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Abstract 

MASS AND INERTIA PARAMETERS FOR NUCLEAR FISSION. The effective mass parameter and 
rhe moments of inertia for a deformed nucleus are evaluated using the cranking-model formalism. Special 
attention is paid to the dependence of these quantities on the intrinsic structure, which may arise due to 
shells in deformed nuclei. It is found that these inertial parameters are very much influenced by the shells 
present. The effective-mass parameter, which appears in an important way in the theory of spontaneous 
fission, fluctuates in the same manner as the shell-energy corrections. Its values at the fission barrier are 
U P to two or three times larger than those at the equilibrium minima. This correlation comes about be­
cause for the effective mass the change in the local density of single-particle states is very important, 
touch more so than the change in the pairing correlation. The moments of inertia which enter in the theory 
°f angular anisotropy of fission fragments, also fluctuate as a function of the deformation. At low tempera­
tures, the fluctuation is large and shows a distinct but more complicated correlation with the shells. At high 
temperatures, the moments of inertia fluctuate with a smaller amplitude about the rigid-body value in 
correlation with the energy-shell corrections. For the first and second barriers, the rigid-body values are 
essentially reached at a nuclear temperature of 0. 8 to 1.0 MeV. 

1. I N T R O D U C T I O N 

L a r g e - s c a l e c o l l e c t i v e mot i on a s s o c i a t e d wi th the f i s s i o n p r o c e s s puts i t 
a s p e c i a l pos i t i on among other n u c l e a r phenomena. The shape of the nuc leus 
changes v e r y a p p r e c i a b l y and to d e s c r i b e the r e l a t e d flow of the n u c l e a r 
m a t t e r , one should know the d y n a m i c s of th is n o n - s t a t i o n a r y p r o c e s s . 

To study the d y n a m i c s of such a p r o c e s s , i t s m u l t i - d i m e n s i o n a l i t y 
i s v e r y i m p o r t a n t . Consequent ly , the t r a j e c t o r y can be found only i f a l l 
i n (n+ 1) m a s s p a r a m e t e r s a r e known for the n degrees of f reedom i n t r o ­
duced i n the de f in i t i on of the shape of the nuc l eus . It i s not s i m p l e to so lve 
the r e l e v a n t dynamic equations even for the v e r y u n r e a l i s t i c case of the 
i n c o m p r e s s i b l e c l a s s i c a l l i q u i d - d r o p nucleus wi th an i r r o t a t i o n a l f low. 
In r e a l n u c l e i , i t i s even m o r e c o m p l i c a t e d because the effective m a s s 
p a r a m e t e r s w i l l be g r e a t l y in f luenced by the i n t r i n s i c s t r u c t u r e , p a r t i c u ­
l a r l y by the s h e l l s present i n the de formed nuc l eus . 

A t l owest e x c i t a t i o n s , e s p e c i a l l y i n the case of spontaneous f i s s i o n , 
an ad iabat i c mot i on i s a s s u m e d . T h i s a l l o w s one to use a s i m p l e c r a n k i n g 
m o d e l theory [1] for the m a s s p a r a m e t e r s r e l a t e d to g e n e r a l i z e d d e f o r m a ­
t ion c o - o r d i n a t e s . Some r e s u l t s of the n u m e r i c a l ca l cu la t i ons of these 
quant i t ies a r e d e s c r i b e d h e r e . S p e c i a l e m p h a s i s i s l a i d on p r o v i d i n g s i m p l e 
p h y s i c a l i n t e r p r e t a t i o n s i n o r d e r to pave a way for the complete theory of 
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the p r o c e s s i n the future and to g ive a m o r e s o l i d bas i s for extrapo lat ions 
to l a r g e and fancy d i s t o r t i o n s of the nuc leus i n f i s s i o n o r to unknown regions 
of n u c l e i . To i l l u s t r a t e these po in ts , some c a l c u l a t i o n s w e r e p e r f o r m e d 
for a s i m p l e case of the l a r g e e l l i p s o i d a l d i s t o r t i o n of the N i l s s o n potent ia l , 
a case c o n s i d e r e d r e c e n t l y a l s o by S o b i c z e w s k i et a l : [2] . C a l c u l a t i o n s 
wi th the Saxon-Woods type potent ia l have been p e r f o r m e d a l so but w i l l not 
be presented h e r e . 

T h e r e i s another c l o s e l y r e l a t e d p r o b l e m w h i c h i s a l s o r e l e v a n t to 
other aspects of the f i s s i o n p r o c e s s . T h i s i s the p r o b l e m of the effect 
of i n t r i n s i c s t r u c t u r e on the moments of i n e r t i a of a n u c l e u s , w h i c h appear , 
for e x a m p l e , i n the theory of angu lar d i s t r i b u t i o n of the f i s s i o n f r a g m e n t s . 
To study the dependence of the moment of i n e r t i a on d e f o r m a t i o n and e x ­
c i t a t i o n of a n u c l e u s , we have p e r f o r m e d c a l c u l a t i o n s , a l so wi th the cranking 
m o d e l f o r m u l a , by u s i n g a N i l s s o n potent ia l w i t h e l l i p s o i d a l d e f o r m a t i o n . 
C a l c u l a t i o n s p e r f o r m e d w i t h the Saxon-Woods type po tent ia l , for a m o r e 
g e n e r a l d e f o r m a t i o n of the n u c l e a r s u r f a c e , a r e i n p r o g r e s s . 

