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Abstract: A recently proposed semiclassical method for extracting the smoothly varying part of the
total energy of an independent particle system is applied to a rotating system. Expressions
for the average density distribution, angular momentum, total energy and effective moment
of inertia are given.

1. Introduction

The recent developments in the experimental techniques of heavy ion reactions
at high energies allow the production of nuclear compound systems with large
amounts of angular momentum *). Such experiments open a new dimension in the
study of the nuclear structure which may be appreciably affected by the available
angular momenta 2). An extended discussion of the stability conditions for a rotating
charged liquid drop has been given recently by Cohen et al. ®). Such a model is
able to describe on the average the balance between nuclear, Coulomb and centrif-
ugal forces. For a more detailed description of nuclear shapes and stabilities, one
has to include shell effects, as is known e.g. in connection with the fission process
[see e.g. ref. *)].

For non-rotating nuclei, a quantitative description of the shell structure energy
(““shell correction™) in terms of shell-model single-particle levels has been success-
fully introduced by Strutinsky ). A generalization of Strutinsky’s idea of renormal-
izing the average part of the shell-model energy by the liquid drop energy to the
rotating case is straight forward using the cranking model ¢) for the rotating
independent particle system. Calculations along these lines are in progress in
different groups 7~ ?).

t Present address: Physics Department, State University of New York at Stony Brook, New
York 11794, USA.
1t Permanent address.
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In some earlier calculations *%'!) of deformation energies for nuclei with angular
momentum larger than zero, the effect of the rotation has been included in a pertur-
bative way by writing the total energy as

E(J) = E(J = 0)+h2 J(J+1)2.2, (1.1)

where E(J = 0) is the usual sum of liquid drop energy plus Strutinsky shell correc-
tion, and £ is the cranking model moment of inertia. For large angular momenta J,
eq. (1.1) becomes less valid since it only contains the first two terms of an expansion
of E(J) in powers of J(J+1). Furthermore, the renormalization to the liquid drop
average energy is not done consistently here, since it has only been applied to the
non-rotational part of the energy.

A more consistent treatment *?) of the shell effects is to evaluate the total single-
particle energy by exactly diagonalizing the cranking Hamiltonian and to extract
its smooth part which then automatically also contains the average rotational energy.
This smooth part of the total energy might be found either by a numerical averaging
of the single-particle spectrum, as proposed by Strutinsky °), or by the method
described below.

In this paper we shall not discuss the shell effects, but focus on the average parts
of the total single-particle energy and the angular momentum in a rotating one-body
potential (no correlations taken into account). We shall derive analytical expressions
which allow the study of the limits within which the average moment of inertia is
given by its rigid body value.

We have already presented some preliminary results !*). Here we want to give the
details of our calculations along with some applications. Our method is based upon
an idea originally proposed by Bhaduri and Ross '*) for the extraction of the
average single-particle energy in some infinite model potentials. An extension **)
of this method which has been applied also for realistic finite depth potentials *°),
makes use of the so-called Kirkwood expansion of the partition function, alrcady
developed '7:'®) and used in molecular physics !?) along time ago. This semiclassical
expansion provides an extension of the Thomas-Fermi model, giving all smooth
quantal corrections to the energy, and is therefore an alternative for the energy
averaging method of Strutinsky *).

In the following we present the semiclassical method for the general case of a
single-particle Hamiltonian with an external constraint (sect. 2). We then derive the
Kirkwood expansion for the cranking Hamiltonian (sect. 3) and give expressions
for the average single-particle energy and the total angular momentum in terms of
a smooth local shell-model potential (sect. 4). Finally, in sect. 5, we apply the
results to some simple model potentials in order to estimate the order of magnitude
of different terms, and discuss the problem of stability in a finite depth potential.
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2. Total energy in the independent particle model with a constraint

We first derive the relevant formulae for the total energy in the independent
particle picture. We start with a one-body Hamiltonian

2
H=T+V=—~lvﬂvoy (2.1)
2m

where we assume V(r) to be an arbitrarily deformed average shell-model potential
(e.g. Nilsson-model or Woods-Saxon type). We want to include a constraint on the
expectation value of some one-body operator F:

F = (F). (2.2)

This means that we have to solve the constrained Schrédinger equation with the
Lagrange multiplier p

H, ¢1(r) = (H—kE)$i(r) = shgi(r). (23)

The lowest energy for a system of N particles is then given by filling the N lowest
eigenvalues & and has the value

E = (H) =i;a$‘+uF. 24)

(Note that the energy is the expectation value of the unconstrained Hamiltonian
and therefore the constraint energy uF has to be added to the sum of occupied
levels &/') In general, when H and F do not commute, the ¢¥(r) are not eigenstates
of either of these operators; the expectation value of F may then be written as

N N
F =3 | $0F st = ¥ 7 2.5)

