,z) we state the following derivation in the two dimensional setting and
introduce the variable u = (u, w) where u represents the horizontal velocity in the direction of z
and w the vertical velocity in the direction of z.

Scalings appropriate for a lubrication approximation of surfactant driven thin films (see ([GG90])

are 1 1 R U
5 — — €
% Z=g4h t=Fh

>
I

u, t=Lw, h=hh P= T
U w, "' T o2
where L represents the typical horizontal length scale, H the typical film height, U the typical
horizontal velocity and I'y, the critical surfactant concentration. Considering thin films we assume

that the parameter

S
I
|

£

g
I

€ = f
is small. We also need to scale the pressure and the surface energy density and in this context the
scaling
H 1
]5:§p und &:§(a—am) (2.17)
has been chosen (see [GGI0], [JG92]). Here S is the spreading coefficient, i.e. the surface tension
difference at the surfactant monolayer edge and o,, the surface tension of the saturated surface.
Defining the typical horizontal velocity as
oo
7
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with p being the dynamic viscosity of the fluid, ensures that the Marangoni force at the free surface
remains as a dominant force in the tangential stress boundary condition.
Lubrication theory now gives

p(t, @, 2) = =S hao(t, z), (2.18)
u(t,z,2) = zu.(t,z, h(t,z)) + pa(t, x, 2) (%zz — h(t,z)2) (2.19)
where
uy(t,z, h(t,x)) = o(L'(t, ),

and S denotes the rescaled capillary constant. The incompressibility of the flow and the evolution
equation for I' imply to leading order

h(t,z)
he = —0, (t,2,2)dz), (2.20)
; (O/u T,z z)
Ty = —0 (T(t,2) u(t, 2, h(t,2)) ) + Do (2.21)

(see [GGI0] for details). Using the representation of u in (2.19) we get the system (1.1)-(1.2)
which we are going to analyze in the following. Furthermore we take the scaling of the lubrication
approximation to approximate the energy inequality (2.16) which gives

h(t,z)
%/ (ghﬁ + g(F)) + / / ul + D/ g'(0)T2 =0, (2.22)
Q Q 0 Q
where D denotes the rescaled diffusion constant. Making use of the representation (2.19) we obtain
d S 1
i/ (51@ + g(F)) +[n {(U(F)$)2 + 8 Ny a(D)a + 517 |3hm|2} (2.23)
Q

Q
+D / g'(D)T2 = 0. (2.24)
Q

We remark that the second term in brackets is positive since the middle term can be absorbed by
the first and the third term using Young’s inequality. As a result the above identity gives a priori
estimates for h and I'. These estimates will be crucial for the analysis presented in the following
sections.

We observe that through lubrication approximation the complexity of the free boundary prob-
lem is reduced - compensated by higher order spatial derivatives for h.

3. Existence of Weak Solutions. We are interested in solutions of the system of nonlinear
partial differential equations we derived in Section 2.3 namely

hy + 8, (az(h) (D) + as(h) h) -0 in Qr, (3.1)
T;+ 0, (r a1(h) o(D) + T ax(h) h) =DTl.s in Qr (3.2)
where we impose the no-flux and initial boundary conditions
hy =hgee =T, =0 on (0,T) x 00 (3.3)
h(0,) =he inQ (3.4)

I'(0,-) =Ty in Q. (3.5)
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For later use we introduce the coefficient functions a; for 1 = 1,2,3, where a;(s) = %sl It turns
out that solutions of appropriate regularity exist in a weak sense. This result is formulated in the
following theorem. Before we state the result we need to formulate certain assumptions on the
coefficients. In detail we assume:

(A1) The functions a; : R — R{" are continuous for i = 1,2, 3.
(A2) For A:R — Mats2(RY) there exist di,ds € C(RY) with d;(s) =0 <=> s = 0 such that

aron () ()

has the property

EMA(s) € > ds(s) &8 + du(9) &

for all £ = (&,&)T € R2.
(A3) There exist k,! > 0 such that for all s € R

as(s) < CsF\/di(s) and as(s) < C s*+\/ds(s),
az(s) < Cs'y/ds(s) and ay(s) < C s'\/d;(s).

(A4) The function g lies in 012 O’cl (R).
(A5) There exists a ¢, > 0 such that g"(s) > ¢, for all s > 0.
(A6) There exists a Cy > 0 such that ¢"(s) < C, s" for all s > 0 and with r € (0, 2).

In the following (-,-) denotes the dual product between a linear functional and a point in the
corresponding normed space.

