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Abstract: Using a Woods-Saxon potential, equilibrium deformations are obtained by the Strutinsky 
shell-correction method. Deformation parameters Bz and ,Qb of the ground state and the shape 
isomeric slate are extracted for all actinide nuclei. It is shown that the connection of pz and 
#I4 with the multipole moments Q2 and Q4 is not so trivial as sometimes assumed in the literature. 

The moments of inertia - taken at the same deformations - are evaluated within the cranking 

model. Their dependence on deformation and temperature (excitation energy) is discussed; the 
rigid body values are demonstrated to be reached both for large deformations and large tem- 
peratures. Where available, experimental data are compared; the agreement is generally very 
good. 

1. Introduction 

The experimental information on the actinide nuclei is increasing. Ground-state 

quadrupole and hexadecapole moments of twelve actinide nuclei were recently mea- 

sured ‘). Rotational spectra built on the lowest Of state of two fission isomers have 

been observed *, ’ ). The moments of inertia which are an indirect estimate of the 

deformations, are deduced. There is some hope for a more direct measurement of the 

quadrupole moment in the isomeric state “). Therefore, it seems useful to provide 

experimentalists with systematic tables of deformations and moments of inertia for 

the actinide region. Our calculations are an extension of those done by Gdtz et al. 5), 
who restricted themselves to the ground states in the rare earth region. 

The shell-correction approach of Strutinsky has provided an economical method 

to calculate deformation energy surfaces of nuclei 6* ‘). The lowest local minimum of 

the surface of a given nucleus is identified with its ground state, and the next higher 

local minimum with its (fission) isomeric state. Both these minima are stable with 

respect to left-right ‘* “) and axial lo, 11) asymmetry of the shape. Thus in this paper 
we restrict ourselves to axial and left-right symmetric shapes, i.e. to an elongation (c) 
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and a neck formation (12) parameter. For details of the shape parametrisation we 

refer to refs. 7, I’). 

The shell model eigenvalues, to which we apply the shell-correction method, are 

calculated with an average potential of the Woods-Saxon type with a constant and 

deformation-independent skin thickness 7*12). Adding these shell corrections to the 

liquid drop energy, whose parameters are given by Pauli and Ledergerber i3), we 

obtain the total deformation energy. By minimizing this energy we find the corre- 

sponding equilibrium deformation parameters (c, h). Finally we calculate the quad- 

rupole (Q,) and hexadecapole moments (Q,) of the proton and neutron density 

distributions of these deformations. We discuss in subsect. 2.1 the connection between 

the moments Q2, Q4 and the deformation of the potential. We show that care should 

be taken in relating the moments QZ , Q4 of the nucleon distributions to parameters 

/IZ, f14 extracted from the deformation of the potential. 

The single-particle wave functions and energies at the two minima are furthermore 

used for calculating the moments of inertia by the cranking model 14). Special interest 

is paid to the dependence of the moments of inertia on the pairing interaction strength 

and on the temperature of excited nuclei. These dependences are discussed and illus- 

trated in subsect. 2.2. 

A compilation of the results is presented in sect. 3 in the form of large tables. The 

results are compared to the available experimental data and a nice agreement is found. 

2. Discussion of qualitative features of the nuclear moments 

The shell-correction calculations with a deformed Woods-Saxon potential and the 

definition of the nuclear shape in terms of an elongation (c) and a neck parameter (h) 

have been described in detail 7, 12) and need not be repeated here. All single-particle 

wave functions and energies are calculated with parameters appropriate for 240Pu; 

TABLE 1 

Woods-Saxon parameters for 240Pu (the same as quoted in ref. 12)) 

VO (MeV) 
RO (fm) 
a (fm) 

Proton Neutron 

central spin-orbit central spin-orbit 
-- 

-62.54 12.0 -47.46 12.0 
7.79 7.06 7.73 7.06 
0.66 0.5s 0.66 0.55 

the potential energy surfaces of all other actinide nuclei are then obtained by A’ 

scaling of the single-particle levels ‘). In table 1 we give the Woods-Saxon potential 

parameters of 240Pu used in the present calculations; they are the same as in ref. 12). 

The pairing interaction is of special importance for the quantities considered here. 

For the moments of inertia, we use the temperature dependent BCS formalism for 
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which we refer to refs. 1 ‘, ’ “), The pairing strength G is given by ‘) 

G = [@)hl (y)]+, 
where the average level density Lj(i_) at the Fermi energy (different for neutrons and 

protons) can be obtained from the energy spectrum by the Strutinsky averaging 

procedure “). The average pairing gap 2 and the energy interval R depend on the 

mass number A as 

(2) 

Q = l.lho = 4.5 MeVIA”, 

where we chose the constant c, = 12 MeV for both neutrons and protons as in 

previous calculations ‘). 

Since s”(n) is almost independent of the nuclear deformation, through eq. (1) also 

the pairing strength G is essentially constant. It has been argued r ‘), however, that G 

should be proportional to the nuclear surface area S. Such a dependence can easily 

be obtained in our treatment replacing 2 in eq. (1) by - sois 
;1,4Q d, ( 1 252 ’ 

(3) 

where 2 O is given as in eq. (2) and SO is the surface area of the spherical nucleus. 

IMeVl IMeV I 

OS- 05- 
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b) G, = surface b) G, = surface 
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I , , , I , , , , I7 I 
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10 13 16 C 

Fig. 1. Proton and neutron pairing gaps il, and A, as functions of the elongation parameter c. Both 
constant (solid lines) and surface-dependent (dashed lines) pairing strengths G are considered. 
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In order to demonstrate the effect of this surface dependence on the pairing gaps, 

we show in fig. 1 for 240Pu the gaps A,, and A,, as functions of the deformation param- 

eter c (along h = 0). The shell structure in the local density is clearly reflected; 

especially in A,, we see the ground-state minimum (c x 1.2) and the isomer minimum 

(c z 1.4). The difference between the two cases G = constant, G K S increases with 

deformation. While it is negligible in the ground-state region (c z 1.2) and about 

15 “/, at the second minimum (c z 1.4) it amounts to around 30 7; at the outer 

fission barrier (c z 1.6). The influence of this increase on the moments of inertia will 

be discussed in subsect. 2.2 below. 

TABLET 

Expectation values calculated from the wave functions for some nuclei at the ground-state deforma- 
tions and the second (isomeric) minima; the latter cases are marked by an asterisk 

Nucleus rD 
rmo (In 41, 

=“Th 5.85 5.69 I .22 1.25 9.1 10.3 229 278 
232Th 5.88 5.12 1.24 1.27 10.6 11.2 237 292 
Z34U 5.88 5.14 1.24 1.28 10.6 11.4 237 302 
Z36U 5.91 5.76 1.26 1.29 11.3 12.2 232 299 
238U 5.94 5.78 1.26 1.30 11.6 12.4 207 271 
=apu 5.91 5.19 1.26 1.30 11.4 12.5 219 283 
Z‘+OPtl 5.96 5.81 1.27 1.30 11.7 12.7 201 269 
242Pu 5.96 5.82 1.26 1.30 11.7 12.1 158 228 
244Pu 5.98 5.83 1.26 1.30 11.8 12.9 134 213 
244Cm 5.96 5.84 1.27 1.30 11.8 12.9 143 212 
* 46Cm 5.99 5.85 1.21 1.30 11.9 12.9 135 214 
248Cm 6.02 5.87 1.21 1.31 12.3 13.5 126 216 
23ZTh* 6.31 6.26 1.79 1.94 33.7 37.7 107 131 
z3su* 6.38 6.34 1.81 1.97 35.2 39.2 113 133 
zacpu* 6.34 6.35 1.80 1.95 34.3 39.0 105 128 
23*pu* 6.39 6.38 1.82 1.97 35.1 40.0 112 133 
240pu* 6.43 6.40 1.83 1.99 36.3 40.6 118 138 
24.5cm* 6.53 6.51 1.86 2.04 38.5 43.2 130 153 
2*4Fm* 6.47 6.45 1.75 1.91 34.2 38.7 99 120 

rms radii in fm, axis ratios qn and qp as defined in eq. (6), reduced quadrupole moments in fm’ and 
hexadecapole moments in fm4. 

