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Abstract 

TEST OF STRUTINSKY'S METHOD USING HARTREE-FOCK RESULTS. 
New results of Hartree-Fock (HF) calculations are used to estimate the validity of Strutinsky* s shell-

correction method in a way which is independent of the shell and liquid-drop models usually involved. 
Strutinsky writes the total binding energy E of a nucleus as sum of a classical liquid-drop (LD)-model energy 
^LD a n d a shell correction energy ^E. which is extracted from a sum of shell model energies ej. Here the 
HF energy is decomposed into three terms: E H F = *E + 6Ei + 6E2, where T is an average binding energy, 6Et is 
a first order shell correction and 6E2 contains all higher order corrections, which usually are neglected in the 
Strutinsky method. By explicitly calculating E H p , T, and 6EX , these higher order corrections are evaluated and 
the reliability of the shell-correction method from the HF point of view is estimated. The HF results were 
obtained using the effective 6-interaction of Skyrme in a new parametrization (SIII) which was recently 
demonstrated to give excellent fits to experimental ground-state energies, deformations and radii throughout 
the periodic table. A quadratic constraint of the quadrupole moment Q was used to obtain deformation energy 
curves. Pairing effects were included. Having calculated the self-consistent density matrix p, its average 
part p" is determined by the usual energy averaging procedure. The HF energy can then be decomposed into 
the three terms stated above, of which E is solely dependent on smooth quantities like p\ 6EX contains the first-
order and 6Ej all higher order terms in 6p = p-p". As a result of these computations, it is found that the 
quantity E indeed behaves exactly like a LD model energy as a function of deformation. This, in itself, strongly 
confirms Strutinsky's renormalization method. The corrections 6E2 are found to have values of ~0.5 to 
~3 . 0 MeV for nuclei with A ^ 100. Since only their oscillations contribute to the shell corrections, a 
reliability of the Stnitinsky-calculated shell corrections to ground-state energies of ~ l - 2 MeV is concluded 
for medium and heavy nuclei. Similarly, the Strutinsky-calculated fission barriers are found to be affected 
by less than ~1 MeV. Fission lifetime estimates are expected to be lowered by inclusion of the second order 
correction. 

I N T R O D U C T I O N 

The present paper i s devoted to an analysis of the shell-correction method 

introduced by Strutinsky [1,2], in terms of Hartree-Fock (HF) theory. Ever 

since the shell-correction method was used i n calculations of nuclear defor­

mation energies, the question has "been asked to what extent t h i s method i s 

consistent with e n t i r e l y microscopic descriptions of the nucleus using r e a l ­

i s t i c e f f e c t i v e nuclear interactions. Strutinsky pointed out [2] that the 

shell-correction expression for the t o t a l nuclear binding energy E = E t t .+ 5E 
LiD 
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can be o b t a i n e d from a HF s o l u t i o n by d e f i n i n g an average p a r t J o f t h e s e l f -
c o n s i s t e n t d e n s i t y m a t r i x g and expanding t h e HF energy around £ . I n t h i s 
way, one f i n d s 

E r t F ^ £EA + < S E 2 - ... , ( i ) 
where E depends o n l y on smooth q u a n t i t i e s l i k e j , and t h e c o r r e c t i o n s <£E^> 
o E ^ , e t c . are o f i n c r e a s i n g o r d e r i n the d i f f e r e n c e c£> = ^ - g> : 

SEn o c C U ^ V ] . (2) 

The f l u c t u a t i o n s 6̂ > o f t h e d e n s i t y m a t r i x a r e e x p e c t e d t o be r e l a t i v e l y s m a l l 
[3] and the s h e l l - c o r r e c t i o n e x p a n s i o n ( l ) s h o u l d t h e r e f o r e converge r a p i d l y * 

So f a r , i n a l l p r a c t i c a l a p p l i c a t i o n s o f t h e method, t h e second and h i g h e r 
o r d e r terms have been n e g l e c t e d . U s u a l l y , the smooth p a r t E i s r e p l a c e d by a 
l i q u i d - d r o p (LD) energy E , and t h e f i r s t o r d e r s h e l l c o r r e c t i o n cfE ( o f t e n 

L/JJ J-

a l s o w r i t t e n as <TU) i s e x t r a c t e d from t h e e i g e n e n e r g i e s £t- o f an average s h e l l 
model p o t e n t i a l [2-5]. An e x p l i c i t e x p r e s s i o n f o r t h e second o r d e r s h e l l c o r ­
r e c t i o n has been g i v e n i n terms o f s h e l l model q u a n t i t i e s o n l y [3,5]' 
Bunatyan e t a l . [5] c a l c u l a t e d £E^ u s i n g M i g d a l ' s t h e o r y f o r a s e r i e s o f 
n u c l e i i n t h e l e a d r e g i o n and found t o be o f t h e o r d e r o f 0.5 t o 3 MeV. 
Compared t o t h e f i r s t o r d e r s h e l l c o r r e c t i o n <5*Ê  w h ich v a r i e s i n t h a t r e g i o n 

from +5 t o -13 MeV, t h e s e numbers are i n d e e d q u i t e s m a l l . Knowing t h a t t h e 
s h e l l e f f e c t s a r e l a r g e s t i n s p h e r i c a l n u c l e i and e x t r a p o l a t i n g t h e quoted 
r e s u l t s t o deformed n u c l e i , one would not expect t h e h i g h e r o r d e r terms t o 
a f f e c t the u s u a l l y c a l c u l a t e d f i s s i o n b a r r i e r s by more t h a n ±0.5 t o 1 MeV. 