M o r e de ta i l ed r e s u l t s w i l l be pub l i shed e l s e w h e r e . Q u a l i t a t i v e d iscuss io 
of the subject m a t t e r c a n a l s o be found i n Ref . [3 ] . 

2. E F F E C T I V E M A S S P A R A M E T E R 

In the ad iabat i c d e s c r i p t i o n of the c o l l e c t i v e behav iour of a n u c l e u s , 
the nuc leons a r e a s s u m e d to move i n a u n i f o r m average n o n - s p h e r i c a l 
f i e l d . V i b r a t i o n s and r o t a t i o n a l m o t i o n a r e then d e s c r i b e d i n t e r m s of 
changes i n th i s average f i e l d . We s t a r t w i t h a H a m i l t o n i a n w h i c h m a y 
inc lude effects of r e s i d u a l i n t e r a c t i o n , such as the p a i r i n g i n t e r a c t i o n . 
N e x t , the potent ia l i n w h i c h the p a r t i c l e s move i s set i n m o t i o n . One 
obtains the i n c r e a s e i n the energy of the s y s t e m i n the s e c o n d - o r d e r t e r m s 
i n the t i m e d e r i v a t i v e s of the c o l l e c t i v e c o - o r d i n a t e s qi: 

n 

K = i V B . . q . q . (1) 

i.j=l 

w h i c h i s ident i f i ed wi th the k i n e t i c energy of the c o l l e c t i v e m o t i o n . The 
f o r m u l a f o r the ef fect ive m a s s p a r a m e t e r s i s [1] 

3 - ? h 2 y<0|8/8q 1 |m><m|3/aq i |0> ( 2 ) 

l ) L E m - E 0 

w h e r e |o>is the ground state and | m > i s an exc i t ed state of the s y s t e m . 
In E q . ( 2 ) , no s p e c i f i c a s s u m p t i o n s a r e made c o n c e r n i n g the wave 

funct ions |m> of the s y s t e m , p r o v i d e d that t h e i r dependence on the c o l l e c 
t ive v a r i a b l e s q{ i s known. 

The c o l l e c t i v e degrees of f r e e d o m q t a r e u s u a l l y i n t r o d u c e d by means 
of the L a g r a n g e m u l t i p l i e r method [4] . T h u s , the nucleons a r e put into 
an e x t e r n a l f i e l d w h i c h r e s t r i c t s the i n t r i n s i c m o t i o n i n such a way that 
the c o l l e c t i v e v a r i a b l e s a r e kept constant and have g iven v a l u e s . 



H o w e v e r , i n p r a c t i c a l app l i ca t i ons when the s h e l l m o d e l i s used , one 
has a l r e a d y such a f i e l d ; th is i s the average f i e l d of the m o d e l w h i c h i s 
a s s u m e d to be the same for a l l s i n g l e - p a r t i c l e states near the F e r m i 
energy . T h e r e f o r e , the p a r a m e t e r s w h i c h appear i n the de f in i t i on of the 
average f i e l d , e s p e c i a l l y those w h i c h d e s c r i b e i t s shape, can be c o n ­
s i d e r e d as c o l l e c t i v e ad iabat i c v a r i a b l e s . The response of the s y s t e m 
to slow changes of the shape can be d e t e r m i n e d d i r e c t l y f r o m the c r a n k i n g -
mode l f o r m u l a (2), where the wave funct ions a r e ad iabat i c so lut ions for 
the f ixed de formed s h e l l - m o d e l f i e l d . 

In p r a c t i c a l a p p l i c a t i o n s of the c r a n k i n g - m o d e l f o r m u l a , one u s u a l l y 
a s s u m e s that the exc i t ed states of the even -even s y s t e m a r e combinat ions 
of t w o - q u a s i p a r t i c l e exc i ta t i ons [iuv^ w i th the energy E u + Ev, where 

= si(c^ - A) 2 + A 2 . H e r e , ep i s the s i n g l e - p a r t i c l e energy , X and A a r e 
the F e r m i energy and the p a i r i n g gap of the s y s t e m . W i t h th is a s s u m p t i o n , 
we obta in the m a t r i x e lements for the opera tor 3/8qj as [5] 

where ( 8 H / d q ^ n v i s the m a t r i x e lement of 8 H / 3 q i between s i n g l e - p a r t i c l e 
states |/u)> and | v X In the case when E ^ = E y ( o r when one q u a s i - p a r t i c l e 
i s the t i m e r e v e r s e d state of the o ther ) , one has n o n - v a n i s h i n g m a t r i x 
e lements of B/dq{ due to the v a r i a t i o n of the occupat ion a m p l i t u d e s U and 
V wi th r e s p e c t to d e f o r m a t i o n . The r e s u l t i s [5] 

(3) 

(4) 

where 

3qi 
- (ac j + bdj) 

a2 + b 2 

adj - bcj 
a 2 + b 2 

V 

V V 

T h e r e f o r e , the ef fect ive m a s s i s g iven by 

+ 8 L E 5 / [ A
 9 q i a q j

 + ( e « » 9 q i a q j 

- - . - { ( a t <at\M} 
V a V ^ a q j 

(5) 



w h i c h , f or the sake of conven ience , can be w r i t t e n as 

= ) ( M . ) 

The ef fect ive m a s s f o r m u l a (5) can be g e n e r a l i z e d to the case w h e r e the 
e x c i t a t i o n of a nuc leus can be d e s c r i b e d i n t e r m s of a n u c l e a r t e m p e r a t u r e T. 
The r e s u l t i n g f o r m u l a i s 

B « ( T ) = k X<Mu w ( t a n h f r + t a n h l r ) 

+ I(uMu„ - v y v M ) ^ 8 H / 8 g W ( » H / a q , ) H , ( t a n h | ^ , t a n h f . ) ( 6 ) 

where the occupat ion a m p l i t u d e s U and V , and E depend on the t e m p e r a t u r e 
i n d i r e c t l y through the dependence of A and > on T . 