2.1. THE MULTIPOLE MOMENTS AT THE EQUILIBRIUM DEFORMATIONS 

The multipole moments Q, and the rms radius rrms of an arbitrary density distribu- 

tion p(r) are defined as 

(4 
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We also define a generalized axis ratio q, 

q = [2/p(r)r’dr lf p(v)(s’ +y2)dr] ‘9 

where X, y, z are Cartesian coordinates; in eqs. (4) and (5), I’ = ~‘x’+y’+z~ and 9 

is the azimuthal angle of the radius vector I’. 

Within the independent particle model, the density P(Y) for neutrons or protons ’ 

is defined in terms of the single-particle wavefunctions V,(Y) as 

P(r) = 2 $ l(Pi(r)12Vi2, (7) 

where vi” are the usual BCS occupation probabilities. For some selected actinide nuclei 

at ground-state and shape-isomeric deformations, we have calculated the above 

moments for protons and neutrons from the wave functions. The results are presented 

in table 2; the moments Q, are divided by the respective nucleon numbers in order to 

make the dependence on the deformation clearer. (The fission isomers are denoted by 

an asterisk.) 

The nuclear radii at the ground states are known 1 ‘) to be approximately propor- 

tional to A+. By fitting the rms radii in table 2 with the formula 

@Q = Js(rf~,)” = rg)A+ (z = n, p), (8) 
we find that, indeed, with the values 

i-p’ = 1.20 fm, r&j = 1.23 fm, (9) 

the rms radii of all ground states in table 2 are reproduced within 1 %. The agreement 

of the proton radius y0 (‘) - 1 20 fm with electron scattering data ’ ‘) and the existence - . 

of a “neutron skin” which leads to a slightly larger radius r,$“’ are a consequence of 

the fact that we have used the droplet model predictions of Myers 20) for the param- 

eters of the WoodsSaxon potential. 

Knowing the values (9) of r g’ which fit the rms radii eq. (5) one could expect that 

the reduced proton moments Qg/Z and Q$Z are smaller than the corresponding 

neutron moments. However, the numbers in table 2 show that just the opposite is true: 

both reduced moments are considerably larger for protons than for the neutrons. 

Since the deformation of the average nuclear potential by definition is the same for 

protons and neutrons, this effect can only be due to the Coulomb field: it pushes the 

protons away from each other and enlarges the average deformation of the charge 

distribution. This is also reflected in the axis ratios q,. 
This effect of the Coulomb field has to be taken into account, if one wants to relate 

the theoretical ground-state deformations of the average potential directly to the 

measured multipole moments without going over the single-particle wave functions in 

+ We will use indices n and p for neutrons and protons only where it is necessary. 
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eq. (7). Since such a procedure has been used frequently in the literature, we will dis- 

cuss it here in some more detail. 

In fact, one can avoid the use of the wave functions in eq. (7) in calculating the 

multipole moments (4) if one makes use of the approximate self-consistency of the 

shell model wave functions at equilibrium deformations, which means that the density 

distributions follow closely the average potential at these points ‘* r8). Thus one often 

parametrizes the density (7) by a smooth distribution p”(r) (e.g. of the Fermi type) 

with a half-density radius R,(9) which for axially and left-right symmetric defor- 

mations can be delined as 

(10) 
1=2,4,... 

The constant 6, in eq. (10) is determined as a function of /?1 by the volume conserva- 

tion condition. Assuming a constant “sharp surface” radial distribution p(r), the 

moments DZ and o4 (for protons) are given by 

0, = J* ZR;{~2+0.360~:+0.967~2~4+0.328~~ 
lr 

+0.023&-0.021fl;+0.499fi;p4}, (11) 

Q4 = 2 ZR;{~4+0.72~j?;+0.983~2~4+0.411~~ 

+0.416~;+1.656~;~,+0.055/3~}. (12) 

(We use here the symbols 0, to make a distinction from the actual moments Q, 

obtained with the wave functions, i.e. with eqs. (7) and (4).) Eqs. (11) and (12) are 

exact up to terms of order /?z, /?i, /3$ pi, etc. 

In the appendix, we derive the analogous formulae for o1 for a Fermi type distribu- 

tion p”(y). We show there, too, that the dependence of On on the surface thickness a 

of this distribution is not unique and that one therefore can use the case a = 0, which 

leads to eqs. (11) and (12) without loosing accuracy. 

In order to relate the parameters b2 and p4 (for & = fls = . . . = 0) with the 

deformation parameters c and h actually used in our calculations, we used the method 

presented by Pauli 12) which up to deformations of the second minimum in the acti- 

nides agrees closely with the slightly different method used by Giitz et aE. ‘). 
Instead of using different deformations for protons and neutrons, we tried to 

account for the Coulomb effect discussed above by renormalizing the proton radius 

RF’, when using eqs. (11) and (12) for the multipole moments. For the same cases 

as in table 2 we calculated the moments 0, and Q”, with the radii 

r$” = 1.27 fm, rg’ = 1.23 fm, (13) 

and Rg’ = rg’ A”. The results are shown in table 3 along with the values of f12 and fi4 

found for these cases. Comparing with the results in table 2, we see that the quadru- 

pole moments Q”, of the potential agree closely with the Q2 of the actual density 
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distributions both for protons and neutrons. For the case of the neutrons, this result 

just reflects the expected approximate self-consistency of the field, which seems to hold 

at least for the quadrupole moments. For the protons it means that one would under- 

estimate the quadrupole moments by about 12 yO by neglecting the. influence of the 

Coulomb field on the charge distribution, 

This result is different from that of Nilsson 2 ‘) who concluded that the quadrupole 

moments of the charge distributions are smaller than those of the potential, if a radius 

R, is used which approximately reproduces the rms radii. However, the difference is 

explained with the fact that no Coulomb potential was used in the Nilsson model of 

ref. 21), We expect thus that in all calculations in which a Coulomb field is explicitly 

added to the average nuclear proton potential (see e.g. the recent work of Mijller 

et al. 22)), the same effect should be found that the charge quadrupole moments are 

larger than those of the potential. 

TABLE 3 

Multipole moments calculated from the deformation of the potential (parameters b2, b4 obtained as 
described in the text) 

230Th 0.192 0.090 9.7 10.3 265 301 

Z3ZTh 0.208 0.087 10.5 11.2 275 312 
234U 0.208 0.087 10.6 11.3 278 316 
236U 0.224 0.078 11.4 12.2 274 311 
238U 0.228 0.066 11.6 12.3 249 284 
238Pu 0.229 0.070 11.7 12.4 261 296 
24OPu 0.233 0.061 11.9 12.6 244 278 
242Pu 0.235 0.042 11.8 12.6 199 226 
244Pu 0.238 0.033 11.9 12.7 179 204 
Z44Cm 0.238 0.033 11.9 12.7 180 204 
Z46Cm 0.238 0.033 12.0 12.8 181 206 
248Cm 0.248 0.029 12.5 13.4 182 206 
232Th* 0.604 0.095 35.1 37.4 106 121 
236U* 0.630 0.084 37.1 39.1 113 127 
*spu* 0.625 0.078 36.3 38.7 108 122 
23spu* 0.637 0.079 37.4 39.8 113 129 
240pu* 0.646 0.082 38.1 40.7 119 135 
Z46Cm* 0.670 0.084 40.8 43.5 133 151 
254Fm* 0.596 0.061 35.4 37.8 101 115 

The radius constants r,,(r) of eq. (13) are used. Units as in table 2. 

Strictly speaking, one should also take this Coulomb effect into account in calcu- 

lating the liquid drop model (LDM) part of the deformation energy. It is however not 

clear to which extent the surface energy would be increased by an enlarged deforma- 

tion of the protons only, and therefore the balance of the surface and Coulomb 

energies might shift the equilibrium deformation in either direction. We expect, 

though, that this shift would be small in the region of nuclei considered in this paper, 

since the LDM energy is quite flat here and the equilibrium shapes are mainly deter- 
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mined by the shell-correction part of the total energy. In any case, such a change 

would affect both the equilibrium parameters f12 and the charge quadrupole moments 

Q 23 and our conclusions drawn about their relation would essentially remain the same. 

