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Abstract 

STATIC DEFORMATION ENERGY CALCULATIONS: FROM MICROSCOPICAL TO 
SEMICLASSICAL THEORIES. 

Various methods of calculating static potential energy surfaces are reviewed. Their 
uncertainties and limitations for the prediction of fission barriers of heavy nuclei are evaluated. 
The relations of the Strutinsky shell-correction method to the microscopical Hartree-Fock 
theory, on the one hand, and to semiclassical approaches, on the other hand, are discussed. 
Some representative experimental results are compared with the theoretical predictions, and 
the differences are related to the uncertainties in the theoretical results themselves. 

1. INTRODUCTION AND SYNOPSIS 

I t was f o r t y years ago t h a t the f i s s i o n process was q u a l i t a ­
t i v e l y understood i n terms of a b a r r i e r i n the s t a t i c deformation energy 
surface of the n u c l e u s . The t h e o r e t i c a l model which was und er l y i ng t h i s 
i n t e r p r e t a t i o n and used i n the c l a s s i c a l papers by Bohr and Wheeler [1] 
and Frenkel [ 2 ] , i s the l i q u i d drop model (LDM), f a m i l i a r to every nuc­
l e a r p h y s i c i s t . However only t h i r t y years l a t e r , the f i r s t q u a n t i t a t i v e 
agreement between experimental and t h e o r e t i c a l f i s s i o n b a r r i e r heights 
could be achieved due to the s h e l l - c o r r e c t i o n method (SCM) proposed by 
S t r u t i n s k y [ 3 ] . Since t h e n , important progress has been made i n the under­
standing of s h e l l s t r u c t u r e e f f e c t s , e s p e c i a l l y i n heavy deformed n u c l e i . 
The SCM has been confirmed by purely m i c r o s c o p i c a l Hartree-Fock c a l c u l a ­
t i o n s wi th var ious e f f e c t i v e i n t e r a c t i o n s . Some promising progress has a l ­
so been made i n the refinement of s e m i c l a s s i c a l t h e o r i e s which are c l o s e ­
l y r e l a t e d to the S t r u t i n s k y method. 

The aim o f t h i s paper i s a comparison of the d i f f e r e n t methods used 
f o r the c a l c u l a t i o n of s t a t i c deformation energy surfaces of heavy nuc­
l e i . In p a r t i c u l a r we t r y to give a c r i t i c a l e v a l u a t i o n of t h e i r s u i t a b i ­
l i t y and t h e i r l i m i t a t i o n s f o r the t h e o r e t i c a l p r e d i c t i o n of f i s s i o n b a r ­
r i e r s . As the t i t l e i s i n d i c a t i n g , we s h a l l not f o l l o w the h i s t o r i c a l de­
velopment of the theory, but r a t h e r s t a r t at a purely m i c r o s c o p i c a l l e v e l . 

In S e c t i o n 2 , m i c r o s c o p i c a l c a l c u l a t i o n s are reviewed. We d i s c u s s the 
const ra ined Hartree-Fock (CHF) method, i t s p h y s i c a l and t e c h n i c a l l i m i t a ­
t i o n s , and a r e c e n t l y improved t ime-sav ing approximation to i t . The semi-
m i c r o s c o p i c a l s h e l 1 - c o r r e c t i o n method (SCM) s t i l l being the most powerful 



tool f o r systematic c a l c u l a t i o n s of deformation energy s u r f a c e s , i t i s na­
t u r a l that an e n t i r e S e c t i o n 3 i s devoted to i t . Here we f i r s t d i s c u s s 
the t h e o r e t i c a l and numerical j u s t i f i c a t i o n of the SCM w i t h i n the HF frame­
work. Some p o s s i b l e u n c e r t a i n t i e s inherent i n the p r a c t i c a l SC-approach, 
using phenomenological s h e l l model p o t e n t i a l s and LDM parameters, are eva­
l u a t e d . Then some extensions of the method a p p l i c a b l e to e x c i t e d n u c l e i 
and the p o s s i b l e i n c l u s i o n of c o r r e l a t i o n s through the Migdal theory 
are s h o r t l y summarized. F i n a l l y , the most important p r a c t i c a l i n g r e d i e n t 
of the SCM, namely the S t r u t i n s k y energy averaging procedure, i s d i s c u s s ­
ed. Though a t e c h n i c a l d e t a i l , i t i s e s s e n t i a l and has provoked repeated 
c r i t i c i s m e s p e c i a l l y i n connection with the use of f i n i t e depth p o t e n t i a l s . 
I t s u n c e r t a i n t i e s are c a r e f u l l y s tudied and several a l t e r n a t i v e methods 
and recent improvements are reviewed. In p a r t i c u l a r , we s h a l l emphasize 
the complete equivalence between the ( t r a d i t i o n a l ) S t r u t i n s k y energy aver­
aging and the extended Thomas-Fermi (ETF) model. F i n a l l y , wi th the help of 
some recent experimental r e s u l t s f o r a c t i n i d e f i s s i o n b a r r i e r s , we s h a l l 
e s t a b l i s h the kind o f agreement that i s obtained by the most t y p i c a l s h e l l -
c o r r e c t i o n c a l c u l a t i o n s . The d i s c r e p a n c i e s are then compared to the uncer­
t a i n t i e s presented in the t h e o r e t i c a l r e s u l t s themselves. The two most per­
s i s t i n g cases where the disagreement with experiment c l e a r l y exceeds the 
t h e o r e t i c a l l y expected e r r o r l i m i t s , namely the s o - c a l l e d Pb-and Th-anomalies, 
are d i s c u s s e d . We emphasize i n p a r t i c u l a r the connection between the Pb-
anomaly and the apparent lack of s e l f c o n s i s t e n c y between the commonly used 
f i n i t e depth s h e l l model p o t e n t i a l s and LDM parameters. 

In the f i n a l s e c t i o n 4 we s h a l l summarize our c o n c l u s i o n s and s h o r t l y 
mention some recent progress i n the development of s e m i c l a s s i c a l methods which 
are very useful i n determining average nuclear p r o p e r t i e s . We w i l l o u t l i n e an 
i t e r a t i o n procedure with which i t should soon be p o s s i b l e to determine 
average p o t e n t i a l s and deformation energies s e l f c o n s i s t e n t l y i n a purely 
s e m i c l a s s i c a l way. 

2. MICROSCOPICAL METHODS 

2.1 S e l f c o n s i s t e n t (CHF) c a l c u l a t i o n s 

The only p r a c t i c a l l y f e a s i b l e ways of d e s c r i b i n g heavy deformed nuc­
l e i on a purely m i c r o s c o p i c a l l e v e l are using the indpendent p a r t i c l e 
(Hart ree-Fock, HF) approximation or - when i n c l u d i n g p a i r i n g c o r r e l a ­
t i o n s - the independent q u a s i p a r t i c l e (HF-Bogolyubov, HFB) approximation. 
Even i n the HF framework, the t e c h n i c a l problems are r a t h e r immense due 
to the n o n - l i n e a r i t y and the ( i n general) i n t e g r o - d i f f e r e n t i a l c h a r a c t e r 

of the HF-equations. I t i s t h e r e f o r e only the development o f f a s t computers 
on one hand and of mathematical ly s u f f i c i e n t l y simple e f f e c t i v e nucleon-
nucleon i n t e r a c t i o n s on the other hand, t h a t made s e l f c o n s i s t e n t m i c r o s c o ­
p i c a l c a l c u l a t i o n s p o s s i b l e f o r heavy deformed n u c l e i . For an extensive ge­
neral review of H F - c a l c u l a t i o n s of nuclear p r o p e r t i e s wi th phenomenological 
e f f e c t i v e f o r c e s , we r e f e r to a recent a r t i c l e of Quentin and F l o c a r d [ 4 ] . 

An important development was i n i t i a t e d some ten years ago w i t h the 
r e v i v a l of the e f f e c t i v e i n t e r a c t i o n of Skyrme by Vauther in and Br ink [ 5 ] . 
The s i m p l i c i t y of t h i s i n t e r a c t i o n c o n s i s t s i n a zero-range expansion, 
where the f i n i t e range of the f o r c e i s expressed through g r a d i e n t depen­
dent terms. The p a r a m e t r i z a t i o n of the Skyrme f o r c e and i t s a p p l i c a t i o n to 
c o n s t r a i n e d Hartree-Fock (CHF) c a l c u l a t i o n s was f u r t h e r developed by the 
Orsay group [ 6 , 7 , 1 9 ] and r e s u l t e d i n the f i r s t s e l f c o n s i s t e n t l y c a l c u l a ­
ted f i s s i o n b a r r i e r of 240p u [ 7 ] . Although the agreement wi th the e x p e r i ­
ment was not too good - several reasons f o r t h i s w i l l be d i s c u s s e d below 
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FIG.l. Fission barrier of the hypothetical super-heavy nucleus 29*114, obtained with the 
Skyrme force, SHI, and the CHF method [8\ Q is the (mass) quadrupole moment. 
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FIG.2. Fission barrier of236U, obtained with the self-consistent K-matrix model [12]. Mass 
asymmetry is included at and beyond the second saddle. Only four points have been calculated. 



i n s e c t . 2.2 - i t was q u i t e e x c i t i n g to see the f a m i l i a r double-humped 
shape emerging from a purely m i c r o s c o p i c a l c a l c u l a t i o n . Due to the l a r g e 
computer times needed f o r these c a l c u l a t i o n s , no systemat ical C H F - i n -
v e s t i g a t i o n of a c t i n i d e f i s s i o n b a r r i e r s has been performed up to date. 
However, some s e l e c t e d c a l c u l a t i o n s were done f o r the b a r r i e r s of hypo­
t h e t i c a l superheavy n u c l e i [ 8 , 9 ] , As an i l l u s t r a t i o n , we show i n F i ­
gure 1 the b a r r i e r of 2 9 8 1 1 4 obtained with the Skyrme II I f o r c e [ 8 ] . In 
r e f s . [ 7 , 9 ] , the dependence of the b a r r i e r heights on the f o r c e parame­
t e r s has a l s o been i n v e s t i g a t e d ( f o r some r e s u l t s , see the d i s c u s s i o n be­
low) . 

In another group, a s e l f c o n s i s t e n t K-matrix model [10] i n i t i a t e d by 
Meldner [11] was a p p l i e d to a C H F - c a l c u l a t i o n f o r the asymmetric f i s s i o n 
of 236y by Kolb et a l . [ 1 2 ] . In t h i s c a s e , the deformation energy curve 
was continued from the saddle p o i n t down to the s c i s s i o n r e g i o n , see 
F igure 2. One notes here that two sets of parameters, which g ive s i m i l a r 
r e s u l t s f o r s p h e r i c a l n u c l e i [ 1 2 ] , lead to d i f f e r e n t p r e d i c t i o n s of the 
b a r r i e r heights and, e s p e c i a l l y , of the deformation energy curve near 
s c i s s i o n . 

In both these sets of c a l c u l a t i o n s , a q u a d r a t i c c o n s t r a i n t was used 
to o b t a i n p o i n t s of the deformation energy curves away from l o c a l minima. 
P a i r i n g c o r r e l a t i o n s were included i n the BCS approximation using a pheono-
menological gap parameter A or an average p a i r i n g matr ix element G. This 
i s a r a t h e r severe r e s t r i c t i o n of the c o n s i s t e n c y of these models: The 
par ing matr ix element i s added ad hoc, and not c a l c u l a t e d from the same 
e f f e c t i v e i n t e r a c t i o n which determines the average (HF) f i e l d of the nuc­
l e u s . As a consequence, the f a m i l i a r dilemma concerning the deformation 
dependence of G (or the average gap A) a r i s e s , which a l ready caused a l o t 
of d i s c u s s i o n and u n c e r t a i n t i e s i n the s h e l l - c o r r e c t i o n c a l c u l a t i o n s of 
f i s s i o n b a r r i e r s (see S e c t . 3 below). Indeed, a d r a s t i c dependence o f 
the b a r r i e r height on constant or s u r f a c e - p a i r i n g was demonstrated i n the 
C H F - c a l c u l a t i o n s [ 7 ] , too (see also 2 . 2 . d below). 

The r i g h t t h i n g to do - but a l o t more complicated - i s to use an e f ­
f e c t i v e i n t e r a c t i o n which a l l o w s to perform true HFB c a l c u l a t i o n s . With 
the present-day Skyrme f o r c e s [6] t h i s i s not p o s s i b l e due to t h e i r unrea­
l i s t i c behaviour a t high momentum t r a n s f e r . (This d e f e c t c a n , however, be 
removed by adding a few more exchange terms [ 1 3 ] . ) R e c e n t l y , Gogny succeeded 
i n des igning a phenomenological f i n i t e range f o r c e (with a zero-range den­
s i t y dependent term) which i s s u i t e d f o r H F B - c a l c u l a t i o n s [14,15] i n s p i t e 
of the r a t h e r enormous t e c h n i c a l problems i n v o l v e d . The r e s u l t s obtained 
i n r e f . [15] show a remarkable agreement between t h e o r e t i c a l and experimen­
t a l p a i r i n g p r o p e r t i e s o f Sn- isotopes and var ious r a r e - e a r t h n u c l e i . S i m u l ­
t a n e o u s l y , the t o t a l b inding energies and d e n s i t y d i s t r i b u t i o n s obtained 
i n these c a l c u l a t i o n s f o r s p h e r i c a l n u c l e i are a t l e a s t o f the same q u a l i t y 
as those of the best e a r l i e r H F - c a l c u l a t i o n s w i t h e f f e c t i v e f o r c e s . The 
f i r s t f i s s i o n b a r r i e r c a l c u l a t i o n s w i t h the Gogny f o r c e w i l l be presented 
i n the subsequent paper at t h i s Symposium [16] . 

2.2 D i s c u s s i o n of e r r o r sources and l i m i t a t i o n s 

When comparing the f i s s i o n b a r r i e r s obtained i n CHF c a l c u l a t i o n s to 
experimental ones, one should c o n s i d e r several r e s t r i c t i o n s made i n the 
models d iscussed above. Let us f i r s t d i s c u s s the p h y s i c a l r e s t r i c t i o n s . 

a) Spurious e n e r g i e s . 
A well-known d e f i c i e n c y of the HF-approximation i s the f a c t that S l a t e r 
determinants (or BCS wavefunctions) are n e i t h e r good e i g e n s t a t e s of the 
t o t a l centre of mass momentum P nor of the t o t a l angular momentum J . As a 



consequence, the HF energy contains spurious k i n e t i c energy c o n t r i b u t i o n s 
o f t r a n s l a t i o n a l and r o t a t i o n a l motion. The former can reasonably wel l be 
taken care of (at l e a s t i n heavy n u c l e i ) by the d i r e c t part of 
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CM 

l e a d i n g to a s l i g h t r e s c a l i n g of the t o t a l s i n g l e - p a r t i c l e k i n e t i c energy 
[ 6 , 1 9 ] . Since t h i s c o r r e c t i o n i s very l i t t l e deformation dependent (even 
i n c l u d i n g the exchange part [ 1 7 ] ) , i t leads to no s e r i o u s e r r o r s i n de­
formation e n e r g i e s . The spurious r o t a t i o n a l energy, however, i s harder 
to determine. Exact angular momentum p r o j e c t i o n being much too cumber­
some i n heavy n u c l e i , one o f t e n approximates i t s c o n t r i b u t i o n by the ex­
p e c t a t i o n value (see, e . g . [ 2 0 ] ) : 

A £ r e t - * * d * > / 2 ? 
where } i s the moment of i n e r t i a . In heavy deformed n u c l e i , A E r o t e a s i l y 
amounts to ~ 3-6 MeV at the ground s t a t e [17,19,21] and f u r t h e r increases 
wi th i n c r e a s i n g deformation. I t thus leads to an o v e r e s t i m a t i o n of the 
f i s s i o n b a r r i e r s . Since i n the above e x p r e s s i o n , the moment of i n e r t i a i s 
needed, i t i s cumbersome to c a l c u l a t e and can o n l y approximately be e s t i ­
mated. Using the cranking model v a l u e s , one obtains f o r t y p i c a l a c t i n i d e s 
a c o r r e c t i o n of ~ 1 MeV to the inner (E/\) and ~ 2-3 MeV or more to the 
outer b a r r i e r s (Eg). The s a f e s t est imate i s perhaps p o s s i b l e f o r the c o r ­
r e c t i o n to the isomer e x c i t a t i o n energy ( E n ) > using the experimental 
values of J , and amounting here to ~ 1 MeV. ( A l l these c o r r e c t i o n s are 
r e l a t i v e to the ground s t a t e energy E j ) . We a n t i c i p a t e here that the c o r ­
r e c t i o n A E r o t (as w e l l a s A E c . M . ) plays no important r o l e i n the s h e l l -
c o r r e c t i o n approach, s i n c e i t can be argued there [21] t h a t only i t s -
s a f e l y n e g l i g i b l e - f l u c t u a t i n g part must be c o n s i d e r e d . 

