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Abstract

STATIC DEFORMATION ENERGY CALCULATIONS: FROM MICROSCOPICAL TO
SEMICLASSICAL THEORIES.

Various methods of calculating static potential energy surfaces are reviewed. Their
uncertainties and limitations for the prediction of fission barriers of heavy nuclei are evaluated.
The relations of the Strutinsky shell-correction method to the microscopical Hartree-Fock
theory, on the one hand, and to semiclassical approaches, on the other hand, are discussed.
Some representative experimental results are compared with the theoretical predictions, and
the differences are related to the uncertainties in the theoretical results themselves.

1. INTRODUCTION AND SYNOPSIS

It was forty years ago that the fission process was qualita-
tively understood in terms of a barrier in the static deformation energy
surface of the nucleus. The theoretical model which was underlying this
interpretation and used in the classical papers by Bohr and Wheeler [1]
and Frenkel [2], is the liquid drop model (LDM), familiar to every nuc-
lear physicist. However only thirty years later, the first quantitative
agreement between experimental and theoretical fission barrier heights
could be achieved due to the shell-correction method (SCM) proposed by
Strutinsky [3]. Since then, important progress has been made in the under-
standing of shell structure effects, especially in heavy deformed nuclei.
The SCM has been confirmed by purely microscopical Hartree-Fock calcula-
tions with various effective interactions. Some promising progress has al-
so been made in the refinement of semiclassical theories which are close-
ly related to the Strutinsky method.

The aim of this paper is a comparison of the different methods used
for the calculation of static deformation energy surfaces of heavy nuc-
lei. In particular we try to give a critical evaluation of their suitabi-
lity and their limitations for the theoretical prediction of fission bar-
riers. As the title is indicating, we shall not follow the historical de-
velopment of the theory, but rather start at a purely microscopical level.

In Section 2, microscopical calculations are reviewed. We discuss the
constrained Hartree-Fock (CHF) method, its physical and technical limita-
tions, and a recently improved time-saving approximation to it. The semi-
microscopical shell-correction method (SCM) still being the most powerful
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tool for systematic calculations of deformation energy surfaces, it is na-
tural that an entire Section 3 is devoted to it. Here we first discuss

the theoretical and numerical justification of the SCM within the HF frame-
work. Some possible uncertainties inherent in the practical SC-approach,
using phenomenological shell model potentials and LDM parameters, are eva-
Tuated. Then some extensions of the method applicable to excited nuclei

and the possible inclusion of correlations through the Migdal theory

are shortly summarized. Finally, the most important practical ingredient
of the SCM, namely the Strutinsky energy averaging procedure, is discuss-
ed. Though a technical detail, it is essential and has provoked repeated
criticism especially in connection with the use of finite depth potentials.
Its uncertainties are carefully studied and several alternative methods
and recent improvements are reviewed. In particular, we shall emphasize
the complete equivalence between the (traditional) Strutinsky energy aver-
aging and the extended Thomas-Fermi (ETF) model. Finally, with the help of
some recent experimental results for actinide fission barriers, we shall
establish the kind of agreement that is obtained by the most typical shell-
correction calculations. The discrepancies are then compared to the uncer-
tainties presented in the theoretical results themselves. The two most per-
sisting cases where the disagreement with experiment clearly exceeds the
theoretically expected error limits, namely the so-called Pb-and Th-anomalies,
are discussed. We emphasize in particular the connection between the Pb-
anomaly and the apparent lack of selfconsistency between the commonly used
finite depth shell model potentials and LDM parameters.

In the final section 4 we shall summarize our conclusions and shortly
mention some recent progress in the development of semiclassical methods which
are very useful in determining average nuclear properties. We will outline an
jteration procedure with which it should soon be possible to determine
average potentials and deformation energies selfconsistently in a purely
semiclassical way.

2. MICROSCOPICAL METHODS

2.1 Selfconsistent (CHF) calculations

The only practically feasible ways of describing heavy deformed nuc-
lei on a purely microscopical level are using the indpendent particle
(Hartree-fFock, HF) approximation or - when including pairing correla-
tions - the independent quasiparticle (HF-Bogolyubov, HFB) approximation.
Even in the HF framework, the technical problems are rather immense due
to the non-linearity and the (in general) integro-differential character
of the HF-equations. It is therefore only the development of fast computers
on one hand and of mathematically sufficiently simple effective nucleon-
nucleon interactions on the other hand, that made selfconsistent microsco-
pical calculations possible for heavy deformed nuclei. For an extensive ge-
neral review of HF-calculations of nuclear properties with phenomenological
effective forces, we refer to a recent article of Quentin and Flocard [4].

An important development was initiated some ten years ago with the
revival of the effective interaction of Skyrme by Vautherin and Brink [5].
The simplicity of this interaction consists in a zero-range expansion,
where the finite range of the force is expressed through gradient depen-
dent terms. The parametrization of the Skyrme force and its application to
constrained Hartree-Fock (CHF) calculations was further developed by the
Orsay group [6,7,19] and resulted in the first selfconsistently calcula-
ted fission barrier of 240py {7]. Although the agreement with the experi-
ment was not too good - several reasons for this will be discussed below
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FIG.1. Fission barrier of the hypothetical super-heavy nucleus 298] 14, obtained with the
Skyrme force, SIII, and the CHF method [8). Q is the (mass) quadrupole moment.
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FIG.2. Fission barrier of U, obiained with the self-consistent K-matrix model [12]. Mass
asymmetry is included at and beyond the second saddle. Only four points have been calculated.
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in sect. 2.2 - it was quite exciting to see the familiar double-humped
shape emerging from a purely microscopical calculation. Due to the large
computer times needed for these calculations, no systematical CHF-in-
vestigation of actinide fission barriers has been performed up to date.
However, some selected calculations were done for the barriers of hypo-
thetical superheavy nuclei [8,9]. As an illustration, we show in Fi-
gure 1 the barrier of 298114 obtained with the Skyrme III force [8]. In
refs. [7,9], the dependence of the barrier heights on the force parame-
%er; has also been investigated (for some results, see the discussion be-
ow).

In another group, a selfconsistent K-matrix model [10] initiated by
Meldner [11] was applied to a CHF-calculation for the asymmetric fission
of 236y by Kolb et al. [12]. In this case, the deformation energy curve
was continued from the saddle point down to the scission region, see
Figure 2. One notes here that two sets of parameters, which give similar
results for spherical nuclei [12], lead to different predictions of the
barrier heights and, especially, of the deformation energy curve near
scission.

In both these sets of calculations, a quadratic constraint was used
to obtain points of the deformation energy curves away from local minima.
Pairing correlations were included in the BCS approximation using a pheono-
menological gap parameter A or an average pairing matrix element G. This
is a rather severe restriction of the consistency of these models: The
paring matrix element is added ad hoc, and not calculated from the same
effective interaction which determines the average (HF) field of the nuc-
leus. As a consequence, the familiar dilemma concerning the deformation
dependence of G (or the average gap &) arises, which already caused a lot
of discussion and uncertainties in the shell-correction calculations of
fission barriers (see Sect. 3 below). Indeed, a drastic dependence of
the barrier height on constant or surface-pairing was demonstrated in the
CHF-calculations [7], too (seealso 2.2.d below).

The right thing to do - but a 1ot more complicated - is to use an ef-
fective interaction which allows to perform true HFB calculations. With
the present-day Skyrme forces [6] this is not possible due to their unrea-
listic behaviour at high momentum transfer. (This defect can, however, be
removed by adding a few more exchange terms [13].)Recently, Gogny succeeded
in designing a phenomenological finite range force (with a zero-range den-
sity dependent term) which is suited for HFB-calculations [14,15] in spite
of the rather enormous technical problems involved. The results obtained
in ref. [15] show a remarkable agreement between theoretical and experimen-
tal pairing properties of Sn-isotopes and various rare-earth nuclei. Simul-
taneously, the total binding energies and density distributions obtained
in these calculations for spherical nuclei are at least of the same quality
as those of the best earlier HF-calculations with effective forces. The
first fission barrier calculations with the Gogny force will be presented
in the subsequent paper at this Symposium [16].

2.2 Discussion of error sources and limitations

When comparing the fission barriers obtained in CHF calculations to
experimental ones, one should consider several restrictions made in the
models discussed above. Let us first discuss the physical restrictions.

a) Spurious energies.
R welT-known deficiency of the HF-approximation is the fact that Slater
determinants (or BCS wavefunctions) are neither good eigenstates of the
total centre of mass momentum P nor of the total angular momentum J. As a
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consequence, the HF energy contains spurious kinetic energy contributions
of translational and rotational motion. The former can reasonably well be
taken care of (at least in heavy nuclei) by the direct part of

AE,, =<PB*>/2mA

leading to a slight rescaling of the total single-particle kinetic energy
[6,19]. Since this correction is very little deformation dependent (even
including the exchange part [17]), it leads to no serious errors in de-
formation energies. The spurious rotational energy, however, is harder
to determine. Exact angular momentum projection being much too cumber-
some in heavy nuclei, one often approximates its contribution by the ex-
pectation value (see, e.g. [Zoll:

AErot ’;'1<31>/2Z
where } is the moment of inertia. In heavy deformed nuclei, AErot easily
amounts to ~ 3-6 MeV at the ground state [17,19,21]) and further increases
with increasing deformation. It thus leads to an overestimation of the
fission barriers. Since in the above expression, the moment of inertia is
needed, it is cumbersome to calculate and can only approximately be esti-
mated. Using the cranking model values, one obtains for typical actinides
a correction of ~ 1 MeV to the inner (Ej) and ~ 2-3 MeV or more to the
outer barriers (Eg). The safest estimate is perhaps possible for the cor-
rection to the isomer excitation energy (E11), using the experimental
values of }, and amounting here to ~ 1 MeV. (A1l these corrections are
relative to the ground state energy E1). We anticipate here that the cor-
rection AEpqt (as well as AEc.M.) plays no important role in the shell-
correction approach, since it can be argued there [21] that only its -
safely negligible - fluctuating part must be considered.

Coulomb exchange energy.