The hexadecapole moments G, in table 3 do not reproduce the exact values of 

table 2 as well as the quadrupole moments; especially the neutron moments are off 

in some cases by more than 40 %. Thus the self-consistency argument is not valid for 

the hexadecapole moments. For the protons, the discrepancy between & and Q4 is 

however not larger than M 8 %, which, in view of the numerical error discussed 

below, is still a sufficient accuracy. 

We should finally point out that, in addition to the above discussed errors which 

are inherent in the single-particle model used, some numerical errors may occur in 

the extraction of the equilibrium deformations due to the graphical interpolation of 

the potential energy surfaces ‘I I’). For the values of /12, these errors are not larger 

than E 2 %; the /I4 values are, however, less accurate due to the softness of the energy 

surfaces in the p4 direction I’). Thus the absolute error in p4 is estimated to be kO.005 

at the ground states and kO.01 at the isomeric states. Regarding the partially small 

values of p4, this may imply rather large relative errors in some cases. 

In view of these numerical uncertainties in the values of /I2 and /14, we can thus 

conclude that one may use the relations (11) and (12) together with the radii con- 

stants (13) to calculate the charge multipole moments directly from the equilibrium 

deformations of the potential. In detailed comparisons with the experiment, however, 

it might be wise to calculate the moments from the actual proton distributions, as 

is done in sect. 3 below. 

2.2. MOMENTS OF INERTIA 

Using the single-particle energies si and wave functions vi(r) at a given deformation, 

the moments of inertia can be calculated within the cranking model 14). In the 

temperature-dependent BCS formalism the moments of inertia $1, and yL for 

rotation around the symmetry (z-) axis and around an axis perpendicular to it, are 

given by Grin ‘“) (see also ref. ‘)) as 

(144 

+ (“iuk+viuk)2 

Ei-EE, 
[tgh (2) -tgh ($)I) I<~l.i,l~>12~ (14b) 

In these equations, Ei are the quasi-particle energies and ni, Vi the BCS occupation 

numbers, while j, is the x-component of the angular momentum operator and oi the 

eigenvalue of its z-component j, (which commutes with the single-particle Hamilto- 
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Fig. 2. Moments of inertia RL at T = 0 as functions of neutron number for different isotopes. The 
neutron pairing strength is varied through cn in eq. (2). The dashed curve is drawn through experi- 

mental points. 
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nian) in the ith state. In the limit T = 0, the parallel moment disappears, i.e. #,, = 0. 

Also, the second term of the perpendicular moment y1 vanishes in this limit, while 

the first term of $I reduces to the usual cranking model expression. 

The pairing dependence of f1 at zero temperature is illustrated in fig. 2 for a series 

of isotopes of Th, U, Pu, and Cm. The neutron pairing strength c, in eq. (2) is varied 

while c,, = 12 MeV is fixed. For comparison, the experimental values are shown by 

1.10 

J 
1.09 - 

1.08 - 

l.07 - 

1.04 - 

Fig. 3. The ratio ,#J&lSof the moments of inertia for 240Pu as function of deformation. Here /Is 
is evaluated with a pairing strength proportional to the surface, while ,_YI is obtained with aconstant 
pairing strength. The dashed curve S shows the surface area of the deformed nucleus in units of that 

of a sphere. 

the dashed lines. For the heavier isotopes a value of c, = 12 MeV fits well on the 

average, while a larger value is favoured for lighter isotopes. An increase of c, and cp 

(and therefore of d, and d,) by 10 % decreases the value of j1 by lo-15 % for the 

nuclei considered here. Thus the choice of the pairing parameters is quite crucial for 

the moments of inertia. 

Because we want to introduce as few parameters as possible we continue with the 

values c, = cp = 12 MeV previously used ‘). The disagreement with experiments for 

the lighter isotopes is not serious since deviations from the pure rotational model 

occur for the same nuclei (see sect. 3). 

The deformation dependence of the pairing strength discussed above is therefore 

important for the moments of inertia. The size of the effect is shown in fig. 3. The 
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deformation-dependent pairing strength decreases &I by z 3 % at the ground-state 

deformation (c M 1.2) and by 7-8 % at a typical isomer deformation (c E 1.4). As 

we shall see below, this difference is not large enough to decide on the deformation 

dependence of pairing by using the experimental results of gL. 

240P” 

I ground state 
A 1. barrier 
II isomer 
B 2. barrier 

10 2.0 
T(MeV) 

I 
3.0 

Fig. 4a. The parallel moment of inertia #/I (in rigid body units, see eq. (15a)) as function of the 

temperature T. Typical deformations of *40Pu are chosen. 

II isomer 

B 2 bamer 

Fig. 4b. The same as fig. 4a for the perpendicular moment of inertia, 3,. 

It has been argued 24, 2 “) that for a system of independent particles in a deformed 

well, the moments of inertia should approach their rigid body values in the limit of 

large nucleon numbers. The latter are defined by 

Y;;B = j&(x’ + y*)dz, (15a) 

yy = [ ,+)(x2 + z*)dr, (15b) 
c 
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where P(Y) is given by eq. (7). “Large nucleon numbers” can here be substituted by 18) 

“nuclei without shell structure”. Once this is realized, the behaviour of fl,, and %I 

discussed in the following can easily be understood. 

For a few typical deformations of 240Pu, y,,/yb” and fJfy are plotted in 

figs. 4a and 4b as functions of the temperature T. Asymptotic values are reached for 

T 2 2 MeV when the shell effects have disappeared. In spite of the strong deformation 

dependence, these limits are within 2-3 % equal to the rigid body values of eqs. (15). 

The sharp increase in the region T M 0.2-0.5 MeV is due to the disappearance of the 

gaps in this interval. As soon as A,, = A,, = 0, we have a system of independent 

particles still containing some shell structure. Above the critical temperature 

T z 0.5 MeV, the rigid body value is essentially reached, except for the small deforma- 

tions (see curves I and A) for which a higher temperature is needed to wash out the 

shell effects ’ 6, 18). 

P”21° 
(along h.0 ) 

C 

Fig. 5. The perpendicular moment of inertia (in rigid body units) as a function of deformation c. 

The rigid body value of &I is also reached at zero temperature in the limit of large 

deformations. This is demonstrated in fig. 5, where 6,. for 240Pu is plotted as a 

function of the elongation parameter c. The shell structure at small deformations is 

clearly seen. The bumps around the deformations of the two minima (c z 1.2 and 1.4) 

are due to the low level density leading to small pairing gaps which because of the 

approximate inverse proportionality in turn produce large $I values. At large 

deformations, the rigid body value is approached although the pairing correlation 

still is present. This indicates that a nucleus without shell structure has a rigid body 

moment of inertia; the important assumption is not that the system consists of inde- 

pendent particles. 

Since quantum mechanically a rotation around the symmetry axis is not possible, 

the discussion above does not hold for the parallel moment da at T = 0. 
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TABLE 4 

Ground-state deformations and moments of inertia %I (for rotation around an axis perpendicular 
to the symmetry axis) for nuclei with proton and mass number Z and A 

Z A 

- 

82 208 1.015 -0.075 -0.003 0.020 0 

210 1.015 -0.060 0.003 0.016 0 

212 1.010 -0.040 0.002 0.010 0 

214 1 .ooo 0.000 0.000 0.000 0 
216 1 .ooo 0.000 0.000 0.000 0 

218 1 .ooo 0.000 0.000 0.000 0 
220 1.000 0.000 0.000 0.000 0 

222 1.180 -0.195 0.162 0.068 42 
224 1.190 -0.170 0.189 0.063 48 
226 1.195 -0.150 0.208 0.058 50 
228 1.185 -0.100 0.229 0.042 51 
230 1.180 -0.070 0.242 0.032 54 
232 1.180 -0.045 0.258 0.024 63 
234 1.155 0.000 0.250 0.007 54 
236 1.125 0.070 0.242 -0.019 49 
238 1.125 0.070 0.242 -0.019 46 
240 1.120 0.075 0.236 -0.021 44 
242 1.115 0.080 0.231 -0.023 43 