No c o n s i s t e n t t e s t o f t h e s h e l l - c o r r e c t i o n e x p a n s i o n ( l ) has so f a r been 
performed u s i n g HF r e s u l t s o n l y . B a s s i c h i s e t a l . [ 6 ] proposed a method which 
d i f f e r s s l i g h t l y from t h e one o u t l i n e d by S t r u t i n s k y and which w i l l be d i s ­
cussed i n t h i s paper; but no r e s u l t s have been p u b l i s h e d y e t . The s a m e 
au t h o r s [T] r e c e n t l y compared HF r e s u l t s t o a s h e l l - c o r r e c t i o n c a l c u l a t i o n i n 
which t h e parameters o f a N i l s s o n p o t e n t i a l and t h e l i q u i d - d r o p model were 
f i t t e d t o g i v e t h e l e a s t d e v i a t i o n s from t h e HF r e s u l t s . However, t h e y d i d 
not i n c l u d e t h e p a i r i n g i n t e r a c t i o n which i s known t o smooth out t h e s h e l l 
e f f e c t s i n deformed n u c l e i . F u r t h e r m o r e , t h e i r t e s t i s dependent on t h e 
c h o i c e o f a LD and a s h e l l model, and t h e r e f o r e t h e i r c o n c l u s i o n s , q u o t i n g a 
30$ u n r e l i a b i l i t y o f t h e f i r s t - o r d e r s h e l l c o r r e c t i o n , cannot be c o n s i d e r e d 
t o be v e r y s i g n i f i c a n t . 

W i t h i n t h e l a s t few y e a r s , t h e e f f e c t i v e s - i n t e r a c t i o n o f Skyrme [8] has 
been s u c c e s s f u l l y a p p l i e d i n HF c a l c u l a t i o n s o f b o t h s p h e r i c a l [9] and d e f o r ­
med n u c l e i [10-11+]. Encouraged by t h e i r s u c c e s s , we have used t h e s e r e s u l t s 
t o p e r f o r m t h e d e c o m p o s i t i o n o f t h e HF energy i n t o t h e s h e l l - c o r r e c t i o n 



s e r i e s ( l ) . By e x p l i c i t l y c a l c u l a t i n g i t s f i r s t two terms E and cTE^, we can 
determine th e sum o f a l l h i g h e r o r d e r terms and check t h e convergence o f t h e 
s e r i e s ( l ) n u m e r i c a l l y . I n a d d i t i o n , we can see whether the smooth p a r t E 
r e a l l y behaves l i k e a LD model q u a n t i t y . T h i s t e s t i s t h u s e n t i r e l y i ndepen­
dent of any LD o r s h e l l model parameters; on t h e o t h e r hand, i t o n l y t e s t s 
"the S t r u t i n s k y method w i t h i n t h e HF framework. The o n l y q u a n t i t y which has t o 
be d e f i n e d ad hoc and exceeds the HF t h e o r y i s t h e smooth p a r t g o f t h e den­
s i t y m a t r i x . We d e f i n e i t here c o n s i s t e n t l y by a p p l y i n g S t r u t i n s k y ? s energy-
a v e r a g i n g method [ 1 - 5 ] . 

I n t h e f i r s t p a r t o f t h i s paper we w i l l p r e s e n t t h e d e t a i l e d f o r m a l i s m 
°f our c a l c u l a t i o n s and i n the second p a r t p r e s e n t some n u m e r i c a l r e s u l t s 
a n d d i s c u s s t h e i r consequences. 

T H E M E T H O D 

We f i r s t r e p e a t here t h e main e q u a t i o n s o f t h e c o n s t r a i n t H a r t r e e - F o c k 
(CHF) method u s i n g Skyrme's e f f e c t i v e i n t e r a c t i o n , as d e s c r i b e d i n d e t a i l i n 
e a r l i e r p u b l i c a t i o n s [ 9 - 1 1 ] . 

The t o t a l b i n d i n g energy o f a n u c l e u s w i t h n e u t r o n and p r o t o n numbers N,Z 
and t h e t o t a l (mass-) quadrupole moment Q i s found by m i n i m i z i n g t h e f o l l o w ­
i n g f u n c t i o n a l : 

In e q . ( 3 ) , v g k y ^ S t h e ^^ v r T l l e i n t e r a c t i o n i n c l u d i n g s p i n - o r b i t term and C o u l ­
omb i n t e r a c t i o n [ 9 , 1 0 ] ; "^(^Uy^Q^) i s a c o n s t r a i n t o f t h e quadrupole moment [ l l ] 
and E . (A-,vtf) i s a p a i r i n g energy f u n c t i o n a l [10] depending on t h e s i n g l e -p a i r i <• 
P a r t i c l e o c c u p a t i o n numbers i v V The i n d e x q l a b e l s t h e i s o s p i n s t a t e o f t h e 
n u c l e o n s , i . e . n e u t r o n s or p r o t o n s . The Lagrange p a r a m e t e r s ^ and i n (3) 

are used f o r t h e c o n s t r a i n t s 

< q > •= a , w 

2 n t
p = i > 2 M " = N (5) 

The e x p e c t a t i o n v a l u e s a r e t a k e n between S l a t e r d e t e r m i n a n t s of o r t h o n o r m a l -
i z e d s i n g l e - p a r t i c l e w a v e f u n c t i o n s (r) which are expanded i n a deformed 
harmonic o s c i l l a t o r b a s i s 





v i t h t h e Skyrme parameters tQ , tA , t a , t 3 , and W0. v " C D ( r ) a n d VCE'~^ A R E 

the d i r e c t and t h e exchange p a r t o f t h e Coulomb p o t e n t i a l ; t h e former i s 
g i v e n by 

V q ^ = /dV'pJf') , e ' ( l l a ) 
and t h e l a t t e r Tjy 

( l i b ) 

W , ( r ^ i W , ( 7 p ( r ) t 7 f i ( £ | ) . (16) 



V a r i a t i o n o f t h e o c c u p a t i o n numbers n̂ H i n (3) under t h e c o n s t r a i n t s (5) 

l e a d s t o a s e t o f " g e n e r a l i z e d BCS e q u a t i o n s " whose e x p l i c i t form depends on 
the p a i r i n g f u n c t i o n a l chosen [ 1 0 ] . For t h e f u n c t i o n a l 

