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A simple form of the nonlocal one-body density matrix o(r, r') is proposed whose parameters are determined by imposing
the correct local semiclassicalkinetic energy density and the projector character of 0 in an integrated form. The validity of this
approach is assessed for physical quantities sensitive to the nonlocal nature of the density matrix such as the momentum
distribution in the nucleus, the exchange energies of the Gogny and the Coulo:nb force and the two-body center-of-mass
correction for various nuclei.

In static H a r t r e e - F o c k (HF) calculations using
Skyrme effective forces, one needs to know the nonlocal one-body density matrix p(r, r') only through
the local densities r ( r ) , J ( r ) [1], and some other local
functions in cases where p does not have even timereversal symmetry [2]. However, there are a lot of
situations where a full knowledge of p(r, r') or equi1 Permanent address.
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valently of its Wtgner transform f ( R , p ) is required.
This is obviously the case whenever one has to compute expectation values for Slater-determinant wavefunctions of local two-body operators that are not of
zero-range character (e.g. gaussian, Coulomb,
Yukawa, etc.). I: is also needed when calculating expectation values of any nonlocal (even one-body)
operator. In parlicular, to estimate the spurious rotational or translaticnal energy content associated with
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a symmetry-breaking Slater determinant I¢I,>one evaluates <q~ip2/2mA Iq~> and (¢blh2j2/2j[cb), with
usual notation, which implies the knowledge of the
nonlocal part of p.
To describe low-energy dynamical nuclear processes in the adiabatic limit of the time-dependent
Hartree-Fock (TDHF) approximation, one may
cast [3] the equation of motion for any given collective mode into the form of a HF problem with a constraining field. This field involves in general both Rand p-dependent operators as e.g. in the well-known
case of collective rotations [4]. In the realm of
heavy-ion collisions now, the full phase-space one.
body distribution f ( R , p) is required as a starting
point for many theoretical descriptions of the reaction processes. Let us mention e.g. the evaluation of
sub-threshold pion production [5], the fast proton
emission mechanism [6], the modelisation of multifragmentation as a percolation phenomenon [7], or
the stripping of a projectile nucleon in fragmentation reactions [8].
In these cases, as in many others, one strives for a
simple yet accurate ansatz for the nonlocal part of
the density matrix, thus avoiding a full microscopic
evaluation which might exceed both the computational convenience and a detailed physical relevance.
As existing approximations one must quote the infinite nuclear matter result (known as the Slater or
Thomas-Fermi density matrix) and the so-called
density matrix expansion (DME) either in the original
formulation of Negele and Vautherin [9] or in the
somewhat improved version of Campi and Bouyssy
[10]. Whereas these approximations seem satisfactory
for the description of static nuclear properties, they
all lead to a Wigner transform which contains a step
function discontinuity [11 ]. The latter may prove to
be rather inconvenient, particularly for dynamical
calculations. It is the aim of the present work to
propose a simple parametrisation of the nonlocal behaviour o f p which does not suffer from the abovementioned deficiency.
As a first step one may approximate the dependence of 0 on the relative coordinate s in a gaussian
form:

p(r, r') = p(R, s) = p(R ) exp(-s2 /2o2).
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ical form is suggested by the general trend of exact
density matrices obtained in HF calculations (see e.g.
ref. [9] ). The simple form (1), however, turns out to
be too crude. For instance, in the case oi~a harmonic
oscillator potential the gaussian is multiplied by a
polynomial in s. In the infinite nuclear-matter limit,
on the other hand, the exact Slater density matrix
has the form

p(r, r') = p(s) = PO3Jl(SkF)/SkF,
kF = (3rt2p0) 1/3 ,

(2)

where P0 is the nuclear matter density and k F the
Fermi momentum. Replacing/9 0 by the local density
p(R) of a finite system leads to the so-called Slater
approximation which is the starting point of the already mentioned DME approaches .1
As a slightly more sophisticated ansatz we thus
propose the following modified gaussian density matrix (hereafter referred to as GDM)

p(R, s) = p(R)(1 - s2/o~2) exp(-s2/2o2).

(3)

Hereby the functions o(R) and a(R) are determined
by the two following conditions:
(1) The local imposition of the correct kinetic
energy density
r*(R) = r(R) - ¼Ap(R) = - [Asp(g , s)] s=0,

(4)

where r(R) is defined as in ref. [1]. This leads to

1/o2(R) = r*(R)/3p(R) - 2/a2(R).