84 210 1.020 -0.075 0.005 0.020 1 
212 1.015 -0.060 0.003 0.016 1 
214 1.017 -0.052 0.009 0.013 2 
216 1.020 - 0.045 0.016 0.011 3 
218 1.020 -0.037 0.019 0.009 2 
220 1.120 -0.187 0.094 0.057 23 
222 1.170 -0.220 0.135 0.074 38 
224 1.185 -0.210 0.158 0.073 42 
226 1.195 -0.180 0.189 0.066 50 
228 1.200 -0.150 0.214 0.059 53 
230 1.195 -0.120 0.228 0.049 52 
232 1.180 -0.075 0.238 0.033 54 
234 1.175 -0.045 0.25 1 0.024 61 
236 1.165 -0.015 0.256 0.013 56 
238 1.145 0.055 0.267 -0.012 53 
240 1.130 0.060 0.245 -0.015 46 
242 1.120 0.075 0.236 -0.021 44 
244 1.115 0.080 0.231 -0.023 43 

86 212 1.020 -0.060 0.010 0.016 1 
214 1.020 -0.055 0.012 0.014 2 
216 1.020 -0.037 0.019 0.009 2 
218 1.020 -0.030 0.022 0.007 2 
220 1.020 -0.015 0.028 0.003 2 
222 1.180 -0.245 0.132 0.082 42 
224 1.195 -0.240 0.151 0.083 45 
226 1.205 -0.225 0.171 0.08 1 48 
228 1.215 -0.200 0.198 0.076 60 
230 1.220 -0.170 0.225 0.068 61 
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TABLE 4 (continued) 

Z A c h Bz 84 
___ 

232 1.205 -0.135 0.23 1 
234 1.185 -0.090 0.235 
236 1.180 -0.090 0.228 
238 1.170 -0.020 0.260 
240 1.160 0.008 0.263 
242 1.135 0.045 0.245 
244 1.125 0.070 0.242 
246 1.120 0.075 0.236 

0.055 
0.039 
0.038 
0.015 
0.005 

-0.010 
-0.019 
-0.021 

88 214 1.020 - 0.060 0.010 0.016 
216 1.020 -0.037 0.019 0.009 
218 1.020 -0.030 0.022 0.007 
220 1.025 -0.015 0.036 0.003 
222 1.175 -0.245 0.126 0.081 
224 1.200 -0.245 0.153 0.086 
226 1.225 -0.255 0.172 0.093 
228 1.225 -0.232 0.188 0.086 
230 1.225 -0.210 0.203 0.080 
232 1.220 -0.172 0.223 0.068 
234 1.215 -0.150 0.233 0.061 
236 1.185 -0.090 0.235 0.039 
238 1.180 -0.070 0.242 0.032 
240 1.175 -0.037 0.256 0.021 
242 1.165 -0.008 0.260 0.011 
244 1.150 0.030 0.260 -0.003 
246 1.130 0.060 0.245 -0.015 
248 1.120 0.075 0.236 -0.021 

90 216 1.015 -0.045 0.008 0.012 
218 1.015 -0.037 0.011 0.009 
220 1.020 -0.022 0.025 0.005 
222 1.020 -0.008 0.030 0.001 
224 1.190 -0.245 0.142 0.084 
226 1.230 -0.270 0.167 0.098 
228 1.235 -0.250 0.182 0.095 
230 1.235 -0.240 0.192 0.090 
232 1.240 -0.225 0.208 0.087 
234 1.225 -0.180 0.224 0.072 

236 1.220 -0.157 0.234 0.064 
238 1.195 -0.112 0.234 0.047 
240 1.185 -0.075 0.245 0.034 
242 1.180 - 0.040 0.262 0.023 
244 1.165 -0.015 0.256 0.013 
246 1.150 0.015 0.251 0.001 
248 1.135 0.040 0.242 -0.008 
250 1.125 0.060 0.237 -0.016 

92 218 1.012 -0.042 0.005 
220 1.015 -0.030 0.014 
222 1.015 -0.030 0.014 

0.011 
0.007 
0.007 

56 
55 
60 
58 
54 
46 
45 
45 

0 

2 
3 

44 
52 
59 
57 
65 
63 
61 
57 
64 
58 
55 
52 
47 
46 

0 

0 

2 
51 
70 
66 
64 
73 
66 
62 
59 
66 
61 
55 
52 
48 
48 

0 
0 

0 
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TABLE 4 (continued) 

Z A c II Pz 

224 1.175 -0.240 0.129 0.080 42 
226 1.215 -0.262 0.157 0.093 67 

228 1.240 PO.270 0.177 0.100 79 

230 1.240 -0.255 0.187 0.096 74 

232 1.240 -0.240 0.198 0.091 72 
234 1.240 -0.225 0.208 0.087 80 
236 I.235 -0.195 0.224 0.078 75 

238 1.220 -0.165 0.228 0.066 64 

240 1.195 -0.112 0.234 0.047 61 
242 1.180 --0.070 0.242 0.032 67 
244 1.180 -0.055 0.252 0.027 61 
246 I.175 -0.030 0.261 0.019 58 
248 1.155 0.008 0.255 0.004 53 
250 1.135 0.037 0.240 PO.007 50 
252 1.125 0.055 0.234 ~0.014 49 

94 220 I .OlO -0.045 0.000 0.012 0 
222 1.015 -0.032 0.013 0.008 0 
224 1.015 PO.015 0.019 0.003 0 
226 1.180 -0.228 0.142 0.077 44 
228 1.220 -0.247 0.172 0.090 64 
230 1.235 -0.255 0.182 0.095 74 
232 1.240 PO.240 0.198 0.091 70 
234 1.240 -0.228 0.206 0.088 69 
236 1.240 -0.210 0.219 0.083 78 
238 1.225 -0.173 0.229 0.070 70 
240 1.215 PO.150 0.233 0.061 65 
242 1.190 ~0.100 0.235 0.042 63 
244 1.180 PO.075 0.238 0.033 69 
246 I.180 PO.060 0.248 0.029 63 
248 1.175 -0.045 0.25 I 0.024 57 
250 1.155 --0.007 0.245 0.009 53 
252 I. 130 0.045 0.236 -0.011 49 
254 1.125 0.050 0.231 -0.013 50 

96 222 1.015 - 0.050 0.006 0.013 0 
224 1.015 -0.037 0.011 0.009 0 
226 1.120 -0.172 0.102 0.053 26 
228 1.180 -0.210 0.153 0.072 44 
230 1.205 -0.220 0.174 0.079 59 
232 1.230 -0.230 0. I94 0.087 76 
234 1.230 -0.220 0.201 0.084 73 
236 I.225 -0.195 0.213 0.076 71 
238 1.225 -0.180 0.224 0.072 77 
240 I .220 -0.165 0.228 0.066 75 
242 1.205 -0.127 0.236 0.053 70 
244 1.180 -0.075 0.238 0.033 68 
246 1.180 -0.075 0.238 0.033 75 
248 1.180 -0.060 0.248 0.029 68 
250 1.180 -0.060 0.248 0.029 63 
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TABLE 4 (continued) 

Z A c 11 Bz Is, 

252 1.155 -0.010 0.243 0.010 53 
254 1.125 0.050 0.231 -0.013 50 
256 1.125 0.060 0.237 -0.016 52 

98 224 1.015 -0.045 0.008 0.012 0 
226 1.020 -0.045 0.016 0.011 0 
228 1.125 -0.165 0.112 0.052 28 
230 1.175 -0.205 0.150 0.070 41 
232 1.190 -0.185 0.180 0.067 51 
234 1.215 -0.210 0.192 0.078 64 
236 1.220 -0.195 0.207 0.075 62 
238 1.210 -0.165 0.216 0.065 62 
240 1.210 -0.157 0.222 0.062 68 
242 1.200 -0.130 0.228 0.053 66 
244 1.185 -0.100 0.229 0.042 62 
246 1.180 -0.075 0.238 0.033 64 
248 1.180 -0.065 0.245 0.030 72 
250 1.175 -0.052 0.246 0.026 63 
252 1.175 -0.037 0.256 0.021 59 
254 1.120 0.052 0.224 -0.014 50 
256 1.120 0.052 0.224 -0.014 50 
258 1.125 0.060 0.237 -0.016 53 