THEOREM 3.1. Let the initial data fulfill hg > 0, ho € H>2(Q), Ty € L%(Q) and ¢'(To) €
L?(Q). Assume also that (A1)-(A6) hold. Then there erists a weak solution (h,T) of problem
(8.1)-(3.5) such that

T
0/ mQ) = [amome- [ Su®ihmc=0. @0

QT QT\Q%

T
/Ft; /Fm(h / SFGZ zzz Cac +D/Fz Cx =0 (37)
0 Qr

Qr Qr\0%
for all ¢ € L3(0,T; H**(2)) with {; =0 on (0,T) x 0 and
Q9% .= {(t,x) € Qr; h(t,z) = 0}.
The solutions h and T have the following regularity properties
h € L2(0,T; H2(Q)) N H“2(0,T; (H“*(Q))*) N C33 (Qr),
T e L>(0,T;L*()) NnL2(0,T; H-(Q)) N HY3 (0, T; (H"3(Q))*) N LS (7).

Furthermore h € L?(0,T; H**(Q\{h > 6}) for all § > 0 and in addition it holds h > 0 almost
everywhere.
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To prove the above theorem we are following a 2-step approach: First we regularize the
degeneracy which is apparent for A = 0. For this purpose we approximate the equation for h by
a family of nondegenerate equations

B + 0, (a2(h) o(T), + [as(h?) + 8] Sh,, ) = 0
where § > 0. The surfactant concentration I'? is still subject to the nondegenerate equation
¢+, (r‘S a1 (h®) o(T%), + T° as (h) Shgm) =pI?,
as we assume D # 0. On the boundary (0,7) x 09 we impose again no-flux conditions that are

hS =hl,, =T =0 (3.8)

TrxT

and for ¢ = 0 we require the same initial data as for the degenerate problem

h°(0,:) = ho in Q,
°(0,-) =Ty in Q.

In a second step we use a Galerkin approximation which transforms the system of partial
differential equations into a system of ordinary differential equations. As basis functions for the
finite dimensional space Ej, we select the eigenfunctions ¢g, ¢1, @2, ... of —0,, with zero Neumann
boundary conditions belonging to eigenvalues 0 = Ao < A1 < A2 < ... . The usual approach would
be to make an ansatz for h and T in E,, = span(dy, ..., ¢,,) but in this case it turned out that it
is necessary to reformulate the equation for I" in terms of the chemical potential ¢'(T") and to set
up a Galerkin-Ansatz for ¢'(T") instead or I'. With the help of this transformation we are able to
establish the necessary a priori estimates to prove global existence of Galerkin solutions.
Since ¢’ € C'(R) and g¢" > 0 there exists W := (g')~! with

1
' ' _
W0 4)e) = s,
so that we can easily transform (3.2) into an equation for v := ¢'(I") using that o(T), = —W (v) v :
O W) — 8, (W?(v) a1(h) vg) + 8, (W (v) az(h) Shyas) = DW (v)4a- (3.9)

Due to the approximating properties of the eigenfunctions ¢y there exist sequences (Bkn)neN
and (Ykn)nen for hg € HY2(Q) and ¢'(Ty) € L?(Q) such that

hon =Y Brntx with hon — ho in  H"*(1),
k=0

n
Von = Z’ykn¢k with  von, = vo := gI(FO) in L2(Q)
k=0

Furthermore we make a Galerkin-ansatz for h?(t) and v°(t) = ¢'(I'?(t)) of the form

ho(t) = bl ()¢ for all t €]0,T[  with hS(0) = hon,
k=0

n
Wi (t) =D, ()¢ forall t €]0,T[  with v5(0) = von,
k=0
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where according to (3.1) and (3.9) the functions b}, (¢) and ¢, (t) are subject to the following
Galerkin equations where (-, -) denotes the L?—scalar product:

jt( ) (“2 i(t))vz,z(t);%) (3.10)
~ (asthi Shi e (0) 4 8SHE 400 (0. 65) =0,
d%( ) 5) + (W2 (0h(8) @ (W () 08 1 (1), 4} (3.11)

- (W(v;iu)) @3 (W (0))SHS 1 (8) — DWW (3 (1))05 (1), ;) = 0.

Proof. The first step to take is to prove the existence of local solutions of the Galerkin
equations (3.10)- (3.11).

In the second step we derive a priori estimates which allow us to extend the local solutions
established in the first step towards global solutions of the Galerkin equations.

As the Galerkin equations are an approximation to the nondegenerate system of partial differ-
ential equations we establish in the third step the convergence of the Galerkin method.

Generalizing ideas of Bernis and Friedman [BF90] we can show in the final fourth step that
solutions of the nondegenerate system converge to solutions of the degenerate system.