E ,̂ - - i G j l ^ l v ^ ' j 1 en) 
w i t h c o n s t a n t p a i r i n g s t r e n g t h s G and GM, one o b t a i n s t h e f a m i l i a r BCS 
equa t i o n s [ l 6 ] 

2 

4- - 2 

V a u t h e r i n [10] and F l o c a r d e t a l . [ l l - l U ] chose i n some c a l c u l a t i o n s a d i f ­
f e r e n t p a i r i n g f u n c t i o n a l 

E r i r = - 2 l A , ( ^ i V f i - ^ ) , (20) 

i n which t h e gaps are kept c o n s t a n t and t h e n^ are a g a i n g i v e n by e q . ( l 9 ) # 

As d i s c u s s e d i n r e f . [ l l ] , a q u a d r a t i c c o n s t r a i n t 

f (>*,<fi)>) = £ C (jJi-<Q>)* (21) 

i s s u i t a b l e t o d e s c r i b e t h e d e f o r m a t i o n energy c u r v e E___(Q) i n a monotonic 
Mr 

way w i t h t h e Lagrange parameter JJL. I n e q . ( 2 l ) , c i s a c o n s t a n t which can be 
chosen once and f o r a l l i n a c e r t a i n r e g i o n o f n u c l e i [ l l ] . 

Once a s e l f c o n s i s t e n t s o l u t i o n of t h e HF e q u a t i o n s (13) i s f o u n d , t h e 
t o t a l b i n d i n g energy o f t h e n u c l e u s under c o n s i d e r a t i o n i s g i v e n by (8) and 
(1 0 ) : 

F = F + t + R (22) 
HF ^ V o * L - f c t . I — p a i r ) ^ 

where t h e k i n e t i c energy i s t h e i n t e g r a l over t h e f i r s t term i n e q . ( l O ) 
and the p o t e n t i a l energy E ^ ̂ s t h e i n t e g r a l over the sum o f a l l o t h e r terms 
i n ( 1 0 ) . The HF energy can a l s o be e x p r e s s e d i n terms o f t h e s i n g l e - p a r t i c l e 
e n e r g i e s 6 \ by means o f e q . ( l 3 ) : 

t h F - 2_£ L
snr - Epo* + E R - E f o M t + t p a i V (23) 

I n eq . ( 23 ) E_ i s a rearrangement energy term coming from t h e density-dependent 
R 

p a r t o f t h e Skyrme i n t e r a c t i o n and t h e Coulomb exchange p a r t ; ^ c o n s ^ i s a 

c o n s t r a i n t energy. I n d e t a i l 



E , q . M ^ M 

(2U) 

(25) 

I t i s t h e e x p r e s s i o n (23) from which one has t o s t a r t [2,3,5] i n o r d e r t o 
o b t a i n t h e s h e l l - c o r r e c t i o n e x p a n s i o n ( l ) . For t h i s purpose we must i n t r o d u c e 
a smooth p a r t o f t h e d e n s i t y m a t r i x ^. "Smooth" here means s l o w l y v a r y i n g w i t h 
d e f o r m a t i o n Q and n u c l e o n numbers N and Z. S t r u t i n s k y ' s e n e r g y - a v e r a g i n g p r o ­
cedure [1,2] here i m m e d i a t e l y suggests i t s e l f . W i th t h i s , t he average d e n s i t y 
M a t r i c e s a r e g i v e n by 

where t h e HF o c c u p a t i o n s numbers n ^ i n eq.(T) are r e p l a c e d by some averaged 
o c c u p a t i o n numbers n.* . These are d e f i n e d u s i n g an a v e r a g i n g f u n c t i o n f ^ ' x ) 
(which i n c l u d e s c u r v a t u r e - c o r r e c t i o n s o f o r d e r M) [ 3 - 5 ] • 

— »o 

The Fermi e n e r g i e s ^ a r e determined by e q u a t i o n s analogous t o ( 5 ) . 
U s i n g eqs. (9) ,(12) , ( l U ) - ( l 6 ) , we now d e f i n e analogous averaged q u a n t i t i e s 

^ ( r ) , T ^ ( r ) , J ^ ( r ) , and i n t u r n Q, m * ( r ) , U ^ ( r ) , and W j ( r ) by r e p l a c i n g £ ^ 
everywhere by . I n s e r t i n g t h e average q u a n t i t i e s i n t h e s i n g l e - p a r t i c l e 
H a m i l t o n i a n H^ d e f i n e d by eq. ( 1 3 ) , we f i n d a smoothed H a m i l t o n i a n H C ( : 

M - ^ 2 ^ , ? + C J 1 ( r ) * W , ( r H - i ) f 7 x S ) * ^ - f j M ) , (28) 

which may be c o n s i d e r e d as a " s h e l l model" H a m i l t o n i a n [ 2 , 3 , 5 ] . We s h a l l de­
note here i t s e i g e n v a l u e s by and i t s e i g e n f u n c t i o n s by 

K , 4 > ? ( j ) = 2l$llt). (29) 

Now, i f t h e d e n s i t y o s c i l l a t i o n s = f ^ " ? ^ a r e s u f f i c i e n t l y s m a l l -
which w i l l be checked n u m e r i c a l l y below - one can t r e a t t h e d i f f e r e n c e 
cH^= H^ - H^ as a s m a l l p e r t u r b a t i o n o f H . Then t h e e n e r g i e s and 
can be r e l a t e d i n f i r s t o r d e r p e r t u r b a t i o n t h e o r y by 

E> * h + fd*c <5Hs$Ht). (so 



Multiplying eq.(30) "by n:** and summing over i gives 

Expanding the terms and E R in eq.(23) around <J>^ and using eq.(3l), the 
f i r s t order terms i n <5jp^ cancel each other so that 

E „ - f L f r n f - E , * * E„ - E „ „ r t . E f ^ + 0[%)>], <»> 

where E and E are defined again i n terms of the averaged densities, pot n 
Note in eq.(32), E ., E and the n.^ are s t i l l the HF quantities. 

