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Abstract: Starting from a variational equation for the grand canonical potential, the density profiles of
metastable hot nuclei are calculated; the boundary conditions correspond to zero external pressure.
The solutions are compared to the case of a nucleus embedded in a gas at finite pressure. The
evaporation of neutrons from the hot nuclei is investigated, the evaporation lifetimes are smaller
in the metastable case, where no external pressure acts on the nucleus. The Coulomb energy is
found to play a dominant role; it lowers considerably the maximum temperature up to which
solutions exist. The influence of the temperature on the nuclear compressibility is discussed.

1. Introduction

The existence of highly excited “hot” nuclei, even up to phase transition tem-
peratures, has been conjectured by the experimental investigations of e.g. the Purdue
group '). A theoretical description of hot nuclei in the framework of the temperature-
dependent Hartree-Fock (HF) approximation was presented in refs. %). In ref. %)
a semiclassical approach was used. The phase transition aspect of hot nuclei was
treated semiclassically in ref. *) and will not be considered in this work.

In both the HF and semiclassical studies of refs. **), the nucleus is thought to
be surrounded by a gas of nucleons, which provides the necessary external pressure
to equilibrize the hot nucleus. In reality, this gas does not exist. Although the hot
nucleus evaporates nucleons which exert a certain pressure on the nuclear surface
due to momentum conservation, this pressure is far below an equilibrium situation.
There are no nucleons entering the nucleus from the outside, as in the case of a
nucleus in equilibrium with some external gas. We therefore adopt the opposite
point of view by requiring zero outside pressure and discuss the boundary conditions
which allow to find solutions in this case, although a free hot nucleus is thermo-
dynamically unstable.

In the next section we derive the differential equations which describe the nucleus
in a semiclassical approach. The cases of zero external pressure and of an external
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gas are presented. Then, in sect. 3, we discuss the nuclear compressibility and the
giant monopole and quadrupole resonance energies of hot nuclei. Sect. 4 presents
the expressions for the entropy and for the neutron evaporation times. The results
of our calculations for uncharged lead are studied in sect. 5, whereas sect. 6 deals
with charged **
are shown in several appendices.

Pb. Concluding remarks are given in sect. 7. Calculational details

2. Variational equations for the nuclear densities

We consider the hot nucleus as a grand canonical ensemble at temperature T
(measured in units of MeV, putting the Boltzmann constant k =1). The density
profiles p,(r) and p,(r) of the (spherical) nucleus are then obtained from a variational
principle for the grand canonical potential (2.

B B J N
— D =——| dr(F[palr), pplF)]+ Po— A, pa(#r) = A,p(#)) =0, (2.1)
op, opy
with g =n for neutrons, q=p for protons. Here, #[p,(r), p,(r)] is the free-energy
density, P, the external pressure, and A, and A, are the chemical potentials for
neutrons and protons.

Concerning the choice of the constant P,, we shall discuss two different situations:
(1) the case of a metastable, isolated nucleus with P,=0, and (ii) the “equilibrium
situation”, in which the hot nucleus is assumed to be surrounded by a gas of nucleons
which exerts the necessary external pressure to maintain a thermodynamical equili-
brium *); P,>0 is then the gas pressure. We shall come back to this case in sect.
2.2 below.

In the present work, we want to take a different point of view ®). An isolated hot
compound nucleus, such as one formed in a heavy-ion collision, is known not to
be stable but to evaporate nucleons, i.e. the external pressure P, is zero. For not
too high temperatures - the limits will be discussed in details below - the evaporation
lifetimes are long enough so that the nucleus can be considered to be in a metastable
state, very much like a superheated liquid drop (see, e.g. ref.”)). But in order to
describe this metastable system by a static variational procedure, we have to impose
suitable boundary conditions.

The case of symmetric (p,, = p, = 1p), semi-infinite nuclear matter in the metastable
situation has been studied in detail by Stocker and Burzlaff ¥). The free variation
of the density profile p(z) (where z is the axis perpendicular to the infinite, flat
surface) with the boundary condition P,= 0 was shown there to lead to a minimum
of p(z) in the outer surface at a point z,: p'(z4) =0 with p{(z,) = p,>0 for T>0.
The physical interpretation given to this solution in ref.”) is the following. The
portion of p(z) for z =< z, represents the density profile of infinite nuclear matter.
The limiting density p, far inside the nucleus (z—>0) is that of nuclear matter at
zero pressure and becomes equal to the saturation density at T =0. The density p,
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at z=z, is the second solution of the equation #.(p)= Ap, where F.(p) is the
volume part of the free-energy density and A the chemical potential. The maximum
temperature T, for which solutions can be found is the so-called ““flash temperature™
(see also ref.”)); at this temperature p, becomes equal to p.. The temperature T,
is typically about 3 MeV lower than the critical temperature T, for the liquid-gas
phase transition in the equilibrium situation. For the SkM* force, for instance, we
have T,,=11.6 MeV and T.=14.6 MeV [ref. '’)]. Both these temperatures will be
lowered for finite nuclei by surface, asymmetry and, especially, Coulomb effects.

In the following, we shall extend these studies *) to realistic, finite nuclei using
the same boundary condition, i.e. P;= 0. Note that P, is the external pressure; P,=0
does not exclude the fact that in a finite nucleus there will be a finite intrinsic
pressure coming from the surface tension and from the finite compressibility of the
system. Note also, that the local intrinsic pressure P, at the surface position,
P(z,) = P,, is not zero; it corresponds to the fact that the system wants to evaporate
nucleons. This is in contrast to the equilibrium situation, where the pressure outside
the surface, where the density has become flat, is exactly balanced by that of the
assumed surrounding gas; this pressure is then the non-zero external pressure P,
found as usual by the Maxwell construction.

