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Equations of a combined, liquid plus particle model are derived which accounts consistently for the short-range liquid properties of nuclei as well as for the long-range
quasi-particle behavior. Macroscopic quantities are defined as statistical averages and
their dynamics is determined by an Euler-type equation, which contains a term due to
the interaction with the gas component, and also by the continuity equation. For the
quasi-particle component the full quantal treatment is kept in the form of the Liouville
equation with a time-dependent external potential related to the bulk density. It may
include the residual quasi-particle interaction. It is suggested that the solution of the
coupled dynamics is facilitated by the explicit use of an effective sharp nuclear surface
as a dynamical variable.
1. Introduction

Heavy atomic nuclei expose a complexity of features
which would ordinarily belong to different physical
systems. The liquid drop properties of almost incompressible condensed matter co-exist peacefully with
the characteristic behaviour of a quantal gas of
nearly independent particles. The existence of single
particle and coherent phonon excitations as well as
pronounced zones - or gross shell structures - in the
energy spectra all require that the quasi-particle correlation length must be larger than the nuclear dimensions. The possibility of such a split behaviour
was, in principle, explained by Landau's Fermi-liquid theory [1, 2] which played an important role in
the development of nuclear theory (see, e.g., Ref. 3).
By the Landau theory, the excitations in a system of
strongly coupled fermions can, indeed, be described
as a gas of interacting quasi-particles. These ideas of
the Landau theory have also lead to the formulation of the so-called shell-correction method [4, 5]
for solving a number of problems of nuclear statics,
particularly, at large nuclear distortions. In the last
instance, an attempt was made to avoid solving the
still unresolved many-body problem of a finite sys-

tem of strongly interacting particles by extracting
the quasi-particle effects from the liquid-drop background. As a starting point, one considers quantal
equations for a finite system of particles which are
independent except for their correlations via the
common average selfconsistent potential. Macroscopic quantities are determined by means of
averaging over the particle phase space and are then
identified with and replaced by the analogous quantities of the phenomenological droplet model, not
unlike how the equations for the dynamics of liquids
are deduced from the particle master equation (see
e.g. [6]). The single-particle effects thus arise as selfconsistent corrections to the phenomenological
droplet model. They are due to only those singleparticle states which are close to the Fermi energy,
which somehow justifies this approach from the
point of view of the Fermi-liquid theory. The shellcorrection calculations do not require the knowledge
of the true self-consistent potential: a phenomenological deformed single particle potential may be
used for the macroscopic part of the average nuclear
potential. Neither is required the knowledge of the
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nucleon-nucleon interaction responsible for the bulk
properties. Only the effective interaction amplitude
of quasi-particles in the vicinity of the Fermi surface
must be determined in order to describe the quasiparticle correlations in the nuclear volume.
It is of interest to explore the possibility of a generalization of the static shell-correction approach to
taking into account the dynamics of macroscopic
motion and the quasi-particle effects. The present
paper contains the derivations along this line. It is
assumed that the dynamics of the droplet component can be described by a few average quantities
such as the mean density, the average velocity and
the energy density. On the other hand, the complete
quantal treatment is kept for the quasi-particle component, which is dynamically coupled to the macroscopic quantities. The model seems to be able to
combine consistently the macroscopic properties of
heavy nuclei as densely packed nucleonic systems
with the quasi-particle gas features.

j (r t) = - i h 1'g~p (r + s/2, r -- s/2, t)]~ = o
m

1

1 pf(rpt)

-(2"h) Ia3P m

(6)

and the local density
p ( r t ) - p(rr t) =

1

~ d3pf(rpt)

(7)

are related through the continuity equation
0
~- p(r t)+ V. j(rt)=0.

(8)

For f(rpt) one has the equation of motion

Yf f +m p"vrf -g sin
(9)

2. Equations of M o t i o n
in the " P a r t i c l e - L i q u i d M o d e l "

As in the shell-correction approach, one starts with
a proper selfconsistent single particle equation which
in the dynamical case now is the selfconsistent Liouville equation for the single particle density matrix
p(r 1 r z t)

ih ~

p = [h, p],

(1)

where h is the selfconsistent single particle Hamiltonian,
h = T+ V,

(2)

T is the kinetic energy operator and the mean potential V is defined by

V=tr(vp),

(3)

v being the nucleon-nucleon interaction. The density
matrix is normalized to the total number A of particles,
trp=A.