100 226 1.020 - 0.060 0.010 0.016 0 

228 1.020 -0.045 0.016 0.011 0 

230 1.120 -0.150 0.113 0.047 27 

232 1.155 -0.170 0.147 0.057 35 

234 1.183 -0.177 0.176 0.063 48 

236 1.190 -0.158 0.197 0.059 52 

238 1.195 -0.143 0.213 0.056 56 

240 1.195 -0.135 0.218 0.053 58 

242 1.190 -0.120 0.222 0.048 63 

244 1.185 -0.090 0.235 0.039 63 

246 1.180 -0.075 0.238 0.033 62 

248 1.180 -0.068 0.243 0.031 65 

250 1.180 -0.055 0.252 0.027 72 

252 1.170 -0.040 0.247 0.021 63 

254 1.145 0.015 0.243 0.001 59 

256 1.130 0.050 0.239 -0.012 55 

258 1.125 0.060 0.237 -0.016 55 

260 1.125 0.060 0.237 -0.016 56 

102 228 1.020 -0.070 0.007 0.018 
230 1.025 -0.045 0.024 0.011 
232 1.120 -0.150 0.113 0.047 
234 1.140 -0.150 0.139 0.049 

236 1.175 -0.165 0.174 0.059 
238 1.185 -0.150 0.196 0.056 
240 1.185 -0.135 0.206 0.052 
242 1.190 -0.120 0.222 0.048 
244 1.185 -0.095 0.232 0.040 

0 

27 
32 
45 
50 
54 
58 
63 
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TABLE 4 (continued) 

246 1.180 -0.075 0.238 0.033 63 
248 1.180 -0.070 0.242 0.032 63 
2so 1.180 -0.060 0.248 0.029 66 
252 1.175 -0.045 0.251 0.024 71 
254 1.150 0.008 0.247 0.004 61 
256 1.125 0.060 0.237 -0.016 60 
258 1.125 0.070 0.242 -0.019 58 
260 1.125 0.070 0.242 -0.019 58 
262 1.125 0.075 0.245 -0.021 59 

104 230 1.020 -0.060 0.010 0.016 
232 1.025 -0.040 0.026 0.010 
234 1.112 -0.140 0.108 0.043 
236 1.125 -0.110 0.141 0.036 
238 1.145 -0.110 0.169 0.038 
240 1.175 -0.120 0.202 0.046 
242 1.185 -0.125 0.212 0.049 
244 1.185 -0.105 0.225 0.043 
246 1.180 -0.085 0.232 0.036 
248 1.180 -0,075 0.238 0.033 
250 1.180 - 0.060 0.248 0.029 
252 1.175 -0.050 0.248 0.025 
254 1.145 0.015 0.243 0.001 
256 1.125 0.065 0.239 -0.018 
258 1.120 0.075 0.236 -0.021 
260 1.120 0.075 0.236 -0.021 
262 1.120 0.075 0.236 -0.021 
264 1.120 0.075 0.236 -0.021 

0 

24 
29 
35 
46 
53 
55 
61 
62 
63 
64 
65 
64 
61 
58 
58 
59 

106 232 1.020 -0.050 0.014 0.013 0 
234 1.025 -0.030 0.030 0.007 2 
236 1.040 -0.015 0.060 0.003 5 
238 1.120 -0.035 0.175 0.013 30 
240 1.125 -0.075 0.160 0.026 30 
242 1.155 -0.100 0.188 0.037 37 
244 1.185 -0.120 0.215 0.047 51 
246 1.185 -0.100 0.229 0.042 54 
248 1.180 -0.080 0.235 0.035 59 
250 1.175 -0.060 0.241 0.028 60 
252 1.170 -0.030 0.253 0.018 60 
254 1.140 0.030 0.244 -0.005 60 
256 1.120 0.075 0.236 -0.021 67 
258 1.120 0.075 0.236 -0.021 66 
260 1.120 0.075 0.236 -0.021 64 
262 1.120 0.075 0.236 -0.021 61 
264 1.120 0.075 0.236 -0.021 60 
266 1.120 0.075 0.236 -0.021 61 

The deformation parameters c, h and /Z2, fi.+ are connected as described in the text. The absolute 
error is 50.004 in p2 and -CO.005 in /? .,. The moments jI are in units of fiZ/MeV; their absolute 
error is z 2-3 units. 



202 M. BRACK et al. 

Nevertheless, it reaches the rigid body value at large temperatures (see fig. 4a). This 

is explained by the fact that the time spent in non-symmetric orbitals increases with 

temperature, although the heating of a nucleus does not on the average destroy its 

symmetry. 

Instead of using the wave functions in the definition ofp(v), eq. (7), one can evaluate 

the rigid body moments (15) again from a smooth density distribution in a similar 

way as we did it above for the multipole moments. Expressing the corresponding 

values by the quantities defined above in eqs. (5) and (11) , we obtain 

$,, = $4(&f&, (16a) 

jL = $4(2) +g2, (16b) 

where (r’) is the mean square radius obtained for the smooth distribution p”(r), too. 

We found that eqs. (16) with the radii (13) reproduce the actual rigid body values (15) 

to within 2-3 %. 

3. Results and comparison with experiment 

3.1. GROUND STATES 

Table 4 gives the deformation parameters (c, 12) and (pz, p4) and moments of 

inertia Bl(r = 0) for nuclei with 208 5 A 5 266 in their ground states, thus 

including the transition region between lead and actinides. We note that the transition 

between spherical and well deformed nuclei occurs at neutron numbers N x 130. 

There the values of fiz suddenly change from 0.0 to 0.2-0.3 and stay around these 

values for the heavier nuclei. The parameter f14 rises to z 0.1 around N = 136 and 

falls then off rather slowly. 

Only a few ground-state deformations of actinide nuclei are experimentally 

known ‘). Although we have concluded in subsect. 2.1 that the deformation param- 

eters (p,, fi4) of the potential may be used to calculate the moments Q2 and Q4, 

provided that the radius R, in eqs. (11) and (12) is suitably chosen (eq. 13), we want 

to compare the experimental moments with those obtained from the wave functions 

(see table 2). Fig. 6a shows the quadrupole moments. The theoretical values are 

systematically 2-5 ‘A larger than the experimental ones. As the error in the theoretical 

numbers is 2-3 y0 (see subsect. 2.1), the agreement is very good. 

The hexadecapole moments are compared in fig. 6b. Here the agreement is not as 

striking as for the quadrupole moments. The systematic behaviour of the theoretical 

numbers is much smoother and falls off much slower with A than the experimental 

values. Still, for all cases except the Cm isotopes the theoretical values lie within the 

experimental error limits, which however are quite large and increase for the heavier 

nuclei. Since also the theoretical relative errors in Q4 are largest for the Cm isotopes 

due to the small values of p4 (see tables 3 and 4), the general agreement is still satis- 

factory. 
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Fig. 6a. Comparison between experimental ‘) and theoretical quadrupole moments Q2 obtained 
from the wave functions at the ground states. 
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Fig. 6b. The same as fig. 6a for the hexadecapole moments, Q4. 

Very similar results have recently been obtained by MGller et al. 22) using a deformed 

folded Yukawa potential. Their values of p2 and p4 (the latter ones for the case of 

the droplet model) agree with our values given in table 3 to within +0.015 (absolute 

values). Therefore a calculation of the quadrupole moments from the wave functions 



204 M. BRACK et al. 

might improve the agreement of their results with experiment (see also the discussion 

in subsect. 2.1). 

The same quality of agreement as ours displayed in figs. 6a and 6b is also reached 

in recent self-consistent calculations with a density-dependent effective nucleon- 

nucleon interaction “). 

TABLE 5 

Comparison between experimental and theoretical moments of inertia 2~ 

Nucleus 
(ke;/?i’) 

14.7 
11.6 
10.1 
16.1 
12.3 
9.7 
9.0 
8.4 
8.0 
8.6 
8.0 
7.3 
7.6 
7.5 
7.5 
7.4 
7.2 
7.4 
7.5 
7.1 
7.2 
7.2 
7.3 
7.0 
7.3 
7.3 

101.0 
57.1 
41.7 

107.0 
49.8 
18.1 
12.4 
10.7 
0.0 
6.0 
7.4 
5.4 
8.0 
3.6 
6.0 
3.7 
4.4 

6.0 
2.5 
3.6 
3.8 
0.0 

4.8 

34 1.53 
43 1.37 
50 1.14 
31 1.64 
41 1.71 
52 1.27 
56 1.18 
60 1.23 
63 1.05 
58 1.30 
63 1.14 
69 1.16 
66 1.11 
67 1.00 
67 1.16 
68 1.17 
70 0.96 
67 0.99 
67 1.07 
71 0.99 
70 1 .oo 
70 1.10 
69 1 .oo 
71 0.89 
68 0.87 
68 0.87 

The quantities a and b are defined by eq. (17). The experimental moments of inertia are given by 
fLeXP = 6*/2a, the theoretical values 2~‘~ are given in table 4. If only the 2+ state is known 
experimentally, a is obtained assuming that b = 0 and b is omitted in the table. 