3.1. Local existence of solutions to the Galerkin system. To make use of standard
theory for systems of ordinary equations we have to work out the structure of the equations (3.10)-
(3.11). Since we can write

L W), 65) = [Be0) L)

where B(c(t)) = [Bjk(cﬁb(t))]j , is the matrix

J

Biu(c / W (03 (t, 2)) () () dix

and ¢ (t) is the vector (¢, (t))o<k<n, we simply have to make sure that B(c3(t)) is symmetric and
positive definite and therefore invertible. For £ = (&, ...,&,) € R*t! we obtain

S B (1) = / W' (0 (1,2)) (3 &65(2))” da
Jk 5 j

Since W’ > 0 and the eigenfunctions ¢; are linear independent we obtain that B(c(t)) is positive
definite and we can multiply equation (3.11) with B=1(c?(¢)). As a result we have to solve a
system of first-order ordinary differential equations of the following type: for given initial data
Bn, Tn € R**1 and for any value of § > 0 we look for functions b2, ¢ : [0, 7] — R**! which satisfy
the equations

d

dat (bd ) (t) = F(t’ (bi(t),c%(t)))T, (3.12)
(b?w n) (0) = (ﬂna'}’n) (3.13)
where
F:[0,T] x R¥+1) 5 R2(n+1)
(fl(ylayQ)a Ql)
(t,y1,y2) = (f2(y1,y2),B_1(c‘5n(t)) <I>’)
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with ® = (¢, ..., ¢,) and

fo(yry2) := =W?(y2 - @) ar(yr - ) y2 - ' + SW(y2 - @) az(ys - B) y1 - "' —DW'(y2 - @) 92 - ¥,
filyr,92) == —a2 (y1 . ‘I’) Wiys-®)ys-® +Sas (y1 . ‘I>) y1 - " +6Sy - @
By assumptions (A1)-(A3) the right hand side F satisfies a local Lipschitz condition with respect

to y. Therefore by the Picard-Lindel6f theorem a unique local solution of the initial value problem
(3.12),(3.13) exists.

3.2. Global existence of solutions for the Galerkin system. In this section we will use
a priori estimates in order to extend the local solution to a global solution. Since ¢ is a multiple

of ¢y, we can plug in pf,(t) = —Shi, ,,(t) as a test function in (3.10) and v3(t) as test function in
(3.11) and get:
S(n, (0,15, (0) — (as 1 (0)) W0 ()05, (1), B, 1)) (3.14)
(a3< 5(0)) SH, s (£) + OSB, 1a (8), SHE, 1 (1)) = O,
(EW ), o50) + (W2 @h0) ar (45,1 8, (1), 8, 1)) (3.15)

(W(v% ) a2<h6( DSh zaa(t) = DW' (W3 (H)05, 1 (8),05 4(8)) = 0.
Defining
r% = (¢) ' (03)
we can recalculate
W' (vh) v, vh =T, 9'(T%) = By g(T),
W (3) vh o = —o(T5)a and  W/(03) o] ,I* = g"(T5) |5 4.

Using these formulas we receive by adding (3.14) and (3.15):

d|S 2
a{— 5 (0) ; m)} (3.16)

L2(Q)
./ { (5 (0) [SHE .. (B)” + 205 () SHS..... 1) o (5.1

Q
2
" Fé |
v TPV

Assumption (A2) guarantees that the integral in the second line of (3.16) is nonnegative, so that
by integration of (3.16) over [0,T] we get for any given 0 < T' < oo:

+[|o@e)

+ an (hS(8))|o(T3. (1)), | }+5H3hnm |
()

5 3 080N+ [ GOV (ET) - 8) < Conr). 3.17)
k=1

Q

Taking ¢o = 1 in (3.10) gives in addition that b3, is bounded and we can deduce that bJ resp. ¢,
are a priori bounded and therefore extentable. As a conclusion we have shown that the Galerkin
equations have global solutions

hl, T% € C*(0,T;C™(Q)).
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3.3. Convergence of the Galerkin method. Let ( € L? (0, T, HQ’Z(Q)) be arbitrarily
chosen with ¢; = 0 on (0,7") x 9Q. Then there exist functions {,(¢,-) = P,((t,-) € span{¢o, ..., dn}
such that for n — oo: (u(t,-) = ((t,-) in H-3(Q) for almost all ¢ € [0,7]. Using the convergence
theorem of Lebesgue we finally get

¢n = ¢ in L3(0,T; H**(Q)) for n — oo.