It i s easy to see that , for the pure i n d e p e n d e n t - p a r t i c l e m o t i o n , the 
v a l u e s of the m a s s p a r a m e t e r s obtained w i t h the f o r m u l a s (2) o r (5) should 
be a b n o r m a l l y s m a l l . Indeed, the m a s s p a r a m e t e r s a r e d i r e c t l y r e l a t e d 
to the d e r i v a t i v e s of the wave funct ions w i th r e s p e c t to the d e f o r m a t i o n 
p a r a m e t e r s . In the pure i n d e p e n d e n t - p a r t i c l e m o d e l ( I P M ) , these a r e known 
to be v e r y s m a l l . ( A n except i ona l case o c c u r s when two p r o p e r l e v e l s 
c r o s s . ) T h i s i s d i f ferent when there a r e r e s i d u a l i n t e r a c t i o n s the mos t 
i m p o r t a n t of w h i c h i s the p a i r c o r r e l a t i o n . W i t h the p a i r c o r ­
r e l a t i o n s , the c o m p o s i t i o n of the n u c l e a r wave funct ions changes 
m o r e s t r o n g l y w i t h the d e f o r m a t i o n . In th i s c a u s e , the predominant 
c o n t r i b u t i o n to the e f fect ive m a s s c o m e s f r o m the d iagonal m a t r i x e lements 
w i t h i n an energy i n t e r v a l of 2A near the F e r m i energy . T h i s c o r r e s p o n d s 
to a r e l a t i v e l y s m a l l energy denominator i n E q . (5), of the o r d e r of 2A, 
ins tead of a value of 2fiu for the pure I P M , and leads to i n c r e a s e d v a l u e s 
of the m a s s p a r a m e t e r s , i n c o m p a r i s o n w i th the v e r y low va lues of the 
I P M . T h i s i s so , however , only because i t i s the I P M value w h i c h i s too 
l o w , and as soon as some p a i r i n g c o r r e l a t i o n s a r e p resent , the dependence 
of the m a s s p a r a m e t e r s on the s t rength of the r e s i d u a l i n t e r a c t i o n i s m u c h 
m o r e m o d e r a t e . In fact , the m a s s p a r a m e t e r s d e c r e a s e w i t h f u r t h e r i n ­
c r e a s e of the p a i r c o r r e l a t i o n s t r e n g t h . 

The p a i r i n g effect d i s a p p e a r s when a c e r t a i n c r i t i c a l t e m p e r a t u r e i s 
r e a c h e d . In th i s c a s e , it i s i n a p p r o p r i a t e to app ly f o r m u l a (6) because 
r e s i d u a l i n t e r a c t i o n s other than p a i r i n g become i m p o r t a n t . The t rea tment 
of these r e s i d u a l i n t e r a c t i o n s i s beyond the scope of the present s tudy . 
W e s h a l l t h e r e f o r e l i m i t o u r attent ion to the cases w i t h a s i g n i f i c a n t p a i r i n g 
gap, i n the hope that the other r e s i d u a l i n t e r a c t i o n s a r e l e s s i m p o r t a n t . 

A s i m p l e a p p r o x i m a t e e x p r e s s i o n i s known for the m a s s p a r a m e t e r , 
when the p a i r i n g gap i s s u f f i c i e n t l y l a r g e ( A » G , where G i s the p a i r i n g 
m a t r i x e l ement ) . The l a t t e r cond i t i on e n s u r e s that the t e r m s wi th 8 A / d q 
and 8 X / 3 q i n E q . ( 5 ) a r e s m a l l so that the m a i n c o n t r i b u t i o n c o m e s f r o m 
the f i r s t s u m . T h e r e , the mos t i m p o r t a n t a r e the d iagona l m a t r i x e l ements 
a r i s i n g f r o m s i n g l e - p a r t i c l e states i n an energy i n t e r v a l of 2A at the F e r m i 



sea . L e t g e f f be some ef fect ive l o c a l dens i ty of s i n g l e - p a r t i c l e states near 
the F e r m i sea and |8 H / d q | 2 the average of the square of the m a t r i x e l e m e n 
for these s tates . Since the fac tor i n v o l v i n g the occupat ion n u m b e r s U and 
V i s of the o r d e r of uni ty and the energy denominator i s of the o r d e r of 2A, 
we have 

where the second t e r m , w h i c h i s a p p r o x i m a t e l y constant and v e r y s m a l l 
c o m p a r e d to the f i r s t t e r m , denotes a l l o ther c o n t r i b u t i o n s . 