We want now to express the above quantities in terms of the single-particle
partition function Z,(f). We first define the density of single-particle levels &} as

gu(e) = X o(e—ef). (2.6)
The number of particles is given by
2
N = J.g,,(e)de; 2.7)
(V]

this equation determines the Fermi level 4. (We have normalized the bottom of the
potential well ¥(r) to zero energy.)
The partition function Z,(B) is obtained by a Laplace transform of the level

density g,(¢):
Z,(B8) = L[g,e)] = fo g,,(s)e""ds = Ei:e"““. (2.8a)
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Since the trace of a matrix is independent of its representation, we may write
Z,(B) = 3, Cile™ iy = tre™ P, (2.8b)

The partition function Z,(f) is defined for any complex § with Ref > 0. The inverse
Laplace transformation #~* of Z,(B), defined by a complex contour integration
[see e.g. ref. 29)], leads thus back to the level density:

c+ioo
2O = = [ 2@ = 0,0) 29)
(Here ¢ may be any small, real number.)

We can easily derive all relevant quantities from the partition function (2.8).
Hereby we use the fact that an integration over the energy variable ¢ (e.g. in eq.
(2.7)) is equivalent to dividing the Laplace transformed quantity by g [see e.g. ref, 2°)].
In this way we can express the quantities E, F and ¥ in terms of inverse Laplace
transforms &~ !:

E-— - [% 5‘% z,‘(ﬂ)le, (2.10)
F= ;;z’“ L% Z,‘(ﬁ)l, (2.11)
N=2 G}Z,‘(ﬁ)]l, (2.12)

where the index A means that we have to take the Laplace inverted functions at the
value ¢ = A. In deriving eq. (2.11), we have also made use of the identity

itr e4+sl = tr [BeA+sBJ’

-~

cs

which holds for any pair of operators 4 and B. It can easily be proved by Taylor
expanding the exponentials and using the fact that the order of operators under a
trace may be permuted cyclically.

Eqgs. (2.10)-(2.12) completely determine the quantities E, F and N as functions
of the Lagrange multipliers A and x. By eliminating 2 and u from these equations
we obtain the energy E as a function of F for a system with N particles. It is easy
to see that for fixed ¥

dE/dF = p. (2.13)

The idea of the approach of Bhaduri and Ross '*) is now to insert a semiclassical
expansion of the partition function Z,(8), valid for small B, into egs. (2.10)-(2.12)
and to perform the inverse Laplace transforms term by term. The first terms of the
expansions obtained for £, F and N in this way are finite and constitute the smooth
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parts E and F which vary slowly with the nucleon number N and the deformation
of the potential ¥(r). These smooth quantities are then used to define the shell
corrections E = E—E and 6F = F—F.

In ref. 2°) it was shown (for u = 0) that for a real, infinite potential the method of
expanding Z(B) for small § and Laplace inverting the first few terms of the expansion
is equivalent to the usual energy averaging method of Strutinsky °) using a Gaussian
averaging function. [For a harmonic oscillator potential, this may be seen directly,
since the energy averaged quantities can be worked out analytically in this case %%)
and are identical to those found by the Laplace inversion method !*).] The practical
difference between the two methods of obtaining the average results lies in the fact
that the one presented here can be used even if the spectrum of ¥(r) is unknown.

In fact, the partition function can be expanded in the high temperature limit (i.e.
for small B), as derived a long time ago by Wigner !7) and Kirkwood '8) (for the
case without constraint, 4 = 0), in the following way:

Z(f) = tre P = }%fdspdere—ﬁ"CL(p"){l+X1fl+th2+ cope (214)

Here H"(p, r) is the classical Hamilton function
HY(p, r) = p*2m+V(r), (2.15)

and ¥(r) is any smooth local potential. The quantities , in eq. (2.14) are functions
of r, p, and B and depend on the first » derivatives of the potential V(r). (It is
assumed that these derivatives exist and are finite.) As noted in ref. *), the first
term in eq. (2.14) yields the well-known Thomas-Fermi result. Semiclassical correc-
tions to it come from the terms containing x,, x4, €tc.; the integrals over the odd
terms y,, ¥3, . - . vanish. Explicit expressions for the semiclassical partition func-
tion up to the fourth order term (x,) may be found in ref. *8); for expressions for
the smooth level density g(e), the particle number N and the smooth energy E
(all for u = 0), we refer to refs. 13 16). The earlier results !*~16) demonstrate that
the contributions from the expansion (2.14) to the average energy in the case
g = 0 are very well converged if one includes the first three terms (i.e. up to x4)
only.

Strictly, the r-integration in eq. (2.14) converges only if the potential goes to
infinity at large distances. However, as shown in ref. 1°), one may use the same
expansion also for finite potentials by adding an auxiliary external potential which
goes to infinity but has negligible effects on the bound state region and the results
discussed below. In fact, the method has been successfully applied for a realistic
Woods-Saxon potential ¢).