(4)

Consider now the Wigner transform of p using r
= (r 1+ r2)/2 and s = r 1 - r 2,

f(rpt)=fd3s#(r+s/2, r-s/2, t)exp (-h PS).
The current density

(5)

where Vw is the Wigner transform of V(r 1 r 2 t), from
which equations for moments of f can be obtained
I-7, 8J. Integration of (9) over the p-variable gives the
continuity equation (8).
Macroscopic quantities are now introduced as related to a certain component (f) of f which, formally,
can be determined by averaging in the particle phase
space I-6]. Performing such an averaging in nuclei
might require unrealistically large intervals. It is
hoped, however, that this deficiency is not very significant because the averaging does not enter explicity.
Moreover, this deficiency is compensated for in the
final result by use of simple phenomenological quantities fitted to the observed properties of nuclei. So,
neither the realistic distribution function nor its
macroscopic part will be required in our model. It
will, however, be assumed that the deviation (fl) o f f
from the macroscopic distribution f is due to the
long-range single-particle effects including those
which represent characteristic finite-size features
such as the shell structure in the single-particle spectra. We write, correspondingly,
f = f ( r p t) + f l (rp t)

(10)

and shall try to develop a model which consistently
accounts for the interplay between the two
components.
The distribution function f determines macroscopic
quantities such as the average density
1

S d3pf(rPO,

(11)
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the average current density
1 I d3p
](rt)=(2~h)3

8

ih ~/5(r 1 r 2 t) -

1 pf(rpt),

(12)

and the average velocity in a given volume element
u =i//5.

(13)

The original density may be written as
p(rt) =/5(rO + p 1(r t)

pl(rl r2t)+ [~t, Pl] + [Vx, Pl]-

(15)

Equation (8) leads to the macroscopic continuity
equation
8
8t/5(r t)= - V-]

(16)

which can also be written by means of (13) as
8
8t/5(r t) = - V (/5u).

(17)

Equations (16) and (8) require that quantities PI and
j~ should reIate as
8
8 t pl(r t) + V-Jl (rt)=0.

(18)

The inverse Wigner transform of f defines some
auxiliary density matrix
i

exp (~ p . s )

Here,
/~'= T + V,,

(24)

ff'(ri t) = tr 2 (v(r I r2)/5(r 2 t))

(25)

V1(r 1 t) = tr 2 (v(r 1 r2)/5(r/t)).

(26)

The above equations have been derived on a purely
formal level. In the following, we shall try to interpret physically the quantities introduced above.
We now assume that f corresponds to a locally
quasistatic equilibrium of the nuclear matter distribution and take it in the form

f(rpt)=F(rqt),

q=p-mu,

(27)

where F is a function of q2 only. For real dense
matter this is a rather natural assumption, provided
that the macroscopic fluid velocity u is small as
compared to the characteristic nucleon velocity
which correspond to energies of the order of several
tens of MeV. By performing the Wigner-transformation and then taking the first p-moment of both
sides of (23) one obtains
+

0

1

O p~u+l/5

(19)

which has no immediate physical significance but
can be conveniently used in formal derivations. The
corresponding inverse Wigner-transform of (10) is
(20)

8

1
1 p~Sd3s(_ih 8
-ih(2rch) 3 yd3p m
\
~ Pl
+[h',pl]+[VDpl])exp(-hP.S ),

where /5(r~r2t ) is defined by (19). The strict definition of f as an average of f would require that the
local average of the density px should vanish,

where

(pl(r t))Av =0.

9 F(r, p - m u , t) =23v, gkln(r t)

(21)

This property will not be required in the following
derivations. It must be assumed, however, that
t r p l =0,

(23)

and

j=]+j~.

p (r I r 2 t) =/5(r 1 r 2 t) + p 1 (rl r2 t),

8

= -ih ~

[/~,/5] - IV1,/5]

where
(14)

and similarly the current density

1
/5(rl rzt)=(2rch) 3 Sd3pf(rpt)
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(22)

as it follows from (4) and (20). Substitution of (21)
into the original equation (1) gives

(28)

1

P~,(rt)=(27zh)3 m ~ d3 p(p~-mu~)(P,-mu~)
(29)

is the macroscopic pressure tensor. This quantity
will be assumed to be diagonal and independent of
u. In (29), gkln is the local average density of the
kinetic energy of the particles in the local frame
moving with the velocity u.
Now, it can be required that Pl is chosen in such a
way that the integrand on the r.h.s, of (28) should
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vanish. This is achieved if pl is a solution to the
Liouville-type equation,
ih

~- p, = [/~', Pl] + [V,, p~].