Plugging ¢, into the Galerkin-equations (3.10)-(3.11) we have to show that in the following weak
formulation we can pass to the limit for n — oo:

<h‘(rsz,t (t)a Cn(t)) - a2 (h‘fz) U(Ffb)w Cn,w - as (h(rsz) Sh‘fx,zxmé_n,w -0 Sh’i,xwaﬂ,z =0, (318)
R N

Qr Qr

O\H O\ﬂ

(Fi,t(t),Cn(t)) - /Fi ai (hi) U(FZ)z Cnyz — /1-\;51 aQ(hZ) Shfw,zmcn,z +D / Fg,zCn,m =0.
Qr Qr Qr
(3.19)

To ensure convergence we have to establish appropriate convergence properties for the integrands
involved. Exploiting (3.16) together with assumption (A2) and the convergence properties of
the initial data (L2-convergence of (hfbiw(O))n en — oo and L!-convergence of (g(F‘sn(O)))n en
9(To)) we can deduce the following:

(hfw)neN is uniformly bounded in L™ (0, T; L*(12)), (3.20)

(g(Ffb))nEN is uniformly bounded in L*(0,T; L*(f)), (3.21)
((g"(rg))% Fi’w)nm is uniformly bounded in L2(0, T; L2(%2)), (3.22)
((dg(hfb))%hfb ””’””)neN is uniformly bounded in L*(0,T; L*(Q2)), (3.23)
((dl(hi))% a(ré)w)neN is uniformly bounded in L2(0,T’; L2()), (3.24)
Vo <hi’m)neN is uniformly bounded in L2(0, T; L2(€)). (3.25)

Using (3.20) and the Sobolev embedding theorem we can improve the result for h?, as follows:

3C>0 YneN Vi>0 esssupl|lhl(t)|i=(@) < C.
tel0,T)

Using (3.21)-(3.22) together with (A4)-(A5) we are able to establish uniform bounds for I'), with
respect to n and § as follows:

(T%)nen  is uniformly bounded in L*(0,T; L*(R)),
(T2)nen  is uniformly bounded in L*(0,T; H'?*(2)).

Applying an embedding theorem for parabolic function spaces (see e.g. [DiB93]) these results can
be combined to:

(T%)nen  is uniformly bounded in L*(0,T; L>(Q)) N Lé(Q7).
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Finally using (3.23)-(3.24), assumption (A3) and the previous statements allow us to prove that

I} == ax(hd) o(T9)s + as(h)) Sh 4o + OShY, 10 is bounded uniformly in L?(Qr),
T8 =13 ay(hl) o(T2), + T az(hd) ShS, 40 — DY, is bounded uniformly in L2 ()

and therefore we obtain

(hén,t)neN is uniformly bounded in L?(0,T; (H'?())*),
(Fz,t)neN is uniformly bounded in L2 (0, T; (H*(Q))*).

To demonstrate the convergence of (3.18)-(3.19) we list the following: Since (hJ),en is uniformly
bounded in C'#2 (Q7) (Holder-continuity of hS (¢, ) with resp. to ¢ € [0,T] and z € Q, see [BF90])
we conclude that (h®)nen converges uniformly to h° for n — oo. This implies together with the
reflexivity of L2(0, T; (H'2(Q))*) that 9;h%, = 8, h® in L?(0,T; (H“2(Q))*). By Poincare’s Lemma
we can prove that the boundedness of (B ,,,)nen in L*(Qr) implies for all § the convergence
hS — h? in L%(0,T; H*2(1Q)).

The convergence results for (I')),en are not as good as for (h?),en. Using the compactness
lemma of Aubin-Lions (see [LIO69]) we get strong convergence of I'* — T'® in L2(0,T’; L1(f2)) for
all ¢ € [1,00). Besides we have the weak-convergence of (8; T ) e to 8, T% in L% (0, T; (H'3(Q))*)
and the strong convergence of T'9 — T in L4(Q7) for all ¢ € [2,6) using the boundedness of
(T%)nen in LE(Qr) together with an interpolation estimate for LP norms (see [E98]).

In order to get a convergence result for g/(I'’) we make use of (A4) and (A6): By Lebesgue’s
theorem and the strong convergence of (I'?),en in L(Qr) we first conclude the convergence
of (¢"(T))nen to g"(I'?%) in L3(Q7). By an interpolation estimate for LP-norms this can be
extended to ¢g"(I'%) — ¢"(I%) in LI(Qy) for all ¢ € [3,%), r € (0,2). Combining this with the
weak convergence I'), | — T'¢ in L2(Qr) we therefore get (¢ (I'3))3T% , — (¢"(I%))2T% in L*(Qr)
for n — co. Since (I'%), decomposes into o(I'%), = —I3(¢" (%)% - (¢"(T3))2T% , we can prove
that o(T5)s — o(T°%), in L*(Qr) for s € [3, 155).