const' pair «• ^ 
We now introduce the occupation numbers n^ which are defined by eqs.(5) a*1^ 
( 1 9 ) , but i n terms of the " s h e l l model" energies 8 ^ and define the correspon-
ding pairing energy E p a ^ r

: 

A A 

Ep«r '= E^Jr (\, (33) 

With these we can rewrite eq. (32) as 

h H F = Z - • E„ - ECChi, * Efait + - 6 ^ C ( ^ ] ( 3 u ) 

where 

and the constraint energy E
c o n s . t . n a s "been s p l i t into a smooth part and a small 

correction term: 

<5E f.„ I t - E t W M t - E t 0 ( ( y t - ^ - s J ^ U g . <3T) 

Since the occupation numbers n.^ and n«* are expected to d i f f e r only s l i g h t l y 
(only i n the energy region ~\y± do they d i f f e r at a l l ) , the quantity 
^ E p a i r s h o u l d b e v e r v small. S i m i l a r l y , ^ E

c o n s - t (37) i s expected to be 
small, being the product of S Q = Q - Q ( - 1-2 barns, see r e f . [3] ) times 
the slope of a LD-like deformation energy curve [ l l ] (< 1 MeV/barn ). Indeed, 
we w i l l see numerically below that both quantities SEpa^r and ^ E

c o n s ^ d o 

not exceed^0.5 MeV i n magnitude i n a medium-heavy nucleus, and therefore we 
treat them as quantities of second order. 



C o l l e c t i n g a l l terms o f second and h i g h e r o r d e r i n < $ " - note t h e 
s l i g h t change of n o t a t i o n from e q . ( l ) - we d e f i n e 

* E i - St^r - * E c . . s t • W ^ ) 1 ] (38) 

and o b t a i n from (3k) 

EMF -- * E r , r -E p e t + ER-EC c v ) t t - <TEX. (39) 
The f i r s t two terms i n (39) c o r r e s p o n d e x a c t l y t o t h e u s u a l s h e l l model ener­
gy sum p l u s p a i r i n g , and c o n t a i n a l l f i r s t o r d e r c o n t r i b u t i o n s from c f j . These 
are now e x t r a c t e d as t h e f i r s t o r d e r s h e l l c o r r e c t i o n £E^: 

= Z ^ n - o - U - E r i f - E r u r • (uo) 

The u n i f o r m q u a n t i t i e s "U and E . are d e f i n e d as i n t h e u s u a l s h e l l - c o r -
p a i r 

s e c t i o n t h e o r y [ 2 , 3 , U ] by 

U = 2 e ; * h , \ ( M ) 

where the n/i a r e d e f i n e d by eq . ( 2T ) i n terms o f t h e £,s , are t h e average 
p a i r i n g gaps and (j^(E1 are t h e u n i f o r m l e v e l d e n s i t i e s d e f i n e d by 

g , ( E ) ^Z.^(^y"-) (43) 
C o l l e c t i n g a l l smooth terms o c c u r i n g i n eqs . ( 3 9 ) and ( U o ) , we d e f i n e t h e 

LD p a r t o f t h e HF energy by 

E = U * E f a i r - E f # t * ER - Ectnst. (hh) 

With th e d e f i n i t i o n s (ho) and (hk) we thus have e x p l i c i t e x p r e s s i o n s f o r t h e 
f i r s t two terms o f t h e s h e l l - c o r r e c t i o n e x p a n s i o n ( l ) . W r i t i n g 

(U5) 

we can c a l c u l a t e £E^ and t h e r e b y check th e convergence o f t h e s e r i e s ( l ) . 
E and S can s e p a r a t e l y be compared t o t h e c o r r e s p o n d i n g q u a n t i t i e s found 
i n t h e L D m o d e l a n d t h e u s u a l s h e l l - c o r r e c t i o n c a l c u l a t i o n s . 

A s p e c i a l p o i n t o f i n t e r e s t i s t h e argument t h a t t h e smoothed c o n s t r a i n t 
p r e s e n t i n t h e d e f i n i t i o n o f t h e " s h e l l model" H a m i l t o n i a n H^ (28) s h o u l d be 
o m i t t e d , s i n c e we want t o check th e use o f o r d i n a r y s h e l l model p o t e n t i a l s 



i n which no c o n s t r a i n t i s p r e s e n t . However, we expect t h i s not t o a f f e c t the 
r e s u l t s - a t l e a s t not t h e smooth and t h e f i r s t o r d e r t e r m s , E and (J"E^. 
The r e a s o n can e a s i l y be seen u s i n g p e r t u r b a t i o n t h e o r y . S w i t c h i n g o f f t he 
c o n s t r a i n t i n ( 2 8 ) , v h i c h i s a s m a l l d i s t u r b a n c e , t h e i - t h e i g e n v a l u e of 
H^ i s changed by 

and t h e r e f o r e 

a f 

(1.6) 

(hi) 

where Q i s t h e " s h e l l model" quadrupole moment which i s c l o s e t o t h e HF v a l u e 
Q. The change i n IX {hi) i s th e n 

A AU - 2-A?y>^ * - a-§(/Jj^Q)J (us) 
so t h a t t h e two c o n t r i b u t i o n s t o £ i n (ho) c a n c e l up t o a term comparable 
t o S E . ( 3 7 ) . S i m i l a r l y , t h e c o n t r i b u t i o n o f t h e c o n s t r a i n t t o VL i s i n con s t * _ 
eq.(U6) c a n c e l l e d i n f i r s t o r d e r by t h e energy E c o n s t - Thus, a l l d i f f e r e n c e s 
made by i n c l u d i n g or o m i t t i n g t he average c o n s t r a i n t on H.t are expected t o be 
of second o r d e r o n l y . T h i s w i l l be c o n f i r m e d by our n u m e r i c a l r e s u l t s below. 