Coulomb exchange energy. 
Since an exact c a l c u l a t i o n of the Coulomb exchange energy EcEX i s very 
time-consuming, i t has i n most cases been taken i n t o account only ap­
prox imately . In r e f . [12] e . g . , the s t a t i s t i c a l est imate 

was used,, where ECD i s the d i r e c t Coulomb energy. A somewhat more r e ­
f i n e d ( l o c a l d e n s i t y ) S l a t e r approximation i s [22,23] 

P p ( r ) being the proton d e n s i t y , and was used i n most o f the Skyrme-HF 
c a l c u l a t i o n s [ 5 - 9 ] . Both these approximations (and others) were checked 
a g a i n s t exact c a l c u l a t i o n s and found to be s a t i s f a c t o r y at ground s t a t e 
deformations [24, 1 9 ] . More recent i n v e s t i g a t i o n s of EQEX using a n a l y ­
t i c a l deformed harmonic o s c i l l a t o r r e s u l t s [25] i n d i c a t e , however, t h a t 
the S l a t e r approximation may have the wrong deformation dependence i n 
some cases (namely p r a c t i c a l l y none), whereas the s t a t i s t i c a l a p p r o x i ­
mation (where EQEX 1 S p r o p o r t i o n a l to Erp) seems more j u s t i f i e d . For 
the Skyrme-HF r e s u l t s , t h i s would lead to a p o s i t i v e c o r r e c t i o n at the 
second b a r r i e r of ~ 0.5 - 1 MeV f o r a c t i n i d e s and ~ 1-1.5 MeV f o r s u ­
per-heavy n u c l e i [ 9 ] . 

Dependence of b a r r i e r s on the f o r c e parameters 
In most phenomenological e f f e c t i v e i n t e r a c t i o n s , there i s some freedom 
l e f t i n the c h o i c e o f the parameters, i f one r e s t r i c t s o n e s e l f to 
ground-state p r o p e r t i e s o n l y . In the case of the Skyrme-forces there 
i s , i n f a c t , an i n f i n i t e c h o i c e of parameters (see Beiner et a l . [6]) 
i n the sense t h a t any value of the d e n s i t y dependent term (t3) may be 
chosen. The r e s t of the parameters can then s t i l l be chosen such as to 
g ive reasonably good f i t s to ground s t a t e p r o p e r t i e s o f a l l s p h e r i c a l 
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FIG.3. Surface energy a^and surface asymmetry coefficients k s for different Skyrme 
interactions (with theoretical error bars), obtained by a semiclassical variational calculation 
[40]. No spin-orbit contribution is included. Note the linear dependence of and k s 

on the Skyrme force parameter f3. 
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FIG.4. Deformation energy curves for the hypothetical nucleus 354126, obtained with the 
expectation value method (see Section 2.3). The spin-orbit force parameter W0 (in units of 
MeV- fms) is varied, the other parameters of the force Skyrme III are kept constant. 
W0 * 120 Me Vfms is the standard value (from Ref. [9\). 



n u c l e i ; hereby, the f o r c e s with a l a r g e r density-dependent term t3 turn 
out to have a l a r g e r e f f e c t i v e nucleon mass m*(r). I t i s thus impor­
tant to know how the p r o p e r t i e s at l a r g e deformations depend upon t h i s 
v a r i a t i o n of parameters. 

In the t h e s i s o f F l o c a r d [7] (p. 3 7 ) , a comparison i s made of the 
b a r r i e r s of 2 4 0 P u obtained with the Skyrme forces S111 and SIV. Both 
b a r r i e r heigths are l a r g e r by ~ 5-6 MeV with S IV than with S I I I . A 
s i m i l a r d i f f e r e n c e (6 MeV) was found f o r the inner b a r r i e r of the 
super-heavy candidate 3 5 4 1 2 6 with the same forces [ 9 ] . One may argue 
that the S II I f o r c e has to be prefer red because of i t s more r e a l i s t i c 
value of the e f f e c t i v e nucleon mass i n the i n t e r i o r of the nucleus 
(m*/m = 0.75 f o r S I I I and 0.5 f o r S IV) and i t s b e t t e r s i n g l e - p a r t i c l e 
spectra of deformed n u c l e i [19, 2 6 ] . S t i l l , the s e n s i t i v i t y of the f i s ­
s i o n b a r r i e r s to the f o r c e parameters i s r a t h e r severe. These r e s u l t s 
are s u b s t a n t i a t e d by independent i n v e s t i g a t i o n s of the l i q u i d drop pa­
rameters inherent i n the Skyrme i n t e r a c t i o n . I t was found, indeed, 
that the surface and surface asymmetry parameters of the d i f f e r e n t 
Skyrme forces do vary a p p r e c i a b l y , those of S I I I being very c l o s e to 
the standard LDM v a l u e s . This i s i l l u s t r a t e d in F i g . 3 . 

A s i m i l a r v a r i a t i o n of b a r r i e r heights was observed i n the c a l c u ­
l a t i o n s o f Kolb et a l . [12] reported a l ready i n F i g . 2 above. In p a r t i ­
c u l a r , the d i f f e r e n c e obtained near s c i s s i o n i s r a t h e r d r a s t i c . Note, 
however, that only four points were c a l c u l a t e d along these curves. A 
more recent c a l c u l a t i o n , using a newer v e r s i o n of the K-matrix model [271, 
i s reported i n r e f . [41 (see f i g . 11 t h e r e ) . I t seems to s u b s t a n c i a t e 
the curve l a b e l e d "Set III" i n F i g . 2 , although w i t h a second b a r r i e r of 
more than ~ 15 MeV (as estimated from that f i g u r e ) . 

So f a r , we have been d i s c u s s i n g the freedom i n the parameters f o r 
the c e n t r a l par ts o f the e f f e c t i v e i n t e r a c t i o n s used. An even more d r a s ­
t i c - and a c t u a l l y alarming - dependence of the r e s u l t s i s found, when 
i t comes to vary ing the s p i n - o r b i t f o r c e . The l a t t e r has, i n a l l HF (and 
HFB) c a l c u l a t i o n s mentioned above, been added purely phenomenologically 
and adjusted such as to g ive the s p i n - o r b i t s p l i t t i n g s of the s i n g l e -
p a r t i c l e l e v e l s observed exper imental ly i n s p h e r i c a l n u c l e i . Note that 
the c e n t r a l part of the Skyrme forces has been l i n k e d back to d e n s i t y 
dependent Brlickner-HF c a l c u l a t i o n s with the Reid s o f t core nucleon-nuc-
leon p o t e n t i a l [23], and can t h e r e f o r e be s a i d - as wel l as the K-matrix 
models - to be one degree l e s s phenomenological than the s p i n - o r b i t 
f o r c e which, i n t h i s r e s p e c t , i s to be put a t the same l e v e l as the 
simple s h e l l model. 

In F igure 4 we show three f i s s i o n b a r r i e r curves f o r the superheavy 
nucleus 354126, obtained with the same f o r c e Skyrme I I I , but with three 
d i f f e r e n t values o f the s p i n - o r b i t parameter W0 [ 9 ] . These curves are 
not obtained f u l l y s e l f c o n s i s t e n t l y , but w i t h the e x p e c t a t i o n value me­
thod [18] to be d iscussed below. The lack o f s e l f - c o n s i s t e n c y leads to 
an u n c e r t a i n t y of ~ 1-2 MeV up to the second minimum and does i n any case 
not a f f e c t the dramatic v a r i a t i o n of the b a r r i e r heights with W . Note 
that f o r W0 = 120.MeV fm 5 (the standard value f o r S I I I ) and W0 = 140 
MeV fm5, the nucleus i s s p h e r i c a l i n the ground s t a t e , whereas f o r 
W0 = 100 MeV fnw i t becomes deformed. The height of the f i r s t b a r r i e r 
v a r i e s from 5 to 15 MeV i n the three cases. Of c o u r s e , i t i s no s u r ­
p r i s e t h a t the s p i n - o r b i t f o r c e plays an important - i f not the d e c i s i v e -
r o l e f o r the magnitude and the phase of the s h e l l e f f e c t s . However, a 
v a r i a t i o n o f * 10 % o f the constant W0 could e a s i l y be absorbed by a r e ­
adjustment of the other Skyrme parameters without s p o i l i n g the n i c e r e ­
s u l t s f o r ground-state p r o p e r t i e s . And i t s determinat ion by f i t t i n g the 



H F - l e v e l s to experimental s i n g l e - p a r t i c l e (or hole) s t a t e s i n magic nuc­
l e i may be d i s p u t e d , s i n c e the l a t t e r are known to r e c e i v e a p p r e c i a b l e 
c o n t r i b u t i o n s from c o u p l i n g s to v i b r a t i o n a l modes, which are missing i n 
the HF approach, and which are e s p e c i a l l y l a r g e i n s p h e r i c a l c l o s e d - s h e l l 
n u c l e i (see, e . g . r e f . [28]) . I t i s t h e r e f o r e no l a r g e overstatement to 
say that one can o b t a i n almost any b a r r i e r one wants by e x p l o i t i n g the 
freedom i n determining the s p i n - o r b i t parameter. Taken together with the 
a m b i g u i t i e s i n the r e s t of the f o r c e , u n c e r t a i n t i e s of many MeV are p r e ­
sent i n the heights of f i s s i o n b a r r i e r s . 

In f u t u r e H F - c a l c u l a t i o n s , f i s s i o n b a r r i e r s must d e f i n i t e l y be taken 
i n t o account i n p inning down the f o r c e parameters. Furthermore, a b e t t e r 
understanding of the s p i n - o r b i t f o r c e i s h i g h l y d e s i r a b l e . In t h i s r e ­
spect we r e f e r to an i n t e r e s t i n g recent attempt to l i n k the s p i n - o r b i t 
f o r c e back to simple model nucleon-nucleon p o t e n t i a l s by f u l l y r e l a t i v i s -
t i c H a r t r e e - c a l c u l a t i o n s [29]. 

d) Treatment of p a i r i n g c o r r e l a t i o n s 
We have a l ready d i s c u s s e d the lack of c o n s i s t e n c y o f HF plus BCS c a l c u ­
l a t i o n s as performed by the Orsay group [5-9] and Kolb et a l . [ 1 0 , 1 2 ] . 
Of course, f o r the ground-states t h i s i s no severe r e s t r i c t i o n s i n c e 
t h e i r p a i r i n g p r o p e r t i e s can u s u a l l y be f i t t e d reasonably wel l by the 
phenomenological constants A or G. The deformation dependence of A 
and G i s , however, not known wel l enough. We may deduce some h i n t s from 
the r e s u l t of the Gogny group [15]. There, a deformation energy curve 
o f l b ^ S m was obtained i n a f u l l H F B - c a l c u l a t i o n (using a l i n e a r c o n ­
s t r a i n t ) and compared to two approximate (HF plus BCS) c a l c u l a t i o n s . At 
l a r g e deformat ions, the p r e s c r i p t i o n of a constant gap A c l e a r l y gave a 
b e t t e r agreement w i t h the HFB r e s u l t than a p a i r i n g i n t e r a c t i o n G p r o ­
p o r t i o n a l to the s u r f a c e . I f t h i s trend p e r s i s t s f o r heavy n u c l e i , i t 
might have very i n t e r e s t i n g consequences f o r f i s s i o n b a r r i e r s . Note that 
i n the Skyrme-HF-BCS c a l c u l a t i o n s of F l o c a r d et a l . [ 7 ] , the constant A 
p r e s c r i p t i o n led to a second b a r r i e r o f 2 4 0 P u which was ~ 8 MeV higher 
than the one obtained with the other p r e s c r i p t i o n . The newest H F B - r e s u l t s 
wi th the Gogny f o r c e seem to c o n f i r m , indeed, the trend of a constant 
average p a i r i n g gap A [16] . We a l s o remark here that some i n t e r e s t i n g 
attempts have been made to t r e a t the p a i r i n g c o r r e l a t i o n i n a c l a s s i c a l 
(Thomas-Fermi) approximation [30] . When a p p l i e d to deformed n u c l e i , 
t h i s approach might a l s o provide some v a l u a b l e i n f o r m a t i o n . 

Let us now turn to some t e c h n i c a l l i m i t a t i o n s of the CHF c a l c u l a ­
t i o n s , which are mainly due to t h e i r time consuming c h a r a c t e r . 

e) T runcat ion e f f e c t s from f i n i t e b a s i s expansion. 
For s p h e r i c a l n u c l e i , the HF-equation can be solved d i r e c t l y and r e l a ­
t i v e l y f a s t i n c o o r d i n a t e space ( i . e . i n the r a d i a l v a r i a b l e ) w i t h s t a n ­
dard numerical procedures [ 5 , 6 , 1 0 , 1 4 , 2 3 ] . In deformed n u c l e i , however, 
the two-or t h r e e - d i m e n s i o n a l , n o n l i n e a r p a r t i a l ( i n t e g r o - ) d i f f e r e n t i a l 
equations pose severe numerical problems. The standard way out i s p r o ­
j e c t i o n on a deformed harmonic o s c i l l a t o r b a s i s and d i a g o n a l i z a t i o n of 
the hami l tonian m a t r i x . We need not e x p l a i n t h i s method which i s w e l l -
known from s h e l l - c o r r e c t i o n c a l c u l a t i o n s ( s e e , e . g . r e f . [ 3 1 ] ) . So f a r , 
a l l CHF c a l c u l a t i o n s f o r f i s s i o n b a r r i e r s wi th r e a l i s t i c i n t e r a c t i o n s 
have been performed by t h i s p r o j e c t i o n method, r e c e n t l y renewed attempts 
i n c o o r d i n a t e space [32] not w i t h s t a n d i n g . The d i f f e r e n c e to the SCM i s 
that the t r u n c a t i o n e f f e c t s are present i n the t o t a l HF-energies w i t h 



t h e i r f u l l weight. The time and space l i m i t a t i o n s of computer c a l c u l a ­
t i o n s set lower bounds on the induced e r r o r s . For s p h e r i c a l n u c l e i , they 
can be s t u d i e d c a r e f u l l y by comparison to the exact ( r -space) r e s u l t s 
(see, e . g . r e f . [19]) and ext rapolated to small deformations. At l a r g e 
deformations one has to content o n e s e l f with observing the convergence of 
the ( r e l a t i v e ) deformation energies under v a r i a t i o n s of the s i z e (number 
N Q of major o s c i l l a t o r s h e l l s ) and the parameters ( o s c i l l a t o r st rength 
+\u> and r a t i o q of p r i n c i p a l axes) of the deformed b a s i s . In the f i s s i o n 
d i r e c t i o n (symmetry a x i s ) , a s i n g l e o s c i l l a t o r wel l (with N =* 13 to 15) 
i s j u s t about s u f f i c i e n t f o r deformations up to the second saddle point of 
a c t i n i d e n u c l e i . In r e f . [ 7 l , the remaining t r u n c a t i o n e r r o r was e s t i m a t ­
ed to be ~ 1-2 MeV at the second b a r r i e r of 2 4 0 p u > When going beyond the 
outer b a r r i e r , a two-center b a s i s of some kind becomes i n d i s p e n s a b l e 
[8,12,16] (see a l s o r e f s . [ 3 3 , 3 4 ] ) . 

f ) R e s t r i c t i o n s on symmetries and degrees of freedom 
Even with p r o j e c t i o n on a f i n i t e b a s i s , the computer time and space l i m i ­
t a t i o n s f o r c e one to keep some symmetries of the v a r i a t i o n a l space. 
Whereas l e f t - r i g h t (mass) asymmetry can be al lowed f o r at a r e l a t i v e l y 
low c o s t [ 1 2 , 1 6 ] , the abandonment of a x i a l symmetry i s s t i l l too expen­
s i v e i n H F - a p p l i c a t i o n s to heavy n u c l e i . (For t r i a x i a l H F - c a l c u l a t i o n s 
i n l i g h t n u c l e i see, e . g . r e f . [ 3 5 ] . ) The corresponding e r r o r s i n the 
deformation energies can only be estimated from comparison wi th the r e ­
s u l t s of S C M - c a l c u l a t i o n s . Thus, i n the 240p u r e s u l t s of F l o c a r d et a l . 
[ 7 ] , the f i r s t and second b a r r i e r heights may be reduced by ~ 1 MeV and 

~ 4 to 5 MeV due to the lack of non-ax ia l and l e f t - r i g h t asymmetric de­
grees of freedom, r e s p e c t i v e l y . 