Since an exact calculation of the Coulomb exchange energy Ecgx is very
time-consuming, it has in most cases been taken into account only ap-
proximately. In ref. [12] e.g., the statistical estimate

E ,_5(1)%5
CEX Yz \2wz <D
was used, where ECp is the direct Coulomb energy. A somewhat more re-
fined (local density) Slater approximation is [22,23]
= -3 2(3 )\ 3

Ecex =% (Tr')’sj-d"?:s(')
pp(r) being the proton density, and was used in most of the Skyrme-HF
cglculations [5-9]. Both these approximations (and others) were checked
against exact calculations and found to be satisfactory at ground state
deformations [24, 19]. More recent investigations of Ecpx using analy-
tical deformed harmonic oscillator results [25] indicate, however, that
the Slater approximation may have the wrong deformation dependence in
some cases (namely practically none), whereas the statistical approxi-
mation (where Ecpy is proportional to Ecp) seems more justified. For
the Skyrme-HF results, this would lead %o a positive correction at the
second barrier of ~ 0.5 - 1 MeV for actinides and ~ 1-1.5 MeV for su-
per-heavy nuclei [9].

Dependence of barriers on the force parameters

In most phenomenoTogical effective interactions, there is some freedom
left in the choice of the parameters, if one restricts oneself to
ground-state properties only. In the case of the Skyrme-forces there
is, in fact, an infinite choice of parameters (see Beiner et al. [6])
in the sense that any value of the density dependent term (t3) may be
chosen. The rest of the parameters can then still be chosen such as to
give reasonably good fits to ground state properties of all spherical
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FIG.3. Surface energy as(°)and surface asymmetry coefficients k¢ for different Skyrme
interactions (with theoretical error bars), obtained by a semiclassical variational calculation
[40). No spin-orbit contribution is included. Note the linear dependence of a,*) and kg
on the Skyrme force parameter t;.
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FIG.4. Deformation energy curves for the hypothetical nucleus 354126, obtained with the
expectation value method (see Section 2.3). The spin-orbit force parameter Wy (in units of
MeV-fm3) is varied, the other parameters of the force Skyrme III are kept constant.

Wo = 120 Me V-fm? is the standard value (from Ref. [21)-
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nuclei; hereby, the forces with a larger density-dependent term ts turn
out to have a larger effective nucleon mass m*(r). It is thus impor-
tant to know how the properties at large deformations depend upon this
variation of parameters.

In the §hesis of Flocard [7] (p. 37), a comparison is made of the
barriers of 240py obtained with the Skyrme forces SIII and SIV. Both
barrier heigths are larger by ~ 5-6 MeV with S IV than with S III. A
similar difference (6 MgV) was found for the inner barrier of the
super-heavy candidate 394126 with the same forces [9]. One may argue
that the S III force has to be preferred because of its more realistic
value of the effective nucleon mass in the interior of the nucleus
(m*/m = 0.75 for S III and 0.5 for S IV) and its better single-particle
spectra of deformed nuclei [19, 26]. Still, the sensitivity of the fis-
sion barriers to the force parameters is rather severe. These results
are substantiated by independent investigations of the liquid drop pa-
rameters inherent in the Skyrme interaction. It was found, indeed,

that the surface and surface asymmetry parameters of the different
Skyrme forces do vary appreciably, those of S III being very close to
the standard LDM values. This is illustrated in Fig. 3.

A similar variation of barrier heights was observed in the calcu-
lations of Kolb et al. (12] reported already in Fig. 2 above. In parti-
cular, the difference obtained near scission is rather drastic. Note,
however, that only four points were calculated along these curves. A
more recent calculation, using a newer version of the K-matrix model [27],
is reported in ref. (4] (see fig. 11 there). It seems to substanciate
the curve labeled "Set III" in Fig. 2, although with a second barrier of
more than ~ 15 MeV (as estimated from that figure).

So far, we have been discussing the freedom in the parameters for
the central parts of the effective interactions used. An even more dras-
tic - and actually alarming - dependence of the results is found, when
it comes to varying the spin-orbit force. The latter has, in all HF (and
HFB) calculations mentioned above, been added purely phenomenologically
and adjusted such as to give the spin-orbit splittings of the single-
particle levels observed experimentally in spherical nuclei. Note that
the central part of the Skyrme forces has been linked back to density
dependent Briickner-HF calculations with the Reid soft core nucleon-nuc-
leon potential [231, and can therefore be said - as well as the K-matrix
models - to be one degree less phenomenological than the spin-orbit
force which, in this respect, is to be put at the same level as the
simple shell model.

In Figure 4 we show three fission barrier curves for the superheavy
nucleus 354126, obtained with the same force Skyrme III, but with three
different values of the spin-orbit parameter W, [9]. These curves are

not obtained fully selfconsistently, but with the expectation value me-
thod [18] to be discussed below. The lack of self-consistency leads to

an uncertainty of ~ 1-2 MeV up to the second minimum and does in any case
not affect the dramatic gariation of the barrier heights with W_. Note
that for Wo = 120 MeV fm> (the standard value for S III) and Wo = 140

MeV fm5, the nug]eus is spherical in the ground state, whereas for

Wo = 100 MeV fm> it becomes deformed. The height of the first barrier
varies from 5 to 15 MeV in the three cases. Of course, it is no sur-
prise that the spin-orbit force plays an important - if not the decisive -
role for the magnitude and the phase of the shell effects. However, a
variation of + 10 % of the constant Wo could easily be absorbed by a re-
adjustment of the other Skyrme parameters without spoiling the nice re-
sults for ground-state properties. And its determination by fitting the



234 BRACK

HF-levels to experimental single-particle (or hole) states in magic nuc-
lei may be disputed, since the latter are known to receive appreciable
contributions from couplings to vibrational modes, which are missing in
the HF approach, and which are especially large in spherical closed-shell
nuclei (see, e.g. ref. [28]). It is therefore no large overstatement to
say that one can obtain almost any barrier one wants by exploiting the
freedom in determining the spin-orbit parameter. Taken together with the
ambiguities in the rest of the force, uncertainties of many MeV are pre-
sent  in the heights of fission barriers.

In future HF-calculations, fission barriers must definitely be taken
into account in pinning down the force parameters. Furthermore, a better
understanding of the spin-orbit force is highly desirable. In this re-
spect we refer to an interesting recent attempt to link the spin-orbit
force back to simple model nucleon-nucleon potentials by fully relativis-
tic Hartree-calculations (29].

d

~

Treatment of pairing correlations

We have aTready discussed the Tack of consistency of HF plus BCS calcu-
lations as performed by the Orsay group [5-9] and Kolb et al. [10,12].
Of course, for the ground-states this is no severe restriction since
their pairing properties can usually be fitted reasonably well by the
phenomenological constants A or G. The deformation dependence of A
and G is, however, not known well enough. We may deduce some hints from
the EESu]t of the Gogny group [15]. There, a deformation energy curve

f 152Sm was obtained in a full HFB-calculation (using a linear con-
straint) and compared to two approximate (HF plus BCS) calculations. At
large deformations, the prescription of a constant gap 4 clearly gave a
better agreement with the HFB result than a pairing interaction G pro-
portional to the surface. If this trend persists for heavy nuclei, it
might have very interesting consequences for fission barriers. Note that
in the Skyrme-HF-BCS calculations of F]ogard et al. [7], the constant A
prescription led to a second barrier of ¢40Py which was ~ 8 MeV higher
than the one obtained with the other prescription. The newest HFB-results
with the Gogny force seem to confirm, indeed, the trend of a constant
average pairing gap A [16]. We also remark here that some interesting
attempts have been made to treat the pairing correlation in a classical
(Thomas-Fermi) approximation [30]. When applied to deformed nuclei,
this approach might also provide some valuable information.

Let us now turn to some technical limitations of the CHF calcula-
tions, which are mainly due to their time consuming character.

e) Truncation effects from finite basis expansion.

For spherical nucTei, the HF-equation can be solved directly and rela-
tively fast in coordinate space (i.e. in the radial variable) with stan-
dard numerical procedures [5,6,10,14,23]. In deformed nuclei, however,
the two-or three-dimensional, nonlinear partial (integro-) differential
equations pose severe numerical problems. The standard way out is pro-
Jection on a deformed harmonic oscillator basis and diagonalization of
the hamiltonian matrix. We need not explain this method which is well-
known from shell-correction calculations (see, e.g. ref. [31]). So far,
all CHF calculations for fission barriers with realistic interactions
have been performed by this projection method, recently renewed attempts
in coordinate space [32] not withstanding. The difference to the SCM is
that the truncation effects are present in the total HF-energies with
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their full weight. The time and space limitations of computer calcula-
tions set lower bounds on the induced errors. For spherical nuclei, they
can be studied carefully by comparison to the exact (r-space) results
(see, e.g. ref. [19]) and extrapolated to small deformations. At large
deformations one has to content oneself with observing the convergence of
the (relative) deformation energies under variations of the size (number
N of major oscillator shells) and the parameters (oscillator strength
hw and ratio q of principal axes) of the deformed basis. In the fission
direction (symmetry axis), a single oscillator well (with N =~ 13 to 15)
is just about sufficient for deformationsup to the second s3ddle point of
actinide nuclei. In ref. [7], the remaining %rancation error was estimat-
ed to be ~ 1-2 MeV at the second barrier of ¢4Upy. When going beyond the
outer barrier, a two-center basis of some kind becomes indispensable
(8,12,16] (see also refs. [33,34]).

Restrictions on symmetries and degrees of freedom

Even with projection on a finite basis, the computer time and space 1imi-
tations force one to keep some symmetries of the variational space.
Whereas left-right (mass) asymmetry can be allowed for at a relatively
low cost [12,16], the abandonment of axial symmetry is still too expen-
sive in HF-applications to heavy nuclei. (For triaxial HF-calculations
in light nuclei see, e.g. ref. [35].) The corresponding errors in the
deformation energies can only be estimatgd from comparison with the re-
sults of SCM-calculations. Thus, in the 240Py results of Flocard et al.
[7], the first and second barrier heights may be reduced by ~ 1 MeV and
~ 4 to 5 MeV due to the lack of non-axial and left-right asymmetric de-
grees of freedom, respectively.