B e f o r e p r e s e n t i n g t h e r e s u l t s , we want t o compare our method b r i e f l y t o the 
one proposed by B a s s i c h i s e t a l . [ 6 ] . These a u t h o r s d e f i n e a smooth d e n s i t y 
and a " s h e l l model" H a m i l t o n i a n H^ i n a s i m i l a r way t o ours (not i n c l u d i n g the 
c o n s t r a i n t i n ). The main d i f f e r e n c e i n t h e i r approach l i e s i n t h e i r e x p l i ­
c i t use o f t h e " s h e l l model" d e n s i t y m a t r i x ^>*p 1 

the b e i n g t h e e x p a n s i o n c o e f f i c i e n t s ( c f . eq. (6) ) o f t h e e i g e n f u n c t i o n s 
$t*(£] o f H^ . U s i n g t h e f a c t t h a t t h e HF energy i s s t a t i o n a r y as a f u n c t i o n a l 
E [̂ >] o f t h e d e n s i t y m a t r i x J» , t h e y w r i t e 

tHF[j>] - E[f] - 0[SS]} ( 5 o ) 

where ^[Jc*"] i s a term o f second o r d e r i n t h e changes o f t h e w a v e f u n c t i o n s , 
Sc = - c j c . The r i g h t hand s i d e o f eq.(50) can t h e n be t r a n s f o r m e d -
w i t h o u t u s i n g p e r t u r b a t i o n t h e o r y - i n t o a form w h i c h i s s i m i l a r t o eq.(32)» 
but i n w h i c h one second o r d e r term i s g i v e n e x p l i c i t l y . Thus t h e advantage of 
t h i s method i s t h a t one p a r t o f t h e second o r d e r s h e l l c o r r e c t i o n s can be 



e v a l u a t e d e x a c t l y . However, ano t h e r p a r t i s s t i l l l e f t i n t h e term i n 
eQv ( 50 ) which can o n l y be c a l c u l a t e d i n d i r e c t l y . The advantage o f our method 

A -

i s t h a t one o n l y needs t o know t h e e i g e n v a l u e s Siof t h e average H a m i l t o n i a n 
H<j , and t h e r e f o r e one does not have t o compute the d e n s i t i e s j ^ ( r ) , T ^ ( r ) , 
e t c . The n u m e r i c a l e v a l u a t i o n o f t h e second o r d e r terms g i v e n by B a s s i c h i s e t 
a l . [6] i s p l a n n e d f o r f u t u r e c a l c u l a t i o n s . 

N U M E R I C A L R E S U L T S A N D C O N C L U S I O N S 

I n our n u m e r i c a l c a l c u l a t i o n s we used t h e s e t " S i l l " o f Skyrme parameters. 
These were r e c e n t l y shown t o g i v e e x c e l l e n t f i t s o f t h e g r o u n d - s t a t e e n e r g i e s , 
r a d i i and d e f o r m a t i o n s throughout the p e r i o d i c t a b l e [ 1 3 ] . For completeness 
we g i v e t h e parameters i n T a b l e 1. 

To check t h e s h e l l - c o r r e c t i o n e x p a n s i o n i n a medium-heavy n u c l e u s , we p e r -
l 6 8 

formed a complete C H F - c a l c u l a t i o n f o r t h e r a r e - e a r t h element Yb. For the 
p a i r i n g e f f e c t s we used t h e normal BCS t r e a t m e n t , t h u s c h o o s i n g t h e p a i r i n g 
f u n c t i o n a l ( I T ) . As i n r e f . [ 3 ] , a s i n g l e parameter was used i n the form o f a 
u n i f o r m gap A » chosen here t o be A = 1 . 0 MeV which corresponds t o t h e p a i r ­
i n g s t r e n g t h s G = 0 .15 MeV and G = 0 .19 MeV ( a t a l l d e f o r m a t i o n s ) , 

n p l 6 8 
F i g u r e 1 shows t h e d e f o r m a t i o n energy curve E„_(Q) o f Yb i n a r e g i o n 

nr 
c o n t a i n i n g t h e p r o l a t e g r o u n d - s t a t e , an o b l a t e secondary minimum and t h e a s ­
cent towards t h e f i s s i o n b a r r i e r . The c u r v e E T T 0 was o b t a i n e d as a z e r o t h 

W.S. 
o r d e r a p p r o x i m a t i o n u s i n g t h e s h e l l model w a v e f u n c t i o n s found i n a S t r u t i n s k y 
c a l c u l a t i o n w i t h a deformed Woods-Saxon p o t e n t i a l [3]. As r e c e n t l y d e s c r i b e d 
[ l ? ] , t h e s e w a v e f u n c t i o n s g i v e an e x c e l l e n t a p p r o x i m a t i o n t o t h e HF s o l u t i o n s . 
The t o t a l b i n d i n g energy o b t a i n e d i n t h i s a p p r o x i m a t i o n i s at s m a l l e r d e f o r ­
mations o n l y ~ T - 10 MeV h i g h e r t h a n t h e HF energy, as can be seen a l s o i n 
F i g . 1. The dashed l i n e i n F i g . 1 i s t h e smooth energy E o b t a i n e d by eq.(Ult). 

T h i s curve i n d e e d behaves l i k e a LD d e f o r m a t i o n energy. W i t h i n t h e n u m e r i c a l 
a c c u r a c y o f our r e s u l t s , here ~ ± 0.5 MeV i n t h e t o t a l e n e r g i e s , t h e curve i s 
smooth. T h i s r e s u l t s t r o n g l y s u p p o r t s S t r u t i n s k y ' s t h e o r y o f r e n o r m a l i z a t i o n 
of t h e LD energy p a r t . 

T A B L E 1. P A R A M E T E R S O F T H E S K Y R M E I N T E R A C T I O N S I H U S E D 
I N O U R C A L C U L A T I O N S 

*0 *1 *2 S x o w o 

- 1128.75 395.0 -95.0 1U000.0 0.U5 120 .0 
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FIG. 1. Deformation energy curves E(Q) for 1 6 8 Yb, obtained with Skyrme interaction SIII. Solid line: 
CHF result. Dashed-dotted line: approximation E ^ s > with shell model wave functions. Dashed line: 
smooth part E of the HF energy. 