The moments of inertia yL at the ground states can be extracted from the experi- 

mental rotational spectra. These are usually parametrized by expanding the energy 

in powers of its total angular momentum squared, 

EI = aZ(Zf l)+ bZ’(Z+ 1)“. (17) 

In the pure rotational model, b is zero and a is equal to h2/2#, . In table 5 we list 

these experimental quantities together with &L from table 4 for all deformed doubly 

even nuclei whose ground-state rotational bands have been measured 28). In fig. 7 
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the ratios between calculated and experimental moments are plotted. The results of 
two recent publications ’ 9* 30) utilizing the modified harmonic oscillator are also 

shown for comparison. 
Our results deviate most strongly from the experiment in the Ra and the lighter Th 

isotopes. We note from table 5, however, that there is a clear correlation between 
these discrepancies and the b-values of the same nuclei. For those nuclei with 
A < 238, h is larger than 40 eV/h4. This indicates that the rotational model and 
therefore the cranking model begin to be inappropriate for these nuclei. From table 4 
we see also, that they are less deformed than the typical rotational actinides. For the 

X- - -* present talc. 
x \ 

1.6 - \ A----A Krumlinde (case II ) 

X 
\ : Th O----o Sobiczewski et al. 
\ 1 

1.4 - \ ’ 

1.2 - 

1.0 

‘3( :Fm - 

0.8 - 

0.6 - 
I I I t I I I I I I I 

230 240 250 A 
Fig. 7. Comparison between experimental and theoretical moments of inertia. The crosses are our 
results, circles show the calculations of ref. 30) and triangles those of ref. z9); in all theoretical cal- 

culations, the assumption of a constant pairing strength has been made. 

rest of the nuclei, the agreement is quite satisfactory; in all cases where b is less than 
10 eV/h4, the discrepancy between our results and the experiment is less than 20 %. 

On the average, our results are 5-10 % too large. This is in contrast to the results by 
Sobiczewski et al. 30), w tc h’ h on the average are 15-20 % too small. With the same 
single-particle potential but a somewhat different treatment of the BCS pairing, 
Krumlinde 29) obtained results S-10 % too low. 

The main differences in the theoretical predictions come from the choice of the 
pairing strength. As we have discussed in subsect. 2.2, the strong dependence of yL 
on the pairing gaps would make it easy to fit the pairing parameters to obtain a better 
agreement. Instead, we tried to see how well we can reproduce the experiments with 
only one parameter. Considering this, our results are quite satisfying. In fact, the 
simplified treatment of the pairing effects probably makes it unreasonable to do more 
detailed fits of the pairing parameters. A recent investigation 31) shows that the 
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TABLE 6 

lsomeric-state deformations and moments of inertia, as in table 4 

Z A c 

82 210 1.250 0.075 0.461 0.001 84 
212 1.255 0.075 0.470 0.002 86 
214 1.245 0.089 0.464 -0.006 85 
216 1.255 0.075 0.470 0.002 90 
218 1.260 0.080 0.483 0.001 93 
220 1.265 0.075 0.487 0.004 94 
222 1.265 0.075 0.487 0.004 93 
224 1.355 0.007 0.571 0.056 130 
226 1.365 0.000 0.580 0.06 1 135 
228 1.385 -0.019 0.589 0.074 134 
230 1.370 -0.004 0.583 0.064 126 
232 1.370 0.000 0.588 0.063 122 
234 1.345 0.018 0.567 0.049 115 

84 210 1.260 0.058 0.464 0.009 81 
212 1.245 0.083 0.459 -0.004 84 
214 1.250 0.075 0.461 0.001 85 
216 1.255 0.089 0.482 -0.003 88 
218 1.255 0.085 0.478 -0.002 91 
220 1.245 0.105 0.477 -0.011 93 
222 I .245 0.112 0.483 -0.014 92 
224 1.270 0.080 0.501 0.004 95 
226 1.395 -0.036 0.584 0.082 138 
228 1.395 -0.036 0.584 0.082 138 
230 1.370 0.000 0.588 0.063 135 
232 1.385 -0.018 0.590 0.074 135 
234 1.385 -0.015 0.594 0.073 131 
236 1.375 -0.012 0.582 0.068 126 
238 1.370 0.000 0.588 0.063 125 

86 212 1.255 0.060 0.457 0.007 80 
214 1.250 0.083 0.468 -0.002 85 

216 1.250 0.090 0.474 -0.005 86 
218 1.240 0.113 0.475 -0.016 87 
220 1.240 0.125 0.485 - 0.020 91 
222 1.245 0.105 0.477 -0.011 92 

224 1.245 0.115 0.486 -0.015 93 

226 1.240 0.120 0.481 -0.018 88 
228 1.420 -0.068 0.580 0.098 164 
230 1.425 -0.056 0.603 0.098 157 
232 1.435 -0.068 0.602 0.104 155 
234 1.445 -0.075 0.606 0.110 154 
236 1.435 -0.061 0.611 0.103 150 
238 1.425 -0.050 0.611 0.097 147 

240 I .405 -0.036 0.599 0.086 136 

88 214 1.255 0.064 0.460 0.006 80 

216 1.245 0.082 0.458 -0.003 83 
218 1.245 0.093 0.467 - 0.007 84 

h 
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TABLE 6 (continued) 

207 

Z A c k 

220 1.240 0.121 0.481 -0.019 87 
222 1.240 0.128 0.487 -0.021 90 
224 1.245 0.128 0.497 -0.020 97 
226 1.230 0.140 0.478 -0.028 90 
228 1.280 0.100 0.537 0.000 99 
230 1.425 -0.066 0.590 0.100 157 
232 1.425 -0.054 0.606 0.098 149 
234 1.440 -0.071 0.605 0.107 148 
236 1.455 -0.075 0.621 0.114 157 
238 1.460 -0.075 0.628 0.116 157 
240 1.425 -0.052 0.608 0.097 140 
242 1.415 -0.032 0.620 0.089 138 

90 216 1.250 0.075 0.461 0.001 79 
218 1.245 0.095 0.469 -0.008 83 
220 1.245 0.104 0.476 -0.011 85 
222 1.235 0.136 0.484 -0.025 88 
224 1.235 0.143 0.490 -0.028 92 
226 1.235 0.150 0.496 -0.031 98 
228 1.230 0.150 0.486 -0.032 92 
230 1.220 0.164 0.478 -0.039 86 
232 1.420 -0.050 0.604 0.095 154 
234 1.420 -0.046 0.609 0.094 147 
236 1.430 -0.052 0.616 0.099 145 
238 1.435 -0.052 0.623 0.102 143 
240 1.420 -0.030 0.630 0.091 141 
242 1.415 -0.012 0.646 0.085 140 
244 1.410 -0.013 0.636 0.083 138 

92 218 1.245 0.08 1 0.457 -0.003 80 
220 1.245 0.100 0.473 -0.010 86 
222 1.245 0.114 0.485 -0.015 88 
224 1.240 0.134 0.492 - 0.024 92 
226 1.240 0.142 0.499 -0.027 96 
228 1.255 0.134 0.521 ~ 0.020 104 
230 1.240 0.150 0.505 -0.030 98 
232 1.400 -0.014 0.619 0.079 138 
234 1.410 -0.030 0.614 0.087 143 
236 1.410 -0.018 0.630 0.084 144 
238 1.415 -0.012 0.646 0.085 150 
240 1.410 -0.011 0.639 0.082 145 
242 1.415 -0.010 0.648 0.084 143 
244 1.410 -0.006 0.646 0.081 140 
246 1.385 0.034 0.654 0.060 135 