For the same practical reasons, more than one constraint can hardly
ever be included in full CHF calculations for heavy nuclei. Mainly two
physical quantities have been constrained: 1) the quadrupole moment Q2
[6-9, 15,16] which may be a reasonable fission mode up to the second
barrier, and 2) the distance r between the two halves of the nucleus
(i.e. the "nascent fragments") [12] which certainly is more appropriate
beyond the saddle and especially around scission. Thus, real deforma-
tion energy surfaces have not been obtained with the CHF method, but ra-
ther their projections along a one dimensional path which is hoped to be
close enough to some adiabatic fission trajectory. The question which
constraint to choose in which portion of the deformation space can only
be (approximately) answered using a lot of intuition and experience; its
ultimate answer can, of course, only be given in the framework of dynami-
cal calculations where the inertial mass tensor is taken into account [36].

Final remarks

To conclude this discussion of CHF calculations, we compile in Table I
the various corrections, estimated accoEding to a) - f) above, which have
to be added to the fission barriers of 240Py obtained by Flocard et al.
[7]). We see that after these corrections and ignoring the uncertainties
in the force parameters themselves, the agreement with experiment is not
too bad, if the prescription of an average pairing matrix element G pro-
portional to the surface is used. With the constant gap A prescription,
much too high barriers would result.

As to the results of Kolb et al. [12] shown in Figure 2, the correc-
tions b) and f) do not apply (mass assymmetry was included and the
Coulomb exchange energy taken in the statistical approximation). The
truncation error should also be smaller here since a two-center basis
was used. Thus, subtracting the spurious rotational energy of ~ 2-3 MeV,
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TABLE 1. FISSION BARRIERS OF 2*Pb OBTAINED BY FLOCARD ET AL.
[71 AND SEVERAL ERROR ESTIMATES (ALL QUANTITIES IN MeV).
EXPERIMENTAL RESULTS FROM Ref. [37]. RESULTS IN PARANTHESES
ARE OBTAINED WITH A CONSTANT AVERAGE PAIRING GAP A

Ep Eg
CHF, S III, Gasurf. (Aconst.) 9 (11) 13 (21)
a) spur. rotat. energy corr. -1 -2 to -3
b) Coulomb-exch. energy corr. <+ 0.5 +0.5 to +1
e) truncation error < -0.5 -2
f) y- and mass asymmetry energy -1 -4  to -5
c) uncertainty in force parameters several MeV several MeV
resulting barriers with S III 7 (9) 4-6 (12-14)
experimental barriers 6.0 £ 0.3 | 5.35 +0.2

a second barrier of ~ 4 to 7 MeV results, depending on the set of para-
meters. Note that a constant (average) gap was used in this caluclation,
which thus leads to a lTower result than the corresponding one of Flocard
et al. [7]. The more recent result of Cusson and Kolb quoted in ref. [4]
(Fig. 11), however, would also lead to a barrier of EB of ~ 13-14 MeV.

A similar result has now also been obtained in the newest Gogny-HFB cal-
culations [16]. Together with the other results, this might indicate that
an essential component is missing in the large-deformation behaviour of
the effective forces in use.

Our conclusions should not be taken from a too pessimistic side: It
is true that the experimental fission barriers are not yet well repro-
duced. On the other hand one should not forget that these CHF calcula-
tions represent a completely parameter-free (apart from the pairing
problem) extrapolation from calculations where many ground-state pro-
perties of most stable nuclei are explained consistently with very few
parameters of the effective interaction. As such, and considering the
technical problems involved, they represent a remarkable progress.

We have clearly demonstrated that there is by far enough freedom in
the force parameters to allow for a simultaneous inclusion of the correct
barrier heights in a fit of the ground-state properties. It is also clear
that this has to be done in the future - as well as it was necessary in
the more phenomenological LDM plus shell-correction calculations. Such
new fits in HF-calculations will, of course, require a lot of calcula-
tion time. It is therefore important to realize that some much more ra-
pid, but still reasonably accurate approximations to the CHF method
exist or are being developed, and will be valuable for the inclusion of
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the large deformation behaviour in the selfconsistent description of nuc-
lei with effective interactions. One purely microscopical approximation
is discussed in the following subsection, others that make use of semi-
classical methods will be presented in Sect. 4 .

Finally we should also mention the merit of the CHF calculations to
have provided a purely microscopically based quantitative confirmation
of the shell-correction approach. This aspect will be discussed in Sect.
3.1 below.

2.3. The Expectation-Value Method (EVM)

At the same time as the CHF calculations with Skyrme forces were de-
veloped, a non-selfconsistent, but microscopical approach was studied by
Ko et al. [17]. This method consists in approximating the total binding en-
ergy by the expectation value of the two-body Skyrme Hamiltonian between
Slater determinants built of eigenstates of a deformed Woods-Saxon (WS) po-
tential. Pract1ca1]y it corresponds thus exactly toone iteration of a HF-
calculation, using a suitably chosen (deformed) potential. In ref. [17],
this potential was taken from a standard shell-correction calculation [38]
with the generalized WS-Potential of ref. [31], using a two-dimensional
(axially and left-right symmetric) family of nuclear shapes (c,h). (For de-
tails, see ref. [38].) The deformation parameters (c,h) play in this method
the role of the constraint. The deformation energy surfaces obtained this
way in ref. [17] for heavy nuclei had the correct shell structure (two sadd-
le points, second isomer minimum). However, the mean part of the deformation
energies was increasing too fast, leading to far too high fission barriers.

Recently, we proposed a new version of the EVM [18]. Two essential im-
provements over ref. [17] were made: 1) An effective mass m*(r) was included
in the diagonalization of the WS-potential (it was put equal to the free
nucleon mass in ref. [17]). 2) The parameters of the WS-potential (as well
as effective mass and spin-orbit potential) were fitted to reproduce as well
as possible the results of spherical HF calculations. (In this way no free
parameters are left, those of the Skyrme force remaining fixed.) Thirdly, an
improved relation was used to determine the basis deformat1on parameter q at
each point (c,h) instead of the prescription of refs. [31,38]

The method thus consists of the following steps:

1) Fit the central nuclear potentials V(r), the effective masses m¥r) and
the spin-orbit potentials W(r) obtained in a spherical HF-calculation by
Woods-Saxon functions, such as to reproduce the correct half-value radii,
surface thicknesses and mean values in the interior of the nucleus (in-
dependently for protons and neutrons).

2) Deform these WS-functions according to the prescription of ref. [31]
along a suitable path in deformation space (c,h) (or any other given
shape parametrization).

3) D1agona11ze the one body -Hamiltonian (for each kind of nucleons)
H=-V - o y V V@) -i VW@ - (T 8)

compute the densities o(r) and t(r) and from them the total Skyrme energy.
Minimize it with respect to the basis size parameter fiw at each deforma-
tion. (This can be done analytically, see Vautherin, (1973), ref. [5].)

In order to compare the results to CHF calculations, the quadrupole
moment Qz is easily computed at each point. We show such a comparison for
40py in Figure 5, taken from ref. [18]. The EVM curve was here obtained by
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FIG.S. Fission barriers of ***Pu obtained with the EVM (above) and the CHF method (below)
using the force Skyrme Ill. A constant average pairing gap was used (from Ref. [18]).

minimizing the energy for each Qp with respect to the deformation parameters
c and h. (The lowest path is not far from h=0 as in the results of shell-
correction calculations [38].)

We see that up to the second barrier, the deformation energy obtained
with this method reproduces the selfconsistent CHF result within ~ 1-2 MeV.
(A constant average pairing gap A was used here.) Hereby, a factor of at
least ~ 5 to 10 was saved in computation time. Similar results were ob-
tained for other nuclei, too [18]. The lack of selfconsistency leads main-
ly to an almost constant shift of the deformation energy (here of ~ 20 MeV),
the local minima and maxima being unaffected.

The error of ~ 1-2 MeV in the EVM results as compared to the CHF re-
sults is reasonably small in view of the various overall uncertain -
ties,which we discussed above. (For the Skyrme force S IV, where the nuc-
lear HF-potential has much larger oscillations in the interior than with
S II1, the discrepancies are larger, ~ 3-5 MeV [9].) The EVM is therefore
an efficient tool for exploratory calculations in unknown regions of nuc-
lei. It has been applied for an investigation of super-heavy nuclei [9], a
result of which was shown in Figure 4 above.

Of course, this method requires some knowledge of the most important
deformation degrees of freedom relevant for the desired application. It is
therefore especially well suited in connection with a shell-correction cal-
culation. If full selfconsistency is required, the EVM provides an excel-
lent starting point for CHF-iterations. (As a rule, only ~ 2-5 iterations
were required to obtain a well-converged energy.)
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Note that in ref. [181, the Coulomb potential was not included in the
d1agona11zat1on of the proton Hamiltonian ﬁp. The Coulomb energy was thus
treated fully in lowest order perturbat1on Including a reasonable (e.g.
LDM-) quess for the Coulomb potential in should improve the method and
might, in fact, remove most of the rema1n1ﬁg smooth error.

The step 1) described above - although it is simple and straight for-
ward - might be a little cumbersome, in particular if many different nuc-
lei and force parameters are investigated. It is hoped that the potentials
V(r), W(r) and m*(r) may soon be obtained in semiclassical variational cal-
culations. In fact, for spherical nuclei such investigations have already
been performed [39,40] and the EVM was applied there with a similar suc-
cess.

3. THE SHELL-CORRECTION METHOD (SCM)

Swiatecki and Myers [41, 42] emphasized the close connection between
the shell-effects in the nuclear binding energies and the non-uniformi-
ties of the single-particle spectra of the shell model. In the LDM fits of
ref. [42], the energy shell-corrections were phenomenologically parame-
trized as functions of nucleon masses and deformation.