I I 1 T I I 1 I I 

Q(b) 

FIG. 2. Comparison of CHF and Strutinsky deformation energy curves for 1 6 8 Yb. Solid lines: E H F and E 
obtained with interaction SIII (see Fig. 1). Dashed lines: total energy E L D + 6Ei and LD energy Ey^ obtained 
in a she 11-correction calculation with a deformed Woods-Saxon potential. 

To check our arguments concerning the constraint i n the smoothed Hamil-
tonian H^, we did the calculations twice, once with and once without the 
constraint. In "both cases, the LD energy E turned out to "be exactly the same. 

In Figure 2 we compare the HF energy curve and i t s LD part to the curves 
obtained i n a Strutinsky-type c a l c u l a t i o n . In the l a t t e r , the shell-correction 
JE^ was found from a deformed Woods-Saxon potential already mentioned above 
(see r e f . [ 3 ] ) . The deformation energy E T_ + 8E.. was taken along a path going 

LiD 1 
through the two minima and approximately following the LD v a l l e y at larger 



FIG. 3. (a) First order 6E1 and (b) higher order shell corrections 6E2 extracted from the HF energy. Solid 
lines (A): results obtained with constraint in the smooth Hamiltonian Hq. Dashed lines (B): results obtained 
without constraint in rTq. Figure 3b also shows the quantities S E p ^ and 6E C Onst contained in 6E2. In 
Fig. 3a, the dashed-dotted curve is the first order shell correction found with the Woods-Saxon potential 
(see Fig. 2). 

deformations. The quadrupole moment was calculated at each point from the 
s h e l l model wavefunctions as i n e q . ( l 2 ) . The position of the Strutinsky curves 
i s a d j u s t e d s o t h a t the v a l u e s of and E at zero deformation are the same. 
In E, we have included here a constant of +1.7 MeV i n order to take the aver­
age c o n t r i b u t i o n o f the higher order terms SE^ into account (see below). We 
can see i n F i g . 2 that the two models predict the same equilibrium deformat­
ions within a few percent. 

The f i r s t a n d higher order shell-corrections extracted from E R F according 
to eqs. ( U o ) , ( U 5 ) are displayed i n F i g . 3 . The s o l i d l i n e s show and J E 2 

obtained with the average constraint included i n , and the dashed l i n e s 
show them without the constraint i n Ĥ . As expected, the two cases give es­
s e n t i a l l y the same r e s u l t s . In the upper part of the figure, the small cor­
rections 5 E . and ^*E . are shown. 

const pair _ 
For the d e f i n i t i o n of the average densities g j | by eqs.(25) and ( 2 6 ) , a 

Gaussian averaging function with a fourth order curvature correction was cho­
sen. The smearing range y was chosen to be y fif 1 .1 - l.k fcn , with t H being 
the average separation of the main shells i n the spectra 6^. No s i g n i f i c a n t 
change of the result s shown i n Figs. 1 - 3 was observed by varying y within 
the range mentioned. 

In the lower part of F i g . 3 , the shell-correction< JE^ found from the Woods-
Saxon potential [3] i s shown with the dashed-dotted curve. Its agreement with 
the HF curve i s remarkable, i n view of the fact that no adjustment at a l l has 
been made of the Woods-Saxon potential parameters. 



The sum o f t h e h i g h e r o r d e r s h e l l c o r r e c t i o n s SE^ i s q u i t e s m a l l as com­
pared t o t h e f i r s t o r d e r c o r r e c t i o n SE^ (note t h e e n l a r g e d s c a l e i n the upper 
p a r t o f the f i g u r e ! ) . They o s c i l l a t e by ~ ± 1 MeV around an average v a l u e of 
~+1.7 MeV. T h e i r r e l a t i v e s m a l l n e s s proves t h e r a p i d convergence o f t h e s h e l l -
c o r r e c t i o n e x p a n s i o n ( l ) . I n l o o k i n g c l o s e r a t F i g . 3, we n o t i c e a c l e a r c o r ­
r e l a t i o n o f t h e o s c i l l a t i o n s i n <£E^ and SE^' The maxima o f SE^ c o i n c i d e w i t h 
the extrema o f $E . T h i s can be u n d e r s t o o d by assuming t h a t t h e terms o f sec­
ond o r d e r i n are predominant i n SE^, as i s made e v i d e n t by the r a p i d con­
vergence o f the s h e l l - c o r r e c t i o n e x p a n s i o n . Then i t i s c l e a r t h a t the "wave­
l e n g t h " o f t h e o s c i l l a t i o n s i n CTÊ  must be o n e - h a l f t i m e s t h a t of the f i r s t 
o r d e r o s c i l l a t i o n s J E . T h i s has two consequences f o r the c a l c u l a t i o n s o f 
d e f o r m a t i o n e n e r g i e s w i t h the t r a d i t i o n a l s h e l l c o r r e c t i o n method: l ) The i n ­
c l u s i o n o f a second o r d e r c o r r e c t i o n a f f e c t s t h e r e l a t i v e p o s i t i o n o f t h e s t a ­
t i o n a r y p o i n t s o f t h e curve o n l y v e r y l i t t l e , s i n c e t h e v a l u e s a t t h e maxima 
o f SE^ v a r y o n l y l i t t l e around t h e i r average ( ± ~ 0 . 6 MeV i n t h e p r e s e n t case)* 
2) The r e g i o n s between th e extrema o f t h e d e f o r m a t i o n energy curve are low­
e r e d w i t h r e s p e c t t o the s t a t i o n a r y p o i n t s , which tends t o make the b a r r i e r s 
t h i n n e r . Both e f f e c t s can be seen i n F i g . 2 . 