94 220 1.255 0.089 0.482 -0.003 87 
222 1.250 0.107 0.488 -0.011 92 
224 1.250 0.116 0.496 -0.014 93 
226 1.245 0.134 0.502 -0.022 97 
228 1.245 0.141 0.508 -0.025 101 
230 1.260 0.121 0.519 -0.014 107 
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TABLE 6 (continued) 

z A c h B2 t% 

232 1.305 0.085 0.568 0.013 112 
234 1.405 -0.aO7 0.636 0.079 141 
236 1.400 -0.009 0.625 0.078 142 
238 1.405 -0.006 0.637 0.079 145 
240 1.410 -0.009 0.646 0.082 150 
242 1.410 -0.004 0.648 0.081 147 
244 1.415 0.000 0.662 0.082 145 
246 1.390 0.030 0.658 0.063 139 
248 1.365 0.069 0.661 0.040 137 
250 1.365 0.075 0.668 0.038 141 
252 1.365 0.093 0.689 0.032 149 
254 1.360 0.112 0.702 0.023 153 

96 222 1.255 0.093 0.485 -0.005 91 
224 1.265 0.096 0.506 -0.003 99 
226 1.260 0.100 0.500 -0.006 99 
228 1.255 0.129 0.516 -a.018 103 
230 1.275 0.112 0.539 -0.006 115 
232 1.285 0.118 0.563 -0.006 118 
234 1.385 0.007 0.621 0.067 137 
236 1.405 0.000 0.645 0.077 144 
238 1.410 0.008 0.664 0.077 146 
240 1.405 - 0.009 0.633 0.080 147 
242 1.410 -0.007 0.644 0.081 152 
244 1.415 0.000 0.662 0.082 151 
246 1.420 O.OOa 0.670 0.084 149 
248 1.385 0.041 0.663 0.057 142 
2.50 1.365 0.075 0.668 0.038 142 
252 1.370 0.093 0.699 0.034 I51 
254 1.360 0.111 0.701 0.024 155 
256 1.360 0.120 0.712 0.020 160 

98 224 1.300 0.054 0.529 0.022 98 
226 1.295 0.052 0.518 0.021 99 
228 1.275 0.098 0.526 -0.001 104 
230 1.290 0.106 0.561 0.000 115 
232 1.295 0.098 0.563 0.005 123 
234 1.330 0.075 0.603 0.025 126 
236 1.390 0.019 0.644 0.066 142 
238 1.390 0.014 0.638 0.067 144 
240 1.415 0.000 0.662 0.082 148 
242 1.410 0.000 0.653 0.080 150 
244 1.410 0.006 0.661 0.078 156 
246 1.410 0.007 0.663 0.078 152 
248 1.4oa 0.036 0.683 0.065 150 
250 1.370 0.075 0.677 0.040 146 
252 1.365 0.086 0.681 0.034 149 
254 1.365 0.096 0.693 0.031 154 
256 1.365 0.111 0.711 0.026 162 

100 226 1.335 0.036 0.570 0.040 108 
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z A c 

- 
228 1.330 0.052 0.579 0.033 111 
230 1.320 0.068 0.578 0.024 114 
232 1.300 0.089 0.563 0.010 117 
234 1.330 0.075 0.603 0.025 130 
236 1.370 0.044 0.640 0.050 137 
238 1.390 0.025 0.652 0.064 145 
240 1.415 0.000 0.662 0.082 151 
242 1.415 0.000 0.662 0.082 151 
244 1.415 0.000 0.662 0.082 154 
246 1.420 0.006 0.678 0.082 162 
248 1.415 0.014 0.680 0.078 158 
250 1.420 0.009 0.682 0.082 155 

252 1.380 0.038 0.650 0.056 146 
254 1.370 0.007 0.596 0.061 138 

256 1.370 0.050 0.647 0.048 150 
258 1.360 0.083 0.668 0.034 157 

260 1.370 0.075 0.677 0.040 160 

102 228 1.350 0.037 0.597 0.045 115 
230 1.350 0.045 0.606 0.042 118 
232 1.345 0.057 0611 0.036 120 
234 1.350 0.060 0.623 0.037 125 

236 1.385 0.042 0.664 0.057 138 

238 1.400 0.033 0.679 0.066 147 

240 1.405 0.027 0.680 0.070 154 
242 1.405 0.025 0.678 0.071 155 
244 1.405 0.025 0.678 0.071 155 
246 1.410 0.025 0.686 0.073 160 
248 1.412 0.025 0.690 0.074 166 
250 1.415 0.025 0.695 0.075 164 
252 1.415 0.033 0.706 0.073 162 
254 1.400 0.075 0.734 0.053 162 
256 1.385 0.080 0.712 0.045 160 
258 1.385 0.086 0.719 0.043 165 
260 1.375 0.106 0.725 0.032 170 
262 1.365 0.138 0.744 0.016 175 

104 238 1.415 0.037 0.711 0.072 156 
240 1.415 0.030 0.702 0.074 159 
242 1.415 0.025 0.695 0.075 165 
244 1.415 0.022 0.691 0.076 166 
246 1.415 0.022 0.691 0.076 165 
248 1.415 0.020 0.688 0.077 168 
250 1.420 0.020 0.697 0.079 176 
252 1.420 0.020 0.697 0.079 173 
254 1.420 0.022 0.700 0.078 170 
256 1.405 0.050 0.710 0.064 167 
258 1.400 0.064 0.720 0.057 169 
260 1.400 0.070 0.127 0.055 172 
262 1.390 0.093 0.738 0.043 177 
264 1.370 0.129 0.743 0.021 186 
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TABLE 6 (continued) 

Z A c h 82 84 

106 242 1.455 0.008 0.741 0.099 171 
244 1.430 0.025 0.722 0.082 175 
246 1.420 0.020 0.697 0.079 172 
248 1.420 0.020 0.697 0.079 171 
2.50 1.420 0.022 0.700 0.078 175 
252 1.420 0.030 0.711 0.076 182 
254 1.420 0.030 0.71 I 0.076 180 
256 1.425 0.033 0.724 0.078 178 
258 1.425 0.037 0.729 0.077 177 
260 1.425 0.052 0.750 0.072 176 
262 1.425 0.055 0 754 0.071 179 
264 1.420 0.060 0.752 0.068 180 
266 1.410 0.080 0.760 0.057 182 

Absolute errors +0.004 in b2 and &to.01 in ,94 and z 3-6 units in 81. 

TABLE 7 

Calculated moments for the isomeric states 

Nucleus Q2” Q4p 

33.9 11.8 153 
36.1 12.3 144 141 

36.7 12.0 152 
37.6 12.5 146 
38.2 13.0 147 150 

41.5 14.7 152 
38.7 12.0 143 

Quadrupole moments Q2 in b, hexadecapole moments Q4 in bZ and moments of inertia in @/MeV. 
The two experimental moments of inertia *, 3, are also given. 

quadrupole components of the pairing interaction may not be neglected in calcula- 

tions of moments of inertia. Also the effect of the rotation on the pairing interaction 

should be taken into account. This gives rise to a correction to the cranking model 

expression (14b), the so-called Migdal term. It is shown 3 ‘) that this term might be 

comparable to the discrepancies between experiment and the simple cranking model 

results. 

3.2. ISOMERlC STATES 

For the second minima we give in table 6 the same quantities as in table 4. Very 

little experimental information is available so far. But recently, rotational bands built 

on the lowest O+ state were observed for 240Pu [ref. ‘)I and 236U [ref. “)I. Since 

these nuclei are almost ideal rotators in the highly deformed isomeric states, the 

moments of inertia can be determined and used as an indirect measurement of the 
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deformation of the fission isomers. The two cases, among others, are given in table 7. 

As we see, the theoretical values are within 2 % of the experimental ones. The Nilsson 

model calculations of Sobiczewski et al. 30) predict values of y1 11 o? too large for 

236U and within 1 y0 for 24OPu. 

The surface-dependent pairing strength (see sect. 2) leads to 7-8 % (9-11 % in 

ref. ““)) smaller values of f1 for the fission isomers. Since our ground-state values 

are systematically too high, a surface independent strength seems here to give a better 

overall agreement with the experiment. However, the uncertainties and simplifications 

involved in the present treatment of the pairing make a final decision impossible at 

the present stage. 