Strutinsky [3] gave the first microscopical definition of the shell-
correction 6&E, ﬁointing out that it can be extracted from the sum of occu-
pied levels 515 of the (deformed) shell model (separately for neutrons and

protons):
N(!) NE@)
SE, - e £5)
P aver

"I’ tl1

(3.1)

Here, the second term is a suitably averaged part (see Sect. 3.3) of the
single-particle sum. The ansatz

E,. “Eom *SE (SE-SE_ ~SE,) (3.2)
was justified by Strut1nsky [3] frop HF-theory using a (formal) decompo-
sition of the HF density matrix o"" into a smooth part o, which is res-
ponsible for the averag (LDM) energy, and a fluctuating part 6p, which to
lowest order is contained in &E:

o« o +dg (3.3)
(For simplicity we omit indices for neutrons and protons and consider only
one kind of nucleons.)

The shell-correction method (SCM) [3] - on the other side of the
Atlantic Ocean also called "microscopic-macroscopic method" - is based on
eqs. (3.1,3.2) and the use of phenomenological LD models (e.g. ref. [42])
and deformed shell-model potentials (e.g. of Nilsson [43]). It has initi-
ated a revolutionary development in the understanding of the shell struc-
ture in deformed nuclei. In particular, it led to the first qualitative
and quantitative explanation of the fission isomers [44] in terms of the
by now famous double-humped fission barrier (see also refs. [45, 46]). It
is not our aim here to review the numerous calculations made using the SCM
with different macroscopic and microscopic ingredients; for that we refer to
some representative review articles [38, 47] where many details and appli-
cations can be found.
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Presently, we shall rather be concerned with the numerical verification
of what has been termed the "Strutinsky energy theorem" [48]. Later in this
section, some extensions of the method and the technical ways of performing
the averaging in eq. (3.1) shall be discussed.

3.1 Numerical tests of the SCM within the HF-framework
a) The Strutinsky energy theorem

The original derivation of eq. (3.2) from HF-theory by Strutinsky [3]
has been discussed and reformulated by numerous authors [38,48-52]). Expan-
ding the HF-energy (in matrix notation)

E = tr T?HF +%tr QH: (tr ?HF v) (3.4)

HF
where v is the (antisymmetrized) two-body matrix element of the effective

interaction, into a Taylor series around the average part p in eq. (3.3),
one can easily show using perturbation theory arguments that

E, "ELe™] ~EL¢1+SE + O[(de)] (3.5)
where
Ele] -trTe +4troltro ¥) (3.6)

and 6F is the first-order she]l-correc?ion, which can be written as in eq.
(3.1). Using the occupation numbers niH and ﬁi (see Sect. 3.3), it reads

A F A ~ A
SE, =2 g;n" -2 E R =2 & dn; (3.7)
t L [}
Hereby éi are the eigenvalues of the averaged HF-Hamiltonian H defined by
o - OE e
= » .8
H=H,_ [g] T (3.8)

The point is that the term 6Ej in eq. (3.5), and with it the sum of occu-
pied levels €;, contains all contributions of first order in ép. This is
true for any density dependent effective interaction, in contrast to the
findings of ref. [48] where the rearrangement terms were not correctly in-
cluded in the definition of the average field (see the detailed discussions
in refs. [51,53]).

The practical shell-correction approach consists in the following basic
assumptions (see also refs.[3,52]):

1. The average HF energy Elp] (3.6) can be approximated by a phenomenologi-
cal LDM energy E|pm:
Ele] = E_,. (3.9)

2. The levels €; of the averaged HF-Hamiltonian H eq. (3.8) can be approxi-
mated by shell-model levels £;SM:

S Eén =2 £ dn. (3.10)
\ i v [}

L
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3. The "shell-correction expansion" eq. (3.5) is converging fast enough, so
that the terms of second and higherorder in §p can be neglected.

4. In the points 1. and 2. it is assumed that p and the corresponding ave-
rage quantities derived from it are smooth as functions of nucleon num-
bers and of deformation.

As a particular point of criticism, the argument was made [54] that in
the identification (3.10), a constraint should be added to the shell-model
potential, since a constraint is also necessary in the HF-calculation to
obtain points away from local minima. It was shown, however, in refs. [49,
52,53,55] that this is not true. This misunderstanding was based, in fact,
upon the erroneous assumption that all first-order shell-effects should be
contained in the sum of occupied Hartree-Fock levels e{HF [50,54] (which
led to much too negative conclusions about the validity of the SCM
[50,54,561). That this is not so, is easily seen noting that

HF ~
6E," =% e -};_ em R, (3.11)

does contain all first-order contributions in &p. (5E1HF differs from sE1

{3.7) only to second order in &p.) Since the second sum in eq. (3.11) also
contains an oscillating term linear in 8p (which was actually observed in

ref. [50]!), this term is mlﬁ?1ng - or rather double-counted - in the sum

of the occupied HF-levels ¢4

Before turning to numerical tests of the energy theorem (3.5), we re-
mark that pairing effects are usually included in the BCS-approximation in
the SCM (see, e.g. refs. [3,38]). A derivation of the energy theorem within
the HFB-theory was given by Kolomietz [57].

b) Numerical tests.

At the time when the SCM was developed, no reliable HF-calculations
were available to test the above assumptions. Bunatian et al. [51] exploited
the fact that the second-order shell-correction 6Ep (containing all terms
quadratic in ép in the expansion (3.5)) can be expressed explicitly in terms
of the two-body interaction or the scattering amplitude (see also ref. [38]).
They calculated the term &2 in perturbation, using different parameter sets
of Migdal's universal quasiparticle amplitude [ 58] and Woods-Saxon single-
particls wavefuntions. In their results for a series of spherical nuclei
around 208ph, the quantity 6E» did not vary more than by £ ~1 MeV around a
mean value of ~2 MeV.

Another preliminary test was pirgormed by Bassichis et al. [59], com-
paring first-order CHF-results for Ru (50] obtained with the Tabakin po-
tential [60] to some ad hoc fits of Nilsson levels and LDM parameters. Their
conclusions cannot be taken on their face values due to the lack of self-
consistency and the omission of pairing effects in these investigations.

The first consistent test of the energy theorem (3.5) was presented at
the Rochester fission symposium by Brack and Quentin [55]. There, CHF-calcu-
lations were performed mainly for rare-earth nuclei with the Skyrme force
S III. Later, these tests were extended in refs. [61-63] for light and heavy
nuclei, using also the Skyrme force S II and the Negele-DME force [23] (see_
also refs. [4,19,53]). In these calculations, the average density matrices ¢
were calculated with the Strutinsky averaging procedure, using everywhere
the local plateau condition (see Sect. 3.3), so that no single free parame-
ter was used. The averaging of p was done either once on top of the con-
verged CHF results (55,61] or self-consistently in each iteration [62,63].
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——— HF Skyrme II
— — = HF Negele-DME
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FIG.6. First-order (§Ey) and sum of higher-order shell-corrections (8 E3) obtained for **Yb
with the forces S III and Negele-DME using the shell-correction expansion (3.5) of the HF
energy [62]. The shell-correction 8E, obtained from a Woods-Saxon potential is shown for
comparison. Note that the scale for 8E, is twice as large as that for 8E,.
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FIG.7. Deformation energies for “°Ca obtained with the force S III [61). Thin solid line:

HF energy. Heavy solid line: self-consistently averaged energy. Heavy dashed line: energy,
averaged once after HF-iteration. Thin dashed line: ‘Strutinsky’approximation to HF energy,
differing everywhere less than by 0.5 MeV from the latter.
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The quantities E[p] and 6E) were then calculated directly according to egs.
(3.6), (3.7), and the sum of all second and higher order terms was obtained
inclusively by the difference

SE, -E,, -El¢]-dE, (3.12)

Pairing correlations were included consistently in the BCS-uniform gap me-
thod [3,38]. For details of the calculations, see refs. [55,62].

The main results of these investigations can be summarized as follows:

1. The shell-correction series (3.5) indeed converges very rapidly; the sum
6E'2 of higher order corrections is (for A R 100) of the order ~ 1-2 MeV
and does not oscillate by more than ~ + 1 MeV (both as function of de-
formation and nucleon number).

2. The first-order shell-correction 6E1 depends little on the effective in-
teraction used’ (this need not be so for E[p]!). It is furthermore well
reproduced (within ~ 1-2 MeV) by a phenomenological (Woods-Saxon) poten-
tial. (See Fig. 6 below)

3. The average energy E[p] (3.6) has the properties required for a LDM en-
ergy: it is smooth and has its minimum at spherical symmetry. If spurious
energies and truncation errors are subtracted (see Sect. 2.2), it can
well be fitted with suitably chosen LDM parameters. (In particular, the
results extracted from the Skyrme III force were closely reproduced by
the 1966 parameters of Myers and Swiatecki [42]), see refs. [55,61].)
These results may also be viewed as a microscopical derivation of the
LDM, which in itself is interesting.

4. An optimal_convergence of the series (3.5) is reached, if the average
densities p are determined selfconsistently. (This has been suggested in-
dependently by Tyapin [66] and further discussed by Strutinsky [52,67].)
It was achieved in refs. [61-63)by averaging o in each step of the ite-
ration, so that the quantities p, E[p] and H after convergence became
selfconsistent. It was found, then, that 6E'p is less than ~ 0.6 MeV in
magnitude at all deformations, even in such Tight nuclei as 160 and 40Ca.
(See also Fig. 7 below.) _

5. In light nuclei (A S 40), if the averaging of p is not done selfconsis-
tently, 6E'2 is up to ~ 3-4 MeV and of the same order as &E,.

6. The sum of all oscillating terms is also reﬁﬁonab1y well re&roduced (to
within ~ 1 MeV) by the shell-correction sE;"" eq. (3.11) [62]. This had
also been noted by Krieger and Wong [64].