The two procedures outlined above represent two extreme situations, which are
both not realized in nature, for an isolated heated nucleus. The equilibrium case
assumes a pressure equilibrium between an external gas of nucleons and the nucleus.
The presence of the external gas is assumed, in order to be able to perform an
equilibrium calculation, but has no physical counterpart in an experiment with
isolated nuclei. The metastable case assumes zero external pressure, which might
seem more reasonable, but is strictly not accessible in a static variational calculation
except by our boundary conditions above, and by cutting the solutions p,(r) at
r= R (see sect. 2.1 for the details). It is conceivable, that the physical situation lies
somewhere in between these two extreme models. A hot nucleus is evaporating
nucleons (mostly neutrons), which exert a pressure on the surface of the nucleus,
due to momentum conservation. This pressure is of course smaller than the pressure
corresponding to an external gas, but it might well be non-zero.

2.1. THE CASE OF A METASTABLE NUCLEUS

We shall now discuss the variational equation (2.1) in the metastable situation,
P,=0, for spherical nuclei. A free variation of the profiles p,(r} at T >0 will lead
to solutions with the same qualitative structure as in the semi-infinite case "): at the
center, the densities start from some initial values p,(0) = p,, with zero slopes (for
parity reasons), i.e. p,(0) = 0. At some finite distance R, from the center, the density
py has a minimum, ie. p (R, =0, with p,(R,}=p,,>0. We shall assume that
R,= R, = R and identify the sphere with radius R with the surface of the metastable
nucleus. Note that R is given variationally and not imposed from the outside.
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The situation may be visualized by a liquid drop enclosed by moving walls, i.e.
by a piston whose wall (the sphere at r= R) is adjusted at each temperature such
that the pressure P, is zero inside. This is exactly the way one might produce
superheated liquid drops, as discussed in ref. ") for instance. For the free metastable
nucleus under discussion here, the piston wall (i.e. the spherical box with radius
R) has no physical meaning; it is merely an equivalent picture, a technical device
to create the boundary condition P,=0. That this system is, indeed, evaporating
nucleons can be seen from the fact that the intrinsic pressure at r= R is non-zero
and thus gives the nucleons an {initial} radial escape velocity (see the discussion
in sect. 4.2 below}.

The metastable boundary conditions can thus by summarized by

P,=0, p0)=pl(R)=0, {g=n,p). (2.2)

As in the semi-infinite case ™'"), we keep only the parts of the solutions p.(r) of
p 4

eq. {2.1) with r= R. The upper limit of the radial integral ineq. (2.1} is thus r,, = R
We emphasize again that R is a variational parameter which results from the solution
of egs. (2.1) and (2.2). For practical reasons, we perform the variation in (2.1} in
two steps: (i) variation of p (r) with fixed R, and (ii) variation of R with fixed
shapes p{r).

Performing the varigtions for fixed R leads to the coupled differential equations

-

O )
—S—.ﬂ{:ﬁ{pﬂa p;x}+é;('{;{};\}}m/\qs (q:n» p} {2‘3‘3
By
where we have now explicitly included the Coulomb energy density €.{p,]. Variation
with respect to R gives the additional boundary condition

FLoalR), oy RIT= Aupul R)+ Aupo(R) =1 (RYV(R) (2.4)

where V,(r}is the Coulomb potential (2.5} (note that P, = 0), The chemical potentials
Aq must be iterated to get the correct particle numbers N for neutrons and Z for
protons inside the sphere with radius R. For the symmetric case {p, = p, = ip) without
Coulomb interaction in the semi-infinite limit, i.e. N =2 =14 towards infinity, we
obtain the case studied in refs. *'"). (In this case, A, =XA,=A is just the volume
energy, i.¢. the binding energy per particle of infinite nuclear matter).

The variation of the Coulomb energy density & gives the Coulomb potential for
protons {q=p) and zero for neutrons {q=n).

Vy(r) A ST R Syp e’ f d*'r p(rY/r=r]. (2.5)

We separate the nuclear free-energy density & as a sum, using the SkM™* force, as
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with the contributions

Fw=Pw q;phqfq(qu)z/l)q > (2.7)
Fe=Vp,Vp,cotic, q:an(Vpp)z, (2.8)
Fu= g:&ﬂfqg ) (Tnepa—3AT3/2(n,)) , (2.9)
E o= Cs(pat pp) + Capappt3co(pat po) (pat patapap,) . (2.10)

The constants ¢; are combinations of the parameters of the SkM* force and are
listed in appendix A, together with a. The function £, appearing in eq. (2.7) is
defined as ')

é:q:i]?.‘]l/Z(nq)-]~3/2(77q)-]:‘~l’/2(nq) (211)

in terms of the Fermi integrals

I P G
J#(n)—JO Y e G- ) (2:12)

and the temperature (T) dependent function A, is defined as

1
Aq :2’12

(T/hy"?, (2.13)

where h, contains the effective-mass correction to the nucleon mass m as

-

hq:§7n—+ Pt Capy (g=n,pandg=p,n) (2.14)

(see appendix A for the constants ¢;). The quantity 7, is related to the density p, by
pq:Aunz(qu). (215)

We have included a factor By~ 1.4 in eq. (2.7) to correct the Weizsdcker term
for the omission of fourth-order terms in the free-energy density, which one obtains
in the extended Thomas-Fermi (ETF) model '’) (see the discussion in sect. 5.1).
We omit also the spin-orbit term in the free-energy density. In addition, we neglect
terms arising from gradients of the effective mass. (The spin-orbit and mass-gradient
terms are written out explicitly in appendix D.)

The variational equation (2.3) represents two coupled simultaneous second-order
non-linear differential equations for the neutron and proton densities p, and p,,.
Assuming spherical symmetry of the nucleus, they read

ColBalr)+ Va(r)]+ Ba(nBy(r) + Vy(r)]
cg— By(r)By(r)

polry= , (2.16)

where = p if g =n and vice versa. The constants c, have the value ¢, = ¢, = ¢, (see
appendix A) and the functions B,(r) contain both p,(r) and p,(r) whereas the
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functions B,(r) contain the first derivatives p,(r) and p,(r), in addition. They are
defined in appendix B.