(5)

(2) The integrated projector identity of the density
matrix

f d3R f d3slp(k,s)l2= fdaRp(R).

(6)

Together with the ansatz

or(R) = x[kv(R),

(7)

with constant x and kF(R ) given by
kF(R) = [5T*(R)/3p(R)] 1/2

(8)

one obtains a relatively simple algebraic equation for
x in terms of integrals involving p(R) and k F (R)
which we solve numerically [I 3]. This procedure

(1)

Hereby p(R) is the local density and the width o may
still depend on the CM coordinate R. Such an analyt-

*1 A whole class of approximate forms for o(R, s) which contains the DME approaches as well as eq. (1) has been proposed in ref. [12].
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must of course be performed separately for neutrons
and protons.
The density matrix (3) does not include any dependence on the angle s ' R. (It could easily be built in at
the cost of introducing more parameters.) We do not
believe, however, that this is a serious drawback, since
realistic HF density matrices depend rather weakly on
this angle [9]. Note that in all DME approaches used
so far [9-12,14] the angle s • R is averaged out explicitly.
Our GDM ansatz could be very easily extended to
reproduce the spin-orbit density J(r) by simply adding to the polynomial term in eq. (3) an extra term
is" (~ X J)/2p(R), where a here is the Pauli spin matrix.
The local Fermi momentum kF(R), eq. (8), is the
same as the one proposed by Campi and Bouyssy [10].
With eqs. (7), (8) the relation (5) takes the simple
form

1/ o2 (R ) = (1 _ 2/x2 )k2 (R ).

(9)

The nonlocal part of the density matrix, eq. (3), thus
only depends on the combination SkF(R ). In the limit
of semi-infinite nuclear matter, kf(R) reduces to k F
as given by eq. (2).
By the two above conditions our gaussian density
matrix is completely determined through the knowledge of the local functions p(R) and r(R). These may
in principle be taken from microscopic HF calculations as done in the DME approaches [9,10].
In our present study we use a semiclassical method
based on the so-called extended Thomas-Fermi (ETF)
model [15] which allows to express r(R) in terms of
p(R) and its gradients. The gaussian density matrix
eq. (3) is thus determined by the local density p(R)
alone. The latter is obtained selfconsistently by performing density variational calculations [ 15 ] with a
given effective interaction. The resulting density matrix p(R, s) then represents a semiclassical approximation to the full microscopic density matrix obtained
in a HF calculation with the same effective interaction. Note that our approach goes beyond the usual
semiclassical ~-expansion of the Wigner function [ 16]
in so far as it does not refer to a given one-body (HF)
potential but directly to the local density and its derivatives. This allows in particular to perform selfconsistent density variational calculations.
It is well known that the ETF expansion of the
functional r[p] must be truncated at the order h 4 for
124
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densities that Jhll off exponentially. Similarly the
local momentum kF, expressed in terms of r*/p, can
only be used in this context up to h2-terms. In practice one may l:roceed in the following way: first perform selfconsi.'aent semiclassical calculations to determine the best possible local p(R) (e.g. fourth-order
ETF approach [15], as we have chosen to do here),
then approximate the nonlocal part of O through our
GDM ansatz u.,.ing k F determined by eq. (8) with r [p]
up to h2-terms. The function kF(R ) then goes asymptotically to a canstant, if the density p(R) falls off
exponentially at large distances, whereas it tends to
~ when using the exact quantumzero like R - 1/"
mechanical densities p and r* in eq. (8). Alternatively kF(R ) can be determined by making use of the
semiclassical densities obtained in the partial h resummation methocL [17]. In this case kF(R) is found to
decrease, though faster than R - 1/2.'We believe however, that the difficulties met in these semiclassical
treatments of kF(R ) are not significant in static or
low-energy dyrLamical applications of our density matrix, as will also be demonstrated in the examples
discussed below.
The projector identity p2 = p of the density matrix
is only imposed in an integrated form by eq. (6). To
investigate its local violation we have calculated the
defect function

,o,r,)