We illustrate these results in Figs. 6 and 7. The first-order shell-
correction 6E1 and the sum of all higher-order terms SE's are shown for
168Yb in Figure 6 (from ref. [62], Trieste 1975). The forces Skyrme III and
Negele-DME were used. They lead to almost identical results (within ~ 1-2
MeV), although the total energy E [p] is different by several MeV at larger
deformations for these two forces [61]. We see also that the resulting &E]
is well reproduced by the shell-correction obtained from a Woods-Saxon po-
tential with the same Q,-deformation [38]. (No adjustment was made of the
W-S parameters!) Note tﬁe correlations between the oscillations in &E; and
6E'5, which seem to suggest that neglecting 6E'p would affect differences
between stationary points of the total energy surface (e.g. barrier heights)
only by ~ 1 MeV. 40

In Figure 7, deformation energies are shown for the nucleus_
ref. [61], Paris 1975), obtained with S III. The once averaged (E) and self-
consistently averaged(g) energies are shown to differ by ~ 1-2 MeV; they

Ca (from

! Apart from the spin-orbit force, see Section 2.2¢ and Fig. 4.
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are both perfectly smooth. The approximation E + 6E(?i), where the shell-
correction (3.7) is now evaluated in terms of the eigenvalues of the self-
consistent average field, is very close ot the HF energy E at all defor-
mations. This implies that the sum 5E'2 of higher order corrections is
everywhere smaller than ~ 0.5 MeV. The same was found also for medium and
heavy nuclei [62,63]. We show the result for 40Ca here because it demon-
strates that the decomposition of the HF energy into a LD gnd a shell-cor-
rection part works even for very light nuclei (inc]uding 0 [62]), which
might not have been expected a priori.

Similar investigations were made by Bassichis et al. [65] along a pro-
gram outlined in ref [50] and using the earlier HF-resuTts for 108Ru [50]
mentioned above. However, they used an inconsistent averaging of the density
matrix (without curvature-corrections) which, in fact, includes some exci-
tation energy. Consequently, their results depend strongly on the averaging
width. Disregarding this fact, they can be said to agree well with our above
results.

c) Discussion of results and conclusions

We should not forget that the above investigations cnly can test the
validity of the SCM within the HF-framework, i.e. to the extent that nature
can be replaced by HF-claculations. The effects of correlations are there-
fore not included, or only as far as they can be mocked up by the effective
force used in the HF-approximation. (For extensions beyond HF, see Sect.
3.2 below.).

As we have said in Sect. 2, however, the groundstate energies of most
nuclei are very well described in the HF-approximation using the present-
day effective interactions. We have also seen that, at least in principle,
the deformation energies are reasonably well described. Hereby we emphasize
that some of the most pertinent uncertainties of the CHF method discussed
in Sect. 2.2, namely the spurious energy contributions and the truncation
effects, essentally cancel out in the shell-correction 6E1. As to the un-
certainties in the parameters of the (central) force, they are mostly taken
care of in the SCM by the LDM parameters which are adjusted to fit experimen-
tal results. (The uncertainties in the spin-orbit force and the deformation
dependence of the pairing parameters, however, mainly persist in the SCM.)

Keeping this in mind, we may draw the following conclusions from the
above HF-tests of the SCM:

1. The rapid convergence of the shell-correction expansion (3.5) has been
established. The second and higher-order terms which are neglected in
the practical SCM, oscillate not more than ~ + 1 MeV. Their mean value
depends somewhat on the definition of the average part p of the density
matrix and is minimized if the averaging is done selfconsistently.

2. In transitional nuclei, where the first-order shell-correction &Ep is
small, the higher order terms might not be negligible, especially if
finer details such as e.g. prolate-oblate energy differences are con-
sidered. The same is true in light nuclei if LDM and shell-model para-
meters are not determined selfconsistently.

3. The first-order shell-correction §E] is a rather stable quantity. It is
little sensitive to the effective forces used (apart from the spin-
orbit part!) and depends also not much on the selfconsistency of the
treatment (see also Sect. 2.3).

4. The average part of the HF-energy is mainly determined by the proper-
ties of the force; hereby the selfcons1stency is important.

5. Phenomenological LD models can in principle fit the average HF-energies
well. For the validity of the STM, it is essential how good such a fit
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is and whether the average (shell-model) potential is consistent with
the LDM parameters. This is, however, not easily checked in actual
cases.

6. A particular case of an inconsistency between shell-model potential and
LD-energy may be the Pb-anomaly. Since the (selfconsistent) shell-cor-
rection 8E, extracted from Skyrme-HF calculations for 208Pb is in agree-
ment with the value found from a Woods-Saxon potential [38] (~ -18to-20
MeV), the anomaly must be due to the LDM parameters used in the SCM
calculations. (See also Sect. 3.5.)

7. We may invert the content of the points 3 and 4 above and state: A self-
consistent treatment using effective forces is only necessary for ob-
taining the average parts of deformation or binding energies. Shell ef-
fects can be trea%ed in perturbation, if selfconsistent LD and shell-
models are used. (This may be done either with the SCM or with the EVM
discussed in sect. 2.3). This gives a strong renewed motivation for the
improvement of semiclassical methods, as will be discussed in Sect. 4.

8. The possibilities of improving the phenomenological shell-model poten-
tials towards selfconsistency in the above average (statistical) sense
was discussed by Strutinsky in ref. [52], where also explicit correction
formulae were derived. (See also Strutinsky's review talk [67].) These
have, however, not yet been used in numerical calculations.

3.2 Extensions of the SCM

So far, all our considerations concerned nuclei without excitations.
Two extensions of the SCM have been developed which allow to include exci-
tations.

One of them is the treatment of intrinsic excitations within the sta-
tistical model [68,69]. It has been widely used in calculations of entro-
pies and level density parameters [70]. The Strutinsky-renormalization
eq. (3.2) is thereby usually made at temperature T = 0. The assumption im-
plicitly made is then that both LDM and shell-model parameters do not de-
pend on the excitation (temperature) of the nucleus. The temperature-de-
pendence of the LDM parameters has been studied [71] and found to be rather
weak. The effect of a finite temperature on the (selfconsistent) shell-mo-
del potential was investigated in HF-calculations using Skyrme forces by
two groups [72,73]. Hereby not the intrinsic energy, but the thermodynami-
cal potential

Q= <HY -TS - A<N)

is minimized. The main result of these calculations is that, indeed, chan-
ges in the selfconsistent potential are negligible. The HF-energies &;"" de-
pend very little on the temperature up to T ~ 5-6 MeV. In particular, the
physically relevant quantity, namely the entropy S as a function of the ex-
citation energy E*, is extremely well reproduced when calculated from the
"cold " spectrum (evaluated at T=0). (This result is qualitatively under-
stood by extending the energy theorem (3.5) to finite temperatures, see
ref. [72].) Together with the results quoted above in Sect. 3.1, this

shows that the usual, ron-selfconsistent thermodynamical-statistical ap-
proach [70] is well justified. (Strictly speaking, the conclusions of

refs. [72,73] are only valid to the extent that the parameters of the ef-
fective interaction themselves do not depend on the temperature. As long

as T is much smaller than the Fermi energy, this assumption should how-
ever be well fulfilled.)
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The idea of renormalizing the grand canonical partition function @,
from which all thermodynamical quantities can be derived consistently, was
put forward by Gottschalk and Ledergerber [74]. They derived a shell-cor-
rection expansion of ® which is of the same spirit as that of the HF-energy
in eq. (3.5). The problem here is how to determine the “empirical" & pmM by
which the average part of the shell-model quantity is replaced. In re?. [74]
this was done in terms of an average level density which, however, cannot
be determined uniquely.

Another extension is that for nuclei with large angular momentum,
which is done by minimizing the expectation value of the cranking Hamil-

tonian Hg, :
H, = H-wd,

for a rotation about, say, the x-axis. We do not need to give references
to the extensive high-spin studies done by several groups over the past
five years; they will be reviewed and discussed in the paper of the Lund
group [75]. The selfconsistency of these calculations has not been tested
so far. Due to the loss of time reversal symmetry of the cranking Hamilto-
nian, the corresponding HF-calculations become extremely time consuming for
heavy nuclei. (For some cranked HF-calculations for ¢UNe, see e.g. ref.
[76].) The problem of selfconsistency should, however, be kept in mind
when using cranked shell-correction calculations for the prediction of
yrast traps, which might depend rather crucially on the shell-model and
LDM parameters.

We finally mention an important extension of the SCM which allows to go
beyond the HF framework. Bunatian et al. [51] showed that in the Fermi liquid
theories of Landau and Migdal (see ref. [58]), the first-order shell correc-
tion to the total nuclear binding energy can be cast in the same form as eq.
(3.7), where this time ¢ are the quasiparticle energies. This_has, however,
not been used for actual shell-correction calculations so far 2 (apart
from the estimation of the second-order terms in ref. [51]), although this
would be interesting because it allows the inclusion of correlations (cf. al-
so Dietrich's summary talk of the Rochester conference [77]).

3.3 The energy averaging method and alternative suggestions

a) Strutinsky energy averaging and the plateau condition

A 1ot has been published about the method which Strutinsky originally
proposed in ref. [3] for the definition of the average part of the single-
particle energy sum in eq. (3.1). This method of energy averaging was re-
formulated in various ways [38,49-51, 78-80] and repeatedly criticized
[81] in connection with the so-called plateau-problem. Due to the abundant
literature, we will be brief in discussing the method and emphasize those
aspects from which new insight has been gained over the past six years.