In some cases i n the de fo rmed r e g i o n , there i s a s i gn i f i cant s h e l l i n 
the s i n g l e - p a r t i c l e s p e c t r u m so that the p a i r i n g gap i s v e r y s m a l l . We 
have then e s s e n t i a l l y the case of the I P M . If now p r o p e r l e v e l s c r o s s each 
other at the F e r m i s e a , the t e r m s i n E q . ( 5 ) i n v o l v i n g 9>/8q and dA/dq 
become m u c h l a r g e r than the f i r s t s u m s ince the wave funct ion changes 
d r a s t i c a l l y w i th d e f o r m a t i o n . No s i m p l e e x p r e s s i o n such as E q . ( 7 ) i s ob ­
tained as the m a s s p a r a m e t e r becomes s i n g u l a r . In that c a s e , i t i s i n ­
a p p r o p r i a t e to app ly e x p r e s s i o n s (6) and (7) because r e s i d u a l i n t e r a c t i o n s 
other than p a i r i n g become i m p o r t a n t . The t rea tment of these r e s i d u a l i n t e r ­
act ions i s beyond the scope of the present study. We s h a l l there fore l i m i t 
our attent ion to the cases when a s i gn i f i cant p a i r i n g gap i s present 
(A > 0 .3 M e V , say) i n the hope that the other r e s i d u a l i n t e r a c t i o n s a r e 
l e s s i m p o r t a n t . 

The p a i r i n g effect d i s a p p e a r s when a c e r t a i n c r i t i c a l t e m p e r a t u r e i s 
r e a c h e d . The method cannot be app l i ed to t e m p e r a t u r e s h i g h e r than the 
c r i t i c a l t e m p e r a t u r e for r e a s o n s ment ioned above. In th is w o r k , we s h a l l 
c o n s i d e r m a s s p a r a m e t e r s at z e r o t e m p e r a t u r e on ly . 

The c o r r e s p o n d e n c e between th is equation and the n u m e r i c a l c a l c u l a ­
t ions i s i l l u s t r a t e d i n F i g s 1-3. T h e r e , the m a s s p a r a m e t e r s a r e shown 
evaluated for the case of e l l i p s o i d a l d i s t o r t i o n of the N i l s s o n potent ia l 
W e l l . A s the d e f o r m a t i o n coord inate p , we have taken one ha l f of the 
d is tance between the c e n t r e s of m a s s of the two ha lves of the n u c l e u s , d iv ided 
by the va lue of the unde formed r a d i u s 1 . The s p e c i f i c cho ice of the d e f o r m a -
ttiation p a r a m e t e r i s not v e r y e s s e n t i a l 2 . F o r another d e f o r m a t i o n p a r a ­
meter x , the r e l e v a n t m a s s coe f f i c ient i s r e l a t e d to B i n the f o l l owing w a y : 

F i g u r e 1 shows the dependence of the c a l c u l a t e d m a s s p a r a m e t e r 
S p on the p a r a m e t e r A w h i c h c h a r a c t e r i z e s the s trength of the p a i r i n g 
c o r r e l a t i o n (A i s the energy gap p a r a m e t e r for a u n i f o r m d i s t r i b u t i o n 

1 A convenient unit of reference for the effective mass is the reduced mass for two equal fragments 
a t large distance, which is equal to 

(7) 

(8) 

B p= 0.0240 r j A 5 / 3 ( h V M e V ) 

*The use of the c -parameter of the Nilsson model is rather inconvenient. With the € -parameter 
defined in a finite interval c =s 1.5, one obtains [2] a spurious divergence of B c at larger values of c , 
which makes it difficult to see any finer structure. 
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FIG. 1. Mass parameter B p multiplied by p shown as a function of A . The calculation was performed 
forN = 146 and Z = 94 at a deformation of p = 0.45 corresponding toe = 0 . 2 8 . The gap parameters and A(P) areal$° 
shown here. It can be seen that after subtracting a value represented by the shaded region, the quantity BP behaves 
like A ' 2 . P 

of the s i n g l e - p a r t i c l e s tates ) . F o r l a r g e r v a l u e s of A , they a r e i n c l e a r a g r e e ­
ment w i th E q . (7). T h i s s e e m s , however , to c o n t r a d i c t the r e s u l t s shown i n F i g ^ 
where the same quant i t i es together w i t h the s h e l l c o r r e c t i o n s to the n u c l e a r bind 
ing energy (6U + 6P) a r e presented as funct ions of the d e f o r m a t i o n . V e r y 
s i gn i f i cant f luctuat ions a r e c l e a r l y seen , the l a r g e r va lues of BP c o i n c i d i n g 
a p p r o x i m a t e l y w i t h the l a r g e r v a l u e s of the A p a r a m e t e r , evaluated for 
the same d e f o r m a t i o n s . T h i s apparent c o n t r a d i c t i o n i s r e s o l v e d i f the 
fact i s taken into account that the ef fect ive energy r e g i o n i n E q . ( 5 ) i s v e r y 
s m a l l — of the o r d e r of 2A — and the l e v e l dens i ty for such an energy 
i n t e r v a l g eff shows v e r y s t r o n g o s c i l l a t i o n s due to s h e l l s t r u c t u r e (see, 
e . g . Re f . [6 ] ). T h i s i s a m o r e i m p o r t a n t effect than the changes of A . 
The i m p o r t a n c e of the s h e l l s t r u c t u r e i s f u r t h e r ev idenced by the c o r ­
r e l a t i o n s between the f luctuat ions of the e f f e c t i v e - m a s s p a r a m e t e r s and 
t h e i r c o r r e s p o n d i n g s h e l l - e n e r g y c o r r e c t i o n s w h i c h a r e known to be roughly 
p r o p o r t i o n a l to the f luctuat ions of the l o c a l l e v e l dens i ty near the F e r m i 
energy [6] . 