The Kirkwood expansion (2.14) can in principle also be found for a constrained
Hamiltonian, as soon as the constraining operator F is specified. We shall derive
this expansion in the next section for the case where F is a component of the angular
momentum operator.
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3. Semiclassical expansion of the partition function for the cranking Hamiltonian

We consider a system of N independent fermions bound in a smooth, local
potential ¥(r)! which rotates around some axis with an angular frequency w. This

leads to the well known cranking Hamiltonian ¢)
hZ
H,=H-ol.= — -2—V2+ V() —ol.. (3.1)
m

We have, without loosing generality, chosen the z-axis as the rotation axis; no
special symmetry is assumed for the potential V(r).
In order to find the semiclassical expansion of the partition function

Z,(B) = tre”PHe,

we write the trace in a plane wave representation for spin-} particles
1 3 - i . -— w i h .
Z,(B) = P zs:fd p.[d3i'u:e (iR re=bHopliMp ry (3.2)

Here u, is a spinor which is eigenfunction of the Pauli spin operator a,:
ol = SU; s = +1.

We perform first the summation over s in eq. (3.2). Writing the total angular momen-
tum operator J, explicitly as

J.=L.+}ho, = —ih[rx V] ,+3ho,,
we can use the fact that ¢, commutes with the total Hamiltonian H,,. With

s

e«}phwozus — e}pﬁwsus

we find after summation over s

Zw(ﬁ) = 2 cosh (&Bhw)zorb(ﬁ) = Za Zorb s (33)

where Z_(8) contains only the orbital part of angular momentum
—pH - 1 ~(ifhyp 7. ~B(H =L,y (i/h)p -
Zon(B) = tre PE0L) Pfdspjdsre (i/hp v o ~BH-OL:) (/WP r (3.4)

To find the action of the operators on the plane wave in eq. (3.4), we proceed now
exactly in the same way as in refs. '8 !®). We make the following ansatz:

d)(ﬁ, ; P, r) = e BH-OL)liiMp v _ c—ﬁ(HC"~szCL)e(i/h)ﬂ'rx(ﬁ, w; p, r)’ (35)
where H"(p, r) is the classical Hamilton function (2.20) and LS" the z-component

t With “smooth” we mean here that all the derivatives of ¥(r), which occur in the following
expansion, do exist and are finite.



270 M. BRACK AND B. K. JENNINGS

of the classical angular momentum, i.e. in Cartesian coordinates
LY = xp,~yp,. (3.6)
The function ¢(B, w; p, r) in eq. (3.5) satisfies the Bloch equation ')

-

(Y

--¢ = —(H-olL.)p, (3.7)
op
with the boundary condition
lim ¢(B, w; p, r) = eiPP°r, (3-8)
B0

Inserting the right-hand side of eq. (3.5) into eq. (3.7), we find the following
differential equation for the function x(8, w; p, r)

2—; = —ih [r% (p-VV)x— i(p V)= Ba(l, V)x—po’(r, - P)x+w(lzx)}

2
+ 5”"—1 [B(VV Yoy = BV2V )y 4 B oA (VIS + ¥y

—2B2w(VV - VL)x—2B(VV - V) +2B0(VLS - Vy)]. (3.9)
Here, r, is the radius vector perpendicular to the rotation z-axis
o= (up0),  rl=x4yd
and the symbol /, is defined by

f Y

L1(r) = x‘;—y L. f(r).

_ 1
ox h
The solution of eq. (3.9) can in general not be given in a closed form. It is, however,
possible to make an asymptotic expansion of y of the form

X =Xothy +h 1+ .. .. (3.10)

Inserting this series into eq. (3.9) and collecting the coefficients of each power of 4,
we can successively determine the y;. From eq. (3.5) and (3.8) we see immediately
that

Xo = 1.

The ansatz (3.10) seems to imply an expansion of x in powers of k, whereas the goal
is to obtain an expansion of Z(B) valid for small 8. However, one may as well solve
eq. (3.9) by expanding y in powers of . Regrouping the terms obtained in this way
according to powers of # leads back to the terms g, z,, . . . of eq. (3.10). Thus the
expansion (3.10) can be considered as a tool to obtain the high temperature expans-
sion in a well converging manner; the analyticity of y as a function of A at & =0
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is not required. [As a function of f, y is certainly well behaved at f = 0, sce eqgs.
(3.5) and (3.8).]
The explicit result for x, is

0(B, o; p,r) = 3ip? l:— é(p V) +o(l, V) + o0 (r, - p):l . (3.11)

We do not here explicitly write down ¥, which consists of thirteen different terms;
its contribution to Z () is given below. We have thus

Z,(B) = ’%stpfd3"e—m"CL—“’L’CL){l +yh+ ki + ) (3.12)

The integrations over the three components of the momentum p in eq. (3.12)
can be done analytically for all terms. Hereby it is useful to substitute

Px = py—moy,
p, = p,+mox.

After this integration, the three terms in y, (3.11) cancel each other. This has to be
so for all odd terms yx,, x3,. .., since they all are imaginary, whereas the partition
function has to be real.

After the p-integration the classical partition function becomes equal to

1 (2m\* _ -
290 = 22 = 1 () s [arrermran 513
® =(G3) 8 (3.19)
Here we have already included the spin factor 2 which comes in lowest order from
expanding the function Z,(B) in eq. (3.3). The effective potential ¥ 4(r) in eq. (3.13)
is defined by

Vee(r) = V(r)—imw?r? = V({r)—im[o xr]. (3.14)

We see that the correction to the potential V(r) in eq. (3.14), caused by the
rotation, is just the classical centrifugal energy. This term can be directly obtained
in classical mechanics by the transformation to a rotating frame.