(30)

The single-particle Hamilton;an /~', see (24), contains
the time-dependent potential ~ which is an external
quantity with respect to Pl. The second term on the
r.h.s, of (30) is the self-consistency correction. It is of
second order in Pl and without it (30) is just the
equation of the cranking model, also familiar from
other theories dealing with time-dependent constraints. However, the solution p~ to (30) which we
consider here is different in that respect that it is
normalized to zero according to (22). Note, that
such a renormalization corresponds closely to the
particle-hole normalization in Landau's Fermi liquid
theory [1], Chap. 1. The quantity fl in (10) is related
to Pl as

f l (rpt)= ~ d3 s p , (r + s/2, r - s/2, t) exp ( - ~ p "s) . (31)
With the density matrix Pl which satisfies (30) the
continuity equation (18) turns into identity. The reason for our definition of PI becomes clear. It is
hoped that one or another nuclear theory can be
used in obtaining specific solutions to (30). This can,
for example; be the adiabatic approximation or the
RPA-theory. (In the latter case, the interaction term
containing V1 must be included). A solution can be
found also in the sere;classical case when (30) can
be reduced in the nuclear inter;our to Landau's
equations for the distribution function of zerosound. Assuming that (30) is fulfilled, one can transform (28) to the form

is the macroscopic acceleration of a mass element. It
should be noted that (33) contains the correction V1
due to the coupling to the quasi-particle modes.
Below it is indicated how such equations of coupled
dynamics can be resolved. As it is clear from the
above definitions, the particular form of the coupling
term in (34) is closely related to our choice of Pl as
a solution to (33) and it would take on a different
form should another definition of Pl be accepted.
It can be noted that the hydrodynamical form of
(33) is due to our assumption in (27) of a localequilibirium form for )~ Our model can be modified
without difficulty if approximation (27) turns out to
be insufficient for the macroscopic component. Also
the viscosity due to the short-range particle interaction can be included as a phenomenological quantity.

3. Conservation of the Total Energy
Together with (17) and (30), equation (33) determines
the macroscopic dynamics - affected by the quasiparticle correlations - in terms of the time evolution
of two macroscopic quantities, namely, the average
density tS(rt) and the average velocity u(rt). It will
now be shown that the total energy of the system is
conserved. The energy includes the quasi-particle
energy correction as well as the macroscopic energy
defined in the usual manner. In order to prove this,
we multiply (32) by j(rt) and integrate over the spatial coordinates. Using once more the continuity
equation we get after integration,

d ~ + [ d 3 r V l ( r t ) ~c~ ~(r t),

dt

8t

8~r, (~u'u")+

P~r,

+V1 =0. (32)

In the derivation of this equation we replaced the
sum of 17P/~ and 17V by the gradient of the functional derivative of the local average macroscopic
energy density g with respect to ~5 thus assuming g
to be a functional of the local density ~ (see, e.g. [911]). Making use of the macroscopic continuity
equation (17), equation (32) can be transformed into
the standard form of the hydrodynamical Euler
equation [11]
Do

1 I7

Dt

m

+1/1 ,

(33)

where
(36)
is the macroscopic energy which includes a collective kinetic part. The second term in (35) is the time
derivative of the quantal single-particle energy correction E 1 which is a functional of iS(t),

E1 =tr(fitt Pl)+ 89

Pl).

(37)

Indeed, from this definition and from (26) one obtains
3 /~t)+t r
3 p~)
ddt E1 = t r (Pl ~(/~t ~-

where
Du

D~[=Ot u + ( u - V ) u

(35)

(34)

+tr

(V 1

Pi)"

(38)
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Neglecting terms of third order in pl one has
d-t E l = t r

pl &- p "

(39)

This is so because, according to (30), the two last
terms in (38) cancel each other. Taking into account
(25) and (26) it can also be written as
d

8

d7 E1 = ~ d3r" V~ 87 ~

(40)

Thus, the conserved total energy is the sum

E=E-I- E1,

(41)

although each of its two components separately is a
time dependent quantity.
It may be illustrative to derive the total energy
expression (41) directly from its microscopic definition as
E = tr (Tp) + 89 (Vp).