The equations were solved numerically using a Runge-Kutta method and the
CERN library routine COLSYS for comparison. Special care has to be taken at
r =0 and for vanishing denominator in eq. (2.16). The necessary limiting procedures
are described in appendix C.

2.2. THE EQUILIBRIUM CASE

In ref.*) the heated nucleus was assumed to be embedded in a gas of infinite
extension, which exerts a finite pressure on the nucleus in order to allow thermody-
namic equilibrium. Then the thermodynamic potential of the gas alone (at density
pa) 1s subtracted, so the properties of the nucleus alone (density png) are supposedly
isolated. Since in such a subtraction procedure the Coulomb interaction energy still
would diverge, due to the infinite gas background, the authors of ref.*) propose to
write the total subtracted thermodynamic potential density @ including the Coulomb
energy density €. as

o =w(png) ~w(ps) + Ecpne—Pa) - (2.17)
This means, that only the Coulomb energy of the density difference png—pg is
taken into account; this energy is finite.

The variation of the subtracted thermodynamic potential leads in this way to four
coupled differential equations of the same structure as eq. (2.16), for the four density
profiles pnGa, PNGps Pans Pop- Only the Coulomb term V,, has to be redefined as

Vi¢=V{=4ane (% J

0

R

r

dr’ r’(pNGp - p(}p))(sq,p -
(2.18)

Due to the presence of the Coulomb term, all four differential equations are
coupled. If the Coulomb interaction is turned off, the four equations decouple to
two sets of two coupled equations for pngn, prnap and pga, pap- These equations
were solved numerically in ref.*). In our present work, we used a Runge-Kutta
method to obtain the solutions.

dr’ VVZ(PN(jp - P(,;p) + J'

’

3. Energies of giant resonances

One possible way to see the effect of temperature experimentally may be the
measurement of giant resonances (GR). Using a scaling procedure, the authors of
ref. '') derive expressions for various multipole GR energies in terms of Skyrme
forces.

The Skyrme energy functional E can be separated into several parts, according
to their scaling behavior,

E=E,+E,+E;,+E,+tE_,+E_, (3.1)
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with
d r(('x(pn+pp)+('4pnpp) (32)

E,= | d'ricdpatpn) (patpptapapn), (3.3)

C7(Tnpn+Tppp)+c’(7-npp+7ppn)) (34)

El\m: d}r—_(Tn+T ) (3.5)

EIm '[d r("(l[(vpn) +(V/)p) ]+('()vpnvpp
+

d? r(*" W() 2 I’;1pq(2\7pq+qu):) 4 (3.6)

g=n,p

s o.

1
E.= 5 Jd ryd'rs Pp(r1) o rw)r_, (3.7)

|”"2|

where the quantity 7, related to the kinetic energy (excluding effective-mass and
spin-orbit terms) is

Tq:h‘;]AqTJ3/Z(77q)+BW(/7q(V—5q—)~+;qu, (3.8)
a
with
O, =3€,—366,+w,, (3.9)
Wa =1 2(ng) 521 2(my) (3.10)

Egs. (3.2)-(3.7) correspond to the energies given explicitly in ref. '') but are general-
ized to two different densities for p, and p,. Then the monopole GR (*breathing
mode”’) energy becomes

5

E(L=0)= ((Ar:ir2>> (4E..,+9E, +25(E,+ B, )+ (e +3)2Ep)) L Gan

and the quadrupole GR energy is

4k _ 1/2
Ez(LIZ)-((W)(Ekin+Eti;1+altE>.o.";E(*)> » (3.12)

where (r’) is the mean square radius of the nucleus. The compressibility of the finite
nucleus is expressed as

K= (4E_kin+9E5 +25(Esn+ E_s.o.)+ Ba +3)ZE;,)/A . (3.13)
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The bar above E,;, is to emphasize the fact that it is not the full kinetic energy,
since the part coming from the effective-mass correction is already contained in Ej,
(the 7p terms) and the kinetic spin-orbit part is contained in E ., , which is therefore
also marked with a bar. Note that we have explicitly taken the neutron and proton
densities separately into account.

The full total energy (up to second-order density gradients) contains additional
terms in the sum eq. (3.1), denoted by E*, due to the gradients of hy,

Lu

g-=1n.p

E*:J‘d“r Y Vh(Vhoh, ' p,(30,— &) +Vp,(30,— ) +1Vp,) . (3.14)

Gradients of the effective mass are not considered here, since they represent only
a minor correction to the GR energies '?); in addition, these terms have semiclassi-
cally a wrong scaling behavior.

4. Thermal quantities of a heated nucleus

4.t. THE ENTROPY

The entropy density, including gradients of the effective mass, reads

2

(Vpy)

“ 4 24—
o= Y (iAquz(nq)—nqpq—?q[Bwhq +3(th)‘hqlpq+3thqu]> ,

q-=n,p q

(4.1)

where we have again included a factor By~ 1.4 as in eq. (2.7), so the relation
o=-4%/aT still holds true.