I f t h e p a t t e r n o f t h e s e r e s u l t s i s c o n f i r m e d i n c a l c u l a t i o n s f o r a c t i n i d e 

n u c l e i and w i t h d i f f e r e n t e f f e c t i v e i n t e r a c t i o n s - w h ich w i l l be c a r r i e d out 
i n t h e f u t u r e - we can t h e r e f o r e conclude t h a t t h e s t a t i c f i s s i o n b a r r i e r s 
and t h e e q u i l i b r i u m d e f o r m a t i o n s a r e s u f f i c i e n t l y w e l l d e s c r i b e d i n a S t r u t i n -
sky c a l c u l a t i o n . For t h e c a l c u l a t i o n s o f f i s s i o n l i f e t i m e s , h o w e v e r , the 

second o r d e r c o r r e c t i o n s might be i m p o r t a n t , as t h e l i f e t i m e s a r e w e l l k n o w n 

t o be c r u c i a l l y dependent on t h e t h i c k n e s s e s o f t h e b a r r i e r s [ 3 , l 8 ] . The 
second o r d e r e f f e c t s t h u s t e n d t o lower t h e c a l c u l a t e d h a l f l i v e s , w hich i s i n 
f a v o u r o f t h e r e s u l t s o f r e f s . [ 3 , l 8 ] . 

One s h o u l d o f c o u r s e check t h e s e c o n c l u s i o n s by a p p l y i n g our t e s t t o a 
heavy f i s s i o n n i n g n u c l e u s . However, i n t h i s r e g i o n t h e Skyrme-CHF c a l c u l a t i o n s 
do not y e t reproduce t h e e x p e r i m e n t a l l y known f i s s i o n b a r r i e r s , t h e o u t e r 
b a r r i e r b e i n g more t h a n t w i c e as l a r g e as i t s e x p e r i m e n t a l v a l u e [ l U ] -

S i n c e our t e s t o f t h e S t r u t i n s k y method i s m e a n i n g l e s s when the CHF r e s u l t s 
are i n c l e a r disagreement w i t h e x p e r i m e n t , we cannot expect t o get c o n c l u s i v e 
r e s u l t s i n t h i s r e g i o n . 

At g r o u n d - s t a t e d e f o r m a t i o n s and e s p e c i a l l y f o r s p h e r i c a l n u c l e i , however, 
t h e S k y r m e - I I I i n t e r a c t i o n i s v e r y s u c c e s s f u l , as mentioned above. We t h e r e ­
f o r e used t h e s e r e s u l t s t o c a l c u l a t e t h e h i g h e r o r d e r c o r r e c t i o n s f f o r a 
s e r i e s o f n u c l e i i n t h e i r ground s t a t e s . The r e s u l t s a r e shown i n F i g u r e U . 

The c r o s s e s show t h e v a l u e s o f E e v a l u a t e d f o r t h e n u c l e i 1 ( ^ R u , "^^Ce, 
lkOn 1 5 2 c 158„, 1 6 2 ^ 166^ 2 l 6 8 , _ ijk^. 1 7 8 W . 1 9 0 . 2 0 8 p , Ce, Sm, Gd, Dy, E r , Yb, Yb, Hf, W, 0 s , Pb 
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FIG. 4. Higher order shell corrections 6E2 for 14 nuclei in their ground state. Skyrme III interaction used; 
pairing effects included in all deformed nuclei. 
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HG. 5. Density distributions of 2 4 0Pu in the ground state, (a) along the z-axis (symmetry axis); (b) along 
the p-axis (perpendicular to the z-axis). Solid lines: HF results (Skyrme III). Dashed lines: energy-averaged 
densities ~q(r). 

a n d ^ ^ P u . I n t h e s e c a l c u l a t i o n s (except f o r ^"^Yb, see above) t h e p a i r i n g 
f u n c t i o n a l (17) vas used and t h e gaps A<̂  chosen t o be a p p r o x i m a t e l y e q u a l 
"to t h e i r e x p e r i m e n t a l v a l u e s . A l l v a l u e s o f <J E Q l i e w i t h i n ^ 2 . 0 ± l M e V , i n -

208 
e l u d i n g t h e doubly magic Pb. T h i s r e s u l t a g a i n demonstrates t h e s m a l l n e s s 
of t h e h i g h e r o r d e r e f f e c t s , i n d i c a t i n g t h a t t h e f i r s t o r d e r s h e l l c o r r e c t i o n s 
t o t h e g r o u n d - s t a t e e n e r g i e s can be expected t o be c o r r e c t within~± 1 - 2 MeV. 

We want t o emphasize t h a t t h e way i n which we have d e f i n e d t h e smooth p a r t 
^ 0 o f t h e d e n s i t y m a t r i x i s not t h e o n l y p o s s i b l e one; o t h e r d e f i n i t i o n s may 
be t r i e d . The S t r u t i n s k y a v e r a g i n g method i s based on t h e b e l i e f t h a t t h e most 
impo r t a n t s h e l l e f f e c t s come from t h e o s c i l l a t i o n s o f t h e d e n s i t y o f s i n g l e -
p a r t i c l e s t a t e s i n energy space, e s p e c i a l l y t h o s e i n a r e g i o n ttvO around t h e 
Fermi energy. T h i s assumption might i n our c a l c u l a t i o n s be t e s t e d by t h e use 
of o t h e r averages f o r J S ^ . The a v e r a g i n g i n energy space does not i m p l y t h a t 
the s p a t i a l d e n s i t y d i s t r i b u t i o n s f<|(£,) Q X e c o m p l e t e l y smooth as f u n c t i o n s o f 
£. T h i s i s i l l u s t r a t e d i n F i g u r e 5, where th e d e n s i t y d i s t r i b u t i o n s j ^ ( r ) o f 
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FIG. 6. Local parts Uq(r) and U q(r) of the HF and the averaged single-particle potentials, respectively, of 
2 0 8Pb in the ground state (Skyrme III). 