(42)

It can be written as
tr (TIS) + 89tr IV/5) + tr (/) p 1) + 89 (V~ p 1).

(43)

The two last terms here are just the El-component
(37). Consider now the time derivative of the first
two terms in (43). Taking into account the definition
(25) of V,, we write
d tr(T~+ 89

/~t~-t5

dt

= ~ d 3 q ~ d 3 r 2 a(rl --r2)
9

(--2h~m At1 + V(rlt)) ~~ p(r I r2 t).

(44)

proven that the expression (47) is indentical to dE~dr
in (35). So, the microscopic energy (42) is, indeed,
equal to the energy defined as in (41) with the accuracy of the second order terms in p~.

4. Discussion of the Quasi-Particle Corrections

We consider now several simple, though not always
realistic, examples with the purpose of illustrating
the physical significance of the coupling terms. Here,
we only deal with the quasi-stationary component of
Pl which is assumed to be uniquely determined by t5
and its time derivatives. More general solutions to
(30) may contain dynamic contributions corresponding to different states of the intrinsic excitations, such
as, for example, the zero-sound modes. It should be
noted, however, that quasi-stationarity has not been
assumed in the above derivations and, in particular,
in proving the energy conservation.
The physical significance of the correction V1 in (33)
can be clarified in the following way. First, consider
the extreme limit when pl is approximated by the
solution p]S) of the static equation
[/), p(S)] = 0

(48)

for each given tS(rt). The solution to (48) is a certain
real and symmetric density matrix and the time variable enters there only as a parameter through /5.
Such a solution to (48) which corresponds to the
lowest single particle energy at each distortion of
and satisfies the constraints (21), (22) is already
known. It is the shell-correction density matrix
6ps(r t r2)~- •p [/5 (t)]

= X=6n~ (p~(r~) q)* (r2).

In terms of (r, s)-variables
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(49)

and using (19) we rewrite the r.h.s, of (44) as

Here, (p~ and e~ are the eigenfunctions and energies
of the deformed single-particle Hamiltonian /~t. The
quantity

1
(2~zh)3 I d3 r .[d 3s ~ d3p 6(s)

6n~- cSn(e~)=n~-h~

Ar, =88

Vs+A~

ha
8 f e x p (~
(-2mmA~+l/(r+s/2't))~
, . . p.
. s)

(45)

(46)

By Gauss' theorem, the first two terms of (45) vanish. The integral (46) is, hence, readily reduced to

--at fd3r

15U2+gki" +fdarp O---at/5,

(47)

where gk~ is the average local kinetic energy density
of the nucleons, see (25). By means of (26), i t can be

(50)

is the difference between the occupation number for
the ~-th single-particle state and the corresponding
smoothed quantity, see e.g. [5]. The energy Ez (37)
in this case is the so-called shell-correction energy
and the related correction V1 in (33) corresponds to
adding the shell energy corrections to the macroscopic potential energy of distortion. A relationship
equivalent to (39) determines the driving force due
to the shell structure; it has been considered in
details in [5]. The relationship between the quasiparticle shell effects and the restoring force due to
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the distortion of the Fermi-sphere in the so-called
long-range fluid dynamics is discussed in [12].
It is of interest to show that the V~-coupling term in
(33) may also contain corrections to the inertia of
the bulk distribution. The inertial properties are not
altered as long as cSp~ remains real, as it was in the
quasi-static case. However, corrections to the mass
coefficients appear already in the simplest dynamical
theories, such as e.g., the cranking model. In lowest
order perturbation theory one writes
(51)

Pi =P(~) + Pf)=aP,+ P'~),

where 6p~ is defined as in (49) and one determines
the dynamical part pie) as a solution to the nonuniform equation

a p?

ih ~

o

--[/~', p(la)] = - i h ~ 6p,.

(52)

t

For a smooth

a(t) we can write

d(Y) = d(t)- (t- t') ii(t).