Applying these convergence results to (3.18)- (3.19) we get that the Galerkin-solutions (h,T'?)
converge for any fixed § > 0 to a weak solution (h?,T'?) of the nondegenerate problem

T

(he,0) — [ az(h®)o(T%)atps — [ as(h®) ShS,ots — 6 | ShS,nthe =0, (3.26)
e R
T

T,y — [ T0a1(h°) o(T%)s¢ps — S | T0az(h’)hS,,¢0 + D | Tops = 0. (3.27)
[wto-] / /

3.4. Existence of weak solutions of the degenerate problem. When we take the limit
§ — 0 we lose control over hS_, in L?(f);). Therefore similar as in [BF90] we introduce the sets
Q7\ Q% with

09 := {(t,r) € Qr; h(t,z) = 0}
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on which convergence of the terms involving third derivatives of h% holds since hd,, — hgyy in
L2(Qr\Q7) with Q7 := {(t,z) € Qr; |h(t,z)| < n} and since

Q7
< Cnt,
‘/ a3 (h)ShSp 9 < ClIN e o) I ds (1) 2Sh2, | 13 1651300 (3.29)

Q7

<cr,

where we made use of (A3) and the bounds (3.20)-(3.23), which are uniform with respect to &.

Those terms in (3.26)-(3.27) in which hS_, does not occur are not affected and we can pass to
the limit for § — 0 in the same way as in Section 3.3. Since §||hd ZLQ(QT) is uniformly bounded

l
TTT
(see (3.25)) we conclude furthermore

5 / h‘zzz ¢$ S 5||hzzz||L2(QT) ) ||¢ZII||L2(QT) - 0 fOI' 6 - 0

In the remaining terms involving hl_ . we can pass to the limit as in [BF90] using the estimates
(3.28) and (3.29). Taking h_ := min{h, 0} as a test function in (3.6) gives h > 0 almost everywhere
(see [Yin92] or the discussion in [BGNO3]).

O

4. Nonnegativity. In this section a rigorous proof for the existence of nonnegative solutions
is given. For positive initial data we will generate strictly positive solutions of an approximation
problem. In analogy to the single thin film equation we are looking for a functional G(h) such that
we can derive further estimates from the identity

%/G(h) :/G’(h)ht /G” Yhe 2o ( /G" Vho W2 hggs. (4.1)

Making the ansatz G"(h) = h® for any a > 0 a formal computation leads to

%/G( /h2+ah S 3+C¥ /h2+ah2 zz__/hg—’_ahxw;
Q

which suggests to take @ = —2. For this choice the first term on the right hand side is bounded
which follows from the a priori estimates we derived in Section 3 and the second term vanishes
due to the Neumann boundary condition for h. After integration over [0,7] we therefore receive
formally the entropy equation:

[ewan+3 [wiz. =3 [heom.+ [0,
Q Qr Qr Q
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4.1. Approximation by positive solutions. Starting with the boundary problem
ht + 6;v |:Cl2 (h) U(F)z + a3(h) Shzzz] =0 in QT;

T + 8, [r a1(h) o(T)g + T ax(h) Shogs — sz] =0 in Qr,
he =hgee =T, =0 on (0,T) x 09,
h(O, ) = ho in Q,
F(O, ) = FO in Q
we will follow an idea by [BF90] and regularize the coefficient functions a;(s) and lift the initial

data hg such that the entropy equation can be derived rigorously and the existence proof for weak
solutions can be imitated. Both requirements are fulfilled by choosing the regularization
Sn—i—i

(s) =— f ) 1,2,3}. 4.2
af(s) = o for i€ {1,2,3) (42)

We see that for any fixed € > 0,4 € {1,2,3} and n > 3:
STL

824'(5)3 =0(1) for s—0 and e =0(1) for s— .

A(s) of the regularized coefficients fulfills the re-
az(s) ax(s)
ax(s) ai(s)
initial data for h with €/, 0 < 0 < 3, so that they become strictly positive and formulate the
approximation problem P¢ as follows

As a consequence the matrix A°(s) := i

quirements of Theorem 3.1 as long as A(s) = ( ) does. Furthermore we lift the

he + 8, [ag(hf)a(rf) + a5 (he) Shgm] = in Qr, (4.3)

TS + 0, [rf as (h€) o(T)5 + T a5 (h¢ Sh;m] —pIre, inQy, (4.4)
he =he,, =T% =0 on (0,T) x A9, (4.5)

he(0,-) = ho + € in Q, (4.6)