4.2. THE NEUTRON EVAPORATION TIME

We follow an argument given in ref. *). The evaporation time 7 is related to the
neutron density p =n/vol (occupation number per volume), the neutron capture
cross section a, and the velocity v of the neutrons via ')

1
;:p(rcv s (4.2)

where the bar denotes an average over neutron states, with spin degeneracy g =2.
From phase-space considerations we have that vol x d*p = h” (h is Planck’s constant),
and assuming spherical symmetry the density is expressed as

n .
p:p47rp‘ dp. (4.3)
With E = p?/2m, one gets

n n
pSU:47TU'cFP' dp%zélﬁ()'cp 2mE dE, (44)
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with m being the neutron mass, the average is then

1 2m
—=47g—~ | dE Eo.n (4.5)
T h

(compare this also to the Weisskopf evaporation formula, see e.g. ref. '*)).
Assuming o, to be equal to the geometrical cross section of a spherical nucleus
with radius R, o.= wR” and approximating the occupation number for fermions as

n(E)=(l+exp(E;_A">) ~epr"7__E, (4.6)

the integration in eq. (4.7) can be performed analytically. The evaporation time for
neutrons is thus

4m
h’h

-1

[A.]= ( (RT) exp A—;) . (4.7)
Here, A, is the chemical potential for neutrons, T is the temperature and h = h/2m.

One should be aware of the fact that the above derivation of the evaporation time
assumes an equilibrated gas phase with occupation numbers given by eq. (4.6). In
a metastable calculation, however, the chemical potential A, which enters into the
variational eq. (2.1) is not equal to the equilibrium value A, corresponding to the
gas density at the boundary. Therefore, we shall be calculating the evaporation
times for the metastable nucleus using A, = A.,, with the chemical potential of the
gas phase at density p, given by

OF,

()pn PPy

eq (4.8)

Since the evaporation times in the above formulation are ambiguous with respect
to the choice of the chemical potential, we recur to an alternate approach, in which
only the density p, of the gas phase enters. Consider the rate d N/dr of evaporated
neutrons. The radial flux p,¥,,q4 is related to the rate via

dN/dt=7"=47Rp, 0.4 . (4.9)

Here, R is again the radius defining the nuclear surface and 7,,4 is the mean radial
velocity. It is important to calculate 0,4 correctly. Since it is the kinetic energy
distribution which allows the particles to “‘knock at the wall” of the nuclear surface,
we write

5md = \/( Uild) = \/%<p2/ m:> = \’/E< Ekin> 4 (4 1 0)

The factor } comes from the fact that the 2 angular degrees of freedom do not
contribute to the radial flux. Since

D 2
<Ekm>=FJ d"p—z”;nm/pg, (4.11)
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with the fermion occupation numbers n{ p)= n{E(p)} and with p,= A, J,,»(n,) (see
eq. (2.15)), we obtain

(Ein) = TJ3/2(nn)/Jl/2(nn) (4.12)

[Using the low density, i.e. 7 <0, expansion '’) J, (n)~ ['(x+1)e", this yields the
well-known ideal gas result (E,;,)=3T]. The expression for the evaporation time
thus becomes

M) (4.13)

_ U
"ol = (47R p,) <3m1.,/z(nn)

5. Results for uncharged lead

S.1. SIMULATION OF THE MISSING FOURTH-ORDER TERMS

As mentioned in sect. 2.1 we include a factor By in the Weizsacker term of the
free-energy density to simulate the omission of fourth-order gradient terms which
appear in the ETF model and are known '*"")
to the nuclear binding energies. This procedure has been proposed in ref.'*): a
factor By = 1.4 is suited best to correct the calculated energies, whereas By =4
adjusts the density profiles and root-mean-square (r.m.s.) radii to correspond to
those calculated with the inclusion of fourth-order terms. To show the influence of
Bw on various energies and the density profiles, we performed a test calculation for
an uncharged metastable A =208 nucleus (uncharged lead), for the values By = 1.0,
1.4 and 4.0. Fig. 1 displays the density profiles at temperatures T =3, 5 and 10 MeV.
(Note that uncharged lead is still stable up to T>11 MeV in these calculations.)
The difference in shape between Byw=1 and Bw =4 is almost invisible at 3 MeV
temperature. For higher temperatures, the difference between By =1 and Bw=1.4
also stays minimal, whereas the shapes for 8y, =4 have a longer tail and a smaller
central density. The corresponding neutron evaporation times, r.m.s. radii, entropies,
compressibilities and binding energies are compiled in table 1. The neutron evapor-
ation times do not differ appreciably by changing the value of 8. The entropy and
the r.m.s. radius increase, the compressibility decreases, and the binding energy
becomes less negative with increasing By, but the differences between 8y, = 1.0 and
Bw = 1.4 stay small. This demonstrates the fact that the fourth-order terms in the
free energy, simulated by 8w = 1.4, represent really a small correction. (We will not
consider the case By =4 any further.)

to give non-negligible contributions

5.2. CASE STUDY: METASTABLE VERSUS EQUILIBRIUM NUCLEUS

We shall now discuss and compare some results obtained with the two schemes
for describing hot nuclei. In fig. 2 we present the density profiles of uncharged lead
in both the metastable and equilibrium cases at a temperature T =3 MeV. Also
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(b) metastable N=Z=104

(a) metastable N=Z=104 T=5MeV
T=3MeV ———By=10 \ N
0.20 — == By=10 0.20 - Btk 0.20 |(c metastable N=Z=104
T=10MeV
........ By =40
| ——=Py=10
BN Bu=lb
= 051 ™ - 0I5k
" ) g
= 3 =
o i a.
\
0.0 \

1
10 rifm]

rifm]

rifm]

Fig. 1. The effect of the Weizsidcker correction coefticient 8y, on the density profile of an uncharged
metastable N = Z =104 nucleus at three values of the nuclear temperature 7. At T =3 MeV the profile
calculated with By, = 1.4 is not distinguishable from the dashed line with B, = 1.

included is a calculation, in which the density is parametrized as a Fermi-like
function '®)

1+cos (Ry/ a) )7
cosh (r/a)+cosh (Ry/a)/ ’
with the parameters p,, « and y, which minimize the free energy. In this calculation

neither external gas nor boundary are present; the constraint resides in the para-
metrized form of the density, which drops to zero outside of the nucleus. As long

p("):Po( (5.1)