Pu i n the ground state are shown. Although the densities are much 
smoother than the selfconsistent ones, some o s c i l l a t i o n s s t i l l remain. These 
have been observed before [ 3 , 5 ] and are not believed to be responsible for 
s h e l l e f f e c t s . (For a detailed discussions of these remaining o s c i l l a t i o n s , 
see r e f . [ 5 ] . ) S i m i l a r l y , the smoothed s i n g l e - p a r t i c l e potentials U^(r) s t i l l 
o s c i l l a t e s l i g h t l y inside the nucleus, as can be seen i n Figure 6 where they 
are compared to the HF potentials U^(r) for the case of ̂ ^Pb. (The proton 
potentials include the Coulomb pot e n t i a l ( l l a , b ) . ) Results similar to those 
displayed i n Figs. 5 and 6 where obtained for the rare-earth n u c l e i . The 
smooth potentials U^(r) look i n general very similar to Woods-Saxon poten­
t i a l s , confirming the use of such potentials i n Strutinsky calculations. 

S U M M A R Y 

We have found that the d e f i n i t i o n of O y i e l d s an average part of the 
168 

t o t a l HF energy which - at least for a nucleus l i k e Yb - i s per f e c t l y 
smooth as a function of deformation. The shell-correction expansion ( l ) of 
E , found by means of t h i s smoothed density matrix O , has been proved 
numerically to have rapid convergence. Our results for the higher order s h e l l 
corrections are i n good agreement with the results obtained previously by 
Bunatyan et a l . [5] using a completely d i f f e r e n t method. 

We conclude that f i r s t order s h e l l corrections, calculated from a Woods-
Saxon-type s h e l l model p o t e n t i a l , describe the stationary points of defor­
mation energy curves s u f f i c i e n t l y well: the higher order effects do not 



affect them "by more than ~ ± 0.5 - 1 MeV. The second order effects might be im­
portant i n calculating f i s s i o n l i f e t i m e s , tending to make barriers narrower 
and thus the lifetimes shorter. In t r a n s i t i o n regions from spherical to de­
formed nuclei, or f r o m oblate to prolate nuclei, where the f i r s t o r d e r c o r r e c 
tions are small, the second order effects might also play a decisive r o l e . 

We have seen that the inclusion of a constraint i n the average potential 
has only a negligible effect on the single terms obtained i n the shell-cor­
rection expansion. 

These conclusions are drawn from the HF point of view, and are only r e l ­
evant for the Strutinsky method to the extent to which HF calculations can 
be considered more fundamental than the shell-correction approach. We there­
fore plan to repeat t h i s type of calculations using d i f f e r e n t interactions. 

The extraction of a LD-like average part from the HF energy allows us to 
determine LD parameters, such as surface and symmetry energy c o e f f i c i e n t s , 
for a given e f f e c t i v e interaction. The determination of the average poten­
t i a l s U^(r,) should also help to improve the s h e l l model potentials to be used 
in s hell-correction calculations. Such investigations are i n progress and 
w i l l be published elsewhere. 
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K . D I E T R I C H : I f t h e e f f e c t i v e i n t e r a c t i o n d e p e n d s o n t h e d e n s i t y , a 
t e r m l i n e a r i n t h e f l u c t u a t i o n 6p a r i s e s w h i c h i n g e n e r a l i s no t z e r o but 
w o u l d r e p r e s e n t a c o r r e c t i o n t o the S t r u t i n s k y t e r m . Y o u h a v e t o l d m e tha t 
f o r t h e S k y r m e i n t e r a c t i o n t h i s t e r m i s z e r o . I s t h a t f o r t u i t o u s o r i s t h e 
S k y r m e i n t e r a c t i o n s o a d j u s t e d tha t t h i s h a p p e n s ? 

M . B R A C K : O n e c a n e a s i l y v e r i f y tha t o u r m e t h o d w o r k s f o r a n y 
d e n s i t y - d e p e n d e n t t e r m o f t h e f o r m p° (.£) 6 ( r - r 1 ) i n t h e i n t e r a c t i o n w i t h a 
b e i n g a r e a l n u m b e r . F u r t h e r m o r e , i t w a s s h o w n by B u n a t y a n a n d c o ­
w o r k e r s ( R e f . [ 5] o f o u r p a p e r ) t h a t , f o r a n y d e n s i t y - d e p e n d e n t e f f e c t i v e 
i n t e r a c t i o n , i f o n e m a k e s t h e l o c a l d e n s i t y a p p r o x i m a t i o n a n d s t a y s w i t h i n 
t h e H F f r a m e w o r k , no t e r m l i n e a r i n 6p w i l l a p p e a r , a s l o n g a s t h e 
r e a r r a n g e m e n t e n e r g y i s t a k e n p r o p e r l y i n t o a c c o u n t . 

K . D I E T R I C H : T h e f i r s t t w o t e r m s o f y o u r e x p a n s i o n 

a r e n o t v e r y s e n s i t i v e t o t h e d e t a i l s o f t h e d e c o m p o s i t i o n p = p + 6p a s 
l o n g a s ~p i s r e a s o n a b l y s m o o t h . In the p h e n o m e n o l o g i c a l S t r u t i n s k y m e t h o d , 
the t e r m E [ "p ] i s r e p l a c e d b y t h e p h e n o m e n o l o g i c a l d r o p l e t e n e r g y . It i s 
v e r y i m p o r t a n t h e r e h o w 6p i s d e f i n e d . I n y o u r m e t h o d y o u c a n n o t c h e c k 
t h i s a s p e c t o f t h e S t r u t i n s k y m e t h o d . 

M . B R A C K : Y o u a r e r i g h t i n t h a t w e h a v e no t c h e c k e d the c o r r e c t n e s s 
o f t h e c o m m o n l y u s e d l i q u i d - d r o p a n d s h e l l m o d e l s . O u r t e s t w a s c o n c e r n e d 
w i t h t h e b a s i c p r i n c i p l e o f S t r u t i n s k y ' s m e t h o d , n a m e l y t h e p o s s i b i l i t y o f 
o b t a i n i n g a s h e l l - c o r r e c t i o n e x p a n s i o n at a l l . E x a m i n i n g w h i c h p h e n o m e n o ­
l o g i c a l m o d e l s h a v e to b e u s e d t o o b t a i n t h e s i n g l e t e r m s E a n d 6E1 w i l l be 
t h e n e x t s t e p . 
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