We can thus easily obtain the classical (Thomas-Fermi) part of the smooth energy
by replacing V(r) by V(r). There is, however, no reason to believe that this
“‘minimal substitution’’ leads to correct results for the semiclassical corrections to
Z,(B). Indeed, we will see this is not the case.

The thirteen terms which one obtains for y, from egs. (3.9)-(3.11) can after the
p-integration all be collected into the following contribution to Z,,, (B):

2 =1 (2m\* [ 5 v 2
228) = =5 (32 [@rer=opuiv s vy G19)

It is interesting to note that all terms in x, that contain I,¥(r), which is equal to
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(i/h)[L., H] and vanishes only for axially symmetric potentials, cancel each other
identically in the result (3.15). There appears thus in the partition function Z,(8)
up to the second order in its semiclassical expansion no extra contribution for
nonaxial potentials. It is not clear whether this holds also for the higher order
corrections (¥4, Xe, - - - )-

We did not go through the lengthy task of evaluating the y, contribution for the
present rotating case. (Already for w = 0, y, contains 36 terms; for w # 0 it will
contain several hundred!) It was shown recently ') for the case w = 0 that the
contribution from , to the total energy E is of the order of ~ 1 MeV for a realistic
spherical Woods-Saxon potential and varies only little with nucleon number N. For
a harmonic oscillator potential, the corresponding term is only a fraction of 1 MeV.
We will furthermore, in sect. 5, give this term for w # 0 explicitly for an axially
symmetric harmonic oscillator for which it can be obtained more directly. We will
sce there that the inclusion of the rotation will make this term even smaller, so that
it can be neglected completely.

In order to collect consistently all terms of order 47 relative to the classical part
of Z,(B), we have to expand Z, in eq. (3.3) [i.e. the function cosh(3fhw)]. This
gives the spin contribution

%
Zf(ﬂ) = I&l_* (‘%’;—1) mwzﬂifdhe‘ﬂnu(r)' (3.16)
T

Adding the two expressions eqs. (3.15) and (3.16) gives the second-order term of
the total partition function

ZY(p) = % (:;Lf)* f d3re BV BAV2Y (r) — 28 mw® — 3BH(VV.g)*]. (3-17)

For @ = 0 this reduces to the result given by Kirkwood '#). Eq. (3.17) can, however,
not be derived from the latter result simply by replacing ¥(r) by V (r). As mentioned
above, this is only possible for the classical term.

We can further simplify the result (3.17) applying Gauss’ theorem to the integral

f V- [(VVie(r))e™ 8V e 0]d3r. (3.18)

Since the vector field in the brackets of eq. (3.18) vanishes on the (infinite) surface
|r] = oo, this integral gives zero and we find from it

B f d3re MV (YY, (r)? = fd3r e BVerrIy ().

Inserting this into eq. (3.17) and noting that

V() = VIV (r)—2mo’,
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we obtain
Z2(B) = —L (@)*ﬂ*'[d3re""V=“<"[V2V(r)—maf]. (3.19)
¢ 48n% \n?
The semiclassical partition function Z,(8) is thus, up to the order of the y,
term, the sum of eqs. (3.13) and (3.19):

41n (h )‘} -‘f ren e { 42 v i
Z.(p) = — B~ ) dre et {1 r)—mw ] . (3.20

4. Results for energy and angular momentum

By inserting the expression (3.20) found for the partition function into egs.
(2.10)-(2.12), we can now find the smooth parts of the total energy E and the
angular momentum M. The inverse Laplace transforms, which may be performed
under the spatial integrals, can readily be found in standard tables [see e.g. ref. 2°)].
The exponential exp[— BV, (r)] gives always an extra factor

~ _ft o for A= Vlr)
SR 0 A 4]

This means that the spatial integrations are in each direction automatically limited
up to the classical turning point r; defined by

A= Veu(ry). (4.1a)
For this restricted integration we use in the following the notation
ra
[@rs0) = [@rseon-vaen. (4.1b)
0

The smooth part of the level density g,(E), eq. (2.6), is then

9ulE) = = (‘%)%f CEHE - Vo)) {1+ L V’V_('-_me_z} (
o 0 (E<0) o

0 96m [E—Ver(r))*
For the particle number N, the angular momentum M and the energy E, we find

1 (zm)% f S V)] {1_ L V_ZL’(_')___""“’z}, (4.3)

LAY

E 2 0)

0 32m [A~Vul()]?
3 pra 2 Q20— e
M= 2% (20) @ npp- v |1 2 VY O—me
3n® \h 0 32m [A-V(r)}?

L om (2’")* f P A~V (44)

1272 F 0

3 3 pra 2 2 . 2
E = IN+toM— 12 (2’:1) f dsr[l*chf(')]* !2 - _h__ _V_.M_: . 4.5)
In® \na ) 5 16m [A—Vu(n))?