According to the original prescription [3], the smooth part of the
single-particle energy sum is expressed in the following way (for one kind
of nucleons, say neutrons):

N ~ A
> e~> = E -ng(E)dE (3.13)
te4 v -2

The average level density g(E) in eq. (3.13) is obtained by folding the
level spectrum ej over an energy range y:

2 See, however, Werner, E., et al., paper IAEA-SM-241/C26, these Proceedings.
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A
§(E)=%L f(E;e" PM(E;f"),- jq(E)d&N (3.14)

The (symmetric) folding function f(x) - usually taken as a Gaussian - may
be of a rather general form, provided that it falls off sufficiently fast
for large x [80]. The so-called curvature-correction polynomial P,(x) en-
sures that any smooth component of the level density, which is eq”a] to a
polynomial of order M in energy,is identically reproduced by the averaging
procedure (3.14) independently of the value of ¥ and the precise shape of
the averaging function f(x). Introducing occupation numbers ®j by

Q- /¢
e [ 6P (Odx ;2@ =N (3.15)
% i
one can rewrite the average energy 4 (3.13) in the form [80,38]
~ . OF (3.16)
= .n- + PeA__N.
E iZ&‘n,_ s

For a harmonic oscillator potential, where the true average level den-
sity is a parabola (for E > 0), the energy E (3.16) is independent of y
for M 2 4 as soon as y is somewhat larger than hy , the level spacing, pro-
vided that A >> hw and sufficiently many levels are included above the Fermi
energy A. The curve E(Y) thus shows an ideal "plateau". This also works
approximately for the Nilsson-potential [46,78]. In more realistic potential
wells, however, the average part of the level density is no longer a poly-
nomial in E. Then the infinitesimal plateau conditions must be fulfilled

QEl Lo AEMR| g (3.17)
rly T an

which corresponds to fitting the (true) average level density locally by
an optimal Taylor expansion up to order Mo (80]. In most cases, the condi-
tions (3.17) can be fulfilled with values of the order

Y, (42-46)hQ . M= 6-40 (3.18)

where hQ is the average distance of the main shells in the spectrum €5+

Most of the trouble reported [81] was due to neglecting the simulta-
neous fulfilment of both conditions in eq. (3.17). Another problem is that
of the contributions from states in the continuum for the case of finite
depth potentials. The usual praxis of including the discrete levels obtained
by diagonalisation of these potentials in a harmonic oscillator basis
{38,79,80] is rediscussed in the review paper of Strutinsky [67]; we need
therefore not discuss it here. We just mention that Ross and Bhaduri [82]
showed that rather good plateaux can be obtained for a spherical Woods-
Saxon potential, when sufficiently many resonances are included in the con-
tinuum region. On the other hand, the discrete states obtained with a
typical restricted basis in the lower continuum (up to ~ 10 - 15 MeV in
heavy nuclei) rather closely reproduce the positions of the resonances
(see, e.g., ref. [72]).

With the plateau conditions (3.17) approximately fulfilled, the second
term in eq. (3.16) can be omitted and the shell-correction 6E then takes
the form of eq. (3.7).
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FIG.8. Shell-correction 8E in a situation of high local level density (spherical Woods-Saxon
potential without spin-orbit term, large positive value of §E), plotted versus averaging range
v for various orders 2M of the curvature-correction polynomial. Note that for 2M Z 12, a
rather well-defined value 8E = (17 + 0.15) MeV is found. The insert shows the stationary
points (or points of deflection) 8 E(v,) versus 2M. Using a typical standard value y =~ 1.2 h§)
and M = 4 or 6, the error made is still less than 1 MeV (from Ref. [83]).

In ref. [83], the plateau conditions (3.17) were carefully studied for
a spherical Woods-Saxon potential (without spin-orbit term). The main re-
sults found there may be summarized as follows:

1. For medium and heavy nuclei, A 2 100, the conditions (3.17) can usually
be fulfilled up to an uncertainty in £ of af S 1 MeV.

2. For smaller particle numbers (N < 50) and in cases where the distance
of the Fermi level A from the continuum is smaller than hg, the uncer-
tainty may be as large as AE = 1-2 MeV.

3. Difficulties are sometimes met in situations where the local level den-
sity at the Fermi energy is large, i.e. when 8E is maximal (see also refs.
[80,81]). In these cases it may help to go to rather large values of the
curvature-correction order M (~ 14 - 16) to obtain a unique value of E.
This is illustrated in Figure 8.

4. The optimal values Yo and Mgy are not necessarily smooth functions of the
nucleon numbers N,Z. The error made in E is thus discontinuous and rather
random. The safest procedure is to determine Y, and My for a couple of
cases in a given region and then to fit a smooth interpolation formula
Ego(? or Z) for systematic shell-correction calculations (see also ref.

1).
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5. In realistic cases, especially when deformations and spin-orbit term are
included which tend to remove the largest degeneracies of the spectra
€i, the uncertainty in E should never be larger than AE = 1-1.5 MeV,
even if fixed standard values such as Yo ® 1.2 h? and My = 6 are used.

b) Alternative methods

Mainly with the intention of overcoming the above-mentioned continuum
and plateau problems, several alternative methods have been suggested to
extract the smooth part of the sum of occupied levels. We shall here only
discuss those methods which are of practical use or which have been studied
in sufficient detail.

A modified energy averaging procedure with asymmetric smoothing func-
tions, proposed by Bunatian et al. £511, turned out not to lead to unique

values of T [84].

The so-called temperature-method, proposed by Ramamurthy et al. [85],
makes use of the fact that shell effects disappear at large temperatures.
The idea is thus to calculate the (intrinsic) energy E(T) and the entropy
S(T) as function of temperature T using the thermodynamical-statistical
model. (For details see refs. [85-88].) For temperatures larger than
To ~ 2-3 MeV (k=1), the shell effects disapgear (see_also refs. [72,73]);
E(T) and S(T) then_become smooth functions E(T) and $(T), respectively.
Thus, calculating E and S at same finite temperatures

T <T<«lA-V,I

and extrapolating these functions back to zero temperature, one may iso-
late the energy shell effect at T = 0:
N

AE, =5 & ~E(0) (3.19)
Lz

It was numerically verified that AE, is practically equal to the Strutinsky
shell-correction 8E (3.7) [85,87,88?. One important detail was to realize
[85) that corrections to the asymptotic expansions of E(T) and §(T), con-
taining the local derivatives of the average level density at the Fermi
energy §'(A), §''(x), ..., must be included in order to obtain unique
values of AE . Ignoring these corrections, one just obtains the "back-
shifted Fermi gas model" results [86] (see also the discussion in the con-
tribution of Junker et al. to this conference [89]). Including the terms
containing derivatives of G(E) corresponds exactly to the curvature-correc-
tion  in the Strutinsky averaging method, as shown analytically in refs.
[57,90]. We see this also by comparing the equation (3.16) for the Stru-
tinsky-averaged energy E with the equation for the free energy F:

Me—— M

Both equations are identical in their form. The important physical diffe-
rence is, however, that in the thermodynamical equation, -3F/3T =S > 0

for T > 0, whereas 3E/3y is always zero (see eq. 3.17). Due to the curva-
ture-corrections built into the fj, the Strutinsky averaging is thus a
"cold-averaging" (with zero "entropy" 3E/ay ), in contrast to the temperature
averaging which brings excitation energy into the system.
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We see’ thus that the backward-extrago]ated value E(0) in eq. (3.19) is
equal to the Strutinsky averaged energy E of egs. (3.13, 3.16), and the two
methods are completely identical - at least in principle. Practically, some
minor differences occur due to the different technical ways of obtaining
resp. E(0). In some cases the Strutinsky E is found less accurately than
E(O) with the temperature method, and vice versa [91]. Both methods do
depend on the continuum contributions for finite potentials. Their results
agree within the overall uncertainty of £ 1 - 1.5 MeV quoted above. A com-
bination of the two methods which diminuishes somewhat the influence of the
continuum states was recently proposed by Ofengenden et al. [92].

A different approach is replacing in eq. (3.13) the averaged level den-
sity G(E) by an asymptotic expression 9pg(E) valid for large values of E,
i.e. for large nuclTeon numbers. The problem of finding gaS(E) for a given
potential goes back to Weyl in 1911 [93] and has repeatedly been taken up
again [78,94]. The use of 9p5(E) for calculating the shell-correction was
proposed in 1969 by Gaudin and Sajot [95] and applied for finite and in-
finite square-well potentials. In ref. [80], the case of an infinite box
of cubic shape was investigated. It was found that with a careful use of
the conditions (3.17) in the Strutinsky averaging (see point 4 in sect.
2.3a), the values for &E obtained by both methods agree within < 0.2 MeV
or N 2 40.

Bohr and Mottelson [69] proposed the direct asymptotic expansion of
the single-particle sum:
N

e =B, (N +dE

3.20
E (N) =a N+a N +a NB+qg + 0
a . . . R

This is completely equivalent to the use of gag(E) in eq. (3.13), but de-
monstrates the analogy with the LDM-expansion of binding energies more
readily. The coefficients in EA (N) are not easily evaluated in general.
The volume term a, is given in The Thomas-Fermi model (691, and the sur-
face coefficient ag can be related to the phase shifts of the bound state
wave functions (due to the surface) in case of a local potential (no spin-
orbit term!) [96]. The remaining coefficients must, however, be determined
numerically by fitting Eps(N) to the exact sums of occupied ¢j for large
values of N. This method was carefully investigated by Sobicewski et al.
[83] for a local, spherical Woods-Saxon potential. The asymptotic series
was found not to converge fast enough to allow for a unique determination
of EAS(N) for realistic particle numbers. When chosen to fit the Strutinsky-
averaged values E(N) for very large N, however, agreement of EAS and E with-
in <1 MeV was found for N 2 40. Fulfilment of the stationary conditions
(3.17) for E was important here, too (see also the discussion in sect. 3.3a
above). This result is interesting because Epg only depends on occupied
states, thus demonstrating the correctness of the continuum treatment

in the Strutinsky averaging. The method of the asymptotic expansion in it-
self is not able to give unique values of shell-corrections; in particular
for potentialswith spin-orbit terms and deformed shapes, where the phase
shifts cannot be given analytically, it is not practically applicable.

The most successful alternative to the Strutinsky averaging, which is
free from contributions of unoccupied states and is applicable for realis-
tic deformed potentials, is the semiclassical partition function method
proposed by Bhaduri and Ross [977 and further deveToped by Jennings and
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Bhaduri [98,99]. It makes use of a semiclassical expansion of the partition
function which goes back to Wigner and Kirkwood [100]:

Z(P) =2, () {18y, (B +’ﬁ“xq([3)+ ) (3.21)

In eq. (3.21), g is the inverse temperature (here simply treated as a
mathematical variable); x,(B) are coefficients which depend on the po-
tential and its first n gradients; and ZcL(B) is the classical partition
function. By inverse Laplace transforming term by term of eq. (3.21), one
obtains the smooth part of the level density g(E); the first (classical)
term yielding the Thomas-Fermi result 9yp(E). Correspondingly one obtains
the particle number and the average single particle energy sum in the form

N=Nie+ N, + N+ .0

TF 2 4 (3.22)
EETF = ETF + E2 + E4 + ...
where the indices refer to the order of the corresponding terms in eq.
{3.21) (ETF = EcL> etc.). For details of this method, we refer to refs.

