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The extended Thomas-Fermi (ETF) model is used to express the average kinetic energy density ~'(r) of a system 
of independent particles in terms of the average nucleon density ~(r). Numerical tests made using Strutinsky-averaged 
densities from a local Woods-Saxon potential indicated that using terms up to and including the Weizs/icker term is 
not sufficiently accurate. However, if the next order terms are included, the average kinetic energy of a large nucleus 
is reproduced to within 2-5 MeV. The expansion is not very useful for the exact densities as it leaves out all shell ef- 
fects. We have also expanded the ETF approximation to include the effects of nonlocalities in the potential; in parti- 
cular the effective mass and spin-orbit contributions to the kinetic energy are given. 

The considerable success of  recent H a r t r e e - F o c k  (HF) calculations of  nuclear binding and deformation energies 
[1,2] is largely due to the simplicity of  the effective interactions of  the Skyrme type [3, 1 ]. For  these interactions 
(as well as for more general ones, if the density-matrix expansion [4] is used), the total  energy of  a finite nucleus 
can be writ ten in terms of  an energy density e(r) which depends in a simple way on the kinetic energy densities 
~-n,p(r), the nucleon densities Pn,p(r) and their gradients: 

Eto t = r e ( r )  d3r = fe ['r n, Tp, Pn, Pp, VPn, Vpp .... ] d 3 r ,  (1) 

N,Z N,Z 
Pn,p(r) = ~ [~bn'P(r)[ 2 , Tn,p(r ) = ~ [7~bn'P(r)[ 2 . (2) 

i=1 i=1 

As the constrained HF calculations for heavy deformed nuclei [5] require large amounts of  computer  time it is 
of practical interest to find faster ways of  obtaining deformation energies from a given effective interaction. It has 
been shown recently [6] that it is sufficient to solve the self-consistency problem on the average, using statistically 
smoothed densities ~ and ~,  and to add the shell effects perturbatively with Strutinsky's  method [7]. In this way 
one can not  only obtain liquid drop like deformation energies microscopically, but  also very accurately reproduce 
the exact HF results by adding the first order shell-correction. 

In order to calculate selfconsistent average binding energies, one may thus use semiclassical models [8]. One 
essential step is to express the kinetic energy density r(r) as a functional of  the density p (r) in order to avoid the 
explicit use of  single particle wave functions* x. One way of  doing this is to use semiclassical expressions for r ( r )  
and O (r) in terms of  the one body  potential  V(r) and then to eliminate V(r) to obtain ~-(r) in terms of  p(r) [9]. 
The results of  this procedure is: 

1 (Vp) 2 + 4312 ° (31r2)_2/3pl/3 r(r) = ~ (3¢r2)2/3p 5/3 + ~ V2p + 36 p 

(3) 
2 V2(VD) 2 + 280 (VD)2 V2p ,b - -  

X 4 74/9 - 60 Vp" VV2p 28 - 14 / 92 3 03 p3 04 ] 
p p2 3 " 

* Work supported in parts by USERDA Contract E(11-1)-3001. 
* t The subscripts n, p will be suppressed in the following; r(r) and O (r) denote the densities of one kind of nucleus. 
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Table 1 
The different contributions/~TF,/~2) and ffT~ 4) (see eq. 5) to the total ETF kinetic energy for a system ofN = 126 particles (A = 
208) in a deformed Woods-Saxon potential [11]. (c is the larger semiaxis in units of R0.) AE k is the error made in the total aver- 
age kinetic energy by using eq. (3) with the averaged density O eq. (4). A E  k is the corresponding error when the exact density 0 
eq. (2) is used. 8E is the total shell correction. 

-TF  ~ )  ~7~C4 ) A~Tk a E  k 6E c E k 

1.0 2439.5 32.9 13.9 1.7 8.0 9.1 
1.1 2436.9 33.0 13.9 1.6 0.0 0.3 
1.2 2434.1 33.5 14.2 1.7 1.5 1.1 
1.3 2432.8 34.7 15.4 1.4 1.3 1.9 
1.4 2431.7 35.9 16.6 1.8 0.4 -0.1 
1.5 2421.1 37.2 17.3 2.2 2.7 2.4 
1.6 2429.9 39.9 19.1 3.3 5.0 3.7 

The first term is the Thomas -Fe rmi  (TF) result, the second term vanishes upon integration and the third term is 
the usual Weizs~icker term (originally derived by  Weizs/icker [10l with a different coefficient). The result (3) is only 
valid for a local, velocity independent one body potential.  

Our present purpose is to check numerically the ETF expansion (3) for a realistic local Woods -Saxon  potential.  
Since we cannot expect it to be valid for densities containing shell effects, we use the averaged densities obtained 
with the Strutinsky occupation numbers [11 ] h'i: 

~ ( r ) =  ~. l(gi(r)l 'hi,  7 ( r ) =  ~ l V ¢ i ( r ) l h  i . (4) 
t i 

Inserting ~(r)  into eq. (3) leads to the ETF kinetic energy density ~ETF(r) which can be tested against the exact 
average density ~(r). However, a comparison of  the two functions ~(r) and TETF(r) themselves would not  make 
much sense as some of  the terms in eq. (3) (e.g. the second one) do not contribute to the total integrated kinetic 
energy, which we are interested in here. We thus define Ek and/~ETF as the total kinetic energies obtained by inte- 
grating ~(r) and TETF(r), respectively, over r and multiplying with h 2 / 2 m .  The  latter energy we write as 

/~ETF =/~TF +/~ (2)+/~(k4) , (5) 

where F] T F  and F] (k 2) are the integrals of  the TF and the Weizs~icker terms, respectively. The energy E (k 4) contains 
the last seven terms of  eq. (3) and reduces after partial integrations to the form given by Hodges [9]. 