E v e n though the energy gap A has a s t r o n g exponent ia l dependence on 
the dens i ty of s i n g l e - p a r t i c l e s ta tes , the charge i n A i s a l e s s impor tant 
factor h e r e . T h i s can be understood because , i n the B C S p a i r i n g theory , 
and energy i n t e r v a l m u c h l a r g e r than 2A i s e s s e n t i a l . T h e r e f o r e , the ef­
fect ive l e v e l dens i ty w h i c h appears i n the B C S equation should be ident i f i ed 
w i th a m u c h m o r e smoothed dens i ty funct ion r a t h e r than the l o c a l dens i ty 
g e f f w h i c h appears i n Eq . (7 ) and a l so i n the energy s h e l l c o r r e c t i o n s . 

In F i g . 3, some r e s u l t s obtained by S o b i c z e w s k i et a l . a r e a l so shown, 
These data w e r e r e - e v a l u a t e d by means of Eq . (8 ) f r o m B 6 va lues presented 
i n R e f . [2] . W h i l e the average v a l u e , w h i c h i s equal to about 15 units of 
the r e d u c e d m a s s , s eems to agree w i t h our r e s u l t s for 2 = 0 . 6 M e V (which 
g ives the c o r r e c t va lue for A at the g round - s ta te de format ion ) , some e s ­
s e n t i a l d i s c r e p a n c y i s e v i d e n t 3 . T h i s should change a p p r e c i a b l y the e s t i ­
mates of same spontaneous f i s s i o n l i f e t i m e s g iven i n Re f . [2] . 

The equation used in Ref. [2] for evaluating the effective mass can be written schematically as 
follows 

It can be shown that up to the first order in e the second factor in Eq. (9) should be equal to the square of 
the constant K which characterizes the strength of the coupled deformed field. (This is true also when the 
corrections due to pairing are taken into account.) Therefore, Eq. (9) is, up to a smooth function of the 
deformation, identical to our Eq» (5). In Ref. [2], however, the ratio in the second factor was determined 
numerically. The result may be erroneous owing to some inaccuracy in evaluating the poorly converging 
term Lr 
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FIG. 3. The solid curves are the calculated values of BJj for 2 4 0 P u for the cases when A is equal to 0.6 
and 1.0 MeV. The lower dotted curve is the quantity B £ obtained by Sobiczewski et al. It is a rapidly 
increasing function of e. This quantity B € can be converted to Bff as shown in the upper dotted curve 
and should be compared with our results. 

The r e s u l t s shown i n F i g s 2 and 3 l e a d us to the i m p o r t a n t c o n c l u s i o n 
that the ef fect ive m a s s p a r a m e t e r s a r e a b n o r m a l l y l a r g e near the top of 
the s h e l l m a x i m a i n the d e f o r m a t i o n energy w h e r e the l o c a l l e v e l dens i ty 
i s l a r g e . T h e y d e c r e a s e when one moves away f r o m th is point and the 
l owest va lue i s obtained near the s t a t i o n a r y shape m i n i m a of the d e f o r m a ­
t i o n e n e r g y , c o r r e s p o n d i n g to the g r o u n d - s t a t e d e f o r m a t i o n o r the 
second m i n i m u m . The i n c r e a s e d i n e r t i a of the n u c l e a r m a t t e r i n the 
r e g i o n of the po tent ia l b a r r i e r s i s v e r y i m p o r t a n t for e s t i m a t e s of the 
p e n e t r a b i l i t y , e s p e c i a l l y i n the s u p e r h e a v y e l e m e n t s . 



F o r m o r e def inite e s t imates of the penetra t i on f a c t o r , the p r o b l e m 
of the t r a j e c t o r y must be c o n s i d e r e d , w h i c h r e q u i r e s the knowledge of 
the m a s s p a r a m e t e r s r e l a t e d to other degrees of f r e e d o m . In a d d i t i o n , 
other s i n g l e - p a r t i c l e mode l s must a l so be c o n s i d e r e d , as the N i l s s o n 
m o d e l i s too ambiguous to be used without r e s e r v a t i o n for the e x t r a p o l a ­
t ions to l a r g e de fo rmat ions and new r e g i o n s of n u c l e i . 

To approach the so lu t i on of these p r o b l e m s , an attempt was made to 
develop fast n u m e r i c a l methods for s o l v i n g the I P M w i t h a r a t h e r g e n e r a l l y 
def ined average f i e l d and the shape of the n u c l e a r sur face [7] , and, at the 
same t i m e , to evaluate the m a s s p a r a m e t e r s r e l a t e d to the g e n e r a l i z e d 
d e f o r m a t i o n c o - o r d i n a t e s q i w h i c h might appear i n the de f in i t i on of the 
n u c l e a r shape. In these c a l c u l a t i o n s , the s u r f a c e of the nuc leus was d e ­
f ined by the equation 

n q i . . . q ( u > v ) = 0 d o ) 

where u and v a r e the two c y l i n d r i c a l c o - o r d i n a t e s . The o p e r a t o r s 6 H / 6 q i 

w h i c h appear i n E q . ( 5 ) a r e a l s o computed i n a r a t h e r g e n e r a l m a n n e r . The 
c a l c u l a t i o n s w i th the Saxon-Woods m o d e l a r e now i n p r o g r e s s and w i l l be 
pub l i shed e l s e w h e r e . 