T¢(0,-) = To in 0. (4.7)

For this system we can state the following

THEOREM 4.1. (Existence of positive approximative solutions). Let the assumptions
of Theorem 3.1 hold and assume in addition that of, a$, a§ are given by (4.2) with n > 5. Then
there exist for all € > 0 functions (h¢,T¢) with h® > 0 in Qr and

he € HY(0,T;(H“*(Q))*) N L*(0,T; H“*(Qr) N H>2(Qr)) N C5:3 (Q7),

T e HY3(0,T;(H“3(Q)*) N L>(0,T; L2(Q)) N L2(0, T; H-2(Q)),
such that for all { € L3(0,T; H'®) equations (4.3)-(4.4) are fulfilled in the following weak sense

T

ﬂmm«mw—/@ww@m@—s/@WM%@:m (48)

0 Qr

.ﬂmwﬂmﬁ—/wmw> S/F () ouuGe = =D [ToGe (@9)
0 Qr

Qr
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Proof. For the existence part we can imitate the prove of existence of solutions to (3.1)-(3.2).
We receive functions (h¢,T¢) such that for all ¢ € L*(0,T; H'®):

T
/<h;<t),4(t>>dt— / a5 (h)* o (), G — / a5 (h)* ShSpnCo = 0,
0

Qr QrQs®
T
[ di- [ram o - [ ramysi. =-o [T
0 Qr Qr\Q5° Qr

with Qf_r’o = {(t,z) € Qr; h*(t,z) = 0} and a§(s)* := a§(s)x{s>0}- We already know that h* > 0
for all t € [0,7] and almost all z € Q. We now want to show that the set Q3° is empty. Let g,
and G, be defined as follows:

0(5) = (2 4+ S0,

s n—2
6s3fn

1
Ge(s) == (logg Sl o 2)).
Then G.L(s) = g.(s) and

8 s 4 es?
aule) = GU(s) = o = T
Since (h€)¢ is uniformly bounded in C°(Q7) there exists an A > 0 such that max h¢ < A for all
€ and we get

A A

ge(s) = —/ a; )dr <0 und G(s) = /ge(r) dr > 0. (4.10)

8 s

Since hg is strictly positive and since h€ is continuous we conclude that there exists a time ¢*
such that h€ is strictly positive on [0,¢*]. On this time interval the system (4.8)-(4.9) is strictly
parabolic. Therefore parabolic regularity implies that h is smooth on this time interval. Hence the
following computations are justified. Choosing g.(h¢) as test function for (4.3) leads to

/Gé(hf(t*,-))—S/hfh;h;m /Ge(hf(o,-))+/%i$?h;a(rf)w.
Q= Q Qyx

Q

Using the boundary condition (4.5) the second term reduces to

/ hhShE,, = - / 8, (h)? / he(h

\—v—/
=0

/Ge(hf(t*,-))Jr/hf(h;z)z :/Ge(h3)+ / B (), (4.11)

and we get
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Since h¢, o(T€), is uniformly bounded in L' (1) we have to check the first term on the right hand
side. By definition we know that

o= [ 85+ faw

From this point we see the boundedness of the expression since 0 < § < — and therefore
€(h§)>~" = eh3™" + €193-7 0 for e— 0 and since pointwise in Q

1 1
—logh{ = Go(h§) =log —— — log — for e — 0.
ho ho
From the above we hence obtain that for all t € [O, t*]

[e.ewy<c (4.12)
Q

Let’s assume t, < T and let g € (¢, T] be the first time such that h¢(tg,z0) = 0 for zg € . Let
(tn)nen be the sequence t,,  to for n — co. We then conclude

h(tn,-) = h(to,-) uniformly in  for n — oo. (4.13)

To prove that the entropy is still bounded in ¢, we apply Fatou’s lemma. Since G.(h(tn,-)) is
bounded from below uniformly with respect to n we get

/ Kminf G (h¢(tn,-)) < liminf / Ge(h(tn, ")) < C. (4.14)

n—00 n—oo
Q Q

This leads to the following contradiction: Using the Holder-Regularity of h¢ we conclude that for
all z € Q

he(to, ) < Clz — mo|?
which gives for n > 3
[uto,op 2 / & — 0] 7" (4.15)
Q Q

The right hand side in (4.15) is unbounded since 22 > 1 for n > 5 and this contradicts the facts
(4.13) and (4.14). Hence we can conclude that h¢ are strictly positive for all times ¢ € [0,7]. O

4.2. Convergence of the regularized problem. In this subsection we show that initial
data with a positive height possess solutions to (1.1)-(1.2) which do not form dead cores, i.e.
regimes with zero height cannot have positive measure.