For the same p r a c t i c a l reasons, more than one c o n s t r a i n t can hardly 
ever be included i n f u l l CHF c a l c u l a t i o n s f o r heavy n u c l e i . Mainly two 
p h y s i c a l q u a n t i t i e s have been c o n s t r a i n e d : 1) the quadrupole moment Q2 
[ 6 - 9 , 15,16] which may be a reasonable f i s s i o n mode up to the second 
b a r r i e r , and 2) the d i s t a n c e r between the two halves o f the nucleus 
( i . e . the "nascent fragments") [12] which c e r t a i n l y i s more a p p r o p r i a t e 
beyond the saddle and e s p e c i a l l y around s c i s s i o n . Thus, real deforma­
t i o n energy surfaces have not been obtained w i t h the CHF method, but r a ­
ther t h e i r p r o j e c t i o n s along a one dimensional path which i s hoped to be 
c l o s e enough to some a d i a b a t i c f i s s i o n t r a j e c t o r y . The quest ion which 
c o n s t r a i n t to choose i n which p o r t i o n of the deformation space can only 
be (approximately) answered using a l o t o f i n t u i t i o n and e x p e r i e n c e ; i t s 
u l t i m a t e answer c a n , of c o u r s e , only be given i n the framework of dynami­
cal c a l c u l a t i o n s where the i n e r t i a l mass tensor i s taken i n t o account [36]. 

g) F i n a l remarks 
To conclude t h i s d i s c u s s i o n o f CHF c a l c u l a t i o n s , we compile i n Table I 
the var ious c o r r e c t i o n s , estimated according to a) - f ) above, which have 
to be added to the f i s s i o n b a r r i e r s of 2 4 0 P u obtained by F l o c a r d et a l . 
[ 7 ] . We see that a f t e r these c o r r e c t i o n s and i g n o r i n g the u n c e r t a i n t i e s 
i n the f o r c e parameters themselves, the agreement w i t h experiment i s not 
too bad, i f the p r e s c r i p t i o n of an average p a i r i n g matr ix element G pro­
p o r t i o n a l to the sur face i s used. With the constant gap A p r e s c r i p t i o n , 
much too high b a r r i e r s would r e s u l t . 

As to the r e s u l t s o f Kolb et a l . [12] shown i n F igure 2 , the c o r r e c ­
t i o n s b) and f ) do not apply (mass assymmetry was included and the 
Coulomb exchange energy taken i n the s t a t i s t i c a l approximat ion) . The 
t r u n c a t i o n e r r o r should a l s o be s m a l l e r here s i n c e a two-center b a s i s 
was used. Thus, s u b t r a c t i n g the spurious r o t a t i o n a l energy of ~ 2-3 MeV, 



TABLE I. FISSION BARRIERS OF 2 4 0 Pb OBTAINED BY FLOCARD ET AL. 
[7] AND SEVERAL ERROR ESTIMATES (ALL QUANTITIES IN MeV). 
EXPERIMENTAL RESULTS FROM Ref. [37]. RESULTS IN PARANTHESES 
ARE OBTAINED WITH A CONSTANT AVERAGE PAIRING GAP A 

CHF, S I I I , Gccsurf. (Aconst. ) 9 (11) 13 (21) 

a) spur, r o t a t . energy c o r r . - 1 -2 to -3 

b) Coulomb-exch. energy c o r r . < + 0.5 +0.5 to +1 

e) t r u n c a t i o n e r r o r < - 0.5 -2 

f ) Y" and mass asymmetry energy - 1 -4 to -5 

c) u n c e r t a i n t y i n f o r c e parameters several MeV several MeV 

r e s u l t i n g b a r r i e r s with S II I 7 (9) 4-6 (12-14) 

1 
experimental b a r r i e r s 6.0 ± 0.3 5.35 i 0.2 

a second b a r r i e r of ~ 4 to 7 MeV r e s u l t s , depending on the set of p a r a ­
meters. Note that a constant (average) gap was used i n t h i s c a l u c l a t i o n , 
which thus leads to a lower r e s u l t than the corresponding one of F l o c a r d 
et a l . [ 7 ] . The more recent r e s u l t of Cusson and Kolb quoted i n r e f . [4] 
( F i g . 1 1 ) , however, would a l s o lead to a b a r r i e r of Eg of ~ 13-14 MeV. 

A s i m i l a r r e s u l t has now a l s o been obtained i n the newest Gogny-HFB c a l ­
c u l a t i o n s [ 1 6 J . Together with the other r e s u l t s , t h i s might i n d i c a t e that 
an e s s e n t i a l component i s m i s s i n g i n the large-deformat ion behaviour of 
the e f f e c t i v e f o r c e s i n use. 

Our c o n c l u s i o n s should not be taken from a too p e s s i m i s t i c s i d e : I t 
i s t rue that the experimental f i s s i o n b a r r i e r s are not y e t wel l r e p r o ­
duced. On the other hand one should not f o r g e t that these CHF c a l c u l a ­
t i o n s represent a completely parameter-free (apart from the p a i r i n g 
problem) e x t r a p o l a t i o n from c a l c u l a t i o n s where many ground-state pro­
p e r t i e s o f most s t a b l e n u c l e i are explained c o n s i s t e n t l y w i t h very few 
parameters o f the e f f e c t i v e i n t e r a c t i o n . As such, and c o n s i d e r i n g the 
t e c h n i c a l problems i n v o l v e d , they represent a remarkable progress. 

We have c l e a r l y demonstrated that there i s by f a r enough freedom i n 
the f o r c e parameters to a l l o w f o r a simultaneous i n c l u s i o n of the c o r r e c t 
b a r r i e r heights i n a f i t of the ground-state p r o p e r t i e s . I t i s a l s o c l e a r 
t h a t t h i s has to be done i n the f u t u r e - as wel l as i t was necessary i n 
the more phenomenological LDM plus shel 1 - c o r r e c t i o n c a l c u l a t i o n s . Such 
new f i t s i n H F - c a l c u l a t i o n s w i l l , of c o u r s e , r e q u i r e a l o t of c a l c u l a ­
t i o n t ime. I t i s t h e r e f o r e important to r e a l i z e t h a t some much more r a ­
p i d , but s t i l l reasonably accurate approximations to the CHF method 
e x i s t o r are being developed, and w i l l be v a l u a b l e f o r the i n c l u s i o n of 



the l a r g e deformation behaviour i n the s e l f c o n s i s t e n t d e s c r i p t i o n of nuc­
l e i with e f f e c t i v e i n t e r a c t i o n s . One purely m i c r o s c o p i c a l approximation 
i s d iscussed i n the f o l l o w i n g s u b s e c t i o n , others that make use of semi-
c l a s s i c a l methods w i l l be presented i n S e c t . 4 . 

F i n a l l y we should a l s o mention the meri t o f the CHF c a l c u l a t i o n s to 
have provided a purely m i c r o s c o p i c a l l y based q u a n t i t a t i v e c o n f i r m a t i o n 
of the s h e l l - c o r r e c t i o n approach. This aspect w i l l be discussed i n S e c t . 
3.1 below. 

2 . 3 . The Expectat ion-Value Method (EVM) 

At the same time as the CHF c a l c u l a t i o n s wi th Skyrme f o r c e s were de­
veloped, a n o n - s e l f c o n s i s t e n t , but m i c r o s c o p i c a l approach was studied by 
Ko et a l . [17]. This method c o n s i s t s i n approximating the t o t a l b inding en­
ergy by the e x p e c t a t i o n value of the two-body Skyrme Hamiltonian between 
S l a t e r determinants b u i l t of e i g e n s t a t e s of a deformed Woods-Saxon (WS) po­
t e n t i a l . P r a c t i c a l l y i t corresponds thus e x a c t l y to one i t e r a t i o n of a HF-
c a l c u l a t i o n , using a s u i t a b l y chosen (deformed) p o t e n t i a l . In r e f . [ 1 7 ] , 
t h i s p o t e n t i a l was taken from a standard s h e l 1 - c o r r e c t i o n c a l c u l a t i o n [38] 
wi th the g e n e r a l i z e d WS-Potential of r e f . [31] , using a two-dimensional 
( a x i a l l y and l e f t - r i g h t symmetric) f a m i l y of nuclear shapes ( c , h ) . (For de­
t a i l s , see r e f . [38].) The deformation parameters (c,h) play i n t h i s method 
the r o l e of the c o n s t r a i n t . The deformation energy surfaces obtained t h i s 
way i n r e f . [17] f o r heavy n u c l e i had the c o r r e c t s h e l l s t r u c t u r e (two sadd­
l e p o i n t s , second isomer minimum). However, the mean part of the deformation 
energies was i n c r e a s i n g too f a s t , l e a d i n g to f a r too high f i s s i o n b a r r i e r s . 

R e c e n t l y , we proposed a new v e r s i o n of the EVM [18]. Two e s s e n t i a l im­
provements over r e f . [17] were made: 1) An e f f e c t i v e mass m*(r) was included 
i n the d i a g o n a l i z a t i o n of the WS-potential ( i t was put equal to the f r e e 
nucleon mass i n r e f . [17]). 2) The parameters of the WS-potential (as wel l 
as e f f e c t i v e mass and s p i n - o r b i t p o t e n t i a l ) were f i t t e d to reproduce as wel l 
as p o s s i b l e the r e s u l t s of s p h e r i c a l HF c a l c u l a t i o n s . (In t h i s way no f r e e 
parameters are l e f t , those o f the Skyrme f o r c e remaining f i x e d . ) T h i r d l y , an 
improved r e l a t i o n was used to determine the b a s i s deformation parameter q at 
each point (c,h) instead of the p r e s c r i p t i o n of r e f s . [ 3 1 , 3 8 ] . 

The method thus c o n s i s t s of the f o l l o w i n g s t e p s : 

1) F i t the c e n t r a l nuclear p o t e n t i a l s V ( r ) , the e f f e c t i v e masses m*(r) and 
the s p i n - o r b i t p o t e n t i a l s W(r) obtained i n a s p h e r i c a l H F - c a l c u l a t i o n by 
Woods-Saxon f u n c t i o n s , such as to reproduce the c o r r e c t h a l f - v a l u e r a d i i , 
sur face th icknesses and mean values i n the i n t e r i o r of the nucleus ( i n ­
dependently f o r protons and neutrons) . 

2) Deform these WS-functions according to the p r e s c r i p t i o n o f r e f . [31] 
along a s u i t a b l e path i n deformation space (c,h) (or any other given 
shape p a r a m e t r i z a t i o n ) . 

3) D i a g o n a l i z e the one body-Hamiltonian ( f o r each kind o f nucleons) 

compute the d e n s i t i e s p ( r ) and i ( r ) and from them the t o t a l Skyrme energy. 
Minimize i t wi th respect to the b a s i s s i z e parameter "flu at each deforma­
t i o n . (This can be done a n a l y t i c a l l y , see V a u t h e r i n , (1973), r e f . [5] . ) 

In order to compare the r e s u l t s to CHF c a l c u l a t i o n s , the quadrupole 
moment Q2 i s e a s i l y computed at each p o i n t . We show such a comparison f o r 
240Pu i n F igure 5 , taken from r e f . [ 1 8 ] . The EVM curve was here obtained by 



min imiz ing the energy f o r each Q2 with respect to the deformation parameters 
c and h. (The lowest path i s not f a r from h=0 as i n the r e s u l t s of s h e l l -
c o r r e c t i o n c a l c u l a t i o n s [ 3 8 ] . ) 

We see that up to the second b a r r i e r , the deformation energy obtained 
with t h i s method reproduces the ^ e l f c o n s i s t e n t CHF r e s u l t w i t h i n ~ 1-2 MeV. 
(A constant average p a i r i n g gap A was used here. ) Hereby, a f a c t o r of a t 
l e a s t ~ 5 to 10 was saved i n computation t ime. S i m i l a r r e s u l t s were ob­
tained f o r other n u c l e i , too [ 1 8 ] . The l a c k of s e l f c o n s i s t e n c y leads main­
l y to an almost constant s h i f t of the deformation energy (here o f ~ 20 MeV), 
the l o c a l minima and maxima being u n a f f e c t e d . 

The e r r o r of ~ 1-2 MeV i n the EVM r e s u l t s as compared to the CHF r e ­
s u l t s i s reasonably small i n view of the var ious o v e r a l l u n c e r t a i n ­
t i e s , w h i c h we d iscussed above. (For the Skyrme f o r c e S IV, where the nuc­
l e a r H F - p o t e n t i a l has much l a r g e r o s c i l l a t i o n s i n the i n t e r i o r than wi th 
S I I I , the d i s c r e p a n c i e s are l a r g e r , ~ 3-5 MeV [9].) The EVM i s t h e r e f o r e 
an e f f i c i e n t tool f o r e x p l o r a t o r y c a l c u l a t i o n s i n unknown regions of nuc­
l e i . I t has been a p p l i e d f o r an i n v e s t i g a t i o n of super-heavy n u c l e i [9], a 
r e s u l t o f which was shown i n F igure 4 above. 

Of c o u r s e , t h i s method r e q u i r e s some knowledge of the most important 
deformation degrees of freedom r e l e v a n t f o r the d e s i r e d a p p l i c a t i o n . I t i s 
t h e r e f o r e e s p e c i a l l y wel l s u i t e d i n connection wi th a s h e l l - c o r r e c t i o n c a l ­
c u l a t i o n . I f f u l l s e l f c o n s i s t e n c y i s r e q u i r e d , the EVM provides an e x c e l ­
l e n t s t a r t i n g p o i n t f o r C H F - i t e r a t i o n s . (As a r u l e , o n l y ~ 2-5 i t e r a t i o n s 
were r e q u i r e d to o b t a i n a wel1-converged energy.) 



Note that i n r e f . [ 1 8 ] , the Coulomb p o t e n t i a l was not included i n the 
d i a g o n a l i z a t i o n of the proton Hamiltonian fip. The Coulomb energy was thus 
t reated f u l l y i n lowest order p e r t u r b a t i o n . Inc luding a reasonable ( e . g . 
LDM-) guess f o r the Coulomb p o t e n t i a l i n flp should improve the method and 
might, i n f a c t , remove most of the remaining smooth e r r o r . 

The step 1) descr ibed above - although i t i s simple and s t r a i g h t f o r ­
ward - might be a l i t t l e cumbersome, i n p a r t i c u l a r i f many d i f f e r e n t nuc­
l e i and f o r c e parameters are i n v e s t i g a t e d . I t i s hoped that the p o t e n t i a l s 
V ( r ) , W(r) and m*(r) may soon be obtained i n s e m i c l a s s i c a l v a r i a t i o n a l c a l ­
c u l a t i o n s . In f a c t , f o r s p h e r i c a l n u c l e i such i n v e s t i g a t i o n s have already 
been performed [39,40] and the EVM was a p p l i e d there with a s i m i l a r suc­
c e s s . 