3. M O M E N T S O F I N E R T I A 

The a n i s o t r o p y of the angu lar d i s t r i b u t i o n of the f i s s i o n f ragments at 
h igher exc i ta t i ons i s d e t e r m i n e d by the va lue of the s o - c a l l e d ef fect ive 
moment of i n e r t i a [8] 

where ^ and S± a r e two m o m e n t s of i n e r t i a for r o t a t i o n about the s y m ­
m e t r y a x i s (or the f i s s i o n ax is ) and the a x i s p e r p e n d i c u l a r to the s y m ­
m e t r y a x i s , r e s p e c t i v e l y . F o r ^ and the r i g i d - b o d y va lues a r e 
u s u a l l y a s s u m e d , and ^ e f f i s then r a t h e r s t r o n g l y dependent on the shape 
of the nuc leus at the top of the f i s s i o n b a r r i e r [8] . It becomes in f in i te 
when the saddle shape i s s p h e r i c a l . T h i s should be the case of a nuc leus 
w h i c h i s v e r y unstable against f i s s i o n . F o r such a n u c l e u s , i s o t r o p i c 
angular d i s t r i b u t i o n i s p r e d i c t e d and r e c e n t l y s ome attempts w e r e made 
to d e t e r m i n e the l i m i t s of s t a b i l i t y of n u c l e i by m e a s u r i n g the a n g u l a r 
a n i s o t r o p y of h igh ly exc i t ed n u c l e i produced i n n u c l e a r r e a c t i o n s w i t h 
Q-particles and heavy ions [10-12] . 

E x p e r i m e n t a l s tud ies of a r e v e r y i m p o r t a n t i n v i ew of the fact 
that they a r e probab ly the most d i r e c t way of i n v e s t i g a t i n g the shape of 
the nuc leus at the b a r r i e r . H o w e v e r , th i s quant i ty m a y be a l s o af fected 
by the s h e l l s t r u c t u r e , w h i c h m a y be m i s i n t e r p r e t e d as due to a d i f f erent 
shape of the n u c l e u s . 



F o r the i n e r t i a p a r a m e t e r s , the f o l l o w i n g equation holds (which i s 
analogous to Eq. (6 ) ) 

where the o p e r a t o r Mj i s 

M±= j x 

for S± and (13) 

M„ = j z 

for o^jj . H e r e J i s the s i n g l e - p a r t i c l e angular m o m e n t u m o p e r a t o r . F r o m 
E q s (12) and (13) one obtains a known e x p r e s s i o n for ^ 

1 V K 2 

^ = 4 T Z _cosh2(E, /T) ( 1 4 ) 

v 

w h e r e K v = ( i / \jz\v > . 
The moment of i n e r t i a ^ j c a n a l s o be e x p r e s s e d i n the f o l l ow ing way 

Jxx = K2 g e f f (15) 

where 

and 

geff = (i/4T)^T { l / c o s h 2 ( E , / 2 T ) } (16) 

= ^ K 2 / c o s h 2 ( E y 2 T ) ) / ^ { l / c o s h 2 ( E „ / 2 T ) } (17) 
V V 

In the case of A = 0, the q u a s i - p a r t i c l e e n e r g i e s Ev i n E q s (14) (17) a r e 
r e p l a c e d by the s i n g l e - p a r t i c l e energ i es € v - X . 

In F i g . 4, some r e s u l t s of n u m e r i c a l c a l c u l a t i o n s a r e presented w h i c h 
d e m o n s t r a t e the r o l e of the s h e l l s t r u c t u r e and p a i r i n g for the spec i f i c 
case of N = 144 w i t h the N i l s s o n p o t e n t i a l . The quant i t i e s i n t r o d u c e d 
above a r e plotted aga inst the d e f o r m a t i o n of the N i l s s o n po tent ia l w e l l for 
d i f f e rent v a l u e s of the t e m p e r a t u r e T . (In a p p l i c a t i o n s to r e a l p r o c e s s e s , 
the t e m p e r a t u r e wou ld , of c o u r s e , a l s o change w i t h d e f o r m a t i o n . ) F l u c ­
tuat ions w i t h r e s p e c t to d e f o r m a t i o n a r e apparent . H o w e v e r , the c o r r e l a ­
t i o n between the f luc tuat ions and the s h e l l s t r u c t u r e i s not s i m p l e . 
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F IG.4 . Moments of inertia and related quantities for N = 144 at three different temperatures are shown 
as functions of the deformation d which is defined as the ratio of the axes in the ellipsoidal Nilsson potential. 
The moments of inertia ^ and ^ are expressed in units of the corresponding values j £ a n d ^ for a rigid 
body with the same shape. The quantities g ^ and K 2 are defined by Eqs (16) and (17), respectively. 
The gap A is calculated by taking A equal to 0.6 MeV. For T = 0.45 MeV, the gap A vanishes when the 
deformation is larger than 1.2 and is not shown in the figure. For the value of fiwo we used 55 A ' 1 / 3 MeV 
w hich is obtained by setting the average of r 2 near the Fermi level equal to 3 R 2 / 5 . 