98 - 101). Since semiclassical corrections to the Thomas-Fermi expressions
are evaluated here, the method is also referred to as the extended Thomas-
Fermi EETF) model; identical results can also be derived by other techniques

s . The series for EETF (3.22) was shown in ref. [101] to converge
very rapidly for realistic Woods-Saxon potentials; the term E4 is of order
~ 1 MeV (for each kind of particles). The energy EETF can thus easily be
evaluated to at least the same accuracy as the Strutinsky-averaged quantity

. Hereby, the spectrum &; need not be known and only the classically al-
Towed region V(r) < X is used to evaluate EETF'

The close connection between the Strutinsky energy averaging and WKB-
or ETF-1ike methods was pointed out early [3,38,103]. In ref. [80] it was
shown analytically that for a (deformed) harmonic oscillator potential,
EpTF and E are identical (independently of the exact shape of the averaging
function f(x) in eq. (3.14)). Jennings [98,99] demonstrated the equivalence
of the two methods for any (smooth) infinite potential, provided that a
plateau can be found in the Strutinsky averaging. For realistic Woods-Saxon
potentials, including spin-orbit term and deformations relevant for fission,
the two methods have been compared carefully in ref. [101]. In all cases,
Egyr and E agree within < 1 - 1.5 MeV, thus within the overall uncertainty
o$ either method. This result not only demonstrates the complete equiva-
lence of the two methods in the most general case; it also confirms the
standard practice of including unbound discrete states in the lower conti-
nuum region. (In fact, using the results of ref. [82] where the resonances
in the continuum were included and unique plateau values could be found
in the Strutinsky energy E, its agreement with Epyp is within 0.25 MeV when
EETF is evaluated to that accuracy.)

We finally mention very shortly a new averaging technique developed
recently by Ivanyuk and Strutinsky [104,105] which makes use only of bound
states and is derived directly from a least-square fit of the single-
particle energy sum in powers of N¥3  (similar to eq. (3.20)). In the
newest version of this method [105], perfect plateaux are found for the
shell-corrections as functions of the number of (bound) levels included.
‘This is illustrated in Figure 9. The method is discussed in the review paper
by Strutinsky [67], to which we refer for details. It is important to note
that this new method leads to some systematic differences in 6E to the
standard energy averaging results (see the arrows in Fig. 9). For deformed
Woods-Saxon potentials, the difference in 6E is roughly constant, ~ 1-2 MeV,
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FIG.9. Shell-corrections obtained for deformed Woods-Saxon potentials with the new
number-averaging method of Ivanyuk and Strutinsky [105), shown by the thin lines versus
twice the number N, of the highest level included (see details in Ref. [105]). Fat lines are
results from an earlier version [104]; arrows mark the values obtained with the standard
energy-averaging technique. Note that in the caption of the original figure (Fig. 3 of Ref.
[105]), the role of thin and fat lines was interchanged by mistake (private communication
by F.A. Ivanyuk).

and affects relative barrier heights of actinides by less than ~ 1 MeV. For

spherical nuclei, however, the difference amounts to several MeV, which
has consequences for the so-called Pb-anomaly. (See ref. [67] for a de-
tailed discussion.)

3.4 Summary of uncertainties in the SCM

Before turning to a comparison with experiments, let us now briefly
recollect the sources and magnitudes of the main uncertainties in the
shell-correction method, as discussed in this section.

a) Due to the numerical energy averaging:

- in infinite potentials (Nilsson etc.):}1a E| < 0.5 MeV.

- in_finite depth potentials (Woods-Saxon, folded Yukawa):
1aE) £1 - 1.5 MeV for A 2> 100.
However, Targer uncertainties may arise in light nuclei or when the
separation energy is small compared to hQ (e.g. in nuclei far off the
g-stability line).

b) From the shell-correction expansion of the HF-energy:

- missing higher order terms: |ASE| X 1 MeV for A 2 100.
This error depends on the seTfconsistency of the potential and the LD
(droplet) model used; it may easily be several MeV in light nuclei.
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- "quality" of commonly used potentials: |[ASE| X 1 - 2 MeV.
This is merely an estimate, taken from comparisons of different cal-
culations with both phenomenological and selfconsistent (HF) poten-
tials.

- "quality" of liquid drop(let) models:
an error of up to several MeV may be present, in particular in spheri-
cal cases. (Pb-anomalyT - see sect. 3.1c above and the discussion in
ref. [67].) In contrast to the other uncertainties, this error should
show up as a smooth function of N,Z and deformation!

(Note that in the last two items, the word "quality" is to be understood
relative to the application in SCM calculations, as judged from the HF point
of view. Nothing is said here against the merits and suitability of the
phenomenological models in reproducing single-particle properties or average
nuclear binding energies.)

Since it appears that most of the above errors or uncertainties are un-
correlated and rather random, one should not expect them to add up. As a
rule, we may thus expect an overall uncertainty in SCM results of not much
more than ~ 1 - 2 MeV. We emphasize that this should account for the rea-
listic calculations as they were performed in particular for fission bar-
riers, and neither for possible idealized cases where the errors could be
somewhat smaller, nor for applications to extreme situations where much
larger errors may occur (1ike e.g. in superheavy predictions [8,9] or heavy
jon calculations [106]).

3.5 Comparison with experiment

It would lead beyond the scope of this paper to give an extended re-
view of SCM calculations, which are well covered up to 1973 in refs. [38,47].
In the mean time, not many extended compilations were done. One new feature
in the results of fission barrier calculations is the appearance of a
"second second" saddle which is mass symmetric, but y-deformed and lies some
~ 1 - 2 MeV higher than the usual mass asymmetric but axially symmetric outer
saddle. It was reported in one case by Gavron et al. [107] and, independently,
studied systematically over the whole actinide region by Junker and Hader-
mann [108]. The schematic picture of a typical mid-actinide fission barrier
and the role of symmetries is now that shown in Figure 10. The structure at
the mass-asymmetric outer saddle, reported for the first time by Moller and
Nix at Rochester [47], is now confirmed by other results [109, 67]. It de-
velops to a real third minimum especially for the lighter actinides and may
have interesting consequences for the Th-anomaly (see below).

Besides fission barriers, the SCM can, of course, also be applied to
(and tested against experimental) ground-state masses [47], moments [110],
fission life times [111], fission fragment distributions [112] and other
properties, most of which are dealt with at this conference. For a review
of fission isomer properties, see especially the paper by Metag [113]. We
shall content ourselves here with a short discussion of the two chief appli-
cations, where also the two chief discrepancies with experiment have been
found, and try to find out whether we can attribute these discrepancies to
any of the uncertainties of the SCM discussed above.

a) Fission barrier heights and the "Th-anomaly"

The most recent experimental fission barriers have been compiled and
compared to shell-correction calculations in the review by Britt [114]). The
overall agreement between experiment and theory is essentially unchanged
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FIG.10. Systematic fission barrier of a typical even-even mid-actinide nucleus.
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FIG.11. Heights of the inner (E, ) and outer (Ey) fission barriers of actinide nuclei, compiled
by Habs et al. [115). Circles, triangles and squares show experimental results obtained with
different techniques. Solid, long dashed and short dashed lines show theoretical results
obtained with the shell-correction method using a Woods-Saxon (Pauli, [47]), a modified
harmonic oscillator and a folded Yukawa potential (both by Mdéller and Nix, [47]),
respectively.
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since Rochester (see, e.g., Mdller and Nix [47]). In Figure 11, we show a
comparison of fission barriers, taken from a recent article by Habs et al.
[115]. For the outer barriers (Eg), the agreement between experimental and
three different sets of theoretical results is in all cases within ~ 1-2
MeV. The same holds for the inner Barriers (Ep) of actinides with neutron
numbers N 2 140. However, there is a clear tendency of the theoretical inner
barriers to be too low. This trend gets stronger for the lighter actinides
with N < 140. In the lightest Th-isotopes, the discrepancy reaches up to

~ 4 MeV, which gave rise to the name "Th-anomaly" [38,47]. We see, however,
clearly from Fig. 11, that this anomaly is not restricted to Thorium; there
is a clear trend for all theoretical barriers E3 with N < 144 to decrease
with decreasing N, whereas all measured values stay constant around

~ 5 - 6.5 MeV. This was _emphasized in ref. [115] with the newly measured
barriers of 232Puy and 234py. The former "Th-anomaly" is thus now a clear
systematic discrepancy for all actinides (at least up to Pu) with neutron
numbers N < 140.

For all the other cases, the agreement within ~ 1-2 MeV is very satis-
factory. As we have summarized in sect. 3.4, the total of uncertainties in
the SCM can hardly be expected to be smaller than ~ 1-2 MeV; the general
agreement with experiment is thus the optimal one.

There have been proposed several explanations for the Th-anomaly
(see, e.g., Moller and Nix [47], Pauli and Ledergerber [111], Larsson
et al. [116]). The most popular is the one using the third minimum found
by Moller and Nix [47] and will be much discussed at this conference. We
do not want to comment on the possible experimental evidence for this
third minimum, which is discussed extensively in several papers [117].
We note, however, that some care should be taken on the theoretical side
with the quantitative interpretation of a (third) well with a depth of ~]
MeV, in view of the above uncertainty limits of the SCM itself. This is
not meant to doubt the qualitative existence of a third minimum, which
now seems well establisaea [109,67]. On the other hand, when considering
experimental conseguences of the existence of this third well, one should
not only think of ¢30Th and 232Th, where the original "Th-anomaly" was
found, but one should look seriously at all those actinides where a third
well is predicted (although this might not be easy experimentally).