3 . THE SHELL-CORRECTION METHOD (SCM) 

Swiatecki and Myers [41, 42] emphasized the c l o s e connection between 
the s h e l l - e f f e c t s i n the nuclear b inding energies and the n o n - u n i f o r m i ­
t i e s of the s i n g l e - p a r t i c l e spectra of the s h e l l model. In the LDM f i t s o f 
r e f . [ 4 2 ] , the energy s h e l 1 - c o r r e c t i o n s were phenomenologically parame­
t r i z e d as f u n c t i o n s of nucleon masses and deformation. 

S t r u t i n s k y [3] gave the f i r s t m i c r o s c o p i c a l d e f i n i t i o n of the s h e l l -
c o r r e c t i o n 6E, p o i n t i n g out that i t can be ext racted from the sum of o c c u ­
pied l e v e l s e-j S " of the (deformed) s h e l l model ( s e p a r a t e l y f o r neutrons and 
p r o t o n s ) : 

6E -Z eSM - <Z £CM) 
n , P c i i x i » 4 i /av^r (3.1) 

Here, the second term i s a s u i t a b l y averaged part (see S e c t . 3.3) of the 
s i n g l e - p a r t i c l e sum. The ansatz 

E w - E t D M * < 5 E (6E-6En+6Ep) (3.2) 

was j u s t i f i e d by S t r u t i n s k y [3] from HF-theory using a ( formal) decompo­
s i t i o n of the HF d e n s i t y matr ix p H ^ i n t o a smooth part p , which i s r e s ­
p o n s i b l e f o r the averag (LDM) energy, and a f l u c t u a t i n g part 6p, which to 
lowest order i s contained i n 6E: 

?
H F . f + d ? (3.3) 

(For s i m p l i c i t y we omit i n d i c e s f o r neutrons and protons and consider only 
one kind of nucleons.) 

The s h e l 1 - c o r r e c t i o n method (SCM) [3] - on the other s i d e of the 
A t l a n t i c Ocean a l s o c a l l e d "microscopic-macroscopic method" - i s based on 
eqs. ( 3 . 1 , 3 . 2 ) and the use of phenomenological LD models ( e . g . r e f . [42]) 
and deformed shel l -model p o t e n t i a l s ( e . g . o f N i l s s o n [43] ) . I t has i n i t i ­
ated a r e v o l u t i o n a r y development i n the understanding of the s h e l l s t r u c ­
ture i n deformed n u c l e i . In p a r t i c u l a r , i t l e d to the f i r s t q u a l i t a t i v e 
and q u a n t i t a t i v e explanat ion of the f i s s i o n isomers [44] i n terms of the 
by now famous double-humped f i s s i o n b a r r i e r (see a l s o r e f s . [45, 4 6 ] ) . I t 
i s not our aim here to review the numerous c a l c u l a t i o n s made using the SCM 
with d i f f e r e n t macroscopic and microscopic i n g r e d i e n t s ; f o r that we r e f e r to 
some r e p r e s e n t a t i v e review a r t i c l e s [38, 47] where many d e t a i l s and a p p l i ­
c a t i o n s can be found. 



P r e s e n t l y , we s h a l l r a t h e r be concerned with the numerical v e r i f i c a t i o n 
of what has been termed the " S t r u t i n s k y energy theorem" [48] . L a t e r i n t h i s 
s e c t i o n , some extensions of the method and the t e c h n i c a l ways of performing 
the averaging i n eq. (3.1) s h a l l be d i s c u s s e d . 

3.1 Numerical t e s t s of the SCM w i t h i n the HF-framework 

a) The S t r u t i n s k y energy theorem 

The o r i g i n a l d e r i v a t i o n of eq. (3.2) from HF-theory by S t r u t i n s k y [3] 
has been discussed and reformulated by numerous authors [ 3 8 , 4 8 - 5 2 ] . Expan­
ding the HF-energy ( i n matr ix n o t a t i o n ) 

E H F » t r T ? « F * | t r ?
H P ( t r ?

H F ^ ) (3.4) 

where v i s the (antisymmetrized) two-body matr ix element of the e f f e c t i v e 
i n t e r a c t i o n , i n t o a Tay lor s e r i e s around the average part p i n eq. ( 3 . 3 ) , 
one can e a s i l y show using p e r t u r b a t i o n theory arguments that 

E H C - E [ ?
H F J - E C j J ^ E , • 0 f ( < $ ? ) * ] ( 3 - 5 > 

where 

E C f ] * t r T ^ + { t r ? ( t r ? v) (3.6) 

and 6E1 i s the f i r s t - o r d e r shel 1 - c o r r e c t i o n , which can be w r i t t e n as i n e q . 
( 3 . 1 ) . Using the occupation numbers r\^F a n ( j fi\ ( s e e s e c t . 3 . 3 ) , i t reads 

SE - X i- n H F - Z L n- ' I t i n ; (3.7) 

Hereby are the eigenvalues of the averaged HF-Hamiltonian H def ined by 

H* "**£V d<? 

(3.8) 

The p o i n t i s A t h a t the term 6Ej i n eq. ( 3 . 5 ) , and wi th i t the sum of o c c u ­
pied l e v e l s e^, c o n t a i n s a l l c o n t r i b u t i o n s of f i r s t order i n 6p. This i s 
t rue f o r any d e n s i t y dependent e f f e c t i v e i n t e r a c t i o n , i n c o n t r a s t to the 
f i n d i n g s of r e f . [481 where the rearrangement terms were not c o r r e c t l y i n ­
cluded i n the d e f i n i t i o n of the average f i e l d (see the d e t a i l e d d i s c u s s i o n s 
i n r e f s . [ 5 1 , 5 3 ] ) . 

The p r a c t i c a l s h e l 1 - c o r r e c t i o n approach c o n s i s t s i n the f o l l o w i n g b a s i c 
assumptions (see a l s o r e f s . [ 3 , 5 2 ] ) : 

1. The average HF energy Efp] (3.6) can be approximated by a phenomenologi­
c a l LDM energy ELQM: 

E C f ] — > E L 0 M (3.9) 

2. The l e v e l s £ j of the averaged HF-Hamiltonian H eq. (3.8) can be a p p r o x i ­
mated by shel l -model l e v e l s e^SM; 

XI 6* _ > Z e i M 6 n : (3-10) 



3 . The " s h e l l - c o r r e c t i o n expansion" eq. (3.5) i s converging f a s t enough, so 
that the terms of second and higher order i n 6p can be n e g l e c t e d . 

4. In the p o i n t s 1. and 2. i t i s assumed that p and the corresponding ave­
rage q u a n t i t i e s der ived from i t are smooth as f u n c t i o n s of nucleon num­
bers and of deformation. 

As a p a r t i c u l a r point of c r i t i c i s m , the argument was made [54] that i n 
the i d e n t i f i c a t i o n ( 3 . 1 0 ) , a c o n s t r a i n t should be added to the shel l -model 
p o t e n t i a l , s i n c e a c o n s t r a i n t i s a l s o necessary i n the H F - c a l c u l a t i o n to 
o b t a i n p o i n t s away from l o c a l minima. I t was shown, however, i n r e f s . [ 4 9 , 
52,53,55] that t h i s i s not t r u e . This misunderstanding was based, i n f a c t , 
upon the erroneous assumption t h a t a l l f i r s t - o r d e r s h e l l - e f f e c t s should be 
contained i n the sum of occupied Hartree-Fock l e v e l s e]HF [50,54] (which 
led to much too negative c o n c l u s i o n s about the v a l i d i t y o f the SCM 
[ 5 0 , 5 4 , 5 6 ] ) . That t h i s i s not s o , i s e a s i l y seen not ing that 

d E ; F - I < L H F n t
H P ~ I < P n ; (3.11) 

HF 
does c o n t a i n a l l f i r s t - o r d e r c o n t r i b u t i o n s i n 6p. (6E1 d i f f e r s from 6E1 
(3.7) o n l y to second order i n 6p . ) Since the second sum i n eq. (3.11) a l s o 
contains an o s c i l l a t i n g term l i n e a r i n 6p (which was a c t u a l l y observed i n 
r e f . [50] i ) , t h i s term i s miss ing - or r a t h e r double-counted - i n the sum 
of the occupied H F - l e v e l s z\™. 

Before t u r n i n g to numerical t e s t s o f the energy theorem ( 3 . 5 ) , we r e ­
mark that p a i r i n g e f f e c t s are u s u a l l y included i n the BCS-approximation i n 
the SCM (see, e . g . r e f s . [ 3 , 3 8 ] ) . A d e r i v a t i o n of the energy theorem w i t h i n 
the HFB-theory was given by Kolomietz [ 5 7 ] . 

b) Numerical t e s t s . 

At the time when the SCM was developed, no r e l i a b l e H F - c a l c u l a t i o n s 
were a v a i l a b l e to t e s t the above assumptions. Bunatian et a l . [51] e x p l o i t e d 
the f a c t t h a t the second-order s h e l 1 - c o r r e c t i o n 6 E £ ( c o n t a i n i n g a l l terms 
q u a d r a t i c i n 6p i n the expansion (3.5) ) can be expressed e x p l i c i t l y i n terms 
of the two-body i n t e r a c t i o n or the s c a t t e r i n g amplitude (see a l s o r e f . [ 3 8 ] ) . 
They c a l c u l a t e d the term 6E2 i n p e r t u r b a t i o n , using d i f f e r e n t parameter sets 
of M i g d a T s u n i v e r s a l q u a s i p a r t i c l e amplitude [ 5 8 ] and Woods-Saxon s i n g l e -
p a r t i c l e wavefuntions. In t h e i r r e s u l t s f o r a s e r i e s of s p h e r i c a l n u c l e i 
around 20°Pb, the q u a n t i t y 6E2 d i d not vary more than by ± ~1 MeV around a 
mean value of ~2 MeV. 

Another p r e l i m i n a r y t e s t was performed by B a s s i c h i s et a l . [ 5 9 ] , com­
par ing f i r s t - o r d e r CHF-resul ts f o r 1 0 ° R u [50] obtained with the Tabakin po­
t e n t i a l [60] to some ad hoc f i t s of N i l s s o n l e v e l s and LDM parameters. Thei r 
c o n c l u s i o n s cannot be taken on t h e i r face values due to the lack of s e l f -
c o n s i s t e n c y and the omission of p a i r i n g e f f e c t s i n these i n v e s t i g a t i o n s . 

The f i r s t c o n s i s t e n t t e s t o f the energy theorem (3.5) was presented at 
the Rochester f i s s i o n symposium by Brack and Quentin [55]. There, CHF-calcu-
l a t i o n s were performed mainly f o r r a r e - e a r t h n u c l e i w i t h the Skyrme f o r c e 
S I I I . L a t e r , these t e s t s were extended i n r e f s . [61-63] f o r l i g h t and heavy 
n u c l e i , using a l s o the Skyrme f o r c e S II and the Negele-DME f o r c e [23] ( s e e . 
a l s o r e f s . [ 4 , 1 9 , 5 3 ] ) . In these c a l c u l a t i o n s , the average d e n s i t y matr ices p 
were c a l c u l a t e d with the S t r u t i n s k y averaging procedure, using everywhere 
the l o c a l p lateau c o n d i t i o n (see S e c t . 3 . 3 ) , so t h a t no s i n g l e f r e e parame­
t e r was used. The averaging of p was done e i t h e r once on top of the c o n ­
verged CHF r e s u l t s [55,61] or s e l f - c o n s i s t e n t l y i n each i t e r a t i o n [ 6 2 , 6 3 ] . 
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The q u a n t i t i e s E[p] and 6E^ were then c a l c u l a t e d d i r e c t l y according to eqs. 
( 3 . 6 ) , ( 3 . 7 ) , and the sum of a l l second and higher order terms was obtained 
i n c l u s i v e l y by the d i f f e r e n c e 

6E'Z - E ^ - E C f J - d E , (3-12) 

P a i r i n g c o r r e l a t i o n s were inc luded c o n s i s t e n t l y i n the BCS-uniform gap me­
thod [ 3 , 3 8 ] . For d e t a i l s of the c a l c u l a t i o n s , see r e f s . [ 5 5 , 6 2 ] . 

The main r e s u l t s of these i n v e s t i g a t i o n s can be summarized as f o l l o w s : 
1. The s h e l l - c o r r e c t i o n s e r i e s (3.5) indeed converges very r a p i d l y ; the sum 

6E*2 of higher order c o r r e c t i o n s i s ( f o r A £ 100) of the order ~ 1-2 MeV 
and does not o s c i l l a t e by more than - ± 1 MeV (both as f u n c t i o n o f de­
formation and nucleon number). 

2. The f i r s t - o r d e r shel 1 - c o r r e c t i o n 6 E i depends l i t t l e on the e f f e c t i v e i n ­
t e r a c t i o n used 1 (this need not be so f o r E [ p ] ! ) . I t i s furthermore wel l 
reproduced ( w i t h i n ~ 1-2 MeV) by a phenomenological (Woods-Saxon) poten­
t i a l . (See F i g . 6 below} 

3 . The average energy E [ P ] (3.6) has the p r o p e r t i e s requi red f o r a LDM e n ­
ergy: i t i s smooth and has i t s minimum at s p h e r i c a l symmetry. I f spurious 
energies and t r u n c a t i o n e r r o r s are subtracted (see S e c t . 2 . 2 ) , i t can 
w e l l be f i t t e d wi th s u i t a b l y chosen LDM parameters. (In p a r t i c u l a r , the 
r e s u l t s e x t r a c t e d from the Skyrme I I I f o r c e were c l o s e l y reproduced by 
the 1966 parameters o f Myers and Swiatecki [ 4 2 ] ) , see r e f s . [ 5 5 , 6 1 ] . ) 
These r e s u l t s may a l s o be viewed as a m i c r o s c o p i c a l d e r i v a t i o n of the 
LDM, which i n i t s e l f i s i n t e r e s t i n g . 

4. An optimal.convergence o f the s e r i e s (3.5) i s reached, i f the average 
d e n s i t i e s p are determined s e l f c o n s i s t e n t l y . (This has been suggested i n ­
dependently by Tyapin [66] and f u r t h e r d iscussed by S t r u t i n s k y [ 5 2 , 6 7 ] . ) 
I t was achieved i n r e f s . [61-63]by averaging p i n each step of the i t e ­
r a t i o n , so that the q u a n t i t i e s p, E[p] and H a f t e r convergence became 
s e l f c o n s i s t e n t . I t was found, t h e n , that 6E*2 i s l e s s than ~ 0.6 MeV i n 
magnitude at a l l deformat ions, even i n such l i g h t n u c l e i as 16o and 40ca. 
(See a l s o F i g . 7 below.) 

5. In l i g h t n u c l e i (A £ 4 0 ) , i f the averaging of p i s not done s e l f c o n s i s -
t e n t l y , 6E*2 i s up to * 3-4 MeV and of the same order as 6E,. 

6. The sum o f a l l o s c i l l a t i n g terms i s a l s o reasonably wel l reproduced (to 
w i t h i n % 1 MeV) by the s h e l 1 - c o r r e c t i o n 6 E i H F e q . (3.11) [ 6 2 ] . This had 
a l s o been noted by K r i e g e r and Wong [64] . 