274 M. BRACK AND B. K. JENNINGS

We can rewrite these results in a different form by introducing the semiclassical
density distribution p(r). This quantity can, as discussed by Jennings and Bhaduri
[ref. !%)], be derived from the diagonal Bloch density

O, B) = 3 192,

for which the same semiclassical expansion can be used as the one derived above
for the partition function. In our case we obtain

A (2 L [ B[V -dme? o [V(n)]
A(r, ) = 3n2(h2)[' Verl?) {1 lém[[z—v,«(r)]z i 4[A—Veff(r>]°]}
0 (r>ry) (rsr) (49)

As already mentioned above, the leading terms in egs. (4.3)-(4.6) are the well
known Thomas-Fermi (TF) expressions in a rotating frame. Remembering that
we have neglected contributions of order A* relative to the TF terms, we can rewrite
the energy E. [The singularity of 5 (4.6) at the turning point r, disappears in all
integrated quantities; see also the discussion in ref. **).] We find
[ [VB(r )]’

[ﬁg(r, w)d’r+ — | =222 d’r+ joM.

— hZ
E =JV P)p(r, 0)d’r +3(3n%) ——
(0, )E*r +337)° 2 e

o

4.7)

The first two terms in eq. (4.7) are the usual TF expressions for the potential and
kinetic energy, respectively, if p(r) is replaced by the pure TF density. Here,
they also contain higher order corrections due to the definition (4.6) of p(r, ®).
The third term in eq. (4.7), which sometimes is called the Weizsicker term [see,
e.g., ref. 22)], contributes only to the second order. The last term has the form of
the classical rotational energy, but it does not contain all of the rotational energy
due to the w dependence of the other terms through p(r, w). In fact, there seems
not to be a simple way of separating the rotational energy in a closed form for this
general case. (Only in an expansion around @ = 0 can this be done; see below.)

In classical physics, the angular momentum M is proportional to the rotational

frequency
M=0f, (4.8)

where _# is the moment of inertia of the rotating body. It is a well known result 2*)
that in the TF approximation, the relation (4.8) is fulfilled also for a rotating system
of independent particles, whereby _# is the so-called rigid body moment of inertia
defined by

Fre = mfd’rrip(r), 4.9)

if the potential ¥(r) does not depend on the momentum p. In eq. (4.9), r} is the
squared distance from the rotation axis, as defined above, and p(r) is the density
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distribution of the nucleons. Inserting p(r), eq. (4.6), into eq. (4.9), we obtain
easily the semiclassical part Zgg of the moment of inertia. As we see from eqs. (4.4)
and (4.6), the leading (TF) term of M obeys indeed the relation (4.8). This is no
longer true if the semiclassical corrections are included. In fact, one obtains after
some manipulations

M= o Fop— me (2m)

1 (ra
o (20 [ v (4.10)

¢

With eq. (4.2) for the smooth level density we can write up to the included order
of h

M = wjef[ = w[jkn—i%hz_m(l)]- (4.11)

The deviation from the rigid body moment in eq. (4.11) is relatively small; for
medium heavy nuclei, it will be less than one per cent of the total value of £ .
At large rotational frequencies, this might, however, change M and E by non-
negligible fractions.

Eq. (2.13) for the rotational case is the following canonical relation

dE/AM = o, (4.12)

which holds true both for the exact quantum mechanical quantities E and M and for
the average quantities given above, eqs. (4.7) and (4.11). Using egs. (4.11), (4.12)
and the fact that the energy E (4.7) is an even function of w, we find its expansion
for small angular frequencies

E((D) = E(O)'*'}wzjet‘f +O((D4), (413)
or, respectively, for small values of the angular momentum
E(M) = E(0)+h*M?[2 7 4 +O(M*). (4.14)

Thus, the term $wM in the exact expression (4.7) for the smooth energy E contains
all contributions of order w? or M2, respectively.

5. Applications to simple potentials
5.1. THREE-AXIAL HARMONIC OSCILLATOR POTENTIAL
For the potential
V(r) = im(w?x*+oly*+w?z?), (5.1)
all the integrals in the results of sect. 4 can be evaluated analytically. Choosing
again the z-axis as rotation axis, the effective potential eq. (3.14) has the form
Ver(r) = im[(02 — 0?)x* +(0? — 0?)y? + 0?2?]. (5:2)

We see from this, that the effect of the rotation is to reduce the oscillator frequencies
perpendicular to the rotation axis. The ellipsoidal shape of the potential is thus



276 M. BRACK AND B. K. JENNINGS

stretched away from the rotation axis. We define the modified oscillator frequencies
as

o, =Joi-0? o= Jol-o (5.3)

If the rotational frequency w is larger than either w, or w,, the potential V(r) is
no longer attractive in the corresponding direction. We thus have to restrict @ by
requiring

o < min(w,, w,). (5.4)