TABLE 1
The effect of the Weizsicker coeflicient By, at different temperatures T on the total energy per particle
E/ A, entropy per particle S/ A, incompressibility «, the evaporation times 7[A_,] and 7[p,] (as defined
in sect. 4.2), and the r.m.s. radius (r>)"/*. The calculations are for an uncharged N = Z =104 metastable

nucleus
T P E/A S/A K T[Aey] 7(p,.] V)
[MeV] W [MeV] [MeV] [107%%5] [107*s] [fm]
3 1.0 ~11.68 0.512 150 286 110 5.54
3 1.4 —-11.51 0.515 149 286 111 5.54
3 4.0 —10.50 0.526 145 286 110 5.59
5 1.0 -10.21 0.854 134 19.1 5.62 5.68
5 1.4 —10.00 0.873 128 19.1 5.60 5.73
5 4.0 —8.57 1.000 102 17.9 5.54 6.00
10 1.0 -2.93 1.781 68 3.08 0.190 6.55
10 1.4 -2.66 1.805 65 3.03 0.193 6.58
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N=Z =104
T=3MeV
--~metastable
we-egguilibrium
- 3 —parometrized
£ 010 \
=

R

0 2 A 6 g 1
rlfm]

Fig. 2. Different model calculations foran uncharged N = Z = 104 nucleus at the temperature T =3 MeV.

The density profile of the metastable nucleus {zero external pressure, dashed line) ends at the boundary

R. The dotted line corresponds to a nucleus in an external gas of finite density and pressure. The full
line represents a Fermi-function-like parametrization of the density, see sect. 5.2,

as the temperature T is not too high, both the metastable and equilibrium cases
yield very small densities at the boundary or of the gas, respectively, and the Fermi-
function-like parametrization is expected to make sense. [From 7 ~ 35 MeV on, there
exist no parametrized solutions '™'7) because the density must not drop to zero
outside of the nucleus at higher temperatures, if the system is to be stable.] Fig. 2
shows that the metastable and equilibrium cases are almost indistinguishable at
T =3 MeV. The calculation using the parametrization (5.1} gives also a comparable
density profile.

Table 2 lists various quantities at T =3 and 10 MeV. At T =3 MeV, the binding
energy, entropy, compressibility and evaporation time are somewhat lower in the

TapLe 2

nucleus with no external pressure, equilibrium nucleus in an external gas, a Fermi function like
parametrization of the density profile, and a subtraction procedure as explained in sect. 5.2, all
for an uncharged N = Z = 104 nucleus. Quantities shown are as in table 1.

T E/A S/ A K T[ﬁk:] »’;er;
ype {MeV] ! [MeV] [10 ¥s) [fm]
{ay T=23MeV
metastable ~11.7 0.512 150 110 5.54
equilib. —~13.2 0.503 146 287 5.53
parametr. ~13.1 0.429 169 - 5.46
subtract. —11.7 0.507 151 - 5,53
(b) T=j0MeV
metastable ~2.93 1.781 68 0.190 6.55

equilib. —5.28 1.454 92 0.621 6.45
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equilibrium case than in the metastable case, whereas the r.m.s. radii stay roughly
the same. This is also found at T = 10 MeV with the exception of the compressibility,
which does not become as small in the equilibrium case as in the metastable case.
A hot metastable nucleus is thus softer than the corresponding equilibrium nucleus.
The metastability reflects itself in the behavior of the other quantities in table 2.
The parametrized calculation has the same binding energy as the equilibrium one;
the other quantities differ from both the metastable and equilibrium ones. In
particular, the entropy is much lower. We include in the table also a comparison
with a simplified subtraction procedure, in which the functionals are all calculated
as integrals over the subtracted density png — pg as in the Coulomb energy part of
eq. (2.16). This subtraction should be closer in spirit to the parametrized density
profiles, since in both cases the densities drop to zero outside of the nucleus.
However, the parametrized solutions still differ from the ones obtained with the
simplified subtraction scheme. In fact, the simplified subtraction procedure yields
results close to the metastable values, when the temperature is low (7 =3 MeV).
In the next figure (fig. 3) we explore the dependence of the entropy on the model
used. Fig. 3a displays the entropies of the metastable, equilibrium and parametrized
cases, as functions of the temperature. Also shown are results of a Hartree-Fock
(HF) calculation for a nucleus in a gas background from ref.?); they are to be
compared with caution, however, since the Skyrme force used is different and since
we did the calculation for a N = Z =104 nucleus, whereas the HF results are for
uncharged lead with N =126, A =82. Since the notion of temperature being model

SiA| fa) S/A| (b}
20 N=Z=104 2.0 N=Z=104

metostable

/eqmllbr\um

15k '_'xHF 15
1.0 1.0
0.51 0.5
/
/7 parametrized
{ 1

| 1
0 5 10 T[MeV] 0 5 10 EYA

Fig. 3. (a) The entropy per particle S/ A as a function of the temperature T. The metastable (full line),

parametrized (dash-dotted) and equilibrium (dashed) calculations are for an uncharged N =27 =104

nucleus, whereas the Hartree-Fock curve for a nucleus in an external gas (HF, dotted line) is for

uncharged *"*Pb with a somewhat different Skyrme force. (b} The entropy per particle as in (a), but
plotted versus the excitation energy per particle E*/A.
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dependent is not really a physical one, we also plot the entropy versus the excitation
energy E™* in fig. 3b. To get E*, we had to calculate the reference energies at T=0
as well, taking the proper T -0 limits in all temperature-dependent expressions. As
functions of the temperature at T=< 5 MeV, the metastable and equilibrium solutions
are very close and differ from the HF calculation (fig. 3a). The parametrized solution
follows somewhat the HF line, but has a different curvature. For T= 5 MeV (where
the parametrized solutions do not exist), the metastable case exhibits a stronger
increase of the entropy, compared to both equilibrium and HF. As a function of
the excitation energy, the entropy behaves differently. Fig. 3b shows that the
equilibrium and HF cases are quite close now - a confirmation of the fact that the
approach used in the present work is a reasonable approximation to the quantum
mechanical HF cleulation. The entropy of the metastable solution rises still faster
than the equilibrium or HF ones. The result of the parametrized case does not agree
with the HF curve anymore and has the fastest increase.