THEOREM 4.2. Let the assumptions of Theorem 3.1 hold with a;(s) = %s" and suppose

ho >0 and /|log ho| < o0. (4.16)

Then there exists a solution of (1.1)-(1.2) which fulfills all properties required in Theorem 3.1 and
in addition:



Surfactant Laden Thin Film Flows: Nonnegative Solutions of a Coupled System 17

(i) h>0 a.e. inQr and L' ({z € Q| h(t,z) =0}) =0 for all t >0,
(ii) there exists a constant 0 < C < oo such that for all t € [0,T]

/H%hufnsc.
Q

Proof. We again will make use of the energy estimates and therefore use —S h§,,, as testfunction
for (4.3) and ¢'(T¢) as testfunction for (4.4). From

;ﬂ%@JV+/ +D/ (ro)(rs)?

+/ﬁweﬁgw /EWf (r) )s%/@@»ﬁ+/mw@»

Q

we then deduce in the same way as in the existence proof of weak solutions for (3.1)-(3.2) the
necessary convergence results for e — 0 which enable us to show that weak solutions of (4.3)-(4.7)
converge to weak solutions of (3.1)-(3.5). For the evidence of this we take a closer look at one of
the terms of interest:

[ reas ) o = [ Teasn) m9ths..

QT QT

where

as(h®) = (he)_%ag(he) = m (he)% — h% pointwise for € — 0.
Since (h).>o is uniformly bounded in C'#-2 (Q7), the sequence (@5 (h)(y)es0 converges strongly to
h3(, in L*3(Qr) for € — 0. Hence we conclude with the uniformly boundedness of T’ (h€)3 hS ., In
L% (Q7) and the weak convergence of (ht,,). in L*(Q7\Q%.) that

TTIT

e—0
QT QT \Q%

Having reinstalled weak solutions of the original problem as limit of weak solutions of the regular-
ized problem we now like to establish the nonnegativity result using the entropy as the crucial tool.
Since h¢ — h uniformly and h¢ > 0 we obtain h > 0. Now we assume that there exists to € (0,7)
such that

L' (Ey) >0 for Ey, :={z € Q|h(to,z) = 0}.

Using the uniform convergence of h¢ there exists a w(e) with h(tg,z) < w(e) for all z € Ey, such
that for all z € Ey, and arbitrary n > 0 with w(e) <7

A
G (h (to, 7)) > — / g.(s)ds > —/ge(s)ds.

A A
Since the last integral converges to — [ go(s) for € — 0 and since — [ go(s) > ¢ log% we obtain
n n

1
limsup/Ge(he(to,x)) > clog; L(Ey) > o00 for =0

e—0
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in contradiction to (4.12). As a conclusion the set of points where h = 0 is of Lebesgue measure
zero which proves the first statement (i). The second statement (ii) we conclude from the pointwise
convergence

G (h*(t,x)) = Go(h(t,z)) for €—0
in combination with (4.12) and Fatou’s lemma:
liminf G.(h¢(t,z)) <liminf | G.(h¢(t,z)) < C,
| tmigt 0.0 ) < it [ 6.0 )
since Go(s) =logt. O
5. Appendix.

5.1. Transport identity. In this appendix we prove the transport theorem (2.9). The
proof is based on the following identity which is the Gauss’ theorem applied to the vector field

F\/l-i-—2(1 , V)
/VCI - (1 Vu dsg / \/1—|——2 ]- vu nBO'dSQ; (51)

where npor is the outer unit normal to dC’. First we compute the divergence under the integral
on the left hand side. Taking an orthonormal basis {#1,%2,%3} of the tangent space to C’ the
divergence of a vector field F' is defined as

3
Vor- F=) (0, F
i=1

Choosing t; = (0,71), ta = (0,72), t3 = (1,v,) with (71,72) being an orthonormal basis of the
tangent space to Cj and v, being such that v, - 7; =0 (i = 1,2) we obtain

1
Voo (g ) = Z\/l—i-—v? K
+ (8, ﬁ) (1+v2)
+ #(at;; (laVU)) : (l,V,,)

V1+ve
where we used that 71, 79 and v, are orthonormal. A straightforward computation shows that

the last two terms cancel and we obtain (using the fact v, = aw for the scalar normal velocity )
that

2
— Y-
1+szzzl V)T
\/1+v

where we set k, = kv with Kk = — Zle(a.,.iu) - 1;. Altogether we obtain
\% (I‘ L (1,v ))—V r _1 (1,vy)=T _1 vy K
C /—1+v,2/ s Vi = vV ]_—I—VIZJ s Vi 1+v,2} v v
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Computing the surface element with the help of the above basis {¢;,%2,%3} one obtains that for a
function f on C'