We i l l u s t r a t e these r e s u l t s i n F i g s . 6 and 7. The f i r s t - o r d e r s h e l l -
c o r r e c t i o n 6Ei and the sum of a l l h igher-order terms 6E*2 are shown f o r 
168Yb i n F igure 6(from r e f . [ 6 2 ] , T r i e s t e 1975). The f o r c e s Skyrme II I and 
Negele-DME were used. They lead to almost i d e n t i c a l r e s u l t s ( w i t h i n ~ 1-2 
MeV), although the t o t a l energy E [p] i s d i f f e r e n t by several MeV at l a r g e r 
deformations f o r these two f o r c e s [61] . We see a l s o that the r e s u l t i n g 6Ei 
i s w e l l reproduced by the s h e l l - c o r r e c t i o n obtained from a Woods-Saxon po­
t e n t i a l wi th the same Qp-deformation [ 3 8 ] . (No adjustment was made o f the 
W-S parameters!) Note trie c o r r e l a t i o n s between the o s c i l l a t i o n s i n 6Ej and 
6E*2* which seem to suggest t h a t n e g l e c t i n g 6E*2 would a f f e c t d i f f e r e n c e s 
between s t a t i o n a r y p o i n t s of the t o t a l energy surface ( e . g . b a r r i e r heights) 
only by ~ 1 MeV. 4 Q 

In F i g u r e 7, deformation energies are shown f o r the nucleus^ Ca (from 
r e f . [ 6 1 ] , P a r i s 1975), obtained with S I I I . The once averaged (E) and s e l f -
c o n s i s t e n t l y averaged(t) energies are shown to d i f f e r by ~ 1-2 MeV; they 

1 Apart from the spin-orbit force, see Section 2.2c and Fig. 4. 



are both p e r f e c t l y smooth. The approximation £ + 6E(7.|), where the s h e l l -
c o r r e c t i o n (3.7) i s now evaluated i n terms of the eigenvalues of the s e l f -
c o n s i s t e n t average f i e l d , i s very c l o s e ot the HF energy E at a l l d e f o r ­
mations. This i m p l i e s that the sum 6E*2 of higher order c o r r e c t i o n s i s 
everywhere smal ler than ~ 0.5 MeV. The same was found a l s o f o r medium and 
heavy n u c l e i [ 6 2 , 6 3 ] . We show the r e s u l t f o r 40Ca here because i t demon­
s t r a t e s that the decomposition of the HF energy i n t o a LD and a s h e l l - c o r ­
r e c t i o n part works even f o r very l i g h t n u c l e i ( i n c l u d i n g 1 6 0 [ 6 2 ] ) , which 
might not have been expected a p r i o r i . 

S i m i l a r i n v e s t i g a t i o n s were made by B a s s i c h i s et a l . [65] along a p r o ­
gram o u t l i n e d i n r e f [50] and using the e a r l i e r H F - r e s u l t s f o r 108RU [50] 
mentioned above. However, they used an i n c o n s i s t e n t averaging of the d e n s i t y 
matr ix (without c u r v a t u r e - c o r r e c t i o n s ) which, i n f a c t , i n c l u d e s some e x c i ­
t a t i o n energy. Consequently, t h e i r r e s u l t s depend s t r o n g l y on the averaging 
w i d t h . D i s r e g a r d i n g t h i s f a c t , they can be s a i d to agree wel l wi th our above 
r e s u l t s . 

c) D i s c u s s i o n of r e s u l t s and c o n c l u s i o n s 

We shouTd not f o r g e t that the above i n v e s t i g a t i o n s o n l y can t e s t the 
v a l i d i t y of the SCM w i t h i n the HF-framework, i . e . to the extent that nature 
can be replaced by H F - c l a c u l a t i o n s . The e f f e c t s of c o r r e l a t i o n s are t h e r e ­
fore not i n c l u d e d , or only as f a r as they can be mocked up by the e f f e c t i v e 
f o r c e used i n the HF-approximation. (For extensions beyond HF, see S e c t . 
3.2 b e l o w . ) . 

As we have s a i d i n S e c t . 2 , however, the groundstate energies of most 
n u c l e i are very wel l descr ibed i n the HF-approximation using the p r e s e n t -
day e f f e c t i v e i n t e r a c t i o n s . We have a l s o seen t h a t , a t l e a s t i n p r i n c i p l e , 
the deformation energies are reasonably wel l d e s c r i b e d . Hereby we emphasize 
t h a t some of the most p e r t i n e n t u n c e r t a i n t i e s of the CHF method discussed 
i n S e c t . 2 . 2 , namely the spurious energy c o n t r i b u t i o n s and the t r u n c a t i o n 
e f f e c t s , e s s e n t a l l y cancel out i n the s h e l 1 - c o r r e c t i o n 6 E i . As to the un­
c e r t a i n t i e s i n the parameters of the ( c e n t r a l ) f o r c e , they are mostly taken 
care of i n the SCM by the LDM parameters which are adjusted to f i t experimen 
t a l r e s u l t s . (The u n c e r t a i n t i e s i n the s p i n - o r b i t f o r c e and the deformation 
dependence of the p a i r i n g parameters, however, mainly p e r s i s t i n the SCM.) 

Keeping t h i s i n mind, we may draw the f o l l o w i n g c o n c l u s i o n s from the 
above H F - t e s t s of the SCM: 
1. The r a p i d convergence of the s h e l 1 - c o r r e c t i o n expansion (3.5) has been 

e s t a b l i s h e d . The second and h i g h e r - o r d e r terms which are neglected i n 
the p r a c t i c a l SCM, o s c i l l a t e not more than ~ f 1 MeV. Thei r mean value 
depends somewhat on the d e f i n i t i o n of the average part p of the d e n s i t y 
matr ix and i s minimized i f the averaging i s done s e l f c o n s i s t e n t l y . 

2. In t r a n s i t i o n a l n u c l e i , where the f i r s t - o r d e r s h e l 1 - c o r r e c t i o n 6E\ i s 
s m a l l , the higher order terms might not be n e g l i g i b l e , e s p e c i a l l y i f 
f i n e r d e t a i l s such as e . g . p r o l a t e - o b l a t e energy d i f f e r e n c e s are c o n ­
s i d e r e d . The same i s t rue i n l i g h t n u c l e i i f LDM and shel l -model p a r a ­
meters are not determined s e l f c o n s i s t e n t l y . 

3 . The f i r s t - o r d e r s h e l 1 - c o r r e c t i o n 6Ei i s a r a t h e r s t a b l e q u a n t i t y . I t i s 
l i t t l e s e n s i t i v e to the e f f e c t i v e f o r c e s used (apart from the s p i n -
o r b i t p a r t ! ) and depends a l s o not much on the s e l f c o n s i s t e n c y of the 
treatment (see a l s o S e c t . 2 . 3 ) . 

4. The average part of the HF-energy i s mainly determined by the proper­
t i e s o f the f o r c e ; hereby the s e l f c o n s i s t e n c y i s important. 

5. Phenomenological LD models can i n p r i n c i p l e f i t the average HF-energies 
w e l l . For the v a l i d i t y of the SCM, i t i s e s s e n t i a l how good such a f i t 



i s and whether the average ( s h e l l - m o d e l ) p o t e n t i a l i s c o n s i s t e n t wi th 
the LDM parameters. This i s , however, not e a s i l y checked i n actual 
cases. 

6. A p a r t i c u l a r case of an i n c o n s i s t e n c y between shel l -model p o t e n t i a l and 
LD-energy may be the Pb-anomaly. Since the ( s e l f c o n s i s t e n t ) s h e l l - c o r ­
r e c t i o n 6E1 ext racted from Skyrme-HF c a l c u l a t i o n s f o r 208pb i s i n agree­
ment wi th the value found from a Woods-Saxon p o t e n t i a l [38] (~ -18 t o - 2 0 
MeV), the anomaly must be due to the LDM parameters used i n the SCM 
c a l c u l a t i o n s . (See a l s o Sect . 3 . 5 . ) 

7. We may i n v e r t the content of the p o i n t s 3 and 4 above and s t a t e : A s e l f -
c o n s i s t e n t treatment using e f f e c t i v e f o r c e s i s only necessary f o r 6U2 

t a i n i n g the average parts of deformation or b inding e n e r g i e s . S h e l l e f ­
f e c t s can be t r e a t e d i n p e r t u r b a t i o n , i f s e l f c o n s i s t e n t LD and s h e l l -
models are used. (This may be done e i t h e r with the SCM or with the EVM 
discussed i n s e c t . 2 . 3 ) . This gives a strong renewed m o t i v a t i o n f o r the 
improvement of s e m i c l a s s i c a l methods, as w i l l be discussed i n S e c t . 4 . 

8. The p o s s i b i l i t i e s of improving the phenomenological shel l -model poten­
t i a l s towards s e l f c o n s i s t e n c y in the above average ( s t a t i s t i c a l ) sense 
was d iscussed by S t r u t i n s k y i n r e f . [ 5 2 ] , where a l s o e x p l i c i t c o r r e c t i o n 
formulae were d e r i v e d . (See a l s o S t r u t i n s k y ' s review t a l k [67] . ) These 
have, however, not yet been used i n numerical c a l c u l a t i o n s . 

3.2 Extensions of the SCM 

So f a r , a l l our c o n s i d e r a t i o n s concerned n u c l e i without e x c i t a t i o n s . 
Two extensions of the SCM have been developed which a l l o w to i n c l u d e e x c i ­
t a t i o n s . 

One of them i s the treatment of i n t r i n s i c e x c i t a t i o n s w i t h i n the s t a ­
t i s t i c a l model [ 6 8 , 6 9 ] . I t has been widely used i n c a l c u l a t i o n s of e n t r o ­
p i e s and l e v e l d e n s i t y parameters [701. The S t r u t i n s k y - r e n o r m a l i z a t i o n 
eq. (3.2) i s thereby u s u a l l y made at temperature T = 0. The assumption im­
p l i c i t l y made i s then that both LDM and shel l -model parameters do not de­
pend on the e x c i t a t i o n (temperature) of the nucleus. The temperature-de­
pendence of the LDM parameters has been studied [71] and found to be r a t h e r 
weak. The e f f e c t of a f i n i t e temperature on the ( s e l f c o n s i s t e n t ) s h e l l - m o ­
del p o t e n t i a l was i n v e s t i g a t e d i n H F - c a l c u l a t i o n s using Skyrme forces by 
two groups [ 7 2 , 7 3 ] . Hereby not the i n t r i n s i c energy, but the thermodynami-
cal p o t e n t i a l 

Q » <H> -TS - A<N> 
i s minimized. The main r e s u l t of these c a l c u l a t i o n s i s t h a t , indeed, chan­
ges i n the s e l f c o n s i s t e n t p o t e n t i a l are n e g l i g i b l e . The HF-energies e ^ F de­
pend very l i t t l e on the temperature up to T ~ 5-6 MeV. In p a r t i c u l a r , the 
p h y s i c a l l y r e l e v a n t q u a n t i t y , namely the entropy S as a f u n c t i o n of the ex­
c i t a t i o n energy E*, i s extremely wel l reproduced when c a l c u l a t e d from the 
"cold " spectrum (evaluated at T=0). (This r e s u l t i s q u a l i t a t i v e l y under­
stood by extending the energy theorem (3.5) to f i n i t e temperatures, see 
r e f . [72].) Together with the r e s u l t s quoted above i n S e c t . 3 . 1 , t h i s 
shows that the u s u a l , rion-selfconsistent t h e r m o d y n a m i c a l - s t a t i s t i c a l ap­
proach [70] i s wel l j u s t i f i e d . ( S t r i c t l y speaking, the c o n c l u s i o n s of 
r e f s . [72,73] are only v a l i d to the extent that the parameters o f the e f ­
f e c t i v e i n t e r a c t i o n themselves do not depend on the temperature. As long 
as T i s much s m a l l e r than the Fermi energy, t h i s assumption should how­
ever be wel l f u l f i l l e d . ) 



The idea of r e n o r m a l i z i n g the grand canonical p a r t i t i o n f u n c t i o n G, 
from which a l l thermodynamical q u a n t i t i e s can be der ived c o n s i s t e n t l y , was 
put forward by Gottschalk and Ledergerber [ 7 4 ] . They der ived a s h e l l - c o r ­
r e c t i o n expansion of <D which i s of the same s p i r i t as that o f the HF-energy 
i n eq. ( 3 . 5 ) . The problem here i s how to determine the " e m p i r i c a l " $LDM B Y 

which the average part o f the shel l -model q u a n t i t y i s r e p l a c e d . In r e f . [74] 
t h i s was done i n terms of an average l e v e l d e n s i t y which, however, cannot 
be determined u n i q u e l y . 

Another extension i s that f o r n u c l e i wi th l a r g e angular momentum, 
which i s done by m i n i m i z i n g the e x p e c t a t i o n value o f the c r a n k i n g H a m i l -
tonian Ĥ , : 

H w » H - co3, 

f o r a r o t a t i o n about, say, the x - a x i s . We do not need to g ive references 
to the extensive h i g h - s p i n s t u d i e s done by several groups over the past 
f i v e y e a r s ; they w i l l be reviewed and d i s c u s s e d i n the paper of the Lund 
group [75] . The s e l f c o n s i s t e n c y of these c a l c u l a t i o n s has not been tested 
so f a r . Due to the l o s s of time r e v e r s a l symmetry of the cranking H a m i l t o ­
n i a n , the corresponding H F - c a l c u l a t i o n s become extremely time consuming f o r 
heavy n u c l e i . (For some cranked H F - c a l c u l a t i o n s f o r 2 0N 6 , see e . g . r e f . 
[76]. ) The problem of s e l f c o n s i s t e n c y s h o u l d , however, be kept i n mind 
when using cranked s h e l 1 - c o r r e c t i o n c a l c u l a t i o n s f o r the p r e d i c t i o n of 
y r a s t t r a p s , which might depend r a t h e r c r u c i a l l y on the shel l -model and 
LDM parameters. 

We f i n a l l y mention an important extension of the SCM which a l lows to go 
beyond the HF framework. Bunatian et a l . [51] showed that i n the Fermi l i q u i d 
t h e o r i e s of Landau and Migdal (see r e f . [ 5 8 ] ) , the f i r s t - o r d e r s h e l l c o r r e c ­
t i o n to the t o t a l n u c l e a r b inding energy can be c a s t i n the same form as eq. 
( 3 . 7 ) , where t h i s time ei are the q u a s i p a r t i c l e e n e r g i e s . This has, however, 
not been used f o r actual s h e l 1 - c o r r e c t i o n c a l c u l a t i o n s so f a r 2 (apart 
from the e s t i m a t i o n of the second-order terms i n r e f . [ 5 1 ] ) , although t h i s 
would be i n t e r e s t i n g because i t a l lows the i n c l u s i o n of c o r r e l a t i o n s ( c f . a l ­
so D i e t r i c h ' s summary t a l k of the Rochester conference [ 7 7 ] ) . 

3.3 The energy averaging method and a l t e r n a t i v e suggestions 

a) S t r u t i n s k y energy averaging and the plateau c o n d i t i o n 

A l o t has been publ ished about the method which S t r u t i n s k y o r i g i n a l l y 
proposed i n r e f . [3] f o r the d e f i n i t i o n of the average part of the s i n g l e -
p a r t i c l e energy sum i n eq. ( 3 . 1 ) . This method of energy averaging was r e ­
formulated i n var ious ways [ 3 8 , 4 9 - 5 1 , 78-80] and repeatedly c r i t i c i z e d 
[81] i n connection with the s o - c a l l e d plateau-problem. Due to the abundant 
l i t e r a t u r e , we w i l l be b r i e f i n d i s c u s s i n g the method and emphasize those 
aspects from which new i n s i g h t has been gained over the past s i x y e a r s . 