Physically, this is evident; the single-particle motion perpendicular to the axis of
rotation cannot be distinguished from the collective rotational motion if the two
corresponding frequencies become comparable.
From eq. (3.20) we find with this potential the following partition function:
2
2 {—1—3 L (w? +wf+wf—w2)} . (5.9)
B> 24

From this we find immediately up to the second-order terms

’
o, 0,0,

- P -pR e el el -, 59)
3w, w0,
= 1_2;13_?)3——'—3— {;.4(60;2+w;z)—‘ii.zhz[w;4+w;4+(w;2+w;2)(w:2+w2)]}, (57)
o 0o,

E-_ L {x* [1+—3‘—w2( L. 12)]
dh’w,w, 0. 0 o,

¥y

2 I¥3
—1:’n? [(w§+w,2+wf)+w2 <(w:2+w2)( 1,2 + 1,2) + (Qf—z + w_.f2) - >]}
0y o, W, o
(5.8)

It might be interesting to note that the term [¥(r)p(r)d’r in the general expression
(4.7) of E gives exactly one half of the total value E in eq. (5.8). For the case
w = 0, this is just the usual virial theorem for the harmonic oscillator.

In order to obtain the energy E as a function of angular momentum M, one has
to eliminate the parameters A and @ from the above equations. The Fermi energy 4
can easily be found by solving the cubic equation (5.6). Since the neglected higher
order terms in the expansion of the partition function do not contribute smoothly
to N in this case (see subsect. 5.2 below), the quantity A found in this way is the
exact semiclassical Fermi energy. Expanding it in powers of N* and inserting into
eqs. (5.7) and (5.8), one obtains expansions of M and E in decreasing powers of N*.
The angular frequency @ cannot be eliminated analytically. This may, however,
easily be done numerically on a computer.
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5.2. AXIALLY SYMMETRIC HARMONIC OSCILLATOR

For the special case where w, = w,, i.e. when the potential is symmetrical around
the rotation axis, one can evaluate the partition function exactly. Putting

W, =, = v,
in eq. (5.1) the eigenvalues of the Hamiltonian H,, (3.1) are

Emmas = B (2p+ A1+ 1) +ho (n+3)—ho(A+s), (5.9)
whers
p=012..., n=012...,

A=0,+1,42,..., s=}

A being the eigenvalue of the operator L,. It is convenient to introduce a defor-
mation parameter g as the ratio of the two oscillator frequencies

q = w,lo,. (5.10a)

For g > 1 we have prolate and for ¢ < 1 oblate ellipsoids. The volume conservation
condition leads to

wlw, = w) =const; ©, =w,q*; w.=wyq % (5.10b)

We also introduce the ratio v between the rotational frequency  and the perpen-
dicular oscillator frequency @, :

v = wjw,. (5.11)
The partition function Z,(8) can now be summed exactly

Zy(p) = TE T T el

= } cosh (3Bhw){sinh (3hw,) sinh [3h(w, + w)] sinh [3fh(w, —w)]} 1. (5.12)

Note that Z,(B) is only defined for @ < w, [as in the case above, cf. eq. (5.4)]. By
expanding the hyperbolic functions in eq. (5.12) into power series in B, one finds
easily the semiclassical expansion of Z,(f) and from it the smooth values of N,
E and M. We do not write down the results which are simply obtained by putting
o, = 0, = o, in egs. (5.5)-(5.8) above. However, we can easily also get the next
order term (containing y,) which we did not work out in the general case. The
next term in Z,(B) is

Bhw, q*

Za(f) = 2880(1—+?)

[24 420972+ 7 % +v}(4—10g" 2 =21v?)],  (5.13)
where ¢ and v are defined by egs. (5.10a) and (5.11). Since the inverse Laplace
transform of B* with n = O diverges, the Z2 term gives no smooth contribution to
the level density §,(E) and to the particle number N. It contributes, however, to M
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and E the following smooth terms which are independent of the Fermi energy 2

ho

= 4200, (28+10g72+7q~* —42v* +21v*), (5.14)

M,
"hwoq}

E4 = —-—'—2—‘
2880(1 —v*)

(24420972 +7q~*—v*(76+50q "% +21q" %)
+v*(59+10g %) -21v%].  (5.15)

By inserting reasonable values of ¢ (¥ 5 ¢ S 3)and v (v £ 1) and using

hw, ~ 41 A7 MeV,

we find that the numerical value of E, is always less than ~ 0.5 MeV; for small
deformations (g =~ 1) it is less than = 0.15 MeV even for light nuclei. Similarly,
M, is always much less than one unit of #. Thus the contributions E, and M, may
well be neglected in practical applications. This can also be expected for more realistic
potentials. As already mentioned earlier, the term E, for a spherical Woods-Saxon
potential (at w = 0) is of the order of ~ 1 MeV (adding up both proton and
neutron contributions) and is nearly independent of the nucleon number '°).
Furthermore, the sign of the v? contribution in eq. (5.15) for the harmonic oscillator
is such that the absolute value of E, is lowered for not too large values of .