The evaporation times for neutrons are calculated according to the procedures
of sect. 4.2 and depicted in fig. 4 as functions of the temperature. The equilibrium
calculation yields evaporation times [ p,] (calculated according to eq. (4.13}) which
are a factor 3 larger than in the metastable situation, since the external gas exerts
a pressure on the nucleus, making it more stable than under zero-pressure conditions.
In both cases, we have used the same nuclear radius R to concentrate on the effect
of different gas densities only. Included in fig. 4 is also 7[A.,] for the metastable
case [calculated with eqgs. (4.7) and (4.8)]; it is about 3 times larger than 7[p,] for

i

tisec)?
«!049"_
g
¥
1020k %
i
i
v
1y
vy
102 Vi
10224
metastable ik}
1023
\\ ""(’QUO‘!hHU"\T(pQ]
N
102 , ) | melastable r!p£
0 5 10 T[MeV)

Fig. 4. The neutron evaporation times as functions of the temperature T. The equilibrium calculation

of 7 p,] (dotted line) is to be compared to the dashed metastable curve for 7{p,]. The full line for 7[A]

{metastable nucleus) runs close to the dotted line at low temperatures and is to be compared to the
metastable calculation of 7{p,] (dashed line).
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1

0.2+
metastable N=Z=104

plfm-3]

0 5 10
T[MeV]

Fig. 5. The central density p. and the “gas™ density p, at the surface of an uncharged metastable
N = Z =104 nucleus versus the temperature T (full line). The dashed curve represents the corresponding
“liquid™ and “‘gas” densities obtained for semi-infinite nuclear matter.

small temperature and becomes more than one order of magnitude larger at high
T. We do not attempt here to extract 7 from the HF results of ref. %), since 7 is
sensitive to the neutron density (or chemical potential), and our test nucleus with
N = Z =104 differs from the uncharged lead nucleus with N =126, Z =82 used in
ref. ).

5.3. THE CRITICAL TEMPERATURE

The highest temperature at which a stable solution for a nucleus is found can be
compared to the critical temperature in a semi-infinite calculation. In fig. 5 the
densities of the gas and liquid phases of a semi-infinite system taken from ref. '")
are drawn together with the gas and central densities of the metastable nucleus, as
functions of the temperature. Both calculations were performed with the same
Skyrme force and the boundary conditions of the metastable situation. Contrary to
the semi-infinite system, where the gas and liquid densities meet at the critical
temperature and a single phase is formed, the metastable solutions break down
before the corresponding densities become the same, due to finite size effects. The
critical temperature in the metastable case, the flash temperature, is found to be a
little more than 11 MeV for an uncharged A =208 nucleus.

6. Metastable *"*Pb

Including the Coulomb energy in the calculation of the metastable nucleus has
a dramatic effect on the solutions. Fig. 6 shows the neutron and proton density
profiles of metastable **Pb at two different temperatures, 7=2 and 4 MeV. The
density p(R) at the boundary is much bigger than the corresponding density in the
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metastable 2°%Pp metastable 208Pb
0.08- Py T=2MeV 0.081 T=4LMeV

rifm] rlfm]

Fig. 6. The density profiles of neutrons (p,,) and protons (p,) of metastable (charged) “"*Pb at temperatures
T =2 and 4 MeV.

uncharged case at the same temperature. The Coulomb energy has the effect of
pushing nuclear matter towards the periphery of the nucleus. The flash temperature
lies already at T,,~5 MeV, i.e. no solution is found at this temperature anymore.
The temperature range of the solutions is much shorter than the one in the uncharged
case. In fact, the solutions at T =4 MeV in the charged case resemble very much
those at T =10 MeV in the uncharged case.

The r.m.s. radii of an uncharged N = Z =104 nucleus and of *"Pb are depicted
in fig. 7. At small T, they start off with a higher value and increase more steeply in
the charged case than in the uncharged one. Although the r.m.s. radius of the latter
is quite big at the flash temperature T,,= 11 MeV, it is likely that the r.m.s. radius
of charged lead at its flash temperature T,,<5 MeV is still bigger, since the curve

*
metastable A=208
7*
uncharged
208py N=Z=104
£
o
gl ! I
0 5 10 T[MeV)

Fig. 7. The root-mean-square radius versus temperature for ““Pb and for an uncharged N =Z =104
nucleus, both calculated in the metastable situation.
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;u T metastable A=208

uncharged
N=Z=104&
208py,
0 1 L
0 5 10 T[MeV]

Fig. 8. The incompressibility « of metastable ***Pb and a metastable nucleus with N =27 =104 as a
function of the temperature.

for lead is very steep in the vicinity of T,,. In fig. 7 (and in our calculations) we
have not come close enough to T, to see this.

We compare in fig. 8 the incompressibilities x. The incompressibility of the charged
nucleus drops faster as a function of the temperature and is lower than for the
uncharged nucleus. In both cases, however, k drops by a factor of 3 to 4 in the
range from low temperatures up to the flash temperature.