According to the o r i g i n a l p r e s c r i p t i o n [ 3 ] , the smooth part of the 
s i n g l e - p a r t i c l e energy sum i s expressed i n the f o l l o w i n g way ( f o r one kind 
of nucleons, say neutrons) : 

(Z £;) = E • f E g ( E ) d E (3.13) 

The average l e v e l d e n s i t y g(E) i n eq. (3.13) i s obtained by f o l d i n g the 
l e v e l spectrum ei over an energy range y: 

2 See, however, Werner, E., et al., paper IAEA-SM-241/C26, these Proceedings. 



5(E).$ff(^Si)P M(^S) f ^(OdE-N o.M, 

The (symmetric) f o l d i n g f u n c t i o n f (x ) - u s u a l l y taken as a Gaussian - may 
be o f a r a t h e r general form, provided that i t f a l l s o f f s u f f i c i e n t l y f a s t 
f o r l a r g e x [ 8 0 ] , The s o - c a l l e d c u r v a t u r e - c o r r e c t i o n polynomial P M (x) en­
sures that any smooth component of the l e v e l d e n s i t y , which i s equal to a 
polynomial o f order M i n e n e r g y , i s i d e n t i c a l l y reproduced by the averaging 
procedure (3.14) independently of the value of y and the p r e c i s e shape of 
the averaging f u n c t i o n f ( x ) . Int roducing occupation numbers rvj by 

Q - C i > / r 

\ = J f ( x ) P M ( x ) d x ; I f r - - N (3.15) 

one can r e w r i t e the average energy t (3.13) i n the form [80,38] 

E - E e A T f f l3-'6) 

For a harmonic o s c i l l a t o r p o t e n t i a l , where the t rue average l e v e l den­
s i t y i s a parabola ( f o r E > 0 ) , the energy E (3.16) i s independent of y 
f o r M > 4 as soon as y i s somewhat l a r g e r than hu , the l e v e l s p a c i n g , pro­
vided that \ » hu> and s u f f i c i e n t l y many l e v e l s are included above the Fermi 
energy A. The curve £ (Y ) thus shows an i d e a l "plateau". This a l s o works 
approximately f o r the N i l s s o n - p o t e n t i a l [ 4 6 , 7 8 ] . In more r e a l i s t i c p o t e n t i a l 
w e l l s , however, the average part of the l e v e l d e n s i t y i s no longer a p o l y ­
nomial i n E. Then the i n f i n i t e s i m a l p lateau c o n d i t i o n s must be f u l f i l l e d 

3 E 
3 r A M 

= 0 (3.17) 
Mo 

which corresponds to f i t t i n g the ( t rue) average l e v e l d e n s i t y l o c a l l y by 
an optimal Tay lor expansion up to order M 0 [ 8 0 ] . In most c a s e s , the c o n d i ­
t i o n s (3.17) can be f u l f i l l e d wi th values of the order 

( 4 . 2 - 4 . 6 ) f i G ; M 0 * 6 - 4 o (3.18) 

where hft i s the average d i s t a n c e of the main s h e l l s i n the spectrum e .̂ 

Most o f the t r o u b l e reported [81] was due to n e g l e c t i n g the s i m u l t a ­
neous f u l f i l m e n t of both c o n d i t i o n s i n e q . ( 3 . 1 7 ) . Another problem i s t h a t 
o f the c o n t r i b u t i o n s from s t a t e s i n the continuum f o r the case of f i n i t e 
depth p o t e n t i a l s . The usual p r a x i s of i n c l u d i n g the d i s c r e t e l e v e l s obtained 
by d i a g o n a l i s a t i o n of these p o t e n t i a l s i n a harmonic o s c i l l a t o r b a s i s 
[38,79,80] i s rediscussed i n the review paper of S t r u t i n s k y [ 6 7 ] ; we need 
t h e r e f o r e not d i s c u s s i t here. We j u s t mention that Ross and Bhaduri [82] 
showed that r a t h e r good plateaux can be obtained f o r a s p h e r i c a l Woods-
Saxon p o t e n t i a l , when s u f f i c i e n t l y many resonances are included i n the c o n ­
tinuum r e g i o n . On the other hand, the d i s c r e t e s t a t e s obtained wi th a 
t y p i c a l r e s t r i c t e d b a s i s i n the lower continuum (up to ~ 10 - 15 MeV i n 
heavy n u c l e i ) r a t h e r c l o s e l y reproduce the p o s i t i o n s of the resonances 
(see, e . g . , r e f . [ 7 2 ] ) . 

With the plateau c o n d i t i o n s (3.17) approximately f u l f i l l e d , the second 
term i n eq. (3.16) can be omitted and the s h e l l - c o r r e c t i o n 6E then takes 
the form of eq. ( 3 . 7 ) . 
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FIG.8. Shell-correction 8E in a situation of high local level density (spherical Woods-Saxon 
potential without spin-orbit term, large positive value of8E), plotted versus averaging range 
y for various orders 2M of the curvature-correction polynomial. Note that for 2M > 12, a 
rather well-defined value 8E^ (17 ± 0.15) MeV is found. The insert shows the stationary 
points (or points of deflection) 8E(y0) versus 2M. Using a typical standard value y - 1.2 h 12 
and M = 4 or 6, the error made is still less than 1 MeV (from Ref. [83]). 

In r e f . [ 8 3 ] , the plateau c o n d i t i o n s (3.17) were c a r e f u l l y s tudied f o r 
a s p h e r i c a l Woods-Saxon p o t e n t i a l (without s p i n - o r b i t term). The main r e ­
s u l t s found there may be summarized as f o l l o w s : 

1. For medium and heavy n u c l e i , A - 100,^the c o n d i t i o n s (3.17) can u s u a l l y 
be f u l f i l l e d up to an u n c e r t a i n t y i n E of A f * 1 MeV. 

2. For s m a l l e r p a r t i c l e numbers (N * 50) and i n cases where the d i s t a n c e 
o f the Fermi l e v e l A from the continuum i s s m a l l e r than ha, the uncer­
t a i n t y may be as l a r g e as AE « 1-2 MeV. 

3 . D i f f i c u l t i e s are sometimes met i n s i t u a t i o n s where the l o c a l l e v e l den­
s i t y a t the Fermi energy i s l a r g e , i . e . when 6E i s maximal (see a l s o r e f s . 
[ 8 0 , 8 1 ] ) . In these cases i t may help to go to r a t h e r l a r g e values of the 
c u r v a t u r e - c o r r e c t i o n order M (~ 14 - 16) to o b t a i n a unique value of E. 
This i s i l l u s t r a t e d i n F igure 8 -

4. The optimal values Y 0 and MQ are not n e c e s s a r i l y smooth f u n c t i o n s of the 
nucleon numbers N,Z. The e r r o r made i n £ i s thus d i s c o n t i n u o u s and r a t h e r 
random. The s a f e s t procedure i s to determine r 0 and MQ f o r a couple of 
cases i n a given region and then to f i t a smooth i n t e r p o l a t i o n formula 
?o (N or Z) f o r systematic s h e l l - c o r r e c t i o n c a l c u l a t i o n s (see a l s o r e f . 
[80]) . 



5. In r e a l i s t i c c a s e s , e s p e c i a l l y when deformations and s p i n - o r b i t term are 
included which tend to remove the l a r g e s t degeneracies_of the spectra 
e i , the u n c e r t a i n t y i n E should never be l a r g e r than AE « 1-1.5 MeV, 
even i f f i x e d standard values such as r 0

 w 1.2 ĥ  and MQ = 6 are used. 

b) A l t e r n a t i v e methods 

Mainly wi th the i n t e n t i o n of overcoming the above-mentioned continuum 
and p lateau problems, several a l t e r n a t i v e methods have been suggested to 
e x t r a c t the smooth part of the sum of occupied l e v e l s . We s h a l l here only 
d i s c u s s those methods which are of p r a c t i c a l use or which have been studied 
i n s u f f i c i e n t d e t a i l . 

A modi f ied energy averaging procedure wi th asymmetric smoothing f u n c ­
t i o n s , proposed by Bunatian et a l . £ 5 1 1 , turned out not to lead to unique 
values of f [84]. 

The s o - c a l l e d temperature-method, proposed by Ramamurthy et a l . [ 8 5 ] , 
makes use of the f a c t t h a t s h e l l e f f e c t s disappear at l a r g e temperatures. 
The idea i s thus to c a l c u l a t e the ( i n t r i n s i c ) energy E(T) and the entropy 
S(T) as f u n c t i o n of temperature T using the t h e r m o d y n a m i c a l - s t a t i s t i c a l 
model. (For d e t a i l s see r e f s . [ 8 5 - 8 8 ] . ) For temperatures l a r g e r than 
T 0 - 2-3 MeV ( k = l ) , the s h e l l e f f e c t s disapgear (see^also r e f s . [ 7 2 , 7 3 ] ) ; 
E(T) and S(T) then_become smooth f u n c t i o n s E(T) and S(T) , r e s p e c t i v e l y . 
Thus, c a l c u l a t i n g E and 5 at same f i n i t e temperatures 

Tc< T « I A -VJ 
and e x t r a p o l a t i n g these f u n c t i o n s back to zero temperature, one may i s o ­
l a t e the energy s h e l l e f f e c t at T = 0: 

AEo = 1 -E ( O ) (3.19) 

I t was n u m e r i c a l l y v e r i f i e d that A E 0 i s p r a c t i c a l l y equal to the S t r u t i n s k y 
s h e l l - c o r r e c t i o n 6E (3.7) [ 8 5 , 8 7 , 8 8 ] . One important d e t a i l was to r e a l i z e 
[85] t h a t c o r r e c t i o n s to the asymptotic expansions of f(T) and § ( T ) , c o n ­
t a i n i n g the l o c a l d e r i v a t i v e s of the average l e v e l d e n s i t y at the Fermi 
energy § ' ( * ) , § ' ' ( * ) > must be included i n order to o b t a i n unique 
values of A E Q . Ignoring these c o r r e c t i o n s , one j u s t obtai ns the "back-
s h i f t e d Fermi gas model" r e s u l t s [86] (see a l s o the d i s c u s s i o n i n the con­
t r i b u t i o n o f Junker et a l . to t h i s conference [ 8 9 ] ) . I n c l u d i n g the terms 
c o n t a i n i n g d e r i v a t i v e s of g(E) corresponds e x a c t l y to the c u r v a t u r e - c o r r e c ­
t i o n i n the S t r u t i n s k y averaging method, as shown a n a l y t i c a l l y i n r e f s . 
[ 5 7 , 9 0 ] . We see t h i s a l s o by comparing the equation (3.16) f o r the S t r u -
t insky-averaged energy E with the equation f o r the f r e e energy F : 

Both equations are i d e n t i c a l i n t h e i r form. The important p h y s i c a l d i f f e ­
rence i s , however, that i n the thermodynamical e q u a t i o n , -3F/3T = S > 0 
f o r T > 0 , whereas 3E/3y i s always zero (see eq. 3 . 1 7 ) . Due to the c u r v a ­
t u r e - c o r r e c t i o n s b u i l t i n t o the n i , t h § , S t r u t i n s k y averaging i s thus a 
"cold-averaging"(with zero "entropy" 3E/3y ) , i n c o n t r a s t to the temperature 
averaging which br ings e x c i t a t i o n energy i n t o the system. 



We see'thus that the b a c k w a r d - e x t r a £ o l a t e d value E(0) i n eq. (3.19) i s 
equal to the S t r u t i n s k y averaged energy E of eqs. ( 3 . 1 3 , 3 . 1 6 ) , and the two 
methods are completely i d e n t i c a l - at l e a s t i n p r i n c i p l e . P r a c t i c a l l y , some 
minor d i f f e r e n c e s occur due to the d i f f e r e n t t e c h n i c a l ways of o b t a i n i n g E 
r e s p . E ( 0 ) . In some cases the S t r u t i n s k y t i s found l e s s a c c u r a t e l y than 
f ( 0 ) wi th the temperature method, and v i c e versa [ 9 1 ] . Both methods do 
depend on the continuum c o n t r i b u t i o n s f o r f i n i t e p o t e n t i a l s . T h e i r r e s u l t s 
agree w i t h i n the o v e r a l l u n c e r t a i n t y of £ 1 - 1.5 MeV quoted above. A com­
b i n a t i o n o f the two methods which diminuishes somewhat the i n f l u e n c e of the 
continuum s t a t e s was r e c e n t l y proposed by Ofengenden et a l . [ 9 2 ] . 

A d i f f e r e n t approach i s r e p l a c i n g i n e q . (3.13) the averaged l e v e l den 
s i t y g(E) by an asymptotic expression 9/\c(E) v a l i d f o r l a r g e values of E, 
i . e . f o r l a r g e nucleon numbers. The problem of f i n d i n g 9AS(E) f o r a given 
p o t e n t i a l goes back to Weyl in 1911 [93] and has repeatedly been taken up 
again [ 7 8 , 9 4 ] . The use of 9 ^ ( E ) f o r c a l c u l a t i n g the s h e l l - c o r r e c t i o n was 
proposed i n 1969 by Gaudin and Sajot [95] and a p p l i e d f o r f i n i t e and i n ­
f i n i t e square-well p o t e n t i a l s . In r e f . [ 8 0 ] , the case of an i n f i n i t e box 
of cubic shape was i n v e s t i g a t e d . I t was found that wi th a c a r e f u l use of 
the c o n d i t i o n s (3.17) i n the S t r u t i n s k y averaging (see point 4 i n s e c t . 
3 . 3 a ) , the values f o r 6E obtained by both methods agree w i t h i n < 0.2 MeV 
f o r N ;> 40. 

Bohr and Mottelson [69] proposed the d i r e c t asymptotic expansion of 
the s i n g l e - p a r t i c l e sum: 

This i s completely e q u i v a l e n t to the use o f g A s ( E ) i n e 9 - ( 3 . 1 3 ) , but de­
monstrates the analogy w i t h the LDM-expansion of b inding energies more 
r e a d i l y . The c o e f f i c i e n t s i n ^c (N) are not e a s i l y evaluated i n g e n e r a l . 
The volume term a v i s given i n the Thomas-Fermi model [ 6 9 ] , and the s u r ­
face c o e f f i c i e n t a s can be r e l a t e d to the phase s h i f t s o f the bound s t a t e 
wave f u n c t i o n s (due to the sur face) i n case of a l o c a l p o t e n t i a l (no s p i n -
o r b i t term!) [96] . The remaining c o e f f i c i e n t s must, however, be determined 
n u m e r i c a l l y by f i t t i n g E A S ( N ) t ° t n e exact sums of occupied ei f o r l a r g e 
values of N. This method was c a r e f u l l y i n v e s t i g a t e d by Sobicewski et a l . 
[83] f o r a l o c a l , s p h e r i c a l Woods-Saxon p o t e n t i a l . The asymptotic s e r i e s 
was found not to converge f a s t enough to a l l o w f o r a unique determinat ion 
of EAS(N) f o r r e a l i s t i c p a r t i c l e numbers. When chosen to f i t the S t r u t i n s k y -
averaged values ^(N) f o r very l a r g e N, however, agreement of EAS and t w i t h ­
i n < 1 MeV was found f o r N i 40. F u l f i l m e n t of the s t a t i o n a r y c o n d i t i o n s 
(3.17) f o r E was important here, too (see a l s o the d i s c u s s i o n i n s e c t . 3.3a 
above). This r e s u l t i s i n t e r e s t i n g because E/\$ o n l y depends on occupied 
s t a t e s , thus demonstrating the c o r r e c t n e s s o f the continuum treatment 
i n the S t r u t i n s k y averaging. The method o f the asymptotic expansion i n i t ­
s e l f i s not able to g ive unique values of s h e l l - c o r r e c t i o n s ; i n p a r t i c u l a r 
f o r p o t e n t i a l s w i t h s p i n - o r b i t terms and deformed shapes, where the phase 
s h i f t s cannot be given a n a l y t i c a l l y , i t i s not p r a c t i c a l l y a p p l i c a b l e . 