<10,

The result is illustrated in fig. 1 for the two spherical
nuclei 40Ca and 2°Spb which have been calculated
using the SkM* effective force [18]. For comparison
we also show the defect function obtained with the
Campi-Bouyssy DME ansatz [10] which also violates
the projector identity.
We now turrt to the behaviour of our GDM ansatz
in momentum .,pace. By a Fourier transformation of
the density malrix (3) one gets readily the Wigner distribution function * 2
fGDM (R, k)

= {2,r)3/2po3

X (1 - 3o2/ct 2 + k2o4/a 2) e x p ( - l k 2 o 2 ) ,

(11)

.2 From now on we shall omit in our notation the explicit
R-dependence of the local functions p, a and o.
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Fig. 2. Weighted momentum distribution kZp(k) of 2°sPb
within the pure harmonic oscillator model. Full line: GDM,
dashed line: Campi-Bouyssy DME, dash-dotted line: exact
result.

ZOapb

Fig. 1. Defect function c-/)(r), eq. (8), for the GDM ansatz
(solid) and the Campi-Bouyssy DME approach (dashed line).
Curves shown for the proton distributions of 4°Ca and 20apb
(Skyrme SkM* force used).

with k = p/~i. Integratingfwith respect to R yields
the momentum distribution p(k). Its zeroth and
second moments are by construction the particle
number and the kinetic energy, respectively.
One essential advantage of our ansatz (3) lies in
the analytical form of its phase-space distribution
(11). As already mentioned, the DME approaches [9,
10] lead to nonanalytical Wigner functions. The
Campi-Bouyssy form leads in particular to
fcB(R, k) = (6rr2/k3F)PO(kF - k),

(12)

with k F given by eq. (8). In a subsequent publication
[14] the somewhat unphysical step function in eq.
(12) has been replaced in an ad hoe way by a Fermi
function whose width was adjusted to fit the fourth
moment of p(k). Unfortunately this entails a rather
involved form for p(R, s).
Various weighted moment distributions k2p(k)
are displayed in fig. 2 for the nucleus 2°8pb in the
pure harmonic oscillator model case: together with
the exact result [11] we show the distribution corresponding to the GDM and the Campi-Bouyssy DME

approach [10]. Although the latter yield exact zeroth
and second moments of p(k), they deviate from the
exact curve. Part of this difference may be attributed
to shell effects. The discontinuous step function character of the Campi-Bouyssy Wigner function results
in a sharp cut-off behaviour of p(k). The GDM ansatz,
in turn, leads to an analytical distribution p(k) with
a somewhat too high tail. At small momenta, p(k) is
slightly negative which, of course, is unphysical.
(This could in principle be avoided by choosing x
/> 5.) This defect does, however, not seem to have
any negative consequences for the applications considered below. Its importance in dynamical calculations remains to be checked.
As a first application we show in fig. 3 the Coulomb
exchange energies obtained with our GDM approach
for some spherical nuclei using the SkM* effective
force. The exact results [19] have been rescaled assuming that the relative error due to the use of the
Slater approximation (~5% in heavy nuclei) is independent of the force. We see that our GDM results
are excellent, in fact far better than those obtained
with both the Campi-Bouyssy [10] and the Slater
approach.
The spurious center-of-mass energy inherent in the
independent particle approximation is generally esti125
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Fig. 3. Coulomb and center-of-mass exchange energies for
various spherical nuclei versus A. Shown is the deviation between the approximate and the exact energies. Full line: GDM
approach, dashed curve: Campi-Bouyssy DME, dash-dotted
line: Slater approximation (Skyrme force SkM* used).

mated by

CM- ~ < ~ 1

P~ I~>,

(13)