In our numerical calculations we used the Woods -Saxon  potential  described in ref. [11 ] both for spherical and 
axially deformed shapes, without Coulomb or sp in -o rb i t  terms. Table 1 shows the results obtained for the case o f  
N = 126 neutrons (in a potential  corresponding to N +  Z = A = 208) at a series of  deformations c which occur typi- 
cally along the fission path of  heavy nuclei. (See ref. [11] for details of  the parametrization;  c = 1.0 is the spherical 
case, e = 1.6 corresponds to the saddle point deformation in actinide nuclei.) Columns 2 - 4  give the separate contri- 
butions to/~ETF the fifth column shows the difference A F ] k = E  - / ~ E T F  We see that the error made in the aver- k ' k k " 
age kinetic energy using all terms of  eq. (3) is less than 2 MeV at moderate deformations and does not increase 
much even at larger deformations. If  only the Weizs~icker term (E(k 2)) were added to the TF energy an error of  
~ 1 5 - 2 2  MeV would be made which is systematically increasing with deformation.  

In order to demonstrate that the expansion (3) is not able to correctly reproduce shell effects, we have included 
in column 6 of  table 1 the difference A E  k = E k - E ETF obtained in the same way as above but  using the exact 
quantum mechanical densities r ( r )  and p(r ) ,  eq. (2), together with eq. (3). Even including all terms one makes errors 
in E k which oscillate strongly with deformation. The oscillations i n 'AE  k are clearly correlated to those in the shell- 
correction energy BE, calculated in the usual way [7, 11 ] and displayed in the last column. 

Similar results for different nucleon numbers 36 ~< N ~< 146 at spherical shape are presented in the figures. In 
fig. 1 the quanti ty A E  k is shown as a function of  N. Again it is small (less than 2 MeV) and rather smooth. The 
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Fig. 1. The error A/~ k = Ek - ff?ETF in the average kinetic 
energy made by the ETF approximation eq. (3), plotted versus 
the particle number N. (Spherical Woods-Saxon potential.) 

Fig. 2. The error A E  k = E k _ I:E~kT F in the  exact  kinetic energy, 
made by using the  exact  densi ty  p in eq. (3). Same cases as in I I I I I I I , , i 

50 I00 150 
N fig. I .  6E  is the total  shell correction. 

difference AE k obtained with the exact densities is shown in fig. 2 (lower curve); as a function of  N, too, it has 
strong oscillations which are in close correlation to the shell-correction 6E (upper curve). 

So far we have only discussed a local, velocity independent potential. However, in a realistic calculation one 
cannot ignore the effective mass and spin-orbi t  effects. For example, the HF one body Hamiltonian obtained with 
Skyrme like forces has the form (see e.g. ref. [ 1 ]) 

h2 
H =  - ~ V ' f ( r )  V + V(r) + i S ( r ) . ( V X a ) ,  (6) 

where f(r) is the ratio of  the free nucleon mass m to the effective mass m*(r), S(r) is a spin-orbi t  form factor and 
¢r the Pauli spin matrix. It is no problem in principle to find the semiclassical expansion for the expectation value 
of the Hamiltonian (6). For the spin-orbi t  part this has already been done [12]. 

Whereas it would be an extremely lengthy procedure to work out the expansion of  ~'(r) to the same order as in 
eq. (3) in this general case, it may easily be worked out to the same order as the Weizs~icker term. Proceeding in the 
same way as in obtaining eq. (3), we get 

1 (Vp)2 t  1 Vf'Vp ~ p ( V f )  2 1 V2f+[2m~ 2½p(S) 2 
.rETF(r)=(37r2)2/3op5/3 + V2P÷ P 6 f - -~-  +-6--f- ~-~"] f2 (7) 

Similarly, one gets for the spin-orbit  energy densities (see e.g. ref. [1 ]) in lowest order 
N ( Z )  

JETF(r) = -~S(r)~, where J(r)=-i ~ (o*(r)(VXo)d?i(r) . (8) 
-h Jr) i=l 

Numerical tests of  the same kind as those discussed above show that the error made in using eq. (7) is about 
the same as neglecting the t e r m E  (4) in eq. (5) for the case with f(r)  = 1 and S(r) = 0 and hence is of  the order of  
1 5 - 2 0  MeV. If higher accuracy is wanted for the kinetic energy, inclusion of  the higher order terms will be neces- 
sary. The eqs. (7) and (8) may, however, be sufficient to include the effective mass and spin-orbit potential in the 
approach of  Bohigas et al. [13]. These authors recently included the Weizs/icker term in a variational calculation 
using a local Skyrme force and treated the remaining error in the kinetic energy perturbatively by an exact diagona- 
lization of  the one body Hamiltonian. 

3 
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In summary we stress that the ETF approximation yields a very accurate expansion of the average kinetic energy 
of an independent particle system in terms of its density p(r), if up to fourth order gradients o fp( r )  are included. 
We have shown numerically for a local Woods-Saxon potential that the remaining error in the total average kinetic 
energy is only a few MeV and varies very little with deformation and nucleon number. The evaluation of the fourth 
order terms for the case of a varying effective mass and a sp in-orbi t  potential is extremely tedious but  straight- 
forward. 

We are grateful to Prof. R.K. Bhaduri for stimulating discussions and to O. Bohigas and collaborators for detailed 

discussions concerning ref. [13]. B.K.J. thanks the National Research Council of Canada for financial support and 
M.B. acknowledges the warm hospitality during a visit at the Institute of Theoretical Physics of the I.P.N. at Orsay, 
where some of the numerical calculations have been completed. 
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