The most s u c c e s s f u l a l t e r n a t i v e to the S t r u t i n s k y a v e r a g i n g , which i s 
f r e e from c o n t r i b u t i o n s of unoccupied s t a t e s and i s a p p l i c a b l e f o r r e a l i s ­
t i c deformed p o t e n t i a l s , i s the s e m i c l a s s i c a l p a r t i t i o n f u n c t i o n method 
proposed by Bhaduri and Ross [97] and f u r t h e r developed by Jennings and 

M 
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Bhaduri [ 9 8 , 9 9 ] , I t makes use of a s e m i c l a s s i c a l expansion of the p a r t i t i o n 
f u n c t i o n which goes back to Wigner and Kirkwood [100]: 

In eq. ( 3 . 2 1 ) , 3 i s the inverse temperature (here simply t r e a t e d as a 
mathematical v a r i a b l e ) ; x n ( 3 ) are c o e f f i c i e n t s which depend on the po­
t e n t i a l and i t s f i r s t n g r a d i e n t s ; and ZQL(3) i s the c l a s s i c a l p a r t i t i o n 
f u n c t i o n . By inverse Laplace t ransforming term by term of eq. ( 3 . 2 1 ) , one 
obtains the smooth part of the l e v e l d e n s i t y g ( E ) ; the f i r s t ( c l a s s i c a l ) 
term y i e l d i n g the Thomas-Fermi r e s u l t g j p ( E ) . Correspondingly one obtains 
the p a r t i c l e number and the average s i n g l e p a r t i c l e energy sum i n the form 

where the i n d i c e s r e f e r to the order of the corresponding terms i n eq. 
(3.21) (EjF = E CL> e t c . ) . For d e t a i l s of t h i s method, we r e f e r to r e f s . 
198 - 101]. Since s e m i c l a s s i c a l c o r r e c t i o n s to the Thomas-Fermi expressions 
are evaluated here, the method i s a l s o r e f e r r e d to as the extended Thomas-
Fermi (ETF) model ; i d e n t i c a l r e s u l t s can a l s o be der ived by other techniques 
1102,103J. The s e r i e s f o r EETF (3.22) was shown i n r e f . [101] to converge 
very r a p i d l y f o r r e a l i s t i c Woods-Saxon p o t e n t i a l s ; the term E4 i s of order 
~ 1 MeV ( f o r each kind of p a r t i c l e s ) . The energy E E J F can thus e a s i l y be 
evaluated to at l e a s t the same accuracy as the St rut insky-averaged q u a n t i t y 
f . Hereby, the spectrum need not be known and only the c l a s s i c a l l y a l ­
lowed region V(r) < A i s used to evaluate E^-pp. 

The c l o s e connection between the S t r u t i n s k y energy averaging and WKB-
or E T F - l i k e methods was pointed out e a r l y [ 3 , 3 8 , 1 0 3 ] . In r e f . [80] i t was 
shown a n a l y t i c a l l y that f o r a (deformed) harmonic o s c i l l a t o r p o t e n t i a l , 
E^TF and t are i d e n t i c a l ( independently of the exact shape of the averaging 
f u n c t i o n f (x ) i n eq. (3.14)). Jennings [98,99] demonstrated the equivalence 
of the two methods f o r any (smooth) i n f i n i t e p o t e n t i a l , provided that a 
plateau can be found i n the S t r u t i n s k y averaging. For r e a l i s t i c Woods-Saxon 
p o t e n t i a l s , i n c l u d i n g s p i n - o r b i t term and deformations r e l e v a n t f o r f i s s i o n , 
the two methods have been compared c a r e f u l l y i n r e f . [101]. In a l l c a s e s , 
Ecyp and E agree w i t h i n < 1 - 1.5 MeV, thus w i t h i n the o v e r a l l u n c e r t a i n t y 
of e i t h e r method. This r e s u l t not only demonstrates the complete e q u i v a ­
lence o f the two methods i n the most general case; i t a l s o confirms the 
standard p r a c t i c e o f i n c l u d i n g unbound d i s c r e t e s t a t e s i n the lower c o n t i ­
nuum r e g i o n . (In f a c t , using the r e s u l t s of r e f . [82] where the resonances 
i n the continuum were included and unique plateau values could be found 
i n the S t r u t i n s k y energy E, i t s agreement with E £ j p i s w i t h i n 0.25 MeV when 
EETF i s evaluated to that accuracy. ) 

We f i n a l l y mention very s h o r t l y a new averaging technique developed 
r e c e n t l y by Ivanyuk and S t r u t i n s k y [104,105] which makes use only o f bound 
s t a t e s and i s der ived d i r e c t l y from a l e a s t - s q u a r e f i t of the s i n g l e -
p a r t i c l e energy sum i n powers of N v * ( s i m i l a r to e q . ( 3 . 2 0 ) ) . In the 
newest v e r s i o n of t h i s method [ 1 0 5 ] , p e r f e c t plateaux are found f o r the 
s h e l l - c o r r e c t i o n s as f u n c t i o n s o f the number of (bound) l e v e l s i n c l u d e d . 
T h i s i s i l l u s t r a t e d i n F igure 9. The method i s d iscussed i n the review paper 
by S t r u t i n s k y [ 6 7 ] , to which we r e f e r f o r d e t a i l s . I t i s important to note 
that t h i s new method leads to some systematic d i f f e r e n c e s i n 6E to the 
standard energy averaging r e s u l t s (see the arrows i n F i g . 9 ) . For deformed 
Woods-Saxon p o t e n t i a l s , the d i f f e r e n c e i n 6E i s roughly c o n s t a n t , ~ 1-2 MeV, 
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FIG. 9. Shell-corrections obtained for deformed Woods-Saxon potentials with the new 
number-averaging method of Ivanyuk and Strutinsky [105], shown by the thin lines versus 
twice the number N2 of the highest level included (see details in Ref [105]). Fat lines are 
results from an earlier version [104]; arrows mark the values obtained with the standard 
energy-averaging technique. Note that in the caption of the original figure (Fig. 3 of Ref 
[105]), the role of thin and fat lines was interchanged by mistake (private communication 
by F.A. Ivanyuk). 

and a f f e c t s r e l a t i v e b a r r i e r heights of a c t i n i d e s by l e s s than ~ 1 MeV. For 
s p h e r i c a l n u c l e i , however, the d i f f e r e n c e amounts to several MeV, which 
has consequences f o r the s o - c a l l e d Pb-anomaly. (See r e f . [67] f o r a de­
t a i l e d d i s c u s s i o n . ) 

3.4 Summary of u n c e r t a i n t i e s i n the SCM 

Before t u r n i n g to a comparison wi th experiments, l e t us now b r i e f l y 
r e c o l l e c t the sources and magnitudes of the main u n c e r t a i n t i e s i n the 
s h e l l - c o r r e c t i o n method, as d i s c u s s e d i n t h i s s e c t i o n . 

a) Due to the numerical energy averaging: 

- i n i n f i n i t e p o t e n t i a l s ( N i l s s o n e t c . ) : | A E| £ 0 . 5 MeV. 
- i n f i n i t e depth p o t e n t i a l s (Woods-Saxon, f o l d e d Yukawa): 

1AE1 < 1 - 1.5 MeV f o r A £ 100. 
However, l a r g e r u n c e r t a i n t i e s may a r i s e i n l i g h t n u c l e i or when the 
s e p a r a t i o n energy i s small compared to hft ( e . g . i n n u c l e i f a r o f f the 
6 - s t a b i l i t y l i n e ) . 

b) From the s h e l l - c o r r e c t i o n expansion of the HF-energy: 

- m i s s i n g higher order terms: |A6E| £ 1 MeV f o r A £ 100. 
This e r r o r depends on the s e l f c o n s i s t e n c y o f the p o t e n t i a l and the LD 
( d r o p l e t ) model used; i t may e a s i l y be several MeV i n l i g h t n u c l e i . 



- "qual i ty" of commonly used p o t e n t i a l s : |A6E| £ 1 - 2 MeV. 
This i s merely an e s t i m a t e , taken from comparisons of d i f f e r e n t c a l -
c u l a t i o n s with both phenomenological and s e l f c o n s i s t e n t (HF) poten­
t i a l s . 

- "qual i ty" of l i q u i d d r o p ( l e t ) models: 
an e r r o r of up to several MeV may be p r e s e n t , i n p a r t i c u l a r i n s p h e r i ­
c a l cases. (Pb-anomaly! - see s e c t . 3.1c above and the d i s c u s s i o n i n 
r e f . [67].) In c o n t r a s t to the other u n c e r t a i n t i e s , t h i s e r r o r should 
show up as a smooth f u n c t i o n of N,Z and deformation! 

(Note t h a t i n the l a s t two i tems, the word "qual i ty" i s to be understood 
r e l a t i v e to the a p p l i c a t i o n i n SCM c a l c u l a t i o n s , as judged from the HF point 
of view. Nothing i s s a i d here a g a i n s t the m e r i t s and s u i t a b i l i t y of the 
phenomenological models i n reproducing s i n g l e - p a r t i c l e p r o p e r t i e s or average 
nuclear b inding e n e r g i e s . ) 

Since i t appears that most of the above e r r o r s or u n c e r t a i n t i e s are un­
c o r r e c t e d and r a t h e r random, one should not expect them to add up. As a 
r u l e , we may thus expect an o v e r a l l u n c e r t a i n t y i n SCM r e s u l t s of not much 
more than ~ 1 - 2 MeV. We emphasize t h a t t h i s should account f o r the r e a ­
l i s t i c c a l c u l a t i o n s as they were performed i n p a r t i c u l a r f o r f i s s i o n bar­
r i e r s , and n e i t h e r f o r p o s s i b l e i d e a l i z e d cases where the e r r o r s could be 
somewhat s m a l l e r , nor f o r a p p l i c a t i o n s to extreme s i t u a t i o n s where much 
l a r g e r e r r o r s may occur ( l i k e e . g . i n superheavy p r e d i c t i o n s [8,9] or heavy 
ion c a l c u l a t i o n s [106]) . 

3.5 Comparison with experiment 

I t would lead beyond the scope of t h i s paper to give an extended r e ­
view of SCM c a l c u l a t i o n s , which are wel l covered up to 1973 i n r e f s . [38,47]. 
In the mean t i m e , not many extended c o m p i l a t i o n s were done. One new f e a t u r e 
i n the r e s u l t s of f i s s i o n b a r r i e r c a l c u l a t i o n s i s the appearance of a 
"second second" saddle which i s mass symmetric, but r-deformed and l i e s some 
~ 1 - 2 MeV higher than the usual mass asymmetric but a x i a l l y symmetric outer 
saddle. I t was reported i n one case by Gavron et a l . [107] and, independently, 
s t u d i e d s y s t e m a t i c a l l y over the whole a c t i n i d e region by Junker and Hader-
mann [108]. The schematic p i c t u r e of a t y p i c a l m i d - a c t i n i d e f i s s i o n b a r r i e r 
and the r o l e of symmetries i s now that shown i n F igure 10. The s t r u c t u r e a t 
the mass-asymmetric outer s a d d l e , reported f o r the f i r s t time by M b l l e r and 
Nix at Rochester [ 4 7 ] , i s now confirmed by other r e s u l t s [109, 6 7 ] . I t de­
velops to a real t h i r d minimum e s p e c i a l l y f o r the l i g h t e r a c t i n i d e s and may 
have i n t e r e s t i n g consequences f o r the Th-anomaly (see below). 

Besides f i s s i o n b a r r i e r s , the SCM c a n , of c o u r s e , a l s o be a p p l i e d to 
(and t e s t e d a g a i n s t experimental) ground-state masses [ 4 7 ] , moments [110] , 
f i s s i o n l i f e times [111] , f i s s i o n fragment d i s t r i b u t i o n s [112] and other 
p r o p e r t i e s , most of which are d e a l t wi th at t h i s conference. For a review 
o f f i s s i o n isomer p r o p e r t i e s , see e s p e c i a l l y the paper by Metag [113]. We 
s h a l l content ourselves here wi th a short d i s c u s s i o n of the two c h i e f a p p l i ­
c a t i o n s , where a l s o the two c h i e f d i s c r e p a n c i e s w i t h experiment have been 
found, and t r y to f i n d out whether we can a t t r i b u t e these d i s c r e p a n c i e s to 
any of the u n c e r t a i n t i e s of the SCM discussed above. 

a) F i s s i o n b a r r i e r heights and the "Th-anomaly" 

The most recent experimental f i s s i o n b a r r i e r s have been compiled and 
compared to s h e l l - c o r r e c t i o n c a l c u l a t i o n s i n the review by B r i t t [114]. The 
o v e r a l l agreement between experiment and theory i s e s s e n t i a l l y unchanged 
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s i n c e Rochester (see, e . g . , M b l l e r and Nix [ 4 7 ] ) . In Figure 1 1 , we show a 
comparison of f i s s i o n b a r r i e r s , taken from a recent a r t i c l e by Habs et a l . 
[115]. For the outer b a r r i e r s (Eg) , the agreement between experimental and 
three d i f f e r e n t sets of t h e o r e t i c a l r e s u l t s i s i n a l l cases w i t h i n ~ 1-2 
MeV. The same holds f o r the inner B a r r i e r s (E/\) of a c t i n i d e s with neutron 
numbers N £ 140. However, there i s a c l e a r tendency of the t h e o r e t i c a l inner 
b a r r i e r s to be too low. This trend gets stronger f o r the l i g h t e r a c t i n i d e s 
wi th N < 140. In the l i g h t e s t T h - i s o t o p e s , the discrepancy reaches up to 
~ 4 MeV, which gave r i s e to the name "Th-anomaly" [ 3 8 , 4 7 ] . We see, however, 
c l e a r l y from F i g . 1 1 , t h a t t h i s anomaly i s not r e s t r i c t e d to Thorium; there 
i s a c l e a r trend f o r al1 t h e o r e t i c a l b a r r i e r s E a with N £ 144 to decrease 
with decreasing N, whereas a l l measured values stay constant around 
~ 5 - 6.5 MeV. This was emphasized i n r e f . [115] wi th the newly measured 
b a r r i e r s of 232p u and 2 3 4 p u > j n e former "Th-anomaly" i s thus now a c l e a r 
systematic discrepancy f o r a l l a c t i n i d e s (at l e a s t up to Pu) wi th neutron 
numbers N £ 140. 

For a l l the other c a s e s , the agreement w i t h i n ~ 1-2 MeV i s very s a t i s ­
f a c t o r y . As we have summarized i n s e c t . 3 . 4 , the t o t a l of u n c e r t a i n t i e s i n 
the SCM can hardly be expected to be s m a l l e r than ~ 1-2 MeV; the general 
agreement wi th experiment i s thus the optimal one. 

There have been proposed several explanat ions f o r the Th-anomaly 
(see, e . g . , M b l l e r and Nix [ 4 7 ] , P a u l i and Ledergerber [ 1 1 1 ] , Larsson 
et a l . [116] ) . The most popular i s the one using the t h i r d minimum found 
by M b l l e r and Nix [47] and w i l l be much discussed at t h i s conference. We 
do not want to comment on the p o s s i b l e experimental evidence f o r t h i s 
t h i r d minimum, which i s d iscussed e x t e n s i v e l y i n several papers [ 1 1 7 ] . 
We note, however, that some care should be taken on the t h e o r e t i c a l s ide 
with the q u a n t i t a t i v e i n t e r p r e t a t i o n of a ( t h i r d ) wel l wi th a depth o f ~ l 
MeV, i n view of the above u n c e r t a i n t y l i m i t s of the SCM i t s e l f . This i s 
not meant to doubt the q u a ! i t a t i y e e x i s t e n c e of a t h i r d minimum, which 
now seems wel l e s t a b l i s h e d [ 1 0 9 , 6 7 ] . On the other hand, when c o n s i d e r i n g 
experimental consequences of the e x i s t e n c e of t h i s t h i r d w e l l , one should 
not only th ink of ^^Ojh and 2 3 2 j h , where the o r i g i n a l "Th-anomaly" was 
found, but one should look s e r i o u s l y at a l l those a c t i n i d e s where a t h i r d 
wel l i s p r e d i c t e d (although t h i s might not be easy e x p e r i m e n t a l l y ) . 