5.3. FINITE BOX POTENTIAL

For a potential with finite depth, the nucleus becomes unstable and starts loosing
particles when the centrifugal energy at the surface becomes comparable to the
binding energy of the last nucleons. This leads to a critical angular frequency w
which may not be exceeded for the nucleus to remain stable.

We will in the following give a crude estimate of this stability condition for the
simple case of a finite box potential with cylindrical shape which rotates around its
symmetry axis. We define the potential in cylindrical coordinates p, z:

< <
L S
The volume conservation requires
2nab® = const = 2R, (5.17a)
and we define the deformation parameter g
g=alb—>a=q'Ry; b=qg R, (5.17b)

Although the formalism described in sect. 3 does not apply for such a step-like
potential, we may use the Thomas-Fermi result which does not depend on the
derivatives of V(r).

The critical frequency w, is reached when the centrifugal energy at the distance
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v(g)
A+ %mmz 32

V. L
° \ _—-1ts 8
s e
0 3,

0 b= R’

Fig. 1. Finite box potential in the direction p perpendicular to the rotation axis. The dashed line
shows the centrifugal energy, added to the Fermi energy A.

p = b from the rotational axis reaches the separation energy S = V,—2 (see fig. 1)
Imw?b? =S = Vy—) >0, (5.18)

Before we can determine w., we have to consider that A depends on w. Using the
fact that the separation energy is much smaller than the depth of the potential,
we may expand eq. (4.3) in powers of the small quantity $mw?p?/A and obtain after
integration

%
N = C(A +3maw®b*a?); C = 2 (2—';’) R}. (5.19)
3z \n
Thus, we find
A= Lo—imw?b?; Ay = (N/C). (5.20)
From egs. (5.18) and (5.20) we find then
w, & 2V So/mb?, (5.21)

where
So = VO_;‘07

is the separation energy for the nonrotating system. Calculating the moment of
inertia #yg, €q. (4.9), in the same way to lowest order, we obtain the critical angular
momentum

— 2 1 S
M, = o, Fu(0) ~ 22 (2—"’) ab? V—S— (5.22)
3n \K? m
and with eqgs. (5.17a, b):
M, o< Ryg™*yS,. (5.23)

Rather than taking the absolute value of M, too serious in this simple model, we



280 M. BRACK AND B. K. JENNINGS

assume that the dependence of M, on the total nucleon number 4 might be described
reasonably well. Assuming S, to be a constant (which would be predicted by this
model) and using R, oc A* (with 4 = 2N), we find that M, goes like

M, o 4%, (5.24)

The exponent 5 in eq. (5.24) is an upper limit; the neglected higher order terms in
w? tend to lower it. Furthermore, if we try to fit the experimental neutron separa-
tion energies [e.g. given in ref. 2#), p. 193] we find roughly (for N = 20)

S ~ 0.29 MeV/N?3,
which would lead to
M, oc As

This is the same 4-dependence as was found for the critical angular momentum in
the calculations of Cohen et al. *) from the condition of stability of a rotating
liquid drop against fission. Eq. (5.23) also shows the deformation dependence of
M., saying that oblate shapes are more stable than prolate ones. Of course, one
should include the Coulomb energy and realistic shapes in order to give more
accurate estimates for M.

5.4. EFFECTS OF A VELOCITY DEPENDENT POTENTIAL

We have not discussed so far how to treat velocity dependent potentials as e.g.
the spin-orbit potential which should be included in realistic calculations. For the
rotationally symmetric harmonic oscillator case discussed in subsect. 5.2, the diag-
onal part of a term —«l-s, namely —kAs, can be added in a straightforward
way in eqs. (5.9) and (5.12). This is, however, dangerous since the off-diagonal
parts cannot be controlled in this way. A more exact and general way to include
the spin-orbit potential is discussed in ref. 2%).

We shall limit ourselves here to a short investigation of a term which is a scalar
function of the velocity (and the coordinates) but which is independent of spin.
Since we want to make only some qualitative remarks, we restrict ourselves further-
more to the classical part of the partition function which leads to the Thomas-Fermi
approximation.

Let us include in the Hamiltonian an extra term

H' = f(r, p).
It is easy to see that this term will cause the effective moment of inertia £ to be
different from the rigid body value _#gg, even in the Thomas-Fermi limit. The
classical partition function is now

250 = L[@r [epew -4 [ cv-erasen]), 529

m
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which after the p-integration (with a suitable substitution) will have the form
ZS,L(ﬁ) ocjd% e~ FlVerc(r) +g(r, w)]’

where the function g(r, w) depends on w as well as V (r) (see eq. (3.14)). In
calculating the effective moment of inertia

Feg=~—M=— P Z! [ﬁiz Z"’(ﬂ)]z’ (5.26)

we get therefore an extra contribution from the derivative of g(r, @) with respect
to , in addition to the one of ¥ (r, @) which gives the rigid body moment (4.9).
As an example, we want to consider a term

Sf(r,p) = —pl® = —u(rxp), (5.27)

as is used in the Nilsson model [see, e.g. ref. 26)]. The p-integration in eq. (5.25)
can be performed analytically and leads to the result