The gap p a r a m e t e r A i s known to i n c r e a s e when the l o c a l dens i ty of 
the s i n g l e - p a r t i c l e states near the F e r m i energy i n c r e a s e s . T h i s can 
l e a d to a r e v e r s e d effect i n the q u a s i - p a r t i c l e dens i ty (16) w h i c h i s e x ­
ponent ia l ly d e c r e a s i n g w i th i n c r e a s i n g A . T h e r e f o r e , i t i s expected that 
at h igher e x c i t a t i o n s , m a x i m a and m i n i m a of ^ should a p p r o x i m a t e l y 
c o r r e s p o n d to those of the s i n g l e - p a r t i c l e l e v e l dens i ty , w h i l e at low e x ­
c i ta t i ons m a x i m a of ^jj c o r r e s p o n d to m i n i m a of g s . p . ( i . e . to m a x i m a 
of the q u a s i - p a r t i c l e l e v e l dens i ty ) , and v i c e v e r s a . W h i l e this i s a p ­
p r o x i m a t e l y v a l i d for h igh e x c i t a t i o n s , the a c t u a l c o r r e l a t i o n at low e x ­
c i ta t i ons i s m o r e c o m p l i c a t e d because there i s a l s o a s h e l l effect i n the 
averaged value of K 2 . Indeed, for low t e m p e r a t u r e s , on ly few states 
contr ibute to the a v e r a g i n g of K 2 . It i s known that the energ ies of the 
s i n g l e - p a r t i c l e states w i t h h igher K va lues go up wi th d e f o r m a t i o n w h i l e 
those wi th l o w e r K va lues go down. T h e r e f o r e , the average va lue of K 2 

o s c i l l a t e s about as f requent ly as that of the energy s h e l l c o r r e c t i o n but wi th 
a d i f ferent phase , see F i g . 4. The va lue of K 2 should have the W K B values 
i n the m i d d l e of a s h e l l but h igher and l o w e r va lues at other de format ions 
depending on the n u m b e r of nucleons N . The r e s u l t for our case of N = 144 
at low t e m p e r a t u r e i s that for s m a l l de fo rmat ions f luctuates i n n e a r l y 
the opposite phase as the energy s h e l l c o r r e c t i o n . 

F o r <#±t and at low t e m p e r a t u r e s , i t i s known that an i n c r e a s e i n 
A l eads to a d e c r e a s e i n <f± [4] . H o w e v e r , th is i s not the on ly effect due 
to s h e l l s t r u c t u r e as the m a t r i x e lements of j x a r e a l so af fected. The 
s i t u a t i o n i s s i m p l e r at h igh t e m p e r a t u r e s as contr ibut i ons to J\ come 
f r o m m a t r i x e lements between states i n a l a r g e energy i n t e r v a l . T h e r e ­
f o r e , as i s the case w i th ^ u , the quanti ty y± i s a l so c o r r e l a t e d wi th the 
dens i ty of the s i n g l e - p a r t i c l e states at the F e r m i energy . 

In any c a s e , the s h e l l s t r u c t u r e in f luences r a t h e r s t r o n g l y the moments 
of i n e r t i a . The f luc tuat ion n e v e r t h e l e s s d e c r e a s e s w i th i n c r e a s i n g t e m p e r a ­
t u r e . One of the p r o b l e m s i s there f o re to f ind the c r i t i c a l t e m p e r a t u r e 
T * when the s h e l l f luctuat ions become s m a l l . T h i s i s i m p o r t a n t to know 
for the a n a l y s i s of the f i s s i o n a n i s o t r o p y at low exc i ta t i ons above the f i s s i o n 
b a r r i e r . In these c o n s i d e r a t i o n s , the dependence of A on the t e m p e r a t u r e 
should be taken into account i n the u s u a l w a y . 

In F i g . 5, the quant i t ies ^ e f f , ^ ( ( and y± a r e shown as a funct ion of 
the t e m p e r a t u r e T , evaluated for the mos t i n t e r e s t i n g shapes of the nucleus 
2 3 6 U , n a m e l y the ground-state d e f o r m a t i o n , the second m i n i m u m and the 
two b a r r i e r s . It can be seen that for the f i r s t and the second b a r r i e r s , 
the r i g i d - b o d y v a l u e s of the moments of i n e r t i a a r e e s s e n t i a l l y r e a c h e d 
at a n u c l e a r t e m p e r a t u r e of T s * - 0. 8 - 1. 0 M e V . T h i s va lue i s c l o se to 
that for the c r i t i c a l t e m p e r a t u r e at w h i c h the s h e l l - s t r u c t u r e effects i n 
the l e v e l dens i ty d i sappear as was found e a r l i e r [13] . It i s a l s o h igher 
than the c r i t i c a l t e m p e r a t u r e T * , at w h i c h the p a i r c o r r e l a t i o n effects 
d i s a p p e a r ( T * - 0 .4 = 0 .5 M e V ) . 

The evaluated moments of i n e r t i a a r e app l i ed to the a n a l y s i s of the 
angu lar a n i s o t r o p y data i n the neutron induced f i s s i o n at l o w e r e x c i t a t i o n s . 
The angu lar d i s t r i b u t i o n of the f ragments i s d e s c r i b e d , i n t h i s c a s e , a p ­
p r o x i m a t e l y by [8] 
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F I G . 5 . The moments of inertia J^ff. ^ ± and for 2 3 6 U are shown as a function of the nuclear temperature 
for the deformations at the ground state (d = 1 .25) , the second minimum (d = 1. 86), the first barrier (d = 1. 5) 
and the second barrier (d = 2. 86). Al l the moments of inertia are expressed in units of the rigid-body value 
fcr a sphere, «^RB« The thick horizontal lines,in all cases,represent the corresponding moments for a rigid 
fotator of the same shape. These values are reached at high temperatures. 