In t u r n , from our p o i n t of view taken i n t h i s paper, we do not ex­
clude an e x p l a n a t i o n of the systematic discrepancy i n E/\ of the a c t i n i d e s 
w i t h N < 140 due to the u n c e r t a i n t y i n the SCM alone (and thus compatible 
with the o l d double-humped p i c t u r e a l s o f o r the T h - i s o t o p e s ! ) . As we 
s t a t e d i n s e c t . 3.4 above, systematic smooth e r r o r s l a r g e r than ~ 1-2 MeV 
may a r i s e i n the SCM from a l a c k of s e l f c o n s i s t e n c y of the shel l -model 
p o t e n t i a l s and l i q u i d d r o p ( - l e t ) models employed. In f a c t , we s h a l l see 
i n s t a n t l y that t h i s e x p l a i n s the s o - c a l l e d "Pb-anomaly". And indeed, what 
s t a r t e d out as the Th-anomaly i s an e r r o r i n Ê  which s y s t e m a t i c a l l y i n ­
creases as one approaches the P b - r e g i o n . To f u r t h e r s u b s t a n c i a t e - or 
d isprove - t h i s s u s p i c i o n , i t i s t h e r e f o r e of great importance to i n v e s t i ­
gate b a r r i e r heights o f p r e - a c t i n i d e n u c l e i a l l the way dwon to 208pb 
(or even below), both t h e o r e t i c a l l y and e x p e r i m e n t a l l y [118] . 

b) Ground s t a t e masses and the "Pb-anomaly" 

We have now al ready several times touched upon the other - and l a r g e s t -
discrepancy between experimental data and r e s u l t s c a l c u l a t e d w i t h the SCM: 
a t o t a l b i n d i n g energy of 208pb too low by ~ 4-7 MeV as found w i t h the 
s h e l l - c o r r e c t i o n 6E i n f i n i t e depth p o t e n t i a l s . Nothing has changed i n t h i s 



s i n c e 8 years (see the d e t a i l s i n the reviews [ 3 8 , 4 7 ] ) , and no s a t i s f a c ­
tory e x p l a n a t i o n has been g i v e n . Our c o n c l u s i o n s reached i n s e c t . 3 .3 
c l e a r l y r u l e out an e r r o r of 4-7 MeV i n 6E due to the S t r u t i n s k y averaging 
method ( a l s o i n f i n i t e depth p o t e n t i a l s ) , as i t was sometimes suspected. 

We c l a i m (see a l s o r e f . [119]) t h a t the m a t e r i a l presented i n s e c t . 
3.1 above gives a c l e a r (not n e c e s s a r i l y unique!) e x p l a n a t i o n of the Pb-
anomaly: namely the f a c t that no such anomaly e x i s t s i n the s e l f c o n s i s t e n t 
r e s u l t s o f r e f . [62] using the Strutinsky-smoothed H F - c a l c u l a t i o n s . The 
"Pb-anomaly" appears thus as due to a lack of s e l f c o n s i s t e n c y i n the c o r ­
responding SCM c a l c u l a t i o n s . Since the Skyrme-HF r e s u l t s support the value 
6E c* - (18-20) MeV of the s h e l 1 - c o r r e c t i o n i n 208pb, found wi th a Woods-
Saxon p o t e n t i a l [38]., the l a c k of s e l f c o n s i s t e n c y must be sought i n the LD 
model parameters used i n r e f . [ 3 8 ] . 

We note that S t r u t i n s k y [67] a r r i v e s e s s e n t i a l l y at the same r e s u l t ; 
we r e f e r to h i s review f o r a f u r t h e r d i s c u s s i o n o f the LD model. A seemingly 
d i f f e r e n t e x p l a n a t i o n of the Pb-anomaly i s given i n the paper by Werner et 
a l . [120] using Migdal theory. However, i n as f a r as a l a r g e part of t h e i r 
e f f e c t i s e q u i v a l e n t to the rearrangement i n HF, t h e i r c o n c l u s i o n s agree at 
l e a s t q u a l i t a t i v e l y with o u r s . 

With the above e x p l a n a t i o n we have of course not yet given any remedy 
of the Pb-anomaly. C l e a r l y , b e t t e r s e l f c o n s i s t e n t sets of s h e l l model and 
LD or d r o p l e t model parameters should be c o n s t r u c t e d . For t h a t , more s e l f -
c o n s i s t e n t (and p r e f e r e n t i a l l y s e m i c l a s s i c a l ) c a l c u l a t i o n s w i t h r e a l i s t i c 
e f f e c t i v e forces are needed. Since we argued above, that the o l d "Th-anomaly" 
a l s o might be connected with the same e f f e c t , more than one problem might 
be cured i n the event of a p o s i t i v e outcome, so t h a t renewed e f f o r t s i n 
these d i r e c t i o n s are c e r t a i n l y j u s t i f i e d . 

Apart from the region around Pb, the t h e o r e t i c a l b inding energies 
obtained with the SCM agree g e n e r a l l y wi th the experimental ones w i t h i n 
- 1-2 MeV; we thus have here the same s a t i s f a c t o r y r e s u l t as f o r most of the 
a c t i n i d e f i s s i o n b a r r i e r s . 

4. SUMMARY, CONCLUSIONS AND OUTLOOK 

We have examined several methods of c a l c u l a t i n g nuclear deformation 
e n e r g i e s , wi th emphasis on f i s s i o n b a r r i e r s of a c t i n i d e s , and compared 
t h e i r r e s u l t s to experiment. We f i r s t d iscussed the c o n s t r a i n e d H a r t r e e -
Fock (CHF) method which makes use of e f f e c t i v e nucleon-nucleon i n t e r a c t i o n s 
f i t t e d to nuclear ground-state p r o p e r t i e s . Without changing or adding any 
parameter, the t o t a l b i n d i n g energy i s then c a l c u l a t e d a t l a r g e deformations 
using a c o n s t r a i n i n g external f i e l d . That double-humped f i s s i o n b a r r i e r s are 
obtained even q u a l i t a t i v e l y , i s r a t h e r remarkable, s i n c e they represent only 
a p e r m i l l e e f f e c t i n the t o t a l b inding energy. With the r e s u l t s of HFB c a l ­
c u l a t i o n s by Berger et a l . [ 1 6 ] , c o n f i r m i n g that the average p a i r i n g gap A 
i s roughly constant up to the second b a r r i e r , three independent groups now 
have c o n s i s t e n t l y obtained too high b a r r i e r s Eg of 2 4 0 P u or 2 3 6 U by roughly 
a f a c t o r of two. This need not be a l a r m i n g . On one hand, we saw that the 
freedom i n f i t t i n g the f o r c e parameters ( i n p a r t i c u l a r f o r the case of the 
Skyrme i n t e r a c t i o n ) leaves enough room f o r q u i t e a p p r e c i a b l e v a r i a t i o n s i n 
the b a r r i e r h e i g h t s . E s p e c i a l l y the s p i n - o r b i t f o r c e i s too l i t t l e known 
and leads to l a r g e u n c e r t a i n t i e s . On the other hand i t i s q u i t e p o s s i b l e 
t h a t an e s s e n t i a l f e a t u r e o f the e f f e c t i v e f o r c e s i n use i s g e n e r a l l y m i s ­
s i n g and shows up only a t l a r g e deformations. This problem i n any case p r e ­
sents an i n t e r e s t i n g chal lenge f o r the next f u t u r e . C l e a r l y , i n forthcoming 



improvements of the e f f e c t i v e i n t e r a c t i o n s , the b a r r i e r heights should be 
c a r e f u l l y watched and incorporated i n any adjustment of parameters. I t may 
turn out that the long-range part of the f o r c e s needs to be e s s e n t i a l l y im­
proved. Q u a l i t a t i v e l y , the i n c l u s i o n of a second order tensor f o r c e should 
lower the binding energy; whether i t br ings the d e s i r e d e f f e c t on the f i s ­
s i o n b a r r i e r s remains to be i n v e s t i g a t e d . 

We have seen that the lengthy HF i t e r a t i o n s are not always needed i f one 
only r e l a x e s the requi red accuracy by a couple o f MeV. I f c a r e f u l l y deformed 
r e a l i s t i c p o t e n t i a l s are used, one can a l ready i n the f i r s t step ( i . e . by 
s o l v i n g the Schrbdinger equation once only) o b t a i n deformation energies which 
l o c a l l y d e v i a t e from the exact CHF r e s u l t s only by a few MeV. This a p p r o x i ­
mate ("expectation value" EV) method should be useful f o r l a r g e s c a l e i n ­
v e s t i g a t i o n s and rough f i r s t - o r d e r determinations of f o r c e parameters to be 
used i n CHF c a l c u l a t i o n s . 

We next d iscussed several aspects of the s h e l l - c o r r e c t i o n method (SCM). 
We have seen that numerical i n v e s t i g a t i o n s have given an e x c e l l e n t o v e r a l l 
v e r i f i c a t i o n of the b a s i c assumptions of the SCM w i t h i n the HF framework. 
But we a l s o saw that the s e l f c o n s i s t e n c y of nuclear p o t e n t i a l s , d e n s i t i e s 
and average (LD) deformation energies play an e s s e n t i a l r o l e f o r the S t r u ­
t i n s k y theorem to be a c c u r a t e l y f u l f i l l e d . Future improvements o f the SCM 
should thus aim at s e l f c o n s i s t e n t determinat ions of s h e l l model and d r o p l e t 
model parameters. We showed that t h i s should remove the o l d Pb-anomaly and 
argued that i t might a l s o improve the inner b a r r i e r s of the l i g h t e r a c t i n i d e s 
(Th-anomaly). Whether the o v e r a l l u n c e r t a i n t i e s o f the SCM ever can be 
brought s i g n i f i c a n t l y below a ~ 1 MeV l i m i t , i s doubtful even i f the i n g r e ­
d i e n t s are determined more c o n s i s t e n t l y . When i t comes to i n v e s t i g a t i n g the 
"f ine s t r u c t u r e s " of f i s s i o n b a r r i e r s [ 1 1 4 ] , we may thus d e f i n i t e l y have 
reached the l i m i t s of t h i s method. 

One uf our c o n c l u s i o n s reached i n S e c t . 3.1 was t h a t s h e l l e f f e c t s may 
be t r e a t e d i n p e r t u r b a t i o n ( l i k e i n the EVM or the SCM), and that s e l f c o n -
s i s t e n c y i s important mainly f o r the average p o t e n t i a l s and deformation en­
e r g i e s . To o b t a i n the l a t t e r , s e m i c l a s s i c a l methods can be a p p l i e d . Let us 
b r i e f l y o u t l i n e some recent progress and some plans f o r the near f u t u r e 
along these l i n e s . We have a l ready mentioned i n S e c t . 3 .3 the refinements 
made i n the extended Thomas-Fermi (ETF) method, which was seen to be com­
p l e t e l y e q u i v a l e n t to the S t r u t i n s k y energy averaging and al lowed a q u a n t i ­
t a t i v e c o n f i r m a t i o n o f the l a t t e r method a l s o i n f i n i t e depth p o t e n t i a l s . 
The ETF method cannot be used d i r e c t l y to determine s e l f c o n s i s t e n t deforma­
t i o n e n e r g i e s , because i t leads to d e n s i t i e s p ( r ) which diverge at the 
c l a s s i c a l t u r n i n g point and are not def ined o u t s i d e . I t y i e l d s , however, a 
k i n e t i c energy d e n s i t y f u n c t i o n a l x[p] [122] which has been used q u i t e suc­
c e s s f u l l y together w'th the Skyrme f o r c e i n v a r i a t i o n a l c a l c u l a t i o n s of ave­
rage b inding energies f o r s p h e r i c a l n u c l e i [ 3 9 , 4 0 , 1 2 3 ] . The f i r s t a p p l i c a t i o n 
of t h i s formalism to c a l c u l a t e average f i s s i o n b a r r i e r s w i l l be presented by 
Bengtsson [124] at t h i s conference. 

An important step was reached when i t was r e a l i z e d [125] t h a t a p a r t i a l 
resummation o f the fi-power s e r i e s (used to d e r i v e the ETF e x p r e s s i o n s , see 
eq. 3.21) solves the t u r n i n g point problem, l e a d i n g to s e m i c l a s s i c a l d e n s i t i e s 
which are smooth everywhere and f a l l o f f e x p o n e n t i a l l y i n the t a i l . With t h i s 
method, which i s s t i l l being f u r t h e r developed and t e s t e d [ 1 2 6 ] , i t i s now 
p o s s i b l e to o b t a i n average d e n s i t i e s x(r ) and p(r ) d i r e c t l y from a given po­
t e n t i a l V(r) without the need to evaluate any wavefunctions. This i s , however, 
the most "expensive" step i n a HF i t e r a t i o n . The step from p and T to a new 
(and more s e l f c o n s i s t e n t ) p o t e n t i a l i s u s u a l l y done by a simple i n t e g r a t i o n ; 



i n the case o f the Skyrme f o r c e even by a few a l g e b r a i c manipulat ions ( i n c l u ­
ding d e r i v a t i v e s of p ) . Thus, i t w i l l s h o r t l y be p o s s i b l e to do "short cut" 
HF i t e r a t i o n s s e m i c l a s s i c a l l y , which should lead to s e l f c o n s i s t e n t average 
p o t e n t i a l s and deformation energies a t a r a t h e r low c o s t . I t remains to be 
seen n u m e r i c a l l y to which accuracy t h i s method can be pushed. But we express 
here the d e f i n i t e hope that most of the c a l c u l a t e d f i s s i o n b a r r i e r s presented 
a t the next IAEA f i s s i o n symposium w i l l be evaluated using t h i s method to ob­
t a i n the average part of the deformation energy. 
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DISCUSSION 

K.W. GOEKE: At the beginning of your paper you discuss some of the 
shortcomings of the Hartree-Fock and constrained Hartree-Fock (CHF) methods 
at the present time. I would like to add two further problems which, in my 
view, have prevented CHF from being applied to heavy nuclei on a large scale. 
One of these shortcomings is conceptual in nature. In CHF one uses a given 
constraining operator, usually the quadrupole moment, which, although correct 
near the Hartree-Fock minimum, is not necessarily so, for example, at the 
second barrier. Another shortcoming is the fact that the Hartree-Fock method 
is basically an iterative one. Each point on the potential energy surface has to 
be evaluated separately on the basis of a large number of iterations. P.G. Reinhard 
and I have tried to find methods of evaluating the potential energy surface 'in one 
go'. Indeed, within the framework of time-dependent Hartree-Fock, and in 
particular the adiabatic time-dependent Hartree-Fock method, one can derive a 
differential equation for the potential energy surface that can be solved by simple 
step-by-step methods. It determines, in addition, the collective mass parameters. 
These techniques are currently under investigation and although not yet fully 
studied, they certainly seem likely to be able to evaluate potential energy surfaces 
and masses under fully microscopic conditions, and are also much faster than the 
Hartree-Fock method. 



M. BRACK: I completely agree with your comments. As far as the 
quadrupole constraint is concerned, there is a great deal of support from 
Strutinsky's calculations showing that Q is certainly a reasonably good fission 
mode up to the second barrier. 

A. FAESSLER: You have told us that by using the Hartree-Fock method 
one gets a value for the second barrier that is too high on account of the finite 
basis (1-2 MeV) and also because of spurious effects from rotations (2-3 MeV). 
You also showed that the second barriers agree, within the limits of this error, 
if the pairing is taken as proportional to the surface. But I heard recently from 
Kneissl at Giessen that photofission in the rare-earth nuclei indicates that the 
data can be explained in this way only if G is constant. In such a case there is a 
discrepancy of 15 MeV for the second barrier. How do you explain this large 
difference? 

I would also like to make a comment. You have mentioned the dependence 
of the shell correction plateau on the order of the correction polynomial. At high 
angular momenta it is no longer possible to obtain such a good plateau. The 
value of 7 depends, further, on the angular momentum. In addition, we have to 
distinguish between the optimal values for the protons and neutrons, as calculations 
made here in Julich have shown. 

M. BRACK: In reply to your question, if G ^ const, is confirmed by the 
Hartree-Fock-Bogolyubov results, then I can only say there is something basically 
wrong with these effective forces (Skyrme forces and K-matrix model) at large 
deformations. It is even more contradictory in view of the fact that the surface 
energy coefficient a ^ determined for the force Skyrme III in spherical nuclei is 
not too large, as I have shown. 