1 (2m\* _ m*(r) _pye
Z8p) = — (_) *J-dsr———— ¢ PV ), 5.28
Q 4nt \ 2 p m (5:28)
where
Var) = V(r)—im*(r)o?r? (5:29)
and
m*(r) = m[(1 ~2umr?). (5.30)
The moment of inertia (5.26) is then
Fete = fd3r m*(r)rl p(r, @), (5.31)
with the density distribution
3 *
or) = -5 (27) vy 0. (532)
3n° \h m

The quantity m*(r) eq. (5.30) plays thus the role of an effective mass with respect
to the rotational motion. Since the rigid body value #gp is defined by replacingin
eq. (5.31) m*(r) by m, we see that the deviation of _# . from #gp is just due to the
variable effective mass m*(r). Although p in eq. (5.27) is quite a small parameter,
this deviation can be rather large. In fact, when inserting in the above equations
a harmonic oscillator potential for ¥(r) and expanding in powers of u, one finds
that the lowest order (i.e. the linear) term in u leads to a deviation

4] Fre = (Fete— Fra)l Fre = 40%,

in a medium heavy nucleus. However, a part of the effect may be cancelled when
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subtracting the average part of the term —ul? in the Hamiltonian within each main
shell, as it is practised in the Nilsson model ?¢). Furthermore, the expansion in
powers of u converges very slowly and higher order terms in u must be taken into
account, which makes the calculation rather complicated.

A more detailed discussion of this effect of the — ul? term on the effective moment
of inertia and a comparison with exact quantum mechanical calculations 8) will
be published elsewhere.

6. Summary and conclusions

The semiclassical method of extracting the smoothly varying part of the energy
of an independent particle system, proposed by Bhaduri et al. = 1¢), has beenapplied
to the case of a rotating average nuclear field. The partition function for the cranking
Hamiltonian was expanded up to second order in a power series in #, and from it
the average nuclear density, angular momentum and total energy of the system were
calculated. The effective moment of inertia has been found to differ slightly from
its rigid body value when the semiclassical corrections to the Thomas-Fermi approxi-
mation are included. Larger deviations from the rigid body value are found, even in
the Thomas-Fermi limit, if a velocity dependent term is present in the potential,
like e.g. the —ul? term of the Nilsson potential. The expression found for the total
energy reduces in the limit of no rotation to the result found earlier from the
extended Thomas-Fermi model 2227). The stability of the system against emission
of particles has been estimated for a finite box potential.

These results might be applied, using realistic shell-model potentials, in an exten-
sion of Strutinsky’s shell correction method * *) to nuclei with nonzero angular
momentum. In this method, the average part of the single-particle energy sum is
usuaily obtained by an energy smoothing of the level spectrum * 5 ?8). This energy
averaging has been shown to be cquivalent to the semiclassical method used in this
paper for the case of infinite potentials *®). An extension of the averaging method
to the rotating case should therefore be possible for infinite potentials like e.g. the
Nilsson potential, and should lead to the same results as we have given analytically
in this paper.

In the case of a finite depth potential, the usual Strutinsky averaging procedure
with an infinite range (e.g. a Gaussian) smoothing function leads to some slight
ambiguitics due to contributions from the continuum region # 28), By comparison
with results of the semiclassical method, where one does not have this problem,
it was recently shown that for a realistic Woods-Saxon potential these ambiguities
do not amount to more than 1-2 MeV deviation between the total average energies
[ref. 16)]. A modified averaging prescription which is more adequate for finite depth
potentials has recently been proposed by Strutinsky and Ivanjuk 3°). There a finite
interval is used, including only bound states. The results of ref. *°) indicate an
overall accuracy of the average energy of better than ~ 1 MeV. Applied to the
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rotating case, we can thus expect this method to yield results of a comparable
accuracy to that of our results presented above, where we neglected terms (the E,4
contributions) of the order of < 1 MeV. A technical advantage of the semiclassical
method is that the cigenvalue spectrum of the cranking Hamiltonian H,, need not
be known if one wants to study only the average energy E, as we did in this paper.
(In realistic cases, the numerical diagonalization of H, especially for @ # 0, is
rather time consuming.) Of course, for calculating the energy shell correction one
has to know the spectrum in either case.

We have not discussed in this paper the Coulomb and spin-orbit potentials which
should be included in realistic calculations. The Coulomb potential causes no
problems and can be thought to be included in ¥(r). The spin-orbit potential, which
can be added in a perturbative way, has been treated in a separate publication 2%).

The authors are indebted to R. K. Bhaduri for his interest in the problem and for
many helpful suggestions. We had stimulating discussions also with A. Bohr, 1.
Hamamoto, P. Janecek, G. Leander, B. Mottelson, S. G. Nilsson, P. Quentin and
Z. Szymanski. We thank V. Strutinsky for valuable suggestions for clarification of
the manuscript. The hospitality at the Niels Bohr Institute and the financial support
from the Japan World Exposition Commemorative Fund (M.B.) and the National
Research Council of Canada (B.K.J.) are highly acknowledged.
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