The quadrupole moments for the second minimum have not been measured directly 

yet. Serious attempts “) are being made, however. For the nuclei close to the most 

likely candidates for these experiments we calculated Q2 and Q4 from the wave 

functions at the second minimum. The results are given in table 7. Typically, as for 

240Pu and 236U, Q2 is 3-4 times as big as the corresponding ground-state value, i.e. 

35-40 b. 

4. Summary 

Strutinsky’s shell-correction method is used to obtain the equilibrium points of the 

energy surface for all actinide nuclei. The average single-particle potential applied is 

a deformed Woods-Saxon well of constant skin thickness; the same potential param- 

eters and pairing strength have been used as in earlier calculations 5, ‘). 

We study the relation between the multipole moments obtained either from the 

wave functions or from the deformation of the average potential. We see that care 

should be taken in relating the parameters pZ, p4 to the moments Q2, Q4 of the charge 

distribution, because the Coulomb field appears to enlarge the deformation. 

Moments of inertia are evaluated within the cranking model. Their dependence on 

temperature and deformation is investigated. In particular it is shown that the rigid 

body value is approached in the limit of both large temperatures and large (elonga- 

tional) deformations. 

Extensive tables of deformation parameters p2 and /I4 and of moments of inertia 

$1 are given at ground states and isomeric states of actjnide nuclei. Comparison 

with available experimental data is made. The agreement is very good, considering the 

fact that no parameter has been changed to improve the results. For some typical 

nuclei, we predict the values of Q2 and Q4 also at the second minimum, in the hope 

that the Q, values soon will be measured. 

The authors are indebted to Prof. K. Alder and Drs. U. G&z, I. Hamamoto and 

Ph. Quentin for many discussions. Assistance of R. Haring with the numerical work 

is appreciated. Part of this work was done at the Niels Bohr Institute (M.B.), at 

the Weizmann Institute (T.L.) and at Nordita (A.S.J.). The hospitality and the 

financial support at these institutes is gratefully acknowledged. 
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Appendix 

MULTIPOLE MOMENTS OF A FERMI DISTRIBUTION WITH FINITE SURFACE 
THICKNESS 

We consider an axially symmetric Fermi-type density distribution 

PW = 
1 + exp [(!: R(9))/a] ’ 

(A4 

where the half-density radius R(9) is given by 

R(9) = R,{~+~o+BzYz(~)+P~Y~(~)}. (A-2) 
The radius R. is constant and b,, is a function of /I2 and p4 determined by the volume 

conservation condition (see below). 

Before calculating the multipole moments of the distribution (A.I), we evaluate the 

integral 

I, = s #p(r)dr. (A-3) 

With the substitutions x = (r- R(9))/a and S = R($)/a it takes the form 

We first perform the radial integration in (A.4). One easily sees that 

s 

m 
X 

2m 
1 

_._dX= ___ SZmfl 
+ 

-s l+e” 2m+l 
(ITI = 0, 1,2,. . .), 

I Ocx zm-1 -_s2m 
l&A 

Zm-1 

---ddx=p 
-s l+ex 21?1 

+n2m(22m-1_1)_ _ 
s 

=X 
-dx 

s l+e” 
(m = 1,2,3 ,... ). 

nz 

(A.51 
Here we have used the definite integrals 

= $2’“‘-‘-l)ls,,,, (Ill = 1, 2, . * .), (A-6) 

with the Bernoulli numbers B, = i, B, = -&, B6 = A, . . . . Evaluating the inte- 

grals on the right hand side of (A.5) we can take advantage of the fact that in most 

cases of practical application, the lower limit S is much larger than unity. For a rare 

earth nucleus e.g., R,la z 10. For the nuclei and the deformations studied in this 

paper, we have always R($)/a = S > 6. We can therefore expand and approximate 

them by 

I 
3c 

xdx z I 
2 

s l+e” S 

x”e-“(l-e-“. . .)dx = a!s;-’ c +O(emZS) 
V! 

(S > 1). (A.7) 
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Inserting eqs. (A.5) (A.7) into (A.4) one obtains after 
sums 

evaluating some algebraic 

I, = p,jdQ (-$R”+3(9)+(1+2)!a”+3e-’ 

With the diffuseness parameter d defined by 

we can rewrite eq. (A.8) as 
Cl = (7X2/R,)*, 

I, = p() I i dQ & R"+3(9)+ ‘+ dR; R’+‘(9) 

+ 1(L+ 1)@+2> 7 

6 
G d2R;R’-l(9)+ . . . 

+ (i1+2)! 
2.+3 

&(“+3)R;+3e-S , 

x I 

(A-9) 

(A.10) 

which is exact up to terms of O(e -*‘). We see that for values of i. up to 4, the last 
term in (A.lO) is always several orders of magnitude smaller than the leading terms 
in the region of nuclei considered here. We can therefore neglect it completely (its 
relative contribution to I, is less than 10V4). 

The angular integration in eq. (A.lO) can now easily be performed using the 
orthogonality relations of the spherical harmonics in (A.2). 

The volume conservation condition requires that 

I, = const. = po$nR IL (AU) 

If this is to be true independent of both deformation and diffuseness d, the value of b,, 
in (A.2) has to be 

b, = - $+8:)-td. (A.12) 

Eq. (A.12) is exact up to terms of order d3, pfd*, p,“, . . . . (Thus the terms CK d2, 

#d, af cancel identically!) The value p0 of the central density is determined by setting 
IO, eq. (A. 1 1), equal to the particle number 2 or N. 

For the mean square radius 8* we obtain 

K* = I, = $ZR; (I+ -$3;+j?~)+~d+O(dz)) . (A.13) 
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The multipole moments &, defined by 

(A.14) 

can now be evaluated using the formula (A. 10) with an extra factor Y,(9) under the 

angular integration. For the first two moments we obtain (for protons) 

0, = +z ZR;(&(l + +d) + 0.3608; + 0.9678, P4 
J 

+0.328/3,:+0.023&0.021/3;+0.499&3,}, (A.15) 

0, = t ZR:{/3,(1+ 3d)+(l ++d)(0.72# +0.983&p, 
JrL 

+0.411~~)+0.416/?:+1.656~;~,+0.055/?~). (A.16) 

The first missing terms in eqs. (A.15), (A.16) are of order d2Pi, dzPiPj. (Note that 

the terms cc dpij?, have cancelled identically in eq. (A.15)!) Since d is z 0.06 for 

actinide nuclei, we neglect the quadratic terms in d. The two eqs. (A.15) and (A.16) 

have been used in eqs. (11) and (12) for the case d = 0. 

From these results, one might conclude that the surface thickness clearly affects 

the values of the multipole moments. For d z 0.06, Q, is increased by z 4 % and 

&by z 20% compared to the value with d = 0. However, there is some ambiguity in this 

result. First, it is not clear whether the dependence on d has to be taken into account 

in the volume conservation condition (A.1 1). In the way this has been done above, 

R(9) is for d # 0 not equal to the half-density radius, even for a spherical distribution. 

One might thus as well 32) claim that b0 = 0 for pi = 0. With this, one would obtain 

(A.12.1) 

K2 = $ZR; 1+ 4&l;+/?;)+$d+ . . . 1 I , (A.13.1) 

Q2 = +n ZR~(~,(I +d)+0.360j3; + . . .>, 
J 

(A.15.1) 

0, = -$ZR;{fi,(1+4d)+(l+:a)(O.7258:+ . . .)}. (A.16.1) 

With this alternative way to conserve the volume, even the lowest-order terms in d 

have different factors in front. 

Second, one can argue that the effective mean square radius, which is measured 

experimentally, depends on d. Thus, one might identify it with (following eq. (A.13)) 

& = R:(l + $d), (A.17) 
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and express the moment in terms of it. For o2 e.g., one obtains then 

(A.1 5.2) 

The effect of d on the moment Q, would then be smaller than in the case (A.16). Still 

another expression is obtained by doing the same with eqs. (A.13.1), (A.15.1). 

We are therefore left with an ambiguity in the dependence of the moments on on 

the diffuseness parameter d even to lowest order. This reflects that the deformation 

parameters pi can be defined in different ways. They are not measurable quantities 

but can only be obtained indirectly through relations to the moments Qz. Thus the 

ambiguity discussed above means that they are not well defined to a percentage 

accuracy better than around d. Consequently, the dependence of oA on dis not unique 

and one does not lose anything using expressions like eqs. (11) and (12). 
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