In turn, from our point of view taken in this paper, we do not ex-
clude an explanation of the systematic discrepancy in Ep of the actinides
with N < 140 due to the uncertainty in the SCM alone (and thus compatible
with the old double-humped picture also for the Th-isotopes!). As we
stated in sect. 3.4 above, systematic smooth errors larger than ~ 1-2 MeV
may arise in the SCM from a lack of selfconsistency of the shell-model
potentials and liquid drop(-let) models employed. In fact, we shall see
instantly that this explains the so-called "Pb-anomaly". And indeed, what
started out as the Th-anomaly is an error in EA which systematically in-
creases as one approaches the Pb-region. To further substanciate - or
disprove - this suspicion, it is therefore of great importance to investi-
gate barrier heights of pre-actinide nuclei all the way dwon to 208Pb
(or even below), both theoretically and experimentally [118].

b) Ground state masses and the "Pb-anomaly"

We have now already several times touched upon the other - and largest -
discrepancy between experimental data and results calculated with the SCM:
a total binding energy of 208pp too low by ~ 4-7 MeV as found with the
shell-correction 6E in finite depth potentials. Nothing has changed in this
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since 8 years (see the details in the reviews [38,47]), and no satisfac-
tory explanation has been given. Our conclusions reached in sect. 3.3
clearly rule out an error of 4-7 MeV in 6E due to the Strutinsky averaging
method (also in finite depth potentials), as it was sometimes suspected.

We claim (see also ref. [119]) that the material presented in sect.
3.1 above gives a clear (not necessarily unique!) explanation of the Pb-
anomaly: namely the fact that no such anomaly exists in the selfconsistent
results of ref. [62] using the Strutinsky-smoothed HF-calculations. The
“Pb-anomaly" appears thus as due to a lack of selfconsistency in the cor-
responding SCM calculations. Since the Skyrme-HF results support the value
6E o~ - (18-20) MeV of the shell-correction in 208pb, found with a Woods-
Saxon potential [38], the lack of selfconsistency must be sought in the LD
model parameters used in ref. [38].

We note that Strutinsky [67] arrives essentially at the same result;
we refer to his review for a further discussion of the LD model. A seemingly
different explanation of the Pb-anomaly is given in the paper by Werner et
al. [120] using Migdal theory. However, in as far as a large part of their
effect is equivalent to the rearrangement in HF, their conclusions agree at
least qualitatively with ours.

With the above explanation we have of course not yet given any remedy
of the Pb-anomaly. Clearly, better selfconsistent sets of shell model and
LD or droplet model parameters should be constructed. For that, more self-
consistent (and preferentially semiclassical) calculations with realistic
effective forces are needed. Since we argued above, that the old "Th-anomaly
also might be connected with the same effect, more than one problem might
be cured in the event of a positive outcome, so that renewed efforts in
these directions are certainly justified.

Apart from the region around 208Pb, the theoretical binding energies
obtained with the SCM agree generally with the experimental ones within
~ 1-2 MeV; we thus have here the same satisfactory result as for most of the
actinide fission barriers.

4. SUMMARY, CONCLUSIONS AND OUTLOOK

We have examined several methods of calculating nuclear deformation
energies, with emphasis on fission barriers of actinides, and compared
their results to experiment. We first discussed the constrained Hartree-
Fock (CHF) method which makes use of effective nucleon-nucleon interactions
fitted to nuclear ground-state properties. Without changing or adding any
parameter, the total binding energy is then calculated at large deformations
using a constraining external field. That double-humped fission barriers are
obtained even qualitatively, is rather remarkable, since they represent only
a permille effect in the total binding energy. With the results of HFB cal-
culations by Berger et al. [16], confirming that the average pairing gap a
is roughly constant up to the second barrier, three independsgg groups now
have consistently obtained too high barriers Eg of 240Py or 235y by roughly
a factor of two. This need not be alarming. On one hand, we saw that the
freedom in fitting the force parameters (in particular for the case of the
Skyrme interaction) leaves enough room for quite appreciable variations in
the barrier heights. Especially the spin-orbit force is too little known
and leads to large uncertainties. On the other hand it is quite possible
that an essential feature of the effective forces in use is generally mis-
sing and shows up only at large deformations. This problem in any case pre-
sents an interesting challenge for the next future. Clearly, in forthcoming
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improvements of the effective interactions, the barrier heights should be
carefully watched and incorporated in any adjustment of parameters. It may
turn out that the long-range part of the forces needs to be essentially im-
proved. Qualitatively, the inclusion of a second order tensor force should
lower the binding energy; whether it brings the desired effect on the fis-
sion barriers remains to be investigated.

We have seen that the lengthy HF iterations are not always needed if one
only relaxes the required accuracy by a couple of MeV. If carefully deformed
realistic potentials are used, one can already in the first step (i.e. by
solving the Schrodinger equation once only) obtain deformation energies which
locally deviate from the exact CHF results only by a few MeV. This approxi-
mate ("expectation value" EV) method should be useful for large scale in-
vestigations and rough first-order determinations of force parameters to be
used in CHF calculations.

We next discussed several aspects of the shell-correction method (SCM).
We have seen that numerical investigations have given an excellent overall
verification of the basic assumptions of the SCM within the HF framework.
But we also saw that the selfconsistency of nuclear potentials, densities
and average (LD) deformation energies play an essential role for the Stru-
tinsky theorem to be accurately fulfilled. Future improvements of the SCM
should thus aim at selfconsistent determinations of shell model and droplet
model parameters. We showed that this should remove the old Pb-anomaly and
argued that it might also improve the inner barriers of the lighter actinides
(Th-anomaly). Whether the overall uncertainties of the SCM ever can be
brought significantly below a ~ 1 MeV limit, is doubtful even if the ingre-
dients are determined more consistently. When it comes to investigating the
“fine structures" of fission barriers [114], we may thus definitely have
reached the limits of this method.

One uf our conclusions reached in Sect. 3.1 was that shell effects may
be treated in perturbation (1ike in the EVM or the SCM), and that selfcon-
sistency is important mainly for the average potentials and deformation en-
ergies. To obtain the latter, semiclassicai methods can be applied. Let us
briefly outline some recent progress and some plans for the near future
along these lines. We have already mentioned in Sect. 3.3 the refinements
made in the extended Thomas-Fermi (ETF) method, which was seen to be com-
pletely equivalent to the Strutinsky energy averaging and allowed a quanti-
tative confirmation of the latter method also in finite depth potentials.
The ETF method cannot be used directly to determine selfconsistent deforma-
tion energies, because it leads to densities p(r) which diverge at the
classical turning point and are not defined outside. It yields, however, a
kinetic energy density functional t[p] [122] which has been used quite suc-
cessfully together with the Skyrme force in variational calculations of ave-
rage binding energies for spherical nuclei [39,40,123]. The first application
of this formalism to calculate average fission barriers will be presented by
Bengtsson [124]) at this conference.

An important step was reached when it was realized [125] that a partial
resummation of the fi-power series (used to derive the ETF expressions, see
eq. 3.21) solves the turning point problem, leading to semiclassical densities
which are smooth everywhere and fall off exponentially in the tail. With this
method, which is still being further developed and tested [126], it is now
possible to obtain average densities T(r) and 5(r) directly from a given po-
tential V(r) without the need to evaluate any wavefunctions. This is, however,
the most "expensive" step in a HF iteration. The step from p and t to a new
(and more selfconsistent) potential is usually done by a simple integration;
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in the case of the Skyrme force even by a few algebraic manipulations (inclu-
ding derivatives of p). Thus, it will shortly be possible to do "short cut"
HF iterations semiclassically, which should lead to selfconsistent average
potentials and deformation energies at a rather lTow cost. It remains to be
seen numerically to which accuracy this method can be pushed. But we express
here the definite hope that most of the calculated fission barriers presented
at the next IAEA fission symposium will be evaluated using this method to ob-
tain the average part of the deformation energy.
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DISCUSSION

K.W. GOEKE: At the beginning of your paper you discuss some of the
shortcomings of the Hartree-Fock and constrained Hartree-Fock (CHF) methods
at the present time. I would like to add two further problems which, in my
view, have prevented CHF from being applied to heavy nuclei on a large scale.
One of these shortcomings is conceptual in nature. In CHF one uses a given
constraining operator, usually the quadrupole moment, which, although correct
near the Hartree-Fock minimum, is not necessarily so, for example, at the
second barrier. Another shortcoming is the fact that the Hartree-Fock method
is basically an iterative one. Each point on the potential energy surface has to
be evaluated separately on the basis of a large number of iterations. P.G. Reinhard
and I have tried to find methods of evaluating the potential energy surface ‘in one
go’. Indeed, within the framework of time-dependent Hartree-Fock, and in
particular the adiabatic time-dependent Hartree-Fock method, one can derive a
differential equation for the potential energy surface that can be solved by simple
step-by-step methods. It determines, in addition, the collective mass parameters.
These techniques are currently under investigation and although not yet fully
studied, they certainly seem likely to be able to evaluate potential energy surfaces
and masses under fully microscopic conditions, and are also much faster than the
Hartree-Fock method.
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M. BRACK: I completely agree with your comments. As far as the
quadrupole constraint is concerned, there is a great deal of support from
Strutinsky’s calculations showing that Q is certainly a reasonably good fission
mode up to the second barrier.

A. FAESSLER: You have told us that by using the Hartree-Fock method
one gets a value for the second barrier that is too high on account of the finite
basis (1—2 MeV) and also because of spurious effects from rotations (2—-3 MeV).
You also showed that the second barriers agree, within the limits of this error,
if the pairing is taken as proportional to the surface. But I heard recently from
Kneissl at Giessen that photofission in the rare-earth nuclei indicates that the
data can be explained in this way only if G is constant. In such a case there is a
discrepancy of 15 MeV for the second barrier. How do you explain this large
difference?

I would also like to make a comment. You have mentioned the dependence
of the shell correction plateau on the order of the correction polynomial. At high
angular momenta it is no longer possible to obtain such a good plateau. The
value of vy depends, further, on the angular momentum. In addition, we have to
distinguish between the optimal values for the protons and neutrons, as calculations
made here in Jiillich have shown.

M. BRACK: In reply to your question, if G = const. is confirmed by the
Hartree-Fock-Bogolyubov results, then I can only say there is something basically
wrong with these effective forces (Skyrme forces and K-matrix model) at large
deformations. It is even more contradictory in view of the fact that the surface
energy coefficient a§0) determined for the force Skyrme III in spherical nuclei is
not too large, as I have shown.