and subtracted from the total HF energy. The operator (~-,iPi)2 contains both a one-body (Y,ip 2) and a
two-body part (ZiiP~pi). The latter is omitted in most
current HF calculations [20] for computational convenience, although this is known from a perturbative
estimate [21 ] to lead to a drastic overestimation of
ECM in heavy nuclei. A selfconsistent study of this
prescription remains, however, still to be done. In
this context it is interesting to check how well our
GDM ansatz is able to reproduce the exact CM energy
correction. Indeed, the Slater as well as the DME approaches yield divergent results due to the step function discontinuity of their Wigner function, and
therefore cannot be used in the calculation ofEcM.
Our GDM ansatz on the contrary, as seen in fig. 3,
yields a very nice reproduction of the expectation
values obtained in the HF method. Our estimate for
the full (i.e. direct plus exchange) CM energy yields
in heavy nuclei a better reproduction of HF results
than the quantal (harmonic oscillator) pocket formula
126
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of ref. [22]. Tae latter, however, leads to better resuits in light nuclei where our GDM ansatz slightly
underestimate,,; the full spurious energy as can be deduced from fiE. 3.
As a final iLustration we apply the GDM ansatz to
the calculation of nuclear binding energies using the
f'mite-range effective force D1 by Gogny [23]. Hereby one not only has to use the nonlocal density matrix in the calculation of the exchange energy, but the
kinetic energy density functional r[p] has to be determined in a c:onsistent way [24]. Indeed, both the
DME and our GDM approach lead to a variable effective nucleon mass which enters explicitly the ETF
gradient expansion [14] o f t [ p ] .
First of all we have computed the exchange potential energy associated with the D1 force in infinite nuclear matter for k F = 1.36 fm -1 . The resulting value
(-31.60 MeV) compares rather well with the exact
one (-31.37 I~ eV). Releasing the integrated/92 = p
condition (eq. (6)), but choosing x in eq. (7) to reproduce the exact exchange energy density up to order
0akF)4 *3, one obtains x = (350) 1/4 = 4.33 (instead
of 4.78) and tLerewith an exchange energy which
reproduces the exact one within less than 10 keV.
This prescription (with x = 4.33) thus will lead to the
correct volume energy coefficient a v = - 1 6 . 3 MeV in
the binding energy of finite nuclei.
Turning now to finite nuclei, we have evaluated
the selfconsist~ nt semiclassical local density P within
the ETF framework, adapted to the Gogny D1 force
[24]. Assumin:,~ GDM density matrices we have computed the total binding energies of some spherical nuclei listed in table 1. The spurious CM energies have
been determin~d as above and subtracted from the
calculated enezgies. Obviously the total semiclassical
energies have t,) be corrected for shell effects which
we have taken from the selfconsistent calculations of
ref. [17] using the Skyrme SkM* force. As compared
to the results of Hartree-Fock-Bogolyubov *4 calculations [23], the results corresponding to t h e p2
= p condition l~ad to an overbinding of 1 - 2 0 MeV
from light to h~avy nuclei. On the other hand, the
calculations with x = 4.33 yield a total energy which
is in far better agreement with the HF energies. The
*a Where tz is the range o f the gaussian force ~exp(-sZ/tz2).
.4 Note that pairing correlations are not expected to play any
significant role in such spherical nuclei.
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Table 1
Total semiclassicalbinding energies obtained for various spherical nuclei with Gogny's gaussian force D1. First line: Campi-Bouyssy
DME approach, second line: GDM ansatz with 02 = O, third line: GDM ansatz with x = 4.33 (see text), fourth line: HF energies of
ref. [23].
Method

Nuclei
160

40Ca

48Ca

9OZr

208pb

Campi-Bouyssy

-118.2

-326.4

-397.8

-777.6

-1648.7

GDM
p2 =p

-128.3

-337.9

-412.3

-785.3

-1653.6

GDM
x=4.33

- 129.3

-334.3

-407.2

-773.8

- 1623.6

HF

-127

-338

-411

-779

-1633

slight underbinding observed here is only a surface effect and, indeed, roughly proportional to A 2/3. In
this table we have also reported the energies obtained
in the Campi-Bouyssy approach which overbind heavy
and significantly underbinds light nuclei. Since we
know the HF results only approximately (they are
taken from a figure in ref. [23] ) and since the shell
correction energies have been taken from a different
effective force, we expect an uncertainty in the differences to the HF energies of + ( 1 - 2 ) MeV.
It may be concluded that our GDM ansatz yields
a reproduction of various nuclear properties which is
of an equivalent if not better quality as compared to
Slater or DME approaches. Furthermore being free
from the unphysical step function character of the
Wigner function present in the latter, it allows a correct evaluation of quantities otherwise not accessible
such as the exchange center-of-mass spurious energy.
Obviously, the full relevance of the proposed phasespace distribution remains to be assessed in dynamical
calculations which are currently undertaken. The
value of the whole approach does, by construction,
not extend beyond the validity of any HF approximation whose ability to reproduce both local and nonlocal experimental one-body density matrices has
re cently been questioned [2 5 ].
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