/de3 //f\/1+—v2(152dt

t1 Cf
Hence we obtain

/vc, (P = ]/ (9.0~ T (va - ) dS” di. (5.2)

V1+v2
t1 C,

It remains to compute the right hand side in (5.1). Using the identity

U #xa

tE[t1,t2]

we see that C' contains three parts: top, bottom and lateral boundary. For the top and similarly

for the bottom (with a different sign) we obtain napcr = ﬁ(l ,vy). Hence

(1,v,) -nger dS? = /Fd52 5.3
| v g e 53
ac'ney, cl,

and a similar formula holds for ¢; with the different sign on the right hand side. It remains to
compute the integral on the lateral surface. We need to identify ngcr on the lateral boundary. nge:
has to be normal to dC' and tangential to C'. Now we choose an orthogonal system (0,71), (0, 72)
and (1,v,) such that 72 is tangential to OC}. Hence we can choose without loss of generality

T1 = Npcy-
Claim: (1,v,) + (0,vac; nacy) is tangential to 0C".

Proof: Assume (t,z) € C'. Choose a curve (s,y(s)) € C' such that (t,y(t)) = (t,z). Hence
(1,4'(t)) is tangential to dC". Since (1,y'(t)) lies in the tangent space to C’, we have

(]-ayl(t)) = (l,V,,) + 04(0,‘]'1) + /3(037-2)'
We defined vac; = y'(t) - nac; and hence since 71 - 7o = 0 we obtain vsc; = a. This implies that
(1,vy) + (0,v¢c; nac;)

is tangential to 9C".
Now we need to find numbers a and b such that

nscr = a(0,71) + b(1,v,)
is perpendicular to (1,v, + Vac) nac;) and normal. A simple computation shows

Vacy

1+ VE+ 03 /142

b=—
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and hence
1 Vo,
72(1,Vu) ‘Nt = ——F/——————.
V1itvy W1+ V2403,
As a result
1 r
/ Fﬁ(lavu) ‘nper dS? = — / Voo ————— ds?.
+v
be\(Ch, Uy v sonchucy) VTV e
Using (0,71) and ngcr to compute the area element we obtain
T 7
- / Vpo! —F—————— dS2 = —/ / Vac! FdSl dt. (54)

t
J1+ V2 402
aC"\(C;, UCy,) TV t1 80,

Combining (5.1), (5.2), (5.3) and (5.4) gives

12 to
/rds2— /I‘d52://(8(1,v”)F—F(vu-nu))dSth+/ / T vpcydS'dt.

th t1 C} t1 8C]

Differentiating with respect to ¢t now gives (2.9).

5.2. Energy identity. In this subsection we show the energy inequality (2.16). Using trans-
port theorems (see e.g. (2.9)) we obtain

ditE(t) = /pou cuy dV3 + / %Ouz(vu -v)dS?
Qy o,
4 [ (0w 90 = o) 1))+ [ (0) wicyas®
Cy oC:

The 90° angle condition at the outer boundary implies that the last term vanishes. Using the
equations (2.1)-(2.2) for u and (2.11) for " and noticing that V -T = —Vp + pAu we obtain

—E(t):/(—pou-(u-V)u+(V-T)-u)dV3+/p2—0u2(v,,-l/)d52
Qy Cy

+ /g'(F) (I‘(v,, k) — Vs - (Tgan — DVSF))dS2 - /g(F) (Vo - K,,)dS?.
Cy Ct
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Taking into account that V-u =0, u-(u-V)u= 2u-V|u]? and u = uy, + (u-v)v on C; and

using the boundary conditions (2.6) and (2.7) we obtain after integration by parts

4 By = —/T  Vudv® —/p—0u2 (Vo — 1) - v dS? +/ut,m-vs #(D)ds? +/(u-u)0(F)ndS’2

dt 2
Q4 Cy Cy Ch
+ /g’(r)r(vu " Ky) ds? + g"(D)Tuyg,, - V,T ds* - D /g”(r)|vsr|2 ds®
Ci Ct
- [ o) ) as?
Ct
= — /T :VudV? + /ut,m -V,T(Ig"(T) - o'())dS* + /(u )k (o(T) + ¢'(T)L — g(T))dS?
Q, Cy Cy
—D/g”(F)|V3F|2d52
Cs
- —/T Vudv? —D/g”(I‘)|VSF|2dS2
< .,

where we used (2.14) and the facts v, v =u-v and v, - kK, = ku - v.
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