A set of quantities of interest is compiled in table 3. Since the temperature ranges
are so different, we have selected T =3, 5 and 10 MeV in the uncharged, and T=2,3
and 4 MeV in the charged case. As expected, the binding energy per nucleon E/A
is not as negative for the charged nucleus, due to the repulsive Coulomb forces.
(The fact that the value of E/ A at T =4 MeV is still quite negative for ***Pb indicates
again, that T, lies closer to 5 MeV than to 4 MeV in the charged case, whereas

TABLE 3

Comparison between the metastable nuclei ***Pb (charged) and uncharged N = Z =104. In addition to
the quantities of tables 1 and 2 we show the giant monopole resonance energy E¢up

T E/A S/A Eamr K (Al mlo,] Vi)
[MeV] [MeV] [MeV] [MeV] [10=**s] [107%s] [fm]

(a) uncharged N =Z =104
3 -11.51 0.515 14.19 149 286 111 5.54
5 —10.00 0.873 12.74 128 19.1 5.60 5.73
10 -2.66 1.805 7.92 65 3.03 0.190 6.58

(b) charged "**Pb

2 ~7.63 0.358 9.25 76 51.4 0.282 6.06
3 —6.58 0.575 8.11 61 17.8 0.228 6.18
4 —5.95 0.762 6.05 38 15.8 0.132 6.58
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T =10 MeVis closerto T,,~ 11 MeV on the relative scale for the uncharged nucleus.)
The entropy per particle S/ A and the giant monopole resonance energy E;ug are
lower for the charged nucleus.

The evaporation times 7 were calculated using the procedures described in sect.
4.2 and are also included in table 3. As in the uncharged situation, the values of
7[Aq] lie above those of 7[p,], but 7[A.,] drops faster with increasing temperature
in this case. (Compare the values at T =2 MeV to the estimate obtained from the
HF calculation of ref. ), where 7=9x10 ~'s.) The equilibrium result is thus much
above the metastable one.

7. Conclusions

We have studied hot nuclei in a semiclassical formalism, concentrating on the
metastable situation where the external pressure is zero. A comparison to the
equilibrium case in which the nucleus is surrounded by an external gas shows that
the neutron evaporation times are shorter in the metastable case.

The Coulomb potential has a drastic effect on the solutions; nuclear matter is
pushed somewhat away from the interior, considerably increasing the density at the
periphery of the nucleus. The maximum temperature for which solutions exist in
the metastable situation drops from above 11 MeV without Coulomb to below 5 MeV
for the charged lead nucleus.

In the calculations for the equilibrium case **) (with subtraction of the gas
background), the corresponding maximum temperature, obtained with a quite
similar Skyrme force (SkM), was about 8 MeV. The difference to our ~5 MeV is
clearly due to the missing external pressure in the metastable case. The real situation
of a hot compound nucleus is presumably somewhere between these two extreme
cases; we believe it to be closer to the present “‘metastable case”. A maximum
temperature of 5 MeV, which we expect not to increase more than by ~1 MeV for
lighter nuclei, would be in good agreement with the fact that so far, no evidence
has been established for the observation of temperatures higher than ~5-6 MeV of
equilibrated compound nuclei created in heavy-ion collisions '*).

The effect of increasing temperature is to increase the density at the border of
the nucleus and to lower the binding energy and compressibility. Note that, quite
naturally on the grounds of the present investigation, a weaker temperature depen-
dence of GR energies was found in ref. '”) where the parametrization (5.1) of the
densities was used. A strong dependence of the compressibility and of the quadrupole
GR energy on temperature could be exploited for an experimental determination
of the temperature of excited nuclei, if it were possible to measure their GR energies.

We are very grateful to P. Gleissl and B. Hiller for many helpful discussions
and to W. Stocker for his interest and fruitful conversations.
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Appendix A
THE PARAMETERS OF THE SKYRME FORCFE SkM*

Throughout this work, we use the SkM™ parametrization of the Skyrme energy
density

Esimr = 3((1+3x0)(pa+ pp)° = (x0T D(pa+ pp)) +iatsp (pn—Hpn+ p3))
+16(3 0 = 6)(Vpa+ V)2 =353 6+ 6)((Vp,) +(Vp,)7)

_zllw(z) Z (h;Ipq(qu+Vpn+Vpp)2+thq)a (A])

g=n,p
where 7, is related to the kinetic-energy density for neutrons or protons as

Ekin = thq = Aq TJ3/2( 77q) +Bwhq(qu):p;l@

+ihy Wip,(2Vp +Vpg) +1h,dp, (A.2)
with
1 372

Ag==—=(T/hy)"", (A.3)

27

B2
hq:2_’:n—+c7pq+clpq H (A4)
@»ngfq_36§3+wq ’ (AS)
‘Uq:32Jf/z(ﬂq)J—S/:(”flq)]z»l/:("']q) » (A.6)
fq = _Tl:-ll/z("lq)-lfs/z(”flq)] :%/2(7’)‘4) . (A7)

The Skyrme parameters of the SkM* force are

to=~2645 MeV - fm”, x,=0.09,

fi=410 MeV - fm’ | W, =130 MeV - fm”,
tr=—135MeV - fm’, a=1.

;=15 595 MeV - fm* ", (A.8)

We frequently use the following combinations of the Skyrme parameters
co=3(3t,— 1), ca=(1+3x0)10, ey =3(1—x)10,
e =it~ 1), es=(3+x0)10, co=3(31,+50),
=3t +1), C(»:il?’z, Clo=16(91, = 50) .