F o r the s p e c i f i c case of the r e a c t i o n 2 3 5 U ( n , f) w i t h 3 M e V neutrons , 
the va lue of the t e m p e r a t u r e i s found to be equal to 0. 28 M e V i f the b a r ­
r i e r shape was a s s u m e d to be the s a m e as that for the f i r s t b a r r i e r and 
T = 0 .33 M e V for the second b a r r i e r (with the r i g i d - b o d y va lues these 
would be equal to c o m p l e t e l y unreasonab le v a l u e s of 0. 05 M e V and 0. 14 M e V , 
r e s p e c t i v e l y ) . 
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D I S C U S S I O N 

L . W I L E T S ( C h a i r m a n ) : Have you been able to fo l low the de f o rmat i on 
to s u f f i c i e n t l y l a r g e v a l u e s so that you cou ld see the m a s s p a r a m e t e r a s y m p ' 
tot ing to the separated f ragment v a l u e , n a m e l y the reduced m a s s ? 

H . C . P A U L I : We have not got so f a r yet i n o u r c a l c u l a t i o n s . The fact 
that the quantity B p p r e m a i n s on the average a constant s e e m s , however , 
to ind i ca te such b e h a v i o u r . One should a l s o r e m e m b e r that the data p r e s e n t 
ho ld good for s p h e r o i d a l shapes o n l y . F o r l a r g e d e f o r m a t i o n s one should 
use other shapes . T h i s w o r k i s under way . 

P . von B R E N T A N O : C o u l d you comment on the i m p a c t of your c o n ­
s i d e r a t i o n s on the c a l c u l a t i o n of the l i f e - t i m e s of f i s s i o n i s o m e r s ? 

H . C . P A U L I : The l i f e - t i m e s of the f i s s i o n i s o m e r s should be affected 
as w e l l as the spontaneous f i s s i o n l i f e - t i m e . I n c r e a s e d m a s s , as compared 
to the a v e r a g e , at the b a r r i e r s w i l l a l s o i n c r e a s e the l i f e - t i m e . 



A . S O B I C Z E W S K I : Y o u ment ioned the d i s c r e p a n c y between the va lues 
of the m a s s p a r a m e t e r B obtained i n your c a l c u l a t i o n s and i n o u r s (c i ted 
in your paper as Re f . [2] ). Y o u suggest that i t m a y come f r o m cutt ing off 
the l e v e l s f r o m the N ^ 10 s h e l l s . I agree that the p o o r l y convergent t e r m 
£i, w h i c h enters into B i n our a p p r o a c h and i s not needed i n your c a l c u l a t i o n , 
niay be l o w e r e d by th is cut -o f f but I do not think th is effect could account 
for the whole of the d i s c r e p a n c y obta ined . T h i s c oncerns e s p e c i a l l y the 
low de f o rmat i ons for w h i c h the l e v e l s cut off l i e v e r y far f r o m the F e r m i 
l e v e l . 

H . C . P A U L I : I agree i n so far as the a g r e e m e n t , on the a v e r a g e , 
i s m u c h better at s m a l l e r than at l a r g e r d e f o r m a t i o n s . 

E . R . H . H I L F : D i d I unders tand c o r r e c t l y that you wanted to study 
a nuc leus of f in i te t e m p e r a t u r e but a c t u a l l y s tudied a co ld n u c l e u s , app ly ing 
F e r m i s t a t i s t i c s of some f in i te t e m p e r a t u r e ? So you s t a r t e d w i th the s i n g l e -
p a r t i c l e energy l e v e l dens i ty for T = 0 and f i l l e d i n the nuc l eons , u s i n g a 
F e r m i d i s t r i b u t i o n of f in i te t e m p e r a t u r e . If so , you m i s s e d one of the two 
effects that compete w i th each o ther , be ing of the same o r d e r of magni tude , 
a n d come into p lay i n a s h e l l - m o d e l c a l c u l a t i o n for f in i te t e m p e r a t u r e , 
i . e . the t e m p e r a t u r e dependence of the l e v e l dens i ty i t s e l f . T h i s i s due 
to the fact that heat ing the nuc leus (a l i t t l e b i t , o t h e r w i s e the s u m m a t i o n 
of s i n g l e - p a r t i c l e energ ies becomes i n c r e a s i n g l y u s e l e s s because of the 
i n t e r a c t i o n energ ies ) l eads to wave funct ions of h igher energy and o r b i t a l 
M o m e n t u m , w h i c h have a d i f ferent r a d i a l d i s t r i b u t i o n too, and th i s i n due 
course l eads to a h igher c oncent ra t i on of h i g h - e n e r g y n u c l e i at the 
s u r f a c e . In a s e l f - c o n s i s t e n t c a l c u l a t i o n th is would l ead to a change of the 
Potent ia l and to a r i s e of the l e v e l dens i ty . In your n o n - s e l f - c o n s i s t e n t 
c a l c u l a t i o n you can take c a r e of th is effect a p p r o x i m a t e l y by some s ing le 
ansatz , say a f i r s t - s t e p c a l c u l a t i o n , s ince the wave functions a r e a v a i l a b l e 
to y o u . 

H . C . P A U L I : We use the energy l e v e l s of the c o l d s y s t e m but do not 
e x p e c t the s t r u c t u r e to be c o m p l e t e l y d e s t r o y e d by a t e m p e r a t u r e of 1 M e V . 