When substituted in (58) and (54), the first term in
(59) would produce in dEjdt a term proportional to
d z which disappears within our approximation. The
second term in (59) contributes to the time rate of
change of the kinetic energy

d E(ki.)-B~ d//.

dt

1 -

0

0 =Ua ~' = ~ ~

(53)

According to (39~
d

d~ El = dQ,,

(54)

where QI is the "deformation moment" defined as
Q i = tr (0 P 1) = Q(1*)+ Q(td),

(55)

in correspondence with (51). The Q(~*)-component in
(55) adds the static shell energy correction to the
deformation potential, as explained above. In firstorder perturbation theory one finds the matrix elements

(p(ie))~,=(6n~ - an,) a=,(a)

(60)

The mass coefficient B 1 is

B 1= h 2 X~,(fn~- fin,) 02,/e,~.
We now assume that the time-dependence of /5 is
specified in terms of a "collective variable" a(t) and
define the following one-body operator

(59)

(61)

Note that the diagonal matrix elements (p]e))~ are of
second order in the small quantities and, hence, they
are proportional to d 2. Therefore, condition (22) is
not violated in this approximation.
The cranking-type mass parameter B 1 should be
considered as a particle correction to the macroscopic value contained in the first part of (36) if the
collective variable a(t) determines also the dynamics
of ~5(t). The expression (61) resembles the familiar
one in the ordinary cranking model calculations.
The difference is that 6n~ in (61) replaces the ordinary occupation numbers. However, it leads to important changes because in (61) contributions from matrix elements between states more distant from the
Fermi energy than the gross shell spacing hf2 are
effectively cut off. Such transitions are just the ones
known to be responsible for the so-called hydrodynamical component of the mass parameter. Apparently, this makes the dual model suggested here more
consistent. The derivation of B 1 was presented here
for a purely illustrative purpose because any realistic
calculation of intertial parameters for large amplitude distortions and finite collective velocities requires a significantly more thorough analysis.

0

where r/--. + 0

c't~,(a)= lp~ ~--a(Op) =q, Je,~
and
e , = = e , - - e a,

The quantity Q~a) is given by

(57)

5. Conclusion
The dual. L i - P a model approach suggested in this
paper can be considered as an alternative to the
catholic advent of the T D H F theories and it can be
of particular interest if it turns true - as some recent
experiments also show [13] - that the gas properties
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of nuclei are not as overwhelming as currently believed. The impact of the Hartree-Fock calculations
was due to the use of effective Skyrme forces fitted
to the static properties of nuclei, and in many respects the Hartree-Fock model corresponds to the
orthodox droplet model. In the static case, the constrained Hartree-Fock (CHF) calculations finally
proved to be a not very practical alternative to the
combined liquid-drop+ gas shell correction approximation. It is hoped that the L i - P a model can play
an analogous role in the dynamical theory.
The actual solution of the coupled dynamical equations can be eased because the coupling is weak
within the nuclear volume where the gradient of the
average nuclear potential V is relatively small. This
makes it possible to reduce the equations in the
nuclear volume to simpler linearized forms analogous to those considered in the theories of infinite
matter. (This statement does not concern the shell
structure which is due to repeated reflections from
edges of the potential well and the formation of
closed periodic classical paths). An important example is our equation (30) for the pl-component, which
in the semi-classical limit can be reduced to the
Landau equation for the particle-hole distribution
function relevant for zero-sound excitation [14].
Stronger coupling takes place near the edge of the
nucleus where the density gradient is large. In this
region special approximations can be developed
which explicity employ as a time-dependent dynamical variable the concept of a sharp effective surface
of the density distribution. Considering the L i - P a
equations in this specific region, certain simple and,
in fact, rather well known boundary conditions for
the internal region can be obtained which determine
the physical solution. These boundary conditions
establish the coupling between the particle dynamics
inside the nuclear volume and the dynamics of the
nuclear shape [15]. In [16, 17] this method has successfully been applied to nuclear giant resonances of
the isoscalar type. It should also be noted that the
problem of giant nuclear resonances was approached
by several authors by employing certain ad hoc
boundary conditions 1-18-20]. As a consequence, unsatisfactory results were obtained. In contrast, in this
combined model all necessary quantities appear naturally and the boundary conditions are directly obtained from the L i - P a equations. In addition, the
validity of our approach is not necessarily restricted
to small amplitude processes.
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