53251402_[1), C7::§(f1+3f:), (A9)
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Appendix B
FUNCTIONS OCCURRING IN THE DIFFERENTIAL EQUATION

The differential equation in spherical symmetry reads

[Ba(r)+ V,(n1+ B, +V,
pl(r) = ColBqolr) q(Zr)] By (r)[By(r)+ Vy(r)] (B.1)
ey By(r)By(r)
introducing the definitions
Bq(r) = C[ ~2B\vhq§q/pq . (B.?_}
- 2 2 )
Bq(r} = .Bq(r} —; Clp:)—.; C()pi}‘ }1q46\\’§qp;/pq E (83}

with
By(r)= T+ e r) + (1) = Ay + 3o mg) TAGhG e+ Ty n( ) TAGhG o, (B4)
eq(r)=2cyp, +§c4pq+ colpgtpd" a+2)/2, (B.5)
Fu(r) = Bl er£ap Y] pat 6405 ] pa+(a€a/ 05dma/ 9pap Vel pa
F(—0Ey) MMy WP i+ Eap ] Pa— 20E0] IMaIMal dpapGPEI N/ Po) - (B.6)

The derivatives in eq. (B.6) can be evaluated in terms of the generalized Fermi
integrals as

—J 3;:{ ﬁq} -f'l,fz( nq)‘]:“ﬂ,":( nq) _ Ju/:( 7?._1)-}273;3{ Uq)

AE, ] dn, = B (B.7)
4 h 240, ﬂq) 8J? l/’j(nq) 12772, ,5( "?q)
o 243h,'c;p
<anq/<)pq:—__A S “' (; ; (B.8)
g 17207
’ . 3exdy ()
()nq/r)/)Cl:nﬁ. (B.9)
G F2VEG
The Coulomb potential in spherical symmetry is
1 r R
V(ri=4x e(; J‘ dr’ r"pp(r’)ﬂLJ dr’ r’pp{r')) . (B.10}
iH ¥

Appendix C

LIMITS OF THE DIFFERENTIAL EQUATION

C.1. The limit r > 0. The problematic terms in the differential eqs. (2.16) are those
containing 1/r. We first note that the boundary condition at r=0is py(r=0)=0
{no kink at the center of the nucleus). Using this, a Taylor expansion of p/ around
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r=0 yields lim,., (pg/r)=pq. This substitution redefines ¢,, B, and B, in the
differential equations as

e~ 3¢y, B,~38B,, Bq»B'q. (C.1)

Taking the limit r >0 of the Coulomb energy term leads to the substitution

R
ap—>47TeZJ‘ r'r'p,(r'). (C.2)
4]

C.2. Vanishing denominator in the differential equation. The last step in the deriva-
tion of the differential eq. (2.16) was to divide the equation

(c2= BoBy)pl=co(Ba+ Vi) +Bo(Byt Vo) (C.3)
by the factor in front of pj. This factor vanishes in the limit ¢~ BB, or
By=c./B,. (C4)

Requiring p” to stay finite, the r.h.s. of (C.3) becomes zero, yielding
== (Bgt V)/(Bgt V). (C.5)

Inserting (C.4) into the r.h.s. of (C.3) and using (C.5), one obtains (cf]— BB )p,=
(Bq+ Vo)(ci— B,By)/ B, which results in the limit

pa=>(Bg+ Vy)/B, if c¢3—ByB;~0. (C.6)

Appendix D

CORRECTION TERMS
In this appendix, we consider correction terms due to the spin-orbit energy and
the gradients of the effective mass.
(i) The Skyrme spin-orbit free-energy density is
'?;;s.o. = _éw(z) }: h;lpq(zqu+qu)z . (Dl)
g=np
(ii) Taking proper care of the gradients of A, leads to an extra term F* in the
free-energy density,
Z [(zé:q—%)pqh(;](th)z‘*_(3§q—%)quvhq] (Dz)
q=n,p
since the kinetic-energy density (A.2) has now additional terms
Eln= X [hy'(Vhy) pa(30, —3) +VhVp (30, —2) +5VhVp].  (D.3)

q=n,p

and the full entropy including gradients of the effective mass is

(Vpy)’

+Vhhy py+3Vh, qu)] (D.4)
Pa

v
o= Z [%AqJS/Z(nq) — MNqPq _—’I_il (hq W—-

g=np
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with
ve= —36, 3680 —w,. (D.5)
(iii) In performing the variation (2.3), extra terms arise in 8%,/ 6p, if Vh, is taken
into account. This can be expressed simply by the substitution

SL/% 8%, 2V
2_Vhe, P
Spq 8pq Py
Adding the contributions from (i), (ii) and (iii) in the derivation of the differential
equation in spherical symmetry, we arrive at a differential equation like eq. (2.15),

where the changes to be made are the substitutions

(D.6)

B,~> B, td+ Wi(h,'p,tihy'pg) (D.7)
Cq=> Cq—dr— Wi(sh, ' pa+3hy'py) (D.8)
éqeﬁq+sq+mq—th (D.9)
now with
- 2¢ , 2c 4 L2, 2
Ba=Ba="" Pa qu—hq;);WSqPﬁ;dlqur;dzpa

2 _ _ -
+- W(,pq(h pq+ hf'pq)+ W(,pq( hqlpq+§lhq'pq). (D.10)

The new functions introduced in the equations above are

dy=— (3, —300h, ' 260p, — (GE— ) hy ' 263p g — 6,6, + 3¢ (D.11)
=~ (3=, 20:0pg — Gy — ) hg ' 20200p5 = 302(ég+ &) +ico (D.12)
—sWoh*(2pi+ pi)[(2p4+ pi) (hy = ¢3pg) +4pghl,—4hpl]
—sWoh*pi+ p)(2p5+ p)(hg— capg) =2pghl—2hgp] (D.13)
= (5 2 T =0k Ty T

+ (gfq - %)h;:pqc7(c7qu + szpq)z

9 9, (')nq —1, 2 2 2 2 -2 2
4—1617— APy qhq (C7(qu) _CZ(qu) )+(3§a_47x)l)qha Cz(C7VPq+szpq)
0€q Mg 5 d&q O ~
+3—=1 (Vo Ve, ——2 —2Vp e, Vp,+ V) Gp bl e, +3
F (')pq( Pa)Cs P palcVpat eV pa)Gpghy ¢ +3)
déq

(’77
P quqc7((C7\7pq+chpq)2pqh +3Vpy)
4 P4

—Gég— ) Vpat+eVpy)2e:h; 'V,
;’é(%v

ﬂnq >
- ~ Vs |Vpsc (D.14)
INg NPy dp 9 avre
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